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Abstract

The paper presents a closed-form analytical solution for the finite displacement analysis of
cantilever beams end-loaded, having an unvarying section. Extension to supported beams load-
ed at the middle point is obvious. The solution accounts of slender beams, so that shear defor-
mation effect is neglected. Material elasticity holds. Concentrated end loads are considered
within the solution. Several former approaches to this classical problem can be found in the
scientific literature. Typical methods provides an integral form, solved by means of incomplete
elliptic functions. Alternatively, a massive number of numerical integrations techniques have
been proposed, such as “Non linear shooting method”, “Automatic Taylor expansion tech-
nique (ATET)”, “Runge-Kutta method”, etc...

In the present paper, the solution is gained through a parametric representation of the average
line of the bending beam, after an expansion based on Gaussian hypergeometric functions. One
of the main advantage is that an end-to-end analysis is possible, thus avoiding the integration
throughout the full length of the beam. The method considers straight lines as well as circular
shaped lines; the way to shift between the two cases is suggested within the paper. The refer-
ence system to get an easier solution of the integrals is taken so that it is aligned with the result-
ing load applied. Graphic presentations of some examples compare the analytic solutions here
provided with numerical solutions, finite element method results and an experimental evidence.

Keywords: Large Displacements Beams, Hypergeometric Series, Analytic solution.

1 Introduction

As well known, beams have several applications in mechanical and civil engineer-
ing. In most cases, the structures are subjected to systems of forces causing small
displacements. However, there are applications of practical interest in which this con-
dition is not satisfied and the structures experience large displacements, while remain-
ing within the elastic response of the material. This occurs e.g. for many classes of
slender beams, springs, wires and so on.

Notable examples are the design of arrow bows, helicopter rotor blades [1], airplane
wings, MEMS (Micro-ElectroMechanical Systems) technology.

Non-linear behavior of beams may rise essentially for two reasons: material response
and geometric non-linearity. Geometrical nonlinearity arises from equilibrium equa-
tions, which decline differently if the undeformed or deformed shape is considered.



The first formulation to this problem dates back to 1691 by James Bernoulli who
provided a first solution. Euler worked on it half a century later (1742) and in 1744
published the book “Methodus inveniendi lineas curvas maximi minimive proprietate
gaudentes, sive solutio problematis isoperimetrici lattissimo sensu accepti” where in
the appendix he reported the complete solution of the problem called by him "Elasti-
ca" [2]. A sort of variational methods where first used to get the solution. From a
Mathematical point of view the problem seemed solved, but, in the Euler formulation
it was difficult to figure out any technical application. In 1944 [3] and 1945 [4] this
problem was reformulated in the case of a cantilever beam, with constant section and
subjected to a vertical load. They made use of intrinsic geometry, which allows a
parametric description of the flexible beam; an almost analytical solution was reached
through incomplete elliptical integrals.

As it is known, a solution employing elliptic integrals involves the use of numerical
integration, even if this is masked when referring to look-up tables. Other authors
solved the differential equations by means of various numerical integration tech-
niques, such as "Non linear shooting method" [5], "Automatic Taylor expansion tech-
nique (ATET)" [6], "Numerov's method" [7], "Runge-Kutta method" [8], etc.

The goal of this paper is to present an analytical solution for finite displaced beams, in
the elastic material response, using the Gaussian hypergeometric series. This allows a
quadrature of the trigonometric integrals, which are recurrent in the present paper,
looking for the solution by a parametric approach. The interest of an analytical solu-
tion is due to the fact that solving a non-linear problem numerically (i.e. non-linear
ODE) it is not a trivial operation. Even the simpler problems require advanced numer-
ical methods and refined discretization to avoid instability of the solution. Moreover,
the advantage of having an analytical solution is that one can identify in a clearer
form the effect of the parameters that govern the solution, seeking for an optimal pa-
rameter choice. The present paper provides a solution in closed form for cantilever
beams with loads concentrated at the end, easily extended to supported beams loaded
in the middle. Beams can have an initial curvature in the undeformed configuration
through the addition of a parameter. Since consistent displacements of mono dimen-
sional elements in the elastic domain are possible only for slender beams, it is
straightforward to discard shear deformation and to consider a linear strain slope over
the section.

2 Mathematical model formulation

The mathematical model here discussed, capable to obtain a solution in closed form
of a beam subjected to large displacements, requires the following fundamental as-
sumptions:

- Small strain hypothesis;

- The material constituting the beam is linear elastic, homogeneous and iso-
tropic;

- The shear effect is neglected ( Euler-Bernoulli-Navier beam theory);

- Constant section of beam.



Kinematics compatibility equations:
When large displacements occurs, the angle of rotation cannot be mixed up with its
tangent. Referring to Fig. 1, being s the curvilinear abscissa, Y, the angle giving the
initial tangent direction at any point by respect to the x-axis, 1 the final angle of rota-
tion, the change in slope is given by:
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Y

AR SN

Ys)

Undeformed

Deformed :
/. Configuration

Configuration

Fig. 1. A schematic view of how in large displacements, the angle of the unit tangent vector
cannot be considered small

Moment-curvature relationship:

Known that in the Euler-Bernoulli-Navier beam theory M(s)/EI = de(s)/ds (here
M is considered positive clockwise), where EI is the flexural stiffness (considered
constant along the beam). By deriving the equation (1) with respect to the arc length:

() e () = @
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Where k = d—f is the curvature of the middle beam line in the deformed configuration

at the curvilinear abscissa s, and k;;, = dy;,,/ds is the curvature of the middle beam
line in the initial configuration. The sign of the curvature corresponds to the sign of
the y position of the center of curvature.

Static equilibrium:

The equations take advantage of the geometric representation given in Fig. 2. Isolat-
ing a section of the curve between points P; and P, ; ||P;P,|| = ds and being: N the
normal force (tension), T the shear force, M the bending moment and q the distributed
load vector, the static equilibrium to translation on x and y directions and to rotation
around z take the form:
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Fig. 2. Infinitesimal curve section

Integrating the first two equations of (3) from zero to the generic curvilinear abscissa
s, multiplying the first by sin(y ) and the second by cos(i), adding them and substitut-
ing to the third one gives a new bending equilibrium equation emerges:

(il—l\: + [(T sin) | oo~ (WNceosy)| _ + qxs] sin(y) +

(4)
+ [(T cos) | so T (N sin) | o T qys] cos() =0
Using eq. (2) and (4) one obtain the generic differential equation of static equilibrium,

which in the case of a cantilever beam | — P = 0 subject to a system of con-
centrated loads {F, F,,, M} applied to the free end and distributed loads {q, , g, } is:

d*y  d*Pin .
EI (F s ) + [tE, + q,s |sin(y) + [iFy taqys ]cos(tp) =0 (5
Where F, q, are considered positive if directed opposite to the x axis, and F,, q,, are
considered positive if directed as the y axis (see Fig.1 for the reference of Cartesian
axis). The application of the differential equation (5) to the whole curve allows to
integrate the components of the tangent unit vector so having the new parametric
geometry:



N

x(s) = x(0) + f cos(y) ds

0

N

y(s) = y(0) + f sin@p) ds

0
The integration of eq. (5) requires the knowledge of boundary values for i) and Y’ in
specific points. For the cantilever beam the first boundary is known at the clamping,
the second one is straightforward at the free end. In the next section the parameter
defining the Cartesian displacements is moved to ¥, but this change requires to be
accomplished an additional (or closing) statement that is the isoperimetric condition
(length preservation). This last is available since longitudinal extension is neglected
when compared to bending displacements. For a model that also takes into account
longitudinal section strain see [9]).

3 Analytical solutions

In this paragraph the two cases of bended- compressed or bended- tensioned beams
are discussed separately. In fact the two configurations present complementary tech-
niques in the integration of the equations on the two orthogonal directions.

Fig. 3 shows the static scheme of a cantilever beam with constant initial curvature
subjected to a system of concentrated forces and torque {Fx, M } Two forces F, are
reported; the one with the continuous line is associated to the bended and compressed
configuration, the one with the dotted line is associated to the bended and tensioned
configuration.

Undeformed
Configuration

Deformed
Configuration

ye

F,

Fig. 3. Cantilever beam, bended and tensioned (dot) or bended and compressed (continuous)



3.1 Initial constant curvature cantilever beam bended and compressed

Let us consider a beam with constant initial curvature k;,, length L, subjected to a
concentrated torque M, a force F, directly in line with the y axis and a force F, oppo-
site directed to the x axis (continuous line in Fig.3), applied at the free end. The refer-
ence system adopted provides the x axis being positioned and oriented as the con-
strained end. In this configuration, the differential equation (5) is:
d*y .
Elw + Eesin(y) + E,cos(y) = 0

With simple substitution steps the same becomes:

d*y .
W+ASIH('{!)+Q’)=0 (6)
[F2+Fy?
Where: A = B tg(a) = b
’ TR Fy

By turning the reference {x, y} of an a angle counterclockwise, you get a new refer-
ence {£, 1}, respecting the following cardinal equations in intrinsic geometry:

[ I9(6) =Y(s) +a

s

= cos(9) 7
an .

= sin(9)

In this new reference, equation (6) becomes:

2

dﬁ+A'(19)—0 8
752 sin(¥) = (8)

ad
Using the substitution Fi Z (V) eq. (8) converts into:
VA az + Asin(¥) =0
79 sin(¥) =

The integration of the above equation takes advantage of the variable separation:

(¥")? B , _dY
> —Acos(®)+c¢, =0 (19 —E)



The full solution also requires some boundary conditions.
Fromeq. (2) Y', =9', = ki +%

2

M
9 = \/ZA(cosﬁ —cos9;) + (km + E)

Whence one observe that 9, =y, + a :

dv
ds = ©)

\/2A[cos(19) —cos(Y, +a)]+ (kin + %)2

Using this last equation together with eq.s (7) we obtain the parametric equations of
the final configuration of the beam, in the reference{ &, n }; remember that &, = 0,

770=0:

Yta .
o= | e oo
a \/2A[cos(19) —cos(Y, +a)] + (kin + %)

It’s easy to observe that we fall into an Abelian’s integral; after extremal substitution
it gives:

( o
M
= _2 (ki” + EI)
W) =3 [cos(@) — feoshy ) =g

M 2
kin +57
— |cos(p + a) — |cos(y, + a) — @

2A
Whereas for the abscissa one obtain:
Y+a
cos(9)
s = | _a9= (1)

a JzA[cos(ﬂ) —cos(yp, + a)] + (kin + %)



1 f d sin(9)
= X
M 2
cos(9) — |cos(Y, + a) — M
L 24

This trigonometric integral is much less trivial than the previous one. It does not allow
primitive through the use of standard rules. As mentioned in the introduction, in litera-
ture the solution of this type of integral has been squared using a couple of changes of
variables. This allow to obtain an analytical solution in the form of sums and differ-
ences of incomplete elliptic integrals of first and second species.

Here we propose a different approach, which uses the generalization to real coeffi-
cients of the binomial expansion and the Gaussian hypergeometric series.

It is important to highlight that incomplete elliptic integrals are usually estimated by
the use of Lauricella’s series [10], which contains 3 concatenated series, while by
means of the adopted approach the solution is obtained as a series of hypergeometric
functions (hence double infinite series non-concatenated), thus providing a computa-
tional advantage. As one can see, the solution makes use of the Euler Gamma function
['(-) and the Gauss Hypergeometric Series ,F; (-, " ; ;).

For developments, see the paragraph 6.3 of the mathematical appendix.

1 e (ko + Y|
§W) = mz (O cos(py + @) LI

12n+1 3 12n+1 3
R . _ e T ein2 .
[ZFl(Z, Ty sin (1P+a)>sm(¢+a) ZFI(Z' 7 iysin (a))sm(a)]

The parametric equations of the final configuration of the beam, with respect to the
reference {x, y}, are therefore:

x(¥) = E@W)cos(a) —n()sin(a)
; Y€ [0,9,] (12)

y@) = =§@)sin(a) + n()cos(a)

Imposing the isoperimetric condition (length conservation) at the integral of eq. (9)
it’s possible to obtain the final value of the angle Y, :

Yrta
dd
L= 2
x JzA[cos(ﬁ) — cos(p, + )] + (kin + %)




Yr+a

1 f d9
V24 )

(13)

M 2
kin + 57
cos(9) — [cos(@, + a) — %

This integral can be solved again through hypergeometric Series and its development
is given in Appendix 6.4.

21n

(ki + 57)
24

1 < F(%+n)

L = — _
mnzo [‘(%) - cos(y, + a)

12n+3 3 _ 12n+33 ,
[ZFl (5,7;5; sin®(y,, + a)) sin(y, + a) — ,F; <§’T;E; smz(d)) sm(a)]
Observation:

When F, = 0 the solution turns impossible, this case is embedded in the next para-
graph, where the direction of the axial load is inverted.

3.2 Initial constant curvature cantilever beam bended and tensioned

Consider a beam with constant initial curvature k;,, , of length L, subjected to a con-
centrated torque M, to a force {F, , F, } being now both oriented as the Cartesian axes
(in this configuration the force F, is indicated by a dotted line in Fig.3). In this con-
figuration the differential equation (5) becomes:

2
EIM — Esin(y) + F,cos(¥) =0

ds?
Whence:
d2
d—;f+Acos(1,b+a) =0
/Fx2+Fy2 F
Where A =——; tg(a) = =
EI Ey

Through the same developments and reasoning seen in 3.1, one obtain:

d9
ds =

JZA[sin(l,bL + a) —sin(9)] + (kin + %)2
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From which, as seen above, the parametric equations of the curve are obtained in the
{&, n} reference:

Y+a
V)
- | cos® a5

2 \/ 2A[sin(, + @) — sin(9)] + (km + %)

Similarly to (10) this is also an Abelian’s integral; solving it:

M 2
2 . (kin + ﬁ) .
EW) = \/ﬁ sin(P, + a) + 1 | sin(a) +
M 2
kin + 7
— |sin(y, + @) + % —sin(y + a)

The other coordinate now requires the occurrence of the Gauss Hypergeometric func-
tions:

Y+a
in(9
n) = f sin(9) —dd = (14)

! JzA[sin(wL +a) —sin(¥)] + (km + %)

Y+a
_ 1 f < d cos(9) >
VZA 2 (k +M)2
sin(p, +a) + MZ—AEI — sin(9)

As can be seen, this integral results to be similar but different to (11). Using the same
mathematical tools mentioned to square the integral (11), a new set of hypergeometric
functions holds, different from those previously obtained. For developments, refer to
paragraph 6.5 of the mathematical appendix.



11

21-(3+n)

1 Gz (ki + 7)
mnz_o [‘(%)n! sin(W, + a) + ———

n@) = 2

[F <1 n 3 ) ) (@) — ,F (1 n 3 200 + ) W+ )]
2135 2,2,cos (a) ) cos(a) — ,F; > 2,2,cos W+a))cos+«a
The parametric equations of the curve in the Cartesian reference {x, y} is again (12).

The closing equation that allows to obtain the angle 1, is slightly different:

Yi+a
dJd
L — =
M2
a \/ZA[sin(sz + a) —sin(9)] + (kin + ﬁ)
Yr+a
- i (15)
m a (k- + ﬂ)z
sin(y, + a) + AT ED ZAEI — sin(9)

This integral can be solved again through hypergeometric Series and its development
is given in Appendix 6.6.

1
2172~ "

1 Z“’ 1“(1+n) . (ki +—M)

he mn:o F(Z%) n! sl )+ mZAEl

F 11-n 3 2(a) @ F 11-n3 200, + @) Wy + )
k|5 ,2,cos a) | cos(a I\ 52 ,2,cos Y,+a)] cos(P,+a

4 Numerical applications and experimental evidence

This section shows examples of the application of the outcomes obtained in the previ-
ous sections. The analytic solution here proposed was compared, for each example,
with a numerical solution obtained by Gauss integration method and a solution based
on the finite element method (FEM). In particular, the following paragraph offers also
a comparison with the displacements obtained by an experimental test.
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4.1  Straight cantilever beam subject to a vertical load

Consider the simple case of a straight cantilever beam subjected to a vertical concen-
trated load F;, applied to a free end whose static scheme is shown in Fig. 4.
L

Undeformed
Configuration X

Deformed Wes)
Configuration

&=

Fig. 4 Cantilever beam scheme and a picture taken during the test

This simple configuration helps to perform an experimental verification in a very
simple manner, as shown in the picture. The comparison among the experimental
displacements (determined by image analysis), a numerical solution obtained by
Gauss integration and the analytical solution obtained through the Gauss Hypergeo-
metric approach proposed, is given in Fig. 5. The test was conducted on an aluminum
rectangular beam having Young's modulus E = 70-10° Pa, 920 mm long, 25 mm
wide, 2 mm thick, supporting a mass of 0.2725 kg at the free end.

The comparison shows a remarkable correspondence among the three methods. The
matching is comparable with the uncertainty given by experiments, mainly due to
non-controllable damping effects.

0 — Analytical solution
©  Experimental measurements
~~ ~ Numerical solution
0.1
0.2
>
0.3
-041
05 . . . . . . | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

X

Fig.5 Comparison between the analytical solution, experimental test and numerical solution
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4.2 Straight cantilever beam subjected to buckling

The analytical solution of a cantilever beam subjected to a buckling load can be ob-
tained by imposing F, = 0 in the case examined in § 3.1.

The comparison to large displacement Buckling is given in Fig.6 (a), note that the
load is oriented vertically in the figure. It concerns a straight beam having Young's
modulus E = 2,1 10! Pa, 1000 mm long, 30 mm wide, 2 mm thick, with a buckling
load F = 1.3 E,, where F,, = (n*/4L?)EI = 10.36 N is the Euler’s critical load.

13

0.8 1 . .
—=-Numerical solution / Lot Numerical solution
07 - F.E.M. 0.8 I|{ | e Analytical solution I
—Analytical solution | ) 12
f ~ o 1.2
0.6 06l e -

— %14
0.5 0.4 5
Y16
X
0.4 x 0.2 13
e °2
0.3 0 \\\\ NN \\:92.2
A NN 2.5
0.2 o0 ~ FKF \ "-._\ \\\\\ “o 3
\ cr LY “\3 ©3s
0.1 04 N IIII \\ 4
\, e
0 ' -0.6 £
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
Y y
(a) (b)

Fig. 6. (a) Comparison between the analytical solution, F.E.M. solution and numerical solu-
tion of a cantilever beam subjected to a buckling load; (b) deformed configurations as a func-
tion of the ratio F /F,

In Fig.6 (b) the ratio of the applied load to the Euler critical one spans from 1 to 8§,
showing an increasing curvature level, as expected. The whole solution is obtained
through numerical integration and is compared with the analytical solution only at the
point of maximum displacement through small circles (free end). This allows to point
out that the analytical solution is able to obtain the displacement of a single point,
avoiding integrate throughout the whole beam.

4.3  Hinge - roller supporting a curved beam loaded in the middle

This paragraph shows an example of the application of the results obtained on an
initially curved hinge-roller supported beam loaded in the middle (Fig 7).

Observe that at the middle point 1 = 0 and it is therefore possible to consider the
double supported beam as two half-long beams locked at the middle point and loaded
at the point where the support acts.

In the example in Fig.8 the beam has an initial curvature k, = 1 m~1, Young's modu-
lus E = 70 10° Pa, 500 m long, 30 mm wide, 2 mm thick subject to force F = 15 N.
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To obtain the solution shown in Fig. 8 used the analytic solution find in paragraph 3.2
imposing F, = 0.

12: Undeformed £
Configuration

Deformed
Configuration F

Fig. 7. Scheme of hinge-roller support initially curved beam

0.5

----- Undeformed configuration
0.4} Analytical solution
of deformed configuration

0.3r

0.2

0.1 Ay =482 mm

v

= 0

-0.1

-0.2¢

Ay =276 mm
0.3f

-0.471

-0.5 :
-0.5 0 0.5

X
Fig. 8. Undeformed and deformed shape beam

5 Conclusion

Large deflected beams have been approached by a new technique for the solving of
the differential equations. This allowed to integrate in a closed form a solution built
up of a series of functions. Both curved or straight beams have been faced. The solu-
tion, similar in the analytical strategy, takes a different form when the beam is loaded
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in its center line by a tension or a compression load. The convergence of the series to
the correct solution (here the F.E.M. is used for comparison) has not been discussed
for brevity. However, important pieces of the series can be solved once and gathered
for further computations. This allows to increase considerably the speed of the proce-
dure. One of the main advantage of the analytical solution, over direct numerical inte-
gration of the equations, is that it sounds as an input-output approach without the need
to consider the variation of the physical response allover the beam.

The results obtained agree, at the limit of the numerical approximation, with F.E.M
evidences, numerical integrated method and, at least for one test, with the experiment.
As expected, the higher is the load, the higher is the number of elements to consider
in the series. Other configurations, exploiting the same approach, will be considered
in further researches.

6 Mathematical appendix

In this section, some useful notions are recalled and the fundamental mathematical steps that
led to the solutions seen in section 3 are carried out.

6.1 Generalized binomial expansion

Being x;,x; ER:

[ee]
a _
(g +x)% = Z (n) X 8™
n=0

ay . . . .
where |x1| > |x3], (n) is the binomial coefficient

6.2 Gaussian Hypergeometric function

The Gaussian Hypergeometric function ,F; (a, b; c; f(2)) is a special function which belongs to
the family of generalized hypergeometric functions, and is represented by this hypergeometric

series:
[ee]

@™()" (f(2)*
2Fi(a,b;c; f(2) = Z —or K
k=0
Where € R, n€N (a)*=ala+1)(a+2)...(a+n—1) is a rising factorial or called
Pochhammer symbol
Useful properties of the Pochhammer coefficients are:

D @ =Ty

I'(a+n)
I'(a)

2) (@"=
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1 n
L _ G
3 an+l (1+1)ﬁ
a
6.3 Special integral of eq. (11)

aP ER, cos(@W)—a>0 VIE[a,yp+a]:

Yta Pta
_ cos(9) _ oL :
L) = f 7\/mdﬁ— af [cos(9) — a]~ Z dsin(¥) =
Yt+a o

cos(ﬁ)]_"" (—a)™ dsin(9) =

L2

a

The series of functions is uniformly convergent being it a series of powers with convergence

radius <1 and it’s possible to apply the series-integral exchange

© 1 Y+a
11(1/)) ZZ(—l)n _E (a)nf [COS(ﬂ)]_%_ndsin(ﬁ) _

n=0 n e

oo ln Y+a .

ZZ_I a)" f [1 - sin?(®)]"C * Dd sin(9) =

n=0 n a
1 Y+a

r(z+n

Jor S
[ & +1E Yra
5 D,

n
(2 o f [sin?2()]* dsin(¥) | =

k=0 s

( B Z (=¥ [sin?(9)]* dsin(¥) =

Z (O

Y+a

(2n+1) (1)E [Sin(ﬁ)]2k+1

a

k!

—;sin?(y + a)) sin(y + a) +

12n+13
r1\2’ 4

sm2 (a)) sm(a)]
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6.4 Special integral of eq. (13)

a, P, ER, cos@)—a>0VIE[a,y,+al:

Yrt+a Yrt+a

12=J-—,wizﬁ=af[

Yrta o) 1 1
- f Z<_E> (—a)™ [cos(®)] 2~ "dY =
n=0

a n

1
cos(9) —alz2d9 =

By applying the series-integral exchange:

S s
12=;T(a) J- [cos(¥)] 2™ "dsin(¥9) =

=@ )
=@ [ - st G dsingo) =
Yrta

o) 3 n
()" f Z <_ 1 E) [—sin2(9)]* dsin(9) =

o ( n+3) Yrt+a
(@)™ Z ;t! f [sin(9)]?* dsin(ﬁ)‘ =

s

[ 12n+3 3
oF ( ;=;sin? (Y, + a)) sin(Y, + a) +

2 4 2
12n+3 3
— L .. cin2 :
2 F (2, 2 ,z,sm (a)) sm(a)]

i (zn: 3)k (%)ﬁ [sin(, + a)]?**! — [sin(a)]2k+1‘ =

6.5 Special integral of eq. (14)

a, P ER, a—sin®¥) >0 VI E[a,¢p+a]:
Y+a Y+a

sin(¥9) do = — f [a— sin(ﬁ)]_% dcos(¥) =

I — N
() af Ja—sin(9)
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Y+a

-l

By applying the series-integral exchange:

0 1 a
L) = Z(—l)” <_ E) (a)_%_n J- [sin(¥) ]* dcos(M) =
n=0

n Y+a

n=0

) 1
Z <_E> (a)” z-n [—sin(®)]" dcos(9) =

= i r (% +n )(a)_f_n a oo <g> (_1)k[COS(I9)]2k dCOS(‘ﬁ) —
1
n=0 F(j) nl P+a k=0 IE
© [‘(1+n) _1_n © (_Q)k a
) nzzt:) Fé) n! @ kZO k!2 lpL[COS(ﬁ)]Zk dcos(@®)| =
1 7 NG| k [605(19)]2“1 *
) s [$ 02 ) bra
- Z @7 27" z k _ _
n=0 F(E) n! k=0 (%) !

n 3 ) (@ +
5 Ty ; cos?(a) ) cos(a

1 3
_ _ e 2
oF; (2, 515 €0S W+ a)) cos(y + a)]
6.6 Special integral of eq. (15)

aY, ER, cos@)—a>0VIE[ayP,+a]:

Yt+a Y+a

,4=f mzf

]Jrai( )(a) 27" [—sin(¥)]" dY =

By applying the series-integral exchange:

[a— sin(ﬁ)]_% do =
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w I\ Yr+a
I = — Z 31_)!(‘1)_%_” f [sin(9)]"* dcos(9) =

3
il
o

R

o (1 @
_ Z i(a)—%—" f [1-— cosz(ﬁ)]nT_l dcos(¥) =

n!
n=0 Yrta
* l a o /m—1
=ZF(21—+n)(a) Z—n Z T2 [—cosz(ﬁ)]" dcos(9) =
n=0 F(E) n! wira k=0 K
er(3en) i _w(l—n)ﬁ «
[ _ k 7
= i M(a)—%—n i (12_11) _(%) [cos(a)]?**t — [cos(yy, + a)]?K*T _
Zr(z)n =JNES Kl
w /1 )
S gt (L2 ) ot
n=0 F(E) n! L
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