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PROCESSING DISTORTION MODELS: A COMPARATIVE
STUDY

SEBASTIEN DESTERCKE, IGNACIO MONTES, AND ENRIQUE MIRANDA

ABSTRACT. When dealing with sets of probabilities, distortion or neighbour-
hood models are convenient practical tools, as they rely on very little parame-
ters. In this paper, we study their behaviour when such models are combined
and processed through some reasoning tools. More specifically, we study their
behaviour when merging different distortion models quantifying uncertainty
on the same quantity, and when manipulating distortion models defined over
multiple variables.

Keywords: neighbourhood models, independence, information fusion, im-
precise probabilities

1. INTRODUCTION

Among the several imprecise probability models that are representable by means
of credal sets, distortion models, defined as a ball around an initial probability, are
quite practical, as their specification requires only a distance and a bound on it.
This makes them instrumental models for various tasks, such as robustness analysis.

However, the mathematical properties, as well as the interpretation of such neigh-
bourhood models, heavily depend on the chosen distance. We recently conducted
a thorough analysis [30, BI] of the probability sets induced by different distances,
when those probability sets are convex polytopesﬂ defined on finite spaces.

However, we did not explore what happens to those models when they are pro-
cessed through some reasoning tool. This is what we aim to do in this paper,
where we look in particular at two aspects often present in different applications of
imprecise probabilistic models:

e Merging or fusing together multiple models bearing on the same quantity or
domain [36]: such a process is typically required when probabilistic assess-
ments are provided by multiple sources such as expert opinions in system
modelling [38], or outputs from classifiers in machine learning [I5].

e Combining multiple models defined on multiple quantities with different
domains: such a process is typically required in risk analysis [3] or in general
in applications involving multivariate domains.

Therefore, this paper can also be seen as a companion paper to the aforementioned
studies [30, B1], filling out the comparative analysis of the models carried out in
[3T), Sec. 5].

To make this paper self contained, we first provide necessary notions and no-
tations in Section [2] and then investigate in the following sections the behaviour

'Excluding therefore distances or divergences such as the Euclidean distance or Kullback-
Leibler divergence, that do not induce polytopes.
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2 SEBASTIEN DESTERCKE, IGNACIO MONTES, AND ENRIQUE MIRANDA

of different models under merging and combination, reminding the basics of each
distortion model in the corresponding section. More precisely:

o Section [3| deals with the Pari mutuel model (PMM), that originates from
betting schemes on horse-racing. It has been studied from the point of view
of imprecise probabilities in [29] 40, 53], and in [30] as a distortion model.

e Section[4]deals with the Linear-Vacuous (LV) model, that consists in taking
a mixture between a precise probability measure and the set of all possible
distributions. This model has been used for instance in robust statistics [21].
From the point of view of imprecise probabilities it was studied in [53], and
as a distortion model in [30, Sec. 5]. Moreover, it corresponds to the well-
known and basic discounting approach in evidence theory.

e Section |5| deals with the constant-odds ratio (COR) model, that has the
advantage of being stable under Bayesian updating. The constant odds
ratio was given a behavioural interpretation in [53, Sec. 2.9.4]. We refer to
[4, Bl [411 [50] for some applications of this model, and to [30, Sec. 6] for a
detailed study of some of its properties as a distortion model.

e Section[6] deals with the total variation (TV) model, which is the distortion
model induced by the total variation distance, i.e., the maximum absolute
difference between two probability measures. We refer to [53] Sec. 3.2.4],
[40, Sec. 3.2] and [20], [31], Sec. 2] for some studies of this distortion model.
The total variation distance has also been used in other setting, such as to
find consensus between various probabilities [43] (a task close in spirit to
the one of information merging).

. Sectiondeals with the Kolmogorov (K) model, a distortion model induced
by the Kolmogorov distance between cumulative distributions. It is con-
nected to imprecise cumulative distribution functions, also called p-bozes.
This distortion model was analysed in detail in [31} Sec. 3].

e Section [§] deals with the L; model, a distortion model induced by the L;
distance. While this distance has been used in robust statistics [42], it was
studied as an imprecise model for the first time in [31, Sec. 4].

Finally, in Section [9] we provide our final comments and remarks.

2. PRELIMINARY CONCEPTS

This section introduces the chosen notations, as well as the necessary general
elements on distortion models and their processing. Readers interested in further
details about those models can refer to [30, [31].

2.1. Notation and basic notions about probability. We consider in this paper
finite possibility spaces, that will be denoted by X', ) or their product space X x ).
We denote by P(X) the power set of a space X, by P(X) the set of probability
measures on X, and by P*(X) the set of probability measures P satisfying P(A) €
(0,1) for any A # 0, X.

Whenever X = {x1,...,2,} is equipped with a total order, we will assume that
x1 < ...< xp. In that case, we denote by Fp the cumulative distribution function
(cdf, for short) associated with the probability measure P, given by

Fp(z;) = P{z1,...,2;}) for every i = 1,...,n.

When we deal with two ordered spaces X and Y = {y1,...,ym} (y1 < ... < Um),
and we consider the product space X x ), every P € P(X x )) has an associated
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PROCESSING DISTORTION MODELS: A COMPARATIVE STUDY 3

bivariate cdf Fp given by
Fp(zi,y;) = P({xl,...,xi} X {yl,...,yj}) Vi=1,...,n, Vj=1,...,m.

Given a probability measure P € P(X x )) or its associated bivariate cdf Fp, we
denote by P, F¥ and PY,FY its X and ) marginals, respectively, given by:

PY¥(A)=P(AxY) YVACX, F*x;)=Fp(ziym) Yi=1,...,n.

PY(B)=P(X xB) VYBCY, FY(y;)=Fp(zn,y;) Yji=1,...,m.
Also, every bivariate cdf Fp satisfies the Fréchet-Hoeffding inequalities:

max { F¥ (z;) + F¥ (y;) — 1,0} < Fp(x,y;) < min {F¥(2;), F¥ (y;)}
foreveryi=1,...,nand j=1,...,m.

2.2. Imprecise probabilities. Let us introduce the main notions from the theory
of imprecise probabilities that we shall use in this paper. We refer to [2] 47 53] for
a deeper discussion of this theory.

A lower probability on a possibility space X is a function P : P(X) — [0, 1] that
is monotone (A C B implies P(A) < P(B)) and normalised (P(0) = 0, P(X) = 1).
To any lower probability, we can associate a credal set, which is a closed and convex
set of probability measures defined as:

M(E) :={P € P(X) | P(A) > P(A) VA C X}.

P is called coherent if and only if M(P) is non-empty and P(A) = minpe pq(py P(A)
for every A C X. We will assume that all the lower probabilities we consider in this
paper satisfy this consistency requirement. Since the credal set M(P) is closed and

convex, it is determined by its extreme points, which are those probability measures
P € P(X) such that

(VP Py € M(P),a € (0,1))(P = aP, + (1 — a)P, = P, = P, = P).

We can associate with a coherent lower probability P its conjugate coherent
upper probability, given by P(A) = 1 — P(A°) for every A C X. In fact, every
probability measure P € M(P) also satisfies P(A) < P(A) for every A C X.

A more general notion than lower probability is that of lower prevision. A gamble
on X is a real-valued function f : X — R, and the set of all the gambles on & is
denoted by L(X). A lower prevision is a map P : L(X) — R. Its associated credal
set is

M(P) ={P eP(X)| P(f) = B(f) Vf € LX)},
where, in order to ease the notation, we are using the same symbol to denote a
probability measure P and its associated expectation operator. A lower prevision
P is called coherent if and only if M(P) is non-empty and P(f) = minperqpy P(f)
for every gamble f € L(X). Given a coherent lower prevision P, its associated
conjugate coherent upper prevision is given by P(f) = —P(—f) for any f € L(X).

When a coherent lower prevision P is restricted to indicatorsof events, i.e., we
restrict to the set of gambles {I4 | A C X'}, the coherent lower prevision becomes
a coherent lower probability, where we use the notation P(A) for P(I4). However,
two different coherent lower previsions may have the same restriction to indicators
of events, and as a consequence may induce the same coherent lower probability.

2Recall that the indicator I 4 of an event A is the gamble that takes the value 1 on the elements
of A and 0 elsewhere.
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4 SEBASTIEN DESTERCKE, IGNACIO MONTES, AND ENRIQUE MIRANDA

A subfamily of particular interest within coherent lower probabilities is given by
those that satisfy 2-monotonicity:

Definition 1. A lower probability P : P(X) — [0, 1] is 2-monotone when it satisfies
P(AUB) + P(ANB) > P(A) + P(B) YA,BC X.

We refer to [14] 1] for a detailed account of these models. In particular, they
include those associated with probability boxes. Assuming that X is equipped with
a total order, a (univariate) probability box [19] is a pair of cdfs F, F : X — [0,1],
called lower and upper cdfs, satisfying ¥ < F. A p-box (F, F) defines a credal set
M(F,F) by:

M(E,F) = {P e P(X) | F < Fp < F}.

The lower and upper envelopes of M(F, F), B( FF) and ?( ), are conjugate
coherent lower and upper probabilities satisfying

B(Evf) ({131, Ce ,SCZ}) :E(Iz) and F(E;f) ({Il, e ,Iz}) :F(JI,) VZ = 1,. o, n.

These coherent lower and upper probabilities can be computed following the results
in [48|, where it was proven that P ) is 2-monotone (in fact, it satisfies the
stronger property of complete monotonicity). We refer to [I7, 27, 48, 49] for detailed
studies about (univariate) p-boxes.

2.3. Distortion models. In this paper, our focus is on a family of imprecise prob-
ability models that are usually referred to as distortion models [0, 9, 21]. They can
arise by considering a neighbourhood model around some probability measure us-
ing some distorting function d and some distortion factor 6 > 0 (as in |22} 41, [50]),
or making a transformation of a given (lower) probability (as in [7, 10} [44]). We
showed in [30, Prop. 2] that this second approach can be embedded in the first,
and for this reason we consider here distortion models defined in terms of neigh-
bourhoods. Given a distorting function d : P(X) x P(X) — [0,00), a distortion
parameter § > 0 and a fixed probability measure Py € P(X), we can define the
following set of probabilities:

Bi(Ry) = {P € B(X) | d(P, Py) < ).

Whenever d is convex and continuous, B)(Pp) is a convex and closed set of proba-
bilities [30, Prop. 1|. This means that if we consider its lower envelope:

Py(f) =min {P(f) | P € By(Po)} Vf€ LX),

the credal sets M(P,) and By(Pp) coincide, and P, is a coherent lower prevision.

For the sake of simplicity, in [30, BI] we assumed that Py € P*(X), i.e. Py is
strictly positive for every non-empty event, and that also J is small enough so that
BY(Py) € P*(X). In this paper, we also assume that this simplifying hypothesis
holds.

2.4. Processing imprecise probabilistic models. One of the criteria that may
be used in order to choose one uncertainty model over another is that it is closed
under a number of operations that we may perform. These operations may arise for
instance from the combination of different sources of information, the extension to
a different domain, or the updating under the presence of new information. Next,
we introduce the procedures that shall be analysed in this paper.
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PROCESSING DISTORTION MODELS: A COMPARATIVE STUDY 5

2.4.1. Merging. The first operation we shall consider in this paper is that of merg-
ing. By this, we refer to the procedure where we aggregate a number of belief
models, defined on the same domain X', into a unique one. These models may arise
as the opinion of different experts or several data sources, for instance. The prob-
lem of aggregating imprecise beliefs has been analysed from the axiomatic point of
view by Walley [52]. Other relevant works on this topic are [36} [37].

In this paper, we shall focus on the three most fundamental merging procedures:
those of conjunction, disjunction and convexr mixture. If we model our beliefs in
terms of two credal sets M1, My, they will produce the sets M; N My, MU M,y
and eM; + (1 — €)My = {eP + (1 — €) P2|P; € M;} with € € [0, 1], respectively.

In terms of the lower probabilities associated with these sets, it should be noted
that, while M; UM is not convex in general, its lower envelope, that coincides with
the lower envelope of its convex hull ch(M; U My), is given by P := min{P,, P,},
where P,, P, denote the lower envelopes of M, Mj, respectively. Since we fo-
cus in this paper on lower probabilities and previsions, we can restrict ourselves
tﬂ ch(M1 U My). While this disjunction will always determine a coherent lower
probability by considering its associated lower envelope of events, the latter may
not belong to the same family as the original models P, P,. In that case, one
possibility would be to consider an outer approximation; in this respect, our earlier
work in [24] 33}, [34] shall be useful.

In contrast, while My N M5 is convex, its lower envelope P will dominate in
general max{P;, P,}. It is not difficult to see that for any linear prevision P it
holds that P € M; N My if and only if P > max{P,, P,}. This means that P
is the natural extension (the smallest dominating coherent lower probability) of
max{P,, Py}. A sufficient condition for the equality between them is precisely the
convexity of M; U My, as shown in [64, Thm. 6]. The equality between the lower
envelope of M; N My and max{P;, P,} was investigated in the case of possibility
measures in [25], and it will be analysed here for distortion models.

Finally, eM; + (1 — €)M is always convex, and its lower envelope is such that
P:=eP;+(1—¢€)P,.

2.4.2. Marginal and joint models in multivariate settings. Another relevant scenario
is the restriction of the model to a smaller domain or its extension to a larger one.
In this paper, we shall focus on the case where our possibility space is the product
X x Y of two finite spaces. In that case, we may move from the joint model to the
marginals, or viceversa.

Marginalisation

In this first case, given a joint model P¥* defined on the space X x ), we
can consider the marginal models P and PY, defined on X and ), respectively.
Their corresponding credal sets M(BX) and M(By ) are formed by the X- and

Y-projections of the probability measures in M (BX’y ), respectively.

31t should however be noted that convexity is not desirable in every situation: for instance
Seidenfeld et al. [45] show in a decision-making context that when considering pairs of imprecise
probabilities and utilities, one may have to let go of convexity.
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6 SEBASTIEN DESTERCKE, IGNACIO MONTES, AND ENRIQUE MIRANDA

Independent products

Conversely, we may start from two marginal models P¥ and P¥ defined on X
and ), respectively, and build a joint model on X x ) that is compatible with
them. When the sources are assumed to be independent, this leads us to consider
an independent product. Out of the several extensions of the notion of independence
to the imprecise case [II], we consider in this paper the strong product of P¥ and
By , that we shall denote EX X By . It is the lower envelope of

M(PYYRM(PY) = {P¥ x PY | PY ¢ M(PY), PY e M(P”)}, (1)

where P¥ x PY denotes the joint probability defined using the marginals P* and PY
through stochastic independence. The strong product P X P¥ and its conjugate

S5 o . . c s .
P rPY satisfy the following factorisation properties on events:

P*RPY(Ax B)=P%(A)-PY(B) forany ACX,BC). (2)

P RP(Ax B)=P" (A) - P’(B) forany ACX,BC).

Natural extension of marginal models

Alternatively, given two marginal models P¥ and PY on X and Y, respectively,
we may look for the most conservative joint model in X x ) with these given
marginals, imposing no dependence assumption whatsoever. Using Walley’s termi-
nology [53], this corresponds to considering the natural extension E of the coherent
lower probability P that is defined on {A x Y : AC X}U{X x B: BC Y} by

P(AxY)=P¥(4) and P(X x B) = PY(B).

It can be equivalently obtained as the lower envelope of the credal set given by
those probabilities whose marginals are compatible with the information provided
by P* and PY:

(P, PY) = {PeP(X xY) | PY e M(PY), PY e M(P”)}.  (3)

If we consider the upper envelope E of this set we obtain the conjugate upper
prevision of E, that corresponds to the (upper) natural extension of the coherent
upper probability P given by

P(AxY)=P (A) and P(X x B) =P (B).

Equivalently,

EC) = inf P(C), E(C)= sup P(C) VCCXxY. (4
Pe&(p¥,PY) PeE(PX,PY)

The study of a joint distribution with given marginals has received a long standing
attention in the literature; see for instance [I], 23] [26] [46]. Its existence is trivial in
situations like the one considered in this paper: where the marginals are established
in disjoint sets of variables. In that case, we can use the techniques of natural
extension to determine the lower and upper envelopes of all such joints. Our next
proposition gives the expression of £, E on Cartesian products of events:
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Proposition 1. Let P and PY be two coherent lower probabilities on X and Y,
respectively, with conjugates FX and Fy. Then:

E(A x B) = max {P*(A) + PY(B) — 1,0}, (5)
E(Ax B) =min {P"(4),P”(B)} VAC X, BCY. (6)

Proof. This is a consequence of the result stated by Walley in [53 Sec. 3.1.1] for
intersections of events. (]

In the particular case where we start with precise marginals P;¢ and Pg’ on X)),
we obtain

Epx py (A x B) = max { ' (A) + Fy(B) — 1,0}, (7)
Epx py(Ax B) = min {F;' (A), ' (B)} YACX,BC). (8)

From Proposition [I] we obtain a simple procedure for computing the natural exten-
sion in Equation for events of the type A x B, which are simply the Fréchet-
Hoeffding bounds. One may think that the expressions in Equations and @
also hold when considering any event C' C X x ), and decomposing it into its X-
and Y-projections. However, our next example shows that this is not always the
case.

Example 1. Let X = {x1,29,23} and Y = {y1,y2,y3} and let the coherent conju-
gate lower and upper probabilities be given by:

Al {1} A{ze} {w3} {m, 22} {1,723} {x2,73}

PYA) ] 01 02 05 0.4 0.7 0.8
PYA)] 02 03 06 05 0.8 0.9
Bl {y} {2} {vs} {yi,92} {yi,us} {v2,us}
PY(B)| 0.1 02 04 0.4 0.7 0.7
P’B)| 03 03 06 06 0.8 0.9

Consider the event Cy = {(x1,y1), (z2,v2), (73,y3)}, whose projections are C;¥ =
X, Cly =Y, and the probability mass function P given by

y2| 0 0.1 0.2
y1 |02 01 0

P({(Cﬂi,yj)}) \ 1 X2 T3

Its marginals dominate P, P, respectively. As a consequence, E(C1) < P(Cy) =
0.7, while

max { P¥(C') + PY(C}) — 1,0} = 1.4

2.5. Aim of the paper. In [30, 3], we carried out a comparative analysis of six
distortion models: the pari mutuel, linear vacuous, constant odds ratio, total vari-
ation, Kolmogorov and L; distance models. The aim was to give guidelines about
which model performs better on some respect or which one is more appropriate
in each particular scenario. Specifically, we analysed the following features: (i)
the amount of imprecision present in the model once the probability measure Py
and the distortion factor § > 0 are fixed; (ii) the properties of the associated lower
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8 SEBASTIEN DESTERCKE, IGNACIO MONTES, AND ENRIQUE MIRANDA

probability as a non-additive measure; (iii) the complexity of their associated neigh-
bourhood models, in terms of the number of extreme points; and (iv) the behaviour
of the model under conditioning.

Our goal in this paper is to complement the analysis performed in [31, Sec. 5]
by investigating the behaviour of the different families of distortion models under
the procedures described in Section 2.4} Specifically, we shall tackle the following
problems:

Merging: We first analyse if the distortion models are closed under merging.
For this aim, we consider two distortion models Bgl (P}) € P*(X) and
Bgz (P3) € P*(X) in some specific family. Our aim is to know whether
their conjunction BY! (P}) N B (P2), their disjunction B} (P})UBY (P})
or their mixture GBS1 (Pol) + (1 - e)Bg2 (P02) belong to the same family,
in the sense that it is equal to Bg* (Pa‘) for some appropriate §* and Fj.
As we shall see, this is almost always the case for the convex mixturd’
sometimes the case for the conjunction, and never for the disjunction. In
this last case, we might then consider the convex hull of the disjunction
ch(Bg1 (P U Bgz (P3)) and investigate whether it has a unique outer ap-
proximation in the same family [8, B3, [34]. By an outer approzimation of
a coherent lower probability P in some family C we mean some Q) € C such
that @ < P. We will say that the outer approximation is undominated
when there is no Q" € C such that Q < Q" < P.

Note that since we are assuming that By (Pg) and B} (Pg) are included
in P*(X), their convex mixture and their intersection will be also included
in P*(X'). However, an undominated outer approximation of the disjunction
need not be included in P*(X).

Marginalisation: Given a distortion model Bg (POX’y) C P (X X y) with associ-
ated lower prevision P;, we want to know whether the marginal models B&Y
and Eg correspond to distortion models of the same family on P(X) and
P(Y), respectively. In other words, we want to know if M (de) = B(Ps")
and M(PY) = B3 (PY).

Independent products: Consider two distortion models By(Pg*) € P*(X) and
B3(Py) C P*(Y) with the same distortion parameter. We want to build
a joint model using independence, and we want to know whether the joint
model belongs to the same family. Two solutions are then possible in the
setting of this study:

e Combine Py and Py into a joint probability ;'Y € P*(X x )) and

apply the distortion to it. In this way, we obtain the distortion model
Bg (POX’y). We shall denote by P**Y and ?Xxy the resulting lower
and upper probabilities obtained as the lower and upper envelope of
the credal set Bg (POX Y )7 respectively.

e Consider the distortion models B(Pg¥) C P*(X) and B3(Py) C

P*(¥) and combine them using the strong product. By Equation ,
this produces the set M(BX) X M(By) C P*(X x Y), whose lower

4The constant odds ratio model is an exception.
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PROCESSING DISTORTION MODELS: A COMPARATIVE STUDY 9

and upper envelopes are the lower and upper probabilities P X PY
and ?X X ?y.
We wonder if the lower envelopes of Bg (POX’)}) and M(BX) X M(Ey)
coincide, or in case they do not, whether there is a dominance relationship
between them, meaning that one of the procedures is more precise than the
other. In other words, we shall analyse whether there is some dominance
relation between P¥*Y and P¥ X PY.

We will also check whether the different models are closed under the
operation of independent product, that is, whether P* X P is also a
distortion model of the same family.

Natural extension: Consider two marginal distortion models BS" (ng ) CP*(X)
and Bsy (Poy ) C P*(Y¥) with associated lower probabilities P* and PY.
We want to compute their least committal extension to P(X x )), i.e. the
natural extension given in Equation . In this case, the credal set of the
natural extension is

E(PY,PY) = {PeP(X x V)| P* € B (RY), P¥ € B ()}

We already know the expression of E and its conjugate E on events like
Ax B (see Equations (5) and (6))). We wonder whether we can give a simple
expression of £(P*, PY), E and E and also whether £(P*, P¥) is also the
credal set of a distortion model of the same family.
Note that, although B} (Bs¥) and B} (Fy) are included in P*(X) and
P*(Y), respectively, we cannot guarantee the resulting model E(BX, pY )
to be included in P*(X x ).
From now on, we devote one section to each of the six distortion models mentioned
in the introduction and we analyse their behaviour under the previous operations.

3. PARI MUTUEL MODEL

The first distortion model we analyse in this paper is the pari mutuel model
(PMM, for short):

Definition 2. Given a probability measure Py and a distortion factor § > 0, the
associated pari mutuel model is determined by the following lower and upper prob-
abilities:

Pppra(A) = max{(1+ 6)Po(A) — 6,0},

Ppua(A) =min{(1+ §)Py(A),1} VAC X.

Since we are assuming that our initial model satisfies Py € P*(X') and that its
lower probability Ppj,as takes strictly positive values on non-empty events, the
previous expressions simplify to:

Ppya(A) = (1+6)Py(A) =6, Ppum(A)=(1+06)Py(A) VA#0DX,

and taking the trivial values 0 and 1 for ) and X, respectively.
It was shown in [30, Thm. 5] that the credal set M(Pp,;a,) coincides with
0 irns (Po), where dpasag @ P*(X) x P*(X) — [0,00) is the distorting function

given by A P(4
dpvm (P, Q) = Elé"ﬁ Q(l—)C_Q(A())
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Next, we complement the work in [30] by investigating the behaviour of the family
of pari mutuel models under a number of operations.

3.1. Merging. Let us first study the behaviour of the PMM under merging oper-
ators.

Conjunction

We start by analysing the conjunction of PMMs. Given two neighbourhood
models B}, (P}) € P*(X) and By (P2) C P*(X), it was established in [29],

dpmm
Prop. 12| that their intersection is non-empty iff

S min {(1+8)P) ({a}), (1 + 6) B3 ({}), 1} > 1. (9)

rzeX

This intersection is the PMM Bg;MM (P, for

0" = (Z min {(1+ 61) Py ({z}), (1 + 52)P02({93})}> —1, and

reX

Disjunction

Regarding the disjunction, the convex hull of BJ! (PHU B%

. ) S dpyvMm dpymm
be in general a PMM, as we show in the following example.

(P2) will not

Example 2. Consider Py = (0.5,0.3,0.2), P? = (0.3,0.5,0.2) and 6; = 62 = 0.1.
The associated PMMs Ppysyr, s Pparag, and their disjunction P are given in the
following table:

| {21} {a2} {ws} {ona2) {on,23) {22,235}
Ppyg, | 045 023 012 0.78 0.67 0.45
Ppyag, | 023045 012 0.78 0.45 0.67

PY 1023 023 0.12 0.78 0.45 0.45

If it was M(BU) = B9

Gparay (F0) for some Py, 6, then we would obtain

> PU({x}) =058 =1-20 = 6 = 0.21;
reX

on the other hand, the equality
0.45 = P“({z2,23}) = (1 + 8) Py ({w2, x3}) — 6 = P”({x2}) + P ({x3}) + 6,

means that it should be § = 0.1. Thus, PY is not a PMM. ¢
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Interestingly, this disjunction has a unique undominated outer-approximation
that is a PMM [33, Prop. 7|. It is given by the model B5®  (PY) such that:

dpmm

6= <Z max {(1 + 1) Py ({=}), (1 +62>P3<{x})}> ~1, and
reEX
max {(1 +61) P ({z}), (1 + &) P7({z}) }

PP ({r}) = i Ve € .

This is the greatest (in terms of P), or more informative, PMM whose associated
neighbourhood includes the disjunction BSLMM (PHYUB%  (P2).

dpmm

Convex mixture

The mixture operation was studied in [33] Sec. 5.1], where it was shown that the
convex mixture of two PMM is again a PMM, given by B} (P§) where

d;]\l]\/l

1+6.=€(14+061)+(1—€)(1+0d2) and
€ 1 1 X — € 2 2 X
Pottey = “CER) 0= 0+ i

3.2. Multivariate setting. Let us now look at the behaviour of the PMM in a
multivariate setting.

Vo e X.

Marginalisation

In [29] Sec. 6.2], it was shown that the marginal lower probability P¥ obtained
from a joint PMM Bj  (Py"Y) € P*(X x V) is again a PMM Bj  (Pg¥)

P*(X) with Pg* the marginal probability of POX Y on X and the same distortion
factor.

Independent products

When going from marginal models Pg* and Poy to a joint one under the as-
sumption of independence, it can be seen that there is no dominance relation-
ship between Bg;ﬁfw (combine through stochastic independence then distort) and
Py ®PY, s (distort then combine through strong independence). To see this,
note that on the one hand for the Cartesian product of events A, B, it holds that:

—=XxXY
Ppam(Ax B) = (1+6) P (A)FY (B)
7X —
< (1+ ) (A)(1+ 6)FY (B) = Ppasas B Ppasa(A x B), (10)

where the inequality is strict whenever we consider non-trivial events A, B, i.e.

Pi¥(A), PY(B) € (0,1). On the other hand, for events E that are not products, the
. =X =X —

relationship between PP]T;;VI (E) and Ppy X PiMM (E) can be the reverse one,

as we show in our next example:

Example 3. Consider the spaces X = {x1,22} and Y = {y1,y2} and the probability
measures P5t and Poy given by:

Pf({x1}) =03, Pf({z2}) =0.7, PY({nn}) = PY({y2}) = 0.5,
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and let § = 0.1. Given the event Ey = {(x2,y2)}°, it holds that:
— X XY
Ppyu(Er) =1- ngﬁvf({(xz,w)}) =0.715
> PPMM X PPMM(EI) =1- BgMM X’£¥MM ({(ﬂf% Z/2)})

=1 - PRy ({z2}) Pyasas ({y2}) = 0.6985.

On the other hand, if we consider the events A = {21} and B = {y1}, we obtain

P);;[J]}V[(A x B) = 0.165 (md PPMM X PPMM(A x B) = 0.1815, showing that the

imequality in Equation may be strict.
Therefore, there is not a dominance relationship between P, and Py B

PYysas (or equivalently between Pi:ﬁw and PﬁMM X ?iMM)‘ ¢

We may also wonder whether the family of PMM is closed under the strong
product, or in other words if B/;M u X B%i amas is still a PMM. The next example
shows that this is not the case.

Example 4. Consider the setting of Example[5 and the events {(z1,y1)}, {(z1,2)}
and {x1} x Y. We obtain
X =Y X =Y
Ppy ¥ Py ({(@1,91)}) = Pearar 8 Ppasy ({(21,92)}) = 0.33-0.55 = 0.1815
while

=X =Y =X

Ppyy W Ppy ({21} x V) = Ppppy({a1}) = 0.33.
Since 0.33 # 2-0.1815 and any PMM satisfies P(AUB) = P(A)+P(B) if AUB C X
and AN B =0, we conclude that FIA;MM &P%MM is not a PMM. 4

Natural extension of marginal models

Consider the lower and upper probabilities that are the lower and upper en-
velopes of B(;X L (PsY) € P*(X) and BY (By) C P*()). Using Equations (5

dpr
and (6)), we can give the form of Ep,; ), and Epas for the events A x B # (), for

ACcX,BCY:
Epara(A x B) = min {Ppysy,(A), Pran(B)}
= min {(1+ 0x) R (4), (1 + 8y) By (B), 1}.

Eppn(A x B) = max {BJ/EMJM( )+ PMM(B) - 1a0}
= max {(1 + dx) Py (A) — 6x + (1 + 6y) Py (B) — dy — 1,0}.

Moreover, when the distortion parameters coincide, dx = dy = J, the previous
equations become:

Epum(Ax B) =min{(1+40)P;*(A),(1+6)Py(B),1}
= min {1, (1 + &) min { P (4), Py (B)} }. (11)
Eppa(Ax B) =max {(1+6) (P (4) + PyY(B)) —26 — 1,0}
= max {(1 +6)(F;*(4) + PY(B) — 1) — 5,0}
5

:(1+6)max{POX(A)—|—POy(B) 11+5} 5. (12)
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We note that the above expressions for Epysar(A x B) and Epy (A x B) recall
those of the upper and lower probabilities of a PMM.

Even if the expressions in Equations and are only valid for the events
of the type A x B, one may think that the natural extension is somehow related to
a PMM. Our next result shows that indeed such a connection can be established.

Theorem 2. Let By, (Py¥) CP*(X) and B (Py) CP*(Y) be two PMMs
with associated lower and upper probabilities EngM,?;‘;MM and B%MIW?%MM,
Then, the credal set of the natural extension defined in Equation can be expressed
as:
E(PFriar Pharas) = {PEP(X x V) [ P< (14 0By pp i (13)
equivalently,
EPMM(C):mln{(1+§)EP§,P3’(O)71} VCQXX:)), (14)

where EP(;Y,P(Q’ corresponds to the upper envelope of the credal set in Equation
applied to the particular case of precise marginals Pgt, Pg’ .
Proof. Consider first of all P satisfying P < (1 + 5)EP5"-’, py» and let us prove that
P € E(PEarars Poarar)- Since
P(AXY) < (1+6)Epx py(Ax )
= (1+ &) min {PF(A), Py (V)} = 1+ 0)P(4) VACAX,
P(XxB)<(1+ 5)EP6X’P0)7(X x B)
= (1+6)min {P¥(X), Py (B)} = (1+6)Py(B) VBCY,
we deduce that the X and ) marginals of P are dominated by the upper proba-

bility determined by Py and Py, and thus that P € &(PEyar Phara)-
Therefore,

E(Pparar Prara) 2 {P eEPXxY)[P<(1+ 6)EPOX,P03’}’
or equivalently
Epym(C) > min {(1+ 5)EPOX7PDy(C), 1} vCCXxx. (15)
Fix now C' C X x Y, take P € E(Pysns, PParas) such that P(C) = Epaa(C),

and denote by P¥ and PY its marginals.
Let us define the probability measures Q, QY by means of the equalities

Y ({z}) — P¥({z A _pYy
Q* ({ay) = LEORIUT) “ PR - vy - QX DRTD = PPy,

Note that by construction

Y Q¥ = =,

zeX
and also Q¥ ({z}) > 0 because P* < (1 + 6)Ps*. Therefore, Q* is a probability
measure on X. Similar considerations imply that Q¥ is a probability measure on ).
Let Q := Q¥ x @Y denote their independent product, and consider the probability
measure P’ given by

1 )

1—7 [
P _1+5P+1+5

Q.
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P’ is a probability measure because it is a convex combination of probability mea-
sures. Moreover, for any x € X:

S P (@) = X (5P U + T s

yeY yeY

_PX({w}) g X
s T (ed)

_PY)) |, 0+ R ({a}) - PY({2)) _ e
=11 + 145 =P ({=}).

Similarly, the Y-marginal of P’ coincides with Poy . As a consequence, P’ €
E(Ps*, PY), whence P'(C) < Epx py(C). Moreover

PO= Y Pz Y Pl
(z,y)eC (z,y)eC
= ﬁP(C) = T_L;EPMM(C%
so we deduce that
Epnn(C) < min{(1+6)EP[fc7P3(C),l}. (16)

By putting together Equations and we conclude that Equations
and hold. ]

This result shows that the procedures of natural extension and the distortion
produced by the PMM commute, in the sense that the natural extension of the
coherent upper probability determined by the two marginal PMMs can also be
obtained as a PMM starting from the joint probability the two marginals determine
on the product eventsﬂ This is illustrated in Figure

Eq.

P Py Epx py
min {1, 1+ 5)EPOX,POy}
JThm. 2
Eq. (4) _
—X -y
Ppyas Pram Epmm

FIGURE 1. Graphical representation of the natural extension of
two PMMs.

5This second approach is reminiscent of that considered by Moral in [35] for the distortion
of credal sets (there with the name discounting): he distorts each of the elements in the initial
credal sets, and then takes the closure of the union of those credal sets obtained. In particular,
he investigated the cases of the total variation distance and the linear vacuous mixtures we shall
consider later on in this paper.
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4. LINEAR VACUOUS MIXTURES

Our next model is the so-called e-contamination model, or linear vacuous mixture
(LV, for short):

Definition 3. Given a probability measure Py and a distortion factor 6 € (0,1),
its associated linear vacuous mixture is given by the following conjugate lower and
upper probabilities:

Pry(A)=(1-0)Py(A), Prv(A)=(1—-08Py(A)+d VA#0DX,
Pry(0)= FLV(Q)) =0 and Py (X) = PLV(X) =1

The credal set M (P, ) coincides with ng (Py), where dpy : P*(X) xP*(X) —
[0,00) is the distorting function given by [30, Thm. 9]:

drv(P,Q) = max W-

Let us analyse the behaviour of the LV model under the different operations intro-
duced in Section 2.4

4.1. Merging. Let us first look at the behaviour of LV models under merging.

Conjunction

Similarly to the PMM, the intersection of two LV models is again a LV model,
when this intersection is non-empty.
Proposition 3. Given the distortion models Bglw (P3) CP*(X) and BgiV(Pg) C
P*(X), the set Bglw (PN Bgiv (P2) is non-empty if and only if
> max {(1-6)F)({2}). (1~ 82) P ({a})} < 1. (17)
zeX

In that case, it is induced by the LV model generated by the following probability
measure P’ and the distortion parameter 6" :

67 = 1= 3 max {(1-6) R ({a}), (1 - &) PE({z})},  and

zeX

Ppt(ay = AU OB O8RS,

Proof. Tt suffices to notice [30}, Sec. 5.1] that a linear vacuous model is equivalent to
specific probability intervals that are only lower bounded, i.e. given Py, d, the credal
set B9, (P) is the set of those probability measures P satisfying the constraints

(1-=6)Py({z}) < P({z}) VxelX.

It is then known [I3], Sec. 3.2] that the intersection of two such models Bglw (PHN

Bgiv (P?) corresponds to the probability interval whose lower bounds are the maxi-
mum of their respective lower bounds. From this, it follows that this conjunction is
a linear vacuous model when this intersection is non-empty. Equation follows
then from [13, Eq. (2)]. O
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Disjunction

Regarding the disjunction, the convex hull of BJ! (P&)UBZ";V (P2) will in general
not be a LV model, not even when §; = §> as we show in next example.

Example 5. As in Example @ take the probability measures P = (0.5,0.3,0.2)
and P = (0.3,0.5,0.2) and the distortion factor 6, = §3 = 0.1. The associated LV
models Py, , Pry, and their disjunction P are given in the following table:

| {21} {2} {os} {on22} {1,203} {wo23}
ELV1 0.45 0.27 0.18 0.72 0.63 0.45
Py, | 027 045 018  0.72 0.45 0.63
Py, | 027 027 018  0.72 0.45 0.45

If there was some probability measure Py and 6 > 0 such that M (BLV) = ng (Py),
then we would obtain

Prv({z1,22}) = (1= 0)R({21,22}) = Py ({21}) + Py ({z2}),

which does not hold. As a consequence, the disjunction of Bgl (P3) U ng (P3)
LV LV
does not produce a LV model. ¢
This disjunction has a unique undominated outer approximation as a LV model,
since the greatest LV outer approximation (in terms of P) of any given credal
set is unique [33, Prop. 8]. This undominated outer approximation is the model

BjY (Py) such that

o =1- (Z min {(1 - 80) P ({a}), (1 - @)P&({x})}) . and

zeX

POU({JJ}) _ min{(l - 51)P01(1{x_}257u(1 - (52)1302({1‘})} Ve e X.

Convex mixture

The mixture of two LV models, that is, the computation of Bg‘*L () for a given
€ € (0,1) can be established by a reasoning similar to the one done for the PMM
in [33, Sec. 5.1]. In particular, using in a straightforward way results established
for probability intervals [36], Bg‘*L ,(I%5) is given by the probability measures P
satisfying

e(1=d01)Py({z}) + (1 — ) (1 = &) P ({a}) < P({a}) Vo € X.
From this, we deduce that

1=0c= Y (1= )R ({}) + (1 - 91 - 62) B ({a))

reX

=c(1-61) Y Py({a}) + (1 —e)(1-62) Y Fi({z})

zEX reX
=¢(1=61)+ (1 —e)(1—-0d2),
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and

(1 -0 P ({=}) + (1 — (1 — &) PF({x})

0. Vo € X.

Fi({z}) =

4.2. Multivariate setting. Let us now look at the behaviour of the LV in a mul-
tivariate setting.

Marginalisation

We first show that the marginal model of a joint LV is again a LV model, with
the same distortion factor § applied to the marginal probability.

Proposition 4. Consider the distortion model B, (P(]Xy) CP*(X x )Y) and its
induced lower probability P;y,. Then, the marginal model va induces the credal
set BgLV (POX) with Ps¥ the marginal probability of POX’y on X.

Proof. Using again that, from [30, Sec. 5.1] B (POX’y) is defined by lower bounds

drv
(1-8)PY ({(z,y)}) on singletons, it is sufficient to notice that the marginal model
on X is described by the constraints

P{{z}) =Y _P({=)}) =D (1 -0 ({(z,9)}) = 1 - 0B ({=}).
yeY yeY

As a consequence, it is a LV model. O

Independent products

Regarding the problem of going from marginal models POX , Poy to multivariate

ones, we can first notice that on Cartesian products of events, we have
PriY(Ax B) = (1-8)F* (A)PY(B)
> (1-0)F* (A)(1 - 0)Fy(B) = Py K Py (Ax B)  (18)

where last equality follows from the factorization property in Equation . Note
that the inequality is strict for any § > 0. We may then wonder if Bf{;y >
va X B%)v in general. The next example shows that this is not the case, and
hence that we have no dominance relation between the joint models P7*¥ and
P, R PY
v S Ly

Example 6. Let us continue with Example @ Given Ey = {(x2,y2)}¢, we obtain
PRV (B) =1 - Py ({(22,92)}) = 0.585
< Py BEYy(B) =1 - Pry BP]y ({(22.92))
=1~ Poy({r2))PLy ({u2}) = 0.5985,

and therefore it cannot be ng (POX’y) c M(Efv) X M(B%}V).

On the other hand, taking the events A = {z1} and B = {y1}, we obtain
PYXY(A x B) = 0.135 and Py (A) K PY(B) = 0.1215, showing that the in-
equality in Equation may be strict. We therefore conclude that there is no
dominance relationship between P75 and PFy, K PY,. 4
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Our next example shows that the family of LV models is not closed under strong
products.

Example 7. Consider the same probability measures and distortion factor as in

Ezample[3, and the events {(z1,y1)}, {(z1,y2)} and {z1} x Y. Then
Py RPYy({(21.91)}) = Pry B PYy({(21,42)}) = 0.27- 045 = 0.1215
and
Pry B PYy ({1} x V) = Pry({a1}) = 0.27.
The fact that 0.27 # 2 - 0.1215 contradicts the fact that a LV model should satisfy
P(AUB) = P(A)+P(B) if ANB = § and min(P(A), P(B)) > 0; thus, P7,XPY,,
is not a LV model. ¢

Natural extension of marginal models

We now consider the lower and upper probabilities that are the lower and upper
envelopes of Bgfv (Ps¥) € P*(X) and B (PY) € P*(¥). Using Equations

dry

and @7 we can give the form of £}, and Ery for the events A x B, for A C X,
BcCYy:

Epy(Ax B) = max {P7y(A) + Py, (B) — 1,0}
=max {(1 — 6x) P (A) + (1 — 6y) Py (B) — 1,0},
Eryv(Ax B) = min {ﬁfvm), ﬁ%V(B)}
=min {(1 — 6x)P;* (A) + 6x, (1 — dy) Py (B) + oy}
When the distortion parameters coincide, dxy = dy = 4, the previous expressions
simplify to:
Epy(Ax B) = max {(1 - 8)P¥(A) + (1 - 8P (B) - 1,0}
= max {(1 - 8)(P¥(4) + PY(B)) ~ 1,0}

= max{(l —5)(POX(A) + PY(B) - 116)’0}

= (1—5)max{POX(A)+POy(B)—1;570}. (19)
Erv(Ax B)=min{(1-68)P(A)+4,(1—06)Py(B)+4}
= (1 - &) min { P (A), Py (B)} + 0. (20)

The expressions in Equations and are somewhat similar to the lower and
upper probabilities of a LV model. However, unlike what happened in the case of
the PMM, the equality

Epy=(01- 5)EP§,P3’
does not hold:

Example 8. Consider the probability measures from Ezample[3, and let 6 = 0.2.
Then Equation (L9)) gives

Ery ({(22,92)}) = max{0.8- 0.7+ 0.8 - 0.5 — 1,0} =0,
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while from Equation we obtain
Epx py ({(z2,92)}) = max{0.7+ 0.5 — 1,0} = 0.2,
meaning that (1 — 5)EP§7P81 ({(xz,yg)}) =0.16. ¢

5. CONSTANT ODDS RATIO

Our next distortion model is the constant odds ratio model (COR, for short):

Definition 4. Given a probability measure Py and a distortion factor § € (0,1), the
assoctated constant odds ratio model is the coherent lower prevision Poop that,
on any gamble f, is defined as the unique solution to the implicit equation:

(1= 8)Po((f = Pcor(f))T) = Po((f = Pcor(f))7), (21)
where gt = max{g,0} and g~ = max{—g,0}.

While Equation does not have a explicit expression, the restriction to (in-
dicators of) events of the constant odds ratio can be more easily computed as:

(1-0)P(A)
P A)=-—"-—-+-
—COR( ) 1 — 6P0(A)
When Py € P*(X) and § is small enough, the credal set M(P~pp) coincides with
BS . (Py), where doog : P*(X) x P*(X) — [0, 00) is the distorting function given

dcor

by [30, Thm. 14]:

VAC X. (22)

- P(A)-Q(B)
dCOR(Pv Q) - AI}’?;(@ {1 N P(B)Q(A)} .

Also, the credal set M(Ppop) can be expressed as [53), Sec. 3.3.5]:
M(Peoor) ={P € P(X) | P(A)Py(B) = (1 - 6) R (A)P(B) VA,BC X}. (23)

Also, the COR model is more informative than the PMM and the LV models, in the
sense that once we fix Py and ¢, it holds that BgCOR(PO) - BgPMM (Py)N ng (Py)
(see [B3, Sec. 4.6.5] for more comments in this direction).

5.1. Merging. Let us first look at the behaviour of the family of COR models
under merging.

Conjunction

Unlike the PMM and LV models, the intersection of two constant odds ratio
models is not a COR model in general, as next example shows.
Example 9. Consider M; = Bg;OR(POl) C P*(X) with P} = (0.5,0.3,0.2) and
01 =02, and My = B®,_ (P?) C P*(X) such that P§ = (0.35,0.3,0.35) with 6, =
0.5. From Equation , the ratio PU=1})/P({xs}) is constrained by the inequalities

P({x1}) P({x1})
3.125 > ——< > 2, 2> ——=2>0.5,
P({zs}) P({zs})
respectively for My and Msy. From this, we can deduce that any P € My N My

must satisfy the constraint iég;%; = 2. As a consequence, the credal set My N M

has at most two extreme points:

<2(1 — P({x2}))
3

P({a2)). ”3({”’)

3
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and

2(1 - P({x2})) - 1— P({x3})
(32 B 2>7

{‘r2})7 3

where P, P denote the lower and upper probabilities associated with MiNMs. Since
it was proven in [30, Prop. 13| that the number of extreme points of the credal set
of a COR model is equal to 2™ — 2, where n is the cardinality of X, this implies
that the conjunction M; N Ms does not determine a constant odds-ratio model, as
it contains less than 2™ — 2 = 6 extreme points. ¢

For the PMM and LV models, we had easy ways to check whether a conjunction
was empty (Equations @D and , respectively). This resulted from the fact that
their conjunctions are specific probability intervals, which are models for which
checking non-emptiness is easy. This is not the case for the COR model, that is
not closed under conjunction. A possibility is to use the constraints induced by the
models M; = BgICOR(POl) and My = BgchR(POQ), to check that taken together they
still have a solution (i.e., that there is at least a probability P within M; N My).
However, as those are defined implicitly by Equation , they would have to be
made explicit, for instance by enumerating the extreme points induced by My, My
(see for example [30, Prop. 12]) and extracting the corresponding constraints.

Disjunction

Similarly, the disjunction of two COR models will not produce a COR model in
general, not even when §; = Jo:

Example 10. Consider P} = (0.4,0.3,0.3), P2 = (0.3,0.4,0.3) and 6, = Jy =
0.1. Using Equation , the associated COR models Poog, s Poor, and their
disjunction P° = min{Pcor,, Pcor,} are given in the following table:

| {21} {o2)} {ws} {zia2) {o1,23) {a2,23)

Poor, | 38 2Ter 2Tfor  2m 21/31 27/a7
Poor, | 277 38 2Tfer  2m 2747 21/s1
BU 27/97 27/97 27/97 21/31 27/47 27/47
If PY was a COR model, i.e. if M(P") = BgCOR(Po) for some Py and §, since
P ({z1}) = P°({z2}) = P”({x3}), it should be
Po(fa}) = Pol{z2)) = Po({zs}) = 5.

But in that case, regardless of the value of 6, P° must take the same value for all
the events of cardinality two, a contradiction.

This example also allows us to show that P° does not have a unique undominated
outer approximation in terms of COR models. Consider Py = (31/s0,31/80, 18/80),
Pp = (35/124,35/124,27/62), 04 = 121/310, 6p = % and the COR models B2 (Pa)
and BZ?OR(PB) they induce. These produce the following coherent lower probabili-
ties:

[ {=1} {m}  {zs}  {wuwa} {wiws) {@2,78)
Peop, | 2797 27/o7  1701/11311 21/31 9261/18871  9261/18871
Pcor,, | 35/213 35/213 27/97 35/39 89/159 89/159
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Both Poogr, and Poog,, are outer approrimations of PY. Moreover, if there was
COR of P in terms of COR models,
then it should be Poor,, Poor, < Qpops that implies

a unique undominated outer approximation @

Qrop{zi) = P ({zi}) = 3—2 fori=1,2,3,

meaning that Q ., . is defined through Py = (1/3,1/3,1/3) and § = 8/35. However,

on the event {x1,x3} this distortion model satisfies

(1 - 5)P0({$1,333}) 54 27

Qoontr 23D = T=5p (o oaa)) 50~ a7 =L (rnmad).

s0 QCOR is not an outer approximation ofBU. ¢

We therefore conclude that the COR model is neither preserved by conjunction
nor by disjunction, and also that its disjunction has not a unique undominated
outer approximation.

Convex mixture

As for the previous models, given the fact that two COR models Bglc(m(POl) C
P*(X) and Bg",;oR(P@) C P*(X) are described by the same set of constraints over
P(A)/p(B), their convex mixture is a credal set described by the constraints

P(A) Py (4)

g Z - (- - )

However, next example shows that such constraints will not lead, in general, to a
COR model.

Example 11. Consider P} = (1/1,1/4,1/2), P} = (1/2,1/4,1/4) and §; = d5 = 0.5.
Using Equation (22)), the associated COR models Peog,, Poor, and their average
P%5 obtained for e = 0.5 are given in the following table:

| {21} {o2} {ws} {zia2) {o1,23}) {a2,23)}

Peor, | Y7 Y1 s 13 55 55
Poop, | Y3 Yo Y ¥ 35 Y3
PY5 | 5/1 17 5ja /15 3/5 /15

Should P¢ be the lower probability of a COR model BgECOR(POE), we should have
Pi({xz1}) = P5({z3}) = p, hence P§({x2}) = 1 — 2p. Using this observation
and Equation on events {x1} and {x1,x3}, we should have 6. = 13/28 and
p = 7/19, and applying again Equation with these values on {xa} would give
P({x2}) = 75/467 for COR model, which is close but not equal to the /7 reported
in the table. ¢

The COR model is therefore also not preserved under convex mixture, making
it a not very convenient model when having to merge distortion models.

5.2. Multivariate setting.
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Marginalisation

As for the PMM and LV models, we can show that the marginal distribution of
a joint constant odds ratio model is also a constant odds ratio model.

Proposition 5. Consider the distortion model BS (POX’y) CP*(X xY) and its

dcor
induced lower prevision Poogr. Then, the marginal model BgOR induces the credal

set BgCOR (P5*) CP*(X) with Pg* the marginal probability of POX’y on X.

Proof. By definition, P~ g (f) is determined as the unique solution of the equation:

(1 —5)P0((f—£copz(f))+) = PO((f_ECOR(f))i)'

Consider a gamble f that only depends on the values in X, in the sense that
f(z,y) = f(x,y) for every y # y' € Y and every z € X, and let us define the
gamble fv : X = R by fx(z) = f(z,y). Then BgOR(fX) = Poogr(f). Moreover,

(=0 ((fx = PEon(fx)") = 1= 9P ((fx = PEor(fx) "),
and also:

Po((fx *BgOR(fX))7> = P()X((fx *BQC(OR(fX))j,

+
because (fX - BgOR(fX)) only depends on the values of x € X. This means

that PXog(fx) is the unique solution of the equation:
+ —
(1= )P ((fx = PEor(fx) ") = BF ((fx = PEor(fx)7),

meaning that P,y is a constant odds ratio with respect to the parameter § and
probability Pst (the restriction of Py to the first component). O

Independent products

Consider now the marginal models BgCOR (POX) C P*(X) and BgCOR (Poy) Cc
P*()). Regarding the problem of going from marginal models Pg* 7P0y to joint
ones, we can first notice that on Cartesian products of events, we have
(1 - )P (A)Fy (B)

1 — 6P (A)FY(B)

L 1=0)”F (A - 8P (B)

T (1= 0F*(A))(1 - 0Fy(B))
where the last equality follows from the factorisation property in Equation .
We can then wonder if PE3%(C) > PEor B PYor(C) for any event C C X x
Y. The next example shows that this is not the case, and that the inequality in
Equation (24) may be strict; therefore it shows that there is no dominance relation
between P53 and Prop X PYog.

Peon(Ax B) =

= BgOR X B%OR(A x B) (24)

Example 12. Consider our running Example[3 Given Ey = {(z1,y1), (2,92)},
we obtain

PESY(E2) = 0.4737 < PEog K PYop(Es) = 0.4883;
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to see the last equality, note that

B)C(OR X B%OR(EQ)

= , min o (Pe{{zHPy({m}) + Px({z2}) Py({y2})),
PxeM(PEoR) PYyEM(PtoR)

that M(PEop) consists of the probabilities Py for which Px({x1}) € (21,39 and,
similarly, that M(PYop) consists of the probabilities Py for which Py ({y1}) €
(2 loj. 27

190 195 the fz)limmum in the equation above is obtained for Px({r1}) = 5% and

Py ({y1}) = 19, yielding

271 10 70 9 900
S D o T 0.4883.
97 19 * 97 19 1843 04883
Therefore, P53 does not dominate Paop B Pog on all events.
Finally, taking the events A = {21} and B = {y1}, it holds that PEj%(A x
B) ~ 0.137, while PXop ® PYog(A x B) ~ 0.132, showing that the inequality in
Equation may be strict. ¢

On the other hand, the family of COR models is not closed under strong prod-
ucts.

Example 13. Consider again the running Example @ Let Ey = {(z1,11), (x2,y2)}
and E3 = {x1} x Y. Then

27
BgOR & B%OR(EQ) = 0.4883 and BgOR X BgOR(E?)) = BgOR({l'l}) = o7
where the first equality follows from Ezample[I3 On the other hand,
—x —y 70 10
BgOR gﬁ%OR(EQ UE3) =1-Poor ™ PCOR({(-TQ»yl)}) =1- 97 19 0.6202
27 9
EgOR gﬂ%ozz(]% NE;) = EgOR gﬂ%opa({(l“h@h}) 97 19 0.1319,

whence

Plor R PYor(E2 U Es) + Plor B PYop(Ey N Es) = 0.7520
< PEor B PYor(Es) + Plor B PYoR(Es) = 0.7667

contradicting the fact that PEop R P should be 2-monotone on events if it was
a COR model. &

Natural extension of marginal models

We have already mentioned that there is not an explicit equation for the lower
prevision of the COR model in gambles (see Equation (21])), and it can only be
given for events (see Equation ) This hinders a bit the computation of the
natural extension of this model. In addition, even if we consider only the values in
events, this model is more difficult to handle than the PMM or the LV.



547
548

549

550

551

552

553
554

555
556

557
558

559

24 SEBASTIEN DESTERCKE, IGNACIO MONTES, AND ENRIQUE MIRANDA

First of all, using Equations and @, we give the explicit form of the lower
and upper natural extension on the Cartesian products A x B, for AC X, BC ):

(1= 6x)PX(4) (1= 6y)PY(B) 3
1—6xP*(A) " 1-06yPY(B)

U_BORMA), 1-DIRD)_ )

1 —0x Pt (A) 1 —dyPY(B) ’
When the distortion parameters coincide, dx = dy = J, these two equations be-
come:

ECOR(A X B) = min{

ECOR(A X B) = ma.X{

(1—0)R*(4) (1- 5)Poy(B)}

E A x B) = mi ’
cor( ) mm{l(sPOX(A) 1—6PY(B)

P (4) Py (B)
1-0PF(A)’1 apoy(B)}'
(L-0)PF(A) , (1-9F(B) 0}

1 — 0P (A) 1 —0PY(B) ’

Although these expressions do not seem to resemble a COR model, we may won-

der if, similarly to what happened with the PMM (see Theorem , the equality
E(BgOR,B%OR) = Bdcon (EP();(7P(J3;) holds. As we see next, this is not the case.

:(1—§)min{

Ecor(Ax B) = max{

Example 14. Consider our running Ezample[3. Given Ey = {(z2,y2)}, we obtain
Ecop(Es) = max{0.6774 + 0.4737 — 1,0} = 0.1511.
On the other hand, from Equation (7)) we have that EPOX’PUy(EA;) = 0.2, whence
(1—=06)Epx py(Es)

= 0.1837.
1- 5EPOX,P03’ (E4)

Thus, the two values do not coincide. ¢

6. TOTAL VARIATION MODEL

The last three distortion models we shall analyse in this paper are defined directly
from some distance between probability measures. The first of them is the total
variation model (TV, for short): given two probability measures P, (@, their total
variation distance is

drv(P,Q) = max |P(A) = Q(A)].

By taking the lower and upper envelopes of the neighbourhood model it produces,
we obtain the following:

Definition 5. Given a probability measure Py and a distortion factor § > 0, the
total variation model is given by the following lower and upper probabilities:

Py (A) = max{Py(A) — 5,0}, Pry(A) =min{Py(A) + 4,1} VAC X. (25)

Since we are assuming that Py, € P*(X) and that ¢ is small enough so that
(Py) C P*(X), Equation simplifies to:

Pry(A)=Py(A) =0, Prv(A)=Py(A)+d VA#DX. (26)

Bé

drv

6.1. Merging. Let us now consider the problem of merging two TV models.
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Conjunction and disjunction

Our next example shows that neither the conjunction nor the disjunction of two
such models will produce in general a total variation model.

Example 15. From Equation , we know that a TV model satisfies, for any
event A such that Pryv(A), Pry(A) € (0,1), the following equality:

Pry(A) = Pry(A) = (Py(4) +0) — (Po(A) — 6) = 20.

In particular, since we are assuming that BgTV (Py) C P*(Py), this equality holds
for any A # 0,X. Let us use this to derive that the family of TV models is not
closed under conjunction or disjunction.

Let BY (Pg) be induced by P} = (0.41,0.37,0.22) and 6y = 0.12, and BY?, (P3)
be determined by Py = (0.37,0.41,0.22) and 6> = 0.12. The lower probabilities Py,
and Py, , their conjunction P" and disjunction P°, are given by:

{m1} {ze} {3} {w1,22} {1,723} {22,723}

Pry, | 029 025 0.1 0.66 0.51 0.47
Pry, | 025 029 0.1 0.66 0.47 0.51
P71 029 029 0.1 0.66 0.51 0.51

PY 1025 025 0.1 0.66 0.47 0.47

For the third line, use that P" is the natural extension of max{Pry., Pry,}, i.e.,
the smallest coherent lower probability that dominates max{Prpy,, Pry,}; but the
latter is coherent since it is the lower envelope of

(0.29,0.37,0.34), (0.37,0.29, 0.34), (0.41,0.49, 0.1), (0.49, 0.41,0.1),

and therefore it coincides with P"'. We observe that
P ({a1}) = P"({m1}) = 02 #£ 024 = P ({zs}) — P"({ws}),

P ({m1}) = PP({m1}) = 028 # 0.24 = P~ ({ws}) — PY({ws}),
concluding that neither P" nor PY are TV models. 4

As we know that a TV model is described by a 2-monotone lower probability [31]
Prop. 4], a simple way to check whether the intersection of two TV models is non-
empty is simply to take the constraints induced by both models BngV (Pol) and
BZQTV (POQ) , and to check whether they have a solution. This can be achieved through
standard linear programming, with the caveat that the number of constraints will
increase exponentially with n.

The same example allows us to show that the disjunction does not have a unique
undominated outer approximation:

Example 16. Consider the model P° from the previous example, and let us con-
sider the TV models By* (Pg') and B)? (PF), where Py = (0.31,0.31,0.38), Pp =
(0.41,0.41,0.18), 04 = 0.28 and 6p = 0.16. The lower probabilitics Pry,, Py,
are given by:

| {21} {a2} {@s} {ona2} {w1,23) {22,235}
BTVA 0.03 0.03 0.1 0.34 0.41 0.41
ETVB 0.25 0.25 0.02 0.66 0.43 0.43
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Both Pry,, Pry, are outer approximations of P35y in the TV family. If there

was a unique undominated outer approzimation of P, denoted by BSTV (Py) and

with associated lower probability Q... then Ppy,, Ppy, < Q... < P", whence

Qry({z1}) = PP({m}) = 0.25, Q. ({z2}) = PP({22}) = 0.25, Q. ({ws}) =
PY({x3}) = 0.1. Therefore,

Qry({z1}) + Q. ({22}) + Q. ({23}) =1 - 35 = 0.6,
whence 0 = 94/3 and Py = (0.25+6,0.25 4 6,0.1 + ). However, this means that:
QTV ({$1, 373}) = Po({xl,.’L‘g}) —§6=0.35+6>047= BU ({xl, 3?3}),

a contradiction. ¢

Convex mixture
It is rather direct to check that the convex mixture of two TV models BngV (P})
and By (P?) is again a TV model as we have
ePry(A) + (1= €)Phy (A) = Py (A) + (1 — ) FF(A) — edy — (1 = €)d2
which are lower probabilities induced by the TV model Bg;v (Pg) with
Se=e€b+(1—€)dy and P§({z}) =ePi({z})+ (1 —e)PZ({x}) VreX.

6.2. Multivariate setting.

Marginalisation

Let us now look at the behaviour of the TV model in a multivariate setting. We
can first show that the marginal model of a joint TV model is again a TV model,
with the same distortion factor ¢ applied to the marginal probability.

Proposition 6. Consider the distortion model B (POX’y) CP*(X x)) and its

drv
associated lower probability Pop,. Then, the marginal model Py induces the credal

set BgTV (POX) C P*(X) with Py the marginal probability of POX’y on X.

Proof. From Equation , we obtain that for every non-empty B C X
PYY(BxY)=F Y (BxY) -5 =F(B) -4

the last term being the lower probability induced by BgTV (PgY). O

Independent products

Consider now two marginal models B)__ (Pg¥) C P*(X) and BgTV (PY) CP*().

drv
Regarding the problem of going from marginal models P;Y, Poy to joint ones, we

can first notice that on Cartesian products of events, we have
PEXY(A x B) = P{¥(A)PY(B) — 6, while
P¥, R PY,(Ax B) = (PF(A) - 6)(PY(B) —6)

where the last equality follows from the factorization property in Equation ([2)).
Clearly, the equality Bgf‘fy (A x B) = Bq)fv X B%V(A x B) does not generally



604
605

606
607
608
609

610

611

612
613

614
615

616
617

618

619

620
621

PROCESSING DISTORTION MODELS: A COMPARATIVE STUDY 27

hold. We show in our next example that the inequality can go both ways (either

PF5Y(A x B) < Pgy, ® P (A x B) or the reverse).

Example 17. Tuke the distortion models B (P5*) € P*(X) and Bj (PY) <

P*(Y) induced by the probability measures P;* and Poy and the distortion factor
6 = 0.1. On the one hand, assume that there are some events A C X and B C Y
such that Py (A) = PY(B) = 0.5. We obtain that:

PFXY (A x B) =0.15 < 0.16 = P53, K PY., (A x B).

On the other hand, assume that there are A C X and B C Y satisfying POX(A) =
Py (B) = 0.6. We obtain that:

PFXY (A x B) =0.26 > 0.25 = P, K PY., (A x B).

Therefore, there is no dominance relationship between the lower probabilities ob-
tained with the two approaches. ¢

Let us now show through an example that the TV model is not closed under
strong products.

Example 18. Consider again the setting of our running Ezample [3 Given the
events {(x1,y1)} and {xl} x Y,

2v B PYy ({(z1,91)}) = 0.2-0.4 = 0.08,
PTVWDTV( z1,41)}) = 0.4-0.6 = 0.24,
P%V&PTV({xl}XJO P:Fv{ﬂcl})—‘j2

PTV |EPTV({‘T1} xY) = PTV({xl}) =0.4.

Since the differences between the upper and lower probabilities of the two events do
not coincide (0.16 and 0.2, respectively) and they are all strictly positive, we deduce
that P, B P, is not a TV model. 4

Natural extension of marginal models

Consider now two TV models BS;V (P5*) € P*(X) and Bgiv (PY) € P*(Y).
Using Equations and @, we can give the form of the natural extension in the
events A x B for AC X and B C Y:

Epy (A x B) = max { Py (A) + Pyy(B) - 1,0}
=max { Py (A) + Py (B) — 1 — (6x + dy),0}.
Erv(A x B) = min {E?fv(A),ﬁiv(B)} = min {P* (A) + 6x, PY(B) + 6y }.

When the distortion parameters coincide, 0y = dy = ¢, these expressions simplify
to:

Bry(Ax B) = max {F§' (4) + Fy'(B) — 1 - 26,0}
= max { P;*(A) + Py (B) — 1,26} — 24, (27)
Epv(Ax B) =min {P;*(A) + 6, Py (B) + 6} = min { Py (A), Py (B)} +4. (28)

The lower and upper natural extension have a similar form as a TV model. How-
ever, the lower bound of the natural extension in Equation has a distortion
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parameter of 20, while the upper bound of the natural extension in Equation
has a distortion parameter of 6. This fact suggests that, as happened with the
COR model, the natural extension of the TV model can neither be expressed as
X X .
£(P7y,Pry) = By, (Epgf,ng) nor as € (Pqy, Pyy) = B (EPOX,P@’)‘ This is

drv
illustrated in our next example.

Example 19. Consider the spaces X and ) and the probabilities P;* and Poy
from Ezample @ Given the event Ey = {(22,y2)}, we deduce from Equations (27)
and that

Ery ({(z2,92)}) = max {F* ({z2}) + By ({y2}) — 1 — 26,0}

=02-20= EP(;",POy ({(z% l/2)}) —20
for every § € (0,0.1). On the other hand, if we consider the event Ey = {(x2,y2)},
we deduce from Equations and that
Ery ({(xg, yg)}c) =1-Ery ({(l’g,yz)}) =05—-4§ while

Epx py({(22,92)}) =1 = Epx py ({(22,42)}) = 0.5

meaning that we should distort EP(.)X,P(:))/ by 6. We conclude from this that Epy s

not a TV model starting from EPOX’POy,
To see that it is not a TV model starting from any probability measure on X X Y,

recall that, if that was the case, it should be Ery(C) — Epy (C) = 26 whenever
0 < Epy(C) < Erv(C) < 1. But in this case we have
Ery({(z2,92)}) — Ery({(z2,92)}) = 0.5+ 6 — (0.2 — 26) = 0.3+ 36
FT\/(X X {yg}) — ETV(X X {yg}) =05+6— (05 — 2(5) = 3(5,

a contradiction. ¢

7. KOLMOGOROV MODEL

Our next distortion model is very much related to the total variation, because it
can be regarded as the case when instead of comparing the probability measures we
compare their associated distribution functions. It is referred to as Kolmogorov’s
distortion model (K model, for short).

Assuming that X is an ordered space, the Kolmogorov distance between two
probability measures is defined by

4 (P,Q) = max|Fp(x) — Fo(a).

Following our initial assumption that Py € P*(X) and that ¢ is small enough so
that BgK(Po) C P*(X), the credal set BgK (Py) can be expressed as:

B}, (Po) = {P €P(X) | Fx(z) < Fp(x) < Fg(x) Vo € X},
where F ;- and Fx are given by:
F () = max{0, Fp,(z;) — 0} = Fp,(x;) — &
Fi(x;) = min{l, Fp,(z;) + 6} = Fp,(x;) + 6 Vi=1,...,n—1
-

since BgK (Po)

P*(Py), and Fy(2,) = Fg(x,) = 1. This means that B (Pp) =
M(EK,FK), so it

coincides with the credal set of a p-box. We will denote as P,
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and Py the lower and upper probabilities associated with BgK (Py). We refer to
[31, Sec. 3] for a study of the Kolmogorov model.

7.1. Merging.

Conjunction

We start studying the behaviour of the Kolmogorov model under conjunction.
Next example demonstrates that the conjunction of two K models, while being a
p-box, does not necessarily correspond to a p-box induced by a K model.

Example 20. For the model induced by the Kolmogorov distance and for those
events A of the type {x1,x2,...,z%} such that 0 < Py (A) < Pr(A) < 1, we have
that Py (A) — Py (A) = 25. Let us now show that this is not necessarily the case
for their conjunction.

Consider a three-element space X = {x1,19,23}, P} = (0.25,0.25,0.5), §; =
0.05 and consider the associated K model Bg; (P3) C P*(X). On the other hand,
let Bgi{ (P2) C P*(X) be the K model induced by the probability measure P? =
(0.15,0.35,0.5) and dy = 0.05. Since the conjunction of two p-bozes (Fy,F1) and
(F,, F3) is the p-box (max {El,EQ},min {Fl,Fg}), we have that

min {FKI (1), Fr, (ml)} — max {EKl (71), Fg, (,731)} =02-02=0, and
min { Fg, (z2), F i, (22)} — max {F g (22), Fg, (22)} = 0.55 — 0.45 = 0.1,

meaning that this conjunction is not a distortion model induced by the Kolmogorov
distance. ¢

However, despite the fact that the K model is not closed under conjunction,
this conjunction still remains a p-box [I6]. Among other things, this means that
we have a straightforward way to check whether the conjunction of two models
My = Bg; (P}) and Mgy = Bgi{ (P?2) is non-empty. We have that My N My # 0 if
and only if

min { Fg, (%), F, (2;)} — max {F g (2;), F, (x;)} >0 Va; € X,

which is very easy to check.

Disjunction
The family of Kolmogorov models is not closed under disjunction:

Example 21. Consider X = {z1,72,23} and the probability measures P =
(0.5,0.3,0.2), P2 = (0.3,0.5,0.2) and §; = 62 = 0.05. The lower probabilities
Py, Py, associated with the K models By (P3) C P*(X) and By (P§) C P*(X)
and their disjunction P°, are given in the following table:

| {z1} {w2} {os} {ona2} {wias} {wo a3}
Bxl 0.45 0.2 0.15 0.75 0.6 0.45
£K2 0.25 04 0.15 0.75 0.4 0.65
PY 1025 0.2 015 0.75 0.4 0.45
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If P" was the K model associateéwith a distribution function Fy and a distortion
factor 0, its associated p-box (F, F) would be determined by the constraints
[F(x1), F(x1)] = [Fo(w1) — 6, Fo(x1) + 6] = [0.25,0.55] = Fy(z1) = 0.4,8 = 0.15,
[F(x2), F(z2)] = [Fo(x2) — 6, Fo(x2) + 6] = [0.75,0.85] = Fy(z2) = 0.8,6 = 0.05.
Thus, PY% is not a K model. To see that moreover it does not have a unique
undominated outer approximation in the family of K models, consider the K models

BS2(Pa) and B3P (Pg) induced by Pa = (0.4,0.33,0.27), Pg = (0.4,0.36,0.24) and
0a =6 = 0.16. These produce the following lower probabilities:

| {o1)} {22} {ws) {zna2) {znos) {wo,03)
0.24 0.01 0.11 0.57 0.35 0.44
0.24 0.04 0.08 0.6 0.32 0.44

P,
P,

Thus, Py, Py are outer approrimations of B?(. If there was a unique undomi-
nated outer approximation, then there should be another probability measure P’ and
0" > 0 such that either Py, < P < B% and Py, < P < B%, where P’ denotes

the lower envelope of Bg;{(P’). However, this means that:
o P'({z1}) — P'({z1}) > P ({a1}) — P’({z1}) = 0.55 — 0.25 = 0.3, which
implies that §' = 1 (F’({xl}) - B’({xl})) > 0.15.
e The same reasoning with the event {x1,x2} leads to:
P'({er,22}) = P'({x1,22})

< min{Px, ({z1,22}), Prc, ({1, 22})} — max{ Py, ({x1,22}), Py, ({1, 22})}
<0.89 - 0.6 =0.29,

which implies that §' = 1 (?/({xl,xg}) - B’({xl,xg})) < 0.145.

This is a contradiction, from which we deduce that there is not a unique undomi-
nated outer approrimation. ¢

In fact, it is worth noting that the disjunction of two Kolmogorov models is not
always a p-box, as we show in this example:

Example 22. Let X = {x1, 29,23}, and consider the distortion models Bg;{ (P}) C
P*(X) and Bgi{ (P2) CP*(X) given by the probability measures P} = (0.3,0.3,0.4),
P2 = (0.6,0.3,0.1) and the distortion factors 6; = d3 = 0.05. They induce the K
models whose associated p-bozes (F,F1) and (Fy, F3) are:

‘ T o XT3 ‘ T T2 I3
F, 1025 055 1 Fy1055 085 1
Fi1035 065 1 Fy 065 095 1

Then the disjunction Bg; (PHu Bg; (P3) determines the lower and upper cdfs:

B
025 055 1
0.65 0.95 1

FU
%u
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Thus, the cdf associated with P = (0.25,0.7,0.05) would belong to M(EU,FU) but
not to By (P3)UBY (P3). ¢

We conclude that the behaviour of the Kolmogorov model is quite inadequate
when taking its intersection or union, because it is not preserved by conjunction or
disjunction, but also the disjunction is not even a p-box.

Convex mixture

As for the total variation model, it is rather direct to check that the convex
mixture of two K models Bg;{ (P}) and Bgi{ (P3) is again a K model. Indeed, since
the convex combination of two p-boxes is simply the convex combination of the
lower and upper cdfs, we have

eFp, (2) + (1 — €)Fg,(x) = eFpi(x) + (1 — €)Fpz(z) — ed1 — (1 — €)d2
eFr, () + (1 —e)Fg,(z) = €Fpi(x) + (1 — €)Fpz(z) + €d1 + (1 — €)d2
which are the cdfs induced by the K model Bg; (Pg) with d. = €1 + (1 — €)d2 and
Fpe(z) = eFpi(z) + (1 — €)Fp2(x) Vz € X.

7.2. Multivariate setting.

Marginalisation

In order to study the Kolmogorov model in a multivariate setting, we first need
to provide its definition in this context. For this aim, we are now dealing with two
ordered spaces X = {x1,...,z,} and ¥ = {y1,...,ym}- A bivariate p-box [39] is a
pair of component-wise increasing functions F' ny,FX,y : X x Y — [0,1] satisfying
Fyy< Fxy and EFxy(Tn,ym) = Fx y(Tn,ym) = 1. A bivariate p-box defines a
credal set by:

M(Exy Fxy)={PeP(Xx))|E<Fp<F}.

In contrast with the univariate case, the credal set M (Ex,y,F/ny) may be empty.
When it is non-empty, we can define a coherent lower and upper probability by
taking lower and upper envelopes.

A bivariate p-box (Fy y, Fx,y) defines marginal (univariate) p-boxes (Fy, Fx)
and (Fy, F'y), respectively in X and Y, by:

EX(xl) - EX,y(x%ym)a FX(xl) = FX,y(x%ym)a Vi = 17 cee, N
Fy(y;) = Fxy(xn,y5), Fy(y) = Fxy(@n,y;), Yi=1,...,m.

In that case, the credal sets M(EX7FX) and M(Ey,Fy) coincide with the X
and ) projections, respectively, of the probability measures in M(E X,y,FX’y).
We refer to [28, [39] for some studies about bivariate p-boxes, and to [32] for some
comments on the connection between uni- and bivariate p-boxes.

Given the ordered spaces X and ), we define the K model for a bivariate cdf
Fp,(z,y) as the credal set induced by the bivariate p-box [39]

F(x,y) = max{Fp,(z,y) — 06,0}, F(z,y) =min{Fp,(z,y)+ 0,1} (29)
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for every (z,y) € X x Y. We then get the following result regarding the marginals
of a bivariate K model:

Proposition 7. Consider the model BgK (POX’y) C P*(X x V) and its associated
lower prevision Py.. Then, the marginal model Py induces the credal set BgK (Pg)
with Pg* the marginal probability of POX’y on X.

Proof. Let us first notice that the bivariate p-box defined by Equation induces
a coherent lower probability, as it corresponds to the projection over events of

the kind {z1,...,2;} X {91,...,y;} of the coherent lower probability induced by

BgTV (POX’y). We can then easily check that the marginal p-box (F ., Flx) satisfies:

Ex(xz) = E(xzvym) = FPOX*y(xivym) —6= FPOX(:EZ) -4 Vi= 13 sy — 1
that is the lower cdf induced by By _(Pg¥). Similarly,
Fr(r;) = F(i,ym) = Fpay (@i, ym) +0 = Fpxe(zi) +6 Vi=1,...,n—1.

Therefore the marginal model also belongs to the Kolmogorov family. [l

Independent products

Consider now two marginal K models BgK (Ps¥) € P*(X) and BgK (Pg;) C
P*()). Regarding the problem of going from marginal models Pgt, Py to joint ones,
we can first notice that on the Cartesian product of the events A; = {x1,...,2;}
and Bj = {y1,...,y;} (with i <n and j < m), we have

Bixy(Ai X Bj) = Exxy(xi,yj) = Fp,(z;,y;) — 0, while
Py B PY(A; x Bj) = (Ff, (i) = 6) (FP, (y5) — 0)
= Fp, (i, y;) — 6(Ff (x:) + FP, (y;) — 9)
where last equation follows from the factorization property in Equation . Hence,
the equality Px*Y (A; x B;) = PxXPY.(A; x B;) may not hold. The inequality can

go both ways (either P%*Y (A x B) < P% X P (A x B) or the reverse) depending
on the value of §, as we show next.

Example 23. Consider the ordered spaces X = {x1,xa,23} and Y = {y1,y2}, and
the probability measures Py and Poy given by:

P ({z1}) = 0.3, Pg*({22}) = 0.5, Fs"({z3}) = 0.2, ' ({y1}) = B’ ({y2}) = 0.5.
Consider § = 0.1, the K models BgK (Ps*) € P*(X) and BgK (Poy) C P*(Y) and
their associated lower probabilities Py and PY.. Then we obtain on the one hand
P ({1} x {y1}) = 0.15 — § = 0.05 < 0.08 = (0.3 — §)(0.5 — §)
= Pic({21})P% ({y1}) = P ¥ Py ({21} x {1}),

while on the other hand:

P ({a1, 22} x {y1}) =04 — 3 =0.3 > 0.28 = (0.8 — 6)(0.5 — 9)

= Px({z1,22)) P ({y1}) = P B Py ({w1, 22} x {1})-

We conclude that there is no dominance relationship between the coherent lower
probabilities obtained by the two approaches. ¢
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Let us now show that, as with the other models, K models are not closed under
strong products.

Example 24. Consider the same setting of Example [23 The K models are the
p-bozes (Fy, Fx), (Fy, Fy):

X |z x s V|lwn e
Fy|02 07 1 Fy 04 1
Fy |04 09 1 Fy 106 1

Using the factorisation property of the strong product, these generate the following
joint bounds for the events {x1,...,x;} X {y1,...,y;j}:

[{oa} x () {m} x Y {znm) x {m} {znm) x Y X x {n)
0.08 0.2 0.28 0.7 0.4
0.24 0.4 0.54 0.9 0.6

E%ﬁﬂ%
P X Py

If this was a K model, than the differences between the upper and lower probabilities
for these events should be constant, which is not the case here. ¢

Natural extension of marginal models

Consider now two K models Bgf((POX) and Bgf((POy), and let us focus on the
problem of applying to them the natural extension. We already know that these K
models are equivalent to the univariate p-boxes (Fy, Fx) and (F y,Fy). Thus, we
can use the results from [32] Sec. 3.2], where we studied the natural extension of two
p-boxes. In particular, in [32] Prop. 5] we proved that E((EX,FX), (Ey,Fy)) =
M(E, F), where (E, F) is the bivariate p-box given, for any (z,y) € X x ), by:

F(z,y) = max {Fy(x) + Fy(y) — 1,0}, F(z,y) = min {Fx(x), Fy(y)}. (30)

Then, the natural extension of two K models is again a p-box. However, our next
example shows that this natural extension is not a K model.

Example 25. Consider the spaces X and ) and the probabilities P;t and Poy
from Ezample [23 and the associated p-bozes detailed in Ezample [24  Applying
FEquation , their natural extension is the p-box (E, F) :

e | [0.2,0.4] [0.7,09]  [1,1]
| [0,04) [0.1,0.6] [04,0.6]
[E(zi,y;), F(zi,y))] | T2 3

We can see that:

F(z1,y2) — F(z1,y2) = 0.2,  F(x2,y1) — F(22,91) = 0.5.

Since the differences between F and F are not constant, we conclude that (E, F)
does not correspond to a K model. ¢

We conclude that, even if there is a simple formula for computing the natural
extension (Equation ), the latter is not a Kolmogorov model.
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8. L1 DISTORTION MODEL

We conclude our investigation by considering the distortion model associated
with the L, distance. Given two probability measures P, Q, their L, distance is

dr,(P.Q) = ) |P(4) - Q(4)].
ACx

In order to alleviate the notation, we shall also denote it by d;. This distance has
been used in robust statistics in [42]. When Py € P*(X) and ¢ is small enough, it
induces the credal set Bgl (Py) € P*(X) whose associated lower and upper proba-

bilities are [31, Thm. 11]:
0
(X1 1A])

@(”k):i(];>g(n;k)‘;i_nik‘ Vk=1,...,n.

=0 7=0

BLl (A) = PO(A) VA # 0, x, (31)

where

8.1. Merging. Let us analyse the behaviour of the L; model under conjunction,
disjunction and convex mixture.

Conjunction and disjunction

In general, the conjunction of two L; models will not lead to a new L; model.
In fact, observe that in the case of ternary spaces, we can establish a relationship
between the total variation and L; models. In that case, ¢(3,1) = ¢(3,2) = 4,
whence from Equation P, is given by:

)
P (A) = Py(A) - 1 VA#£DX.
Also, from Equation , the total variation model generated by the probability
measure Py and the distortion parameter g is given by:

Pry(4) = Po(4) ~ 2 VA£0,X.

Since we are assuming that ¢ is small enough such that P, (A) > 0 for every A # 0,

we conclude that in cardinality three Bgl (Py) = BZ/;‘ ,(Po). Thus, if we consider
X = {z1, 20,23}, P} = (0.41,0.37,0.22), P2 = (0.37,0.41,0.22) and §; = 05 = 0.48,

we obtain that
BYS(P) = BY2(PY) and BY;(F3) = BY,2(P3).

drv drv
Using Example we conclude that the family of L; models is not closed under
conjunction nor disjunction.

Moreover, taking into account this same connection between the TV and the L
models on ternary spaces as well as Example [I6] we conclude that the disjunction
of two Ly models does not possess a unique undominated outer approximation in
the L; family.

Several facts indicate that checking in which cases the conjunction of two L;
models is a L; model is a difficult task, for a number of reasons: (i) a L; model is
not determined in general by the lower probability it defines on events, in the sense
that a probability measure P may dominate the lower envelope of Bgl (Pp) on any
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event but still do not belong to Bgl (Po); (ii) it is not described by an explicit lower
prevision; and (iii) even enumerating the extreme points of By, (Pp) is to this point
an open issue [31].

Convex mixture

Again, it is rather direct to check that, if we consider their restriction on events,
the convex mixture of two lower probabilities associated to L; models Bgi (P}) and

Bgf (POQ) is again a lower probability associated to an L; model, as we have
o 1)
e——t —(l—€)————
e(1x],[Al) e(|x],[A])
which are lower probabilities induced by the L; model Bgi (POE) with 6, = €d1 +
(1 —¢€)d2 and

ePY, (A)+(1—€) PP (A) = Py (A)+(1—e) F5 (A) —

Fs({z}) = ePy({z}) + (1 - O F5({2}) VzeX.
Since L1 models can be described by their lower probabilities whenever n < 11, this
is sufficient to show that in those cases the model is closed under convex mixture.
The case n > 11, for which we have no simple and explicit description of the lower
envelope of the L; model, remains an open problem.

8.2. Multivariate setting.

Marginalisation

For the multivariate case, let us first look at the marginals of a joint L; model
Bgl (POX ,y) C P*(X xY). Somewhat surprisingly, the marginal model of a L; model
is not a L1 model, as our next example shows.

Example 26. Let X = {x1,29, 23,24}, Y = {y1,¥2}, POX’y the uniform distribu-
tion on X x Y and consider the distortion parameter 6 = 0.1. Then:

0.1 1 0.1
Bfl({xz‘}) =Dy, ({zi} x ) = B({zi} x V) - 2(8,2) 1 s
dx 1 dx 0.1
= PX i — = - - — = .
o e - a1 8 7% T 105
0.1 1 0.1
P7, ({zi,25)) = P, ({wi, 25} x V) = Po({wi, 2} x V) = B0 2 70
1) 1 9 0.3
— PpX(fp ey 90X 2 %X =
- PO ({xlaxj}) 90(472) 9 6 = 0x 35 .
Since % %, we conclude that the marginal model does not belong to the Ly
family. &

Independent products

We now investigate what happens when building a joint from marginal L; models
Bgl (Ps*) CP*(X) and Bgl (PY) CP*(Y). Again, on Cartesian products of events,
we have 5

(1% x Y|,|A x BJ)’

PE*(Ax B) = BY*Y(Ax B) -
¥
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while
1)

X Ny - X — L Y — o
Pr, M Py (Ax B) = (PO (4) <p(|X|,|A|)) <P° (B) sO(JJI,IBI))

In that case, it may happen that Bflxy(A x B) > P} ®WPY (AxB) or Bflxy(A x
B) < Bfl X B%l (A x B), even with strict inequality, as we show in next example.

Example 27. Consider X and Y such that |X| = |Y| = 2, Py the uniform distribu-
tion on X x Y and A, B two singletons. The connection between Bflxy(A x B) and
Efl &B%l (A x B) depends on whether § > % ord < % The reason is that if A C X
and B C Y are singletons, o(|X],|A]) = ¢(|V],|B]) = 2, ¢(|X x V|,|A x B]) =
¢(4,1) =8, Py(Ax B) =1 and P*(A) = Py (B) = 1. Hence:
1 46 1 4 1 46
XxY _ X Yy _

PEY(AxB) =1 -2, PP RPY (AxB)= <22>.(22).
Operating, we obtain that Bflxy(A x B) > Bfl XBJL}I (A x B) if and only if § < 3
and Bﬁxy(A x B) < Bfl &B%l (A x B) if and only if 6 > 3. Therefore, in general
there is no dominance relation between the two approaches. ¢

Let us now show through an example that the L; model is also not closed under
strong products.

Example 28. Let us consider the case where X = {x1,z2} and Y = {y1,y2} with
POX and Poy uniform with some §. Let us now assume that Bf—i &Bgl is a Ly model
with some 0*. Due to the factorization property, we have
é ) .
£t 8 2, () = (05— 5) (05-3) forivi e (1.2)

and since by assumption this should also be a L1 model with a uniform distribution,
we should also have

1 o* 1 &
Pt xpY ) == — 1o
P, B Pz ({en)l) = § p(4,1) 4 8
Fizing 6 = 0.1, the two equalities lead to
1 o
PYRPY, ({(wyy)}) = 045" = T — T

which gives us 6* = 0.38 for the joint model Bfl X B%l. However, on the event
{z1} x Y this gives B/LYI X B%l({xl} x Y) = 0.45, which is different from 1/2 —
8" fp(4,2) = 0.437. ¢

Natural extension of marginal models

Consider now two L; models BY* (Pg¥) C P*(X) and BY (PY) € P*(Y) in X
and ), respectively. Using Equations and @, we can give the form of the lower
and upper bounds of their natural extension in the events A x B:

By, (4 B) =ma {PO @ = Sy T B - oD 1’0} |
E = min & 752{ Y 76)}
Er(4xB) = {P° @+ Sy o BT s }
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When the distortion parameters coincide, these expressions simplify to:

1 1
E; (AxB) :max{POX(A) +PY(B)—1-4 <@(|X|,|A|) + (p(|y|’|B|)> ’0}'

— . pe ) v )
s % 8) = min { () + s Y B)+ g s
Note that none of the equations can be simplified, because even if the distortion pa-
rameters coincide, the expressions depend on the values p(|X|, |A|) and ¢(|Y], |B]).
Taking this into account, we deduce that in general £ (Bfl , B%l) cannot be ex-
pressed as th (E P, Poy): it suffices to note that, since X,) are binary spaces,

Bgl(Po) = Bgf (Po) (see for instance [31), p.646]), so we can use the same Ex-

v

ample [I9] for the TV model to deduce that we do not have the equality between
E(Bi(uggl) and Bgl (EPOX,P(%’)'

9. CONCLUSIONS

The variety of distortion models present in the literature makes it interesting
to develop tools to compare their behaviour in a number of situations, so as to
be able to choose the most appropriate model in each scenario. In this paper, we
have complemented our earlier work in [30, BI] and compared six different distor-
tion models by determining (i) if they are closed under conjunction, disjunction or
convex mixture; (ii) whether there is a unique procedure to build an independent
product; (iii) if they are closed under marginalisation; and (iv) whether the proce-
dures of distortion and natural extension commute. Tables [Il and Bl summarise our
results. From these tables, it is clear that the PMM and LV models are the most
stable, and that the least stables are the COR and L; models, respectively from
the merging and multi-variate point of view.

Conjunction Disjunction Mixture Unique OA?
PMM | YES [29, Prop.12] NO (Ex o) YES YES [29, Prop.12]
LV | YES (Propf3) NO (Ex[5) YES YES [33, Prop.§]
COR | NO (Ex[9) NO (Ex]I0) NO (Ex[i1)
TV | NO (Ex NO (Ex|15) YES
K NO (Ex NO (Ex[21) YES
Ly | NO (Ex NO (Ex|15) YES

TABLE 1. Behaviour of the neighbourhood models under conjunc-
tion, disjunction and convex mixture.

In the case of the natural extension, we should remark that, strictly speaking,
the natural extension of two marginal pari mutuel models is only a PMM if we
regard it as a PMM-distortion like of a lower probability, but not in the sense of
Definition [2} see Theorem [2] for more details.

Beyond these comparisons, there are a few global remarks that we find interest-
ing:

e Regarding merging, the union of two convex sets M; and My will not be
convex in general [54, Thm. 6], and it is common to consider the convex
hull ch(M1 U My) of the union. None of the distortion models considered
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Marginalising Strong Product Natural Extension
PMM | YES [29, Sec.6.2]
LV | YES (Prop#4)
COR | YES (Prop)
TV | YES (Propl6)
K | YES (Prop{7)
Ly | NO (Ex]e)
TABLE 2. Behaviour of the neighbourhood models under different
operations.

in this study is closed under disjunction; we may then consider the problem
of outer approximating this disjunction within that family. However, this
outer approximation is not unique [33]. The PMM and LV models, being
special instances of probability intervals, are remarkable exceptions, as for
any set M, its greatest outer-approximation in terms of the pari mutuel or
the linear vacuous is unique [33].

e The results regarding the problem of constructing a joint model, and the
relation between the two approaches considered here (combine then dis-
tort vs. distort then combine), are valid for other independence notions
from imprecise probability [IT]. Indeed, most of them (including epistemic
independence and random set independence, for instance) also satisty Equa-
tion , hence the inequality concerning events of the kind A x B remains
true for them. As this factorisation property is also true for lower proba-
bilities, the various examples and discussion given for the different models
also apply to them. This may be an important issue when having to choose
whether one should first combine then discount, or discount then combine.
We can nevertheless observe that there is essentially one way to apply the
first option (using stochastic independence), and many to apply the second
(as one has to choose an adequate notion of independence).

Taking these results into account, it may be interesting to look at the problem
from a different angle: to characterise those distortion models that are closed under
merging operations in terms of the properties of the distorting function d. While
this is left as future research, we can give a number of preliminary comments. On
the one hand, it may be useful to consider some of the properties from [30} [31], where
we characterised those distorting functions d determining probability intervals, for
which it may be easier to analyse their conjunction and disjunction, using results
from de Campos et al. [I3]. Note nevertheless that whether those probability
intervals will remain distortion models is not guaranteed in general. With respect
to the natural extension, we think that Proposition[I]should be useful in this regard;
and concerning independent products, we conjecture that the equality between the
two approaches considered in the paper will only hold in very particular cases.

Our work in this paper may be extended in a number of ways: on the one hand,
we may consider other distortion models, such as those based on divergences such as
Kullback-Leibler [12] B5] or the recently introduced nearly-linear models [I0]; on the
other hand, we may consider other models of merging [52] or of independence [I1];
and we may take the approach one step further and consider distorted credal sets,
considering the ideas put forward by Moral in [35].
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