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Abstract

We present a finite volume scheme for the anisotropic diffusion equation. This scheme is obtained
as a limit of an asymptotic preserving (AP) scheme for the M; model of radiative transfer. The latter
was designed in [BDF12] and [Fral2] on polygonal meshes and [BHL21] on conical meshes. After having
presented the construction of the scheme, we show that it writes as a convex combination of two consistent
terms. The first one is second order consistent and may generate instabilities on unstructured meshes.
The second one is first order consistent and more stable. It can be modified so as to reach a second order
consistency using a reconstruction procedure. Moreover, we prove that the explicit time discretisation of
our scheme preserves the positivity of the unknown under a C'FL condition. Some numerical test cases
are given in order to illustrate the good properties of the scheme.
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1 Introduction

In this work, we study a finite volume scheme for the anisotropic diffusion equation in two space dimen-
sions:

&E — div (kVE) = S. (1)

The unknown is denoted by E. The diffusion tensor is x and we assume that, for any x € Q (2 being the
domain of computation), k(x) is a symmetric positive definite 2 x 2 matrix. The source term S is non-
negative and depends on time and space. In order to be consistent with [BHL21], we define 0 = k=% and we
write under the following form:

OFE —div (c7'VE) =S. (2)

We also assume that there exists o9 > o1 > 0 such that:

Vx € Q, Sp(o(x)) C [o1,09].

We focus on a generalization of the scheme that was developed in [Fral2] and [FBD11] on polygonal un-
structured meshes and in [BHL21] for conical meshes (that is to say, meshes whom edges are curved). This
scheme was developed to solve the isotropic diffusion equation and we want to extend it to the anisotropic
case. We will describe the scheme only for polygonal unstructured meshes. Moreover, inspired by the conical
scheme [BHL21] and by [Hoc22], we develop a composite scheme. We call it composite because the associated
fluxes are neither purely nodal nor edge-based. They are computed using quantities which are defined on
the degrees of freedom: the nodes and the middles of edges of the mesh (point of quadrature formula). The
values of the unknown are located at the barycenters of the cells.

The question of defining an accurate finite volume scheme for the diffusion equation on deformed meshes is
a long-standing problem. It is well-known that a standard two-point flux is consistent only on rectangular
meshes. To our knowledge, the first attempt to design a consistent scheme is that of D. Kershaw [Ker81]. This
scheme was not proved to be consistent on general meshes, and numerical tests indicate that it is convergent
only when cells are parallelograms. This scheme does not satisfy the maximum principle, and an attempt
to make it positive was proposed in [Per81]. Apart from this scheme, the diamond scheme was analyzed
in [CVV99], and proved to be consistent. In such a strategy, one uses node values as auxiliary unknowns,
allowing to compute consistent fluxes. These auxiliary unknowns are computed using interpolation. It is
also possible to use a mixed finite element approach [RT83] and recast it as a finite volume method (see
[AWYOT7]). Such a scheme is consistent, but not positive. Another strategy, called DDFV (Discrete Duality
Finite Volume) was proposed by F. Hermeline in [Her98| [Her00, [Her03, Her07]. In this strategy, instead
of computing the auxiliary (nodal) unknowns by interpolation, they are defined as a solution to a diffusion
problem on a dual mesh. Several other methods were proposed, such as the mimetic finite difference method
(see, for instance, [BBL09, [LMS14]), or the SUSHI (Scheme Using Stabilization and Harmonic Interfaces)
method, by R. Eymard, T. Gallouét and R. Herbin [Eym10]. In a second step, the mimetic finite difference
method was extended as the virtual element method (VEM) [YSGN22, BaDVBC™13]. Let us also mention
the MPFA (Multi Point Flux Approximation) method proposed in [AEK™07, [BM07].

All the above schemes are convergent, but are not positive. This may be an important issue in applications,
since the unknown may be a temperature or a concentration. A truncation strategy is in principle possible,
but it breaks the conservation property of the scheme, which is also highly desirable. To address this problem,
several strategies have been proposed. Most of them consist in using different consistent estimations of the
fluxes and in combining them so that the matrix of the scheme becomes an M-matrix, thereby recovering
positivity. Such a strategy was initially proposed in [BMO05] and [LP09]. It makes the scheme nonlinear,
even though the considered equation is linear. Following these works, many similar strategies have been
proposed. Let us cite [LMS14, [YSGN22, [SY16], [SYY09, [AN21, WPL™22, [INS[.22] [BL.16], among others. Of
course, we do not claim this list to be exhaustive.

In the present work, we propose a family of schemes that are naturally consistent, conservative and positive.
Contrary to the above mentioned works, positivity is not enforced by modifying an existing non-positive



scheme. The starting point of our approach are schemes defined in [FBD11,[BHL21] for the M1 model [DF99],
which is a hyperbolic nonlinear model that satisfies a positivity principle and a diffusion limit. Such a scheme
is positive by construction, and we study its diffusion limit, which is of course positive.

The present article is organised as follows. In Section [2] we present the semi-discrete version of our scheme.
We first recall the M; limit diffusion scheme from [BHL2I] in the case of conical degenerate (that is to say,
polygonal) meshes. We generalize it and we write a two-parameter family of consistent schemes that are
valid on unstructured polygonal meshes. Then we extend it to the anisotropic diffusion case. We also present
a modification of this scheme so as to reach second order convergence. Then we focus on the time discretised
version of the scheme. We prove that the explicit version is positivity-preserving on general unstructured
meshes under a CF'L condition that is presented in Section [3] Moreover, in Section [4 we study a particular
case which has a less restrictive CF'L condition. The last section is devoted to numerical test cases.

2 Numerical method
In order to make the algebra clearer, vectors are denoted in bold in the rest of the paper.

2.1 Composite normal vectors set on straight unstructured meshes and prop-
erties

Figure 1: Normals at nodes, at edges : composite set

Let €; be a cell of the mesh 7 paving the domain 2. Let x,_1, x, and x,4; be 3 consecutive nodes of ;.
We define:

e the middle of the edge [X,,X,41]: X,41/2 = (X +Xp41)/2,
f+1/2

e the normal to the edge [x,,x,41]: C; = (%41 — %),

e the normal to the node 7r:

(C;+1/2 i C;’W) 7 (3)

DN =

L1
Cj = E(XrJrl - erl)l =



where, for any vector £ € R?:

_ (& L (=&
e=(8) e=()

We present here some notations that will be used in the remainder of the paper. We define a degree of
freedom as either a node or a middle of an edge. We also define:

e (x;), the coordinates of the vertices of the cell j;
® (X;41/2)r+1/2 the coordinates of the mid-edge points of the cell j;

o Zreﬂj g; the sum over all the vertices of the cell j of the quantity g (g;" being the evaluation of the
function g on the vertex r in cell j);

° Zr+1/26§lj g§+1/2 the sum over all the mid-edge points of the cell j of the quantity g;
e Nyot = Zﬂ doteq, 1 the number of cells that contains the given degree of freedom dof;

. fZiI éOfEQi gd°f the sum, for a given degree of freedom, over all the cells that contains this degree of
reedom;

. Zjeng the sum over all the cells of the mesh;

® > .7 g the sum over all the nodes of the mesh;

° Zr+1/2€7’ g"t1/2 the sum over all the mid-edge points of the mesh;
e h the maximum length of edges of the mesh,

e (-,-) the inner product in R2.

Moreover, for any mid-edge point 7+ 1/2, we denote by j and k the two cells that are separated by the edge
containing X, 1,2, see Figure @

Figure 2: The neighbouring cells of mid-edge point x,. ;1,2

We have the following identity for any 6 € [0, 1]:

1-6 , 0 r41/2
9l == D (Chxe—x) g Y <cj+ / ,xm/z—xj>, (4)
rEQ; r+1/2€Q;

which is a consequence of Theorem [2.I] below. We also have the following:



e for any cell j:

> C= Y o (5)

TEQJ T+1/2€Qj

e for any inner node r and any inner edge r + 1/2:

Sa= Y o=o (6)

i|reQ; i|lr+1/2€Q;

Theorem 2.1. Let g € C*(R%*R). Then, for all 6 € [0,1]:

1

1 . .
W Q) o= m (1-9) Z 9(,)Cj + 0 Z g(Xr+l/2)Cj+1/2 + O(h). (7)
J i J

TGQJ‘ T+1/2€Qj

Moreover, the remainder in @ vanishes when g is an affine function.

2.2 Isotropic M; diffusion limit scheme

Our scheme is based on the limit scheme for the M; model of the isotropic radiative transfer [BHL21] on
a conical degenerate mesh (when the curvature of each edge vanishes). The M; model is a moment model
for the radiative transfer equation. It depends on a small parameter € > 0 which inverse accounts for the
optical thickness of the medium. When ¢ tends to 0 (ie the medium is highly opaque), the model converges
toward (2]) and the scheme designed in [BHL21| converges toward the scheme ({)), which is consistent with
(see Section for the explanations and [BHL21] for some numerical examples). In this case, the diffusion
coefficient o is a positive scalar constant. The scheme writes:

|Qj|%E]’ + Z (1-3) X @ep B +5 > (e, O BT (8)
refY; r4+1/2€Q;

—|—i (1 - z) > (E;Cj - E.Bjou,,u,) + % > <EjC;+1/2 - Er+1/2ﬁ;+1/20-ur+1/27 ur+1/2>

reQ; r+1/2€9;
= 19415;,
with:
1
Eaot = E;, (9)
dof ;) doteq,
Ej if (udof, C?Of> > 0,
dof __ 1 + _ f. dof
5= Cdof Z (Udor, C{) E; else, Lior = {i: (waor, Gi¥) > 0}, (10)
Zieﬁlf(ud‘)f’ i) ielt,
For any node r, u, is defined by:
Jé ! > EC] (11)
rUr = AR
0B, '
i|reQ;
with:
Buot =, B, BT = CfT @ (Xaof — xi)- (12)
i|dofeQ;



and for any mid-edge point r + 1/2:

B, Ey

<ur+1/2axk_xj> - 5
UET+1/2

1
<11r+1/2’ (xk — Xj)L> = §<Ur + e, (X — Xj)ﬂ-

Equation is not exactly identical to the scheme from [BHL2I], we simplified some numerical coefficients
(in particular, the diffusion coefficient wrote as 1/(30) and not as 1/0). As explained in [BHL21], the
quantity ugor is computed so as to make the scheme conservative. To this end, we impose the following
relation around each dof:

Z EiC?Of — Edofﬂ,?OfO'Udof =0. (13)
i|dofeQ;
Equation can be written as:
1
PofUldor = —— Z E;C{". (14)
dof 5 dofen,

For a node r, Equation reads as and the matrix (3, is invertible (under some assumptions on the
mesh, see Section . Thus u, is well defined. However, for a midpoint r + 1/2, the matrix /3,15 is not
invertible. Indeed, denoting by j and k the two cells that are separated by the edge containing r + 1/2 (see
Figure |2) and using @, we have:

r+1/2 r+1/2
Lo ARG )

This leads to:

Bri1/2 = C§+1/2 ® (XK — X;). (15)
Therefore this matrix has rank 1 and it is not invertible. Using , Equation can be simplified:
_ E; - Ej

= . 16
UEr+1/2 ( )

(Wrg1/2, Xk — X;j)

Thus we see that 1/, is only defined in one direction. In [BDH21] and [BHL21], the following formula is
proposed so as to compute u,.,; /o in the orthogonal direction:

(a1 (5= 3)") = 5 e b s (=) a)

Eventually, as explained in [BHL21], the explicit time discretisation of preserves the positivity of the
solution if, at any iteration n, the time step At satisfies:

At < Coh? min i
B €T | ey, B |
2.3 A two-parameter family of consistent numerical schemes for the diffusion
equation on unstructured polygonal meshes

The scheme is a composite scheme as it uses unknowns located at the nodes and the mid-edges with a
ponderation of 7/4. As in [Fral2], we notice that it writes as a convex combination of pure advection term
and a source term. The consistency of each term is proved in Section We can generalize it for any
(n,0) € [0,1)? and obtain a two-parameter family of numerical schemes:

d r r T T
[ By + (1 =n) |(1-0) > {u, CHE[+0 > <ur+1/2’ Cj+1/2> B (18)
reR; r+1/2€Q;



+n [(1—0) Z (E;C} — E.fjou,,u,) +0 Z <EjC;+1/2 - r+1/25;+1/2011r+1/2, u7‘+1/2>
reQ; r+1/2€9Q;
= 9415;-
Remark 1. We can notice the following particular cases:

e 0 =0 is the nodal scheme : it uses only the unknowns located at the nodes of the mesh,

e 0 =1 is not a purely edged-based scheme : it uses only the unknowns located at the edges of the mesh
in order to compute the evolution of E but the quantities u, are used as intermediate unknowns and
appear in the computation of the tangential part of w,,1 /2.

Remark 2. This decomposition of the scheme as the sum of a node-based contribution and an edge-based
contribution is inspired from [Hoc29]. In this work, the author adapts some classical schemes (VFFC,
Rusanov, Roe) to composite fluzes and generates new one-parameter families of numerical schemes.

Remark 3. The methodology we have developped here consists in starting from a model (here the My model)
that satisfies the diffusion limit, discretizing it on conical meshes, then take the particular case of polygonal
mesh in the diffusion limit. This gives a two-paramter family of diffusion schemes. We could apply it to
other models, such as the Py model. Using the paper [BDH21|] instead of [BHL2I1], we would end up with a
one-parameter family of diffusion schemes that are second-order consistent, but not positive.

2.4 Interpretation of the scheme and consistency of the fluxes

In this section we give formal arguments indicating that the scheme is consistent with the diffusion
equation for any (6,7) € [0,1]2. First we show that uger is consistent with —(VE) 4ot/ (0 Edor)-

Lemma 2.2. The quantity Wgor is consistent with —(VE)qot/ (0 Eqof).
Proof. We use arguments from [BHL21]. We have:

E(x;) = E(Xqof) + (Xi — Xdof, VE (Xdot)) + O(hQ) (19)
Multiplying by C?Of and summing the result over the cells around any inner dof leads to:

> Ex)C =E(Xar) Y, Cl"—BaotVE(Xaof) + O(h?), (20)
ildofeQ; ildofeQ;
——
=0

where SBqof is defined by (12). Since the nodal matrix 3, is invertible (see [Fral2] for further details), we
have, for any inner node 7:

1
oE(x,)

—1
-1 T
E(x;)CI | = VE)(x,)+ O(h).
51| X BOICT | = g (VR +Oh)
i|reQ;
Using (LI)), this proves that u, is consistent with —(VE),/(cE,).
Besides, using arguments from Section for any inner mid-point r 4+ 1/2, Equation can be written as:

<VE(XT+1/2),X]€ — Xj> = E(Xk) — E(Xj) + O(hQ)
This leads to:

E(x;) — E(xx)

0B (X,41/2) o). 2D

1
(B VFO a3y ) = -



Moreover, one has:

1 o I
<O’E(XT+1/2) VE( r+1/2)a ( k J) > (22)
- % <UE}XT)VE(XT) + mVE(XrH)a (xk — Xj)J_> + O(h?).

Equations and (22 prove that u, /o is consistent with —(VE), 1/2/(0E;41/2)
O

The scheme is a convex combination of two terms within square brackets that can be interpreted as
follows. The first one:

(1-0> (u.CHE +0 S <ur+1/27cg+1/2> B2 (23)
reQ; r+1/2€Q;

is an advection term. It corresponds to the discretisation of div (Eu) using an upwind scheme (see [BCHS20]
and [BHL21| for further details). This scheme is consistent of order 1. Using Lemma u is consistent
with —VE/(cF). This gives that is an approximation of —div (c7!VE) that is first order consistent.

The second term within brackets in reads as:
(1-0) Z (E;Cj — E.fjou,,u,)+0 Z <EjC;+l/2 - Er+1/25;+1/2011r+1/27 ur+1/2> . (24)
IS r+1/2€Q;
Using Theorem it corresponds to writing:

JRLACEETEDD SEACACEARTD DR A (A )

J reR; r+1/2€Q;
with:
E?Of = Ej — (Xdot — Xj, EaofoUdof)-
Since
E(Xaof) = E(X;) 4 (Xdot — Xj, VE(Xaor)) + O(h?), (25)
we infer that E;-iOf is a second order approximation of E(xqof). Multiplying by C‘;Of and using gives:
E?OfC?Of = Ej C?Of — E'dofﬁ;i()faudof.

Therefore is an approximation of —div (071VE) that is second order consistent.

2.5 Extension to the anisotropic case

In this section, we generalize the scheme (|18]) to the case of an anisotropic diffusion coefficient, that is to say
when o is a positive definite matrix that depends on the space coordinates. Thus we define o4of = 0(Xdof)
at any dof. The extension is straightforward and reads as:

d r r T T
[ =B+ (1=n) | (1-0) > {u, CHE;+60 > <ur+1/27 Cj+1/2> Ej+1/2 (26)
re); T+1/2€Qj

+n | (1-10) Z <EjC§ — Erﬁ}"arur, ur> +40 Z <EjC§+1/2 - r+1/25;+1/20r+1/2ur+1/25 ur+1/2>
reQ; r41/2€9Q;



= [Q1S;,

where:
BdofTdof Udof = E,C{f, (27)
dof 1 dofeq,
This writes, for any node 7:
Broy u, = Z E;CI, (28)
’LlTEQ
and for any mid-edge point r + 1/2:
E — E),
(Wrt1/2,00mp1/2(%k — X)) = Eji (29)
r+1/2

A natural way of completing the definition of u, /5 then writes:

(Wyp1y2, [orq12(xk — %)) = = <11r g1, (oo (xk — %)) ) (30)

However, this method is not optimal as it makes the scheme unstable. Collecting and we would
end up with:

E; - B
<ur+1/270r+1/2(xk - Xj)> = ma

" 31
L ., (31)
<ur+1/2, [Ur+1/2(Xk - Xj)] > = 5 <llr + Uri, [Jr+1/2(xk - Xj)] > .

We propose another way of computing u, /o which is more stable. Our idea is to compute first (ou),11/2
and then deduce u,/2:

E; — B
<UT+1/2ur+1/25 Xk — Xj> = m>

" 32
o | (32)
<JT+1/2ur+1/27 (Xk - X]‘) > = 5 <Jrur + Op4+1Ur41, (Xk - xj) > .

The first line of system (32]) is the same as since 0,41 /2 is symmetric, thus the scheme still remains locally
conservative (ie Equatlon is still satlsﬁed) We will see from a theoretical point of view in Section |3 I
and from a practical point of view in Section [b| that this choice leads to a much more stable scheme. We can

summarize and as:

E; - E

—1
<Pr+1/2u7‘+1/2’ PT+1/20T+1/2( B X])> Er+1/2

_ 1 1 _ L1
<Pr+l/2ur+1/2v |:Pr4r11/20r+1/2(xk - Xj)} > = B <Prur + Py, [Prj1/2ar+l/2(xk - Xj)}
(33)
The matrix P,/ has to be symmetric and invertible. Choosing P,/ = I2 leads to (31) while choosing
PT+1/2 = 0r41/2 leads to .

Remark 4. Using the same arguments as in Section[2.]} the previous scheme is consistent for both choices
Pdof = 12 and Pdof = Odof-

Remark 5. If o is isotropic and constant, ie oq40p = la for some constant ¢ > 0, then Systems (31 (W @)
and (85 (.) are equivalent.

Remark 6. We can notice the following particular cases:

10



o (1,0) = (1/4,7/4) is an extension of the conical degenerate scheme (§) from [BHL21) to an anisotropic
diffusion coefficient,

e (n,0) = (1/4,0) is an extension of the nodal scheme from [Fral2] and [FBDI11] to an anisotropic
diffusion coefficient,

e 1 =0 is studied below in Section[})

2.6 Second order reconstruction

Following the ideas of [BHL21], we briefly recall a reconstruction procedure so as to make our scheme second
order accurate in space. We only modify the computation of the advection terms. We approximate the
unknown in each cell using an affine function:

le(x) =E;+ ((VE);,x — x;).

The exponent 1 stands for the degree of the approximation polynomial. Then the gradient of F is limited
So as to ensure: le (Xdof) > 0 for any dof of cell j, and we write :

P}(x) = Ej + a; 5((VE);,x — x;),

where «; g is a scalar limiter (see [DK87]). The scheme now reads as:

d r\ r T T
Ui+ (=) |(1=0) Y CHE 0 > (e €7 2) B2 (34)
reQ); r+1/2€Q;

I Z (E;C} — E,Bjo,u,,u,) + 0 Z <EjC§H/2 - Er+1/25;+1/20'r+1/2u7‘+1/2a ur+1/2>
rea, r+1/2€9;
= |9;1S;,
with:
P} (Xdof) if (wdor, CJ°7) > 0,

rndof __ 1
Ej - Z < Cd0f> Z <udof, C?Of>PZ-1 (Xdof) else.
ierf \Udof, L it

The computations of uger and Fqo¢ are unchanged. The second term within brackets in already being
of order 2, thus is second order consistent

2.7 Boundary conditions

The boundary conditions are imposed using the method described in [BHL21].

2.7.1 Periodic boundary conditions

In the case of periodic boundary conditions, we add some ghost cells on the outside of the mesh so as to
make it periodic. We then define the unknown FE on these new cells so as to make it periodic and we use
this new geometric data to compute the 3{°f on the boundary of the domain.

11



2.7.2 Dirichlet boundary condition

We implement Dirichlet boundary conditions as follows. Let dof be a degree of freedom where the solution
is imposed at Fyoundary. Then Fgor = Epoundary and Ugof is given by:

1

§ : r
67'0'7' u, = E (Ez - Eboundary)cia
boundary ilre

Ej - Eboundary

)

<P7‘+1/2ur+1/27 Pr_4_11/20-r+1/2(xr+1/2 - Xj)> = Eb B
oundary

B 1 1 B 1
<PT+1/2U-T+1/2; Prj1/20r+1/2(xr+1/2 - Xj)} > = 3 <Prur + Pryitrg, |:PT+11/20-7“+1/2(XT+1/2 - Xj)} > )
and:

ot _ [ B if (ugor, C°") > 0,
! Eboundary else.

3 Theoretical study of the scheme

In this section, we study the properties of the scheme . We first prove that it is conservative. Then we
focus on the stability of the explicit scheme. We give a sufficient condition on the time step At so as to
ensure the positivity of the unknown FE at each iteration. We assume periodic boundary conditions.

In the following, the constant C' is independent from the the characteristic length h of the mesh (defined in
Section , from o and the unknown E.

3.1 Assumptions on the mesh

We present here the assumptions on the regularity of the mesh. We denote by & the maximal length of the
edges of the mesh (h = Az for a cartesian mesh). We assume that there exists a constant C; such that, for
any dof and any cell j:

1 1
C—th < || < 112, ahs [C9°T|| < Cyh, Naot < C1, (35)
1
vE e R?, (B,€,6) > ah2|lf||2, (36)
and thus we have: ||37!]| < Ch~2. In addition, we assume that, for any cell j and any dof of j:
1
o < Ixaor = x < Ci, (37)
1
and for any neighbouring cells ¢ and j:
1
—h S sz - Xj” S Clh (38)
Ch

Proposition 3.1. When the source term vanishes, the scheme is conservative:

d
at Z|QJ|EJ =0.
JET
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Proof. Using the definition of u, (28) and u,,;/2 (33) the following properties are satisfied:
> > (EC;—EBjoru,) => > (EC] - Ep{ou,) =0,
JET req; reT ilre

and:

Z Z <EJC;H/2— r+1/2ﬁ;+1/20r+1/2ur+1/2>
JET r+1/2€9Q;

= > > <Ei02“/2 - Er+1/2/81‘r+1/20'r+1/2u7‘+1/2> =0.
r+1/2€T ilr+1/2€8;

Besides, the advection part of the scheme being conservative (cf [BHL21]), the result is proved.

3.2 Computation of the CFL condition

In this section, we explain how to compute a C'F'L condition that ensures the positivity of the numerical
solution when using an explicit time discretisation of (26)). For clarity, we remove all the exponents for the

iteration n. The explicit time discretisation of (26]) writes:

EM —E;
r r +1/2 r+1/2
(=) |1=0) Y (0. CHE 0 Y <ur+1/27(j; />Ej /
reQ; r+1/2€Q;

|2

+7] (1 — 9) Z <EJC;‘ — ET/B;O'rura ur> + 0 Z <EJC;+1/2 - r+1/2/8;.+1/20'7*+1/2u7‘+1/27 ur+1/2>

reQ; r+1/2€9;
= [€[S;.
We define:
Cu = max [lagof|, Cou = max |7 dordot |-

We have, for every cell j:

1 r r 1 r+1/2 r+1/2 Q:u
1| S 0 | T (om0 <0
reQ; r+1/2€Q; iev,
— E;C" 1 B;C /2 <&y
1€, Z< J j7“r> +|Q,| Z i~ Urpr/z )] S O Z i
I req; T |r+1/2e9; iev;
and:
41 T
12 Z(E,ﬂ;”aru,.,u,.> + Z <Er+1/2ﬁj+1/20T+1/2ur+1/27ur+1/2> SCQ:UQ:JUZEZ'-
J

reQ; r+1/2€9Q; US%
Using equations , , and the fact that f > 0 lead to:

1
E; — Atceu% § E; < E}‘“.
iEV]‘
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Therefore, assuming that the energy is positive at iteration n, a sufficient condition to have E"*1 > 0, where
E"tlis computed with (26]), reads as:

h 1 E;
At<C——————min{ —=——2— 7.
=Y Cu 1t he,, ET { ey, Ei }
In the next sections, we estimate the quantities €, and €,y in the cases Pior = I> and Paof = daor in (33).
Lemma 3.2. Let r be a given node. Under Assumptions and @, the nodal quantity u, defined in

@ satisfies:

1 1
u.|| < Cmy loru, ]| < OE'

Lemma 3.3. Under Assumptions @, @, and @), the constants €, and €,y can be bounded as
follows:

o if Pyor =I5 then:

2
g9 g5
Cy < C——, Cou < C—7s
- oih aih
o if Pyof = 04of then:
1 1
Q:u<07a Caugcf-
- (Tlh, h

Remark 7. The way we prove Lemma[3.3 does not allow us to simplify the inequalities in terms of o1 and
g9.

Therefore we see that the constants €, and €, are larger in the case Pyof = I» than in the case Piot = 0dof-
Thus the CFL condition is better in the second case and reads as:

B
At < min{ =2 % 4
t < Coih ?él%—l{zievj E} (43)

Remark 8. If o is isotropic and constant, ie 04, = 1z for some constant ¢ > 0, then the CFL condition
is identical to the CFL for the diffusion limit scheme from [BHL21] which writes:

At < C5h? min L .
JjET Zievj E;

3.3 Proof of Lemma [3.2]

One can easily show:

Ei > EC]| <Ch.

T i|lrefy;

Using ||| < Ch™2 and ||| < Coy ' gives the result.
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3.4 Proof of Lemma 3.3
First case: Py, = Io
Equation can be written as:

E;—Ey
Ery1/2

B+12U+12:Y+12 Yr41/2 = 1 ,
r+1/2Ur41/ r+1/25 r+1/ %<ur+ur+1,[UT_,_l/g(Xk*Xj)] >

with:

T
[Ur+1/2(xk - Xj)]
1L
[
We claim that the right hand side of satisfies:

B7'+1/2 = = (I:O—T.+1/2(Xk — XJ)}J_ O',,.+1/2(Xk — X])) .

02
lyrg1/2ll < C—.
01

Indeed, on the one hand we have |(E; — Ex)/E,41/2| < C. On the other hand, defining:
0 1
=% o)

_ _ o
[(ur, [o4172 (k6 = %5)] )] = [orur, 07 Royp jo(xk = %)) < Cllog ' Roypa ol | < C(f

and using Lemma [3:2] we have:

We easily prove:

lors1/2(xk — %)l = Coh.

Since the matrix B, 1/2/ |0y 41/2(Xx — X;)| in is a rotation matrix, one has:

1 1
Bl = BT . ., h c|BZL L < C—.
P17 o e e e e Bl < €0
Moreover, writing:
. 1 )
Or1/2B, 0 )0 = ors1/2(xe —x5)||? (UTH/Q(Xk =%;) O Roviaya(xe = Xj)) ’

leads to:

_ 02
lor1/2B7E ol < s

(44)

(45)

(46)

and this inequality is optimal (we can not find an inequality that does not involve o1 and o3). This implies:

2
(o) o5
412 < C@, o7 1/20r41/2] < C@.

This gives the desired result.
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Second case: Pyor = 04of

Equation can be written as:

Br+1/20r+1/2ur+1/2 = 5’7~+1/2,
with:

- [xp — Xj]T % Ej
B — , v e r+1/2 .
ez [(Xk - Xj)L]T yrea/2 % <0rur + or 1y, (X — Xj)J_>

Using Lemma one can easily show that [|§,,1/2|| < C. Using ||BT+1/2H < C/h gives the desired result.

4 Upwind advection scheme

In this section, we focus on the scheme obtained by choosing 7 = 0 in . We show that this scheme has a
much less restrictive positivity preserving condition than in the case 1 # 0. This scheme corresponds to the
discretisation of the heat equation using an upwind scheme:

d T T
] B + (1~ 9) > (u,CHE;+6 <ur+1/2,C “/2>Ej+1/2 = ]S, (47)
reQ; r+1/2€Q;
We define:
Rj = {r,(C},u,) > 0}, R, = {r, (C},u,) <0},
= {r+1/2,(C]"% .41 ) > 0}, ;= {rH12,(C2 ) <0},
and:
1
By = == »_ (u, C))E;. (48)

ZiGIj‘» <ur7 C:> ZEI-,+

Similarly to (48]), we define k(r i ) as the index of the unique cell containing the edge r + 1/2 such that

(u T+1/2,C~ 1/2> > 0. Equation (47) writes:

d -
1B+ [(1=6) 3 (u.Cj)+0 Y <ur+1/2,c,“/2> E; (49)
reR; r+1/2€R}
+(1-60) Y (unC) By 46 > (Wrg12. C7%) By = 19418
reER; r+1/2€R;

4.1 Explicit time discretisation

The explicit time discretisation of reads as:

n At r r
By =B 1o |t > (W CH+o Yo <u’“+1/27 C; +1/2> (50)
J reRrt r+1/2€ RS
At r 1/2
T 1=0) > (u,C)) Epiry +60 Y < 412, C; >Ek(r+1/2) + ALS;.
J re€R; T+1/2€R;
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One can notice:

At .
T (1-9) Z (u, C}) Epy + 0 Z <u7‘+1/2a Cj+1/2> Eyry1/2)| = 0. (51)
J

reR; r+1/2€R;

Therefore, reminding that f > 0, a natural CF'L condition writes:

A r
ﬁ =0 > (u.C)+0 Y (umap 0| <1 (52)

reR; r+1/2€R}
This criterion depends on time but it can be simplified, see Lemma
Lemma 4.1. Under Assumptions , @, and @), a sufficient condition so as to satisfy Equation

(@) reads as:

o if Pyor= Iy then:

2
At <Ly,
g2
o if Pyof = 0qop then:
At < Cayh®.
Proof. Using and:
At r +1/2 At
AR DECRCH R DI CRTAC il | e
J reRrt r+1/2€R}
where €, is defined in , gives the desired result.
O
4.2 Implicit time discretisation
The implicit version writes:
En+1 —_ Em
T +B(un+1)En+1 _ S, (53)
where, for all cells 7 and I:
1 . r41/2
(B(u))jl = 1j:lm (1-10) Z <ur7 Cj> +0 Z <ur+l/27 C]‘ >
J reRf r+1/2e R}
1-46 (u,, CT)
+—- 17_ — uT-,CTj 1 +—7,
|Qj| regmszl €ER; < J> lely Zieli <ur7 Ci>
0 r+1/2
1, Y. lLeipert <ur+1/2acj / >
TV rr1/2€0;n0,
System is solved using a fixed-point iteration:
Ek+1 _ Em
T + B(uk)EkH =S. (54)
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Lemma 4.2. Under Assumptions , @, and @, the implicit scheme preserves the positivity
for any time step At.

Proof. We prove that I + AtB(u) is the transpose of an M —matrix, thus it is invertible and its inverse has
non-negative coeflicients. First, we have:

Vu, Vj, (B(u))jj >0, vi 7& Js (B(u))lj <0.
and:

Vi, Y (B(u)); =0 (55)

l

Indeed, the scheme being conservative (see [BHL21]) for the proof):

Vu, VE, (1, B(u)E) =0, 1=

hence:

Yu, B(w)'1 =0,

which gives (55). Therefore I + AtB(u) is the transpose of a strict M —matrix, thus its inverse has non
negative coefficients. In addition, each line of (I + AtB(u))~! contains at least one positive coefficient. This
gives that, if E¥ > 0 for any cell j, then E*' > 0. O

We give now a sufficient condition on the time step At so as to ensure the convergence of the fixed-point

iteration .
Lemma 4.3. Under Assumptions @, @/, and @, and assuming that there exists § > 0 such that:

Vk,Elj, > 6 >0, (56)
and if:

]

At < Corth?———
[Em + S]]

then admits a unique solution and the sequence (E¥).en converges toward it.

Proof. Equation can be written as:

fu(E"TY) = BMH, fa(B) = [T+ AtB(u(E)] ™' (E" +8).
The fixed point iteration writes:

Ja(B*41) = B¥,

We prove here that if At is small enough, then f, is a contraction mapping. This property ensures the
convergence of the sequence (E¥)jen.

Since u and B are uniformly bounded with respect to E, we can use ideas from [BL16]. This gives that f,
is a contraction mapping if:

CAt|VeB(u) < 1.

Using the same arguments as in Section [3] it can be proven that there exists a constant such that:

Ougot
OE,

1 1
<CO=Z0.—
—C(Sc”alh’
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with Cy = 0g/01 if Paor = Iz and Cy = 1 if Py = 04or. This leads to:

1 1
<(C-C,——.
IVeBw)| < C5Co—

The condition on At eventually writes:

1 1
At < Cf—oih?—F .
=20 M B T S|

We can notice that, as in the explicit case, the choice Pyor = 0qor leads to a less restrictive constraint.
O

Remark 9. If we change the definition of E4of in (@) and replace it by:

1
dof

Egop=h"+ E;,

i|dofeQd;

then we do not need Assumption (@) and the condition on At becomes:

1 1
At < C—oh2t——
=0 B TS

5 Numerical results

In this section, we present some numerical test cases so as to illustrate the good properties of our scheme.
We use an explicit time discretisation. For the test cases of Sections and we define the analytical
solution E and compute the source term S so as to satisfy Equation . In some of the test cases, we use
random meshes. They are generated by randomly moving the nodes of a cartesian grid. We denote by N,
the number of cells in the = direction and N, the number of cells in the y direction.

Moreover, it is well known that the purely nodal scheme (f = 0 in ) may exhibit some cross-stencil
propagation. This issue is corrected using the composite scheme (6 > 0 in ) We do not give here any
illustration of this property, examples can be found in [BHL21].

5.1 1D test case

For x = (x,y), the diffusion coefficient is given by:

o(x) = aexp (—sin(2wz)), o = 4n’e, E(z,t) = exp (t — sin(27x)). (57)
Thus becomes:

OB — ~0, [exp (sin(272))0, E] =S,
[0

with:

S(t,x) = S(t,x) = e’ [exp (—sin(2rz)) — e~ ' sin(27z)] .

We use cartesian meshes with N, cells in the x direction and N, = 1 cell in the y direction. The time
step is given by At = 0.1(Az)2. Periodic boundary conditions are imposed. The computational domain is
Q = [0,1]%. The final time is t = 0.003, we choose 7 = 1/4, # = 1 and Pyt = I. The initial condition is
given by E(t = 0) in . Figure [3[ shows the L! error as a function of the space step h = Az = 1/N, and
Ny =1. Asitis a 1D test case, the results do not significantly vary with 6 and we plot the error for § = 1.
We can see that the scheme is first order convergent for any (6, 7) € [0, 1]? and even second order convergent
for n = 1 and any 6. Moreover, the reconstruction procedure of Section [2.6] makes the scheme second order
convergent for any (6,7) € [0, 1]%.
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Figure 3: L' error at t = 0.003, with § = 1, Py,s = I» and initial condition given in . The right hand
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Figure 4: L error at ¢t = 0.003, with § = 1 and Pgot = I> and initial condition given in . The right
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5.2 Isotropic 2D test case

This test case is borrowed from [BHL21]. We set o = 313 (which comes down to choosing a scalar diffusion
coefficient equal to 3) and S = 0, thus reads as:
1
oE — EAE =0. (58)

Here the two schemes and give exactly the same result. The exact solution of satisfying
E(t = 0) = dx, for a given xq is:
3 [ — xol”
= — —3— .
dmt P ( 4t

The initial data is E(t = ty) and the exact solution is E(t = to + t) with ¢y = 0.01 and ¢y = 0.001. We
choose xg = (0.5,0.5). The computational domain is Q = [0, 1]2. The boundary conditions do not affect the
result since the solution is almost 0 on the boundary.

E(t,x) (59)
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Figures [p] and [6] show the solution on a triangle mesh and on Voronoi type mesh respectively.

For Kershaw type meshes (see Figure E[) and non-convex type meshes (see Figure , the time step is
given by At = (Ax)?/100.

Figure EI shows the L! error on cartesian meshes for different values of # and 7. For this type of mesh,
the time step is given by At = (Az)?/10. Figure [8| shows the L' and L*°) errors with the reconstruction
procedure for n = 1/2.

Figure (10| (resp shows the L! (resp L*°) error on Kershaw type meshes (see Figure E[)

Figure Iﬂ shows that the scheme is first order convergent for any (6,7) € [0,1]> and even second order
convergent for n = 1 and any #. However, one can notice some missing points in Figures [10] and They
are due to instabilities of the scheme on Kershaw type meshes, which are highly deformed. Figure [12|shows
the L' and L* errors with the reconstruction procedure for n = 0 on Kershaw type meshes. We see that
the scheme is more stable for small values of 17. Moreover, one can notice that the reconstruction procedure
of Section [2.6] allows to reach a second order convergence for n < 1 and any 6.

Figures and [16] that the scheme is second order convergent in both L' and L> norm even on highly
deformed meshes with non convex cells

Figure 5: Numerical solution at time ¢ = 0.001 with = 1 and § = 7/4 on a triangle mesh.
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Figure 6: Numerical solution at time ¢t = 0.001 with n = 1 and @ = 7/4 on a Voronoi type mesh.

10° : 10°

— a-1/ — g=1/4
103 — w1 1 1073} — #=1/2
— 6=x/ — O=n/4
— 6=1 — 6=1
rate 1 rate 1
1074 = 1074 =
h h
e —
— 0=0
— 0=1/4

10—1 L

10—3 L

Figure 7: L! error on cartesian meshes for different values of § with 7 = 0 (up left), n = 1/2 (up right) and
n =1 (down).
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Figure 8: L! error on cartesian meshes for different values of § with n = 1/2 and the reconstruction procedure.
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Figure 9: Kershaw type mesh of size 20 x 20.
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Figure 10: L' error on Kershaw type meshes for different values of § with n = 0 (up left), n = 1/4 (up right)
and n = 1/2 (down).
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Figure 11: L* error on Kershaw type meshes for different values of 6 with n = 0 (up left), n = 1/4 (up
right) and n = 1/2 (down).

10—3 L

Figure 12: L! (left) and L® (right) errors on Kershaw type meshes for different values of § with = 0 and
the reconstruction procedure.
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Figure 16: L' (left) and L* errors on non-convex type meshes with n = 1/2 and the reconstruction procedure.

5.3 Stationary analytical solution

This test case comes from [LP20] and [CCP13]. The computational domain is 2 = [0,0.5]2. The time step
is given by At = 0.01(Az)?. The final time is ¢y = 0.001. The solution reads as:

E(t,x) =1+ sin(7z) sin(7y).

The diffusion coefficient is given by:

1 2 2 (1 _
K’(xay) = 0_71(1'7y) = < y tox (1 a)xy> s a = 1076.

2+ \~(1-a)zy 2% +ay?

Its eigenvalues are 1 and «. The source term reads as:

S(m,y) = - <VE($C,y),diVI€(£L‘, y)> —Tr (K(l’,y)H(iL‘, y)) )
with:

$2+y2

__(sin(nz) cos(my) . _
VE(z,y) = (COS(TFSC) sin(wy)) ’ divi(z,y) =

(6o~ 01~ 2600 )
and:

o (—sin(mx)sin(my) cos(mwx) cos(mwy
H(z,y) == ( cos(ﬂx)zzos(gry)> singmcg sin((wy))> ’

We use random meshes, see Figure [I7] for an example. Dirichlet boundary conditions are imposed : the
numerical solution is set to be equal to the exact solution on the boundary of the domain. Figure and
(resp [19] and [21]) show the L' (resp L) error for different values of 7 and 6 and for the two possibles
formulas for Pyor. The space step is h = Az = 1/N, = Ay = 1/N,,. We can see some missing points on the
curve Pyor = I5. This is due to instabilities of the scheme with this choice of Py.s. The scheme is more stable
when choosing Pyof = 04of. We can see that the scheme is first order convergent for any (6,7) € [0,1]? and
even second order convergent for n = 1 and any 6.
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Figure 18: L' error on random meshes with § = 7/4 for different values of  with Pyof = I (left) and
Paof = 0dof (right).
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Figure 19: L error on random meshes with § = 7/4 for different values of n with Pyor = Iy (left) and
Pyot = 0ot (right).
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Figure 20: L' error on random meshes with n = 1/4 for different values of § with Py, = I (left) and
Pior = 040t (I‘ight).
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Figure 21: L* error on random meshes with 7 = 1/4 for different values of 6§ with Pyor = I (left) and
Piot = 040t (right).

6 Conclusion

In this work, we propose an extension of a diffusion scheme to the anisotropic diffusion equation. In addition,
we develop a two-parameter family of consistent schemes which are positivity-preserving under a CFL
condition. As in [BDH2I| we have shown that the flaws of the classical nodal-bases scheme (§ = 0) are
corrected by the composite scheme (f > 0). Moreover, we emphasize that the edge-based version of our
scheme (§ = 1) is consistent on unstructured meshes. A relevant perspective to this work would be to
modify our method so as to make it third order consistent.

7 Appendix

7.1 Link with a classical cartesian grid solver

Choosing n =60 =1 in with a scalar diffusion coefficient o(x) allows to recover the classical 5-points
flux scheme on a cartesian grid (N, = N,). Indeed, one has:
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E; - E,
ory1/2(E; + Ex)’

C; 7 = x—x;, ;| = h* = (Az)? <ur+1/2’ C§+1/2> = (W12, XK — X;) =2

and <ur+1/2, (x — xj)L> is not involved. Using:

. 1 ve12 1 Ej—E E; - B,
5-+1/2ur = —(u, Xk —X;5)C =-——— (X, — Xj) = Xp — Xj),
J +1/2 2 < +1/2 J> J 2 UT+1/2ET+1/2( ]) UT+1/2(E] + Ek;)( ])

we have:

Ej— B, _ E,—Ey
O'T.+1/2(Ej +Ek) O',,.+1/2 )

T T 1
<chj+1/2 - Er+1/2ﬁj+1/20r+1/2ur+1/27 ur+1/2> = Q[Ej - §(E] — Ey)]
Eventually, the scheme now reads as:

d E; — FE
—EBi+ Y I o= (60)
d r4+1/2€9; Tr+1/2(A7)
Using the notations of Figure Equation writes:
4
d E; — Ey
—E. J L — S
TERPIPRIe s

which is exactly the classical 5-points flux scheme.

Q.

Figure 22: On cartesian grid, the typical five points scheme is recovered choosing n =1 and 6 = 1.

7.2 Proof of Theorem [2.1]
Let j € T, we show the following equality: let & € R? and 6 € [0, 1],

/m_<g,x>ndx 10 S x40 Y (6 xy) T2 (61)

re€Q; r+1/2€Q;

On the one hand, we have

(& x)mdx = Y z7.+1<£,x>ndx :
0%, .

r41/2€9; 4
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On each edge, the outward unit normal vector n is constant and it is given by n;

r+1/2 _ C;+1/2/‘|C?Of”

Therefore we have:

r+1/2€Q;

r+1/2€9; IXr ,

:||x,«+17x,«“xr+1/2

Z (er+1 <£’x>ndx) = Z <€’ / 41 xdx > n;+1/2 _ Z <£,Xr+1/2> C;Jrl/?.

r+1/2€Q;

Moreover, we have:

S (Expp)CTP =Y (6x,) CoL (62)

r+1/2€9Q; reqQ;

Indeed, using leads to:

Z (&%) Cj :% Z <£,XT>C§_1/2 +% Z (€%, C;+1/2

rEQ; reQ; rEQ;

1 r 1 r
=5 2 Exa O 3 (ex) ot

r+1/2€9; r+1/2€9;

which gives . This proves and gives the result .
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