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𝐸𝐼

𝐹
√

2 𝑓2,3(1) sin𝜓𝐿 

1 − 𝑓6,6(1)
 

𝑦𝑀𝑚𝑎𝑥 = 𝑦(𝑢) |
u=𝑢𝑀𝑚𝑎𝑥



𝑇(𝑠) = −
𝑑𝑀(𝑠)

𝑑𝑠

𝑇(𝑢) = (𝑞𝐿 𝑓1,1(𝑢) − 𝐹) cos𝜓

𝑀 > 0

𝑇(𝑢) = 𝐹 [
𝑓1,1(𝑢) + 𝑓∗ (𝑓1,1(𝑢) − 𝑓2,3(1))

𝑓∗ 𝑓2,3(1)
]  cos𝜓

𝑀 = 0

𝑇(𝑢) = 𝐹 (
𝑓1,1(𝑢) − 𝑓2,3(1)

𝑓2,3(1)
)  cos𝜓

𝑀 > 0

𝑅 = 𝑇(𝑢) |
s=0 

= 𝐹 [
1 + 𝑓∗ (1 − 𝑓2,3(1))

𝑓∗ 𝑓2,3(1)
]

𝑀 = 0

𝑅 = 𝑇(𝑢) |
s=0

 = 𝐹 (
1 − 𝑓2,3(1)

𝑓2,3(1)
)

𝑅

𝑀 = 0 𝑅

𝑠𝑀𝑚𝑎𝑥 𝑠 = 𝑠𝑀𝑚𝑎𝑥

𝑅 = 𝑞 𝑠𝑀𝑚𝑎𝑥



 𝑠𝑀𝑚𝑎𝑥 =
𝐹

𝑞
 (

1 − 𝑓2,3(1)

𝑓2,3(1)
)

𝑠

𝑢

𝑢(𝑠) =  (
𝑏

2𝑐
) [−1 ± √1 +

4𝑐

𝑏2
  
𝑠

𝐿
 ]

𝑀 > 0

𝑢(𝑠) =  (
𝑏

2𝑐
) [−1 ± √1 +

4𝑐

𝑏2
  (

𝑞

𝐹
 𝑠  

𝑓∗ 𝑓2,3(1)

1 + 𝑓∗
) ]

𝑀 = 0

𝑢(𝑠) =  (
𝑏

2𝑐
) [−1 ± √1 +

4𝑐

𝑏2
  (

𝑞

𝐹
 𝑠 𝑓2,3(1))]

𝑀 > 0 𝑀 =

0

 



𝑀 = 0 𝜓𝐿  ∈ (0 ,
𝜋

2
 )

𝐹3

𝑞2𝐸𝐼

𝜓𝐿 𝐹, 𝑞, 𝐸, 𝐼

𝑀 > 0

𝐹2

𝑀 𝑞

𝐹𝐸𝐼

𝑀2

𝜓𝐿

𝜋

2

 

 

𝐹2

𝑀𝑞

𝐹𝐸𝐼

𝑀2



10−12 𝜓𝐿

[𝜓𝑎, 𝜓𝑏] =

[ ,
𝜋

2
− ] = 0.017 𝑟𝑎𝑑 ≅ 1 𝑑𝑒𝑔

𝐿

𝐿

10−5 

103

𝑠(𝑥) =
𝐿

𝑥𝐿
 𝑥

𝑚(𝜓𝐿) = 𝑛 𝑏(𝜓𝐿) = 1 𝑐(𝜓𝐿) = 0

𝑦𝐿

𝜓𝐿

𝑠(𝑥)



 

𝑑 = 19.95 ∙ 10−3 𝑚

ℎ = 2.95 ∙  10−3 𝑚 𝐸 = 209 𝐺𝑃𝑎

𝐿𝑡𝑜𝑡 = 2.670 𝜌 = 7763 
𝑘𝑔

𝑚3

𝑞𝑤 = 4.48 
𝑁

𝑚

𝐿𝑡𝑜𝑡 − 𝐿

10−4 𝑚)

5 ∙

10−3 𝑘𝑔

10−4 𝑚



≤ 10−4 𝑚

𝜓𝐿



𝐹, 𝑞,𝑀, 𝐸, 𝐼 

𝑠(𝑥)

𝑠(𝑥)



𝑀 > 0 𝑀 = 0

𝑢 =
𝑥

𝑥𝐿
    ∈  [0,1]                                                    (A. 1)

𝑏(𝜓𝐿) =
𝑚2 − 𝑛

𝑚 (𝑚 − 1)
                                                      (A. 2) 

𝑐(𝜓𝐿) =
𝑛 − 𝑚

𝑚 (𝑚 − 1)
                                                       (A. 3)

𝑛 =
1

2
                                                                 (A. 4)

𝑚(𝜓𝐿) =
𝑛

𝑐𝑜𝑠 (
𝜓𝐿

2 )
                                                         (A. 5)

𝜓𝐿 𝑀 > 0 𝑀 = 0

𝑓𝑎1,𝑎2
(𝑡) = 1 −

𝑏

𝑎1
 𝑡 −  

𝑐

𝑎2
 𝑡2      𝑤𝑖𝑡ℎ  𝑎1, 𝑎2 ∈ ℝ  

𝑴 > 𝟎

𝑓∗ (𝜓𝐿 ,
𝐹𝐸𝐼

𝑀2
) =

1

2
 (

𝑓3.6(1)

1 − 𝑓6,6(1)
) [−1 ± √1 + 8(

𝐹𝐸𝐼

𝑀2
) (

𝑓2,3(1) (1 − 𝑓6,6(1))

(𝑓3,6(1))
2 ) ]    (A. 6)



sin𝜓 (𝜓𝐿 , 𝑢,
𝐹𝐸𝐼

𝑀2
) = sin𝜓𝐿  𝑢2  

(1 + 𝑓∗) 𝑓3,6(𝑢) − 𝑓∗ 𝑓2,3(1)

(1 + 𝑓∗) 𝑓3,6(1) − 𝑓∗ 𝑓2,3(1)
                 (A. 7)

𝐹2

𝑀𝑞
=

𝑓2,3(1) (𝑓∗)2

(1 + 𝑓∗)
 ∫

𝑑𝑢

√1 − 𝑠𝑖𝑛2𝜓

1

0

                                           (A. 8)

𝐹

𝑀
 𝑦(𝑢) =  𝑓∗ ∫

sin𝜓 

√1 − 𝑠𝑖𝑛2 𝜓
 𝑑𝑢̃

𝑢

0

                                              (A. 9)

𝐹

𝑀
 𝑥𝐿 (𝜓𝐿 ,

𝐹𝐸𝐼

𝑀2
) = 𝑓∗                                                 (A. 10)

𝑞

𝐹
 𝐿 =

1 + 𝑓∗

𝑓∗𝑓2,3(1) 
                                                       (A. 11)

𝑞

𝐹
 𝑠(𝑢) =

(1 + 𝑓∗)(1 − 𝑓1,1(𝑢))

𝑓∗𝑓2,3(1)
                                       (A. 12)

𝑢(𝑠) =  (
𝑏

2𝑐
) [−1 ± √1 +

4𝑐

𝑏2
  (

𝑞

𝐹
 𝑠  

𝑓∗ 𝑓2,3(1)

1 + 𝑓∗
) ]                            (A. 13)

𝑢𝑀𝑚𝑎𝑥 = (
𝑏

2𝑐
) 

[
 
 
 
−1 ± √1 +

4𝑐

𝑏2
  (

1 + 𝑓∗  (1 − 𝑓2,3(1))

1 + 𝑓∗
)

]
 
 
 
                     (A. 14)

𝑞

𝐹
𝑠𝑀𝑚𝑎𝑥 =

𝑞

𝐹
𝑠(𝑢) |

u=𝑢𝑀𝑚𝑎𝑥

                                          (A. 16 ) 

𝐹

𝑀
𝑥𝑀𝑚𝑎𝑥 = 𝑢𝑀𝑚𝑎𝑥 𝑓

∗                                                 (A. 17)

𝐹

𝑀
𝑦𝑀𝑚𝑎𝑥 =

𝐹

𝐹
𝑦(𝑢) |

u=𝑢𝑀𝑚𝑎𝑥

                                        (A. 18)



𝑀(𝑢)

𝑀
= 𝑢 

𝑓2,3(𝑢)(1 + 𝑓∗) − 𝑓2,3(1)𝑓∗

𝑓2,3(1)
                                 (A. 19)

𝑀𝑚𝑎𝑥

𝑀
=

𝑀(𝑢)

𝑀
|
u=𝑢𝑀𝑚𝑎𝑥

                                           (A. 20)

𝑇(𝑢)

𝐹
=  

𝑓1,1(𝑢) + 𝑓∗ (𝑓1,1(𝑢) − 𝑓2,3(1))

𝑓∗ 𝑓2,3(1)
  cos𝜓                         (A. 21)

𝑅

𝐹
=  

1 + 𝑓∗ (1 − 𝑓2,3(1))

𝑓∗ 𝑓2,3(1)
                                                  (A. 22)

𝑴 = 𝟎

sin𝜓 (𝜓𝐿 , 𝑢) = sin𝜓𝐿  𝑢2  
𝑓3,6(𝑢) − 𝑓2,3(1)

1 − 𝑓6,6(1) 
                               (A. 23)

𝐹3

𝑞2𝐸𝐼
=

2 (𝑓2,3(1))
3
 𝑠𝑖𝑛 𝜓𝐿

1 − 𝑓6,6(1)
 (∫

𝑑𝑢

√1 − 𝑠𝑖𝑛2𝜓

1

0

)

2

                            (A. 24)

𝐹

𝑀
 𝑦(𝑢) = √

2 𝑓2,3(1) sin𝜓𝐿 

1 − 𝑓6,6(1)
 ∫

sin𝜓 

√1 − 𝑠𝑖𝑛2𝜓
 𝑑𝑢̃                           (A. 25)

𝑢

0

√
𝐹

𝐸𝐼
 𝑥𝐿(𝜓𝐿) = √

2 𝑓2,3(1) sin𝜓𝐿 

1 − 𝑓6,6(1)
                                       (A. 26)

𝑞

𝐹
 𝐿 =

1

𝑓2,3(1) 
                                                          (A. 27)

𝑞

𝐹
 𝑠(𝑢) =

1 − 𝑓1,1(𝑢)

𝑓2,3(1)
                                                  (A. 28)

𝑢(𝑠) =  (
𝑏

2𝑐
) [−1 ± √1 +

4𝑐

𝑏2
  (

𝑞

𝐹
 𝑠 𝑓2,3(1))]                             (A. 29)



𝑢𝑀𝑚𝑎𝑥 = (
𝑏

2𝑐
) [−1 ± √1 +

4𝑐

𝑏2
  (1 − 𝑓2,3(1)) ]                           (A. 30)

𝑞

𝐹
𝑠𝑀𝑚𝑎𝑥 =

𝑞

𝐹
𝑠(𝑢) |

u=𝑢𝑀𝑚𝑎𝑥

                                       (A. 31)

√
𝐹

𝐸𝐼
 𝑥𝑀𝑚𝑎𝑥 = 𝑢𝑀𝑚𝑎𝑥  √

2 𝑓2,3(1) sin𝜓𝐿 

1 − 𝑓6,6(1)
                                   (A. 32)

√
𝐹

𝐸𝐼
𝑦𝑀𝑚𝑎𝑥 = √

𝐹

𝐸𝐼
𝑦(𝑢) |

u=𝑢𝑀𝑚𝑎𝑥

                                        (A. 33)

𝑀(𝑢)

√𝐹𝐸𝐼
 𝑢 (𝑓2,3(𝑢) − 𝑓2,3(1)) √

2 sin𝜓𝐿

𝑓2,3(1) (1 − 𝑓6,6(1))
                      (A. 34)

𝑀𝑚𝑎𝑥

√𝐹𝐸𝐼
=

𝑀(𝑢)

√𝐹𝐸𝐼
|
u=𝑢𝑀𝑚𝑎𝑥

                                                  (A. 35)

𝑇(𝑢)

𝐹
=  (

𝑓1,1(𝑢) − 𝑓2,3(1)

𝑓2,3(1)
)  cos𝜓                                         (A. 36)

𝑅

𝐹
=

1 − 𝑓2,3(1)

𝑓2,3(1)
                                                             (A. 37)
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𝑀 = 0

 



𝑀 = 0

 



𝜓𝐿 𝑀 > 0

 



𝑀 > 0

 



𝑀 > 0

 



𝑀 > 0

 



𝑀 > 0

 



𝑀 > 0

 



𝑀 > 0

 



𝑀 > 0

 



𝑀 > 0

 



 



 



 



 





 

Table 1 Vertical displacement 𝑦𝐿 and percentage difference according to different methods 

 

|∆𝑦𝐿
 %| 

Analytical 

parabolic 

map 

Analytical 

linear map 
Runge-Kutta F.E.M. 

Analytical parabolic 

map 
0 26.54 0.08 0.01 

Analytical linear map  0 26.44 26.67 

Runge-Kutta SYM  0 0.18 

F.E.M.    0 

Vertical displ.𝒚𝑳 [mm] 680.96 861.71 681.52 680.29 

End angle 𝝍𝑳 [deg] 48.77 56.66 48.90 48.83 

 

 

 

 

Table 2 Experimental and numerical results: self-weight load q=4.482  𝑁𝑚−1 

 

Vertical Dis-

placement 

Experimental data – 

Average values 
Analytical Runge-Kutta 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡 − 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁
] 

𝐿𝑡𝑜𝑡 − 𝐿 

[mm] 

𝜓𝐿 

[deg

] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝑦𝐿 = 200 𝑚𝑚 
3.94

3 
1037.6 

13,

30 

3.9

73 

1023.

8 

13.0

1 

3.97

3 

1024.

0 

13.

01 

𝑦𝐿 = 400 𝑚𝑚 4.90

5 

𝑦𝐿 = 600 𝑚𝑚 5.45

4 
397.0 

30,

40 

5.4

35 
409.1 

29.6

5 

5.43

5 
409.6 

29.

61 

 

  



 

Table 3 Experimental and numerical results: one weight added q=7.752  𝑁𝑚−1 

 

Vertical Dis-

placement 

Experimental data – 

Average values 
Analytical Runge-Kutta 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡 − 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁
] 

𝐿𝑡𝑜𝑡 − 𝐿 

[mm] 

𝜓𝐿 

[deg

] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝑦𝐿 = 200 𝑚𝑚 
5.90

6 
1205.3 

14,

80 

6.0

13 

1226.

2 

14.9

5 

6.01

3 

1226.

4 

14.

94 

𝑦𝐿 = 400 𝑚𝑚 7.22

0 
940.5 

25,

50 

7.3

08 
951.6 

25.1

2 

7.30

8 
953.7 

25.

09 

𝑦𝐿 = 600 𝑚𝑚 8.39

7 
707.3 

34,

10 

8.3

29 
686.7 

34.0

1 

8.32

8 
686.8 

33.

95 

 

 

 

 

 

Table 4 Experimental and numerical results: two weights piled q=11.022  𝑁𝑚−1 

 

Vertical Dis-

placement 

Experimental data – 

Average values 
Analytical Runge-Kutta 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡 − 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝑦𝐿 = 200 𝑚𝑚 
7.71

1 
126.8 

16,

20 

7.8

48 
129.8 

16.

33 
7.848 129.9 

16.

32 

𝑦𝐿 = 400 𝑚𝑚 9.47

0 
106.7 

27,

20 

9.5

84 
105.4 

27.

46 
9.584 105.6 

27.

42 

𝑦𝐿 = 600 𝑚𝑚 10.9

18 
78.8 

37,

40 

10.

987 
80.1 

37.

15 

10.98

7 
79.9 

37.

06 

 

  



 

Table 5 Experimental and numerical results: three weights piled q=14.292  𝑁𝑚−1 

 

Vertical Dis-

placement 

Experimental data – 

Average values 
Analytical Runge-Kutta 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡 − 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝑦𝐿 = 200 𝑚𝑚 

𝑦𝐿 = 400 𝑚𝑚 

 

𝑦𝐿 = 600 𝑚𝑚 

 

 

 

 

 

 

Table 6 Experimental evidence and numerical results: four weights piled q=17.562  𝑁𝑚−1 

 

Vertical Dis-

placement 

Experimental data – 

Average values 
Analytical Runge-Kutta 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡 − 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝐹 

[𝑁] 

𝐿𝑡𝑜𝑡

− 𝐿 

[mm] 

𝜓𝐿 

[de

g] 

𝑦𝐿 = 200 𝑚𝑚 

𝑦𝐿 = 400 𝑚𝑚 

 

𝑦𝐿 = 600 𝑚𝑚 

 

 


