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1 Introduction

The elliptic genus is a powerful tool to study two dimensional superconformal field theories
for which an explicit description is not known. Due to its cohomological nature, it is robust
under continuous deformations of the theory which do not change the asymptotics of field
space. As such, it is invariant under renormalization group flow and can be computed if a
Lagrangian UV description of the theory is available. Such descriptions exist e.g. for the
(2,2) theories which arise upon considering Calabi-Yau compactifications of string theory [1]
or for a small sample of the (0,2) theories which will be the object of this paper. Given
such a description, it is possible to obtain exact results for the elliptic genus in terms of
Jacobi θ-functions and the Dedekind η-function [2–17]. While this solves the problem of
computing the elliptic genus, the symmetries of the conformal fixed point of the theory
will typically not be manifest. The scarceness of theories with available UV descriptions,
and the obfuscation of the IR physics in the θ-function form of the elliptic genus, motivate
this work.

We will study the elliptic genera of the non-critical strings of 6d superconformal field
theories obtained via F-theory compactification on Calabi-Yau threefolds elliptically fibered
over Hirzebruch surfaces Fn. We denote such theories as Gn, with G specifying the 6d
gauge symmetry.1 The authors of [5] propose that these genera take the universal form

ER =
∑

λ∈Λ̂+(F )kF

χ̂Fλ (mF , q) ξn,Gλ (mG, q, v) (1.1)

with χ̂Fλ indicating the affine character of the integrable representation of the flavor group
F with highest affine dominant weight λ at level kF — we denote the set of such weights as
Λ̂+(F )kF . Extending their work, we conjecture that ξn,Gλ satisfies the ansatz

ξn,Gλ = 1
η(q)

∑
ω∈Λ+(G)−n

χ̂ω(mG, q)
∑
k∈Z

cλω,k q
− k

2
4κ vk , (1.2)

with
cλω,k ∈ {0,±1,±2} , #{k ∈ Z | cλω,k 6= 0} <∞ , (1.3)

1With a very few exceptions at n = 1, 2, this specifies all theories in the class we are considering uniquely.
For the exceptions, the flavor group F must also be indicated.

– 1 –



J
H
E
P
0
7
(
2
0
2
3
)
2
0
8

i.e., the coefficients cλω,k are non-vanishing at given ω and λ for only a finite number of
integers k. A surprise, already pointed out in [5, 18], is the occurrence of non-integrable
representations of the affine Lie algebra associated to G at negative level −n. The notation
Λ+(G)k is meant to signify the set of affine weights at level k with dominant finite part.
Unlike Λ̂+(F )k, this set is infinite. Such representations have only occurred sporadically in
the physics literature, e.g. in [19–21].2 Their relevance for the elliptic genus of a handful of
theories for which a UV description was known, namely (Cr)1, r = 0, 1, 2, (D4)4 and (G2)3,
was shown in [5]. In this work, we demonstrate that the elliptic genera for a large number of
theories for which no UV description is known can be expressed in terms of affine characters
in the form (1.1) with ξn,Gλ given by our ansatz (1.2), satisfying the constraints (1.3). To be
precise, we are able to compute elliptic genera for these theories up to some order in q and
v by combining known constraints on the elliptic genus with the new constraints coming
from our ansatz. The obtained results pass numerous consistency tests, leaving little doubt
regarding their validity.

Our results can be used to provide boundary conditions for a universal ansatz for the
elliptic genus in terms of Weyl invariant Jacobi forms [18, 23–26] (referred to as the modular
ansatz henceforth), leading to an exact expression for the genus. Mainly, though, we are
interested in what they reveal about the nature of the worldsheet theories of the non-critical
strings. The list of representations ω contributing to the elliptic genus, as well as the
explicit form of the polynomials in q and v multiplying the characters χ̂ω in equation (1.2)
which we determine furnish non-trivial information regarding the structure of these theories.
For the moment however, the nature of the non-integrable affine symmetry remains to
be understood.

Our original motivation for pursuing the calculations presented in this paper arose
from our study in [27] of Weyl symmetry enhancement from WG to W along Higgsing trees
as detected by the modular ansatz for the elliptic genus in terms of Jacobi forms. It is
natural to ask whether the elliptic genus of a theory experiencing such an enhancement
can beneficially be expanded in terms of affine characters χ̂ω of the larger Lie algebra
exhibiting W as its Weyl symmetry. We will explain why this is always possible, and, sadly,
why it does not appear to be beneficial, i.e. to lead to a simplification of the polynomial
contribution in the ansatz (1.2) multiplying χ̂ω(mG, Q).

This paper is organized as follows: section 2 offers a quick review of the 6d spacetime
theories under considerations and collects known and lesser known facts about the non-
critical string in their spectrum and their worldsheet theory. We carefully introduce the
U(1)v symmetry which will play an important role in our analysis. We introduce the
constraints on the elliptic genera which will allow us to compute it in section 3. Some of
the constraints that we wish to impose are on the elliptic genus with NS-NS boundary
conditions. Section 3 therefore also includes a subsection 3.3 in which we review and
discuss the map introduced in [5] between the R-R and the NS-NS elliptic genus. Section 4
introduces the strategy to compute elliptic genera by imposing the constraints introduced in
section 3. Much of the logic here follows [5], with the crucial addition of our constraints on

2See [22] for the occurrence of even more general non-integrable representations.
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the form of the function ξn,Gλ . In section 5, we conjecture closed form results for the elliptic
genera of multiple theories in terms of the ansatz (1.1) and (1.2). Section 6 discusses how,
for multiple pairs of theories related by Higgsing, the elliptic genus of the parent theory
specializes to the elliptic genus of the daughter theory. We also discuss the negative result
regarding the expansion of the elliptic genus in terms of larger affine characters mentioned
above. We conclude by summarizing the observations in this paper which would merit being
understood purely from the point of view of the conformal field theory of the worldsheet
theory of the non-critical string. Several appendices complete the paper. We review well-
known facts regarding elliptic genera in appendix A. Appendix B summarizes how we
computed characters of negative level representations, an important technical ingredient
in our calculations. Appendix C presents our results for the affine character expansion of
the elliptic genus of a large number of theories. We end in appendix D with a summary of
the theories in the class we are considering, together with comments regarding the status
of their elliptic genus. A file containing all negative level affine characters underlying the
computations in this paper can be downloaded from http://www.phys.ens.fr/~kashani/.

2 6d theories and their non-critical strings

2.1 Spacetime theory

The theories we will consider in this paper are six dimensional rank 1 superconformal
field theories with (1, 0) supersymmetry [5, 18, 28–34].3 The existence of such theories as
non-trivial infrared fixed points of 6d quantum field theories was one of the surprises that
arose from the construction of 6d theories within the framework of string theory in the
nineties [35, 36]: the authors of [37] argued that singularities that occur in the moduli space
of such theories must be due to IR dynamics, and concluded that the latter can therefore
not be trivial.

The theories we will consider can be constructed within F-theory by compactification
on elliptically fibered Calabi-Yau manifolds X over Hirzebruch bases B = Fn [38–42]. These
surfaces can be presented as P1 fibrations over P1, hence give rise to 6d supergravity theories
with two tensor multiplets. Decompactifying the fiber P1 (i.e. replacing Fn by O(−n)→ P1)
decouples gravity and yields rank 1 theories with superconformal fixed points.

The base Fn typically does not determine the elliptically fibered Calabi-Yau manifold
above it uniquely, but determines a sometimes branched sequence of geometries called
Higgsing trees. At the root of each tree lies the least singular fibration the base permits,
leading to what is called the maximally Higgsed theory. Moving away from the root, one
encounters increasingly singular fibrations, leading to theories with larger gauge symmetry
and typically also larger charged matter content. Throughout this paper, we will refer to
the gauge group as G, and a possible flavor symmetry of the charged matter as F (or Fi,
when F = F1× . . .×Fn). Charged matter will transform in representations (ωi, λi) of these
symmetries, which can be determined e.g. by analyzing in detail the singularities occurring
in the compactification geometry [43, 44] or extracted from its genus 0 Gromov-Witten

3The rank indicates the number of tensor multiplets in the theory. (1, 0) is the minimal amount of
supersymmetry possible in 6d: 8 real supercharges.
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invariants [45]. With a few exceptions, the gauge group G only occurs once in the Higgsing
tree above a given base Fn. We can hence identify these theories via the nomenclature Gn.4

The unique tensor field B of a rank 1 theory is sourced by instantons of the 6d gauge
group via a coupling ∫

B ∧ TrF ∧ F . (2.1)

Quantization around an instanton solution in 6d leads to a 2d soliton in the spectrum of
the theory: a non-critical string.

2.2 Worldsheet theory of the non-critical string

The effective description of the non-critical string of 6d theories without charged matter is
given by a non-linear sigma model on the worldsheet Σ of the string (the trivial directions
of the instanton background) with target space the one instanton moduli space MG,1 (see
e.g. [46] for a review). The 6d coupling (2.1) induces the coupling∫

Σ
B , (2.2)

on the worldsheet of the string.
Factoring out the center of mass motion, the reduced instanton moduli space M̃G,1 is

a hyperkähler manifold of quaternionic dimension h∨G − 1. Both the gauge group G and
spacetime rotations SO(4) act isometrically on M̃G,1, the former by modifying the embedding
of the instanton into the gauge group by a global factor, the latter by changing the orientation
of the instanton in spacetime. Furthermore, the G action is triholomorphic, i.e. commutes
with the hyperkähler structure. Writing the spacetime rotations SO(4) ∼ SU(2)L × SU(2)R,
the first factor is triholomorphic, while the second rotates the three complex structures into
each other.

A non-linear sigma model with hyperkähler target space permits N = 4 supersymme-
try [47–49], and indeed, a fermion in a one-instanton background exhibits 4h∨G right-moving
zero modes. The worldsheet theory of the non-critical string should therefore exhibit (0, 4)
supersymmetry, implying that the string is a BPS object of the 6d theory which breaks
half of its supersymmetry. The fact that SU(2)R rotates the complex structures of M̃G,1
implies that it also acts as an R-symmetry on the corresponding supercharges.

To incorporate the effect of the presence of charged matter in the 6d theory, we need
to introduce fields that transform both under the symmetry G which acts onMG,1 and the
flavor symmetry F . A natural proposal [5] for a minimal modification of the matterless case
is to invoke fields in (0, 4) Fermi multiplets;5 this introduces left-moving fermions, which we
take to transform in the appropriate G-equivariant vector bundle overMG,1 determined by
the representations (ωi, λi) of the charged matter under the gauge and flavor symmetry of
the 6d theory.

An elegant argument for obtaining the central charge of the theories along Higgsing
trees for n = 3, 4, 5, 6, 8, 12 is presented in [5]: for the matterless theories, the 4(h∨G − 1)

4Specifying the flavor group is necessary only in the case of n = 1, 2, G = D6 and n = 1, G = A5, see
appendix D.

5This is also how matter is introduced in theories for which a UV description is known.
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bosons contribute 4(h∨G − 1) to both cL and cR, while the right-moving fermions contribute
1
24(h∨G − 1) to cR. Hence, for theories without charged matter,

cL = 4(h∨G − 1) , cR = 6(h∨G − 1) . (2.3)

The right-moving central charge should retain this form also for theories with charged
matter, as these differ only by a left-moving fermion bundle. To obtain the left-moving
central charge of these theories, invoke the invariance of the gravitational anomaly cL − cR
under Higgsing to obtain

cL = (cL − cR)(G0) + cR(G) . (2.4)

Here, G0 denotes the gauge group of the theory without charged matter at the base of the
Higgsing tree (this is where the constraint on n enters). For such theories, h∨G0

= 3(n−2) [50].
Hence,

cL = 6(h∨G − n) + 8 , cR = 6(h∨G − 1) . (2.5)

Reading off the number of left-moving bosons and fermions in the theory from this results
allows us to infer the left-moving Casimir energy E0 of these theories in the R- and the
NS-sector. We follow the mnemonic presented e.g. in [51]: a contribution of − 1

24 per
boson, 1

24 for a periodic fermion (R-sector), − 1
48 for an anti-periodic fermion (NS-sector).

This yields
E0

R = 7
6 −

n

2 , E0
NS = −cL24 . (2.6)

The result (2.5) can alternatively be derived using anomaly arguments, as we review in
section 2.4.

2.3 Symmetries of the string worldsheet

As is familiar from the critical string, both the gauge symmetry G and the flavor symmetry
F of the 6d spacetime theory manifest themselves as global symmetries of the worldsheet.
As we argued in section 2.2 above, the worldsheet theory also inherits half of the (1, 0)
supersymmetry of the ambient theory. The latter can be decomposed with regard to the
directions tangent and normal to the string worldsheet; a (1,0) spinor thus decomposes as

(1, 0)→ (2,1,+)⊕ (1,2,−) , (2.7)

with regard to SO(4)× SO(1, 1) = SU(2)L×SU(2)R
Z2

× SO(1, 1), where we have indicated the
two spinor chiralities of SO(1, 1) with ±.

Perhaps somewhat surprisingly for minimal supersymmetry, the (1, 0) supersymmetry
algebra exhibits an R-symmetry, i.e. a linear action on its supercharges. One way to describe
this action is by first noting that [52]

SL(2,H) 2:1−−→ SO(1, 5) . (2.8)

The spin representation in 6d can thus be realized as a rank 2 module S6 over the quaternion
algebra H. The group SL(1,H) ∼= SU(2) acts on S6 via multiplication on the right. This

– 5 –
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action gives rise to the R-symmetry which we shall denote as SU(2)I . In terms of it, a (1,0)
spinor transforms in the 2 representation:

S6 3 ψ =
(
µ

ν

)
, µ, ν ∈ H , (2.9)

with Λ ∈ SL(2,H) and M ∈ SL(1,H) acting as

ψ 7→ Λ · ψ ·M . (2.10)

To map to modules over C, we realize the quaternionic generators i, j, k in terms of the
matrices iσ1, iσ2, iσ3. ψ is then represented by a 2× 4 matrix of complex numbers. Each of
the four rows of this matrix transforms in the 2 of SU(2). The diagonal action on all four
rows commutes with the action of the Lorentz group.

Returning to the decomposition (2.7), the representation under the R-symmetry SU(2)I
goes along for the ride, yielding [50]

(1, 0,2)→ (2,1,+,2)⊕ (1,2,−,2) . (2.11)

The string breaks half of the ambient supersymmetry. Taking the second summand to be
the one that is conserved (this is a choice of instanton vs. anti-instanton), this gives rise
to (0, 4) supersymmetry on the worldsheet, with the SO(4) R-symmetry identified with
SU(2)R × SU(2)I/Z2.6

In section 2.2, we identified a symmetry SU(2)L × SU(2)R of the reduced one-instanton
moduli space M̃G,1. SU(2)L is naturally identified with SU(2)L. SU(2)R however acts both
as a right chiral spacetime rotation and an R-symmetry. It is hence naturally identified with
a diagonal embedding into SU(2)R × SU(2)I . This embedding will play a role in identifying
the fugacities of the elliptic genus of the worldsheet theory with couplings of the topological
string in section 2.5 below.

2.4 What anomaly inflow teaches us about the worldsheet theory

6D N = (1, 0) theories are generically anomalous with an anomaly polynomial given
by [50, 53, 54]

1
2η

ijIi ∧ Ij ,

where ηij is the charge pairing and

ηijIj = 1
4
(
ηiaTrF 2

a − (2− ηii)p1(T )
)

+ h∨Gic2(I) ,

with a indexing both the dynamical and the background fields, c2(I) the Chern class of
the SU(2)I bundle and p1(T ) the first Pontrjagin class of (the tangent bundle of) M (6) [50].
This anomaly can be canceled via the addition of a Green-Schwarz term in the action,

SGS =
∫
M(6)

ηijBi ∧ Ij , (2.12)

and a modification of the conservation law for Bi: the invariant field is not dBi, but
Hi = dBi + αi with dαi = Ii.

6The Z2 quotient reflects the fact that the negative of the diagonally embedded identity into SU(2)R ×
SU(2)I acts trivially on the spinor.
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This extra term needed to cancel the anomalies gives a contribution to the 2D theory
of the non-critical string. To get its 2D contribution, one considers the 6D theory in the
presence of the string. As the string sources the B-field, the Bianchi identity of H gets
modified to

dHi = I1 +Qi

5∏
j=2

δ(xj)dxj , (2.13)

where Qi is the charge of the string, and we have put the string in the x0, x1 plane. In
the background given by this H field, the Green-Schwarz term (2.12) combines with the
kinetic term of the Bi fields to give a contribution to the 2D worldsheet action of the string.
This contribution can be computed using anomaly inflow [50, 53] and, of course, is not
gauge/diffeomorphism invariant.

The contribution of this Green-Schwarz term to the 2D anomaly polynomial is given by

I4 = ηijQiQj
2 (c2(L)− c2(R)) + ηijQiIj , (2.14)

where c2(L/R) are the Chern classes of the SU(2)L/R bundles introduced above. Of course
in this last equation one needs to decompose the 6D characteristic classes appearing in Ii
in terms of their 2D counterparts:

p6D
1 (T ) = p

(2D)
1 (T ) + p

(4D)
1 (N) = p

(2D)
1 (T )− 2c2(L)− 2c2(R) .

We then arrive at

I4 = ηijQiQj
2 (c2(L)−c2(R))+Qi

(
1
4η

iaTrF 2
a−

2−ηii
4 (p1(T )−2c2(L)−2c2(R))+h∨Gic2(I)

)
.

(2.15)
Rank 1 theories exhibit a single tensor field B. In terms of the F-theory engineering
geometry, the pairing η11 = n is given by the negative self-intersection number of the only
compact curve in the base of the elliptic fibration. Focusing on the elliptic genus of a single
string, we set Q = 1 to obtain

I4 = −2− n
4 p1(t) + n

4 TrF 2
G + 1

4η
1aTrF 2

a + (c2(L) + c2(R)) + (h∨Gc2(I)− nc2(R)) .
(2.16)

This equation encodes much non-trivial information regarding the 2d theory [5], as we now
review. This is the anomaly polynomial of the non-linear sigma model on the moduli space
of instantonsMG,1. As the center of mass multiplet gives a universal contribution, it is
convenient to factor it out and discuss the reduced theory on the reduced moduli space
M̃G,1. We use a superscript M when referring to quantities associated to the full theory.

• Central charges:

The difference cML − cMR of the central charges is fixed by the gravitational anomaly
to be the coefficient of − 1

24p1(T ):

cML − cMR = 6(2− n) . (2.17)

– 7 –
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Moreover, the central charge on the right is linked to the level of the R-symmetry
in the IR. This is identified with SU(2)I . Its level is given by the coefficient of c2(I)
in the anomaly polynomial: kR = h∨G. This fixes the right-moving central charge
to cR = 6kR [15, 55, 56], allowing us to also extract the left-moving central charge
from (2.17), yielding

cML = 6(h∨G − n+ 2) , cMR = 6h∨G . (2.18)

Subtracting the c = (4, 6) contribution from the center of mass motion, we arrive at

cL = 6(h∨G − n+ 2)− 4 , cR = 6h∨G − 6 . (2.19)

• Current levels:

From the WZW-models (for a review see [57]), we know that the gauge part of the
anomaly polynomial is proportional to the level of the gauge current. We thus conclude
that the gauge algebra current is at level −n while the flavor algebra currents are at
level −η1a ≥ 0. The authors of [5] determine the flavor algebras and levels for most
of the theories in the class we consider. These results are reproduced in appendix D.

Gauge algebra level = −n , flavor algebra level = −ηia ≥ 0 .

• tSU(2)L and SU(2)R levels:

As we argue in section 2.3, the SU(2)L and SU(2)L symmetries coincide. We can
hence identify the coefficient of c2(L) in the anomaly polynomial with the level of
the SU(2)L current. As this coefficient is 1, we conclude that all dependence on the
associated fugacity x is captured by the center of mass contribution to the elliptic
genus, i.e.

the fugacity x does not appear in ER .7

On the other hand, we identified the SU(2)R symmetry with the diagonal of SU(2)R×
SU(2)I . The level κM of the corresponding current is therefore given by the sum of
the coefficients of c2(I) and c2(R). This gives

κM = h∨G − n+ 1 . (2.20)

Removing the contribution of the center of mass multiplet yields

κ = h∨G − n . (2.21)

2.5 Fugacities of the elliptic genus and relation to topological string

As reviewed in the appendix, the (0, 2) elliptic genus permits the inclusion of charges in the
trace which commute with the two supercharges; the resulting index is sometimes referred

7Note that this is no longer true for the elliptic genus of multiple strings.
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to as a flavored elliptic genus. Natural choices are the exponentiated Cartan generators
of the gauge and flavor symmetries G and F , as well as of the chiral spacetime rotation
SU(2)L. We will call the associated fugacities as mG, mF , and ε−. For the exponentiated
fugacities, we use x = e2πiε− for the SU(2)L group and Qi = e2πi(αi,m) or Xi = e2πi(ei,m) for
G and F . Here, αi are the simple roots and ei are the vectors providing the canonical basis
of the associated Euclidean space. The conventions for the embedding of the coroot lattices
of Lie groups in Euclidean lattices are the same as in [27].

As the worldsheet exhibits (0, 4) supersymmetry, an inclusion of generators for a
subgroup of the R-symmetry with which two supercharges commute is also permissible.
Over the reals, the best we can do is consider an embedding

U(1)×U(1) ↪→ SU(2)R × SU(2)I . (2.22)

The insertion of the generator of one of the U(1) factors into the trace determines which
subset of 2d BPS states contributes to the elliptic genus. Let J3

R and J3
I indicating the

infinitesimal generators of the Cartan of SU(2)R, SU(2)I respectively. To connect to
partition functions in the Ω background [58] and the refined topological string partition
function [16, 59], we would like to introduce a fugacity v associated to the symmetry SU(2)R
with Cartan J3

R + J3
I by inserting

Xv = vJ
3
R+J3

I (2.23)

into the elliptic genus. Without this insertion, only states whose right-moving factor is
annihilated by all supercharges contribute. Upon insertion, only annihilation by supercharges
which commute with Xv suffices.

3 Three constraints on the elliptic genus and an intermezzo

3.1 The modular ansatz

The (flavored) elliptic genus is essentially a meromorphic Jacobi form of vanishing weight
and of index fixed by the ’t Hooft anomalies governing the flavor symmetries [2, 3]. We say
essentially, because in theories with a gravitational anomaly, i.e. for which left and right
moving central charge do not coincide, the defining transformation properties for Jacobi
forms under modular transformations are modified by a phase, see e.g. equation (2.16)
in [3].

For the theories under consideration, the R-R elliptic genus has been argued [5, 18, 23–
25] to take the form

ER = η(q)24E0
R
N(q, v,mG,mF )
D(q, v,mG) , (3.1)

with N and D polynomials in Weyl invariant holomorphic Jacobi forms [60, 61],8 and E0
R

the left-moving Casimir energy in the Ramond sector.9 The denominator D in (3.1) for a
8We are considering weak Jacobi forms to be a special case of Weyl invariant holomorphic Jacobi forms,

see e.g. the appendix of [25].
9For theories over the Hirzebruch base F1, the power of the η function is actually the Casimir energy

minus one. All statements in the rest of this paper remain true for the n = 1 case if we interpret E0
R as the

Casimir energy minus one in this case, and we will henceforth tacitly do so.
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given group G is universal. The numerator N is a holomorphic Jacobi form of weight equal
the weight of D minus 12E0

R (the contribution of the Dedekind η function to the weight),
and of index in the elliptic parameters v and G adjusted by the index of D. As the space of
Weyl invariant holomorphic Jacobi forms of fixed weight and indices is a finite dimensional
vector space,10 N is fixed once a finite number of coefficients are determined. Unfortunately,
the number of coefficients is typically very large: there are e.g. 236,509 terms for the (F4)4
theory. This number is in many cases considerably reduced by invoking multiple sources of
symmetry enhancement [27] to express N in terms of Jacobi forms of Weyl groups larger
than that of G.

The coefficients required to determine N were fixed in [23–25] by matching to boundary
conditions provided by the topological string partition function. [26] determined them by
matching to the elliptic genus expressed in terms of θ-functions for theories for which a UV
description is known. [5] instead matched to universal features of the elliptic genus inspired
by the IR theory (mainly for vanishing gauge and flavor fugacities). This latter approach is
naturally integrated into our computation of the elliptic genus in the affine expansion (1.2),
and we shall review it below.

Note that the presentation of ER in terms of Jacobi forms as in (3.1) is exact, just
like the θ-function expressions arising from knowledge of a UV theory. To compare to the
topological string partition function, this expression must be expanded for small q, and
then for small exponentiated gauge and flavor fugacities. This leads (though non-trivially)
to an expansion in only positive exponentiated Kähler classes, as behooves the topological
string partition function [24]. This expansion also preserves the v → 1

v symmetry of (3.1).
In contrast, the presentation in terms of affine characters that we are interested in requires
the expansion in small q to be followed up by an expansion in small v. The contribution to
the elliptic genus that is thus sensitive to the expansion region is that stemming from the
zero modes. Already in [66], these were seen to require a careful treatment. It would be
desirable to understand the relation between expansion region and physical interpretation
of the elliptic genus better.

3.2 The affine ansatz

The central contribution of this note is providing ample evidence for the conjecture that
the R-R elliptic genus for the class of theories described in section 2 can be parametrized as
follows:

ER =
∑

λ∈Λ̂+(F )kF

χ̂Fλ (mF , q) ξn,Gλ (mG, q, v) (3.2)

with
ξn,Gλ = 1

η(q)
∑

ω∈Λ+(G)−n

χ̂ω(mG, q)
∑
k∈Z

cλω,k q
− k

2
4κ vk , (3.3)

with cλω,k ∈ {0,±1,±2} and non-vanishing at fixed ω and λ for only finitely many integers
k. This ansatz is heavily inspired by the work [5]. Several comments are in order.

10This is true with the exception of the space of Weyl invariant Jacobi forms for the Weyl group of E8 [60],
see [62–65] for this case.
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• The sum in equation (3.2) is over all highest weight representations Lλ, λ dominant,
of the affine Lie algebra associated to F at a fixed positive level kF . As the level k of
a rank r affine Lie algebra is related to the Dynkin labels λi of its weights via

k =
r∑
i=0

a∨i λi , (3.4)

with the a∨i denoting the (non-negative) co-marks of the Lie algebra, this sum is
necessarily finite. The notation χ̂Fλ indicates the affine character associated to the
representation λ, normalized such that the leading power in q is

− cF
24 + hFλ , (3.5)

with cF the central charge of the WZW model associated to the affine Lie algebra at
this level, and hFλ the conformal weight of a state with highest weight λ in this theory.
The explicit expressions are

cF = kF dim(F )
h∨F + kF

, hFλ = 〈λ, λ+ 2ρF 〉
2(h∨F + kF ) , (3.6)

where the inner product 〈·, ·〉 is normalized such that long roots have length 2.

• The sum over representations ω in equation (3.3) is over highest weight representations
Lω of the affine Lie algebra G at negative level −n, constrained as follows: by the
relation (3.4), ω cannot be dominant. We require its finite projection to be dominant.
This permits us to impose that the finite representations to which Lω restrict at each
grade be integrable, thus salvaging at least the symmetry under the finite part of the
Weyl group.
As λ0 can become arbitrarily negative, the sum over ω is infinite. The affine characters
χ̂ω are normalized such that the leading power in q is

− cG
24 + hGω (3.7)

with
cG = dim(G)(−n)

κ
, hGω = 〈ω, ω + 2ρG〉

2κ , (3.8)

and κ given in equation (2.21). We discuss these characters and their computation
further in appendix B.

• We will argue below that for fixed ω, the sum over k is finite. ξn,Gλ thus has the
structure

ξn,Gλ = 1
η(q)

∑
ω∈Λ+(G)−n

χ̂ω(mG, q) pλω(qh1
v , v) , (3.9)

where we have defined
hkv = −k

2

4κ (3.10)

and pλω(y, v) denotes a polynomial of the form

pλω(y, v) =
∑
k

cλω,k v
kyk

2
. (3.11)

The computational task required to obtain ER is to determine which representations ω
contribute, and for each such ω, to compute the polynomials pλω(y, v).
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3.3 Intermezzo: from ER to ENS

Both for deriving a lower bound on the negative powers of v that occur in ER, and to
obtain some constraints on the expansion coefficients, it will prove useful to be able to
relate ER to the NS-NS elliptic genus. Surprisingly (recall that we have fermions in the
left-moving, non-supersymmetric sector), this relation is (conjecturally) delightfully simple:
the following relation is conjectured in [5, 18]:11

ENS(mG,mF , v, q) = q−κ/4vκER(mG,mF , q
1/2/v, q), κ = h∨G − n. (3.12)

Note that this is a priori not a manifestation of spectral flow of N = 2 theories, as the
left-hand side of the theories we are considering do not exhibit supersymmetry. However,
in a theory of bosons and fermions with a U(1) charge with generator J0, one may try to
relate traces over R and NS sectors by shifting L0 with a multiple of the generator J0 to
account for the half-integral moding of fermions in the NS sector compared to the R sector,
and shifting both L0 and J0 to account for the different weight and charge of the vacuum in
the NS vs. the R sector. For the N = 2 theory of free fermions and bosons, this procedure
indeed reproduces spectral flow. Surprisingly, the same strategy reproduces (3.12). The
shifts that lead to (3.12) are

hNS = hR + 1
2 lR + 1

2k , lNS = lR + 2k , (3.13)

with k = −κ/2. Indeed, composing this shift with the v → 1/v symmetry of the elliptic
genus in the form (3.1), we have

qhRvlR 7→ qhR+ lR
2 + k

2 v−lR−2k = qk/2v−2k
(
qhRvlR

∣∣∣
v 7→q1/2/v

)
, (3.14)

which induces the transformation (3.12).
It will be convenient to introduce the following notation: we will have Fκ[f ] denote the

function f upon acting with the transformation (3.14), i.e.

Fκ[f ](mG,mF , v, q) := q−κ/4vκf(mG,mF , q
1/2/v, q) , (3.15)

such that
ENS = Fκ[ER] . (3.16)

We will see below that ER has an expansion in positive powers of q/v2 and v. Disre-
garding the prefactor, the transformation (3.15) on a monomial of this expansion is(

q

v2

)j
vl 7→ v2j

(
q

v2

)l/2
. (3.17)

11The authors of [5, 18] conjecture this map to yield the elliptic genus in the NS-R sector. This is not
consistent with level matching, due to the ensuing occurrence of both integral and half-integral powers of
q relative to the Casimir energy. This structure is consistent with the NS-NS elliptic genus, due to the
shift (A.7) by the right-moving R-current J̄0 in the power of q̄ in that case. We thank Michele Del Zotto for
a discussion regarding this point.
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The expansion region, small q2/v, small v, is hence preserved by Fκ. To obtain a transfor-
mation with this property, we had to compose the shifts (3.13) with the symmetry v → 1/v
of the unexpanded elliptic genus.

The fact that ENS = Fκ(ER) implies that the same ansatz we had for ER holds
for ENS:12

ENS =
∑

λ∈Λ̂+(F )kF

χ̂Fλ ξ
NS
λ = 1

η

∑
λ∈Λ̂+(F )kF

χ̂Fλ
∑

ω∈Λ+(G)−n

cNS,λ
ω,z χ̂ω(mG, q)

∑
`∈Z

q−
`2
4κ v`. (3.18)

For the cases without massless matter, the NS-NS and the R-R elliptic genus coincide
(up to an irrelevant sign choice). Hence, the ξ functions must be Fκ invariant. For the
general case,13 we will find that Fκ permutes the different ξ functions, i.e.

Fκ(ξGλ ) = ±ξGλ′ for some λ′ . (3.19)

3.4 The low lying spectrum in the NS sector

[18] argue, building on previous observations in [67] and [68–71], that the leading contribu-
tion at q−cL/24 to the NS elliptic genus should essentially coincide with the Hilbert series of
the corresponding one-instanton moduli spaces. [5] observe that the contribution (in the
presence of charged matter in the spacetime theory) at the next level, q−cL/24+1/2, also has
a universal form in terms of (finite) characters of the groups G and F .14 We conjecture that
this form is universally valid for the theories that we can consider and impose the ansatz

ENS = q−
cL
24 vh

∨
G−1

(∑
k

v2kχGkθ(mG)− q
1
2
∑
k

v2k+1∑
i

χGkθ+ωi(mG)χFλi(mF ) +O(q)
)
(3.20)

as a constraint on the elliptic genera. Here, θ is the highest root of G, and the pairs (ωi, λi)
of representations of G and F were discussed in section 2.1. Let us comment on these two
contributions: considering the NS-NS rather than the R-R elliptic genus disentangles the
fermionic and bosonic contributions at the ground state energy E0

NS = −cL/24 calculated
in (2.6). The leading contribution thus arises from symmetric tensor products of bosonic
zero modes. These carry the adjoint representation of G. The k-th such product gives rise
to the contribution χGkθ(mG). As (

θ⊗k
)

Sym
= kθ + . . . , (3.21)

the form (3.20) encodes that all additional contributions in the decomposition of the tensor
product do not contribute independently [67].15 We can further read off the U(1)v charge
of the NS vacuum to be h∨G − 1, and the U(1)v charge of the bosonic fields of the non-linear

12Note that q−κ/4vκ
(
v`q−

`2
4κ

)∣∣∣
v→q1/2/v

= q−
(κ−`)2

4κ vκ−`.
13(E7)7, the only theory with massless matter but no flavor group, is an exception to this rule, see

subsection 5.2.
14This is observed for the examples (Cr)1 for r = 1, 2, 3, 4, (G2)3, (Dr)4 for r = 4, 5, and (B4)4.
15We thank Noppadol Mekareeya for explaining to us how all representations beside kθ are set to zero by

D-term constraints in the case G = An.
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sigma model to be 2. The contributions at energy −cL/24+1/2 arise when 1/2 modes of the
left moving fermion fields act on the bosonic ground states. These carry the representations
(ωi, λi) under the groups (G,F ), and we can read off their U(1)v charge to be 1. We again
see that only the leading term kθ ⊕ ωi in the decomposition of θ⊗k ⊗ ωi in irreducible
representations contributes.

3.5 Imposing |cλω,k| ≤ 2

We have already discussed the three main constraints on the elliptic genus: (1) the modular
ansatz (3.1), (2) compatibility with the NS elliptic genus, and (3) the affine ansatz (1.2).
The modular ansatz has finitely many unknowns; hence, by providing a finite amount of
initial data or vanishing conditions, it is possible, in principle, to solve for the elliptic
genus [5, 18, 23, 24, 27]. In this work, we bypass the computation of initial data (except for
the data coming from (3.20)), and conjecture that imposing the other constraints is enough
to determine the entire elliptic genus. However, even for small rank groups, the dimension
of the Jacobi ring to which the numerator N belongs is very large, making the problem of
solving for all coefficients computationally intractable. Therefore, we opt to specialize some
of the elliptic parameters to 0, thus greatly reducing the dimension of the space of Jacobi
forms. This process, of course, removes information, so we are not able to determine the
complete set of coefficients cλω,k uniquely. We find experimentally, however, that imposing
the constraint

|cλω,k| ≤ 2 (3.22)

allows us to do so.16

We believe that the constraint (3.22) holds generally, for the following reasons:

• It holds for the cases we can compute exactly: for a handful of theories, including
(Cr)1, (Br/Dr)4, and (G2)3, we know the full elliptic genus with all fugacities turned
on [4–9, 26]. For these theories, we did not impose (3.22), but we observed that it
was satisfied.

• The constraint is compatible with Higgsing: as we will explain in section 6, there is a
simple rule to obtain the elliptic genus of a Higgsed theory from the elliptic genus
of its parent. We consider the fact that Higgsing preserves this constraint as strong
evidence for its validity.

• Simplicity: the affine characters reflect the structure of a multiplet plus all of its
descendants. The affine ansatz already captures the structure of the gauge and
flavor groups, so the only remaining source for structure is the relatively simple
supersymmetry algebra (only 4 generators). We therefore expect cλω,k to be relatively
small numbers. For several cases, we slightly increased the bound (up to 8) and found
no additional solutions. In some cases in which we did find solutions violating this
bound, the bound was violated for some coefficients by many orders of magnitude.

16Up to small subtleties. See section 4.
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• Existence of a solution: using the algorithm in section 4, we found a solution that
satisfies the bound (3.22) in every theory we studied. The equations satisfied by the
c’s are linear equations with large coefficients (approximately 108 in the larger cases).
We consider the fact that solutions exist that satisfy the bound to be strong evidence
that the constraint should hold in general.

4 Putting the constraints to work

4.1 The strategy

In the expressions (3.2) and (3.3), ER is obtained as a sum over irreducible highest weight
representations Lλ of the symmetry F at positive level kF , a sum of highest weight
representations Lω of the symmetry G at negative level −n, and a sum over powers k of
the fugacity v. The sum over λ is finite, as only finitely many irreducible integrable highest
weight representations exist at given level. The sum over ω is infinite. We will now argue
that at fixed λ and ω, the sum over k is finite. In each summand, the powers of q are
manifestly integrally spaced, with the leading power x0 of q in the summand indexed by λ,
ω, and k given by

x0(λ, ω, k) := −cF24 + hFλ −
cG
24 + hGω + hvk −

1
24 . (4.1)

Note that hvk is a negative definite quadratic form of k. Thus, at given λ and ω, x0 can be
bounded by the Casimir energy E0

R (computed in (2.6)) only for a finite set of k. This is why
at given ω, only a finite number of terms can occur in the sum over k in the expression (3.3)
for ξn,Gλ , i.e. cλω,k = 0 for all but finitely many k.

The modular ansatz (3.1) implies that all occurring powers of q (i.e. not merely restricted
to a given summand) be integrally spaced relative to the lower bound on this power provided
by the Casimir energy ER0 ,17

x0(λ, ω, k)− ER0 ∈ N ∀λ, ω, k . (4.2)

This constraint also follows from level matching at the level of the worldsheet theory. It
constrains the representations ω that can contribute to the expansion (3.3) at fixed order in
q and v. As hGω , given in equation (3.8) above, is a positive definite quadratic form of the
Dynkin labels of ω, the number of such representations compatible with the constraint (4.2)
is finite.

Next, we will argue that the power of v that occurs in the expansion of ER at a
given order in q is also bounded below. This argument relies on considering the elliptic
genus in the NS-NS sector, and invoking the lower bound on the power of q there. Recall
that, as discussed in section 3.3, the monomial qxvk contribution to ER is mapped to the
contribution qx+k/2−κ/4vκ−k to ENS. The NS-NS elliptic genus permits both integral and
half-integral energy levels relative to the Casimir energy E0

NS = − cL
24 = −κ

4 −
1
3 ,

x+ k

2 −
κ

4 − (E0
NS) = (x− E0

R) + k

2 −
n− 3

2 ∈ 1
2N0 , (4.3)

17Recall our conventions regarding the notation E0
R for the case n = 1 as stated in footnote 9.
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thus implying the sought after lower bound on the power of v. Introducing the non-negative
integers j and ` via

` = k − (n− 3) + 2(x− E0
R) = k − (n− 3) + 2j (4.4)

allows us to write ER as

ER = qE
0
Rvn−3 ∑

j,`≥0
bj,`(mG,mF )

(
q

v2

)j
v` . (4.5)

The relation (4.3) also implies a lower bound on the power k of v in the polynomi-
als (3.11):

k ≥ (n− 3)− 2(x0(λ, ω, k)− E0
R) (4.6)

recall that the k dependence in x0(λ, ω, k) is via the summand − k2

4κ .
The discussion above clarifies how the expansion (3.3) is to be understood: at any

fixed order in q and in v, all occurring sums, in particular the sum of non-integrable
representations ω, are finite.

Now that we understand the nature of the expansion, we can go about solving for
the coefficients cλω,k in the ansatz (3.3) by equating the expansion (3.2) to the modular
ansatz (3.1). To render the computation feasible, we set, following [5], the fugacities
mG = mF = 0. This greatly reduces the number of unknown coefficients in the numerator
N of the modular ansatz, as the Jacobi forms depending on these fugacities specialize to
integers. The constraint on the coefficients cλω,k thus takes the form

η24E0
R
N(q, v,mG = 0,mF = 0)

D(q, v,mG = 0) =
∑

λ∈Λ̂+(F )kF

χ̂Fλ ξ
G
λ

∣∣∣∣∣∣∣
mF=mG=0

, (4.7)

where the l.h.s. is expanded first in q and then in v. This gives rise to a linear homogeneous
equation on both the coefficients of the basis of Jacobi forms at appropriate weight and level
contributing to N as well as the expansion coefficients cλω,k occurring in ξGλ . To introduce
inhomogeneities, we impose the knowledge of the low lying spectrum in the NS sector as
described in section 3.4.

In terms of the expansion given in equation (4.5), the low lying spectrum in equa-
tion (3.20) fixes18

bk+n−2,0 = χGkθ and bk+n−1,1 =
∑
i

χGωi+kθχ
F
λi ; (4.8)

equivalently,

cλω,1−n−2k = δλ,0δω,kθ if k −
(
(n− 3)− 2(x0(λ, ω, k)− E0

R)
)

= 0,

cλω,−n−2k = −
∑
i

δλi,λδω,ωi+kθ if k −
(
(n− 3)− 2(x0(λ, ω, k)− E0

R)
)

= 1/2.

18For n = 1, the conditions are slightly different due to the presence of the tachyon and the shift in E0
R

we introduced in footnote 9. They read b0,0 = 1 , b0,` = 0 , bk,2 = χGkθ , bk+1,3 =
∑

i
χGωi+kθχ

F
λi
.
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Note that in all of the examples that we consider, we can solve for the coefficients of N first,
just by taking advantage of coefficients of monomials in q and v that we know to vanish on
the r.h.s. of equation (4.7). In most cases, the remaining constraints have a unique solution
(once Dynkin symmetry is addressed, see immediately below) upon imposing |cλω,k| ≤ 2.

Finally, we wish to discuss a complication due to possible Dynkin symmetry when
setting the gauge and flavor fugacities in equation (4.7) to zero: characters associated to
weights related by Dynkin symmetry are equal in the m→ 0 limit. Explicitly, if we have a
Dynkin symmetry s ∈ Dyn(G) for any character χ̂Gw ,

χ̂Gsω(mG) = χ̂Gω (smG)⇒ χ̂Gsω(0) = χ̂Gω (0).

Therefore, equation (4.7) can only be solved for the sum cλω,k + cλsω,k rather than for the
individual coefficients. In many cases, we expect the elliptic genus to be Dynkin symmetric,
as this symmetry is inherited via Higgsing from a theory further up the Higgsing tree [27].19

In such cases, we can set cλω,k = cλsω,k to resolve the ambiguity. Dynkin symmetry with
regard to the flavor group can also occur, as for s ∈ Dyn(F ), we cannot differentiate between
cλω,k and csλω,k upon setting mF = 0. In these cases, we can only solve for ξλ + ξsλ. In the
case of U(1) flavor groups, the mU(1) → −mU(1) leads to the same style of ambiguity as
Dynkin symmetry.

We exemplify this latter ambiguity at the hand of the example (E6)5 in appendix C.9.

4.2 An example: (F4)4

As an example, consider the theory (F4)4. The flavor group is A1 at level 3 [5]. At this
level, there exist 4 dominant highest weight representations. Their highest weights are

λi = (3− i) ΛA1
0 + iΛA1

1 , i = 0, . . . , 3 , (4.9)

where we have denoted the fundamental weights of Â1 by ΛA1
0 and ΛA1

1 .
We will consider the expansion of the ξ functions in equation (3.3) to order

O

(
qE

0
R

(
q

v2

)M+1
, vm+(4−3)+1

)
, M = 3 , m = 8 . (4.10)

From our discussion in section 4.1, we know that at a given power in q, the powers of v are
bounded below by (4.6). Furthermore, at each power of q and v, the new representations
that contribute to the ξ functions, i.e. that did not already contribute at lower power of q,
are given by solving (4.2). We organize the calculation in terms of orders of q:

Leading order qE0
R . Specialized to the leading order qE0

R , (4.6) which bounds the power
of v from below reduces to k ≥ (4 − 3) = 1. Hence, the powers k of v that can arise
at order O

(
qE

0
R
(
q
v2

)1
, vm+2

)
are −1 ≤ k ≤ m = 9. To find the affine characters of F4

19The cases for which we do not expect Dynkin symmetry are (D6)3 , (D5)3, the two theories (D6)1, and
(D6)2 with flavor group C6 × (Ising)× (Ising).
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λ

k 1 2 3 4 5 6 7 8 9

λ0 - - - - - - (0000) - -
λ1 - - - - - - - - -
λ2 - - - - - - - - (0001)
λ3 - - - - - - - (0000) -

Table 4.1. Solutions of equation (4.11).

λ

k -3 -2 -1 0 1 2 3 4 5

λ0 (0000) - - - - - (0000) - -
λ1 - - - - - - - - -
λ2 - - - - - - - - -
λ3 - - - - - - - - -

Table 4.2. Solutions of equation (4.13) for l = 2.

that contribute at this order, we thus find the admissible weights ω ∈ Λ+(F4)−4 which
solve (4.2),

x0(λi, ω, k)− E0
R = 0 , (4.11)

for these values of k and each of the four flavor weights λi. The solutions are given in
table 4.1.

Order qE0
R+1. At the next order in q, qE0

R+1, equation (4.6) reads k ≥ (4− 3)− 2 = −1,
so for every value of k with −1 ≤ k ≤ (m+ 1)− 2 = 7,20 we invoke (4.2),

x0(λi, ω, k)− E0
R = 1 , (4.12)

to identify the new representations ω that contribute at this order: we find that there are
no solutions (those identified in table 4.1 of course contribute at all powers of q above the
ground state).

In general at order qE0
R+l the equations read:

e4,F4
λi

(ω, k)− E0
R = l, (4− 3)− 2l ≤ k ≤ m+ 1− 2l . (4.13)

The solutions for ω for these equations for l = 2, 3 are given in tables 4.2 and 4.3.
At this order, the ansatz for the ξ functions therefore reads

ηξ4,F4
(0) = χ̂(0000)

v7y49c
(0)
(0000),7 +

y9c
(0)
(0000),−3
v3 + v3y9c

(0)
(0000),3

+
y25χ̂(1000)c

(0)
(1000),−5

v5 + . . . ,

(4.14)

ηξ4,F4
(1) =

y16χ̂(0001)c
(1)
(0001),−4

v4 + . . . , (4.15)

20(m+ 1)− 2, as (q/v2)vm+1 = qvm+1−2.
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λ

k -5 -4 -3 -2 -1 0 1 2 3

λ0 (1000) - - - - - - - -
λ1 - (0001) - - - - - - -
λ2 - - - - - - - - -
λ3 - - - (0000) - - - (0000) -

Table 4.3. Solutions of equation (4.13) for l = 3.

ηξ4,F4
(2) = v9y81χ̂(0001)c

(2)
(0001),9 + . . . , (4.16)

ηξ4,F4
(3) = χ̂(0000)

v8y64c
(3)
(0000),8 +

y4c
(3)
(0000),−2
v2 + v2y4c

(3)
(0000),2

+ . . . , (4.17)

where y = q−
1

4κ = q−1/20 as in equation (3.11). To lighten the notation, we have indexed
the affine characters and the coefficients cλω,k only with the finite Dynkin labels; the zeroth
Dynkin label is then determined by the level.

From the expressions (4.14)–(4.17) it is difficult to read off at a glance the power of q at
which each term contributes to the elliptic genus, as both the affine characters associated to
the flavor and to the gauge group exhibit a non-trivial leading q-power. Consider e.g. ξ4,F4

(1) :

x0(λ = (1), ω = (0001), k = −4) = −cA1

24 + hA1
λ −

cF4

24 + hF4
ω + hv−4 −

1
24 (4.18)

= −9/5
24 + 3

20 −
−208/5

24 + 6
5 −

16
20 −

1
24 (4.19)

= 13
6 (4.20)

= 3 + E0
R (4.21)

where we have used E0
R = −5

6 . The first two terms come from the flavor character, the
following two come from the gauge character, the hv−4 comes from y16, and the − 1

24 is the
contribution from the Dedekind η-function.

Before imposing equality with the modular ansatz as in (4.7), we can fix some of the
unknown constants from the knowledge of the low energy spectrum (3.20) in the NS sector.

For the (F4)4 example (4.14) these conditions fix three coefficients:

c
(0)
(0000),−3 = 1, c

(0)
(1000),−5 = 1, c

(1)
(0001),−4 = −1.

For the (F4)4, the modular numerator N has 61 undetermined coefficients, i.e. the Jacobi
ring at the desired weight and index has dimension 61. Using the fact that small/negative
powers of v are constrained by (4.5) we can solve for 42 coefficients and using (4.8) we
solve for an extra 12 coefficients. The remaining 7 coefficients can be fixed by comparing
the modular and the affine ansatz. Once the modular ansatz is fixed, we find a series of
equations for the coefficients cλω,k. Imposing cλω,k ∈ Z with |cλω,k| ≤ 2 gives a unique solution.
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a0 a1 a2 s

(D4)4 1 2 1 0
(F4)5 -1 0 1 1
(E6)6 1 2 1 0
(E7)8 1 2 1 0

Table 5.1. Coefficients and relative sign in expansion of the elliptic genus of non-Higgsable models
in affine characters.

5 Closed form results for ER

For a subset of the theories we consider, we have conjectural closed form results for the
elliptic genus ER in the form (3.2): we enumerate all of the representations ω that contribute,
and the associated polynomials pλω as defined in equation (3.11). We present these results in
this section. We have computed the representations ω that contribute to ξn,Gλ to a certain
fixed order in q and the associated polynomials pλω for a host of other examples Gn, but we
are not confident that to the order achieved, our results reflect the complete structure of
ER. These results are presented in appendix C.

Note that explicit results for the elliptic genera of the theories (Cr)1, (Br/Dr)4, (G2)3
among others are known in terms of θ functions or modular forms are known [4–9, 26].
Expressing these results in terms of our affine ansatz (1.2) (for (Cr)1 below, and (C3)1, (C4)1,
(B4)4, and (D5)4 in the appendix) hence provides evidence for the validity of this ansatz.21

5.1 Theories without charged matter

Theories without matter necessarily exhibit trivial flavor symmetry F : the sum over λ is
absent for these theories, such that

ER = ξn,G . (5.1)

The absence of the left-moving fermionic bundle in the non-linear sigma model description
of the worldsheet theory significantly simplifies the structure of the elliptic genus.

Indeed, for the matterless models (D4)4, (F4)5, (E6)6, (E7)8, we find

ξn,G = 1
η(q)

∑
n

χ̂nθ

2∑
m=0

am

(
v−bn,m+κ/2q−

(bn,m−κ/2)2

4κ − (−1)svbn,m+κ/2q−
(bn,m+κ/2)2

4κ

)
,

(5.2)
where

bn,m = 2n+ κm− (κ− 2), κ = h∨G − n ,

and a, s are given in table 5.1. The (D4)4 result was already pointed out in [5]. We note
that the operator Fκ simply permutes the two terms in parentheses and the sign (−1)s
determines whether ER is periodic or anti-periodic under this transformation.

21In practice, we only check the result with completely arbitrary fugacities to low orders due to the
computational complexity of the problem. To arrive at the results we give in appendix C, we expand the
θ-function expression at several (computer generated) random points for the gauge and flavor fugacities.
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Note that for (D4)4, the UV theory was derived in [6] and ER as a function of the
gauge and flavor fugacities determined in terms of θ-functions. Obtaining the result (5.2)
for this theory hence does not require the algorithm presented in section 4.

5.2 (E7)7 and (B4)4

(E7)7. (E7)7 is the only theory with matter and without flavor group. We find that the
elliptic genus can be written as

ξ7,E7 =

1
η(q)

(∑
n

χ̂nθ

2∑
m=0

amv
−b+
n−1,m+κ/2

q
−

(b+
n−1,m−κ/2)2

4κ +
∑
n

χ̂nθ+(0000001)

2∑
m=0

amv
b+
n,m+κ/2q

−
(b+
n,m+κ/2)2

4κ

−
∑
n

χ̂nθ+(0000010)

2∑
m=0

amv
−b−
n,m+κ/2q

−
(b−
n,m−κ/2)2

4κ −
∑
n

χ̂nθ+(0100000)

2∑
m=0

amv
b−
n+1,m+κ/2

q
−

(b−
n+1,m+κ/2)2

4κ

−χ̂(0000100)

2∑
m=0

amv
b−

0,m+κ/2
q
−

(b−
0,m+κ/2)2

4κ +χ̂(0001000)

2∑
m=0

amv
b+

−1,m+κ/2
q
−

(b+
−1,m+κ/2)2

4κ

)
, (5.3)

where

b±m,n = (−1)m
(

2n+ κm− (κ− 2)± 1
2

)
, a0 = 1, a1 = −2, a2 = 1 . (5.4)

Due to the presence of matter, we expect Fκ to not act trivially on ξ; however, as there
is no flavor group, Fκ cannot act as a permutation of the flavor weights. We observe that
Fκ permutes the contributions of the different characters. In terms of the polynomials in
equation (3.11),

Fκ(pω)(y, v) = pσ(ω)(y, v) , (5.5)

where σ2 = 1 and

σ(nθ) = (n+ 1)θ + (0000001), n ≥ 0 ,
σ(0) = (0001000) ,

σ(nθ + (0100000)) = (n+ 1)θ + (0000010) , n ≥ 0
σ(0000010) = (0000100) .

(B4)4. For (B4)4, the flavor group is A1 at level 1. We observe that the ξ functions can
be written as

ξ4,B4
(0) = 1

η(q)

(∑
n>0

χ̂nθ

3∑
m=0

amv
b−
n,m+κ/2q

−
(b−
n,m+κ/2)2

4κ +
∑
n

χ̂nθ+(1000)

3∑
m=0

amv
−b+
n,m+κ/2q

−
(b+
n,m−κ/2)2

4κ

+χ̂(0000)

∑
m=2,3

amv
b−

0,m+κ/2
q
−

(b−
0,m+κ/2)2

4κ +χ̂(2000)

∑
m=0,1

amv
b−

0,m+κ/2
q
−

(b−
0,m+κ/2)2

4κ

)
,

ξ4,B4
(1) =−Fκ(ξ4,B4

0 ) (5.6)

with

b±n,m = (−1)m
(

2n+ κm+ (κ− 2)− 6± 1
2

)
, a0 = 1, a1 = −1, a2 = −1, a3 = 1 .
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5.3 The Cr branch of the E-string Higgsing tree

The elliptic genera of the theories of the E-string Higgsing tree (n = 1) with gauge group
Cr where given in [5] for r = 1, 2. We conjecture a general result for arbitrary r > 1:

η ξCr0 = χ̂0 + χ̂Λ2 +
∑
k≥1

χ̂2kΛ1q
− (2k)2

4κ (v2k + v−2k) , (5.7)

η ξCrv = −
∑
k≥1

χ̂(2k−1)Λ1q
− (2k−1)2

4κ (v2k−1 + v−(2k−1)) ,

ξCrs = FκξCr1 ,

ξCrc = FκξCrv .

Recall that the operators Fκ were introduced in equation (3.15). Also, the flavor symmetry
of the (Cr)1 theory is D8+2r at level 1. Only the representations with fundamental weight
associated to the two extremities of the affine Dynkin diagram contribute; we retain the
same name for these as in the case of D4. The result at r = 1 takes a slightly different form:

η ξC1
0 =

∑
k≥1

χ̂2kΛ1

k∑
m=−k

q−m
2
v2m , (5.8)

η ξC1
v = −

∑
k≥1

χ̂(2k−1)Λ1

k∑
m=−k

q−
(2m+1)2

4 v−1−2m,

ξC1
s = F1ξ

C1
1 ,

ξC1
c = F1ξ

C1
v ,

where we have explicitly substituted κ = 1.
Note that just as for the (D4)4 theory, a UV description of the (Cr)1 theories is

known; the elliptic genera can hence be computed exactly in terms of θ-functions [4].
The results (5.7) and (5.8) were consequently obtained without recourse to the algorithm
presented in section 4. The fact that the coefficients cλω,k all equal ±1 thus provides
additional evidence for the conjectured form (1.2) of the elliptic genus which lies at the
heart of this work.

We remark that for these theories, we can combine the knowledge of ER in terms
of θ-functions with the affine ansatz (3.3) to derive explicit formulae for (some) level −1
characters of Cr.

Let us consider r > 1, as only a single affine character contributes at each power of
v in this case (except for v0 in ξ0). The functions ξ0, ξv in terms of θ-functions are given
by [4, 5]

ξCr0/v = 1
2

 r∏
1≤i≤r
s=±

η

θ3(v(XC1
i )s)

±
r∏

1≤i≤r
s=±

η

θ4(v(XC1
i )s)

 , (5.9)
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where the + sign corresponds to 0 and the − to v. We then have that

χ̂`Λ1 = q
`2
4r

1
2

(−1)`
r∏

1≤i≤r
s=±

η

θ3(v(XC1
i )s)

+
r∏

1≤i≤r
s=±

η

θ4(v(XC1
i )s)



v`

, (5.10)

where [·]v` signifies the order v` term of [·].22 This expression can be further simplified
using the explicit forms or the modular transformation properties of the θ- functions to give

χ̂`Λ1 = q
`2
4r

 r∏
1≤i≤r
s=±

η

θ4(v(XC1
i )s)


v`

. (5.11)

To our knowledge, this expression for level −1 characters of Cr has not appeared previously
in the literature. It would be interesting to compare it to a recent result by Kac and
Wakimoto [72] on these characters.

6 Relations along the Higgsing tree

When explicit results for the elliptic genera of a pair of theories related by Higgsing are
known in terms of θ-functions, it has been found in the literature [5, 73, 74] that the elliptic
genus of the Higgsed theory can be obtained by a specialization of the parameters of the
parent theory. Notably, some flavor fugacities of the parent theory must be replaced by the
fugacity v of the SU(2)v symmetry. In section 6.1, we determine this specialization map for
a number of theories, notably for multiple theories for which no expressions for the elliptic
genus in terms of θ-functions is known. The fact that also in these cases, the specialization
map is of the expected form provides additional evidence for the various assumptions that
enter in our derivation of the affine presentation of ER.

In section 6.2, we revisit an idea of [27], which demonstrated that the computation
of elliptic genera can sometimes be simplified by imposing a larger Weyl symmetry, one
which occurs “further up the tree” from the theory Gn in question, in choosing the ring of
Jacobi forms than the one suggested by the group G. We will consequentially consider the
problem of expanding the elliptic genera with characters of a Lie algebra that correspond
to a possible unHiggsing up the tree. Note that such an expansion is necessarily possible as
long as additional q dependence outside that occurring in the group and flavor characters is
permitted: it imposes a larger (finite) Weyl symmetry on the mG dependence of ER, which
is permissible following the results of [27]. However, we will see that the constrained form
of the ansatz (1.2) no longer holds for this larger Lie algebra. The possibility of unHiggsing
can however be used to constrain the representations ω occurring in the ansatz (1.2) further.
We will illustrate these points using the example of the Higgsing (F4)4 → (D4)4.

22We could of course equally well choose the term v−`.
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6.1 Higgsing via specialization of fugacities

Given a theory with gauge and flavor groups G, F and a Higgsing down the Higgsing tree
to a theory with gauge and flavor groups G′, F ′, we find that there are two maps [5, 73, 74]

ιG : h′ → h, and ιF : f′ ⊕ hv → f , (6.1)

with h′, h, f′, f, and hv denoting the Cartans of the Lie algebras associated to G′, G, F ′, F,
and SU(2)v respectively, such that

E
(G′,F ′)
R (m′G,m′F , v, q) = ι∗

(
E

(G,F )
R

)
(m′G,m′F , v, q) := E

(G,F )
R (ιG(m′G), ιF (m′F ), v, q) .

(6.2)
The map ιG was described for most gauge groups in [27], where the same question was
studied from the point of view of the modular ansatz for ER. The map ιF is given by the
same transformation for the flavor part f, and an inclusion of hv in an orthogonal direction.

We will describe these transformations explicitly in several examples in the following.
We give the functions ι∗ acting in either the exponentiated fugacities of the Euclidean
lattice Xi = e2πi(ei,mG) or in terms of the exponentiated fugacities corresponding to the Lie
algebra roots Qi = e2πi(αi,mG). We follow the same normalization conventions outlined in
appendix C of [27].

Cr tower. The only theories with Cr gauge symmetry appear on a branch of the E-string
Higgsing tree. The specialization maps (6.1) can be read off [5] from the explicit expression
of the elliptic genera in terms of θ-functions [4]: the Cartan algebra of Cr is mapped
to the hyperplane xr+1 = 0 of the Euclidean space in which the Cartan algebra of Cr+1
is embedded. For the flavor group, one identifies the Cartan algebra of D8+2r with the
co-dimension 2 space x8+2r+1 = x8+2r+2 = 0 of the corresponding higher-dimensional
Euclidean space. The fugacities corresponding to these two directions are then replaced by
v. Explicitly,

ι∗G :XCr+1
i 7→

{
XCr
i i= 1, . . . , r
1 i= r+1 , ι∗F :XD8+2(r+1)

i 7→
{
X
D8+2r
i i= 1, . . . ,8+2r
v i= 8+2r+1,8+2r+2

.

(6.3)

B/D ∼ SO(N) towers. The Higgsing trees at n = 1, 2, 3, 4 exhibit a (finite or infinite)
branch of alternating B and D theories.

We study the n = 4 case for which the exact elliptic genus is known in terms of
θ-functions [4, 5]. From this expressions one can get the fugacity transformation for the
different Higgsings. For the Br → Dr Higgsing we identify the two Cartan sub-algebras
through their embedding in Euclidean space and the Cr−3 → Cr−4 flavor fugacities as in
the previous example, except that we set the last fugacity to v. Explicitly,

ι∗G : XBr
i 7→ XDr

i , ι∗F : XCr−3
i 7→

{
X
Cr−4
i i = 1, . . . , r − 4
v i = r − 3

. (6.4)
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For the Higgsing Dr+1 → Br, the flavor fugacities transform in the same fashion, while
the (r + 1)st Dr+1 fugacity must be set to 1:

ι∗G : XDr+1
i 7→

{
XBr
i i = 1, . . . , r
1 i = r + 1, ι∗F : XCr−2

i 7→
{
X
Cr−3
i i = 1, . . . , r − 3
v i = r − 2

. (6.5)

F4 → D4. The Higgsing trees with n = 1, 2, 3, 4 each exhibit a Higgsing from a theory
with gauge group F4 to one with gauge group D4. Only for the (D4)4 theory is the elliptic
genus known exactly in terms of θ-functions.

We study the n = 4 case. The transformation of the gauge fugacities is the same as
in [27]:

QF4
1 7→ QD4

2 , QF4
2 7→ QD4

1 , QF4
3 7→

√√√√QD4
3

QD4
1

, QF4
4 7→

√√√√QD4
4

QD4
3

, (6.6)

while for the flavor fugacity we have

XC1 7→ v.

We will revisit this example in section 6.2.

E6 → F4. For the n = 5 tree, we consider the elliptic genera of (F4)5 and (E6)5. To find
the appropriate replacement of the gauge parameters, we use the transformation (6.6) to
identify the D4 and F4 root lattices. Then, the D4 root lattice can be embedded in the root
lattice of E6 simply by identifying the D4 Euclidean space with the space x5 = 0, x6 = 0 in
the Euclidean space of E6. This gives the ι∗G transformation

QE6
1 →

1
QF4

3 QF4
4
, QE6

2 →
1
QF4

2
, QE6

3 →
1
QF4

1
,

QE6
4 →

1

QF4
2

(
QF4

3

)2 , QE6
5 →

1
QF4

4
, QE6

6 →
(
QF4

1

)2 (
QF4

2

)3 (
QF4

3

)4 (
QF4

4

)2
.

(6.7)

The flavor fugacity transformation is simply ι∗F : QU1 7→ v.
Recall that we can fix the functions ξ for (E6)5 only up to a Dynkin symmetry, as

explained at the end of section 4.1. We unfortunately cannot resolve this ambiguity using
the Higgsing, as the finite representations of E6 related by the Dynkin symmetry have the
same image under the transformation (6.7),

ι∗Gχ
E6
(a1,a2,a3,a4,a5,a6) = ι∗Gχ

E6
(a5,a4,a3,a2,a1,a6) (6.8)

6.2 Enhanced Weyl symmetry ; enhanced affine symmetry

In [27], a variety of circumstances were found under which the Weyl symmetry WG of a
Gn theory is enhanced.23 The possible enhancements include WD4 →WF4 , WB4 →WF4 ,
WA2 → WG2 , and WDn → WBn . This observation was put to good use in choosing to

23In many cases, we also observe an enhancement of the coroot translational invariance of the elliptic
genus to finer lattices. This is explained by the absence of certain representations in the charged spectrum
or delicate cancellation between matter and gauge contributions [45].
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expand the elliptic genus in terms of Jacobi forms invariant under the enhanced Weyl
symmetry. It is thus natural to ask whether in the context of our affine ansatz (1.2),
enhanced Weyl symmetry implies a simplified ansatz in terms of affine characters of the
Lie algebra associated to it. This sadly does not appear to be the case. We will use the
example (F4)4 → (D4)4 which already appeared above to illustrate this point.

Let us thus look at this example in somewhat more detail. The transition ι in this case is
implemented by the identification of the D4 and F4 coweight lattices and the transformation
of the unique flavor fugacity to v as explained in subsection 6.1. At leading order in q, the
functions ξ and the corresponding flavor characters (specialized to the value v) are given by

λ χ̂λ(v) ηξ

(0) 1 −v7χF4
(0000) + v11∑ v2jχF4

(j100)

(1) v−1 + v −v10∑
j v

2jχF4
(j010)

(2) v−2 + 1 + v2 v9∑
j v

2jχF4
(j001)

(3) v−3 + v−1 + v + v3 −v8∑
j v

2jχF4
(j000)

(6.9)

To recover the elliptic genus of (D4)4, we must multiply the two columns, add the resulting
rows, and express the F4 characters in terms of D4 characters. This yields

− v5χF4
(0000) − v

7
(
χF4

(1000) − χ
F4
(0001) + 2χF4

(0000)

)
− v9

(
χF4

(2000) − χ
F4
(1001) + χF4

(1000) + χF4
(0010) − χ

F4
(0001) + χF4

(0000)

)
−
∑
j≥3

v5+2j
(
χF4

(j000) − χ
F4
(j−1,001) + χF4

(j−1,000) + χF4
(j−2,010) − χ

F4
(j−2,001)

+ χF4
(j−2000) + χF4

(j−3,010) − χ
F4
(j−3,001) + χF4

(j−3,000)

)
=
∑
j

v5+2jχD4
0j00 ,

(6.10)

where in the last line we have implemented (6.6). We draw two conclusions from this
calculation: firstly, that it is possible to write the (D4)4 elliptic genus in terms of affine
characters of F4: (6.10) demonstrates this for the finite characters at leading order in q.
Replacing all characters by their affine counterparts preserves the equality at leading order
in q. We can correct the expression at the next order in q by subtracting affine characters of
F4 that are induced but do not occur in the (D4)4 elliptic genus at this level, and by adding
in affine characters of D4 that do not arise by affinizing the F4 characters at lower level.
For this procedure to work, it is of course crucial that the gauge fugacities of the (D4)4
elliptic genus exhibit WF4 symmetry. This was observed in [27], and is manifest in the affine
expansion, as the sum over ω is over Dynkin symmetric representations (0j00) only (at
each order in q, the finite representations contributing to χ̂D4

(0j00) occur in Dynkin symmetric
combinations). Note that we have permitted ourselves to introduce q dependence beyond
that carried by the characters. The second conclusion we draw from the result (6.10) is that
expressing the leading contribution to the (D4)4 elliptic genus in terms of F4 characters has
rendered the result more cumbersome. In particular, the structure (1.2) is not preserved.
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The source of this complication is of course the additional v dependence contributed by
χ̂λ(v). Consider e.g. the F4 character χF4

(j000). It appears at leading order in q in the (F4)4
elliptic genus because

x0((3), (j000), 8 + 2j) = E0
R .

However, in the (D4)4 elliptic genus, there is a contribution from the same character at
orders 8 + 2j + δ where δ = −3,−1, 1, 3 (the powers of v appearing in χC1

(3)). Therefore, any
prescription for expressing ED4

R in terms of F4 characters would need to predict a term at
order k in v for every F4 dominant weight ω that satisfies

x0((3), ω, k − δ) = E0
R for any choice of δ = −3,−1, 1, 3 ,

or that satisfies the analogous equation for any of the other λ’s. At higher order in q the
problem gets amplified because there are q-dependent contributions coming from χ̂λ(v).

To end on a positive note, we point out that expressing the characters of the Higgsed
gauge group in terms of the characters of the parent gauge group does teach us something
about the parent theory: which characters must occur. Thus, the relation (6.10) tells us
that characters of the form (j000), (j100), (j010), (j001) must appear in the (F4)4 elliptic
genus, to make the specialization to the (D4)4 elliptic genus possible.

7 Conclusions

We have put forth in this paper a conjecture on the form of the elliptic genus of the non-
critical strings of 6d field theories obtained from F-theory compactifications on elliptically
fibered Calabi-Yau manifolds over Hirzebruch bases, given in equations (1.1), (1.2) and (1.3),
and provided ample evidence for its validity. Our results match expressions for the elliptic
genus when these are known, and fit into specialization sequences in Higgsing trees containing
known results.

It would be interesting to extend our ansatz beyond the class of theories discussed
here, e.g. to the class F-theory compactifications on elliptic fibrations without section [75]
or theories obtained via twisted compactification [76]. Both constructions lead to elliptic
genera involving Jacobi forms of congruence subgroups of SL(2,Z). Also, studying the
elliptic genera of multiple strings is a natural next step.

Already for the non-critical strings whose elliptic genera we explored in this paper,
an important challenge remains to be met: to explain our ansatz and the results of our
computation from the worldsheet theory of the non-critical string. What is the origin of the
non-integrable affine symmetry of G? More ambitiously still, can the closed form results
presented in section 5 and the polynomials pλω introduced in equation (3.11) and computed
for many examples in appendix C be computed from the vantage point of the worldsheet
theory? We hope to return to these question elsewhere.
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A Elliptic genera

An N = 1 right-moving supersymmetry QR in two dimensions together with a right-moving
fermion charge operator FR permits defining a trace [77]

TrH(−1)FR q̄HR (A.1)

which receives contributions only from states at HR = 0. When the kernel of HR is infinite
dimensional, additional operators must be included in the trace to render it well-defined,

TrH(−1)FRXqHL q̄HR . (A.2)

To maintain the property that the trace receives contributions only at HR = 0, two states
ψ and QRψ must have the same X eigenvalue, i.e. only operators X that commute with
QR are permissible insertions.

An additional right-moving supersymmetry Q̄R yielding an N = 2 algebra

Q2
R = Q̄2

R = 0 , {QR, Q̄R} = 2HR (A.3)

permits interpreting the elements of the kernel of HR as representatives of the cohomology
of Q̄R. Central to this argument is that Q̄R be the adjoint operator to QR, such that24

〈{QR, Q̄R}ψ,ψ〉 = ||QRψ||2 + ||Q̄Rψ||2 . (A.6)

If ψ ∈ kerHR, it is therefore both QR and Q̄R closed. On the other hand, Q̄Rψ ∈ kerHR ⇒
Q̄Rψ = 0 by a similar argument. Acting by Q̄R hence either annihilates the state or maps
out of the kernel of HR. In both cases, the image does not contribute to the trace (A.2);

24In two dimensions, the Weyl and Majorana conditions can simultaneously be imposed on spinors.
Consequently, supercharges can be chosen to be chiral and hermitian [51]. Multiple such supercharges satisfy
the algebra

{QAL , QBL} = δAB(P 0 − P 1) = δABHL , (A.4)
{QAR, QBR} = δAB(P 0 + P 1) = δABHR ,

{QAL , QBR} = ZAB .

For the purposes of defining the elliptic genus, it is more convenient to work with a pair of charges that
are adjoint to each other, to mimic the behavior of the ∂̄ and ∂̄† operators in Hodge theory. These can be
defined as

QR = Q1
R + iQ2

R , Q†R = Q1
R − iQ2

R

with anti-commutation relations

Q2
R = (Q†R)2 = 0 , {QR, Q†R} = 2HR . (A.5)

Note that the SO(2) symmetry of the right moving sector in the presentation (A.4) (restricted to a pair of
charges) is realized as a U(1) symmetry of the algebra (A.5).
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it is therefore only sensitive to the Q̄R cohomology. In the context of N = 2 theories, the
trace (A.2) is referred to as the elliptic genus [66, 78].

This cohomological underpinning gives the elliptic genus its stability under sufficiently
mild variations of the Lagrangian.

In the case of N = 2 superconformal symmetry, the anti-commutation (A.3) holds in
the Ramond sector with HR = L̄0 − cR

24 , while in the NS sector, it becomes

{QR, Q̄R} = L̄0 + 1
2 J̄0 , (A.7)

with J̄0 the U(1) charge generator of the N = 2 superconformal algebra. All the consider-
ation which were formulated above thus go through for HR replaced by the r.h.s. of the
relation (A.7).

Evaluation of the elliptic genus in Landau-Ginzburg models, by deforming away the
potential, boils down to multiplying the universal contributions from each multiplet, followed,
in the case of gauge theories, by an integration over holonomies [2, 3].

B Computing affine characters at negative level via Kazhdan-Lusztig
polynomials

The character of a representation R of an affine Lie algebra ĝ is given by

chR =
∑
µ∈Λw

mR(µ)e2πiµ

where the sum is over the weight lattice Λw and mR(µ) denotes the multiplicity of the
weight µ in the representation.

The characters χ̂λ for the highest weight representation Lλ that appear in the main
text differ from chLλ by a shift in the powers of q given by the ground state energy level of
the Wess-Zumino-Witten model associated to G:

χ̂λ = q−
c

24 +hλchLλ , (B.1)

with
c = dim(G)k

h∨G + k
, hGω = 〈λ, λ+ 2ρ〉

h∨G + k
,

where k is the level of λ, h∨G the dual Coxeter number of G, ρ the Weyl vector, and the
inner product 〈·, ·〉 is normalized to 2 for long roots.

For positive level representations of affine Lie algebras, the Weyl-Kac formula

chLλ =
∑
ω∈W

sign(w)chMω·λ (B.2)

gives the character of an irreducible module Lλ of highest weight λ in terms of Verma
module characters Mµ, whose characters can easily be computed as

chMµ = eµ∏
α∈∆+(1− eα)rα , rα =

{
Rank(g) if α ∈ Nδ

1 otherwise . (B.3)
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The representations of the flavor group which appear in the ansatz (1.1) are at positive
level. There exist efficient algorithms to compute such characters: Freudenthal’s formula e.g.
computes mλ(µ), the multiplicity mλ(µ) of the weight µ in the highest weight representation
L(λ) as

(||λ+ ρ||2 − ||µ+ ρ||2)mλ(µ) = 2
∑
α∈∆+

∑
j≥1

(λ+ jα, α)mλ(λ+ jα) , (B.4)

with ∆+ the set of positive roots.
The theory underlying characters of negative level representations is more intricate.

In particular, the representation theory is no longer invariant under the action of the
affine Weyl group Ŵ (though the symmetry under the action of the finite Weyl group
W is preserved if all finite Dynkin labels of the highest weight are non-negative). The
Kazhdan-Lusztig conjecture states that for such representations, the Weyl-Kac like relation
between the sought after character and Verma module characters is

chLλ =
∑
w≤w′

mw,w′ chMw′·Λ . (B.5)

The ingredients in this formula are the following: Λ is the unique weight in the Weyl orbit
Ŵ · λ under the dotted action

Ŵ · λ = {w(λ+ ρ)− ρ |w ∈ Ŵ} (B.6)

such that Λ + ρ is a dominant weight. The affine Weyl group element w ∈ Ŵ satisfies
λ = w · Λ. This condition does not fix w uniquely, but the r.h.s. of equation (B.5) depends
on w only modulo Ŵ0, the stabilizer of Λ in Ŵ. The inequality ≤ defining the sum
is with regard to Bruhat ordering (see e.g. [79]). Finally, the coefficients mw,w′ which
replace the sign in the Weyl-Kac formula (B.2) are specializations of linear combinations of
Kazhdan-Lusztig polynomials. Specifically,

mw,w′ =
{
Q̃w,w′(1) if h∨G − n > 0
P̃w,w′(1) if h∨G − n < 0 .

We will define only the polynomials Q̃ relevant for our computations at h∨G − n > 0 (see
e.g. [80] for the definition of the polynomials P̃ ). They are given by

Q̃w,w′ =
∑
z∈[w′]

(−1)l(w̄)+l(z)Qw̄,z .

Here, w̄ is a representative of maximal length of the class of w in Ŵ/Ŵ0, the sum is over
all z in the class [w′] ∈ Ŵ/Ŵ0 of w′, and Q are the inverse Kazhdan-Lusztig polynomials.
They can be computed recursively as follows:

1. Initial data:

Qw,w = 1 , ∀w ∈ Ŵ , (B.7)
Qw1,w2 = 0 , if w1 � w2 . (B.8)

2. Recursion step: for any simple reflection s

Qw1,w2s = Qw1,w2 , if w1s < w1 , (B.9)
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Qw1,w2s = Qw1s,w2 − qQw1,w2 + q
∑

w1≤w<w2
ws>w

/Qw1,w
Qw,w2 , if w1s > w1 , (B.10)

where q is the polynomial variable Q depends on, and /Qw1,w
is the highest order

monomial in Qw1,w.

Once all of this is in place, we can calculate the multiplicities mλ(µ) of the weight µ in the
highest weight representation Lλ at negative level by comparing the coefficients of eµ in
equation (B.5). This yields

mλ(µ) =
∑
w≤w′

mM
w′·Λ(µ)Q̃w,w′ , (B.11)

where mM
w′·Λ(µ) denotes the multiplicity of µ in the Verma module of w′ · Λ. Note that the

sum is finite because mM
w′·Λ(µ) is non-zero only if µ ≤ w′ · Λ.

Based on the above, we implemented an algorithm to compute ch (Lλ) for λ ∈ Λ+(g)−n
in SageMath. The computation proceeds in two steps: first, we determine all weights up to
a given grade which can appear in Lλ:

1. We consider the list of all weights of the form

λ− kαi , 0 < k ≤ λi , i = 1, . . . , r (B.12)

with λi the Dynkin labels of λ. For every weight ω in this list, we generate a new list
following (B.12) with λ replaced by ω. We repeat this process until we find no further
new weights. This gives all the weights at grade 0.

2. We seed the above process at each new grade by subtracting the 0th root α0 from all
weights at the previous grade.

To compute multiplicities, we decompose the weights at each grade into weight orbits of
the finite Weyl group W , as multiplicities are invariant under the action of W . We choose
the highest weight in each orbit. If it is not a null weight, we compute its multiplicity using
Freudenthal’s formula (B.4). This is substantially faster than invoking (B.11), to which we
resort in the case of null weights.

C The polynomials pλω

In this section, we list the polynomials pλω defined in equation (3.11) for numerous theories.
The order to which we compute is encoded in the integers M,m introduced in section 4.
The polynomials are given in terms of v and y = q−

1
4κ .

C.1 (Cr)1

For (Cr)1 the elliptic the functions ξ can be written in terms of theta functions, as in
equation (5.9). For the trivial and the vector representations, the ξ functions only have
θ3 = 1 +O(√q) and θ4 = 1 +O(√q) factors in the denominator therefore it is not necessary
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to make an expansion in v. We only need to expand in q and we obtain results exact in
v. We thus just truncate our expressions in q and not in v. A conjecture for arbitrary r is
given in section 5.3.

We use 0, v for the trivial and vector representation of D8+2r to ease notation. We only
include the 0, v results because for these theories we know that applications Fκ give us the
two spin contributions as explained in section 5.3.

For r = 3 we computed the result to order 5 + E0 in q. κ = 2, so y = q−
1
8 .

ξ0 ξv

χ̂(000) 1
χ̂(010) 1
χ̂(200) v2y4 + y4

v2

χ̂(400) v4y16 + y16

v4

χ̂(600) v6y36 + y36

v6

χ̂(800) v8y64 + y64

v8

χ̂(10,00) v
10y100 + y100

v10

χ̂(12,00) v
12y144 + y144

v12

χ̂(100) −vy − y
v

χ̂(300) −v3y9 − y9

v3

χ̂(500) −v5y25 − y25

v5

χ̂(700) −v7y49 − y49

v7

χ̂(900) −v9y81 − y81

v9

χ̂(11,00) −v11y121 − y121

v11

For r = 4 we computed the result to order 5 + E0 in q. κ = 4, so y = q−
1

16 .

ξ0 ξv

χ̂(0000) 1
χ̂(0100) 1
χ̂(2000) v2y4 + y4

v2

χ̂(4000) v4y16 + y16

v4

χ̂(6000) v6y36 + y36

v6

χ̂(8000) v8y64 + y64

v8

χ̂(10,000) v
10y100 + y100

v10

χ̂(12,000) v
12y144 + y144

v12

χ̂(1000) −vy − y
v

χ̂(3000) −v3y9 − y9

v3

χ̂(5000) −v5y25 − y25

v5

χ̂(7000) −v7y49 − y49

v7

χ̂(9000) −v9y81 − y81

v9

χ̂(11,000) −v11y121 − y121

v11

C.2 (B3)3

(B3)3 was checked to order M = 10,m = 13. κ = 2, so y = q−
1
8 .

ξ(00) ξ(01) ξ(10)

χ̂(000)
y4

v2 − v2y4

χ̂(002) v
6y36 − v2y4

χ̂(010)
y16

v4 − 1
χ̂(012) v8y64

χ̂(020)
y36

v6 − y4

v2

χ̂(022) v10y100

χ̂(030)
y64

v8

χ̂(032) v12y144

χ̂(040)
y100

v10

χ̂(050)
y144

v12

χ̂(060)
y196

v14

χ̂(070)
y256

v16

χ̂(080)
y324

v18

χ̂(090)
y400

v20

χ̂(100) v4y16 − 1

χ̂(000) v4y16 − 1
χ̂(002)

y16

v4 − 1
χ̂(010) v

6y36 − v2y4

χ̂(012)
y36

v6

χ̂(020) v8y64

χ̂(022)
y64

v8

χ̂(030) v10y100

χ̂(032)
y100

v10

χ̂(040) v12y144

χ̂(042)
y144

v12

χ̂(052)
y196

v14

χ̂(062)
y256

v16

χ̂(072)
y324

v18

χ̂(100)
y4

v2 − v2y4

χ̂(001) −v5y25 − y9

v3 + 2vy
χ̂(011) −v7y49 − y25

v5 + v3y9 + y
v

χ̂(021) −v9y81 − y49

v7

χ̂(031) −v11y121 − y81

v9

χ̂(041) −v13y169 − y121

v11

χ̂(051) −y169

v13

χ̂(061) −y225

v15

χ̂(071) −y289

v17

χ̂(081) −y361

v19

We note that Fκ(ξ(00)) = ξ(01) and Fκ(ξ10) = ξ(10).
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C.3 (F4)3

(F4)3 was checked to order M = 5,m = 13. κ = 6, so y = q−
1

24 .

ξ(00) ξ(01) ξ(02) ξ(03)

χ̂(0000)
y4

v2

χ̂(0001) v2y4

χ̂(0100)
y4

v2 − v10y100

χ̂(1000)
y16

v4 − v8y64

χ̂(2000)
y36

v6 − v6y36

χ̂(3000)
y64

v8

χ̂(4000)
y100

v10

χ̂(0000) v6y36

χ̂(0001) v6y36

χ̂(0002)
y16

v4 − v8y64

χ̂(0020) v12y144

χ̂(1002)
y36

v6

χ̂(1100)
y36

v6

χ̂(2002)
y64

v8

χ̂(0000) 1
χ̂(0001) 1
χ̂(0002) v

10y100 − y4

v2

χ̂(0020)
y36

v6

χ̂(1002) v12y144

χ̂(0000) v8y64

χ̂(0001) v4y16

χ̂(0100) −y16

v4

χ̂(1000) v
10y100 − y4

v2

χ̂(2000) v12y144

ξ(10) ξ(11) ξ(12) ξ(20)

χ̂(0000) −v3y9

χ̂(0001) −y9

v3

χ̂(0010) v9y81 − y9

v3

χ̂(0012) −v11y121

χ̂(0110) −v13y169

χ̂(1001) v
7y49 − y25

v5

χ̂(2001) −y49

v7 − y25

v5

χ̂(3001) −y81

v9

χ̂(0011) −v11y121 + v7y49 − y25

v5 + y
v

χ̂(1011) −v13y169 − y49

v7

χ̂(0000) −v3y9

χ̂(0001) −v9y81

χ̂(0010)
y9

v3 − v9y81

χ̂(1001)
y
v − v

11y121

χ̂(2001) −v13y169

χ̂(0000) −v4y16

χ̂(0001) −v8y64

χ̂(0003) v
10y100 − y4

v2

χ̂(0010)
y16

v4 − v8y64

χ̂(0101) v12y144

χ̂(1002)
y16

v4

χ̂(1010)
y36

v6

χ̂(2010)
y64

v8

ξ(21) ξ(30)

χ̂(0000) −v2y4

χ̂(0001) −y4

v2

χ̂(0003)
y16

v4

χ̂(0010) v
10y100 − y4

v2

χ̂(0101)
y36

v6

χ̂(1010) v12y144

χ̂(0000) v7y49 + y
v

χ̂(0001) v5y25 + vy

χ̂(0100) −v11y121 + v7y49 − y25

v5 + y
v

χ̂(1002) −v11y121 − y25

v5

χ̂(1100) −v13y169 − y49

v7

C.4 (D4)4

(D4)4 was checked to order M = 5,m = 8. A conjecture for the general form is given in 5.1.
κ = 2, so y = q−

1
8 .

ξ0

χ̂(0000) v5y25 + 2v3y9 − y9

v3 − 2y
v

χ̂(0100) v
7y49 + 2v5y25 − y25

v5 + v3y9 − 2y9

v3 − y
v

χ̂(0200) v9y81 + 2v7y49 − y49

v7 + v5y25 − 2y25

v5

χ̂(0300) 2v9y81 − y81

v9

χ̂(0400) −y121

v11

χ̂(0500) −y169

v13

χ̂(0600) −y225

v15

We note Fκ(ξ0) = −ξ0.
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C.5 (B4)4

(B4)4 was checked to order M = 10,m = 20. A conjecture for the general form is given in
section 5.2. κ = 3, so y = q−

1
12 .

ξ(0) ξ(1)

χ̂(0000)
y9

v3 − v3y9

χ̂(0100) −v5y25 + y25

v5 − vy + y
v

χ̂(0200) −v7y49 + y49

v7 + vy − y
v

χ̂(0300)
y81

v9 − v9y81

χ̂(0400)
y121

v11

χ̂(0500)
y169

v13

χ̂(0600)
y225

v15

χ̂(0700)
y289

v17

χ̂(0800)
y361

v19

χ̂(1000) v7y49 + v5y25 − vy − y
v

χ̂(1100) v9y81 − y9

v3

χ̂(1200) v
11y121 − v5y25 − y25

v5 + vy

χ̂(1300) v13y169 − y49

v7

χ̂(1400) v15y225

χ̂(1500) v17y289

χ̂(1600) v19y361

χ̂(1700) v21y441

χ̂(2000)
y9

v3 − v3y9

χ̂(0000) 1− v6y36

χ̂(0100) −v8y64 − v4y16 + v2y4 + y4

v2

χ̂(0200) −v10y100 + v4y16 + y16

v4 − v2y4

χ̂(0300)
y36

v6 − v12y144

χ̂(0400) −v14y196

χ̂(0500) −v16y256

χ̂(0600) −v18y324

χ̂(0700) −v20y400

χ̂(1000) v4y16 − y16

v4 + v2y4 − y4

v2

χ̂(1100) v6y36 − y36

v6

χ̂(1200) v8y64 − y64

v8 + y4

v2

χ̂(1300) −y100

v10

χ̂(1400) −y144

v12

χ̂(1500) −y196

v14

χ̂(1600) −y256

v16

χ̂(1700) −y324

v18

χ̂(2000) 1− v6y36

We note that Fκ(ξ(0)) = −ξ(1).

C.6 (D5)4

(D5)4 was checked to order M = 6,m = 13. κ = 4, so y = q−
1

16 .

ξ(00) ξ(01) ξ(10)

χ̂(00000) v5y25 − 2v3y9 + y9

v3

χ̂(01000) −2v5y25 + y25

v5 + v3y9

χ̂(02000)
y49

v7 − v9y81

χ̂(03000)
y81

v9

χ̂(04000)
y121

v11

χ̂(20000) −v9y81 − v7y49 + vy + y
v

χ̂(21000)
y25

v5 − v11y121

χ̂(22000) −v13y169

χ̂(00000) −v7y49 + 2vy − y
v

χ̂(01000) −v9y81 − vy + 2y
v

χ̂(02000)
y25

v5 − v11y121

χ̂(03000) −v13y169

χ̂(20000) −v5y25 + y25

v5 − v3y9 + y9

v3

χ̂(21000)
y49

v7

χ̂(22000)
y81

v9

χ̂(10000) v8y64 + v4y16 − y16

v4 − 1

χ̂(11000) v
10y100 + 2v6y36 − y36

v6 − 2y4

v2

χ̂(12000) v12y144 − y64

v8

χ̂(13000) v14y196 − y100

v10

χ̂(30000) v8y64 − y16

v4

We note that Fκ(ξ(00)) = −ξ(01) and Fκ(ξ(10)) = ξ(10).
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C.7 (F4)4

(F4)4 was checked to order M = 9,m = 19. κ = 5, so y = q−
1

20 .

ξ0 ξ1 ξ2 ξ3

χ̂(0000)
y9

v3 − v7y49

χ̂(0002) v9y81 − y
v

χ̂(0004)
y9

v3 − v7y49

χ̂(0100) v
11y121 + v9y81 − vy − y

v

χ̂(1000)
y25

v5 − v5y25

χ̂(1100) v13y169 + y49

v7 − 2v3y9

χ̂(2000) −v7y49 + y49

v7 − v3y9 + y9

v3

χ̂(2100) v15y225

χ̂(3000) v11y121 + y81

v9 − 2vy
χ̂(3100) v17y289

χ̂(4000)
y121

v11 + y81

v9

χ̂(4100) v19y361

χ̂(5000) v17y289 + y169

v13

χ̂(6000)
y225

v15

χ̂(7000)
y289

v17

χ̂(0001) v6y36 − y16

v4

χ̂(0002)
y4

v2 − v8y64

χ̂(0003) v6y36 − y16

v4

χ̂(0010) 1− v10y100

χ̂(1001) v6y36 − y36

v6 + v4y16 − y16

v4

χ̂(1010) −v12y144 − v8y64 + v2y4 + y4

v2

χ̂(2001) −v12y144 − y64

v8 + 2v2y4

χ̂(2010) −v14y196 − y36

v6

χ̂(3001) −y100

v10

χ̂(3010) −v16y256 − v14y196

χ̂(4001) −y144

v12

χ̂(4010) −v18y324 − y144

v12

χ̂(5001) −y196

v14

χ̂(5010) −v20y400

χ̂(6001) −y256

v16

χ̂(0001) v9y81 − y
v

χ̂(0002)
y9

v3 − v7y49

χ̂(0003) v9y81 − y
v

χ̂(0010)
y25

v5 − v5y25

χ̂(1001) v
11y121 + v9y81 − vy − y

v

χ̂(1010) −v7y49 + y49

v7 − v3y9 + y9

v3

χ̂(2001) v13y169 + y49

v7 − 2v3y9

χ̂(2010) v11y121 + y81

v9

χ̂(3001) v15y225

χ̂(3010)
y121

v11 + y81

v9

χ̂(4001) v17y289

χ̂(4010)
y169

v13

χ̂(5001) v19y361

χ̂(5010)
y225

v15

χ̂(0000)
y4

v2 − v8y64

χ̂(0002) v6y36 − y16

v4

χ̂(0004)
y4

v2 − v8y64

χ̂(0100) v6y36 − y36

v6 + v4y16 − y16

v4

χ̂(1000) 1− v10y100

χ̂(1100) −v12y144 − y64

v8 + 2v2y4

χ̂(2000) −v12y144 − v8y64 + v2y4 + y4

v2

χ̂(2100) −y100

v10

χ̂(3000) −v14y196 − y36

v6

χ̂(3100) −y144

v12

χ̂(4000) −v16y256 − v14y196

χ̂(4100) −y196

v14

χ̂(5000) −v18y324 − y144

v12

χ̂(6000) −v20y400

We note that Fκ(ξ0) = ξ3 and Fκ(ξ1) = ξ2.

C.8 (F4)5

(F4)5 was checked to order M = 10,m = 20. A conjecture for the general form is given
in 5.1. κ = 4, so y = q−

1
16 .

ξ0

χ̂(0000) v8y64 − v4y16 + y16

v4 − 1

χ̂(1000) v10y100 + y36

v6 − 2v2y4

χ̂(2000) v
12y144 + y64

v8 − v4y16 − 1

χ̂(3000) v14y196 + y100

v10

χ̂(4000) v16y256 + y144

v12

χ̂(5000) v18y324 + y196

v14

χ̂(6000) v20y400 + y256

v16

χ̂(7000) v22y484 + y324

v18

We note Fκ(ξ0) = ξ0.
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C.9 (E6)5

(E6)5 was checked to order M = 7,m = 16. κ = 7, so y = q−
1

28 .

ξ0 ξ−1 + ξ1 ξ−2 + ξ2 ξ3

χ̂(000000) v
10y100 − 2v4y16 + y16

v4

χ̂(000001) v8y64 − 2v6y36 + y36

v6

χ̂(000002) −2v8y64 + y64

v8 + v6y36

χ̂(000003)
y100

v10

χ̂(000004)
y144

v12

χ̂(001000) 1− v14y196

χ̂(001001) −v16y256

χ̂(001002) −v18y324

χ̂(100010) −v12y144 + 2v2y4 − y4

v2

χ̂(000010) −v9y81 + 2v5y25 − y25

v5

χ̂(000011) v7y49 − y49

v7

χ̂(000012) −y81

v9

χ̂(000013) −y121

v11

χ̂(000020) v11y121 − 2v3y9 + y9

v3

χ̂(000100) v13y169 − 2vy + y
v

χ̂(000101) v15y225

χ̂(000102) v17y289

χ̂(010000) v13y169 − 2vy + y
v

χ̂(010001) v15y225

χ̂(010002) v17y289

χ̂(100000) −v9y81 + 2v5y25 − y25

v5

χ̂(100001) v7y49 − y49

v7

χ̂(100002) −y81

v9

χ̂(100003) −y121

v11

χ̂(200000) v11y121 − 2v3y9 + y9

v3

χ̂(000010) −v12y144 + 2v2y4 − y4

v2

χ̂(000011) 1− v14y196

χ̂(000012) −v16y256

χ̂(000013) −v18y324

χ̂(000020) v
10y100 − 2v4y16 + y16

v4

χ̂(000100) v8y64 − 2v6y36 + y36

v6

χ̂(000101)
y64

v8

χ̂(000102)
y100

v10

χ̂(010000) v8y64 − 2v6y36 + y36

v6

χ̂(010001)
y64

v8

χ̂(010002)
y100

v10

χ̂(100000) −v12y144 + 2v2y4 − y4

v2

χ̂(100001) 1− v14y196

χ̂(100002) −v16y256

χ̂(100003) −v18y324

χ̂(200000) v
10y100 − 2v4y16 + y16

v4

χ̂(000000) v11y121 − 2v3y9 + y9

v3

χ̂(000001) v13y169 − 2vy + y
v

χ̂(000002) v15y225

χ̂(000003) v17y289

χ̂(001000) −y49

v7

χ̂(001001) −y81

v9

χ̂(100010) −v9y81 + 2v5y25 − y25

v5

We note that Fκ(ξ0) = ξ3 and Fκ(ξ1 + ξ−1) = ξ2 + ξ−2.
As announced in the text, (E6)5 is a theory for which the Dynkin symmetry akin

ambiguity of the U(1) flavor symmetry occurs. The flavor group here is U(1)6. It has 6
integrable representations labeled by l = −2,−1, 0, 1, 2, 3. We cannot solve for ξ±1, ξ±2
individually due to the m 7→ −m symmetry relating the characters χ̂U(1)

±l . Above, we have
displayed the Dynkin symmetric solution of equation (4.7) with regard to E6, as the (E6)5
theory descends from a E7 theory with gauge group E7.

C.10 (E6)6

(E6)6 was checked to order M = 9,m = 18. A conjecture for the general form is given in 5.1.
κ = 6, so y = q−

1
24 .

ξ0

χ̂(000000) −v11y121 + v7y49 − 2v5y25 + y25

v5 + 2vy − y
v

χ̂(000001) −v13y169 − 2v7y49 + y49

v7 + v5y25 − vy + 2y
v

χ̂(000002) −v15y225 − 2v9y81 + y81

v9 + 2y9

v3

χ̂(000003)
y121

v11 − v17y289

χ̂(000004)
y169

v13 − v19y361

χ̂(000005)
y225

v15 − v21y441

We note that Fκ(ξ0) = −ξ0.

– 36 –



J
H
E
P
0
7
(
2
0
2
3
)
2
0
8

C.11 (E7)7

(E7)7 was checked to order M = 9,m = 20. A conjecture for the general form and the
action of Fκ are given in section 5.2. κ = 11, so y = q−

1
44 .

ξ0

χ̂(0000000) v16y256 − 2v6y36 + y36

v6

χ̂(0000001) v19y361 − 2v3y9 + y9

v3

χ̂(0000010) −v15y225 + 2v7y49 − y49

v7

χ̂(0000100) −v18y324 + 2v4y16 − y16

v4

χ̂(0001000) v17y289 − 2v5y25 + y25

v5

χ̂(0100000) −v20y400 + 2v2y4 − y4

v2

χ̂(1000000) v14y196 − 2v8y64 + y64

v8

χ̂(1000001) v21y441

χ̂(1000010) −v13y169 + 2v9y81 − y81

v9

χ̂(1100000) −v22y484

χ̂(2000000) v
12y144 − 2v10y100 + y100

v10

χ̂(2000001) v23y529

χ̂(2000010) −y121

v11

χ̂(2100000) −v24y576

χ̂(3000000)
y144

v12

χ̂(3000010) −y169

v13

χ̂(4000000)
y196

v14

C.12 (E7)8

(E7)8 was checked to order M = 10,m = 18. A conjecture for the general form is given
in 5.1. κ = 10, so y = q−

1
40 .

ξ0

χ̂(0000000) −v17y289 + v13y169 − 2v7y49 + y49

v7 + 2v3y9 − y9

v3

χ̂(1000000) −v19y361 + v11y121 − 2v9y81 + y81

v9 + 2vy − y
v

χ̂(2000000)
y121

v11 − v21y441

χ̂(3000000)
y169

v13 − v23y529

χ̂(4000000)
y225

v15

We note that Fκ(ξ0) = −ξ0.
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E81

(C1−1, D101)

(C2−1, D121) (A2−1, A111)

(C3−1, D141) (A3−1, A121 ×A11) (G2−1, C71)

. . . (A4−1, A121 ×U(1)520) (B3−1, C21 × C61)

(Cn−1, D(8 + 2n)1) (A5−1, A131 ×U(1)840) (A5−1, A141) (D4−1, C33
1)

. . . . . . (B4−1, C41 × C32) (F4−1, C43)

(An−1, A(n+ 8)1 ×U(1)2n(n+1)(n+9)) (D5−1, C51 × (A24 ×U(1)12)) (E6−1, A48 ×U(1)30)

. . . (B5−1, C61×???) (E7−1, B312)

(D6−1, C71 ×B18) (D6−1, C71×???×???)

Figure 1. Higgsing tree of F1, the E-string. The root is the E-string with its E8 flavor group.

D Higgsing trees

We can organize the theories considered in this paper in trees where each line links theories
associated by Higgsing. This gives rise to the Higgsing trees we present below, one for each
base Hirzebruch surface Fn with n = 1, . . . , 8, 12. For each theory, we give the gauge group
and the flavor group with the level of the corresponding current. We write the rank of the
gauge groups beside the class and not as a sub index to lighten notation; for instance C3−1
means the gauge group is C3 and the corresponding current is at level −1.

Each theory is also assigned a color: in lime , we give the theories for which the
constants c in the affine ansatz (1.2) were computed in [5]. In green, we give the theories for
which we have computed them or have a conjectural form. In blue, we give the theories for
which our methods should give complete answers. In cyan, we give the theories for which
our methods can be used but the results obtained would still have an ambiguity due to the
Dynkin symmetry as explained in section 4.1. Finally, in red, we give the theories for which
h∨G − n ≤ 0 so the ansatz (1.2) cannot be used,25 theories for which we do not know the
flavor group, or theories for which we do not expect Dynkin symmetry. The structure of
the trees is reproduced form [5].

25There are just a handful of theories for which this happens and alternative expressions for their elliptic
genera where given in [5].
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A1 − (0, 2)

(A1−2, B31 × Ising)

(A1−2, D41)

(A2−2, A51)

(A3−2, A71) (G2−2, C41)

. . . (B3−2, C11 × C41)

(An−2, A(2n+ 1)1) (D4−2, C23
1)

. . . (F4−2, C33) (B4−2, C23
1)

(E6−2, A36 ×U(1)24) (D5−2, C41 ×A14 ×U(1)8)

(E7−2, A312) (B5−2, C51×???)

(D6−2, C61 × (Ising)× (Ising)) (D6−2, C61 ×A18)

(B6−2, C71)

(a) Higgsing tree of F2. The M-string Higgsing tree. A1 − (0, 2)
stands for the 6D theory with (0, 2) supersymmetry.

A2−3

(G2−3, C11)

(B3−3, C21)

(D4−3, C13
1)

(F4−3, C23) (B4−3, C21 × C12)

(E6−3, A26 ×U(1)18) (D5−3, C32 × SU(1)4 ×U(1)4)

(E7, C212) (B5−3, C41 × (Ising))

(D6−3, C51)

(b) Higgsing tree of F3.

D4−4

(B4−4, C11) (F4−4, C13)

(D5−4, C21) (E6−4, A16 ×U(1)12)

(B5−4, C31) (E7−4, SO(4)12)

. . .

(SO(N)−4, C(N − 8)1)

. . .

(c) Higgsing tree of F4.

E812

E78

E77

E66 (E76,U(1)12)

F45 (E65,U(1)6) (E75, SO(3)12)

(d) Higgsing tree of F5, F6, F7,F8, F12, .

Figure 2. F2, . . . ,F12 Higgsing trees.
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