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Abstract

This study is concerned with the elastoplastic torsion problem, in dimension n > 1, and in a
polytopal, convex or not, domain. In the physically relevant case where the source term is a
constant, this problem can be reformulated using the distance function to the boundary. We
combine the aforementioned reformulation with a Nitsche-type discretization as in [Burman, Erik,
et al. Computer Methods in Applied Mechanics and Engineering 313 (2017): 362-374]. This has
two advantages: 1) it leads to optimal error bounds in the natural norm, even for nonconvex
domains; 2) it is easy to implement within most of finite element libraries. We establish the well-
posedness and convergence properties of the method, and illustrate its behavior with numerical
experiments.

Keywords: variational inequalities; elastoplastic torsion problem; finite elements; Nitsche; error
estimates.
2020 MSC: 65N15, 66N30, 74C05.

1. Introduction

Problems written with weak formulations involving variational inequalities represent various
nonlinear phenomena which occur in mechanics and physics [12, 22]. We focus on the elastoplastic
torsion problem, as presented in, e.g., [16] (see also [6, 17]). In the aforementioned reference, a
direct piecewise affine Lagrange finite element approximation of the variational inequality is also
presented, as well as a convergence result (Theorem 3.3), and two error estimates in the H'-norm,
in dimension one (Theorem 3.4) and in dimension two (Theorem 3.5). The error estimate in one
dimension is optimal (O(h)), whereas it remained suboptimal in dimension two, as it is of order
O(h%_%) for a source term in LP, p > 2. Among the first and few existing results are weak and
strong convergence results [25], and error estimates of O(h) for the L2-norm of the gradient of the
solution and under suitable restrictive assumptions, for mixed finite element approximations, using
P, /Py finite elements [14] or Raviart-Thomas finite elements [7].

In this paper, we focus on the torsion problem with a positive constant source term, corre-
sponding to constant shear modulus and angle of twist. In this case the variational inequality can
be reformulated as an “obstacle” problem where the constraint involves the distance to the bound-
ary, so the obstacle is nonsmooth and the usual techniques from the obstacle problem cannot be
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directly applied: for instance in [11, Theorem 5.1.2], the obstacle is supposed of Sobolev regularity
H?. In a previous paper [9], a direct finite element approximation of the variational inequality has
been proposed, that makes use of piecewise affine, continuous, Lagrange finite elements, and in
which the constraint involving the distance function is imposed at each node. When the domain is
convex, error estimates have been established in any dimension n = 1, 2,3, with an optimal error
bound of O(h), for a regular enough continuous solution. In the case of a nonconvex domain, an
error bound of O(h%) has been proven for a solution of Sobolev regularity H®, a > 7/4.

In the present paper, we propose a new method that combines both the reformulation with the
distance function, as in [9], and a Nitsche term that allows to incorporate weakly the inequality
constraint, following [5] and related works on Nitsche’s method for variational inequalities, see, e.g.,
[8] and references therein. For this discretization, we manage to derive optimal error estimates,
for linear and quadratic finite elements, and even in the nonconvex situation, which improves the
result of [9]. Moreover, this method is easy to implement into modern finite element librairies,
and we provide also some numerical experiments, that allow to confirm the expected theoretical
convergence rates.

As usual, we denote by H*(+), s € R, the Sobolev spaces. The usual norm of H*(D) is denoted
by || |ls.p0, and the corresponding semi-norm is denoted by |-|s,p. The space H} (D) is the subspace
of functions in H'(D) with vanishing trace on dD. The letter C' stands for a generic constant,
independent of the mesh size, which value can changes at different occurences.

2. The elastoplastic torsion problem

Let Q@ C R®, n > 1, be an open bounded polytope, connected and with Lipschitz boundary.
We consider the variational inequality which, for n = 2, models the torsion of an infinitely long
elastoplastic cylinder of cross section € and plasticity yield » > 0. To simplify we assume that
r = 1. The problem is to find the stress potential u such that

ue K : a(u,v —u) > L(v —u) Vv e K, (1)
where a : H}(Q) x H}(Q) — R is the bilinear form given by:

a(u,v) ;:/vu-vu, Yu,v € HY(Q),
Q

and

L(v) := /qu Yo e H(Q),

with f € L?(Q). The notation K; represents the nonempty closed convex set of admissible stress
potentials:
Ki:={veH{Q) : |[Vv]<lae. in Q},

where |- | denotes the euclidian norm in R™. From Stampacchia’s theorem we deduce that Problem
(1) admits a unique solution (see also, e.g., [12, 16, 17, 22]).

Remark 2.1. We recall some regularity results for (1): if @ C R™ is open, bounded and convez,
with Lipschitz boundary, and for f € LP(Q) withn < p < oo, then u € W2P(Q)NEH(Q), where
a=1-—n/p [{]. When the domain is nonconvex the W*P(S) regularity can be obtained but the
boundary needs to be more regular (6'** more precisely, see [15]) so reentrant corners of polytopes
are not allowed. When reentrant corners of polytopes are considered, the loss of W2P-reqularity is
only located near these corners [6].

Next we suppose that f = C is a constant function. In this case and according to [3] (see
also [21]) the problem (1) can be rewritten as follows: find the stress potential u such that

ue K : a(u,v—u)ZC/(v—u) Yo e K, (2)
Q
2



with B
K :={ve Hj(Q) : |v|] <dogae. in Q},

and dpo denotes the (interior) distance function with respect to the boundary 9:

doq(x) = yle%fﬂ |z —y|, Vo e Q.

Note that (2) still admits a unique solution from Stampacchia’s theorem. To lighten the discussion
we can suppose without loss of generality that C > 0 (see [9, Remark 2.2]), so problem (2) can be
rewritten as follows: find the stress potential u such that

ue K : a(u,v—u)EC/(v—u) VveK, (3)
Q

with
K = {v € H}(Q) : v <daq ae. in Q} )

Again (3) admits a unique solution from Stampacchia’s theorem. Moreover, Problem (2) and
Problem (3) are equivalent, when C > 0 [9, Proposition 2.1 and Remark 2.3]. So the torsion
problem can be seen as an obstacle problem where the distance function plays the role of the
obstacle. Generally speaking, for a polytope, the distance function does not lie in H?(£2). This
implies that the classical finite element error analysis for the obstacle problem can not be directly
applied.

Problem (3) in strong form, reads: find u : § — R solution to:

—Au<C in €,

u=0 on 01,
u<dgn in €,
(u—dag)(AU-ﬁ-C) =0 in Q.

We reformulate (4) using a Lagrange multiplier A, and get:

—Au+A=C in 9,
u=0 on 99,

A>0 in Q

u<dgn in €,

(u—dogo)A=0 in Q.

We introduce the following notation for the positive part: [a]s := max(0,a), for a € R, and recall
the relationship

(la]+ — [b]+)(a —b) > ([a]+ — [b]+)?, (6)

for a,b € R.
Following [5], the Kuhn-Tucker condition (5)5_5 can equivalently be reformulated as

A=7[—dog +ut+v"A], (7)

with v an arbitrary positive function on the domain 2.



3. A Nitsche finite element method

Let Vi¥ be a family of Lagrange finite element spaces of degree k > 1 indexed by h, and coming
from a family T}, of simplicial meshes of the domain €2 (h := maxrperp, hr where hy is the diameter
of T € T},). The family of meshes is assumed regular. More precisely we have:

ViE = {vy, € €(Q) NH(Q) : vplr € Po(T) VT € Ty}

Each simplex T of the mesh T}, is supposed to be closed, and we denote by T the interior of 7. We
define a piecewise polynomial discrete Laplacian as follows, for every vy, in V¥, and every simplex
T e Ty:

(Anvn)| = Alval7).
The value of Apvy on the facets of the mesh is of no importance, and can be set in practice to 0,

for instance. We define also:
Ry (vp) = Apvp +C.

Remark that, for £ = 1, Apv, = 0 and Ry, (vy) = C. The Nitsche-type method proposed for the
discretization of the elastoplastic torsion problem (5) reads: find uj, € V}¥ such that

a(un, vn) + (’Yh [ —doq +up + ’Y{th(Uh)L’Uh) = (C, vn) (8)

for all v;, € V;F. Above the notation (-, -) stands for the L?()-scalar product, and the function 7
is defined cell-wise as follows:

o
’Yh|i" L @a

where 9 > 0 is the Nitsche parameter. Again, the value of v, on the facets of the mesh is of no
importance, and can be set in practice to 0, for instance.

Remark 3.1. As in [10, 20], for any parameter 6 € R, we can write a whole family of methods:

a(un, vn) — 0(v, ' Apun, Apon)

+(7h [ —doq +up + ’ygth(uh)]Jr, vy + QvglAhvh) = (C,vp + 97;1Ahvh). )
Method (8) corresponds to @ = 0 and can be called an incomplete method, using the terminology
widespread for discontinuous Galerkin methods. This method involves less terms and is the easiest
to extend to more complex problems [24]. A symmetric method is recovered when 0 = 1, that
corresponds to the Galerkin Least Squares technique of [5] and the Nitsche method of [19]: this
symmetric method can be recovered thanks to a minimization argument, and the tangent system
has a symmetric Jacobian. Provided that the Nitsche parameter o is large enough, the analysis
below, for 6 =0, can be extended without difficulty to other values of 6.

Remark 3.2. Remark that, for the distance function, there holds dpq € H'(Q) N€%1(Q), see [9]
and references therein. In [5] the assumption made on the obstacle function is stronger and this
function is supposed to be €11(Q). In fact, such Nitsche or Galerkin Least Squares formulations
do not require so much reqularity on the obstacle function.

The following local inverse inequality will be helpful in the sequel, that holds for an arbitrary
vp, € V}f and every T € Tj:

IVunllor < Cihz'llvnllor, (10)

where C| > 0 is a constant that depends on the shape regularity of the mesh and of the polynomial
order k, but not of h and T' € Tj,. See, e.g., [1, 13] for the proof.
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4. Numerical analysis: well-posedness and error estimate
We first state a preliminary consistency result:
a(u,vp) + (’yh [ —doa +u+ 'y;l/\]+,vh) =(C,vn) Yup € VP (11)
The above result is a direct consequence of (5)—(7) and the inclusion V;¥ ¢ H} ().

4.1. Well-posedness

We make use of the results from Brezis (see, e.g., [2]) for M-type and pseudo-monotone operators
in vector spaces. It consists in showing that the operator associated to Problem (8) is one-to-one.

Theorem 4.1. For vy > CZ, Problem (8) admits one unique solution uj, € V).

Proof: We introduce the nonlinear operator By, : th — V}f defined as follows:

(Bhzn, Uh)LQ e a(zn,vn) + (W[ — doq + 20 + 5, " Ru(zn)] o vp) (12)

for all 2, € V¥ and where (-,-)1,o is the scalar product in H(£2). Note that the right-hand side
of (12) is linear with respect to v;, and, hence, By, is well defined thanks to Riesz’ Theorem. The
existence and uniqueness of solution for problem (8) is equivalent to the property of By, to be
one-to-one. To this purpose, according to [2], it suffices to show that by B is monotone and
hemicontinuous.

For the monotonicity we first note that, owing to (12), we have

(Bnzn — Brvn, 2 — Uh)l’ﬂ
=V (zn —vn)l§ 0
+ ([ = doa + zn + 5, 'Ra(zn)], — [ — doa + vn + 75 ' Ru(vn)] 20 — vn)

Ty

(13)

for all zp, vy € V}f. On the other hand, by adding and subtracting suitable terms into 77, we get
Ty
=(n [ — dog + 2z + wfth(Zh)]Jr — [ — doa + vn + 7{1Rh(vh)]+a
—doq + zn + 75, ' Ru(z1n) — (—daq + v+, "Ri(vn)))

1

1 1 _
+ (2 [ = doa + zn + v, " Ri(zn)] . — 72 [ — doa + on + v, " Ru(vn)] v, * (Anon — Apza)).

Hence, using the inequality (6), Cauchy-Schwarz, Young inequalities and the inverse inequality
(10), it follows that

T

1 2
z H’Yf ([ —dpq + zp + ’Y,:th(Zh)]Jr — [ = doq + v, + ’yh_th(vh)]Jr) Ho o

1y 2 _ _ 2
-3 H*y,f ([ —dog + zn + 75, ' Ru(z)], — [ = doa + v + 7, th(vh)L_) HO’Q

L, -1 2
- 5\\% (Anzn — Anvn)|lo o

1y 2 - - :
Z§ ‘ Y7 ([ —doa +2n+ 7, 1Rh(2h)]+ — [ doa +vn +, 1Rh(vh)]+> Ho,ﬂ
C} 2
— —||V(zp —v .
270” (zn — o).



The monotonicity of Bj, then follows by inserting this estimate into (13) under the condition
v > C3.
For the hemicontinuity, we must show that the real function ¢ : [0,1] — R defined as

o(t) (B (zn — tvn), vn)

is continuous for all zp, vy, € V,f.
We bound ¢(t) — ¢(s) using the inequality |[a]+ — [b]+] < |a — b|, for all a,b € R. This gives

lo(t) — o(s)]
=[(s — t)a(vn,vn) + ([ — doq + (2 — ton) + 73, " Ri(2n — tvh)h
— [ = doq + (21, — svn) + 3, ' Ri (21 — svh)]Jr,vh)]

<|t — sla(vn,vp) + (’yh‘(zh — tup) + ’y,:th(zh — tog) — (2 — svp) — vgth(zh — sup)|, Uh’)
=t — s [a(vh, on) + (yn|vn + 5, T Anos)|, ‘Uhl)}
which means that ¢ is Lipschitz and, thus, By is hemicontinuous. O

4.2. A priori error estimate
We provide first an abstract estimate, as in [5].

Theorem 4.2. Assume that the solution (u, A) (A = Au+C) to the elastoplastic torsion problem
(5) belongs to K x L?(Q). For v > 0 large enough, the approximation uy, provided by (8) satisfies
the following error estimate:

[ = unl1,0

+ Hvé ([ — daa +u+”y,:1/\]+ — [ doa + un +7;1Rh(uh)]+>HOQ + H’y;%(Au - Ahuh)HOQ

et {iv—sa o], ¢ e s, ). o

Proof: Let v, € V}f. We first use the V-ellipticity and the continuity of a(-,-), as well as
Young’s inequality, to obtain:
allu — uhH%Q < a(u—up,u—up)

= a(u — up, (u—vp) + (v — up))

< Cllu —unll10llu — e + alu —up, v, — up) (15)
« C?

< Sllu- unlli o + 5o 1w = onllT g + alu — un, vn — up),

with a > 0 the ellipticity constant. We can transform the last term using the consistency property
(11) for u and the finite element formulation (8) for uj. This yields
a(u — up, vy, — up)
=a(u, vp, — up) — a(un, vi, — up) (16)
=(yn [ — doq +u +7{1>\]+ — Y| — doq + un +7ﬁth(uh)]+,Uh —vp).

We now transform the expression u;, — vp:

up — v =up — vy, + 5 ' Ru(un) — v, 'R (un)
— (= doq —u—7; "N+ doq +u+; '\
=— [(—dag +u+ 7{1)\) — (—daq + up + vgth(uh))] —vp +u— vgl(Rh(uh) —A).
6



Hence, by inserting this expression into (16), we get

a(u — up, vy — up)

Z—(Vh[—dag-ku—#’y{l)\h—Wh[—dag-&-uh-&-W{th(Uh)]Jr,

11
(—doq +u+ 75, ' N) — (—daq + un + v, 'R (un)))
Ty
+ (] — doa + u + 7{1)\]+ — Y[ — doa + un + %fth(Uh)L, —vp +u— 7, (B (un) — V) .
1>
(17)
The first term is estimated by using the inequality (6), which yields
1 2
< - H%f ([ — daq +u+7{1>\]+ — [ = doa + un +’Y;Ith(Uh)]+)HOQ- (18)
For the term T» we use Cauchy-Schwarz and Young’s inequality, to obtain
1 1 1 -1 2
Ty <; H%f ([ —daq +u+, A — [ doq +un+ 75,  Rn(un)) )H
2 + /10,0 (19)

1 2 1 2
o w0 B

i

There remains to bound the last term above. Let T € T} be a mesh cell. Using a triangular
inequality, we bound first

| Ru(un) — Mo,z = [[Anun — Aullo,r < [[Anun — Apvnllo,r + [[Au — Apvp|lo,7-
With the inverse inequality (10) and triangular inequality, we bound

||Ahuh - Ahl}h| 0,T S C’Ih;1||Vuh - Vvh||07T S CIh§1(||Vuh — VUH(LT + HVU — Vvh||0_,T).

Therefore the last term in (19) can be bounded as

_1 2 _
i ? Baw) = V|| < Ot (IVun = Vull o + [V = Voul o) (20)

2

T
+C Hth (Au nUn) 0,02

We combine estimates (15)—(17)—(18)—(19)—(20), which yields

a C
(5-5) hu-wla

+ % Hvé ([ —doa +u+7, A, — [~ doa + un +’Y{13h(uh)h) HOQ (21)
< (5 + D)l wba+ k-, +0 [t @u-am),

Choosing 7y, large enough, we obtain the desired bound on the first two terms in (14). The bound
on the error on the multiplier A comes from combination of (20) and (21). O

The optimal convergence of the method for P; and P, Lagrange finite elements is stated below,
for a Sobolev regularity o < 2.



Theorem 4.3. Suppose that k = 1,2, and that the solution u belongs to Hi () N H*(Q2), with the
Sobolev regularity o that satisfies max(1,n/2) < a < 2. Suppose that X belongs to L*(§)). Suppose
finally that the Nitsche parameter 7o is large enough. The solution up to Problem (8) satisfies the
following error estimate:

l[w—unll1,0
+ H’Y,% ([ —daq + u+7,:1)\]+ — [— doq + up —|—’}/,:1Rh(uh)]+) HO,Q + H’y;% (Au — Ahuh)H

< O(h* Hulao + bl Aullo.0)

)

(22)
with C' > 0 a constant, independent of h and u, but not of 7.

Proof: We consider first the case k = 1. We start from the estimate (14). We take v;, = Z}u,
the Lagrange interpolant of u onto V;!. So, first, from standard interpolation estimates, we obtain

Ju—Thull, o < OBl

and .
nyg (u fI,llu) H o < Cho‘*1|u|a79.
0,

And then, for k£ = 1, we can simply proceed as follows:
1 1 1
[ (du = dn@w) | <0 FhllAw = An(Th) llow =26 F Al Ao
0,2 N——
=0

For k = 2, we proceed exactly as above. We start from the estimate (14). Since V! C V2, we
take v, = Zju € V;(C V;2), the Lagrange interpolant of u onto V;!, and get the same estimates as
above for the three terms. This ends the proof. O

The next statement is for Py Lagrange finite elements, where a better convergence rate than O(h)
can be expected if the solution u is regular enough.

Theorem 4.4. Suppose that k = 2, and that the solution u belongs to H}(Q) N H*(Q), with the
Sobolev regularity « that satisfies max(2,n/2) < a < 3. Suppose that the Nitsche parameter 7y is
large enough. The solution uy to Problem (8) satisfies the following error estimate:

[u—unll0
+ H’yf ([ —daq + ’UJJrfy;l)\]_i_ — [* doo + up +7E1Rh(uh)]+) HO o + Hry}:i (Au - Ahuh)HO 0

S Ch&*l |U|a,ﬂa
(23)

with C > 0 a constant, independent of h and u, but not of .

Proof: We proceed as previously, in Theorem 4.3, but with the following modifications. We
start from the estimate (14). We take v, = Z?u, the Lagrange interpolant of u onto V;2. Still from
standard interpolation estimates, we obtain

lu —Ziull,0 < Ch*ula g,

and .
of (w2, < OBl
0,

8



For the last term, we need the following local error bound, for each T' € T,:
[a (au = an@))| =0 hrlldu = A@ulr) o < Crg Fhrllu — Tkl
which is possible since @ > 2. Then we use standard (local) interpolation error estimates to get:
[t (du = an@w) |, < O hehglular < OB ular.

By summation on the simplices T of the mesh T}, we get finally

Hv,:% (Au — Ah(Izu)) Ho o < Ch Hu 0.Q-

This ends the proof. O

5. Numerical experiments

The following results are computed with the help of scikit-fem [18] for finite element assembly
and autograd [23] for automatic differentiation. We consider two experiments introduced in [17]
with convex and nonconvex domains. The parameters are chosen as C = vy = 10. First, a
convergence study is performed using linear elements and the mesh sequences are depicted in
Figure 1. Error in the stress potential u is computed against a reference solution which is obtained
using quadratic finite elements and a sufficiently refined mesh. The resulting discrete solutions uy
and the magnitudes of the gradient |Vuy| are depicted in Figures 2 and 4, and the error in Figures 3
and 5 for the convex and nonconvex examples, respectively. The convergence rate of the H! error
is O(h) which is also an expected consequence of Theorem 4.3. Moreover, the convergence rate of
the L%-error is O(h?), a rate we are not able to prove. It is well-known that L?-error estimates are
difficult to prove for problems modelled by variational inequalities.

We continue by solving the same experiments using quadratic elements. For this purpose, a
reference solution is computed using cubic elements and a suitably refined mesh. The resulting
discrete solutions are given in Figure 6 with the convergence rates in Figure 7. This time we observe
that the H' error is approximately O(h'-%). This is in agreement with Theorem 4.4. However this
is lower than the rate O(h?) for quadratic elements and a smooth solution. The reduction in
the convergence rate is explained by the Sobolev regularity of the exact solution as u € H?(£)
while u &€ H3(Q2). In one dimension, it is easy to check that the second derivative is expected to
have a step discontinuity at the free boundary between elastic and plastic zones which suggests
u € H°(Q), s < 5/2 (see also Remark 2.1). This also means that adaptive techniques could be
used to improve the convergence rate with respect to the number of degrees-of-freedom.
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............ 0O(h?)
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Figure 3: The error between uj and a reference solution as a function of the mesh parameter h for the convex
example. The reference solution is obtained using a quadratic finite element method on a suitably refined mesh.
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Figure 4: The first three discrete solutions wj (top) and gradient magnitudes |Vuy| (bottom) for the nonconvex
example.
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Figure 5: The error between uj and a reference solution as a function of the mesh parameter h for the nonconvex
example. The reference solution is obtained using a quadratic finite element method on a suitably refined mesh.
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Figure 6: The first three discrete solutions uj, (top) and gradient magnitudes |Vuy| (bottom) for the convex example
using quadratic elements.
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Figure 7: The error between uj, and a reference solution as a function of the mesh parameter h for the convex

example using quadratic elements. The reference solution is obtained using a cubic finite element method on a
suitably refined mesh.
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