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On the isomorphism problem for even Artin groups

RUBEN BLASCO-GARC{A
LUIS PARIS

Abstract  An even Artin group is a group which has a presentation with relations of the form
(st)" = (ts)" with n > 1. With a group G we associate a Lie Z-algebra 7Gr(G). This is the
usual Lie algebra defined from the lower central series, truncated at the third rank. For each even
Artin group G we determine a presentation for 7 Gr(G). By means of this presentation we obtain
information about the diagram of G. We then prove an isomorphism criterion for Coxeter matrices
that ensures that the diagram of G is uniquely determined by this information. Let d > 2. We show
that, if two even Artin groups G and H having presentations with relations of the form (st)"k = (ts)dk
with £ > 0 are such that TGr(G) ~ TGr(H), then G and H have the same presentation up to
permutation of the generators. On the other hand, we show an example of two non-isomorphic even
Artin groups G and H such that 7Gr(G) ~ TGr(H).

AMS Subject Classification 20F36

1 Introduction

Let S be a finite set. A Coxeter matrix over S is a square matrix M = (m;,),cs indexed by the
elements of S, with coefficients in N U {oo}, satisfying m,, = 1 forall s € S, and my; = m; s > 2 for
all s,t € S, s #t. For s,t € S and m an integer greater or equal to 2 we denote by II(s, ¢, m) the word
sts - -- of length m. In other words, Il(s, ¢, m) = (st)% if m is even and Il(s, t,m) = (st)m%ls if m is
odd. Let M = (my;),es be a Coxeter matrix. The Artin group associated with M is the group A[M]
defined by the presentation

A[M] = (S| II(s, t,mg,) = II(t, s, my ) for s,t € S, s # t, mg; # 00) .

The Coxeter group W[M] associated with M is the quotient of A[M] by the relations s2=1,5s€ 8. We
say that A[M] (or M) is of spherical type if W[M] is finite, and we say that A[M] (or M) is right-angled
if mg; € {2,00} forall 5,t € S, s # t. On the other hand, we say that A[M] (or M) is even if m, is
either even or oo for all s,z € S, s # 1.

There are few results proven for all Artin groups and the theory consists essentially on the study of more
or less extended families. Basic questions such as the existence of torsion or the existence of a solution
to the word problem are still open for all these groups. The two most studied and best understood
families of Artin groups are the one of Artin groups of spherical type and the one of right-angled Artin
groups. The family of even Artin groups has not been so much studied (see, however, Blasco-Garcia—
Cogolludo-Agustin [3], Blasco-Garcia—Juhdsz—Paris [4] and Blasco-Garcia—Martinez-Pérez—Paris [5]),
but we are convinced by its interest, in particular because even Artin groups share several interesting
properties with right-angled Artin groups. For instance, any even Artin group retracts into any of its
parabolic subgroups.

© 2020 published by Elsevier. This manuscript is made available under the CC BY NC user license
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https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0021869320302891
https://creativecommons.org/licenses/by-nc/4.0/
https://www.sciencedirect.com/science/article/pii/S0021869320302891

2 R Blasco-Garcia and L Paris

Let M be a family of Coxeter matrices, and let A[M] = {A[M] | M € M} be the corresponding
family of Artin groups. A solution to the isomorphism problem in A[M] is an algorithm which, given
two Coxeter matrices M, N € M, determines whether A[M] and A[N] are isomorphic or not. On the
other hand, we say that the family A[M] is rigid if, given two Coxeter matrices M, N € M, we have
A[M] ~ A[N] if and only if M ~ N. Note that any rigid family of Artin groups has an obvious solution
to the isomorphism problem. Note also that these two definitions can be extended to Coxeter groups
and, more generally, to any object defined from a Coxeter matrix.

We know that the family of right-angled Artin groups is rigid (see Droms [10]), and we know that
the family of Artin groups of spherical type is rigid (see Paris [15]). On the other hand, examples of
non-isomorphic Coxeter matrices having isomorphic associated Artin groups can be found in Brady—
McCammond-Miihlherr—Neumann [6]. This is essentially all that is known about this question.

We know by Bahls [1, Theorem 5.4] that the family of even Coxeter groups is rigid. Furthermore, we
do not know any example of two Coxeter matrices M and N such that A[M] is isomorphic to A[N]
but W[M] is not isomorphic to W[N]. So, for this reason we conjecture that the family of even Artin
groups is rigid. This is the question that motivated our study. Note that Bahls’ [1] ideas cannot be
extended to the study of even Artin groups because they strongly use the study of finite subgroups
and we know by Charney [7] and Charney—Davis [8] that even Artin groups have finite cohomological
dimension, hence they are torsion free. Our approach here is inspired by the work of Droms [10] and
Kim—Makar-Limanov—Neggers [11] on right-angled Artin groups and graph algebras.

Let G be a discrete group and let {1G}72, be its lower central series. One can associate to G
a graded Lie Z-algebra Gr(G) = ®;2,Gri(G), where Gri(G) = % for all k (see Lazard [13],
Magnus—Karrass—Solitar [14], or Bass—Lubotzky [2]). In the present work we use the Lie algebra
Gr(G) truncated at the third rank, that is, 7Gr(G) = Gr(G)/I, where I = &2 ;Gri(G). Using a variant
of Droms’ [10] proof based on Kim—Makar-Limanov—Neggers [11] of the rigidity of the family of
right-angled Artin groups (see also Koberda [12, Theorem 6.4]), we show that, if M and N are two
right-angled Coxeter matrices and T Gr(A[M]) ~ T Gr(A[N]), then M ~ N (see Corollary 4.2). This
obviously implies that, if A[M] is isomorphic to A[N], then M ~ N. So, this shows (again) that the
family of right-angled Artin groups is rigid. This is the point of view we intend to extend.

In this paper we show that the Lie algebras 7 Gr(G) differentiate some even Artin groups but not all of
them. In Section 2 we determine a presentation for 7Gr(A[M]), where M is any even Coxeter matrix
(see Theorem 2.1). For d > 2 we denote by £(1,d) the set of even Coxeter matrices M = (my,)s s
satisfying my, € {oo} U{2d" | r > 0} for all 5,t € S, s # t. In Section 5 we prove that the family
A[E(1, d)] isrigid (see Corollary 5.2), and a little bit more (see Corollary 5.13), and in Section 6 we show
two even Coxeter matrices My and Ny such that A[My] #£ A[Ny] and T Gr(A[My]) ~ TGr(A[Nop]).
The proof of Corollary 5.2 uses a criterion proved in Section 3 to determine whether two Coxeter
matrices are isomorphic, as well as a study made in Section 4 of some graded Lie algebras associated
to right-angled Coxeter matrices. These two sections may interest some readers regardless of the rest
of the paper.
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2 Truncated Lie algebra associated to the lower central series of an even
Artin group

Let G be a group. For a, 3 € G we denote by [a, 3] = a~!3~'a3 the commutator of o and 3.
If H; and H; are two subgroups of G, then we denote by [H;, H>] the subgroup of G generated by
{le, 8] | &« € Hi, B € Hy}. The lower central series of G is the sequence {7G}2, of subgroups
of G recursively defined by /G = G and %G = [G,%-1G] for k > 2. For k > 1 the quotient
gri(G) = 'VZfG is an abelian group, so it is a Z-module. We set Gr(G) = @©;2,Gr(G). For o € 3G,
we denote by & the element of Gri(G) represented by «. Then Gr(G) is endowed with a structure of
graded Lie Z-algebra as follows. If o € 3G and 8 € /G, then the bracket [, B] is the element
of Gri4¢(G) represented by the commutator [«, 3]. We refer to Lazard [13], Magnus—Karrass—Solitar
[14], and Bass—Lubotzky [2] for detailed accounts on this Lie algebra.

We denote by 7Gr(G) = Gr(G)/I the quotient of Gr(G) by the ideal I = &2 ,Gri(G). We have
TGr(G) =7 Gri(G) ® Gry(G), and the Lie bracket on 7 Gr(G) is defined as follows. If a € 4G and
B € G, 1<k, l<2,then [a, 3] is the element of Gry,+(G) represented by [a, 3] if k = £ = 1, and
[&, B] = 0 otherwise. It is clear that, if G is isomorphic to H, then 7 Gr(G) is isomorphic to T Gr(H)
as graded Lie algebras.

Now, take an even Coxeter matrix M = (my ), ;s and fix a total order < on S. For m € NU {0} we
set E,y(M) = {(s,1) € S x S| s < tand my, = m}. We set

LMl =| @ B @mzyv ||| P zv.],

2<n<oo \(s,NEE,(M) (s,HEEc(M)
LilM] = @) Zu,, LIM] = Li[M] & Ly[M] .
seS

We define a Lie bracket [, -] on L[M] as follows. Let 5,7 € S, s # t. Then [uy, u;] = —[us, us] = vy,
if s < tand mg; # 2, and [u,, u,] = 0 if mg;, = 2. On the other hand, we set [«, 5] = O for each
(o, B) € LIM] x Ly[M]. It is clear that L[M] is a well-defined graded Lie Z-algebra.

Theorem 2.1 Let M be an even Coxeter matrix. Then T Gr(A[M]) is isomorphic to L[M].

Proof Claim 1. Let G be a group, let a, 5 € G,andlet n € N, n > 1. Then
Ba)y "(aB)" = [a, B]" (Mody3G) .
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Proof of Claim 1. We argue by induction on n. If n = 1, then (Ba)"YaB) = [e, B] and there is
nothing to prove. We suppose that n > 2 and that the inductive hypothesis holds. Then

Ba) (B = a ' B o, B aB = [a, 8" o BT B = [, B]" (mod 13G) .
This concludes the proof of Claim 1.

Claim 2. There is a surjective homomorphism f : L[M] — T Gr(A[M]) which sends u; to 5 for all
s € S and sends vy, to [5,7] for all 5,7 € S such that s <t and my, # 2.

Proof of Claim 2. We know by Magnus—Karrass—Solitar [14, Theorem 5.4] that TGri(A[M]) is
generated as a Z-module by {5 | s € S} and T Gr,(A[M]) is generated as a Z-module by {[5,7] | 5,7 €
S, s <t} Lets,teS,s <t Ifmy,=2,then st = ts, hence [5,7] = 0. If m;, = 2n, where
2 <n < oo, then (st)" = 1I(s,t,my;) = 1I(t, s, my;) = (ts)", hence, by Claim 1, n[5,7] = 0. So, there
exists a well-defined homomorphism f : L[M] — T Gr(A[M]) which sends u, to 5 for all s € S and
sends vy, to [5,7] for all 5,¢ € S such that s < ¢ and m,, # 2, and this homomorphism is surjective.
This concludes the proof of Claim 2.

Let Z(X) be the non-commutative associative free algebra over a set X = {x, | s € S} in one-to-one
correspondence with S. Let T be the ideal of Z(X) generated by X, and let R = Z(X) /I*. Let J be the
ideal of R generated by Ul <n<oo{n (Xsx; — XiXs) | (5,1) € E2y(M)}, and let R = R/J. Observe that R
is a graded associative Z-algebra, R = Ry @ R| @ R, where Ry = Z, Ry = P52, and

Ry = (EB fo) ® (@ Zx,xs> ® @ EB (Z/nZ)(xsxr — x1X5)

seS s<t 2<n<oo \ (s,H)€E,(M)

@ @ ZA(xgXy — XiXs)

(5,)€Ec0 (M)
Let I = R| ® R, be the ideal of R generated by X. Set U(R) = {1 + w | w € I}. Note that U(R) is a
subgroup of the group of units of R; the inverse of an element 1 + w of U(R) is 1 — w + w?.
Claim 3. Letu,v €  and n € N, n > 1. Then
((1 +u)(1 + V))n =1+4+nu+n+ S,,_l(u2 +v? + vu) + Spuv ,
where S, = > p_ k= "D,

Proof of Claim 3. We argue by induction on n. The case n = 1 being trivial, we may assume that
n > 2 and that the inductive hypothesis holds. Then
(1 + w1 +w)"
= (1 + (= Du~+ @ — 1w+ Su_o(® +v* + vu) + S,,,luv)(l +u+v+u)
=140n—Du+n— 1w+ S, 2+ v +vu)+ Sp_1uv +u+ (n — D + (n — Dvu
+v+m—Du+ (n— l)v2 + uv
=14+nu+nv—+ Sn_l(u2 +v + vi) + S,uv .

This concludes the proof of Claim 3.
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Claim 4. There exists a homomorphism g : A[M] — U(R) which sends s to 1 + x; forall s € S.

Proof of Claim 4. Let s,t € S, s # t, such that my; # oo. Set ms, = 2n where 1 < n < oo. Then, by
Claim 3,

(1 +xd +x0)" = (A +x)(1 +xp))"
= (1 + nxy + nx; + Sn_l(x? + xtz + xxg) + Snxsx,)
— (1 + nx; + nxg + Sn_l(x,2 + xf + XX;) + S,,xtxs)

= n(xex; — xxs) =0,
hence

TI((1 + x5), (14 x0), ms ) = ((1+x:)(1 + x7))"
= (A +x)( +x))" =TI +x), (1 + x,), ms,) .

This concludes the proof of Claim 4.

We denote by g : TGr(A[M]) — T Gr((R)) the homomorphism induced by 2. For k > 1 we set
Ur(R) = {1 +w | w € I*}. Note that U;(R) is a subgroup of (R) and U(R) = {1} if k > 3.

Claim 5.
(1) Let k£ > 1. Then U (R) is a normal subgroup of U(R).
(2) Letk,¢ > 1. Then [Ur(R),Us(R)] C Up1e(R).

Proof of Claim 5. Let a € U(R) and w € I¥. Then a1 +w)a~ ' =1+ awa™' € Up(R). So, Ui(R) is
a normal subgroup of U(R).

Letk, 0> 1,ucI*¥ and v € I*. Then

[A+w),d+W =0+ 'd+v'Ad+wd+v
:(1—u—v+u2+v2+uv)(1+u+v+uv)
zl—u—v+u2+v2+uv—|—u—u2

=14+uv—vu € UyR).

—vu+v—uv—v2+uv

This concludes the proof of Claim 5.

End of the proof of Theorem 2.1. By Claim 5 we have IU(R) C Ui(R) for all k € N, and these

; ; ; ; _ _uUR) Uk(R) _
inclusions induce for each k a hor;uzn)lorphlsm griU(R)) = T ® 7 U ®) of Z-modules. On the
(R

other hand, it is easily seen that U ® is isomorphic to Ry as a Z-module, where Ry = {0} if k > 3.
For k = 1,2, by composing these homomorphisms we obtain a homomorphism #y : TGri(U(R)) =
GriUU(R)) — Ry of Z-modules. A direct calculation shows that (4] o g o f)(us;) = x; forall s € S,
hence hy o gof : Li[M] — R, is injective, and therefore the restriction of f to L;[M] is injective.
Similarly, a direct calculation shows that, for each s,7 € S such that s < ¢ and m,, # 2, we have
(h2 0 g o f)(vs,) = (xsx; — X1Xg), hence hp o g of : Lr[M] — R; is injective, and therefore the restriction
of f to Lp[M] is injective. So, f is an isomorphism. O
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3 Isomorphism between Coxeter matrices

Let M and N be two Coxeter matrices. In the present section we prove a necessary and sufficient
condition for M and N to be isomorphic (see Proposition 3.4). This condition will be used later for
even Coxeter matrices but it holds for any pair of Coxeter matrices. The case of right-angled Coxeter
matrices is well-known and proved in Kim—Makar-Limanov-Neggers—Roush [11], with a proof that
inspired ours.

Let M = (my)s s be a Coxeter matrix. For s € S and m € N, 2 < m < oo, the set 1k,,(s) = {r €
S\ {s} | ms, divides m} is called the m-link of s and the set st,,(s) = 1k, (s) U {s} is called the m-star
of s. For 5,1t € § we set s <y t if 1k,,,(s) C st,,(¢) forallm e N, 2 < m < oc.

Lemma 3.1 The relation <y, is a quasi-order.

Proof The relation <, is clearly reflexive. So, we just need to show that <, is transitive. Let
s,t,r € S such that s <j; t and t < 7. Let m € N such that 2 < m < co. We have 1k,,(s) C st,,(?)
and 1k,,(r) C st,,(r), and we have to show that 1k,,(s) C st (r). If s =t or t = r or s = r, then there
is nothing to prove, thus we may assume that s # ¢, t # r and s # r. If m,, does not divide m, then
t & 1k, (s), hence 1k,,(s) C 1k, (1), and therefore 1k,,(s) C st,(r). So, we can suppose that my, divides
m, that is, s € lk,,(¢) and t € Ik, (s). Since lk,, () C st,(r) and s # r, it follows that s € 1k,,(r),
hence mj , divides m and r € 1k,,(s). Since Ik,,(s) C st,(f) and r # ¢, it follows that r € lk,,(7), hence
my,, divides m and t € 1k,,(r). So, lk,(s) \ {t} C lk,(t) C st,(r) and r € lk,(r) C st,(r), hence
1K, (s) C sty (r). O

Define the equivalence relation =y on S by

S=Emt < s<ytandt <ys.

Lemma 3.2 Let C be an equivalence class of =p; non reduced to a single element. Then there exists
m € NU {oo}, m > 2, such that my; = m forall s,t € C, s # 1.

Proof Lets,r€ C,s#t,andlet m =m,,. Let r € C\ {s,t}. Suppose first that m # oo. We have
t € Ik, (s) and Ik, (s) C st,(r), hence t € st,,(r). Since t # r, it follows that ¢ € 1k, (r), thus m; ,
divides m = my,. In particular, m, , # oo. Using the same argument we show that m = my, divides
m; ., hence m;, = m;, = m. We show that m,, = m in the same way. Now suppose that m = oo.
If we had my, # oo, then, by the above, we would have m,, = m,, # oo, a contradiction. Thus
my , = oo. Similarly, m; , = co. O

Lemma 3.3 Let C,D be two distinct equivalence classes of =y;. Then there exists m € N U {00},
m > 2, such that mg; = m forall s € C and t € D.

Proof We choose s € C and ¢ € D and we set m = my ;. We take ¢ € D, t' # t, and we turn to show
that m;» = m. Suppose first that m # oco. Since C and D are different, we have s # ¢ and s # 1'.
Moreover, s € 1k, (7) and 1k, (f) C st,(7'), hence s € Ik, ('), and therefore m; » divides m = my,. In
particular my » # oo. We show that m; divides m, » with the same argument, hence m; y = m,; = m.
Now, suppose that m = oo. If we had my # 00, then, by the above, we would have m;, = my g # 00,
a contradiction. So, m, = oo. O
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Thanks to Lemma 3.3 we can define from M a Coxeter matrix M" = (m. p)c,pes as follows.

(a) S" is the set of equivalence classes of =,.

(b) Let C,D € S". Then choose s € C and ¢ € D, and set m’C’D = my,.

Furthermore, thanks to Lemma 3.2 we can define amap 1b : S — NU {co} as follows. Let C € §". If
|C| =1 we set Ib(C) = 0. If |C| > 2 we set 1b(C) = mj,, where s, t are two distinct elements of C.

Proposition 3.4 Let M = (m,)ses and N = (ny,).yer be two Coxeter matrices. If there exists an
isomorphism f : M" — N" such that |C| = |f(C)| and Ib(C) = Ib(f(C)) for all C € S", then M and N
are isomorphic.

Proof Foreach C € §", since |C| = |f(C)|, we can choose a bijection f- : C — f(C). Then we define
f :§ — T as follows. Let s € S. Let C € §" such that s € C. Then we set f(s) :f‘c(s). The map
f: 8 — T is a bijection by construction. Moreover, it is easily seen that N forall s, € S,

hence f is an isomorphism from M to N. a

4 Lie algebras associated to right-angled Artin groups

Let M = (my ), s be aright-angled Coxeter matrix. We assume S to be endowed with a total order <.
Let K be a field. Recall that, for m € {2, 00}, we set E,,(M) = {(s,1) € S x S | s < t and my; = m}.
We set

Lg M1 = PKuy, LxolMl = P Kvy, LxIM] = L [M] & Lx 2[M].
seS (s,0)EEsc(M)
We define a Lie bracket [-, -] on Lg[M] as follows. Let s,t € S, s # t. Then [uy, u;] = —[u;, us] = vy,
if s < tand mg; = oo, and [uy, u;] = 0 if ms; = 2. On the other hand, we set [a, 3] = 0 for all
(o, B) € Lg[M] x Ly »[M]. It is clear that Lg[M] is a well-defined graded Lie K-algebra. In fact,
Lx[M] = K ® L[M]. The goal of the present section is to prove the following theorem.

Theorem 4.1 Let M and N be two right-angled Coxeter matrices and let K be a field. If Lx[M] and
Lk [N] are isomorphic, then M and N are isomorphic.

Corollary 4.2 Let M and N be two right-angled Coxeter matrices. If L{M] and L[N] are isomorphic,
then M and N are isomorphic.

Proof Let M and N be two right-angled Coxeter matrices such that L[M] and L[N] are isomorphic.
Then Q ® LIM] = Lg[M] is isomorphic to Q ® L[N] = Lg[N], hence, by Theorem 4.1, M and N are
isomorphic. |

Corollary 4.3 (Droms [10]) Let &, be the set of right-angled Coxeter matrices. Then A[E,,] is
rigid.
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Proof Let M and N be two right-angled Coxeter matrices such that A[M] and A[N] are isomor-
phic. Then TGr(A[M]) and T Gr(A[N]) are isomorphic, hence, by Theorem 2.1, L[M] and L[N] are
isomorphic, and therefore, by Corollary 4.2, M and N are isomorphic. a

The remaining of the section is devoted to the proof of Theorem 4.1.

Let M = (my,), s be aright-angled Coxeter matrix. We associate to M a graph I'o,[M] as follows.
(a) S is the set of vertices of I'so[M].
(b) Two vertices s,t € S, s # t, are connected by an edge if m; = co.

For X C S we denote by I' x[M] the full subgraph of I'oo[M] spanned by X. On the other hand, for
X C § we set Ika(X) = Nyexlka(s).

Let K be a field. The support of an element o = 256 gasus € Lk 1[M] is defined to be supp(a) =
{s € S| a; # 0}. On the other hand, the centralizer of an element o € Ly [M] is Z(o) = {f €

Lx 1 [M] | [a, B] = 0}.

Lemma 4.4 Let K be a field, let M = (my)scs be a right-angled Coxeter matrix, and let o =
ZSES asus € Ly 1[M]. Let X = supp(), and let €2y, . .., €y be the connected components of I' o x[M].

Foreachi € {1,...,¢} we denote by X; the set of vertices of §); and we set o; = ESEX,- agug. Then
¢
Z(a) = (@ Kozi) @ @ K,
i=1 selko(X)
Proof Set

0
V= (@ Ka,-) o P Ku
i=1 s€lky (X)

The inclusion V C Z(a) is easily checked, so we just need to show that Z(a) C V. Let 8 =
> ses bsits € Z(o). We have

(4-1) 0=[a,Bl= > (ash —abyvs,.

(5, EE o0 (M)
Let s € S such that s ¢ X and s ¢ lko(X). There exists + € X such that m,, = oo. Suppose
that s < ¢, that is, (s,f) € Ex(M). By Equation (4-1), a;b; = 0 since a; = 0, hence b; = 0
since a; # 0. Similarly, if # < s, then by = 0. Leti € {1,...,¢}. If s, € X; are such that
(s, 1) € Exo(M), then, by Equation (4-1), a;b, = a,bs, hence z—j = %. Since €2; is connected, it follows
that Z—Z = z—; for all s, € X;. We choose s € X; and we set ¢; = 5 Then ZIEX,- b, = cia;. So,

As

B =00 cia) + (o boits) € V. u

From now on we assume given a field K, two right-angled Coxeter matrices M = (my;);cs and
N = (nyy)xyer, and an isomorphism f : Lg[M] — Lg[N]. Our aim is to prove that M and N are
isomorphic.
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Lemmad4.5 Letsc Sandx,y €T suchthatn,, =2 and s € supp(f_l(ux)). Then [uy, f(us)] = 0.

Proof We set f~'(uy) = >, cgam;. Let X = supp(f~'(uy)), and let €y, ...,y be the connected
components of I'o, x[M]. For each i € {1,...,¢} we denote by X; the set of vertices of (2;, and
we set a; = Zzexi au;. We have [uy,u,] = 0, hence [f_l(ux),f_l(uy)] = 0, and therefore, by
Lemma 4.4, f_l(uy) is written in the form f_l(uy) = Zle cioi + v, where cy,...,c, € K and
supp(y) C Ika(X). Since s € supp(f~'(u,)) = X, there exits j € {1,...,£} such that s € X;. Then
) — ¢if "'(uy),us] = 0, hence [uy — cjuy,f(us;)] = 0. If ¢; = 0, then the above equality
becomes [uy,f(us)] = O and there is nothing else to prove. So, we may assume that ¢; # 0. Since
ney = 2, by applying again Lemma 4.4 we get f(us) = biu, + bycju, + ', where by, by € K and
supp(7’) C lka({x,y}). Then supp(f(us)) C sta(uy), hence [uy, f(us)] = 0 in this case as well. O

Forse€ Sand x € T weset s <3y xif s € supp(f_l(ux)) and x € supp(f(us)).

Lemma 4.6 Lets € S. Then there exists x € T such that s <7 x.

Proof For s € S we set f(u;) = >
Then

as yuy and for x € T we set [~ uy) = bysus. Let s € S.

xeT

= (o)) = Y agbeu,

x€T teS

sES

hence there exists x € T such that a,, # 0 and by, # 0. Then s € supp(f ~!(uy)) and x € supp(f(us)),
that is, s <> x. O

Lemma4.7 Lets,tcS,s#t,andx,y €T, x#y,suchthats <y x and t <+ y. We have m;; = 2
if and only if n,, = 2.

Proof Suppose that n,, = 2. Since s <+ x, we have s € supp(f ~!(uy)). Then, by Lemma 4.5,
[uty, f(us)] = 0, hence [f~!(uy), us] = 0. By Lemma 4.4 this implies that supp(f~!(u,)) C sta(s). Since
te supp(f_l(uy)) and ¢ # s it follows that ¢ € 1k,(s), that is, m,; = 2. We show in the same way that,
if my; = 2, then n, , = 2. O

Lemma 4.8 Lets,t € S and x,y € T such that s <3y x and t <»y y. We have s <y t if and only if
X =<NY.

Proof We suppose that s <, ¢ and turn to prove that x <y y. If x = y, then there is nothing to prove.
So, we can assume that x # y. Let z € lko(x). We have n,, = 2 and s € supp(f_l(ux)) hence, by
Lemma 4.5, [u.,f(us)] = 0, hence [f~'(u.),u;] = 0. By Lemma 4.4 it follows that f~(u.) is of the
form f~'(u.) = aug + v where a € K and supp(y) C lka(s). Since s <y ¢, we have 1ko(s) C sta (),
hence [y, u;] = 0, and therefore [u;, f(u,)] = [f(aus + ), f(u)] = f(laus + v, u]) = af(lus, u;]).

Suppose that s # ¢, mg; = oo and a # 0. We have ¢ ¢ supp(y) since supp(y) C lka(s). Let
r € supp(y). We have r € Iky(s) C sta(¢) and r # ¢, hence n,, = 2. Moreover, y € supp(f(u,)), hence,
by Lemma 4.5, [u,,f~'(uy)] = 0. So, [v,f~(uy)] = 0, hence [f(7),u,] = 0. Since x € supp(f(us))



10 R Blasco-Garcia and L Paris

and z # x, the equality u;, = af(us) + f(y) implies that x € supp(f(v)). By Lemma 4.4 it follows that
x € Iky(y), that is, ny, = 2. By Lemma 4.7 we deduce that m,, = 2, a contradiction.

So, either s = ¢, or my; = 2, or a = 0. In all theses cases we have [u_, f(u,)] = af([us,u;]) = 0. Since
y € supp(f(u;)), it follows by Lemma 4.4 that z € sta(y). So, lky(x) C sta(y), thatis, x <y y. We show
in the same way that, if x <y y, then s <y, 7. O

Corollary 4.9 Lets,t € S and x,y € T such that s <y x and t <+ y. We have s =y t if and only if
X =ND).

Thanks to Corollary 4.9 we can define a map f" : " — 7" as follows. Let C € . We choose s € C
and x € T such that s <+ x and we set f"(C) = X, where X is the equivalence class of x for the relation
=y. Itis clear that f” is invertible and (f")~' = (f~')". Moreover, by Lemma 4.7, m’C,D = n}r(c)fr(D)
forall C,D € §", hence f” is an isomorphism from M" to N".

Lemma 4.10 Lets € S and x,y € T such that s <+y x and y € supp(f(us)). Then x <y y.

Proof Letz € lko(x). Wehave n,; =2 and s € supp(f ~!(uy)), hence, by Lemma 4.5, [u., f(us)] = 0.
Since y € supp(f(us)), it follows by Lemma 4.4 that y € sty(z), hence z € stp(y). This shows that
Iky(x) C sta(y), thatis, x <y y. O

Lemma4.11 Let C € S". Then |f(C)| = |C]|.

Proof Let C € S, X =f'(C), se Candx € X. Set U ={tre S|s <yt}, Uy ={t¢e
S| s <mtands Zy 1}, V={yeT|x=<yy}, Vo={y €T | x <y yandx #y y}.
If E is a subset of S (resp. of T) we denote by (E) the linear subspace of Ly ;[M] (resp. of
Lk 1[N]) spanned by {u; | t € E}. We have C = U \ Uy, hence dim((U)) — dim((Up)) = |C|.
Similarly, dim({V)) — dim((Vp)) = |X|. By Lemma 4.8 and Lemma 4.10 we have f((U)) C (V)
and f((Up)) C (Vy). Similarly, f~1((V)) C (U) and f~1((Vy)) C (Up), hence f({U)) = (V) and
F(Uo)) = (Vo). So, |C| = dim({U}) — dim(({Up)) = dim((V)) — dim((Vp)) = |X]. 0

Lemma 4.12 Let C € §". Then Ib(f"(C)) = Ib(C).

Proof Let C € §" and let X = f"(C). Note that, by Lemma 4.11, |C| = |X|. If |C| = |X| = 1, then
Ib(C) = Ib(X) = 0. So, we can assume that |C| = |X| > 2. Suppose that there exists x € X such that
s<rrxforall s € C. Lety € X, y # x. By Lemma 4.6 there exists ¢ € S such that t <+ y, and, by
Corollary 4.9, we have t € C. Choose s € C, s #t. Then s #t, x #y, s <+ x and t <+¢ y. Suppose
that there is no x € X such that s <> x for all s € C. Then, obviously, there exist 5,7 € C, s = t,and
x,y € X, x # y,such that s <3¢ x and 7 <3¢ y. So, there always exist s,z € C, s # t,and x,y € X,
x # y,such that s <3¢ x and ¢ <7 y. Then, by Lemma 4.7, 1b(C) = my; = n,, = Ib(X). O

Proof of Theorem 4.1 Let f : Lx[M] — Lk[N] be an isomorphism. Then, by the above, f induces
an isomorphism f” : M" — N" satisfying |[f"(C)| = |C| and 1b(f"(C)) = Ib(C) for all C € §". We
conclude by Proposition 3.4 that M and N are isomorphic. |



Isomorphism problem for even Artin groups 11
5 Rigidity of A[S(c, d)]

For ¢,d € N such that ¢ > 1, d > 2 and ged(c,d) = 1, we denote by E(c, d) the set of even Coxeter
matrices M = (my )5 res such that mg, € {2¢,00} U {2d" | r > 1} for all 5,¢ € S, s # t. Our aim
in the present section is to prove that the family A[E(c,d)] is rigid (see Theorem 5.12 and Corollary
5.13). We first prove the case ¢ = 1 (see Theorem 5.1 and Corollary 5.2), which is the main case.

Theorem 5.1 Letd € N, d > 2, and M,N € £(1,d). If L[M] is isomorphic to L[N], then M is
isomorphic to N.

Corollary 5.2 Letd € N, d > 2. Then A[E(1,d)] is rigid.

Proof Let M,N € &£(1,d). If A[M] is isomorphic to A[N], then TGr(A[M]) is isomorphic to
TGr(A[N]). Since, by Theorem 2.1, 7 Gr(A[M]) is isomorphic to L[M] and T Gr(A[N]) is isomorphic
to L[N], we conclude by Theorem 5.1 that M is isomorphic to N. |

We turn now to prove Theorem 5.1. So, we take two Coxeter matrices M = (m;)ses and N =
(nxy)xyer lying in £(1,d) and an isomorphism f : L[M] — L[N]. Our aim is to prove that M and N
are isomorphic.

We fix a prime number p which divides d. The p-support of an element o = ) _casu; € Li[M]
is defined to be supp,(a) = {s € S| ged(p,as;) = 1}. Fors € S and x € T we set s <>, x if

s € supp,(f~ ' (uy)) and x € supp,(f(uy)).

Lemma 5.3 Lets € S. There exists x € T such that s <+, ¢ x.

Proof We argue like in the proof of Lemma 4.6. For s € S we set f(u,) = erT ag iy, and forx € T
we set £~ (uy) = Y ses bxstts. Let s € S. Then

Us = (f_l o f)(us) = Z Zas,xbx,tuty
x€T teS

hence there exists x € T such that ged(p, as) = 1 and ged(p, bys) = 1. Then s € suppp(f_l(ux)) and
x € supp,,(f(uy)), thatis, s <»pr x. a

We set LP[M] = Li[M], LY’ [M] = d L,[M], and LO[M] = L'P[M] & LY°[M], and we define the
Lie bracket [-, -] of L@[M] as follows. For o, € L(ld)[M] we set [, ]9 = d[a, 3], where
[-,-] denotes the Lie bracket of L[M]. On the other hand, we set [, 319 = 0 for all (a, ) €
L(zd) [M] x L'D[M]. We define the Lie algebra LD[N] in the same way. It is easily seen that f induces
an isomorphism f(d) : LDIM) — LY[N].

Let M@ = (mgfl,))weg be the Coxeter matrix defined as follows.
o m) =2if my, € {2,2d}.
o Letr €N, r>2. Then m{®) =24~ if my, = 2d".
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. n?

s = 00 1f mg, = o0o.
We define N in the same way. Note that M@ and N are even Coxeter matrices lying in £(1,d).
The proof of the following lemma is left to the reader.

Lemma 54 (1) We have LY9[M] ~ LIM¥] and LY[N] ~ LIN¥].
(2) Letse Sandx € T. We have s <y x if and only if s ppar X.

We define a right-angled Coxeter matrix M,) = (m) s,1)s,ics as follows.

[ ] m(p)’m = 2 lf mm = 2
o M) =00 if mg, € {2d" |re N, r > 1} U {oo}.

We define the right-angled Coxeter matrix N, in the same way. Let F, = Z/pZ, and let f :
F, ® LIM] — F, ® L[N] be the isomorphism induced by f. Again, the proof of the following is left to
the reader.

Lemma5.5 (1) Wehave F, ® LIM] ~ Lg,[M(,)] and F, @ L[N] =~ Lg,[N(y].
(2) Letse€ Sandx e T. Wehave s <»pr x if and only if s <7, X.

Lemma 5.6 Lets,t € S, s #t,and x,y € T, x # y, such that s <»,s x and t <>, y. Then
mw — nxyy.

Proof Let p € N such that Eyj0(M) # () or Exqe(N) # (), and E, (M) = E,x(N) = () for all k > p
(weset p=0if mg; = oo forall s,# €S, s#t,and n,, = oo forall x,y € T, x # y). We argue by
induction on p. If p = 0, then M and N are both right-angled Coxeter matrices and the result follows
from Lemma 4.7. So, we can assume that p > 1 and that the inductive hypothesis holds. Suppose
that m;, = 2. Then m,) , = 2 and, by Lemma 5.5, s oy X and ¢ oy Vs hence, by Lemma 4.7,
np)xy = 2, and therefore n,, = 2. We show in the same way that, if n,, = 2, then my; = 2. So, we
can assume that m,, > 2d and n,, > 2d. By Lemma 5.4, s pp X and ¢ ppa@ Y, hence, by the

inductive hypothesis, mgfl,) = n&dy) If mgfl,) = n)(cfly) = o0, then m;; = n,, = oco. If mgf? = n)((fly) < 00,

then my, = nyy = dm = dn), since my, > 2d and n,, > 2d. O
Lemma 5.7 Lets,t € S andx,y € T suchthats <>,y x and t <,y y. We have s <y t if and only if
X =<NY.

Proof Let p € N such that Eygo(M) # ) or Exge(N) # 0, and E,u(M) = E»(N) = () for all k > p
(again, we set p = 0 if m;; = oo forall s,r € S, s # ¢, and n,, = oo forall x,y € T, x # y). We
argue by induction on p. Assume that p = 0, thatis, M and N are both right-angled Coxeter matrices.
Then f induces an isomorphism ﬁpp tLp,[M] = F, ® LIM] — F, ® L[N] = Ly,[N], hence, by Lemma
4.8, we have s <y t if and only if x <y y.

Now, assume that p > 1 and that the inductive hypothesis holds. Suppose that s <;; . We take m € N,
m > 2, and we prove that 1k,,(x) C st,,(y). This will prove that x <y y. Since M, N € £(1,d), we can
assume that m € {2d* | 0 < k < p}.
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Suppose that m = 2. For r € § we denote by 1k, »>(r) the 2-link of r and by st(,) »(r) the 2-star of
r with respect to M,). Similarly, for z € T we denote by Ik 2(z) the 2-link of z and by st(,)2(z)
the 2-star of z with respect to N,y. Observe that Ika(s) = 1k(,)2(s) and sta(f) = st 2(7), hence
k() 2(s) C st 2(2), that is, s <M I Moreover, by Lemma 5.5, s fpy X and ¢ S Vs hence, by
Lemma 4.8, x <y, y. This means that lka(x) = k() 2(x) C st 2(y) = sta(y).

Assume that m > 2d, that is, m = 2d**! for some k € {0,...,p—1}. Forr€ Sand 0 < k < p — 1
we denote by lk(z‘il)k(r) the 2d*-link of r and by stgil)k(r) the 2d¥ -star of r with respect to M CR Similarly,

for z € T and 0 < k < p — 1 we denote by lk(z‘il)k(z) the 2d*-link of z and by st(z‘fi)k(z) the 2d*-star of z

with respect to N@ Observe that ks git1(s) = lk(;gk(s) and stygt1(f) = stggk(t) foral0 <k<p-—1,
hence lké‘i}k(s) C st(z‘il)k(t) for all 0 < k < p — 1, and therefore s <@ ¢t. Moreover, by Lemma
54, s Sy X and ¢ p @ Y, hence, by the inductive hypothesis, x <yw y. This implies that
Tkoges1 (x) = 1K) € SE(3) = sty (v) forall 0 < k < p— 1. So, Iku(x) C stu(). O
Corollary 5.8 Lets,t € S andx,y € T such that s <3,y x and t <>,y y. We have s =y t if and only

ifx=Ny.

Thanks to Corollary 5.8 we can define a map f" : S — T" as follows. Let C € S". We choose
s € C and x € T such that s <+, x and we set f"(C) = X, where X is the equivalence class of x
for the relation =y. It is clear that f" is invertible and (f")~! = (f~!)". Moreover, by Lemma 5.6,
me p = Moy prpy forall C,D € §”, hence f” determines an isomorphism from M” to N”.

LemmaS.9 Lets € S andx,y € T such that s <>, x and y € supp,(f(us)). Then x <y y.

Proof Let p € N such that Eyye(M) # () or Exqo(N) # 0, and Ey (M) = E,(N) = () for all k > p
(and, as ever, p = 0 if m;; = oo forall s, € S, s # ¢, and n,, = oo forall x,y € T, x # y). We
argue by induction on p. Suppose that p = 0, thatis, M and N are both right-angled Coxeter matrices.
Then f induces an isomorphism f(,) : Ly, [M] = F, ® LIM] — F, ® LIN] = Ly,[N] hence, by Lemma
4.10, x <y y.

Now, we assume that p > 1 and that the inductive hypothesis holds. We take m € N, m > 2, and we
show that 1k,,(x) C st,(y). This will show that x <y y. Again, since M and N lie in £(1,d), we can
suppose that m € {2d* | 0 < k < p}.

Suppose first that m = 2. For z € T we denote by Ik, 2(z) the 2-link of z and by st »(z) the 2-star
of z with respect to N,). By Lemma 5.5, s <> x hence, by Lemma 4.10, x <y, y. This implies that

Ik (x) = 1k(p) 2(x) C sty 2(y) = sta(y)-

Now, suppose that m > 2d, that is, m = 245! for some k € {0,...,p—1}. For z € T and
0 <k < p—1 we denote by lk(z‘gk(z) the 2d*-link of z and by st(z‘gk(z) the 2d*-star of z with respect
to N, By Lemma 5.4, s <> p@ X hence, by the inductive hypothesis, x <yw y. This implies that
Tkyger1(x) = kSO (1) € i) = sty () forall 0 < k < p — 1. So, ku(x) C st(y). O

Lemma 5.10 Let C € S". Then |[f"(C)| = |C]|.
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Proof The proof is almost identical to the one of Lemma 4.11. Let C € ", X = f"(C), s € C and
xeX SetU={teS|s<uth,Uy={treS|s<ytands #yt}, V={yeT|x=<ny},
Vo={y €T |x<yyandx #y y}. If E is a subset of S (resp. of T) we denote by (E) the
Z-submodule of L[M] (resp. of L;[N]) spanned by {u, | + € E}. We have C = U \ Uy, hence
tk((U)) — rtk((Uyp)) = |C|. Similarly, rk((V)) — rk((Vy)) = |X|. On the other hand, by Lemma 5.7 and
Lemma 5.9, f((U)) C (V) and f((Up)) C (Vo). Similarly, f~'((V)) C (U) and f~'((Vo)) C (Up),
hence f((U)) = (V) and f({Un)) = (Vo). So, [C] = tk(U)) — 1k((Up)) = tk({V)) — 1k((Vo)) =
1X]. O

Lemma 5.11 Let C € §". Then Ib(f"(C)) = Ib(C).

Proof We argue in the same way as in the proof of Lemma 4.12. Let C € §", and let X = f"(C). Note
that, by Lemma 5.10, |C| = |X|. If |C| = |X| = 1, then 1b(C) = Ib(X) = 0. So, we can assume that
|C| = |X| > 2. Suppose there exists x € X such that s <3, x forall s € C. Let y € X, y # x. By
Lemma 5.3 there exists 7 € S such that ¢ <>, y and, by Corollary 5.8, t € C. Take s € C such that
s#t. Thens #t,x#y,s<prxand t<,ry. If thereisno x € X such that s <+, ¢ x forall s € C,
then, obviously, there exist 5,7 € C, s # ¢, and x,y € X, x # y, such that s <+, s x and t <+, y. So,
there always exist s,7 € C, s # t, and x,y € X, x # y, such that s <ps X and t <>, ¢ y. Then, by
Lemma 5.6, 1b(C) = m,; = n,, = 1b(X). O

Proof of Theorem 5.1 Let f : L[M] — L[N] be an isomorphism. Then, by the above, there exists an
isomorphism f” : M" — N” such that |f"(C)| = |C| and 1b(f"(C)) = Ib(C) for all C € §". We conclude
by Proposition 3.4 that M and N are isomorphic. |

We turn now to the general case.

Theorem 5.12 Let ¢,d € N such that ¢ > 1, d > 2 and gcd(c,d) = 1, and let M,N € E(c,d). If
L[M] is isomorphic to L[N], then M is isomorphic to N.

The following corollary can be proved from Theorem 5.12 in the same way as Corollary 5.2 is proved
from Theorem 5.1.

Corollary 5.13 Letc,d € N suchthatc > 1,d > 2 and gcd(c,d) = 1. Then A[E(c, d)] is rigid.

Proof of Theorem 5.12 Let f : L[M] — L[N] be an isomorphism. We define a graded Lie Z-algebra
LO[M] as follows. We set L'[M] = Li[M], L)[M] = ¢ L,[M], and LO[M] = L\"[M] © L [M].
We define the Lie bracket [-, -] of L{)[M] as follows. For «, 3 € L(lc)[M] we set [o, B]© = c[a, B],
where [-,-] denotes the Lie bracket of L[M]. On the other hand, we set [«, 3] = 0 for all (a, 5) €
L(2C) [M] x LO[M]. We define L(©[N] in the same way. It is easily seen that f induces an isomorphism
fO LOM] — LOIN].

Let M© = (m(f,) )s,res be the Coxeter matrix defined as follows.

o m) =2if m, =2c.
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o mgft) = my, if mg, # 2c.

We define N'© in the same way. It is clear that M© and N are both even Coxeter matrices lying in
E(1,d), that M is isomorphic to N if and only if M© is isomorphic to N© | that LO[M] ~ L[M©],
and that LO[N] ~ LIN]. By Theorem 5.1, M© and N© are isomorphic, hence M and N are
isomorphic. a

6 An example

Consider the following even Coxeter matrices.

1 6 2 1 2 2
Mp=|6 1 10 | ,N=1|2 1 30
2 10 1 2 30 1

It is obvious that My and Ny are not isomorphic. Furthermore, we also have the following.

Lemma 6.1 The Artin groups A[My] and A[Nyp] are not isomorphic.

Proof The group A[My] is a two-dimensional Artin group in the sense of Charney—Davis [8], hence,
by Charney—Davis [8] [9, Corollary 1.4.2], the cohomological dimension of A[Mp] is 2. On the other
hand, A[Np] is an Artin group of spherical type of rank 3, hence, by Charney—Davis [9, Corollary
1.4.2], the cohomological dimension of A[Ny] is 3. So, A[My] and A[Np] are not isomorphic. O

However, we have the following.

Proposition 6.2 The Lie algebras L[My] and L[Ny] are isomorphic.

Proof We denote by U = {uy,us,u3} the standard Z-basis of Li[Mo] and by U" = {u},u},u}} the
standard Z-basis of Lj[Np]. On the other hand, we denote by V = {v; 2, v, 3} the standard generating
set of Lp[My)] and by V' = {v’273} the standard generating set of L;[Ng]. Let f1 : Li[My] — Li[No]
and g1 : L[No] — Li[My] be the Z-linear maps whose matrices relative to the basis ¢ and U’ are F
and G, respectively, where

2 01 30 -1
F=10120],G= 0 1 O
503 -5 0 2

A direct calculation shows that fj o g = id and g of] = id, hence f] is an isomorphism of Z-modules
and g; is the inverse of f;. We define f> : Ly[Mo] — Lo[No] by fo(vi2) = —5\/’273 and fo(v23) = 3v’2’3. It
is easily checked that f, is well-defined, it is invertible, and its inverse g, : Lr[Ng] — L[My] is defined
by gg(v’2,3) = v12 + 2v2 3. We check with a direct calculation that [fi(u;), fi(u))] = fo([u;, u;]) for all
i,j € {1,2,3}, hence f; and f; induce an isomorphism f : L[My] — L[Ny] of Lie Z-algebras. O
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