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A deformation theorem for tensor flat chains and applications
(complement to “Tensor rectifiable G-flat chains”)

M. Goldman* B. Merlet?

December 12, 2022

Abstract

In this note we extend White’s deformation theorem for G-flat chains to the setting of
G-flat tensor chains. As a corollary we obtain that the groups of normal tensor chains
identify with some subgroups of normal chains. Moreover the corresponding natural group
isomorphisms are isometric with respect to norms based on the coordinate slicing mass.

The coordinate slicing mass of a k-chain is the integral of the mass of its 0-slices along
all coordinate-planes of codimension k. The fact that this quantity is equivalent to the usual
mass is not straightforward. To prove it, we use the deformation theorem and a partial
extension of the restriction operator defined for all chains (not only of finite mass).

On the contrary, except in some limit or degenerate cases, the whole groups of tensor
chains and of finite mass tensor chains do not identify naturally with subgroups of chains.

This article is an appendix to [GM22] and is not meant to be read independently. In that

paper, the groups ]-',g o (R™) of tensor chains in R™ = R™ x R"2 with coefficients in an Abelian
normed group G are introduced. We recall that they can be defined as the completion of the
tensor product ]:kz1 (R™) ® ]:lg (R™) with respect to its projective norm.
We use the same notation as in the main article. Let us recall that n = n1 +n9 and k = k1 + ko
with 0 < k; < ny for [ = 1,2. Moreover, (e,...,e,) denotes the standard basis of R", I}’ is the
set of subsets of {1,...,n} with k-elements, 7 is the complement in {1,...,n} of v € I}} and
X, :=span{e; : i € v}, more generally we denote X, (z) := z + X, for x € Xy, eventually we set
a:=(1,...,n1)sothat @ = (n1 +1,...,n).

A Introduction and main results

The original deformation theorem of Federer and Fleming [FF60] for normal currents was first
improved by Simon [Sim83] and later generalized to G-flat chains by White [Whi99a]. Here, we
extend it in Theorem B.5 to the setting of tensor G-flat chains of [GM22]. The idea is still to
“deform” a given (ki, k2)-chain on the k-skeleton of some regular grid. This leads to family of
projections of this chain on a subgroup of the (k1, k2)-polyhedral chains with some control on
the norms of the projection and of the chain swept during the deformation.

With this result at hand, we characterize the preimage of the group of normal (k1, k2)-chains
by the group morphism jj, », introduced in [GM22, Subsection 4.6]. Another outcome of this
study is the equivalence of the mass and of the slicing mass (both for tensor and classical flat
chains). To the best of our knowledge, and while this result is very natural, it does seem to
appear in the available literature.
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Group isomorphisms

As in the main paper, we denote
Dy = {(K,K5) : 0 < K] <ny, 0< Kl <mno, k| +Kk)=k}.

The continuous group morphism 7 associates to a k-chain A a list of (kf, k})-chains jkﬁ,kéA for
(ki,k5) € Dy. Roughly speaking, the tensor chain jj, x, A corresponds to the component of
A which is of dimension k; in X, and of dimension ks in Xg. Given (k1,k2) € Dy, we are
interested in characterizing the (ki, k2)-chains which identify naturally with usual flat chains.
In light of the description of j these later lie in the following group (already introduced in [GM22,
Definition 5.9]).

FC o B = {A € FER™) : gyg g A= 0 for (K, k) € D\ {(ku, k2)}} .

Let us also recall the definition of the subgroups:

G G G G G G
M ey o) (KB) 1= Ty o) (Xg) N M (X)), Nt k) (X8) = Ty 10y (Xp) DN (Xg).
By [GM22, Proposition 5.14], we have the one-to-one Lipschitz continuous group morphisms,
ket Tk ®Y) = Fii g, (RY), (A1)
Thike t MG o gy R = ME S (R™), (A.2)
Thike s N g R = NG 4, (R, (A.3)

where the group N, ,g 1k, (R™) of normal (K1, k2)-chains is formed by the elements A’ € f,g (R
such that N*(A") := M"(A") + M"(0;A") + M"(924") < co. The main question we wish to
address is whether the above mappings are onto. For the last one and for k£ = 0, we have estab-
lished in [GM22, Theorem 5.15] that, indeed, jo, maps NkG,’(O,k) (R™) onto ./\/'(fk(R”). Using the
deformation theorem, see Theorem B.5 below, we extend here this result to arbitrary dimensions
k1, ko.

Theorem A.1l.
The mapping ji, k, defines a group isomorphism from NkG(kl kQ)(R") onto Nklez( ™.

As ji, k, commutes with restrictions we get the following immediate corollary (recall Def-
inition 6.1 in [GM22]: A" € M{ , (R") is (k1,ky)-rectifiable if A" = A’L (%1 x Xy) for a
kj-rectifiable sets X; € R™).

Corollary A.2. The operator jy, k, maps the group of normal (ki,k2)-rectifiable chains onto
the group of normal rectifiable (ki, ka)-chains.

This result shows that the group of normal rectifiable (k1, k2)-chains is the right setting for
the main result of [GM22].

Before addressing the general case, let us list what is already known about the mappings
Jky ko for extreme values of k, n1 and nao.

(%) If k = 0 (k1 = k2 = 0), the boundary of a 0-chain and the partial boundaries of a (0, 0)-chain
vanish, moreover Dy = {(0,0)}, so we have the identities

Nooo®) =AF®RY) = MFR")  and  NGj(R") = MG, (R"). (A.4)

Hence, for k =0, (A.2)&(A.3) are the same and Theorem A.1 states that jo ¢ defines an isomor-
phism from M§ (R") onto MOGD(R”). In fact we already know by [GM22, Theorem 5.6] that
this isomorphism is an isometry from (M§ (R™), M) onto (Mg*:o (R™),M").



() For the other extreme case k = n (k1 = ny and ko = ng), we have

Frmmy B = FIR") = MJ(R")  and  Fg,,(R") = M7,

(R™),

and we see that (A.1)&(A.2) are the same. Besides, these groups both identify isometrically
with L1(R™, G) and performing these identifications, 75, n, is just the identity. We have the
trivial fact that 7, », ~ Id is an isomorphism from F&(R") onto ]-",ﬁ’nz (R™) with moreover, for
A e FE(RM),

F*(n1myA) = M (Jny np A) = M(A) = F(A). (A.5)

() In the degenerate case ng = 0 (and symmetrically n; = 0), the definitions of the groups of
flat chains and of tensor flat chains are the same. We have,

—1d
]:if(k,o) (R™) = FZ (R™) = fzfo(R”) when ny = 0.

On the contrary, in all the other cases, the mappings (A.1)&(A.2) are not onto. Moreover,
if 0 < k < n, the image of .FkG(kl kz)(R”) by Jk, .k, does not even cover the subgroup of rectifiable
(k1, k2)-chains.

Proposition A.3. Assume that G is not the trivial group and ni,ne > 1.

(i) For 0 < k < n, there exist rectifiable tensor chains A’ € Mghk? (R™) such that A" # ji, g, A
for every chain A € f/?(kil kZ)(]R”).

(i) There exist tensor chains B’ € f(fo(R") such that B' # j00B for every B € F&(R™).

Isometries

Theorem A.1 does not say anything about the continuity of the inverse of (A.3). On this matter,
we expect that the identity

M" (ghy k, A) = M*(A)  for every A € Fp, 1, (R™) (A.6)

holds true, where M* is the variant of M introduced in [GM22, Section 4.1] and obtained by
substituting Pﬁ gy (R™) for PE(R™) in the definition of the mass. Denoting N*(A) := M*(A) +
M*(0A), we also expect that the identity

N"(Jy ks A) = N*(A)  for every A € Fy 1\ (R™) (A7)

holds, so that (A.3) would be an isometry from (le(kl,kQVNx) onto (N ;... N).

Let us again consider the extreme values of k. When k = n, we have M* = M and we see
from (A.5) that (A.6) holds true. For k = 0 we also have M* = M and by [GM22, The-
orem 5.6], (A.6) (and thus (A.7)) hold true for ¥ = k1 = ko = 0. In the remaining cases,
0 < k < n, we are only able to establish the versions of (A.6)&(A.7) for the (coordinate) slic-
ing masses Mgj, Mg (Theorem A.5 below). The definition of the slicing mass is postponed to
Section D. Let us say however that Mg is equivalent to the usual mass. The precise result,

established in the same section, is the following.

Theorem A.4. For A € FZ(R") and A" € F( . (R™), there hold,

n

M(A) < Mg (A4) < ( k) M(A), M (A') < Mg (A') < (Zi) (Zi) M (A).



The proof of the inequalities M(A) < Mg (A), M"(A) < Mg (A) is not immediate. For this
we use the deformation theorems and Theorem D.1 which extends to any chain or tensor chain
the notion of restriction to any finite union of intervals (in fact the restrictions to almost all the
translates of such set).

We can now state the advertised Mig-based isometry result.

Theorem A.5. For every A € ]:,?(]R”) and every (ki,ka) € Dy,

(i) Z Mg, (grr 1, A) = Misi(A).
(k1,k5)€Dy

(ii) If A € ]-",f(khb)(R"), there hold

Mg (78, 1, A) = Mgi(A) and Mgy (01781 ky A) + MG (028, 1y A) = Mg1(0A).

Notice that the first identity in (i7) is a direct consequence of (7). Let us define the N-like
norms built on the slicing masses. For chains A and tensor chains A’, we set:

Ng(A) := Mgy (A) + Mg (94)  and  N§(A') := M (A') + M4 (91 A") + MG, (8:.4).

By Theorem A.4, these functions are norms, equivalent to the N-norm in N, kG (R™) and to the N*-
norm in NV, ,g k, (R™) respectively. As the second point of Theorem A.5 implies that Ng (7, x, A) =

Ngi(A) for A € .7’-",€G(k1 k2)(R”), we obtain the following improvement of Theorem A.1.
Corollary A.6.

The isomorphism (A.3) is an isometry from (J\/’kG(k1 kz)(Rn),N&) onto (ngkz (R™),Ng)).
Organization of the article

() In Section B, we start by recalling White’s deformation theorem and then state the defor-
mation theorem for tensor chains, Theorem B.5. This result leads to a proof of Theorem A.1
(which states that (A.3) is onto).

The explicit constructions leading to the negative results of Proposition A.3 are postponed
to Subsection E.1 at the end of the article (the slicing mass is used in the proof).

() Section C is dedicated to the proof of Theorem B.5.

() In Section D we state and prove Theorem D.1. We also deduce Theorem D.4 which states
that for a chain A, if all the components of yA are supported in some closed set, then A is
also supported in this set.

(%) In Section E, we define the coordinate slicing mass and then prove Theorems A.4&A.5. As
already mentioned, the proof of Proposition A.3 ends the article.

Since the deformation theorem for tensor chains is not the main point of this note, its proof in
Section C may be skipped at first.

B The deformation theorem for tensor chains

B.1 The deformation theorem for k-chains

Before stating its generalization, let us recall the deformation theorem of [Whi99a] in the classical
setting. First we introduce some notation about grids and provide some reminders about the
operator y and the notion of support of a chain.



Grids
Let € > 0.
(1) We denote by G¢ the regular grid associated to the lattice eZ™.

2) For y € R™, 7, is the translation defined by 7,x = y + x. The push-forward by 7, of a flat
Yy Y y
chain or of a tensor flat chain A in R" is denoted 7, A.

(3) The grid obtained by translating G° by the vector (¢/2)(1,1,...,1) (that is a half step in
all directions) is called the dual grid of G° and is denoted G°.

(4) The k-faces of G are oriented arbitrarily. Given a k-face I with orientation ¢, its dual face F
is the (n— k:) face of G° with same center and orientation 5 such that 5/\5 =e1ANeaA...Nep.
We denote (F' ) the affine (n — k)-plane spanned by F.

The operator x

Let us recall [Whi99b, Theorem 2.1] that was restated as [GM22, Theorem 5.1]. There exists a
group morphism y : F§'(R") — G such that,

(i) xO gilzi]) = > g4, for any finite sequences g; € G and x; € R™.
(ii) |x(A)|c < F(A) for every A € F§'(R™).

Supports

Eventually, we also recall that a chain A (resp. a tensor chain A’) is supported in a closed set
S C R™ if for any open neighborhood U of S, there exists a sequence of polyhedral chains Q);
(resp. of polyhedral tensor chains @) all supported in U such that Q; — A (resp. Q; — A').

We can now state the theorem (in fact only the parts that are relevant for our purpose).
Theorem B.1 ([Whi99a, Theorem 1.1]). Let ¢ > 0, there exist two families of operators
P =P.: FE(R") — FE(R"), H=H.: FZR") — Fo (R,
such that the following properties hold for A, B € .F,?(R”) and almost every y € R™.
(0) The two following mappings are Lipschitz continuous group morphisms.

FERY) — LY([0,e)", F (R™)), FE®R™Y) — LY([0,€)", Fiiy (RM),
c — z — P(1,C), C +— z— H(1,C).

Moreover z — 7_,P(1,A) and z — 17_,H (1, A) are e-periodic along all the coordinate azxes.
(i) We have the identity OP(t,A) = P(01,A).
(it) TyA = P(1,A) + 0H (1,A) + H(01,A).

(iit) P(1y,A) writes as Y gr(y)F where the sum runs over the k-faces of G5 and gr(y) € G with
S lgr(y)|la < 0o. Moreover, when A is a polyhedral chain,

gr(y) = x ([ A) N (AL F). (B.1)
(iv) There ezist a constant c¢(n) > 1 only depending on n such that,

M (P(7::A)) dz < ¢(n)M(A), M (H (72 A)) dz < ec(n)M(A). (B.2)
(0,1)n (0,1)n



(v) If A is a polyhedral chain then H(71yA) is a polyhedral chain.
(vi) If A is supported in S then P(1,A) and H(1,A) are supported in (S +y)+ [—¢/2,e/2]".

Remark B.2. The point (0) is not explicit in [Whi99a] but follows from the construction.
The fact that y — P(7,A) and y — H(7,A) belong to L{ . allows us to give a meaning to the
integrals of point (iv).

Remark B.3. Let (G% +,]|-|ga) and (G?, +, |-|¢») be two complete Abelian normed groups and
let ¢ : G* — G® be a Lipschitz continuous group morphism. As described before Proposition 3.9
in [GM22], for 5 € I"™ such morphism induces a continuous morphism of chain complexes,

by Fu(Xp, GY) — Fu(Xp,GO).
We have the following identities, for every e > 0 and every A € Fi(R"™, G?),
P.(6umyA) = ulP(ryA)] in L, (R, F(®",GY))
H(6.7y4) = 6.[Ho(myA)]  in Ly, (R, Fu(R",G")) .
Indeed, the constructions of [Whi99a] do not depend on the particular group G.

In the proof of the deformation theorem, the following estimates are used, first with polyhe-
dral chains. There hold for every A € F¢(R") and € > 0,

/ F(P.7.,A)dz < ¢(n)F(A), (B.3)

©o,)"

/ F(H.7,A)dz < d(n,e)F(A). (B.4)
o,1)n

These estimates yield the extension by continuity of the operators P. and H. (first defined on
polyhedral chains). Since P. commutes with the boundary operator, (B.3) is a direct consequence
of the first estimate of Theorem B.1(iv) with the same constant. On the contrary, H. does not
commute with 0 and the proof of (B.4) involves a small trick which is not given in [Whi99a].
Since we use (B.4) in the proof of the “tensor chain” version of the deformation theorem, it is
appropriate to present it here.

Proof of (B.4). Let e > 0 and let @ € P<(R™) with a decomposition Q@ = R+9S, R € PY(R"),
S e PEH(]R"). We have for almost y € R™,

He(TyQ) = HE(TZ/R) + Hs(aTyS)-

We bound the first term directly in average by using the second estimate of Theorem B.1(iv):

/ F(H.(roR))d2 < | M(H.(r2R))dz < cc(n)M(R). (B.5)
(0,1)™ (0,1)™

For the second term, we face the issue that in general H.0 # OH.. The trick consists in
“integrating by parts”. Applying the identity of Theorem B.1(ii) to S, we write

H.(0m,S) = 1,8 — P.(1,S) — 0H(7,5),

which leads to
F(H:(01yS)) < M(S) + M(P:(7y5)) + M(H:(7,5)).



Using the two estimates of Theorem B.1(iv), we obtain,
/ F(H.(97..5)) dz < (1 + c(n) + cc(n))M(S). (B.6)
o,
Summing (B.5) and (B.6) and optimizing over the decompositions of @), we get (B.4) for poly-

hedral chains and with ¢(n,e) =1+ ¢(n) 4+ ec(n). We conclude with a density argument. [

Remark that for ¢ < 1 we can take substitute for ¢/(n,e) in (B.4) the constant ¢/(n) :=
2¢(n) + 1 which does not depend on €.

Let us recall the following essential result.
Corollary B.4 ([Whi99a, Corollary 1.2]). There holds, for every A € F&(R™),

el0

/ F(P.1e,A— A)dz — 0.
(o,1)n

B.2 The deformation theorem for (ki, k2)-chains

We propose a generalization of the deformation theorem to tensor chains.
Theorem B.5. Let € > 0, there exist three families of operators:
' =111 : 7, (R™) — ‘Flcci+i1(i),k2+i2(i)(Rn)7
fori=0,1,2 and with
i1(0) =i2(0) =0 and i(t) =6 fori,l=1,2,
such that for A, B' € .7-",%,@ (R™) and almost every y € R™ there hold:

(0) For i = 0,1,2 and i1(1),i2(i) defined as above, we have the Lipschitz continuous group
morphisms,

7

1,k2

n 1 " o !
(R") — L ([0,5) »Fhrtis (i ha-+ia () (R ))’

C — z e IT(7,C").
Moreover the mappings z — 7_,II'(1,A’) are e-periodic along all the coordinates axes.

(i) We have
8ZH0(TyA/) = Hoal(TyA/) forl=1,2,
LI (1, A') = —I1%0; (1, A"),
O Il (1, A" = —I1'Dy(1, A").

(ii)) We have the identity,

Al = HO(TyA/) + O IT" (ryA") + OQHZ(TyA,) + 119, (ryA") + H282(TyA').

(iii) As in Theorem B.1, II°(1,A") writes as Y gr(y)F where F runs over the set of (ki,ks)-
faces of G and Y |gr(y)| < oo. Moreover, when A’ € P,CGL,@(R”) we have the same
formula for the coefficients:

9r(y) = x ([(mA) ()| LF). (B.7)

7



(iv) There ezist a constant ¢(n) > 1 only depending on n such that
/ M (I1%(7..A")) dz < 2(n)M"(A"),
©o,1)"

and fori=1,2,

M" (IT'(1:,A")) dz < ec(n)M"(A).
(o,1)"

(v) If A" is a polyhedral tensor chain then fori=1,2, II'(1,A’) is a polyhedral tensor chain.
(vi) If A" is supported in S then fori=0,1,2, II'(1,A’) is supported in (S +y) + [—/2,e/2]".

Remark B.6. The identities of point (i) are crucial in the proof of Theorem A.1 below. Indeed,
we can rewrite the identity of (ii) as

r, A" = I1°(1, A" + 01T (1, A") + oIT* (1, A") + IT*O(1, A') + IT*0(7, A')
— [agﬂl(TyAl) + Hlag(TyA,)} — [81H2(Ty.4/> + H281 (TyA/)] .

Using the (anti-)commutation properties of (i), we see that the two last terms in square brackets
vanish and the identity simplifies to

Ty A" = 11°(7y A') + 01" (1, A') + OIT* (1, A') + IT' O(7y A') + IT*O (7, A") (B.8)
= I1°(r, A') + 0H (,A") + HO(r,A'), (B.9)

where we have set H := IT' + II2.

In view of (B.9) and the estimates and properties satisfied by the IT’s, we see that the pair
(I1°, H) behaves exactly as the pair (P, H) in Theorem B.1, at least on polyhedral tensor chains.
Since the latter are dense in the groups of flat chains, the pair (I1°, H ) Lregcricted to polyhedral
tensor chains) extends by continuity on the groups ]:,? (R™) as a pair (P, H) which satisfies the
same properties as (P, H) in Theorem B.1. Moreover, as the formulas (B.1)&(B.7) are the same
on polyhedral tensor chains, we have in fact P = P. On the contrary, except in the degenerate
cases {n1,ns} = {0,n}, we have H # H. More importantly, the construction of [Whi99a] based
on successive central projections! mixes the coordinates x!, 22, so that in general H does not
rewrite as H' + H? with H', H? enjoying the same anti-commutation relations with respect to

D, Oy as IT*, IT? in point (i).

Let us state the counterpart of Corollary B.4. As the proof is the same up to the obvious
changes, we skip it.

Corollary B.7. There holds, for every A’ € ]:,g’,C2 (R™),

el0

/ FANIT27., A — A')dz = 0.
o,1)"

B.3 Proof of Theorem A.1

Assuming that Theorem B.5 holds true, we are in position to prove Theorem A.l. Since j is
one-to-one, we only need to establish that the group morphism (A.3) is onto.

!The method based on restrictions on n-cubes followed by successive central projections on j-faces for j
decreasing from (n—1) to k (and even k—1) dates back to the deformation theorem of Federer and Fleming [FF60].



Let A" € NiZ ;. (R™). From the identity (B.8) we have for almost every y € R,
M A' =7, A" — 0 ([II} + 112] (1, A")) — [I}7y + 112] (7,0A).
Setting &; := 27 for i > 0, we deduce for j >4 > 0 and almost every y € R”,
9y A' — 07, A' = 9 ([ngj + 112 - 1)~ Hg} (TyA’))
+ [+ 2 -k - 2] (n,04)). (B.10)

Now we notice that by construction and also from the formula (B.7) we have ng Ty @ = @ for
almost every y' € (—¢;/2,¢;/2)" and for any tensor chain of the form @ = > grF where the
sum runs over the oriented (k1, k2)-faces ' of G5 and where ) . |gr| < oco. Since ¢;/¢; is an
integer, both ng (tyA’) and II? (1, A’) are of this form, applying II2 7, to (B.10) we get
10 ry A — 107, A' = 0110 7,/ ([ng + 112 - 11} - U;} (TyA’))
+ 112y (|1} + 12 — 11}, — 112 ] (7,04)).

where we used the relation I7, 2]8 = 011 gj. We deduce

F (nngyA’ - ngiTyA’> <M (nngy, ([U;j + 112 1L, UQ} (TyA’)))
+M (ngTy/ ([ﬂgj + 2 - IT, - n2] (@A’))) .

Writting y' = ¢;2’ and integrating over 2z’ € (—1/2,1/2)", we get using the first estimate of
Theorem B.5(iv) and the e-periodicity of y/ — 7_,/ II27,.

F (1074~ 07, A)

<emn) Y i [MA (Ug(TyA’)) + MY (Ug(fyalA’)) + MY (Hi.(Ty@gA’))} .

e€fese;} =1

Integrating with respect to y € (0,1)™ and using the second estimate of Theorem B.5(iv) together
with the e;-periodicity of the operators y — T_yHéiTy for [ = 1,2, we get

/ F (nngyA/ - ngiTyA') dy < 2[6(n)]2(e; + £;)NN(A') < 4[e(n))2e;N N (A).
(0.1

Let us now set for y € (0,1)" and ¢ > 0, Q;(y) := T_yﬂngyA’, the preceding estimate rewrites
as

1 F(Qsl0) Qi) dy < a2’ (4) = 2 )R (4,

We deduce that @; is a Cauchy sequence in L'((0,1)", F&(R™)). Let us denote y — A(y) its
limit. Taking into account the e;-periodicity of y — Q;(y), the estimates of Theorem B.5(iv)
and Fatou’s lemma lead to

M(A(y)) dy < lim inf M(Q;(y)) dy < e(n)M"(A’),
©,1)" (0,1

M(0A(y)) dy < liminf | M(9Q;(y)) dy < e(n)M" (DA"),
(0,1)n (0,1)m



where for the second estimate, we have used 0IIY = I129. In particular, A(y) € NF(R™) for
almost every y € (0,1)™.

Next, by Theorem B.5(iii), each @Q;(y) lies in 77,%,@ (R™). Consequently jpr s Q;(y) = 0 for
(K1, k5) # (k1,k2). By continuity of j we get that g x, A(y) = 0 for (K1, k5) # (k1,k2) so that
A(y) € f,f(khkz)(R") and thus A(y) € N7 o (k1 2) ( ™) for almost every y € R™.

Now we consider the tensor chain Q(y) := Q;(y) = T_yII2 7, A" as an element of }",g 1 (R™).
Using again the ¢;-periodicity of y — Q;( ) we write for j > 1,

/ F* (Q5(y) — A') dy = / F* (Q)(ejz) — A') dz
0, 1)"

o,nn

= /(0 b F* (UngejzA' - TEjZA/> dz

< / F (Ug_TejZA, —A’) dz + / FA (A =1,  A) dz.
(0,1)n ! (0,1)n
(B.11)

By Corollary B.7, the first term of (B.11) goes to 0 as j 1 oo. For the second term, we fix
€ (0,1)" and introduce the Lipschitz continuous mapping

h:(t,z) €[0,1] x R" —tejz+ 2 € R™.
Denoting (eq, €1, ..., e,) the standard basis of R x R™ we write the homotopy formula
7o,z A" — A" = 0hy ([(0,e0)] A A”) + ha ([(0,e0)] ADA').
This yields
FMNA = 7,. A) < V/n|zle;N(A).
We deduce that the second term of (B.11) also goes to 0 as j 1 0o so that the sequence y — Q;(y)
converges towards y — A’ in L1((0,1)", .FkGl’kz (R™)).
Passing to the limit in the identity g, k,@;(y) = Q;(y) we get by continuity of jg, r, that
Tk ke A(y) = A’ for almost every y € (0,1)". Since A(y) € NkG(kl kQ)(R”) this proves that

Ta e 2 N ke, kQ)(]R”) — ./\fk1 k, (R™) is onto, hence the result. We may notice that as j is one-to-
one, y — A(y) is constant. O

C Proof of Theorem B.5

The construction leading to the deformation of tensor chains is based on the deformation theorem
for “classical” chains, Theorem B.1 (denoted DT in the proof below). Considering a tensor
chain A’ € 'szl 1, (R™), we apply the DT to the ki-chain 14" € Fy, (Xq, Ff (Xg)). We obtain a

polyhedral ki-chain with coefficients in .7-'G2( Xz). In a second step, we apply the DT on these
coefficients.

By scaling, we can assume € = 1.
Step 1 (Definition of the operators on P,S’I’,Q (R™)).
Let Q' € P,%,Q (R™), we apply the DT to :Q'. Notice that by Remark B.3 applied to the
1-Lipschitz inclusion,

¢« (ME(R™), +,M) < (F (R"), +,F),

we see that whether we consider 1Q)" as a chain with coefficients in MkGQ(IR{”) or in ]-",g (R™) does
not matter for the definition of P(7,12Q’") or H(7,11Q").
We have for almost every y' € X,

Twal = P(Twa/) + aH(Tylel) + H(aTylel).
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Obviously, T, 1ZQ 1Ty @' and since 1 is a group isomorphism, we can write

Tyt Q = z_l(P(ZTyl Q’)) + 2_1(8H(z7'y1 Q/)) + z_l(H(azryl Q/))

Defining

and using 01 = 101, we get,
7,1 Q = (1, Q)+ 0T (1,,Q) + T (1,00:Q"). (C.2)
Notice that by DT(iii)&(v),
II:Pg L, (RY) — PE G, (RY) and  ITH: P (R™) — P 4, (RT).
Moreover, for almost every y' € Xy,

I (1, Q") ZF Agri(y where gp1(y') € M%(Xa), (C.3)

and the sum runs over the set of oriented ki-faces of the grid with vertices Z™ in X,.
Let now y? € Xz and 3 := y' +%2. Before taking the push-forward of (C.2) by 7,2, let us observe
that we have the following relations.

7200 =0T, Tell =M1, 7pll' =II'7pe, O Il =110, O II'=—I1'9,. (C.4)

The first identity is obvious and the others follow from Remark B.3 applied to the Lipschitz
continuous group morphisms,

Ty2 - .7:ch2 Xz) — .7:ch2 (Xz) and Dy : ‘Flg (Xa) — fg,l(xa)-

We only detail the proof of the last identity (and explain the presence of the minus sign). Recall
that for a (k}, k)-chain R’ = gp' Ap?, we have by definition 0o R’ = (— ) 1gp' A (Op?). Arguing
exactly as in [GM22, (5.9)] and using Remark B.3 we have for Q' € Pkl,kQ (R™),

1(0:Q") = (-1)F10,.Q'. (C.5)

Taking into account that the operator IT! raises the first index of tensor chains (if Q' € F, kl ry (R™)
then IT'Q' € F; k1+1 k,(R™)), we compute,

Q
—

(
(

(€5 '~ 18, HiQ!

(k)b H0,Q) (2 —urta,q.

U0 II'Q) (=1)MH194 (111 Q')

(Rem:.B.?)) (—1)k1+1H5# ZQI

Q
12

The last identity of (C.4) then follows by applying 271

Let us resume the construction. Composing (C.2) by 7,2 and using the identities (C.4), we
get for almost every y € R™,

7, Q' = I(1,Q") + oI (1,Q") + IT' (817, Q). (C.6)
Moreover, we deduce from 0P = P0 that

81H(TyQ’) = Hal(TyQ/). (C?)

11



Composing by 7,2 the expression (C.3) of I1(1,1Q’), we get with obvious notation,

TyQ ZF Agri(y

Applying the DT to the chains gp1(y) € Pk2 (Xz), we set
m°(7,Q) == > F' AP(gp(y)), M (r,Q) == (-1 > F'AH(gm(y),  (C8)
F1 F1
By DT(ii), there holds

I(r,Q") = M°(1,Q") + 8. IT*(1,Q’) + IT* (97, Q).

Substituting this identity in (C.6) we obtain the desired relation for every Q' € P,g 1 (R™) and
almost every y € R™, namely:

7, Q' = I°(7,Q") + Il (1, Q') + IT' (17, Q") + OoIT* (1, Q') + IT* (857, Q). (C.9)
Using again 0P = P09 and (C.7), we also have the identities
oI (1,Q') = M°0(1,Q") forl=1,2 and O II*(7,Q") = —II°0y(7,Q").

The minus sign in the last identity comes from the factor (—1)*! in the definition of IT2. At
this point, provided that A’ and B’ are polyhedral tensor chains, the operators IT?, i = 0,1,2
comply to points (i),(ii),(iii) of the theorem except formula (B.7). We also observe that the
points (v)&(vi) also hold by construction from the corresponding points of the DT.

Let us establish (B.7). We decompose a (ky, k2)-face F of G NX, as F = F' A F? where F!
is ki-face of the grid G NX, and F? a ky-faces of G! N Xg.
By construction and point (iii) of the DT, the coefficient gz (y') in (C.8) is given by

gr (v") = x (@) (FHILFY),

where F'! is the face dual to F! in X, and (13 1Y is the affine space spanned by FL. Then, again
by construction and point (i) of DT, P(gp1(y)) writes Y- g2 g1, 2 (y) F? where, with similar
notation,

gr(y) = x ([(@2 lgr1 (y1)]) N (ﬁﬂ |_1?2) .

Using the commutation properties of restrictions and slicing and the obvious fact that x(x(¢R’)) =
X(R') for a O-polyhedral chain, this formula simplifies to

gr(y) = ([(TyQ )N (F )] I_F) for almost every y € R™.

This is formula (B.7).
In summary, the properties (i)(ii)(iii)(v)&(vi) of the theorem hold for polyhedral tensor
chains. Moreover the operators I1°, IT', IT? are group morphisms.

Step 2 (Estimates and extension of the operators). Let Q' € 7’15’1,1@ (R™). We first estimate the
average masses of I1(1,Q’) and IT'(7,Q’). From the estimates DT(iv) and the fact that ¢ is an
isometry from (77,?’17,92 (R™),M) onto (P, (Xa, (77,?2 (Xg),M) ,M) (see [GM22, Section 4.6]), we

deduce,
/ M(IT7,:Q) dy' < e(n1)M(Q'), (C.10)
XaN(0,1)

/ o1y M(U17y1 Q") dy* < c(n))M(Q"). (C.11)
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Since IT and IT' commute with 7,2 for y? € X5, we can take integrate over Xz M (0,1)" and get
the same estimates.

Next, using the left formula of (C.8) and the estimates of DT (iv) in Xg, we obtain for almost
every y' € X,

/X o M(I1%7,11,2 Q") dy? < c(ng) Y M(F)M(gr(y")) = c(no)M(II7n Q).
«N(0,1)7
Integrating over y' € X, N (0,1)" and using (C.10) yield,

o1 M(11°7,Q") dy < c(ny)c(ng)M(Q'). (C.12)

Similarly, using the right formula of (C.8) and (C.10) we obtain,

. M(IT*7,Q") dy < c(n1)e(n2)M(Q'). (C.13)

Let us now establish that the operators IT? extend by continuity to all tensor chains. The
proof is similar to the one in [Whi99a] for the operators P, H.
The first step consists in showing the continuity (in average) of these operators in F”-norm. Let
us decompose Q' € PkGl’kQ (R") as Q" = R + 0, R0 + 0, RO + 9,0, R1!. We have by (C.9),
HOTyQ’ = TyHORO’O + 81HOTyR1’O + 82HOTyRO’1 + BlagﬂoTle’l,

hence F*(I1°7,Q") < >"M(I1%7, R"2). Averaging over y € (0,1)", using (C.12) and optimizing
over the decompositions, we obtain the desired estimate:

/(0 o FNIT7,Q") dy < ¢(n1)c(n2)FM(Q'). (C.14)

The case of the operators IT', IT? is slightly more difficult because IT' does not commute with
01 and IT? does not commute with 0. We first treat the former. Applying (B.4) to :Q’, we get

/ P17 Q) dyt = / FA(Hr@Q) dy' < ¢ (n, DEGQ') = ¢ (n1, DFN(Q).
«N(0,1)" «N(0,1)"
Averaging over y2 € Xz N (0,1)" yields
/ FNIT' 7, Q') dy < ¢ (n1, 1)FN(Q). (C.15)
(0,1)™

For the operator IT?, we come back to the definition (C.8) of IT1%7,Q’. We compute, using the
DT in szl (Xa, .7-',?2 (Xz)) and the fact that H* (F') = 1 for every kq-face of the grid,

oI (7, Q' T,2qm1 (Y
/(071)711\\/[[(]7 (1yQ")) dyS;/(OJ)nF(H(ygF (¥)) dy

(B.4)

< C’(nz,l)Z/ F(9p(y')) dy'
— Joyrnx,

= ¢ (na, 1) / SOHN (FYF (g (31)) dy'-
(0,1)"NXa G
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Now by the expression (C.3) of IIT,1Q" we have

/ SOHS (FYF (g1 (5)) dy = / M(uIT7,: Q') dy’
(0,1) (0,1)"NXqa

"MXa ‘F1

_ / M(Pur, Q') dy'!
(0,1)"NXq

(B.2)
< e(n)M(Q").

Therefore,

/(O o M (uI12(7,Q")) dy < ¢ (n2, 1)e(n)M(Q'). (C.16)

Next, let us decompose 1Q’ as 1) = R+ 9S. Denoting R’ := 'R € P,?L,Q (R™), S =
1S € P,gH’kQ(]R”), we write Q' = R + 0,5". Using 0,11%1, = I1?0;7,, we have for almost
every y,

T*(1,Q') = II*(1,R') + 0, IT*(1,S).

Hence, for almost every y € R",
F* (11%(7, Q")) = F (uIT%(y Q")) <M (II*(7,R)) + M (uII* (7 S")) .

Applying (C.16) to R’ and S’ yields
/(0 o F* (I1*(7,Q")) dy < ¢ (n2,1)e(n1) (M(R) +M(S)).
Eventually, optimizing over the decompositions 1Q’ = R + 9.5, we get
/(0 . F* (I1*(7,Q")) dy < ¢ (n2, 1)e(n1)F(Q') = ¢ (n2, 1)e(ng) Fw(Q'). (C.17)

The estimates (C.14)(C.15)&(C.17) then allow us to extend by continuity the operators
Q'+~ (y — II'r,Q’) as mappings,

i . TG G
. rFe RN — L. (Rn’]:lg-l-n(i),kz—i—iz(i) (Rn)> ’
A — y — II'(1,A).
Moreover, by construction, for ¢ = 0,1,2, y — Hi(TyA) is 1-periodic in all the coordinate
directions. This establishes the point (0). With the estimates (C.14)(C.15)&(C.17) we can pass

to the limit in the identities of points (i) and (ii). The first part of the property (iii) holds true
by continuity. The formula (B.7) in (iii) and point (v) only concern polyhedral tensor chains and
have been already established. The property (vi) on the supports of the tensor chains IT%(r,A’)
also extends by a diagonal argument. Eventually passing to the limit in (C.11)(C.12)&(C.13)
and using the lower semicontinuity of the mass, we obtain the estimates of point (iv). This
achieves the proof of the theorem. O

D Restriction of tensor chains to translates of figures

In the proof of Proposition E.4 in the next section, we consider the restriction on union of
intervals of chains and tensor chains which do not have necessarily finite masses. The validity
and meaning of this operation are provided by the theorem below. In its statement and it its
proof the generalized restriction of A’ on the set x + J is denoted [A'];(z). In the rest of the
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article, we will use the notation A’L* (x + J), which is closer to the notation used for standard
restrictions.

We say that I C R" is an interval of R" if I = Iy x I} x --- x I,, where the I;’s are intervals
of R (bounded or unbounded, open, semi-open or closed). A figure is a finite union of intervals.
Observe that the set of figures is an algebra (but not a o-algebra), it is stable by any intersection,
finite union, and by taking complements.

Theorem D.1. Let J C R”™ be a figure. The mapping,
MG, 1y (R™) — Lige (R™, F 1, (R™)),
Ar— = AL (z+J),
extends as a group morphism,

Fir ks (R") — Lige(R", Fi 1),
Al— e [A5(s).

This operator enjoys the following properties for any A’', B’ € .7:,?1 ko (R™), any figures J, J and
almost every r € R™.

(i) [Algn(z) = A".
(ii) [A] ) 5(x) = [[A5(2)] 7 ().
(iii) If J N J = @, there holds [A'], 7= [A'];(z) + [A]5(x).
(iv) for almost every y € R™, [A']y47(x) = [A];(z +v).
(v) If A" is supported in S then [A'] ;(z) is supported in S N (x + J).
(vi) If A} e F . (R™) converges to A', then [Af]; — [A']; in Li, (R", FZ . (R™)).
(vii) As {1 00, we have (z— [A'lgm\(—gon(z)) — 0 in Li, (R, F& (. (R™)).

The construction is based on [GM22, Lemma 4.5(i), estimate (4.9)]. This estimate is
rephrased as follows.

Lemma D.2. Let Q; be a sequence of elements of PkGl ko (R™), for any I C R™ interval and for
any Cartesian product w = w1 Xwa X - - - X wy, C R™ such that for 1 <i <n, w; C R is measurable
with finite length, there holds

/Z]FA (Q5L(z+1)) da < CWZFA(Q;),

where ¢, > 0 depends on w.

In the proof below a set w of the above form is called a fucp (for “finite volume cartesian
product”).

Proof of Theorem D.1.
Step 1. Definition of the restriction operator on intervals.

Let A" € fﬁkg (R™) and let Q} € Pﬁ’,@ (R") such that Q; — A’ rapidly (that is ) F(Q’ —
A) < 00). Denoting R} := @', ; — @}, we have ) F"(R}) < co. We even assume,

FAQY) + ) FN(R)) < 2F"(A),
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/ /

Applying Lemma D.2 to (Q}, R}, R, ...), we get for any interval I and any fucp w,
/ [IE‘A(Qll L(z+1))+ ZFA(R; L (z+ I))] dr < 2¢,F" (A7) < .
Setting,

[A(@) = QL (z+ 1)+ > RjL(z+1),

the series converges normally in L%OC(R",}",g k,(R™)). Moreover, the limit does not depend on

Q;- and we have the estimate,

/ D F ([Ar(x) do < 2¢, > FNA). (D.1)

Remark that by definition, for finite mass tensor chains, [A’];(z) = AL (z + I).

Step 2. Properties of the restriction operator on intervals.
Let I be an interval and let I, be a finite partition of I in intervals. Since we have Q' LI =
> Q' LI, for every polyhedral chain @', it follows from the construction that,

[A1(x) = [A](x)  for almost every z € R™. (D.2)
Similarly, if I, I’ are two intervals, there holds

[Alror () = [[A1(2)] ) (). (D.3)

Step 8. Definition and properties of the restriction operator.
Let J be a figure and let I, be a finite partition of J in intervals. We define:

(A (@) =) [A1, ().

Using subpartitions and (D.2), we see that this definition does not depend on the partition I,.

Let us check the properties stated in the theorem. First, points (i)&(iv) are obvious by
construction. Point (ii) follows from (D.3) and (iii) from (D.2).

For point (v) we assume that A’ is supported in some closed set S. For any open set U D S
we can choose the @} all supported in U so that @ L (x+.J) is supported in UN(x+.J). Passing

to the limit we get that [4’];(z) is supported in S N (z + J). This proves (v).
To establish (vi), we may assume that J = I is an interval. Let A; — A’ and let w C R™ be
a fuep. By (D.1), we have,
/IFA ([45 — Ay (z)) do < 2¢,F (A —A') — 0. (D.4)
Moreover, [Al](z) — [A](z) = [A] — A];(z) for almost every x. Hence, (D.4) implies that
[AL]1(x) — [A]1(2) in L%OC(R”,ng (R™)). This proves (vi).

Eventually, let again w C R™ be a fucp and assume moreover that w is bounded. For ¢ > 0
we set Dy := R"\(=£,0)". Let Q) € P1€G1,k2 (R™) such that @} — A’. On the one hand, writing
R™ as the disjoint union of (—¢,¢)" and D, we have by (i)&(iii):

[Q; — A'lp,(z) = (Q; - A - [Q; — A'](_M)n(:c) for almost every x € R".
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We deduce from (D.1),
/w F* ([Q; — Alp,(x)) dz < (”Hk(w) + 2cw) F Q) — A)).
As a consequence,
/IF’\ ([Q; — Alp,(x)) dz — 0 as j T oo, uniformly with respect to /. (D.5)

On the other hand for every j, Q;- is compactly supported, hence (recall that w is bounded)
Q;. L (x 4+ Dy) vanishes for every z € w and for ¢ large enough. We write

[A']p,(2) = [Qj]p, () + Q) — Alp,(x) = [Q} — A]p, (x)

for x € w and ¢ large enough, depending on j. With (D.5) and a diagonal argument, we get

/ F* ([A]p,(z)) dz — 0 as {1 oo.

This proves (vii) and the theorem. O
Remark D.3.

(1) When A has finite mass, we have A’;(z) = A’ (x+J). As announced earlier, in the sequel,
we use the notation

A (z+ J) = [A)4(2),
which, despite property (iv), is slightly ambiguous.
(2) Notice that by making (n,n2) = (n,0), the lemma holds true for flat chains.

(3) The mapping J — (z — AL (z + J)) defines a finitely additive measure on the algebra of
figures with values in L} (R™, fﬁ7k2( ™).

loc

(4) We can complete the list of properties of the theorem by:
(viii) 1f H*(J) =0 then A’L* (z + J) = 0 (for almost every = € R™).
As a corollary, we obtain the following result about supports of chains.

Theorem D.4. Let A € FZ(R"™) and S C R™ be a closed set. If for every (k},k}) € Dy, Ik A
1s supported in S then A is supported in S.

Proof. Let A € F&(R™). We claim that for every figure J, every (k}, k}) € Dy, and almost every
r € R,

U A) (2 + J) = gy gy [AL (2 + J))]. (D.6)
This relation is true when A is a finite mass chain. Applying this to a sequence of finite mass

chains converging to A and passing to the limit, we obtain by Theorem D.1(vi) and continuity
of j that (D.6) holds in the he general case.

Now, let S C R" be a closed set an assume that the tensor chains ]k/l,k:’QA are all supported in
S. Let U be an open neighborhood of S. We have to establish that A is the limit of a sequence
of polyhedral chains all supported in U.

Step 1. We first assume that S is compact. There exists a relatively compact open set V' such
that S C V € V C U. Since the collection of open intervals whose closure is contained in U
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covers V, there exists an open figure J such that V C J C J C U. Therefore, there exists € > 0
such that V C x + J C U for every x € B..

Let us fix (kj, k3) € Dg. By assumption, there exists a sequence Q’; € Pcz,k’z (R™) all supported
in V such that Q} — Ik, A. Denoting J¢ the complement of J in R", for every z € B., we
have x + J¢ C R™\V, hence Q)L (z + J¢) = 0. Sending j to co, we get from Theorem D.1(vi),
that for almost every = € B,

. o (D.6) . .
0= [y AL (2 +J9) =" gy AL (@ + ).

Since this holds true for every (ki, k%) € Dy, we deduce from the injectivity of 7 that A L* (z+J¢)
vanishes for almost every = € B.. By Theorem D.1(i)&(iii), we get for almost every x € B,

A=AUR" =AU (z+J)+ AL (x4 J°) = ALE (¢ + J),

and by Theorem D.1(v), we see that A is supported in = + J C U. The result is established if
S' is compact.

Step 2. In the general case, we set for £ > 0 and x € R"™,
Ap(z) == AL (z+ (=L, 0)™), By(z) :== AL (x + R™\(=£4,0)").
By Theorem D.1(iii) we have
A= Ay(x) + By(x) for almost every x. (D.7)

We use Theorem D.1(vii) to treat the last term. We have
/ F(B¢(x)) dv — 0 as {1 oo. (D.8)
©o,1)"

Next, by (D.6), there holds for almost every x € R,
Jry ke Ae(@) = (g, A L (@ 4 (=6,0)7),
and by Theorem D.1(v), we get that for almost every z € R™ and every (k, k5) € Dy, the tensor
chain jyr s Ae(z) is supported in SN (z + [—¢, £]") which is a compact subset of S. By Step 1,
we get that Ay(z) is supported in S for almost every x € R™. That is:
There exists a sequence Qg-é) € PkthQ (R™) with supp Q;@) C U such that

Qy) — Ay(x) for every £ > 0 and almost every z € R". (D.9)

Using a diagonal argument, we deduce from (D.7)(D.8)&(D.9) that there exist sequences
z; € R™ and ¢; T oo such that for every i, Q; := Q?i(z,)(xi) € PF(R") is supported in U and

@i — A. This proves the theorem. O

E Slicing mass

Let us define the (coordinate) slicing mass.

Definition E.1. The (coordinate) slicing mass of a k-chain A or of a (ki, k2)-chain A’ in R™ is
given by,

Mgi(A):= > [ M(ANXy(z))da, §A) = > M" (A’ N X~ () da.
Vel Xy vely, Xy
(M2 D=k k2)
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For flat chains and as a corollary of the deformation theorem of White, if Mg (A) = 0 then
A =0, see [Whi99b, Theorem 3.2]. However, it was not clear whether

MSl(A) <00 — M(A) < 00.

Theorem A.4 below settles this issue: the (coordinate) slicing mass is equivalent to the usual mass
on the whole group of (tensor) chains. We obtain this result via the identities of Proposition E.4
which involve the coordinate masses M. These latter are defined as the usual mass, except that
we substitute for P¢(R™) the subgroup CP§ (R") and for P,?L,Q (R™) the subgroup CPkGl’k2 (R™)).

Definition E.2. We set,

CP$(R") := {Qe PE(R™) : for 0 < j < n and for each j-face F of supp Q
the affine j-space spanned by F' is of the form Xpg(z) with || = j},

CPY 1, (R™) == CPY(R") NTPL 4, (R")
= {Q € CPkG(]R”) - each k-face of supp Q is of the form F A F2,
with F' a kq-face of X, and F? a ko-face of Xa}.

Notice that as a consequence of the deformation theorems, CP§ (R") is dense in F¢(R") and
CPfth (R™) is dense in .Fkthz (R™).

Definition E.3. The coordinate mass of A € F&(R") or A’ € fg’kQ (R™) is then given by:

Me(A) := inf {liminf M(Q;) : Q; € CPF(R"), Q; 5 A},
MJ3(A') := inf {lim nfM(Q)) : Q) € CPY ,,(R"), @5 A’} .

By definition we have M > M and M > M". It turns out that these coordinate masses
coincide with the coordinate slicing masses.

Proposition E.4. For every A € F&(R™) and every A’ € ]:kGMw (R™),
Mis)(A) = Me(A), §i1(A') = Mg (4).

In the proof, we use the operatror x" introduced in [GM22, Definition 5.3] which extends x
to (0,0)-chains. Let us recall its definition.

XN(A) = x(x(A),  for A" € Fy(R™).
As stated in [GM22, Proposition 5.4] we have:

XM(A)]g S FN(A) < MMA)  for every A’ € F§o(Xp), (E.1)
X(A) = x"(jo0A)  for every A € F§'(Xp). (E.2)

In particular, x* is 1-Lipschitz continuous. Also notice that for a polyhedral 0-chain, we have

200A = A hence x"(A4) = x(A).

Proof of Proposition E.J. Since flat chains are a particular case of tensor chains with {n,n2} =
{0,n}, we only consider these latter. Let A’ € F | (R™).
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For any coordinate polyhedral (k1,ks)-chain @, there holds Mg (Q') = M(Q’). Now for
A e ]-'lg’,@ (R"), taking a sequence @’ € P,g’l’kQ (R") such that @ — A" and M(Q}) — Mc(4'),
we deduce by continuity of slicing and lower semi-continuity of the mass, that

§i(A") < Mg(A"). (E.3)

Let us establish the opposite inequality. Without loss of generality we assume that Mg (A’) < oo.
By Theorem B. 5(iii) we have for € > 0 and almost every y € R™ that 107, A4’ is a limit in mass?
of elements of CP{ ko (R™). We deduce from Corollary B.7 that,

M} (A’) < lim inf M(I107., A") dz. (E.4)
el (0,1)»

Now, for € > 0 fixed and Q' € PkGl . (R™), we have by formula (B.7), for almost every y € R,
mr,Q =3 F Ax ([ @) (NI F) (E:5)
F

where the sum runs over the k-faces of G°. Let Q) € PkGl k,(R™) such that Q% — A’. Apply-
ing (E.5) with @' = Q' and sending j — oo, we get, by Theorem D.1(vii) and continuity of
slicing, " and IT?

07,4 =3 FAx ([(TyA') N (P L ﬁ) . (E.6)
F

Using estimate (E.1) in the form |x"(B’)|¢ < M"(B’) for B’ € .7:0%(1@”), this leads to

M(I1%7.., A') d= < / Z’Hk M ((reA) N {F)) L F) d.

o,nm

Recalling that Mg (A") < oo, the 0-slices (7..A") N <ﬁ ) have finite M"-mass for almost every
€ (0,1)™ and we can rewrite the previous inequality as,

0 k; / I
. M(11°7.. A dz</01 Z?—L (TszA) <F>)|_F) dz. (E.7)

Since the collection of dual faces F is a partition of the union of:

(¥) the affine (n — k)-plane {0}* x R™,

(%) its translates by em for m € ZF,

(x) all the affine planes obtained from these former by permuting the coordinates,

we deduce by Fubini that the right-hand side of (E.7) is equal to Mg, (A’). Hence,
M(IT07., A") dz < Mg (A").
(0,1)™

With (E.4) we get Mj(A") < Mg (A’) and recalling (E.3), we conclude that Mg (A") = M3 (A').
O

2 Actually I10m,A’ € CPkGh,92 (R™) if A" has compact support.
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Remark E.5.
(a) In the above proof, the role of the operator L* of Theorem D.1 is essential. Indeed, taking
the mass in (E.5) before passing to the limit leads to,

o M(IT27..Q}) dz < Mg (Q)).
0,1)n

Sending j to oo and then € to 0 yield M (A’) < liminf Mg (Q}). To conclude, we need a sequence
of polyhedral tensor chains @ such that Q; — A and Mg (Q}) — Mg(A'). However at this
point of the demonstration we do not know whether such sequence exists. Let us mention that
if 2 <k <n—2, we do not have

Q; — A with M(Q]) — M(A) — MSI(Q]’) — Mg (A).
(b) Notice that (E.6) extends the formula (B.7) to ]:kG1,k2 (R™).

(c) It follows from the proof that:

Mg;(A) = lim M(P.7..A) dz, 4(A") = lim M (I127., A') dz.
&LO (0’1)n E\LO (071)71

(d) The identities of Proposition E.4 concern the anisotropic (¢'-like) M} mass. We conjecture
that it has a counterpart with the usual mass. Namely, for A € ME(R”),

/ / M(A N (z + X)) dHF (x) dv(X) = e(n, k)M(A),
Gr(k,Rn) JX

where Gr(k,R™) is the Grassmannian of k-planes in R™ and v is the Borel probability measure
on Gr(k,R™) invariant by the action of O(R™). Such identity holds true for rectifiable chains as
a consequence of [Fed69, 3.2.26] (see also [DPHO3, (27)] or [CDRMS17, Lemma 3.1]) and the
constant ¢(n, k) can be determined by taking for A an oriented k-disk in R".

(e) For v € I}! we define the group of polyhedral v-chain as,
CP,?(R”) ={Q e CP(R™) : each j-face of supp Q spans some Xg(z) with 5 C 7}.
Denoting II, the natural projection of CP,?(]R”) on CP?(R”), we set,
M, (A) i= inf {liminf M(IL,Q;) : @; € CPS(R™), Q; 5 A},
M, (A) := inf {hm inf M(I1,Q;) : Q; € CPS(R™), Q; 5 A’} .

We have, for the same reasons as (E.3),

Mg, (A) := M(A N X5(x)) de < Mc 4 (A),
X’Y
gm(A’) = . M" (A" N X5(x)) dx < MQ’W(A’).
Y
By definition,
Msi(4) = ) Msi(A), a(A) = Mg (4),
gl ¥
and we obtain,
Msi(4) <) Me,(A) < Mc(A), a(A) <D M (A) < Mp(A).
gl v
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The identities of the proposition and (c) then lead to

Mg (A4) = Mc,(A4) = lim M(IL, P.7.,A) dz,
&0 Jo,1)n
Mg, (A) = Mg (A') = lim ML, 127, A') dz.
’ ’ E\LO (071)71

With the preceding result, we easily establish the equivalence of the mass and of the slicing
mass as stated in Theorem A.4.

Proof of Theorem A.4. Let A € F&(R") and A’ € ]—“,g},w (R™). The identities of Proposition E.4
yield
M(4) < Mc(A) = Ms)(A), M (A') < Mg(4') = Mg (4),

which are half of the the inequalities of the theorem. We are left to establish:

n

Mgi(4) < <k> M(A), 4(4") < (Z) (;”2) M (A"). (E.8)

By lower semicontinuity of the slicing mass with respect to F- (respectively F"-) convergence,
it is sufficient to establish these inequalities for polyhedral k-chains (respectively for polyhedral
(K1, k2)-chains). Localizing by using restrictions, we may even assume that A is of the form gp
for some polyhedral k-cell p (respectively that A’ is of the form gp’ for a polyhedral (k1, ko)-cell
p'). In this case, denoting m, the orthogonal projection on X,, we have the obvious identities

[ Mlon) N ¥5(w) dH* (z) = |9|G/Xv M (p N X5(2)) dH*(z) = |glcM(myp),  (E.9)
and similarly
M) %) @) = bl (5.10)
Let us establish the first inequality of (E.8). Summing (E.9) over v € I}' we obtain
Msi(gp) = lgle Y M(mp).

yely

Then, using the Cauchy—Schwarz inequality together with the fact that I}’ has cardinal (Z) and
then using the Cauchy—Binet formula, we compute:

(o) < lle, | () 3 mmp)? = |g|G\/@ M(p) = \/@ M(pg).

This yields the first inequality of (E.8) for A = gp and thus in the general case.

For the second inequality, we remark that since p’ is a (k1, k2)-cell, there holds myp" = 0 for
v € IP\J where J := {y € I : (|7}],]7?]) = (k1,k2)}. Hence, summing (E.10) over v € J, we
obtain

Misi(gp') = lgla D M(mp").
yeJ

Performing the same computations as above we obtain the second inequality of (E.8) for A’ = gp/,
the only difference is that the cardinal of .J is (2’;) (Z;) O

Let us now derive the identities of Theorem A.5 (which involve j and the slicing masses).
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Proof of Theorem A.5. Let A € F&(R™), let (k{,kb) € Dy and let v € I} such that (|v!],|72]) =
(K7, k%). Using the commutation rule for slicing and 7 (see [GM22, Proposition 4.13]), we have
for almost every x € X,
(ry, 34 A) N X5(2) = J0,0 (AN X5(2)) -
This identity involves (0,0)-chains and by [GM22, Theorem 5.6], there holds for almost every
z € X,,
M ((541,154) N X5(2)) = M (09[4 1 X5 (2)]) = M(A N X5()).

Integrating over X, we get,

/X M (13 4) N () ) dHH () = [ (A0 % (@) @t o).
Summing over vy, we obtain
Mg (g 1y A) = > M(A N Xy (z)) dH"(z).

yelp Xy
(1,12 =(k] k)

Summing again over (k}, k}) leads to

> M A) = Ma(A), (E.11)
(k1,k5) €Dy,

which is point (i) of the theorem. Now, for A € fl?(kl ko

for (ki,k}) # (k1,ke) and the above identity reduces to

)(]R") we have by definition j;; 1 A =0

M1 (k1 k2 A) = Misi(A),
which is the first identity of point (ii) of the theorem. Eventually, by [GM22, Proposition 4.9]
for A € f,f(kl k) (R,

Ok ko A1 (K1, ) = (k1 — 1, k2),
Jki’kéaA = 82]k1,k2A if (kllvké) = (kl’kZ - 1);

0 in the other cases.
Applying (E.11) with A in place of A, these identities yield
M/S\l(aljkl,sz) + M§1(82jk17k2A) = M51(3A),

which is the second identity of (ii). This ends the proof of the theorem. O

E.1 A counterexample (proof of Proposition A.3)

We assume ny = no = 1 and that G has a nonzero element g. We build below a rectifiable
(0, 1)-chain which is not in the image of .7-"1G(0 1)(RQ) by jo,1 and a (0, 0)-chain in ]:SO(RQ) which
is not in the image of fOG(O 0) (R?) by 700. This is sufficient for proving Proposition A.3 as we

obtain counterexamples in higher dimension by tensorizing (and possibly exchanging the roles
of X, and Xg).
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Proof of Propositions A.3. We consider the 2-chain Q' = gT" where T is the (positively oriented)
triangle,

{(z',2*) e R?: 2! 22 > 0,2 + 22 <1}
Recall that Q" € F§(R?) = F{|(R?). Let us set A’ := 01Q" € F{j(R?) and B’ := 0,0:Q" =
—0201Q’ € f(fo(R2). We show below that A" and B’ are counterexamples for proving (i) and (ii)
respectively.

Step 1, proof of (i). Let us check that A’ has finite mass. Denoting,
L:={(z',2%) e R* : 2! +2* =1},

we observe that A’ = 0,Q’ is supported in L U {0} x [0,1]. Indeed, denoting for j > 1 and
i >0, 2, = (1—tj;,t;;) with ¢j; :== (i +1/2)277, A’ is the limit as j T oo of the sequence of
polyhedral (0, 1)-chains
27 -1 ' '
Ry = —g[(0,e2)] + > gl(xji — 277 eg, wj5 + 277 eg)].
i=0

Since
supp R} C (LU{0} x [0,1]) + ({0} x [-2777",27971)) |

we get that A’ is supported in L U {0} x [0, 1].
We compute, using the commutativity of 0 with slicing along coordinate lines,

1
My (A) = [ M (A o+ Ren) dt = [ (91— ¢.0] = 9100, ds = 2l < o

(E.12)
Hence A’ has finite mass and since it is supported on the 1-rectifiable set L U {0} x [0,1], the
tensor chain A’ is rectifiable.
Let us denote Af := A’L_{0} x R and A} := A’L_L. We have A" = A} + A} and since

A/O = —[(0,e2)] = ]0,1(_[[(07 e2)]),

with —[(0,e2)] € Po1(R?) C flG(O 1)(Rz), it is enough to prove that A} ¢ ]071(]:16’(0 1)(R2)).
Let us assume by contradiction that there exists A; € .7-"10(0 1)(Rz) such that jo1A4; = Aj.
Since 1,041 = 0, by Theorem A.5, we have
Mg (A1) = Mg (A7) = Mg;(A') — Mg (4p) =lgla € (0,00). (E.13)

Moreover, since 7 is one-to-one and commutes with restrictions, there holds A; = AL L (in
particular Ay is rectifiable). Denoting by 7 the orthogonal projection on Req, we set A1 := w4 Aj.
Now, we claim that,

20,04 A =Ty 104 for every A € FF(R?).

Indeed, the relation holds true for polyhedral tensor 1-chains and extends by continuity. Here,
since A; € .Ffo(]R2), there holds o 0A1 = Jo,0mx A1 = T4 0,141 = 0 and we get,

~

A =0. (E.14)

Eventually, we define a Lipschitz continuous mapping f : R> — R? by f(z!,22) := (2!, 1 — 21).
There holds f om = Id on L and since A; is supported in L, we have

~ (E.14
AlzId#(All_L):f#ﬂ#Al :f#Al ( = )O_
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This contradicts (E.13) and shows that A’ ¢ 70.1(FC, 0, 1(R%)).

Step 2, proof of (ii). Let us now show that B’ provides a counterexample for (ii). We first check
that B’ does not vanish. Assuming by contradiction that B’ = 0, we compute

8 [Z(@QQ/)] = 2(618262’) = ZB, =0.

Hence 2(02Q") is a 1-cycle over Rey, so it identifies with a constant L'-function on Re; and we
get Q' = 0. Using the operator 7, symmetric to ¢, obtained by swapping the roles of X, = Re;
and Xz = Res, we deduce that 97Q" = 702Q" = 0 and thus 72Q’ = 0. This would lead to Q' = 0
which is in contradiction with M(Q") = |g|c/2 # 0. We conclude that

B' #0. (E.15)

Next, let us establish that B’ ¢ 700(FS(R?)). For this we assume by contradiction that
there is some B € F§'(R™) with B’ = j90B. As in the previous step we observe that A’ = 9,Q’
and A” = 09Q" are supported respectively in L U {0} x [0,1] and L U [0,1] x {0}. Since
B = 01 A" = —0,A’, we deduce that B’ is supported in

supp(91Q") Nsupp(%Q’) C L

By Theorem D.4, we get that B is also supported in L. In particular, for almost every s,t € R,
the slices BN [se1 +Reg| and BN [tea +Req] are of the form ¢'[x] for some 2z € L. More precisely,
using the operator y, we have for almost every s,t € R,

BN(se1+Rez) = x (BN (sep + Rea)) [(s,1—5)], BN(tea+Rer) = x (BN (tea + Req)) [(1—¢,1)].
We compute (for almost every s € R),

X (BN (ser + Res)) o0B') N (se1 + Rey))
[B N (seq +Reg)])
N (B (se1 + Reg))

=x" ((3152Q (se1 + Rez))

= A( [3262 561+R€2)])»

where we used (E.2) for the third identity. Now, C'(s) := (82Q") N (se1 + Rey) is a chain in the
vertical line se; + Reg so 91C’(s) = 0. It follows that B N (se; + Reg) vanishes for almost every
s. Symmetrically B N (tez + Re;) = 0 for almost every ¢ and we conclude that Mg, (B) = 0 and
then that B’ = j90B = 0 which contradicts (E.15). Hence B’ is not in the image of jo 0. O]
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