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Advanced properties of spectral functions in frequency and time domains
for diffraction by a wedge-shaped region

J.M.L. BERNARD

1) Introduction

The scattering by objects with singular geometries is a particularly delicate problem ([1]-
[19],[22]-[29]), and the Sommerfeld-Maliuzhinets representation of field, when it is
associated to Maliuzhinets inversion [3]-[4] and single face representation [7]-[8]
methods, is a powerful tool to investigate the acoustic and electromagnetic waves
diffraction by a complex wedge-shaped region, in particular based on remarkable
properties of spectral functions in this representation. In first step of this chapter, we
review some general expressions and properties in scalar case for these problems :
general properties in complex plane, spectral representation of Green function, single face
representation of spectral function and consequences, are analysed for scatterers with
imperfectly reflecting surfaces that can extend to infinity. In a second step, we consider
the general solution for a wedge with face impedances of arbitrary signs (passive or active
case), then the solution for the diffraction of a skew incident plane wave by a passive
anisotropic impedance wedge of any angle in vectorial case [9] (2D 1/2 electromagnetism
problems), and detail efficient expansions of special functions used for them and their
properties. In a third step, an explicitely causal representation of field in time domain is
developed within a large domain of validity, including the case of a dispersive wedge

with multimode boundary conditions.
2) Basic properties of spectral function in Sommerfeld-Maliuzhinets representation
2.1) Sommerfeld Maliuzhinets representation for scattering by a wedge-shaped sector

Let us consider the case of diffraction in free space of a scalar incident plane wave,
ul(p, @) = U' (w)ehreotemes), (1)

by a scatterer (finite or infinite) enclosed in a wedge-shaped region, defined in cylindrical
coordinates (p, ¢) as the domain outside the free space angular sector — &, < ¢ < &,
with origin O, while z axis is defined as along the edge of the sector. The angle of
illumination ¢, is considered with — ®, < ¢, < ®;, and the plane wave field u’ verifies
the Helmholtz equation (A + k?)u’(p,¢) = 0 in whole space. An implicit harmonic
dependence on time ¢! is understood and henceforth suppressed with |arg(iw)| < Z, and

k = denotes the wave number of the exterior medium with |arg(ik)| < 7. Generally,
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|arg(ik)| < 7§ is most often associated to some losses in free space, while |arg(ik)| = 5 is

considered as a limit case.

figure 1 : Geometry for a wedge-shaped region

The term U’(w) is considered as an analytical function, regular for Imw < 0 and O(w™?)
with b > 1 as |Rew| — oo. The scattered field u,. can be then assumed with the same
behaviour, as analytical for Imw < 0 and O(w™") with v > 1 as |Rew| — co. The
characteristics of the scatterer are supposed to be independent of z coordinate and the

total field in the free space region, u = u,. + u', satisfies the Helmholtz equation [1][2],
(A +E)u(p,p) = 0. (2)
in the free space, as |arg(ik)| < 7 (note : |arg(ik)| = § is considered in the sense of the

limit). It is analytic with respect to p, ¢ and ¢,, except possibly at the origin, and it exists
a constant s, such that [*|u(p, p)e "

dp < oo. The problem can be considered in
acoustic, but also in electromagnetism when we consider w as the z-component of the

electric or the magnetic field parallel to the edge of the wedge.
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figure 2 : Complex path of integration

We can then search the total field u for — @, < ¢ < ®; as a Sommerfeld-Maliuzhinets
integral [3],[8],



. 9) = 5 | ot prpu)e o, 3
which satisfies the Helmholtz equation. In this representation, f is an analytic function
and the path ~ consists of two branches: one, named ~v;, going from
(ico 4 arg(ik) + (a1 + 5)) to (ico +arg(ik) — (a2 + %)) with 0<a;o <, as
Ima > d > 0, above all the singularities of the integrand, and the other, named ~_,
obtained by inversion of v, with respect to o = 0.

We can develop the expression, considering a deformation of ~ to the steepest descent
path SDP for large kp, composed of two paths S D P, centered on the stationary phase
points o = #m. Assuming that, between v and SDP, f(a+ @,p,)eros is
meromorphic and vanishes at infinity, we can write for || < @,

u(p,p) = u; + Zu,i + Zuﬁj + Zuf

efzk:p )
f(Oé + ¢, <Po) eLk[}(COS()H—l) dOé, (4)

27 T JSDP:

where
+

- the terms u;, v and ui, for incident, reflected and transmitted (if any) Geometrical
Optics plane waves, correspond to real poles of f(a + ¢) captured during deformation of

~ to SDP. i.e. the respective real poles «, in the band |Rea| < , verifying in particular,

foru; : a+ ¢ = o, 1.e.ax = o, — ,
foru, ta+¢= —@o+20s, ie.a=(Dr— @) + (P — @o), (5)

for — &, < ¢ < ;. The first term gives the incident field in the illuminated zone, while
the second term expresses the reflection by the semi-infinite plane parts at ¢ = &, (if
any) of the scatterer enclosed by face =+ .

- the terms u¥ correspond to complex poles of f(a + ¢), if any, captured during
deformation of v to SDP, for terms of complex plane guided waves excited by the edge
(note: these terms are different from creeping waves guided by faces if they are curved).

- the last term, named w4, is principally radiated cylindrically when the observation point
M at (p,¢) is far, i.e. kp = k|OM| — oco. Approximating f(a+ ¢) on SDPy in

vicinity of & = 4 7, we obtain

_ 6—717r/4—ikp
ug (M) ~ WF(% ©o), (6)
where
F((P,QOO):f(ﬂ"l‘(P,gOo)—f(—ﬂ'—i‘(P,QOo), (7)

is the diffraction (or far field) coefficient attached to the wedge-shaped region relatively

to the origin.
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Remark : Let us notice that we can add a constant or any 27-periodic function to f
without changing F (and wu(p,¢)). Some conditions at infinity on f and on its
singularities are generally added to enforce its unique determination.

Remark : Considering the Green's surface integral expression of the scattered field [1]-[2]
and the behaviour of incident field at infinity as |arg(ik)| < 5, we note that, for
¢, = ® = ® > 7/2, and the conditions § < ® F ¢, < 37”, F<PFo< 37” satisfied
simultaneously for convergence of integrals, we have,

—1 ik7.0M ik7.OMY =
F(p,p,) = TZ/H (uvM(ezkr.O]\I> — Vu(ue k .OM)‘nidSM’
+ 0,00

- 1 i ikT.OM i\ ikT.OMY ~
0= 5 Z/ (u/VM(e/k .OM) — Vi (u )e/k 'OM).nidsM, (8)
+ /L

where L] U Ly, encloses both faces of the physical surface of the scatterer, within the

wedge-shaped region |p| < ®, 7 refers to the direction of observation of angle ¢, and e

is the outward normal to the face L=

00> ON €ach smooth segment composing each face.

2.2) Basic properties on total field u and spectral function f

Some elementary properties can be assumed to hold :

- (a') the only incoming plane wave, from the free space sector — ®, < p < @, is the
incident field;

- (b") as p — 0, the limit of the field u is finite and does not depend on ¢ with
u(0, ) = u(0) < up, while the derivatives d,u and d,u/p are O(p®~!(Inp)®), where
ug, dp and ¢y > 0 can be chosen as three constants independent of the pulsation w (note :
0,u and O, u/p are then locally summable with respect to p in the vicinity of the origin).
This property applies for an origin taken at any point out of or upon the scatterer;

- (¢") the field, except possibly its geometrical optics part when Im(k) # 0, does not grow
at infinity. In addition, some bounds on the far field are assumed, and for large kp, as w or
p vary, with |arg(ik)| < T, the field is in general O(1 + |e?¢*s(¥=¥-)|) when the
scattering object satisfies passive boundary conditions, and more particularly, is

O(e?kreos(v=¢2)) for a scatterer with passive impedance surface [3],[7]-[8].

These properties lead us to assume some elementary conditions on f [3]-[4],[8]-[9] :

- (@) (f(a) —u'(0)/(a — o)) is regular at points with Re(a) belonging to the free
space angular sector with origin O, — ®, < Re(a)) < ®;, which ensures (a').

- (b) there exists some constants g=, some analytic function h, and some Maliuzhinets
contour v such that |f(a +¢) F f(—a+¢) —g°| < | h(a)| on and inside the loop
formed by the upper branch v, of v, when — &, < ¢ < ®;, the function h being
summable on 7., regular on and within it. Since v is odd, we can add a constant to f

without changing u, which implies that we can choose, from now, to define f with



g~ = 0. We then note that we can write, for — &, < ¢ < @,

Filing] + ) = £~ iling] + ) = — iuf0) + O,
il + )+ ( ifig] + ) = O30,
with 224 _ (e (tnpyt), 24LE) _ e 1npy, (9)

op dp

as p — 0, with u(0) = ig*, c12 > ¢p > 0, and that we have, for « belonging to the semi-
infinite domain bounded by the loop v,

lim fla+¢)= —lim f(—a+¢p)= —%U(O), (10)

Ima—o0 Ima—o0

i.e., from definition of v, , for arg(ik) — § < Rea < arg(ik) 4 7 . This ensures (b').

- (¢) f(a+ ¢) has no singularity, except possibly those associated to incident, reflected,
transmitted plane waves not vanishing at infinity, or bounded guided waves, in the zone
with Re(ikcosa) > 0 as Re(a)| < w, — @, < ¢ < @y, |arg(ik)| < 7. This ensures (c').

Remark : Letting ®,=®;, =®, we note from (9)-(10) that, we have, as
arg(ik) — § — ® < £Red' < arg(ik) + § + @,

fl)=F %u(O) + O(eF"+*) with c. > 0, as + Ima/ — oo. (11)

Remark : Using (c') when |arg(ik)| < 5, f(a + ) has no singularity in the region with
Re(ikcosar) > 0 as [Re(a)| < m when Re(ikcos(¢ — o)) < 0,1.e. 5 < [p — @o| < 2.

2.3) Higher order expressions with Sommerfeld-Maliuzhinets integrals

2.3.1) Basic equalities for the differentiation of integral representation of w

Considering previous properties, in particular convergence at infinity of f(a + ¢) for
large imaginary argument, we can obtain different reduced expressions for a differential

operator applied to u, in particular, from the use of integration by parts. So, for positive or

null integers n, m, k, p, [, and 6 = 0 or 1, we have the basic equality,



(o) )" i) oV ) (0l ) =

= g [ G G (eosa) L ()

e (O‘a;f’ 2 (cosa)!(sina)] ) da

= 51| |Ga e ((eosey ()

(eos0) (sina)’ (57 f(or+ . .)])

(2 gy (eosay (2 (1

(cosa)(—sina)’ (5.2~ o)l | 7 (12)

where (%( () Nt = i(&)i((;)).

sina Jda \sina/ Do

particular that we have,

%(ﬁ) n times. By using (12), we note in

0
ikdp

9 + 0 i—z'k Ju
ikdp  ikpdy Dy P

(p/ik)(A + kQ)u = (ikp(--)" +

(a =+ @, o) (1=(sine)?)) + f(a + ¢, po)cosar

e _ _) ikpcosa _
+Slnaaaf(a+so ©o) aa(sma)f(aﬂo,soo)]e da = 0. (13)

= o / o sma

in accordance with the Helmholtz equation verified by u, which implies the equality,

(L= — e (2

2
o )7 )u

dp

In complement, considering cartesian coordinates (z*,y*) attached to each faces, with

y* axes respectively directed as the outward normal to the faces ¢ = + ®, we note that,

ou  Fou , 0

— (k* + (aap) Ju for p = + @,

2

oyt pdyp’ (8 Ju=
(—r Ou 1o = L/ T sina)" f (o + ®, @, ) e

. <p )y O ?

zk@y 2mi J

ou 1 ,

(z5=)"|p=ta = —/ T cosa)" fla £ @, @, e dq. (14)
zk:@xi 27i /.,

Therefore, we can exploit these reductions for derivatives of fields, in conjonction with
the Maliuzhinets inversion theorem, to determine functional equations on f from
differential boundary equations.
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Remark : Considering y= = F psin(¢ F ®) and 2% = F pcos(p F ), we note that,

0 0 . 0
- F cos(p F @)@ F sin(p F @)8—p,
0 0 0
_— = :i: i — N ¢
s sin(p F @) 90 Fcos(p FP) a7 (15)

2.3.2) Basic example of determination of functional equations on f

For example of use of (12), we can consider a wedge with general high order boundary
conditions on plane faces ¢ = £ & (taking &, = &; = ), that are combinations of
higher order derivatives of fields [16]-[18], following,

y n 8 my: 8 a
Z ai’rﬁ,k,p,é((lkp) (w) (Zl{?p)k(

)’( )’ u(p, 9))lp—za = 0, (16)
n,m,k,p,6

ikpdy” “ikpdy

+
n7m7k7p76

where n, m, k, p and ¢ are positive or null integers, with 6 < 1. The coefficients a
are generally obtain from asymptotic considerations on losses, permittivities and
permeabilites of materials, and geometry near the edge. Using an approach similar
(slightly modified) to the one used by Maliuzhinets in [3] for its inversion theorem, we
can exploit (12) and then derive functional equations on f(«) in the complex plane.

For that, considering each sum in (16) as O(p~® ~%) in vicinity of the origin, with
0 < d <1 and QF integer, we multiply (16) by p? *!, and using (12), apply a Laplace
transform on p. Considering the behaviour of integrand in the loop 7., we can close the

loop v, at infinity, and derive, from the residue theorem, the functional equations on f,

o () Qizi,lM,K,P,l N N )
(8_Oé @)) n g];p&anvm,k,p,é(Da(f(aiq)))_D—a(f(_aj:(l))) :O’ (17)

where n,m,k,p and 6 are positive or null integers, with 6 < 1,

Dy (fla+®)) =
a , (. a , (. 0
(2 yriteosay (2 (1L r(sina) (o (o @, )
which implies, after integration,
N,M,K,P
Z aim,k’,p,é(Di(f(a + (I))) - Dfa(f( —at q)))
n,m,k.,p,6
Q1
= Z b, sina(cosa)? ™!, (18)
q=1

Considering u finite at the origin, we can use (11) in (18), and comparing each side for

Ima — oo, we obtain QF + 1 = max (m+p—k—n+)9).

an,ch,p,é
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This type of (difference) functional equations, encountered for wedges with plane faces in
[4],[16]-[18], can also be derived asymptotically from conditions on curved faces. By
analytical continuation, these equations permit a determination everywhere from the one
in the band |[Rea| < ®. Furthermore, the constants b;t for 1 < g < Q% + 1 are attached
to additional conditions on u at the edge, that we can relate to conditions at infinity on f

satisfying (18), and, in complement, to reciprocity principle (if it applies) on u [18].

Remark : if we use that f(a+ ®) + f( — o+ ®) — 0 for |[Ima| — oo on and inside the

loops 7+ of 7, we notice that b3, = 0if N = K = P = 0.

3) Spectral function attached to radiation of a single face and properties
3.1) Basic integral expression of radiation of one face

We now apply Green's theorems [1],[2], when applied to Helmholtz equation, to derive
important properties on representation of spectral functions attached to the diffraction of a
2D polygonal scatterer. To simplify the notation without losing generality, we take from
now ¢, = &; = ®. From the properties (b'), (c') on u, the scattered field in free space
Uge = u —u' for |p| < ® can be written as the sum wu, +u_ of the radiations of

equivalent surface currents carried by the faces ¢ = + ® and — &, following,

. poo (2) ro
— OH," (kR)  9u(p', ")
ux(psp) = — /O (ulp' ) —5 —" = —5- HP (kR))|y—sadp
—1 o0 N
= |, W VY (RR) = V(s D H (BR)] =z W', (19)

with R = \/p2 +p'? —2pp'cos(p — ), 9()/on=nV()= FI()/p0y, T the
outward normal to the face ' = £ @, |p| < @, |arg(ik)| < 7, and where Hé2) is the
Hankel function of second kind [20].

We will show that it is possible, after expressing the spectral function corresponding to
u4+ with f, to express f for the total field from the radiation of a single face in far field.
This expression will then have the remarkable property, from Green's theorem, to have a
path of integration that can be deformed without changing the result. For this, we begin

by using a Sommerfeld-Maliuzhinets representation of HéQ) (kR).

Remark : The possibility to deform integration paths without change of result is well-

known in Cauchy theorem for complex plane, and in Green's theorem for 2D/3D spaces.

3.2) Spectral function associated to HéQ) (kR)
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As shown in [7],[8],[13] the spectral function associated to Sommerfeld-Maliuzhinets
representation of H, 52) (kR), is given by,
—1

(@) = 5= [ €M an(G (= ) —gladel,(20)

where S is the path from — ioco — arg(ik) to ioco + arg(ik) with Im(ksina) = 0, as

R = \/p2 +p% = 2pp'cos(p — @), |¢'| > Z, |o| <|¢|. The terms g,, normally
unnecessary because -y is odd, can be chosen as g.(«) = — tan(§) in order to ameliorate
the convergence of the integral. The expression (20) is a determination for |¢'| > Z,
regular as o € |S — m, S + 7| (i.e. the domain in complex plane limited by S — 7 and

S + ), and verifying (after capture of poles of tan(3 (o — o)) as « varies),

fH(()Q)('/T‘i‘ O/) o fH(()?)( — T+ O/) - _ Qieikp’(:OS(o/,go’)’ (21)

which is a functional equation that can be considered, by argument of analiticity, in

complement of (20) for a determination of f @ everywhere as « varies.
0

The path S can be also deformed continuously, as long as the integrand remains bounded

in (20), without changing f, ), and this expression can be then continued for ' < 5
0

from shift of S and summation of residues due to poles of tan(3(cv — o)) captured by S.
3.3) Expression of spectral function associated to u and properties

Therefore, we can write f,@ corresponding to Hé2)(kR) for arbitrary ¢’. Letting
0

¢ = e®, withe = + or—, and ® > 0, a real positive constant, we can write the spectral
function ng” = fli!é”’ associated to Hé2)(kRE) with

R, = \/ p*+p* = 2pp'cos(p — €®), (22)
following,
€ (a) _ __1 eikp’cos(a’—etb)(tan(l (a o a/)) N (o/))do/ (23)
H(()Q) N 2 S 2 Jo ’

where S, = S + a., with a, a constant satisfying & — 37” < eae < ® — 7. This gives us a
regular value of f7 () between S + (@ — 2F) and S + (@ + §), bounded at infinity
0

in this domain if p’ # 0, verifying everywhere from (21),
fo T+ ) = fio( =7+ al) = = 2iehvemic=e®) (24)

which allows an explicit Sommerfeld Maliuzhinets integral representation for H, é”(k,’Re)
as || < @.
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Using the expression (23) for HéQ)(k:Re) and 0, H (k:R ) in (19), we then obtain a

Sommerfeld-Maliuzhinets representation of u. with f [7],[8]:

us(p, ) / fela+p)e* > da, (25)
where
file) = 4 [ eftem + el any o — ) = (o),
1 ef(em+ o)si
Flate) = fi=ate) = o [ TEOLOM 10 g

for o between Sc — 7 and S + 7, provided § < @ — ea. < 3” 5 <P —e€p, < 3n 5 with
€= +or—.

Since f is an analytic function, f. can be analytically continued in the whole complex
plane. We note in particular, that, taking account of the poles of tan(3(c — «’)) which

can be captured by S, as « varies, f. satisfies
Jelr+a) = fe(—m+a) = £ f(£T+a). (27)

Concerning the dependence on ¢, (or @), the expression (26) has been determined for
2 <®—ep, <3, but we can consider fc(a) outside this domain by analytical
continuation on ¢, (or ®), which corresponds to take account of the contribution of any

singularity that would go through S, as ¢, (or ®) goes into these regions.

Remark : As ) f(er + ea. = (&/ — ea.)) exponentially vanishes for large o/ on S, (see
+

property (b) considered on f and (11)), we note that f.(a+ ¢) — fe(—a+ ) is
bounded for large o on +, even if f.(a + ¢) is not when f( £ ¢00) # 0. This property is
in accordance with the expression uy given by (19), which is finite as p — 0, while its

normal derivative is not when « is non null at the origin.

4) Far field radiation of one face and single face expression of spectral function f

4.1) The spectral function f derived from fields on a semi straight line and properties

The steepest descent path method [1]-[2] can be applied to (25) to find the far field
radiation of the face p = €®, also denoted ¢ = £ ®. From the regularity of f., we can

deform + to stationary phase points o = + 7 and — 7, when § < ® —ep, < 37” and

3<P—ep< 3t and thus, out of the reflected and shadowed regions
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20 — e(¢p + o) < mand | — po| > 7. In this case, the equation (25) then gives us,

_ 6—7}7r/4

us(p,p) = me_ik’o(fi(ﬂ'i‘ @) = fe( =7+ 9) +O(1/(kp))), (28)

which, from (27), can be written,

_ e—iﬂr/4

uL(p, ) = m

At this step, let us notice that this result is a generalization of Michaeli's result [19]

e (£ f(£7m+p) + 01/ (kp))). (29)

obtained for Dirichlet boundary conditions. In other respects, we can consider the far field

derived from (19), using formulas [20],
HP (kR) = /2/(xkR) e /4 (14 O(1/(kR))),
0, HY (kR) = —i/2/(7kR) e ™ 1719, (kR)(1 4+ O(1/(kR))), (30)

for large R, with 0,(kR)= FO(kR)/p'0¢'|py=re = (£ kpsin(¢ — ¢')/R)|p=1a,
R = \/ p? + p'* — 2pp'cos(¢ — ). Taking into account that

(p'sin(p F @))*
R+p—peos(p ¥ )’ G1)

R=p—pcos(pF®)+

when R+ p — p'cos(¢ F @) # 0, and considering the properties (b')-(c') on u, we then
obtain the expression for the far field from (19) which, compared with (29), gives us :

1 [~ .
f(£m+¢) = 5/ (iku(p’, + ®)sin(¢ F D)
o+
£ TNy @)y (32)
n

as 2 <@ Fp, < and I <P Fp < with |arg(ik)| < I, i.e. as eh/os(#F2) and
e’kP'cos(9F®) yanish at infinity. We can also consider the field along the line p = + &F
with 0 < ®F < @, letting + 7+ ¢ = a+ ®F. In this case, we can write, when

T<PFFp. < Tand I < Fa+7w< I,

1 0.¢] a N
fla£ @) = 5/ (—iku(p', £ ®;)sina + a_z(pf, + §F))e sy
0+
1 @] a N
= §/O+ ( — Z.k'u(p/, + @f)sina - ﬁ(pl, + (I)ei))efzk:p cosoadp/, (33)

which is also valid, by analytic continuation, as Re(ik(cosa — cos(®E F ¢.))) > 0,

|[Rear| < . This expression implies that,

| | | du(p, + B*
flir =) - f(— i85 = —au(0, 07+ 0PUEZL, )
. . ou(p,
i 82) 4 f(— i @2) = 0P i), (34)
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as p — 0 and x = |lnp| — oo, which is in accordance with the property (b) of the spectral
function f attached to the field w.

Thus, the definition of the field and its normal derivatives on one single face (a semi-line)
leads us to a (explicit) definition of a unique analytic function f attached to the total
radiated field (uniqueness and existence), with f(ix + ®F) + f( — iz + ®F) vanishing
at infinity as 7 < ®F F ¢, < 2,0 < ®F < @, in accordance with condition (b).

Remark : From (33), valid as Re(ik(cosa — cos(®F F ,))) > 0, in the band |Rea| < T,
for 0 < ®F < ®, we can write in this band, as Re(ikcosa) > Re(ik), |p| < @,

_ L[ . . u —ikpcosa
ﬂa+W—QA+(Zm@wﬁmx S (e, (35)

Remark : It is possible to recover (33) by another way, as already noticed in [7]. For this,
we can use the inversion theorem of Maliuzhinets [3] (taking care about time convention)
on u(p, = ®) and du/In(p, + ) to obtain,

flat @)= f(—a+e)= =ik [ ulpp)sinac dp,
O+

> Ou —ikpcosa
flatp)+f(—at+e)=— " @(PM)G 'dp, (36)

for Re(ikpcosa) > Re(ikp) as |Rea| < 7. Elementary combinations and analyticity then
permit us to recover (33). This way is not used in this section because it does not allow to
simply relate (33) to Green's theorem, which is a key point to derive the remarkable

property of deformation of the integration path given in next section.
4.2) The spectral function f derived from fields on a piecewise smooth semi line
4.2.1) Single face expressions of f along L(:)t,oo with the use of tangent angles

Using the properties of Green's theorem [ 1], it is worth noticing [7]-[8] that the contour of
integration along ¢ = =+ ® in (19) can be deformed into any path L({OO without changing
the field u, (M), provided that L(:;:,oo is a piecewise smooth semi line, and that, during the
deformation, the integral remains definite, M is not captured by the path during its

deformation, and no source passes through the path. Afterwards, we can write (32) in a

+

0000 @ plecewise smooth

more general form, with integration along the new general path L

semi line from the origin to infinity, following,

L[ :
f(£m+) = §/Li (iku(p, ¢)sin(p — ¢})
+ %(p’, ))ereste=al (ol ), (37)
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where dl'(p’, ¢') is the element of length, % is the outward normal derivative, and ¢} is
the tangent angle on each smooth segment composing L({OO.

If we divide the piecewise smooth semi line L({OO (deriving from a deformation of the
faces ¢ = £ ® enclosing the scatterer, described above) into L(T, A (e 0<l' < A7)

and Ly  (ie.l' > A*), we have

frmre) =3 [ (ks sine - o)

ou Iy ,
4 %(P/, (p/))ezkp cos(p—¢ )dl/(p,, 90,) + szim( + 74+ (p), (38)

where fr: () = e~ tkpazcosla=en) {2 (o), f+(a) is the spectral function related to the
AT co

Sommerfeld-Maliuzhinets representation of the field in coordinates with origin at points

(pa+, pa+) with I’ = A*. We can then write, by analytic continuation,

1
fla)y= 5[  (—iku(p,¢')sin(a — ¢))
2 Li )
0,A%
du 1o —ikp'cos(a—¢) g7/ A
= (', ¢)e dt'(p’s ') + fr= (). (39)
6n Ai,oc

4.2.2) Single face expressions of f along L({OO with the use of gradient

Using the expression of normal derivative with gradient, we derive another form of the

expression of the spectral function associated to total field, in presence of a scatterer

+

enclosed by a surface with piecewise smooth faces L,

ended by semi-infinite planes
with tangent angles + ® (note : in the case of a closed scatterer, we can take ®* = 7).
Therefore, the spectral function [ satisfies the single-face expressions, as

2 <®F F o, < Fand § < &F F o < 3 [8], following,

frrrg) =3 [ F @OV ET)

— Vo (w(M))eMOMY 7t qs(M), (40)

where 7(¢) = cosp T + sinpy refers to the direction of observation of angle ¢, and
fitds = F (2 Ad(OM)) on each smooth segment composing L - This expression is
in agreement with (37) and the expression (8) of F'(p,p.) = f(m+ @) — f(— 7+ ¢).
As for (39), we then derive,

1

f@)=3 [ F@nVi(e o)

0,A%

= Vi (u(M))e” ") A ds(M) + frz (o), (41)
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where 7, refers to the complex angle o, with 7, = cosa ¥ + sinay verifying 7.7, = 1
(note : we use 7. = —7( F 7 + «), with scalar product of complex vectors defined by

analytic continuation (no hermitian product and no conjugate)).

Remark : When L(T’OO has a succession of singularities at points M,,, we can consider
Lf)t,oc as the addition of curved line segments without M,,, i.e. the integral as the addition
of improper (or limit) integrals on open paths, in the sense that the ends of paths are not
strictly considered at M, but as M — M,,.

5) Expression of f from the far field function F' and its consequences
5.1) Integral expression of f relatively to F’

Considering (25), we can write for the spectral function f attached to the total field,
fla) = fr(a) + f-(a) + fi(a) — Ap, (42)

where f;(a) = %cot(%(a — ©,)), the f. verify (26) and (27), while,

Ap=33 dim (fi(a)+ £ (a)),

T Ima—-+oo

so that f(ico) = — f(ico) as specified in the condition (b). The constant Ar doe not
change the field since = is odd, and is only here to define uniquely f with
flico) = — f( —ico).

When both conditions § < ® F ¢, < 2 are satisfied (permitted with 7> ® > 7/2),
we then obtain, from (26) and (27), fora € |S — 7, S + 7],

Flope) = 3 [ Flol o) tan(5 0 — ) = g.(e)))del
+ 280t o0 - ) - 4, )

with

F(O/,QOO) =f(7T+a',g00)—f(—7r+o/,gpo),
1

Ap = — | F(,00)g0.(a))de, (44)
41 Js

where the far field function (also known as the diffraction coefficient at the edge in (7))

vanishes at infinity on S, and f(ico) = — f(ioco) is verified.

As first consequence, we conclude to the existence of f from F' as ® > 7/2, defined

from (43) and its analytical continuation with (44), which implies the definition of

representation (3) for the field w.
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The expression (43) can be also generalized by analytical continuation on « and .. For

that, we begin to write (43) in the form,

flaves) = /S B /S RIC! )(eot(5 (@ — ")) + cot(5)da’

+ Resf%cot(2 (@~ @0)) — A, (45)

We can assume that the nearest singularities of f(«;, ) on real axis are the incident pole
at o = ¢, and the geometrical optics reflection poles at o = 2®, — p, = + 2d* — o,
(if infinite faces are present), where the constant ®* > & refers to the angle of semi-
infinite plane composing each physical face, while the singularities apart of real axis,
which are independent of ¢, are with |Ima| > 6 > 0. We can then use Cauchy theorem,
and deform S to a new path S, with capture of poles on real axis [13]. This leads us to
write for ® > + ¢, > /2,

a—a o dd
flose = = ([ = [ st pateant 5 weo( GG~ s
1 — o
= i L e e () el A, (46)

as o € |S§ — m, S5 + 7[. For |arg(ik)| = /2 — 07, let us note that we can consider that
S§ = S +ibsign(arg(ik)), and that (46) remains valid by continuation for complex ¢, in
the domain €5 4 defined by ® > 4 Re(,) > 7/2 with [Im(,)| < 6.

Remark : Both conditions 5 < ® F ¢, < 2, considered to apply (43), are satisfied only
if 2@ > 7. With these conditions, all poles of f(a) — Resf#cot(l( — o)) are outside
the band |S — 7, S + =, in particular the GO reflection poles at o = — @, & 20* with
®* > @, since the conditions 53 <PFp, < 37” implies 2@ F ¢, > § + ® > 7 and thus
20F £, > .

5.2) Equations on f from equations on F' and consequences

The form (46) has important consequence to deduce new analytical properties of f(a, ()
on incident variable (. In particular, let F'(«/, 3) satisfy analytical functional equations

relatively to variable 3,
G5 (F(d/,8)) =0, asa’ € S5, B € Uy, (47)
where g;; is an analytical operator, linear relatively to F', we directly deduce from (46),
G5 (f(a, ) =0, (48)

for 3 € Q5 as a € |S§ — m, Sy + 7|, then everywhere by analytical continuation.
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It is worth noticing that when reciprocity principle applies, we have
F(d/,p.) = F(p.,0), and functional equations for F' on variable ¢, derive from those
on «. Thus, (48) is a remarkable way, while f(o/, p.) # f(p.,a'), to exploit reciprocity
and obtain equations on second variable of f.

The property (48) was first noted and illustrated in [13] in the particular case where
G5 (F(o/, 8)) = 0 are difference functional equations derived from boundary conditions
on faces of a wedge, when reciprocity applies and F'(o/, p,) = F(p,, ). In this type of
problems, we can generally write, from boundary conditions on the field for each face of
awedge o = =+ P, functional difference equations on f [4],[16]-[18], following,

+
AZfla+®,08) — A f(—a+®,3) = sinaZa;t(cosa)q_l, (49)
q=1
with A, = A, 2., and thus deduce,
AP (e ®,8) + A7 F(—a£2,6) =0, (50)
which gives us, from F'(«, o) = F(o/, a) when reciprocity applies,
Az sF(a, B+ @)+ A7 sF(a, — B+ @) = 0. (51)

This equation permits, from the application of (48), to obtain functional equations

relatively to the second variable on f, following,
A7:rt+ﬁf(a7 ﬁ + (b) + 'A;:—ﬁf(aa - 5 + (b) = 07 (52)

valid, by analytical continuation, for any « and f3.
5.3) Expression of f from F' with shifted origin

Considering the expression of u, in (6), we can express, relatively to new coordinates
(p1, 1) when the origin is shifted at the point O = (ps, ps), the far field function F}, as
follows,

Fi(pr,pe) = = lim (v/2rkpre™ 50, (M)
= lim (\/(o1/p)e "V F (g, 00)
_ e—ik/)scos(<p1—<ﬂs)F(<pl, 900), (53)

since p ~ ¢y and p = |OM| ~ py + O%ﬁ}‘M as p1 — 0o [1]. Thus, we can use (46) for

the spectral function f;, attached to Sommerfeld Maliuzhinets representation for

coordinates (p1, 1) and origin Oy, with its far field function F}, and we can write,
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1 1
fila, o) = R/SiFl(O/, %)(tan(§ (a—a')) = go(a))da’ — Ap,
0
with Fl(o/, o) = e—ikpscos(q’_%)F(a/, ©o), (54)

asa € |S§F —m, S+ 7, ® > £, > /2, |ps| < 7/2, where we note that we can let,
—cos(a’ — p5) = cos(a — ) with /2 < |¢)| < . (55)
This expression of f; can be analytically continued for |@| > 7/2 by shift of S, as long

as the integrand continues to vanish at infinity, taking account of singularities captured

during it.

Remark : We note that,

—q /_
e ikpgcos(a (p"‘)F(O/a Qﬁo) =

— eik/)scos(ﬂ-ﬁ-u'—(ps)f(,]r + O/, 900) . eikpscos(—ﬁ-i-a’—ws)f( —r4 a/, 900), (56)
but the reader will notice that we have generally,
Sl 0) # R (o ). (57)

Indeed, in the Sommerfeld Maliuzhinets integral representation, the spectral function has
to be O(a” (cosar)®) at infinity on and inside the loops 7+ of 7, where a’ and b’ are two
constants, and we then generally need (54) to express f; from f.

Remark : The expression (1) of the incident field ' for a shift of origin can be used with,

ezkzug.(OMf) _ ezkug.(OOl—l—OlAif) — (ezkpscos(gao—gos))ezkplcos(cpl—goo)‘ (58)

6) The spectral function fy(«) for the diffraction by a wedge, with passive or active

impedance faces, and an illumination normal to the edge
6.1) Definition of fy(«) in general case, with passive or active faces

The boundary conditions, for the 2D diffraction by a constant impedance wedge with

straight faces ¢ = 4 ®, are in general,

a . . .
(=— — iksind*)u(p, p)|p—se = 0, 1. ( — sinf*)u(p, p)|p—se = 0,

on ikpdy

where sinf* are the relative impedances of the faces p = + ®, with |Ref*| < /2.
These conditions are a particular case of (16), and the spectral function f attached to the
total field w then satisfies,

(sina + sinf ™) fo(a + @) — ( — sina + sinf™) fo( — a + @) = 0,
(sinae — sinf™) fo(aw — @) — (— sina — sinf ™) fo( — a — ) =0, (59)
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with fy(ico) = — fo( —ic0). In whole generaly, we consider s* = sign(Re(sinf*)),
with Re(sinf*) # 0, that can be positive (passive impedance face) or negative (active
impedance face). Letting i = 7/2® and ¢, the angle of illumination, we have,

Jola) = xo(a) = (xo(ico) + xo( — i00))/2,

Xo(a) = ¥(a, sinf™, sinf ™) P, (sin(ua))o(a) /¥ (p,, sind™, sinf ™),

o(a) = peos(pps)/(sin(par) — sin(pps)),
U(a,sinf™, sinf~) = U (a, sind" )V~ (v, sinf ). (60)

where P, is a polynomial of order n, and fy(ico) = — fy( — ico). The function

P, (sin(ua))o(«), that has the pole of incidence o = ¢, as Rear < @, verifies,
P, (sin(p(a £ ®)))o(a = @) = P,(sin(p( — a £ ®)))o( — a £ D), (61)

while ¥ (a), without any zero or pole as Rea: < @, is the solution of,

(sina + sinf") ¥ (a + @) — ( — sina + sind")¥( — a + &) =0,
(sina — sinf ™) ¥ (v — @) — ( — sinw — sinf " )¥( — a — ®) =0, (62)

so that fy verifies (59). The polynomial P, will be defined so that f; satisfies the
conditions (a)-(b)-(c) on the spectral function for a scatterer in a wedge-shaped sector

illuminated by a unit plane wave.
6.2) General exact derivation of ¥(a) = U (a)¥~ («)
6.2.1) An efficient expression of U () = U () ¥~ () with I" function

The function ¥(«) can be derived from the development of (200)-(201) of appendix C.
From (62), we have,

U(a+ )

- - = 4
aaln\p(_aiq)) O,ln
v’ o/

— —(—a+®) =57

S*(a) = 4+ 5T0,In

(sina — sinf™*)
(sina + sinf*)’

(sinae — s*sinf*)
(sina + s*sinf*)’

(63)

where s* = sign(Re(sinf%)), [Ref*| < 7/2. We can then consider s(a) = dIn(¥()) in
appendix C as the solution of,

s(a+ ®) 4 s( — ax®) = S*(a),
$*(a) = + 2sinf*cosa

(sina 4 stsinf*)(sinae — sTsinf*)
+ s*cosa + s*cosa

= - . 64
(sina — sTsinf*)  (sina + sTsinf*) (64)
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Using residue theorem, we have,

+ioo . iwsTo* iw(—sTOF+)
re(w) = / SE(ae " do' = + (- 27Ti)si€ te - :
i 1 4+ etwm
i st\/21 e—l/siﬁi 4 e—y(—lsiﬁi—wr)
Ri(w) = V) = 65
+(iv) 5 QWTi(W) F— = , (65)

where 0 < s*Ref* < /2, and we derive from (200)-(201),
U(a) =T (a,sind") ¥ (a,sinfd"),

\I,i’ N 100 eiwsiﬁi + eiw(—siQi—&-ﬂ')
— =1 , i + ®))d
g (@) = s /0 (15 comysin(awd) Sn(@la: ®))dw

jE/"O e VS0 4 eV (50T sinh(v(o £ @)
= —s
0

(1+evm) sinh(2v®) v
4 [®cosh(v(m/2 — s76F)) sinh(v(a + D))
- /0 cosh(v7/2) sinh(2v®) av, (66)

as |[Rea| < @, where we have noted to simplify,

U (a) = UF(a, sinf*).

(67)
After integration, we then obtain,
oo —vstot —v(r—st0%F)
+e
e _ Bt i/ €
(@) exp (s i 15
(1-— co§h(u(a + ®))) p ), (68)
vsinh(2v®)

as [Rea| < ®, where B* = U*( F ®) is a free constant, that we could take equal to unity
without changing the expression of fj. Considering that we have [20],
N iwm\N+1
- oy 1 (= €°7)
1 twmy—1 _ _ iwmym :
/Ooe/w sinh(ﬂx)d
0

sinh(bz) " %(Oln(l“)(% * %bﬂ) N 81n(1“)(% * MQ;bﬁ))

= osn(r( + LAy Ly W0y,

00 e 1— COSh(ﬁ.’E) B (1“(% + (ﬂ;}ﬁ))l“(% + (MQ_bﬂ))
€ —d!E - h’l( 1 1L 1 0 )7 (69)
0 xsinh(bx) I(5+ 20001+ £)
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as |[Re(u £+ )| < |Re(b)], leads us to expand (68), as |[Rear| < @ + (N + 1), following,

N
= Bi( H +—aj:<1>—|—si9i+m7r))
m=0

1 1 1 1

- — = + — (stp* I + i +
F(Q 4(1)(04 ®—(s70 +m7r)))[‘(2 + 4(1)(06 O+ 71— 560" +mm))

l _ i _ o +nt+ Si(_l)nz,Jrl
F(2 4(1)(04i<1> (m— s760F + mm)))] ) X

o0 —vstot —v(r—st0F) _
+ _ _—um\N+1 € +e (1 — cosh(v(a £ ®)))

(e /0 e (1+em) vsinh(2v®) dv), (70)

where N is an arbitrary positive integer, s* = sign(Re(sinf*)), Re(sin6*) # 0. The Bz
are constants depending of N, while ¥* (o) /% (¢, ) does not depends of it.

Since e VN7 rapidly decreases for large v or N, this expression has the advantage to
give an efficient calculation for NV ~ 1 , and all analytic properties from those of I
function when we consider N — oo. It is then particularly simple to note that ¥(«) is a

meromorphic function of the complex plane.
6.2.2) An efficient expression of the Maliuzhinets function U¢ with I"

We note, from (68) and the use of 2cos(a)cos(b) = cos(a + b) + cos(a — b), that we
have,

‘I’(Oé/) :Hexp(si/“’ 3 (COSh(V(W’#‘I’JrE’(S o7 — %)))—1

T(e') 0 oS 2v sinh(2v®)cosh( 5

1 —cosh(v(a £ ® + €' (s — )
2v sinh(21/<I>)cosh(”77:) Jdv)), (71)

for Rea] < ®. We can then write U, for Rea+ €' (s“07 — 5)| < ® + (N + 1)7 as
¢ = —1land +1,

=a]T (11

é=—1,1
ﬂ r(ly @ESHIETI—5) + 5 +im,
m>0 2 4P
ri = (@ +€(s0F —I)+ T+ lw)]si(_l),,,,+1
2 40

1 — cosh + &+ (sT0F -2
% exp(si/ cosh(v(a +€'(s 2)))d1/))
o 2v(—e'™)N+1sinh(2v®)cosh( 4 )

= o] H\IIQNai(I)-I—e(iQf—g)))S ), (72)
d=—11 =+
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where Cly is a constant, and Wg y(cv) is given, for Rea| < 2® + (N + 1)m + 7, by,

N
\II<I,7N(04) = (H

m>0

1 (0% + % + lﬂ— 1 — + + lﬂ- ( )m+1
TG+ TG o )
o ~ o 1 — cosh(ra)

. vm\N+1 v d 73

% exp(/o (me™) e 2ysinh(2y(1>)(1+e—”) V)’ (73)

As for the expansion of U*(a) with T' function, ¥ y(a)/ ¥ v (0) is independent of N.
Comparing this expression with the one given for the Maliuzhinets function W4 given in
[29], we remark that

\I/q>7N:,1(Oé) = \I/q)(Oé), \If¢7N:,1<0) = 1, (74)
and,

Vo n(a)/Wo n(0) = Vg (a), (75)

which represents a new efficient expansion of W4 («v) with I" function.

Remark : We also note that,

UE(a F ®,sinf* = 1)
UE(F @, sinf* =1)

(To())® = (76)

Remark : For |[Ima| — oo, the principal contribution, in the integral expressions (68),

comes from the vicinity of v = 0. We then note that,

> 2m Sil’lh(ﬁl/) _ m
/(; 14 mdy = aﬁlﬂm (ln(—cos(%ﬁ) ))

Do (In(T* () = siﬁa(ln(cos(%))) +0(1/a?) (77)
and thus,
U™ () ~ Ci(cos( (a = ®)))*" with C a constant. (78)

40

A complete asymptotics for ¥+ will be given in a further section.
6.2.3) Additional expressions for U= and Uy

Other expressions of ¥+ can be derived from, this time, the use of (202) of appendix C.
Considering s(c) = 9,InU*(q, sinf*), S*(a) = + 5%, IHM and ST(a) =0

(sina+stsinf*)
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with s* = sign(Re(sinf*)), we have, from (202), as |Rea| < ® with Re(sinf*) # 0,

S¥(a) = + Siaa(ln(tan(M)) - ln(tan(M

1 1
cos(a + (st0* — g)) T cos(a — (s£0% — g)))’

)

= :Fs:t(

: 100
+ P N +( T o /
0,InT~ (v, sinf™) = 55 /_m + S (« )tan(4q)(ai(I> a))da

_is* HOOZ L tan(l(a + & —a))dd (79)
8D | L cos(af +e(sTOF —T)) T 4D ’

where, by definition, 0 < Re(s*#*) < 7/2. After integration, we can choose to add a

constant integral, and write as |[Rea| < 29,

) cos(75 (a—a'))
—iSi/+ZOO 11’1( cé;l)(ﬁa/) )

2 i S ye0s(o’ + (5705 — )

InV*(a F @, sinf*) = da/ + InB*

PN = 4100 1
_ " ln(cos(la))/ Z da/ + InB*

27 e —ico Z7 008( + €(sF6F — 7))
_ set oo 1 cos( o
* = / / +p+ T h’l( (7r4(I) (a ?ré))/ )dOé/, (80)
2 _mE:_Mcos(a +e(sF0F — 7)) cos(jza)cos(fp)

where we notice that B* = ¥*( @, sinf*). In a similar manner, but, this times, when
IRe(a 4 €(s50* — Z))| < 2® fore = — 1 and € = 1, we can write, after integration and
addition of another constant integral,

s

1 (Cos cos(m (a—a))

.+ +i00
4 . by LS ({50 +e(s™07 7))
In¥*(e F @, 5ind™) = o / cos(a’ f e(sT0* - 3))
—i00 =] 1

do/ + InC*

l(oﬁre(siﬁif%)fo/))

) ioo cos(

B st /+ In(—22 ey do! + InCE
2m ) i cosa/’

= si(z ln(cos(la-l— e(sTH* — E))))(_—/ﬂ00 do’ ) + InC*
it 49 2 21 ) i cOsa/

) cos(Z (ate(st0E—I)—a))
—gs*t /—HOO ln(cos(%gz+e(si0i—§)))zcos(%o/))

2m )i T cosa/’

_|_

do!, (81)

where we have used a shift of the integration path, permitted from 0 < Re(s*6*) < 7/2.
Considering that,

/-i-ioo —i o /+ioo — 3 o (82)
o = o =
_ico COS( + €(sE0F — 7)) i COSCQY
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we obtain, from (80), as [Rea| < 29,
U (a F ®,sind*) = BFexp (siln(cos(%a))

—ist /“OO In(1 + tan( Lo/ )tan(f5 o) )do/ )

2r H, cos(a/ + e(sT0* — 7))

_ Bi(cos(la))sin eXp(si/+Oo In(1 + itanh( 5 )tan(i(%a))dV), (83)

477 24 oo 2mcos(iv + €(sTOF )

+

while, from (81), when [Re(a + €(s0* — )| <2®ase= —lande =1,

U (a F ®,sind") = CiH ( cos(—— (o + e(s0F — g))))Ti
e=—1,1
exp(si/ﬂomu + itanh( v )tan(ﬁ(a+ e(s*0* — %))))dy)),

o 2mcoshy

(84)

The terms B* and C* are free constants that we can take arbitrary without changing the
spectral function, while we can let tanh(5v) for — tanh(J5v) in (83) and (84) without
changing the expressions, so that U= (a F ®, sinf*) = U*( — o F ®, sinf*).
Considering the definition of ¥+ with function ¥g (as used in (72)-(74)) following,

UE(aF @) = C*[] (Pala+€/(s*65 — 721))&) with Tp(0) =1,  (85)

e€=—1,1

we compare it with (84), and obtain, in a original manner, another expression of the
Maliuzhinets function ¥4 for |Re(a)| < 29,

Ta(a) = (cos (%a))%exp ( /_:0 In(1 —ital;l;(c OSthan(@ @)) dy>,

(86)

This expression, previously quoted in [12], is useful to give the asymptotics of Wg, in
particular its first order, as [Ima| — 0.

Remark : Let us note that, for Im(w) — =+ oo with |[Re(w)| < 7/2, we can write,

H exp (/+°° In(1 + itanh( G v)tan( 5 ))dy>

o o 27rcos(i1/ + ew)

1 _ s oAy
~ H exp(iln(l :ertan(Ea))/oo W)

e=—1,1

~exp(in(— (1%4) ) = (cos( o ) (87)

and thus, we have, from (83),

U (a F ®,sinf*) ~ BF as Im(6*) — oo. (88)
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6.3) Complete asymptotic expressions of ‘I\I’,—i and U+

6.3.1) Asymptotic expressions

For a complete asymptotic expansions of ‘I\I’,—i and U+ for large Ima, we can transform
(66) and (68) expressions, using residue theorem. Considering ‘I\I’,—i, for Ima # 0 with
e = sign(Ima) and |Rea| < @, we develop (66), following,

\I]i/ ico eiwsiéi + eiw(fsiGiJrﬂ')
_i(a) fr—y isi/ N .
U o (14 e~m)sin(2w®)
_ est /“OO cos(w(m/2 — Si@i)) (eiwe(airb) _
4 J_is cos(wm/2)sin(2wP)
- i)+ O [ e V)
4 Jor_ino cos(wm/2)sin(2w®)

sin(w(a + @))dw

—iwe(atP) )d

(& w

iwe(aiq))d

1D W

- i/_(ﬁ—”oo COS(W(W/Q — Siai)) —iwe(a:l:q))d
4 ) _gi_ino cos(wm/2)sin(2wP)
es™ es™ 07415 cos(w(m/2 — s6F))

= — (=) +2
m(4®)+ * 7y 0+ —ico  COS(wm/2)sin(2wd)

w

eiwe(ai@)dw, (89)

We can then shift the integration path to Rea = ¢ > 0, while considering residues (first
and second order ones) due to the capture of poles between 0 and the real positive
constant 6, and we obtain,

15 . T est .
F(Q) = = ZESi(E) + 7( — 27mi)
55 <6 mn(n/2—st0F)
m 1 COS(TTHE) me (aka

x |: Z ( o 1) ﬁ mn(mw/2) e ( ))

m>1,585#2p+1 COS(T)

2p+1<é
+ pif ( . 1)p+1g COS((Qp + 1)(77/2 — Siei)) 6i(2p+1)e(o¢i<1>))

p>02p 1422 T sin(2(2p + 1)®)

2p+1<6 (- 1)m+p+12 mn(m/2 — sE0%)
(=-pm g\
p>0,2p+1=3¢

2 - :t :t s
+ie(ai<1>)cos(m7r(7r/2q) 50 )))ezﬁe(aﬂ)))]

i pide(at®) / e cos(w(m/2 — s767)) iw=6)e(ax®) g
s—ico  COS(wm/2)sin(2w®)

w, (90)

where we take care that ‘527‘1) and 5771 are not integers. After integration of (90), or using

directly (68) by a similar analysis, we obtain U=, for Ima # 0 with € = sign(Ima) and
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|Rea| < @,
\Iji(a) _ Bie—z’esiﬁ(aﬂb)

Mot ,0T+ico _ oEpt icw(at®) _
2 0 1
s / cos(w(m/2 — s0F)) e dw}
0

X ex . .
P | 2 Jor_ino cOs(wm/2)sin(2w®) iw
— Bj:eDie—iesiﬁ(a:t@)
r 55 <0 1 mn(n/2—s0F)

20 _ m A N S A

X exXp| — 7TS:t ( 1) 20 COS( 20 ) 6% 5 (a£®)
£ COS( m7r(7r/2) )

m=>1,55#2p+1 5%

2p+1<6 _ 1\p+12 _ oEpt
+ Z ( l)p WCOS((Qp + ]‘)(71-/2 s=0 ))6i5(2p+1)(a:|:<1>)>

(2p + 1)sin(2(2p + 1)®)

p>0,2p+17£28
2p+1<é -1 m+p+12 20 mm(Z — Siei

w0y TR (T epgenTE ),

20 mm 2 29

p>02p+1=52

us

+ie(a £ @)cos(mW(QQ_q)Siei) ))el'z (aﬂ’)))

ied(at® d+ico ++
+ sTe ( )/ (.SCOS((.U(ﬂ'/z _.S 4 )) eie(w—é)((x:tq))dw , (91)
26 §5—ico Gwcos(wm/2)sin(2wd)
where we note that B = U*( &, sinf*), while,
Di _ _ '?:t /*0++ioocos(w(,n_/2 _ S:tg:t)) ldw
20 Jor—ino cOS(wm/2)sin(2w®) w
e cos(wrr/2) 2R
= — / du(( L) —dw. (92)
20 J_ i cos(w(m/2 — st0%F)) w
The last integral terms in (90) and (91) being O(1), and considering that
M+1 (1 |€Z|)
tg |z|M* max(1,
oxp(e) — 32 = | [ et < EE LD,
exp(z1 + 22 + ) = exp(z1) x exp(z2) X ... (93)
we have obtained, thanks to (90) and (91), the complete asymptotic expansions for the
functions ‘fI’,—i( ) and ¥* () as |[Ima| — co.

Remark : Second order residue in (90) and (91) concerns the case 2p+ 1= 5g. It

implies that we have 55 = 225, 2p+1 = (24 1)(2p + 1), and m = (2 + 1)my,

withq =0,1,2,3, ..., when 2po + 1 and m are mutually prime.

6.3.2) Some complements on the determination of D
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For the calculus of D, we can also write,

. o (oswlr/2-50%) 1\ 1 N
is* J”OO(SCOS(T/Q) - 1); jgt [OTHi® 1
D, =" dw+ 2~ Lo (o4
- 2 J s sin(2w®) W 2 Jor—ico SIN(2w®P) w w- (94)

We can then use [20], the method of integration by parts, and shifts of integration path, to

reduce the first and second integrals. We note first that we have,

cos(wa) . 1 _ /“OO cos(w(a + €'a)) — Uda)
cos(wm/2) i, +1 . 2wceos ()
1 +i00 -1
_1 Z (/ (cos(wa) />da)
U PRV S 2wcos(a + €'a)
1 o0 1 +ea+§
= — Z / sin(wa)ln(—,tan(w))da,
T 2T -1/0 ¢ 2
for [Rew| < 1,|Rea| < 7/2. (95)

while we remark that,
+ico+0T +ioo+07
1 1

! / R / 1w

2 ) _isoror wsin(2w®) 2 ) _icosor wsin(wm/2)
7 +i00 1 . +i00 1

= — dw=1 dw
2/ e (14 w)cos(wr/2) o (1 —w?)cos(wr/2)

e 1
- _/0 (1 + v2)cosh(vm/2) dv = —In(2), ©9)

We can then write,

iy 12sT e 1 at€(m/2—sT0F)+ 3
D:t +s 111(2) = 5? ,_Z /0 ln(gtan( 2 ))
e€=+1,—1
X / S,m(—wa)dwda
o sin(2wd)
+ ico 1 + € 2 — gtp* + I )
= 87 P / ln(—_tan(a ¢(n/ 5 SO+ 3 ))%tan(%a)da
€=+1,-1
_ 1 +i00
_ —1s* / In(cos (45 @ ))i __da. (97)
T oy Join cos(a + €'(m/2 — st6%))

With this reduction of D, it is worth noticing that the first order of this asymptotics is in
perfect agreement with the one given by (83).

6.4) Links between W= for passive and active impedances, and positions of poles

6.4.1) The link between W= for passive and active impedances
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For arbitrary sign of Re(sinf*), Re(sinf*) > 0 (passive) or Re(sinf*) < 0 (active), we
note that the functions U= in the expression of ¥(a) = U (a)¥~(a) verify,

(sina & sinf*)U* (o & ®) — ( — sina + sind*) (- a + &) =0,
U5(aF @) - (—aF®) =0, (98)

i.e., when Re(sinf*) £ 0,

(sina — sinf™*)

v v

C (0t B —(—a+®) = +d,In— madill}

U+ (o @) + \Ili( a+?) 0 (sina + sinf¥)

ot ot

g (@F )+ g (-ax2)=0 (99)

Since we have,

(sinar + sinf™*)
(sina — sinf*)’

(sina — sinf*)
OnIn-— , = — 0,1
t (sina + sinf*) 1

(100)

and the function U* has to remain without any zero or pole in the band |Rea| < ®, we
can, letting U*(a,sinf*) = U*(a) for impedance sinf*, derive ¥* with an active

impedance face directly from ¥+ with passive impedance face, following,
U* (o, sind*) = By/V*(a, — sinf*) as Re(sinf*) # 0, (101)

with By a constant, as we can yet notice from general expression (70).
6.4.2) Positions of poles and zeros of ¥* ()

Letting s* = sign(Re(sinf*)) and using (70), we directly derive zeros and poles of U+
from poles of the function I'(z). The poles and zeros of U*(a) = U*(a,sinf*),
respectively in passive and active cases, are linked, and we note that, when s* = 1 (resp.

st = — 1), U*(a, sinf*) has zeros (resp. poles) at

a= + (5505 + (4p+ 1)@ + 2mn),
and o = + (7 — 570 + (4p + 1)® + 2mn), (102)

and poles (resp. zeros) at

o= £ (14 s50F + (4p+ 1)® + 2mm),
and a = + (2m — 550 + (4p + 1)@ + 2mm), (103)

form >0,p > 0.
6.5) Determination of P, (sin(u«)) in general for passive or active faces

The polynomial P, permits to complete the satisfaction of conditions (a)-(b)-(c) on f.

Considering a unit incident plane wave, we have fy(a) ~ 1/(av — o) in vicinity of
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incidence pole ov = .. This implies P, (sin(pp.))o () ~ 1/(cov — @), and thus,
P, (sin(pps)) = 1. (104)

From unique definition of u at p = 0, we have to satisfy fy(a) = O(1) as |Ima| — oo,

and considering (91) (see also (83) or (78)), we can write,
];[cos(g(a + ®)))5
(sin(pa)) ="

+
which implies (n — 1)u + Z%,u =0,
x

fo(a) ~ Cy

= O(1),

ie.n= Z(l — 5%)/2 = the number of active faces. (105)
+

For |Rep| < ® and passive impedance wedge with Re(sinf*) > 0, the poles of
U(a+ ¢) in the expression of fy(a+ ¢) are outside the strip |Rea| < 7, but it is no
more the case for active impedance faces.

In this latter case, the n zeros of P, (sin(u«)) have to suppress, for each active face with
st = — 1, the non physical pole aF of ¥*(a,sinf*) as |Rea| < 7+ ® that can give
poles of fy(a+ ) within the region |[Rea| < m with Re(ikcosa) > 0 as |Rep| < @,
which leads to cancel non physical contribution e'kpeos(i=¢) that can diverge at infinity as
|Rep| < ® (note : for real k, notice that the non physical pole aF is the one with
+ sign(arg(ik))ImaE > 0, among af = + (550 + @) and af = + (7 — sT0F + @)).
We then have,

1-st

P, (sin(ua)) = H( sin(ua) = sin(pia; ) ) L

o\ sin(ppo) — sin(poyy)
s* = sign(Re(sind™)), Re(sind*) # 0. (106)

which completes the definition of f for arbitrary impedances (passive or active).
7) Analysis for a wedge at skew incidence (2D1/2) and associated special functions

We study in this section the special functions used for the eletromagnetic diffraction of a
skew incident plane wave by a passive anisotropic wedge of any angle, their expansions
and their properties. The problem is then no more scalar, as in strict 2D problem, but
more generally vectorial.

We present here our solution [9],[22] for balanced hybrid conditions (when the product of
diagonal terms of impedance matrix is equal to unity), and study its relation with Fisanov
function used in the solution of Lyalinov and Zhu in [23], and with Maliuzhinets
function. On this occasion, we insist on the common links with the I' special function
[20], as in (91) for U, which reveals remarkable analytic properties and permits efficient

calculus.
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Figure 3 : Geometry at skew incidence

7.1) Our solution given in [9]

The plane wave incident on the wedge is vectorial. It is characterized by the z-
components of the electric and magnetic fields along the edge, respectively £’ and H',
given by

E! (P, ©; Z) D, ik [psinfBcos(p—¢')—zcos]
2\ — . 2 z . 1
{Zoﬂé(p, P, 2) Dy | (107)

In this expression, k£ (Imk < 0) and Z, denote respectively the exterior medium wave
number and impedance, and [ is the angle of the incident direction with the edge of the
wedge.

The z-components of the field, in cylindrical coordinates (p,p, z), are searched in the

form of Sommerfeld-Maliuzhinets integrals [9], following

Ez(p7 ®, Z) e—ikzcosﬁ/ fl (O[ + (;0) ikpsinf3
_ (3 Sin, COSOéd 108
[ZOHZ(/), 0, 2) 2mi ), | fo2(a+ @) ‘ “ (108)

which satisfy the Helmholtz equation (A + k%)u = 0 on each component. The contour
is odd and composed of two symmetric loops as for 2D problems. Conditions at the edge
and at infinity are assumed, and we consider an anisotropic constant impedance boundary
condition (E — n*(n*E)=(Z*)(n* A H) on each face ¢ = 4 ®, where n™ is the unit
vector along the outward-pointing normal to the face, and (Z*)/Z, a relative constant
impedance tensor. This implies coupled functional equations

a ek A f ek =smaln] 00

with
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L cosfcosa sina %+ 7jifsin3

110
sina & sin3/nF  — cosfeosa |’ (110)

when (Z*)/Z, is characterized by a class of diagonal relative impedance matrices with
elements 7", n.

Considering the oddness of ~, we note that we can choose to add some constants to
spectral functions f; 2 without changing the field, and the constants c; » have no influence
on it (see details in [9]). In these circumstances, we note that the previous sections on
general properties of spectral functions, in Sommerfeld Maliuzhinets representation of 2D
fields, can apply providing that we let,

) — fr2(i00) + fio( — ZOO))

fla) = e (f5(a 5 :

(111)

in frequency domain, with u = E.(p, ¢, 2) or Z.H.(p, ¢, 2), po = ', and e'Frsinfeosa jp
place of e, in integral representation of w.

By employing an original factorization technique for coupled equations [9], we found a
closed-form solution when the products of these elements are equal to unity, i.e.
ninE = 1. This case of anisotropy is important. It corresponds to a geometrical optics
reflection coefficient which is independent of the polarization of the incident field.

We let nif = 1/nF = sindf with 0 < Reff < /2, § = In(tan(3/2)), and obtain [9],
[22],

fil@)]  Wan(a) [ cosA(a) sinA(a) | [ D
[ f;(oz)} = W) [ ~sinA(a) cosA(a)] [D; } o(), (112)
where A(a) = van(a) = van(¢'), o(a) = pcos(pe')(sin(ua) — sin(ue’)) ™",
p = 7/2®, and the functions ¥,,, and v,,, verity,
V(o £®)  detA®,
U (—a+®) ( detAE )
Van (@ £ ®) — Vgn( — a + ) = arctan( ZZ(&)) ), (113)
with
det(AF) = — sin?g (sina & sin(07 — i6))
x (sina + sin(0F + i6)),
( « —

det(AZ)det(A%,) = (n(a))? + (IF(a))?,
IF(a) = cos?f sina — cos®a — ((;f)* — 1)sin?g3,

n(a) = cosf sin(2a), (114)
and sin(B)sin(0f — €ib) = (n7 + ecosBy/(ni)> —1). The explicit closed-form

expressions of the two special functions VU,,(«) and v,,(«) is derived [9],[22], for
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Rea| < @ 4 (N + 1), following,

o) =] I

e=—11 +

H[I‘ +— ai(I))—i-@i—euS—i-lﬂ))_%

120
1 1 + . _1
P(2+E( (£ @) + 07 — €id + Im))
1 1 1
_ + — §F 3
F(2 + 4(1)((04 Q)+ 71— 07 +eid+Im))”
1 !
+ —o* 3 1(=1)
F(2+4q)( (£ ®)+7m— 607 +eid+1m) 2]

0o —v(0F —€ib) + 6—V(7T—91 +e€id)
% )V €
eXp (/(; ( ) 2 % (1 + 6—1/7T)

N+ L — cosh(v(a £+ ®))

d 115
e v sinh(2v®) V) (115)
and
Van (@) = ZZ Z
+ e=—1,+1
Zln ( (a4 @)+ 0f —€ib +1m))7 2
1>0
r(s +i(( + @) + 0 — €ib + Im)) T
5t 18 (@ €id + Im
11 . "
F(2 +E((ai<1>)+7r—9 + €16 + Im))*2
1 1
N5+ 450~ (£ ®) + 7 — 0F + €id + Im))*2 )
0o —v(0Ff—€id) _ e—u(ﬂ'—@f—&-eié)
+€/0 2% (L—evm)
e v sinh(20®) v), (116)
N v
for arbitrary N > — 1, where we have used 4= = > (F )" + (:Ff‘ix as in [24]-[25]
1>0

—1 —1
(note: [] =1 and 3" () = 0). Since e "NV rapidly decreases for large v or N, these
1>0 >0

expressions have the advantage to give an efficient calculation for NV ~ 1 , and all
analytic properties from those of I' function when we consider N — oc.

Besides, it is worth noticing that it is then particularly simple to realize that
\Ifm,,(a)eﬂvan(a) is a meromorphic function of the complex plane, for which we can
identify all complex zeros and poles. For the particular case of normal incidence (i.e. for
6 = 0 when we have no more coupling between TM and TE waves), or for isotropic unit
impedance (0f = 7/2), we recover the expressions given in [4],[12] and [24]-[25].
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Remark : Among all analytical properties of I', we can quote the remarkable identities,

I'(z+1) =2I'(2), —2I'( — 2)['(2) = w/sin(7z), ['(1) = 1,
D(nz) = (20t TIT(: + ), (117)
k=0 n

7.2) The relation with the solution given by Lyalinov and Zhu [23]

We now exhibit the relations of the special functions ¥, and v,,, of our solution with the
Fisanov function x¢ (), used by Lyalinov and Zhu in [23]. For that, we let N = — 1 in
(115) and (1 16), and note that,

“on — 1111

e=—1,1 £+

* cosh(v(m/2 — 0% + €ib))
exp ( / 2 % cosh((r/2))

" cosh(v(p' £ ®)) — cosh(v(a + ?))

v sinh(20®) dv)
-1
ox (/:>C sinh(v(m — 0 + €i8)) — sinh(v( — 6F + €id))
P 0 2sinh(v)

cosh(v(¢' £ ®)) — cosh(v(a + @))
8 U sinh(20®)

dv), (118)

and

Van (@) — Vg (¢ —ZE E

e=—1,+1
/"O sinh(v(7/2 — Gli + €1d))
/s 2 sinh(v7/2)
o T (cosh(v(a £ ®@)) — cosh(v(p' £ ®)))

v sinh(2v®) av)
ZZ 2—;1 1
/ smh( (m — 0F + €ib)) + sinh(v( — 0f + €if))
‘ 0 2 sinh(v)
ki (cosh(v(a £ ®@)) — cosh(v(p' + P))) i), (119)

v sinh(2v®)
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and then compare with the integral expression of x¢ () given in [26],

Xe(@) = eXp(%/OOO l/sini(mr) (% a s:;lh((;yo(;))) Jdv). (120)

Since, we have,

2(sinh(v(w + z))cosh(vy) — sinh(v(x))cosh(vy)) =
= (sinh(v(y + 7+ z)) — sinh(v(y — 7 — x)) —
— (sinh(v(y + 2)) — sinh(u(y — 1))
(sinh(v(m+y + z)) — sinh(v(y + x)) +
(sinh(v(y — z)) — sinh(v( — 7+ y — x))), (121)

we can  express ;’L((g,)) as a combination of functions of the type

+

Xo(m+zta)xe(2'+a) V1 xo(m+z+¢)xe(z'+¢") 1 : o .
(Xq)(z e PO e )z ( PR o e w’)) 2, and in a similar manner, since

2(sinh(v(m + x))cosh(vy) + sinh(vzx)cosh(ry)) =
= (sinh(v(y + 7+ x)) — sinh(v(y — 7 — x)) +
+ (sinh(v(y + x)) — sinh(v(y — z)))
— (sinh((7 + y + 2)) + (sinh(i(y + 2))) —
— (sinh(v(y — x)) + sinh(v( — 7+ y — x))), (122)

we can express Cos(Uu,(a) — Uan(¢’)) and sin(v,, (o) — v (¢')) as combinations of

. xo(m+z+a)xa(z+a) \+1/ xo(m+z+9)xe(z+¢) \Fl .
functions (L antrr) (ot aa 7)) 3 which

Yan(@)00sWun(@)Vunl)) g Pan(@)sin(van(0) =Van(¢')) 5o meromorphic functions in o which

implies  that

o () Wan (')
ot Xo(Ttz+a) ¢ Xo(T+z+y) Xo(2'+0) ( xo(Z+¢') -1
express as combinations of ()@)(77r e~ W,)) and S (X@(z +<p’)) terms.

This result permits to recover the expressions obtained by Zhu and Lyalinov [23].
7.3) ¥, in terms of Wg functions and expressions of Uy
7.3.1) ¥4 () from the expansion of ¥, with I" function

From (115), the expression of % is given by,

Uon(a)
\Ier(QO/) - H (H

=11 ¥
[Ty (e R 0o ) -
b 0 4v sinh(2v®)cosh(4')
1 —cosh(v(a+ @ + € (0F —€ib — 3))) Yav)) (123)
4v sinh(2v®)cosh(4") ’

for |Rea| < ®. Considering that [20],
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/0 ¢ i) % = OIn(T(G + T =TG4 =),
00 _”1 . COSh(ﬁ.’E) (F(% + (ﬂ;ﬁ))l“(% + (M;lﬁ))
e ————=dr = — In( T )/1 i —),
0 xsinh(bx) I(3+ &)1+ £)
( _ e—mr)N-‘rl B Nt ( _ e—lﬂr)N-‘rQ
L8 ) (CermNHl g , 124
(1 + 6_’/”) ( ¢ ) (1 + e—wr) ( )
we can write, for Rea + €'(6F — €i6 — 5)| < @+ (N +1)mrase’ = —land 1,

Un(a) = Cn H (H (H

e=—1,1¢e=-11 =+

IJ_VI[F(}+ (@ ®+(0F —cib—5))+ 5 +In
2

)
150 4
F(l L= (£ @+ (0F —cid—3))+ 5+ lw)_%](_l)z
2 4

> 1 — cosh + &+ ¢(0F —€ib—Z
y exp/ cosh(v(« + €07 —e€i 2)))d1/))
0

4v( — e’™)N+1 sinh(2v®)cosh( %)
=[] (T qTWen(at@+e@r —cis =2, (129)

e=—1,1 ¢=-1,1 =+

where Cly is a constant, and Wy v (cv) is given, for Rea| < 2® + (N + 1) + 7, by,

N
Vov(a) = (]1
1>0

1 a+S+ir. 1 —a+5+In 1
(=4 —2 "\ (=4 —— "2 ""y1=D)
[T( + 2T p( 4~ 20

> N o 1 — cosh(va)
v\ N+1 v
— 2 12

eXp(/O (e e @) (1 =) ) (126)

-1
for N > —1, and []() =1, which in perfect agreement with (73). Comparing this
1>0

expression with the one given for Ug in [29], we conclude, as in (74), that we have,

\Ifq>(04) = \Ifq>7N(Oé)/\Ifq>7N(0) with \Ifq>7N:_1(0) =1, (127)

where Wg is the Maliuzhinets function, first defined in [4] for the diffraction by an
impedance wedge, and verifying % = cot(5(a + §)).

The expression (127) is an efficient expansion to calculate the function ¥4 (), when N
is finite. It also permits to recover all analytical properties if we let tend N to infinity, in
particular from well known remarkable identies satisfied by I' in the complex plane.
Besides, it is worth noticing that the constants, C'y and Vg x(0), have no influence on
the solution, and thus, that we can take C'y = 1, and W4 or Wg v indifferently, without

changing the field.
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7.3.2) Complete asymptotic expression of Wg () for large Ima

For an asymptotic expression of W4 for large Ima, we can transform the expression given
by (127) as N = — 1, using residue theorem. Letting ¢ = sign(Imc), we can then write,
as Ima # 0 and |[Rea| < 20 + 7,

- i [ 1 — cos(wa)
W () = exp {Z/m weos(wm/2)sin(2wd) dw]

1 [ (e" —jewa — 1) 4+ (e + jewar — 1)
=exp| — . dw
8iJ oo weos(wm/2)sin(2wP)
(—mi) dea, 1 [O7F>® ] eicwn _ 1
=exp|———(sx)+ 3 — .
8 207 8 Jyi_in iw cos(wm/2)sin(2wd)

8

. 1 0% ico 1 elewar _ 1
=e "% X exp —/ — - dw
0+ —ico Gw cos(wm/2)sin(2wP)

. s 1 —0%+ico 1 —lewor __ 1
(m)( Zea) N / e dw]

8 ) o+ i iw cos(wm/2)sin(2w®)

N 1/—0++ioo 1 e—iewa 1 J
= o w
8 ) 0+ _ino w cos(wm/2)sin(2wd)

= e Y % ex l/0++iooi e — 1
B Pls 0+ —ino tw cos(wm/2)sin(2wP)

N 1/0++ioo 1 glewa _ 1 p
= — w
8 Jo+ i tw cos(wm/2)sin(2wP)

Cieggagyn| 1 /0*“00 1 -1,
= e “s%xp| - w
ap 0+ —ico €OS(wm/2)sin(2w®) iw

y 1/0++ioo 1 eiewad (128)
exp | — wl.
Pla 0+ —ico €OS(wm/2)sin(2w®P) iw

In the last exponential term, we can then shift the path to Reae = 6 > 0, taking care that

527‘1’ and ‘S‘Tl are not integers, while adding residues terms (first and second order), due to

the capture of poles, between 0 and the constant 8, during the shifting. We then derive,
as [Rea| < 2@ + 7 and Ima # 0,

TUg(a) = ePe e

mr g
T 50 < ( _ 1)m% -
cool = 5(( 3 )

m>1,55#2p+1 2% ( 20 )

2p+1<6 ( . 1)p+12
m

2 e )

p>02p+1#£58

eie(2p+1)a)

2p+1<é ( 1)m+p+1 2 9P

Y e ;WGO‘GWD

p=0,2p+1=5¢

eieéa 6+ioco Py (o)
1elw— (,\/,d 129
+ 46 /5_,L-OO iwcos(mr/Q)sin(2w(1>)6 w}, (129)
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w

. 0+ +ioco . tico ) —— W

1 1 w wm n(2w

B = 1/ : —dw = 3/ coston/2sn®) g5, (130)
4 Jo+_ise cOs(wm/2)sin(2w®P) w 4) i w

The last integral term in (129) being O(1), we have obtained a complete asymptotic

expansion for the function ¥4 () as [Ima| — co.
7.3.3) Some complement on the determination of B

For the calculus of B, we can also write,

7: +i00 (—COS(U.I}TF/Q) — 1) Z 0t +ico 1 1
B =~ —————dw+ — — “dw. 131
4/Z~OO sin(2w®)w W 4/0+m sin(2w®) w “ (131)

We then use (95)-(96) and the method of integration by parts to simplify the first and
second integrals. From (95)-(96),we note first that,

( I l)l _ 2 /Oif>O (cos(wa) — l)da

cos(Fw) w weos(a)
2 [ 1 +Z
— 2 [ sin(wa)In(~tan(212))da, [Rew| < 1,
T Jo 1
7 +ico+0" 1
— —dw= —1In(2 132
2/ioo+0+ CUSIH(QCL)(I)) “ n< ), ( )

and we can then write,

In(2) 2 [ 1 a+3 [ sinwa
B = —— In(—t ———dwd
Ty T am, MGl )/0 sin(2w0®)
= l/mln(—tan(a hi %))ﬂtan(l )d
- PR T VT
_ __li +zooln(cos(£a))da: —1/+wln(cosh(ﬁu))dy‘ (133)
i 2m)_ i cos(a) 2 J_o  cosh(v

With this reduction of B, it is worth noticing that the first order of this asymptotic is in
perfect agreement with the one given by (86).

7.4) Expressions for the Fisanov function y ¢
7.4.1) An efficient expansion of the Fisanov function y¢ with I' function
The Fisanov function x¢, used in [23] and [26], can be developed in an original manner

from the special function I'. We write the second order derivative of (120), for
|Re(ar)| < 7 + 2, following,



0? 1 [ v  sinh(va)
Wln(xq,(a))— a /0 sinh(v7) sinh(2v®)

dv

Considering then that we have [20]

/Ooe—/w vsinh(va) g
0

sinh(2a) Y = 1@ Ov((9In F)(l # sy

49

_ (omry(t 4 =)

ST
92 1 (p+a) 1 (p—a)
— 555 + 2 2=) = (0 + =),

N +1)27 + 7+ 29,

we can write, for |[Re(a)| < (
In(

xo(a)) = (Ay + Bya) +

YO TE+ @+ D+ )
IEZOIH(F(%+ﬁ((2l+1)7T—a)))

. /oo e—V(N+1)27 (o — Sinhiva))d
o 2sinh(vr) sinh(2v®)
Thus, since x4 (0) = 1, we obtain

xo(a) = "o n (),

with,

(PGt (@ + D7+ )
xen(@) = g(r(g + (@l ) — a)))

> —v(N+1)27 (I/Oé — Sil’lh(VO[))
X exp (/0 e 2vsinh(v)sinh (20 ) V)’

—1

—V(N+1)27r inh
_ / Z/Trze*2lﬂ'l/ vsin (VO!)d

= sinh(v) * sinh(2v®) Y
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(134)

(135)

(136)

(137)

(138)

for [Re(a)] < (N +1)2r+7+2®, N > —1, [][ = 1. Considering the derivative of

>0

the integral term in the expression of x ¢ n, null at & = 0, the constant By is given by,

1 [~ (ﬁ s1nh 21/<I>
By = = —2) (OInI')(
N7 /0 vsinh(v) ; 1

but also, from yo(7) = 22~ [26], following,

1/ 20
By = (2
™ \xan(T)

+ s (@4 ),

(139)

The expressions (137) and (138) are efficient tools to calculate the functions x¢ and
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Xo,n When N is finite, permitting to recover all the analytical properties from remarkable
identities of I' when we let tend N to infinity.

It is important to notice that, considering the wedge problem with anisotropic impedance
condition, the constant By has no influence on the solution, and thus, that we can choose
Xao.n 1n place of x¢, at IV arbitrarily fixed, without changing the final expression of the
field.

Remark : xo n and xe are meromorphic functions functions with the same poles and

zeros, and we have xo v (o + 2®) = (e P¥*®cos(§)) xo.n(a — 2®).
7.4.2) About an asymptotic expansion of the function x¢ x
Let N = — 1in (138). Using a manner similar to the one use for U, we can develop the

complete asymptotics for Inxe x and x n. For that, we let e = sign(Im(«)), use residue

theorem and write,

ie [T (wea — sin(wea))
1 = — d
nxe.n (@) 2 /m 2wsin(wm)sin(2wd) “
— miea? € /J”‘OOJ“O+ e — jewa — 1
= — - w
167 4 ) _isoror 2wsin(wm)sin(2wP)

ico—0t .
6/ero 0 e W 4 dewar — 1

+Z Ciso—0+ 2wsin(wm)sin(2w®) “
o i6042 € +ico+07T eiewa
- B, +Ba-°< / d 140
16 bt B 4 ) _isoror wsin(wm)sin(2wP) “ (140)
where,
+ico+07" dw/4 +ioco —W2/8
B = / _ - / (T ()
_isot0+ wsin(wm)sin(2w®) oo sin(wm)sin(2wP)
; +i00 2 4 ; 2 4
= I/ G L S P G L —
2 Jo sin(wm)sin(2w®) 2 sin(wm)sin(2w®)
irl 1 (m)? (29)? i (m)?
= — — = — — (b
247r2<1>( 3 + 3 ) 12(4<I> +2),

+ico+0™ Z/4 +o00 V2/2 1
By = dw = (= . “dv. (141
! /,,;OC+0+ sin(wm)sin(2w®) “ /0 0 (smh(mr)smh(Qy(I)))V v (141)

Shifting the path of integration to Rew = § > 0 in the last integral term of (140), and
using residue theorem (first and second order) for poles captured during it, we obtain the

complete asymptotic expansion of Inyg v () and thus of x¢ ().
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Remark : We note that, using (96), we can also simplify B} following,

. +z’oo(ﬁ_L) . +ico+0t 1
Bizf/ ) 2¢dw+z/ ——duw

4 wsin(wm) 8D | ;oo wsin(wn)
i [ (gares) — 26) In(2)
= - dw — . 142
4/—100 wsin(w) AT (142)

8) Explicitly causal expression in time domain for a dispersive wedge-shaped region
8.1) Basic elements on causality and integral expressions

Let us consider the total field u(p, ;iw) in presence of a 2D scatterer, enclosed in the
region outside the free space sector || < ®, when it is illuminated by a plane wave,

ul (p, p;iw) = U'(iw)e*reos#=22) with ik = z_w, (143)
c

We assume that, in the domain |arg(iw)| < 7/2, U'(iw) and ik are holomorphic functions
of iw, and |arg(ik)| < 7/2. The function U’ (iw) is O(w™") as |Rew| — oo, b > 1, while
u(p, ¢;iw) satisfies the conditions (a"), (b') and (c'). The time domain response %' (p, ; t)
(or u(t)) is then given by,

+idto

wppit)=limos | L wpwis) etds, o 20 (144)
— 00 —tA+o

Closing the contour of integration at infinity, we note that

W (p,pit) = 0 fort < T(p,p) = —LONL =) (145)
Coo
where ¢, = lim ¢ > 0, and we can write,
|w|—00
u'(p,p;8) = / @ (p, p;t)e " dt. (146)
T (psp)

The time domain field u(p, ¢;t) is real. It is here assumed to be bounded, and, in
presence of the wedge-shaped region illuminated by %' (p, ¢; t), it is causal with respect to

the front of the incident wave, so that we have,

u(p,p;t) =0ast < T (p, ). (147)
Noticing that 7 (p, ¢) > 7y(p) = — p/cs, We can add that we have,
u(p,p;t) =0 (p, p3t) = Oast < To(p) = — p/Coo- (148)

We then have,
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upogin) = [ atve (149)
—p/ex
which implies,

u(p, @3 s*) = (ul(p, ¢; )",
u(p, p; s) = O(e*/°) for Re(s) > 0,

and thus no singularity of u(p, ; s) as Re(s) > 0. Therefore, we can write,

1 “+ico+o
u(t) = —/ u(p, @; s) eds, o > 0,

27 —100+0

1 00 A 0 _
u(t) = 5 / u(p, p;iw) " dw + / u(p, p;iw) e dw)

0 —00
= %Re(/ u(p, @;iw) e dw). (150)
0

Rather to express causality from analyticity of u(p, p;s) for complex s = iw, we now
aim to reduce u(t) to a explicitly causal expression depending on position, i.e. an integral
on a 'finite continuous' path 7 whose ends depends on (p, ¢) and ¢.

For that, we will transform the expressions in (150), from the integral representation of u
with spectral function f(« + ¢,iw). After analysing the properties of f(a + ¢, iw), in
particular those concerning the positions of their singularities in « for real w, we will
define and use some transform of it, that presents some intricate causality properties.
Dispersive multilayered wedges with higher order boundary conditions can be then

considered. To simplify, we assume in what follows that, in the free space,

c= % is a real positive constant independent of w. (151)

Remark : the problem when ¢ = % depends on w, ie. when the free space is a

homogeneous dispersive medium, is studied in [13]-[14] for the diffraction by a passive

impedance wedge, and we note in general that, from (148),

+i0o+0 0 p/
/ u(p',p;8) e/ Tds =0as — 4+ 1< — . (152)

—i00+0 Coo Co

8.2) Spectral function f(« + ¢;iw) and elementary properties

We consider that the spectral function f(a+ p;iw), in Sommerfeld-Maliuzhinets
representation (3) of field u, has poles of Geometrical Optics on real axis whose positions
are independent of w, in particular those related to incident and reflected angles, while its
complex singularities, whose positions depend analytically on iw, generally derive from

singularities of reflections coefficients R*(3;iw) for both faces.
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For now, we assume that each face is composed of passive materials (and metamaterials),
characterized by complex relative permitivitty €, and permeability p, with
larg (i€, )| < m/2 and |arg(ip,)| < 7/2, which cover non penetrable surfaces verifying
passive impedance boundary conditions. As €, — 1 and p, — 1 tend to zero for w — oo
from causality principle [21], the contribution of materials vanishes at high frequencies
while the one of impedance surface can continue to be present.

The function f(o/;iw) is meromorphic in the domain [Re(/)| < 7 + ®, with real angle
poles (independent of w), and possible complex angle poles (depending analytically on
iw), while, at fixed w, f(o/;iw) is bounded at infinity in this domain. Concerning the

trajectories o' = «;(iw) for complex poles, we consider the following properties :

Each trajectory described by complex poles of f(a/;iw),

o' = a,(iw), numbered s € N, when w varies from £ 0% to 4 A,

can cross the domain with |[Re(a’)| < w4+ ® — €4, with e4 > 0,

but these trajectories have no end points in any closed subdomain of it

(with ey — 0% as A — 00); in other words, we suppose that

the end points are outside the band |[Re(’)| < m + ® — €4, or at infinity;
Moreover, we take precaution that we have no cusp (9, (o, (iw)) # 0). (153)

Besides, using the single face expression (33) of f, we note that,

[l + 3 (iw)?) = (fla+ g;iw))", (154)
and thus, we can add that o, verifies,
as((iw)") = (as(iw))*. (155)

The general assumption given in (153) has no use for a wedge with passive (dispersive)
impedance boundaries, since, in this case, we have no pole depending on w in the band
|Re(ar)| < 7+ @ [13]-[14], but must be considered when the faces are composed of a
multilayer (see appendix A) and f(«; iw) has possible active poles depending on w in the
band |Re(a)| < 7+ P.

8.3) Elementary transform F5 of f and its analytical continuation F, ;t 4
8.3.1) Definitions of domains Q2* and of transforms F7, for real +w > 0

The spectral function f(« + ¢;iw) verifies the property (b), and thus we have,

f(c;iw) is bounded and regular in {o’ = a + ¢, a € Q, |p| < P}
where (2 is the region of the strip |[Re(«)| < 7 with Re(iwcosa) > 0,

iwpcosa/c

i.e. the region where the function e diverges as p — o0. (156)
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For real & w > 0, the domain (2 is denoted Q. It is composed of the subdomains QF
and QX . Bach QF is bounded by the loops £ defined following,

L =]e(ico+77),e(m+i07)] U [e(m +i0T), €i07] U [€i0™, eioo],
L. = [e(ioo), ei0T[U[ei0", (10T — m)] U [e(i0T — 7),e( — 7+ ic0)[,  (157)

where we notice that £ = (£~,)*, and thus, QF is the conjugate of Q. In this domain
of regularity, f is from (33), O(w™") as |Rew| — oo for any finite Imw < 0, with v > 1.
We then define, as a € QF, for any 7 real,

+A

1 p
Fila+e,7)=— fla+ ¢;iw)e™ dw,
27T 0
1 /0 4
Filaten) = o [ fla+givens, (158)
2 —A

with A a positive real constant. This expression also permits to consider,
7 = 7.(a) = peosa/c + t, with o belonging to the frontier £+ = LE | U LE |, where
cosc is real, and to write,

1 [

— | fla+ g iw)e™™ @ dw,
2

Fila+o,1(a) =
Fila+ e, m(a / fla+ ¢;iw)e iwTe(a )dw, (159)

We note that, so defined, the functions }"Ai verify,

(Fila+e,m) =Fi(a +¢,7),
(Fi(a+ o, me(a) = Fi(a" + o, 7(a")). (160)

8.3.2) Definition of analytical continuation F,°, of F; in the domain with poles of f

We can then consider the analytical continuation F. ,(a+ ¢, 7c(a)) (resp.
Fila+,7) of Fi(a+ ¢, 1(a)) (resp. Fy(a+ ¢, 7)) in the domain with poles of
f, complementary to Q* in the band |[Re()| < m, which corresponds to the part of the
domain |Re(a)| < 7 where ¢“™(® = (O(1) as +w > 0. The frontiers, from which
Filato,(a)) (resp. FS (a+@,7)) can be continued, are the lines
{a =iz F 0Tsign(x), = € R} and the real axis, where Fi(a+ ¢, 7.(a)) (resp.
Foala+ ¢, 7)) is known.

Because of (153), this continuation can be done without any singularity and cut in it, and
on its boundary, as |p| < ® — €4, even when A — oco. The function ]—"{fA(a + o, (@)
(resp. }—; (a4 ¢, 7)) will be then regular in the domain Q" = QF of a, where
e“7(@) = O(1), bounded by L** = LF, in complement of the loop £ = £, ULE |
on which F (a + ¢, 7e()) (resp. F, , (a + ¢, 7)) was initially definite.
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Remark : As mentioned earlier, for the particular case of the diffraction by a passive
impedance wedge, f(a+ p;iw) is regular as |Re(a+ )| < 7+ @ except at real
Geometrical Optics poles, and thus in Q**, and we can directly consider the integral

expression of F7 for -, in it, but it is no more the case for a multilayered wedge.

8.3.3) An example of continuation for an integral with a continuous line of poles

Let us consider the basic example of the exponential integral F; defined with,

0 s
Ei(z) = e‘z/ c ds, as|arg(z)| < m,
s

(=2

nn!

Ei(z) = —’y—lnz—z

n>1

(161)

The trajectory of poles in the integral is a straight semi-line from 0 to — oo, which gives
us the cut of Fi(z), the same than for Inz. An analytical continuation of E;(z) through
this cut changes its determination.

By definition, we continue an analytical function by successive use of taylor expansions,
whose domains of convergence are limited by the radius of convergence (determined by
circle with first singularity encountered), which amounts to say that we increase
continuously the domain of holomorphy, and thus deform in our case the cut, to avoid z
to cross it. The new cut is a curved semi-line L_, o, with same ends points 0 and — oo,
from which the continuation can be named Ey _(2).

Now, an remarkable result, due to the use of Cauchy theorem, is that this continuation can
directly be done from the integral representation (161) by 'continuous' deformation of the

integration path, and thus, by a change of the initial path to L_, o, which gives us,

_ e’
By ,(2)=¢ Z/ ds, as z ¢ L o,
L

L0 R S
(=2)"

nn!

(2)= —y—Inpz — Z

n>1

with Iny, # In, (162)

This kind of results will be used to take account of complex poles of f depending of w,
for the derivation of the continuation F ;t -, of F , provided (153) is satisfied.

8.3.4) Expression of }"jf 4 In vicinity of real poles of f independent of w
On the path £* = £X, ULE | of the strip |Re(a)| < 7, we have real Geometrical

Optics singularities of f(a + ¢;iw) at a4+ ¢ = «,, that have the particularity to be
independent of w (for incident and reflected GO waves), as || < ®. To take account of



-44-

them for the continuation on £*, we can write,

+1 +A
Falaton(@) =52 [ (latpiven
27T 0
f7 zw zw‘r(, 1
Z ato—ao Jdwt o QZTQT'(O‘J”O’TE(O‘))’ (163)
where
Apeo N
: 1 N ifoi fr(iw)e™ (@ dw
r\) = y g lat @, Te = . (164
i) = G ey & (ol = =S (169

with |Re(a)| < 7 + ®. This expression can also be considered for 7=, (a + ¢, 7).
8.3.4) Analytical continuation JF ;—L - of 3 for complex poles of f depending of w

In the case of a multilayered wedge, we have to consider the presence of poles as(w) of
f(a;iw) crossing the domain |Re(a)| < 7w+ ® and verifying (153). By definition,
Fiala+¢,7.(a)) is the regular continuation of Fi (a + ¢, 7e(a)) in Q*, bounded by
£i*, where () = O(1) as £ w > 0, with no branch point and cut in Q** and on £**

as |p| < ® — ey (note : ¢4 — 0T as A — oo). For that, we write,

+ +1 =4 iwTe ()
f;L,A(a+(;077_€(a)) = % (f(oz—i-(p,zw) ‘
fS iw zwn(a)
)d p 165
Zaﬂp_as. Wt o Zgé a+ o, 7(a)), (165)

where we have,
fs(=1w") = (fs(iw))", as( —iw") = (as(iw))",

L 1
fsliw) = (00 (1/ )] (as(iw); iw)’

+A fs(iW)eine(a)

+
+ s le = * - d ,
gs (O,/ 2 T(O-/)) /:t0+ Oé—l—gp—as(lw) w
; iwTe () 1
= j: fS(Z(U)e ' : ' das(lw),
1 o+ o — as(iw) 105 (as(iw))
s £ ()T (@)l (@)
=+ /a fé (Z:)-ie- Y — Oy ( o iav(ag’_l)(v))'l):as)dasa (166)

5,0%

with 75 = {a;(iw), w € ]05, £ A[}, iw= agfl)as(iw), as 14 = oz(+£1A) and
a0t = a,(i0%). From (153), 9,(a;(iw)) # 0 (no cusp), and the endpoints value a g
and o, 14, can be considered outside the band [Re(ar)| < m+ ® — €.
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In this hypothesis, g can be analytically continued as in (162), from « on the imaginary
axis to o in Q**, by continuously deforming 7;* as o + ¢ approaches the trajectory of
o, 1n order to avoid to cross it.

Thereafter, taking account of the continuation with (163) and (165), we have in general,

s (a+ @, 7.(c)) is regular in Q** and on L= U L+

a,A—o0

for 7.(a) = pcosa/c + t with arbitrary real ¢, || < P. (167)

These results can also be considered for =, (o + ¢, 7), as 7 is real.

Remark : Considering (160) and the definition of F.°,, we note that,

(Faala+ o, 7e(a))" = F (o + ¢, (). (168)

8.4) Fourier transform of f and properties related to causality

After noting the regularity of f(a’ + ¢;iw) on imaginary axis for [Ima/| > 0, we define
on it,
+A-i0" 4
Fald +o,7) = — fa + ¢, iw)e™ dw, (169)
2 ) aio+

for any 7 real. Considering the single face expression (33), which is valid for
Re(ik(cosa — cos(PE Fp,))) >0, 0 < ®F < &, and thus, the expression (35) for
fla+¢) as Re(ikcosa) > Re(ik), |p| < ®, we can, for Rea/ =0 as o #0,
interchange the order of the integration (permitted even for A — o0) and write,

, 1 o0 +A ] ) ,
Fald +¢,7) = — ( —iku(p, p)sina
47 o+ J—A

— ——(p, ¢))e"" dwdp, (170)

ast' = — p/cosa’/c + T, where u satisfies (149) and the conditions (a'), (b') and (c').
Since u(t) is causal with respect to the front of the incident plane wave, the contour of
integration in w can be closed at infinity for Im(w) < 0 when ¢’ < — p’/c, and we can

write,

Fala+ @, 7) = 0forRea =0, |p| < @, # O atany fixed7 < 0. (171)

We then consider the analytical continuation F, 4(a + ¢, 7) of Fa(a+ ¢, 7), for any 7
real, with no cut and no singularities as |[Re(a + ¢)| < ™+ ® — €4, except the poles of
Geometrical Optics on real axis. For that, we exploit that, in our construction of .7-"; 4
with (163) and (165), 7.(«) remains an independent function that we are free to take as a

constant, and note the regularity of ]—";A(a +¢,7) and F(a+ ¢, 7) in QO = QF.
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Therefore, we can write,
Forla+o,m)=F (a+e 1)+ Filatem)inQ™ =07,
Fosla+p,1)= ]—"X(a + o, 7) + Foala+o,7)in Q" =Q7, (172)
with F, A(a +¢,7) = Fi(a+ ¢, 7) in Q7 = OF and on their frontiers £L7* = L£*. The

regularity of F, 4 in o allows us to extend (171), and we can now assume a vanishing
property for 7, 4_,, as follows,

Faroo(a+ @, 7) — Oatany fixed 7 < 0 as [Re(a + ¢)| < 7+ . (173)

The factor 7. () being real on £* U £**, we deduce that, for o € £* U L**,

Faala+ e, 7e(a)), and thus 7y (o + @, 7e(@)) + F, ala+ ¢, 7e(a),  (174)

verifies the causality property,

Futola+ ¢, 7o(a)) = 0for7.(a) <0, asa € LT U L, || < ®.  (175)

Remark : Considering the problem when ¢ = ¢ depends on w, we note in general from
(152) that,

+o0—i0"
/ u(p, ;iw) e/ = 0 as T < 0 when Rea’ = 0, (176)

—oo—10t

and thus, that (171) and (173) apply in whole generality, when the free space is an
homogeneous dispersive medium.

8.5) Explicitely causal expression of the field in time domain with F, 4.

From the expression (3) of u, and the domain of regularity of 7=, (o + ¢, Te(t)), the
field in time domain is given by,

1 00 4 0 .
() = / ulp, 3 iw) € duw + / w(p, s i) €' dw)

27r o

—tim o ([ At pntandat [ Foyateniada), (7

A—00 271

with 7. (a) = pcosa/c + t, where the double loops £* are oriented, as «y in (3) when we
take £k > 0,012 =0andd = 0.

Considering the analyticity of FiA(a +¢,7e(a)) and F, 4(a+ ¢, 7(a)), we can
deform in (177) both paths £* and £~ (oriented) to the common path D =D, UD_
independent of w, with the loops D, (oriented as loops <+ when we take
ay = m — arg(ik) — 5, ap = m + arg(ik) — 7, and d = 07 in (3)) verifying,
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D.=]+(ico+m), £(r+i0")]U[£ (r+i0"), £ (—7+i0")]
U[E£(=m+i0"), £ ( -7+ ic0)], (178)

and we can write, from (174),

gl

(1) = 57 [ Fanlat o m(@)de (179)

with 7.(«) real on D.
We then use the causality property (175) on F, 4. and obtain an expression for u(t),

explicitely causal, on account of a finite path depending of time and position, following,

() = -

. ‘?.(L.A—MX) o+ @, TelX da, 180
2T Jr(pr) ( (@) (180)

where H = H U H_ is the finite subset of D with 7.(a) = pcosa/c +t > 0, and F, 4
is given by (174) on ‘H. Therefore, letting,

iln(ct/p++/(ct/p)?—1),ct>p

w(p,t) = : (181)
—arccos(ct/p), —p<ct<p
the finite path H . (oriented as D, ) can be described,
as |ct] < p:[m+iv(p,t) +i0", — 7 —iv(p,t) +i07],
asct > p:]m+iv(p,t), 7+ 07U [r +i07, — 7 +i07]
U[—m+140", iv(p,t) — 7], (182)

above all the real singularities of the integrand as |[Re(a)| < 7 (due to Geometrical Optics

part of the field), while H_ is its inverse below the real axis.

Remark : Considering (168) for (180), we note that,

=Re( [ Tyl pn(a)ia) (183)
m H(p,t)

Appendix A : Analysis of the reflection coefficient attached to a multilayered face of a

wedge

Let us consider the reflection coefficient attached to each face ¢ = 4 ®, semi-planes

composed of a passive surface with relative impedance sinf covered by a passive

imp

material of total depth d with relative permittivity €, and permittivity p, varying in depth
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and frequency, following,

Ri(ﬁ)—ﬁ cos3 — sinf: (184)
B 1 cosf + sinfy

where [ is the angle with the outward normal at each face, and the complex constants
sinfF have real parts of arbitrary signs [16]-[18] with [Re(6F)| < 7/2, |arg(iw)| < 7/2.
Let us consider to simplify the case with |arg(iw)| = |arg(ik)| = 7/2, i.e. w and k real.
When the permittivity and the permeability of materials have positive real part, which is
always the case at very large frequency, we can generally assume that the sinf with
Re(sinff) < 0 (active modes) verify arg(ik)Im(sinf ) < 0 while the sinfF with
Re(sinf) > 0 (passive modes) have Im(sinf ) of arbitrary sign. In this case, the first
poles of f(a;iw) from imaginary axis are, for each mode, at « = =+ (7 + 6 + @),
Besides, on limited domains of frequencies, permittivity and permeability can have
negative real part (if metamaterials are present), and the term arg(ik)Im(sinf ) for sinf=
with ResinfF < 0 (active modes) can have arbitrary sign. In this case, the first poles of
f(c;iw) from imaginary axis are then, for each mode, at o = =+ (7 + 6+ + ®) when
Re(sinff) > 0 (passive modes), while they are at a= 4 (—60F +®)) (if
arg(ik)Im(sinff) > 0) or at a = 4 (7 + 60 + @) (if arg(ik)Im(sinfd) < 0) when
Re(sinf¥) < 0 (active modes).

Remark : to analyse the expression of poles of f given here, the reader can refer to
appendix B, where we give the solution for a wedge with arbitrary passive or active
impedance faces, and we describe the suppression of non physical poles for f when
active impedances are present.

Remark : We can generally assume that, as w tends to infinity,

cos3 — sind;, | (185)
cosf3 + sinf*: ’

imp

e, — 1, u, — 1, and thus, Ri(ﬁ) _, ¢ 2iwdcosf/c

with Re(63, ) > 0, while we have, for the modes that are active with Re(6:) < 0,

imp
Re(6F) — 0 as |[Re(w)| — oo,
[Tm(6)| — oo as w — 0. (186)

Remark : let us note that, in free space, we can write k = w. /eopo ( = w/c) for the wave

number, while for modelisation of passive metamaterials, we have to write k = w\/g \/ﬁ
( = wy/€/11r/ ) to ensure passivity and Re(ik) > 0.

Appendix B : Some miscellaneous properties of spectral functions for an impedance

wedge with passive impedance faces
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B.1) The spectral function fy(«) for a wedge with straight passive faces
B.1) The definition of fy(«) in passive impedance case

Let us consider the spectral function fy(«) associated to the diffraction of an unit plane
wave of incidence angle ¢, by a wedge with straight faces of relative impedances sinf*
with positive real part (passive impedances) [4]. It is given by,

fola) = ¥(a)o(a)/¥(p.)
o(a) = pcos(ups)/(sin(pa) — sin(pps)), (187)

where the function ¥ («), without any zero or pole as Rear < @, is the solution of

(sina + sinf") ¥ (a + @) — ( — sina + sinf ") ¥( — a + &) = 0,

(sinae — sinf ™ )¥(a — @) — ( — sina — sinf™ )V ( —a — P) =0, (188)
i.e., when Re(sinf*) # 0,

U(a+ P)
U(—a+d)

/ /

%(ai@)-i—%(—aiq’) = 5%(a),

S*(a) = 4 0,In

(sina — sinf*)

9,1 . . ;
1 (sina + sinf*)

= +0,In

(sina — sinf™*)
(sina + sinf+)’

(189)

(note: the case Re(sinf*) =0 can be considered by taking Re(sinf*) — 0T). The
expression of ¥ can expressed from (113)-(115), considering ¥ in place of ¥, with

§=0. In passive case with 0 < Re(sinf*) < /2, we can then write, as
|Rea| < & + (N + 1),

N
(o) = BTG + g% ® + 6+ mm)

m=0 4(1)

PR = Lot o (05 +mm)L( + o (a+ &+ 71— 6% +mr))
5~ 18 @ mi 5+t 18 (@ T m
O U

F(2 4(1)(ozi(1> (m— 0~ +mm)))] )

vap €77 F e ) (1 — cosh(v(a + @)))
(1+evm) vsinh(2v®)

X exp (/ (—e™) dv), (190)
0

where By is an arbitrary constant. This expression is suitable for numerical calculus

(with N =1 or 2) or to derive the analytical properties of ¥(«) (with N — oo) from

those of I'. We note that the function W(«a) in passive case, i.e. when

0 < Re(sind*) < /2, has zeros at,

a= =+ (05 + (4p + 1)@ + 2mn)
anda= +(— 05+ (dp+ 1)@+ (2m + 1)7)
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and has poles at,

a= £ (0F+ (dp+ 1)@+ (2m + 1))
and = £ (27 — 0% + (4p + 1)@ + 2mm)

form > 0, p > 0, and that we have [12],

U(a) = Acos(%)(l + O(a?e1malyy, (191)

for large |Ima/|, with constants A, v, and ¢/ > 0.
B.2) Some miscellaneous results concerning integrals as ® = 7/2 and Re(sinf*) > 0

We note that, for & = 7/2, we have,

(—sina+sinf~)  (sina + sinf ™)
U(a+ ) U(—a+73)
1 1
— (ind— — <indT _
= (sinf~ — sinf )(\If(oﬂ—%) \IJ(—a+§))’
(sina + sinf~)  (— sina + sinf )

V-5  ¥(-a-})

= 0. (192)

Using that ¥ ( — )V (a) = A3(cosa + sinf ™) (cosa + sinf~), and ¥ () /cosae — Ay as
a — 100 , we can let s(a) = % and derive, from (202) of appendix C,
(cosa +sinf™) 1
\I/(O,/) AO a
— i(sinf~ —sing*) [T 1
_ —isin - sind™) H (o )tan( (@ + 721 —o))de,
iU (—a)/ Al I
(cosa +sinft) Ay
(sind~ — sind*) [T

F[ / ]‘ / l /

—100

for =" < Re(a) < I, where H(/) = 2sina//(¥(a/ 4 %)(sina’ + sinf™)) and

1 1 sina/sinf*  sina/sinf*
Ha) = - = + . (194
@) V(a+2I) U(-—a+i) Ya+i)  TV(-a+i) (194)

From oddness of H(a), tan(3(a 4+ F — @’)) can be replaced by (Cos(ajf%%, and we

note that, after deformation of integration path, we have,

; sina4sinf~— 1
tieo cosy’ o' o V) Ay
. o= —2mi— ——
_iso U(¢') cosa + sing’ (sinft — sinf~)’
sina+sinf~ 1 .
\I/((Jé—g) AO 1T

/ T cosp!  cosy’

d¢' = 2misind™
_ice Y(¢') cosa + sing 7 s

— 1
(sinf+ — sinf~) * Ay’ (195)
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as |Rea| < 7. Similar expressions with — sing’ in place of sing’ can be obtained from

U(— a) — ¥(a) when 6* — 67 (or by continuation with capture of pole).
Appendix C : General analysis of the solution of s(aw £ ®) — es( — a &+ ®) = S*(a)

We study here the solution of the functional equations for s,
s(ax®) —es(—a+®) = 5*(a), (196)

when s is regular as [Rea| < @, with € being + 1 or — 1. We consider the case where the
functions S* are analytic on the imaginary axis and O(exp(—a | Ima|)), a > 0, as
Ima| — oo, and thus s(ico) — es( — io00) = 0. The solution s, regular as |Rea| < &

(even at infinity), can be written following,

s(i00) + s( — i00) N s(i00) — s( — i00)

s(a) = 5 5 sign(Ima) + so(«),  (197)

where s, is absolutely integrable on any line Reaw = a, as |ao| < ®. This type of
equation has been solved in particular in the works of Maliuzhinets, Tuzhilin, Bernard for
the analytical determination of the solutions of wedge diffraction problems.

We consider the case with s(ico) — s( — i00) = 0, i.e. with arbitrary s(ico) + s( — i00)
when & = 1, or with s( £ ico) = 0 when e = — 1. By use of Fourier transform F(w) of

So (), we then obtain a system of two equations :
F(w)eFw? — e F(—w)e™® = HE (w). (198)
Multiplying them by exp( F iw®) and making the difference, the function F satisfies,
2iF (w)sin(2w®) = H™ (w)e™® — HT(w)e ™. (199)

We notice that the analytic function obtained by dividing the right member of the
previous equality with 2isin(2w®) does verify (198), and then, that the inverse Fourier
transform (integral taken in the sense of principal value) of this expression satisfies (196)
for [Rea| < ® . So, we have the developed form of s, for |Rea| < &,

s(a) — s(i00) —|—23( — i00) _
i o Ry (w)em?® R_(w)e™?®
N \/—Q_WV'p‘ ico ( isin(2w®)  isin(2w®)
i Z/zoo iRi(w)(e—w(aié)+€€iw(ai¢>))
Ve Jo isin(2w®)
(ey(aié) +€€—y(ai<1>))

. 1 *© 4+ Ri(ZV)
- \/—2—71-; /0 sinh(20®) av, (200)

) e—zwadw,

dw,
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with
—i +i00 .y
R.(w) = SE(a e do/,
24/ 21 J —ico
—q +i0o .
R.(iv) = SE(a)e ™ dd/,
24/ 271 —ico
Ri(W)—FERj:(—w) :0, (201)
where the quantity s(ico) + s( — ¢oo) is arbitrary when ¢ = 1 and equal to zero when
€ = — 1. The term v.p. means that we take the principal value of the integral.
For the case where the function s is dv,, and Jln(¥,,), we have ¢ = — 1 and

s( £ i00) = 0, while R4 can be evaluated explicitely by the method of residues. So, we
obtain a simple integral expression of v,,, and ¥,,,, corresponding to (115) and (116).
In other respects, we notice that, since the functions S* are absolutely integrable, it is

possible to change the order of integration, so that we obtain, for Rea| < @,

s(a) = Sio) T s(Zico) |~ Z/ mda/(S’L(a’)tan(%(a +0—a))

2 80 | .
— S (o )tan(— (o — @ — a))). (202)
4P
Considering S* = O(exp( — a|lmal)) and ¢ = — 1, and developing the tan(.) terms, we
have,
:l: 1 oo / + / — / 7(’|Imoz|
s(a) = <5 do/(57(a') = 57 (a')) + O(e™ ™), (203)

as Ima — £ oo , with ¢ > 0 being some constants independent of «. Then, letting
s = gy, We derive v, (o) = Ay + O(e~™al) while, letting s = JIn(¥,,,), we obtain
., = Asexp(pllmal)(1 + O(e~Mmel)) with pu=n/2®, A; and A, being some
constants. This behaviour, deduced from an expression valid for [Rea| < ®, remains valid
in any band [Rea| < constant, from the use of functional equations or the deformation of
the integration path.

Remark : We notice, as Maliuzhinets, that

+i00 1 +ico—0* +ico+0"
v.p. / = ( / + / ). (204)
—300 2 —j00—071 —i004+0t

Remark : The expression (202) can be continued analytically for |Rea| > ® by
considering the residue due to the poles crossing the path of integration, so that we verify
easily that the continuation of this expression satisfies the initial functional equations.
This latter expression continues to satisfy the functional equation when the analytic

function S*, regular on the imaginary axis, is only assumed to be absolutely integrable.
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