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Abstract

We prove a rigidity result for k-rectifiable sets ¥ in R™ (that is, up to a H*-negligible set,
¥ is covered by a countable union of k-manifolds of class C*). Given some decompositions
k = k1 + ko, n = n1 4+ no, we consider the following properties.

(1) For H*-almost every x € ¥, the tangent planes to ¥ split as T,Y = L(z) x L%(z)
for some kj-plane L!(z) C R™ and some ko-plane L?(x) C R™2.

(2) Up to a HF-negligible set, ¥ C X! x X2 for some sets X! € R™, X2 C R™2 such that
! is kp-rectifiable and X2 is ko-rectifiable (we say that ¥ is (kq, k2)-rectifiable).

We always have (2) = (1). We establish a partial converse: if A = AL X for some
normal rectifiable G-flat k-chain A, then (1) = (2) in the sense that A = AL X! x %2 with
¥ 32 asin (2).

In the proof we introduce the new groups of tensor flat chains (or (k1, k2)-chains) in R™ x R™2
generalizing Fleming’s G-flat chains. The other main tool is White’s rectifiable slices theorem.

1 Introduction
Let n,n1,n9, k, k1, ko be nonnegative integers such that
0 <k <ny, 0 < ko < no, k1 + ko =k, ny +ng =n.

Let ¥ C R™ be a k-manifold of class C!. If ¥ = %! x %2 for some kj-manifolds X! ¢ R™, [ = 1,2
then
1,2 =TaXt x T,2%%  for every z € X.

Here we write x = (2',2%) with 2! € R™ for [ = 1,2. A partial converse holds true in the
following sense. If ¥ C R”™ is a k-manifold of class C! such that

T.% = L'(z) x L*(x) for every x € 3, (1.1)
where, for I = 1,2, L!(x) is a k;-plane in R™ then

Yol xx? (1.2)

where, for I = 1,2, ! ¢ R™ is a countable union of k-manifolds of class C'. If moreover ¥
is a compact manifold then we have the stronger result ¥ = X! x ¥2 — see Examples 2&3 of
Section [2

The main question we investigate in this paper is whether the analogue of the implica-
tion (1.1) = holds true when ¥ is a more general k-rectifiable set. Denoting by H* the
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Hausdorff measure of dimension k, we recall that a set ¥ C R" is k-rectifiable if, up to a H*-
negligible set, 3 is covered by a countable family of k-manifolds of class C.

More precisely, we study the analogue of = for a k-rectifiable Radon measure p. In
this context the implication does not hold in general (see Example 5) but we have a positive
result if, in addition, u is the measure associated to an integral k-current, or more generally to
a normal rectifiable flat k-chain (with coefficients in a complete abelian normed group).

For the reader’s convenience, we first state the result for integral k-currents (rather than
general k-chains) and we provide the necessary definitions. We only assume that the reader is
familiar with the integration of k-forms on a k-manifolds. First, given a positive measure p and
a set S (or a Radon measure and a Borel set S), the restriction of p to S is the measure defined
by plLS(E) := u(SNE).

A real rectifiable k-current R in R™ with integer coefficients writes as

R=m&H LY, (1.3)
where:

(a) X C R™ is a Borel set which is k-rectifiable, that is, up to a HFE-negligible set, ¥ C Uj>11;
for some sequence I'; of k-manifolds of class C L

(b) m : ¥ — Z\{0} is a Borel function, called the multiplicity of R, such that the mass of R is
finite, that is, [y, |m|dH* < oo,

For H*-almost every x € X, there exists an (approximate) tangent k-plane T, ¥ which is just
the tangent plane at = of one of the I';’s covering ¥

(c) &€ : ¥ — A,R" is a Borel mapping with values in the space of k-vectors of R™ such that
for H*-almost every z, £(x) is a unit, simple k-vector spanning T, %, that is, £(z) writes as
fi(x) A ... A fr(z) for some orthonormal basis (fi(x),..., fr(x)) of T,X.

Consequently, {(z) gives an orientation to the k-plane T,X.

According to (1.3)), R is a continuous linear form on the space of smooth and compactly supported
k-forms w given by

(R,w) = /E m (E(2), () dHM ().

In other words, R is the integration of k-forms over the oriented “k-manifold” (X,&) with the
multiplicity coefficient m. By definition the boundary of R is the continuous linear form on
smooth and compactly supported (k — 1)-forms w’ given by

(OR,w") = /Zm (&(x), du'(z)) dH*(z).

When ¥ is a smooth k-manifold with boundary and m = 1, the current OR is the integration of
(k — 1)-forms over the oriented (k — 1)-manifold Bdry X.
We make a last assumption on R (which in particular implies that OR has finite mass).

(d) We assume that OR is a (k — 1)-rectifiable current.

A current R satisfying assumptions (a) to (d) is called an integral k-current in R", see [Fed69,
4.1.24].

In this context our main result states as follows.

'Rigorously, using Definition with g := |m|H" LLE, there holds T,% = T,u for H"-almost every x € 3.



Theorem. Let R be an integral k-current in R™ of the form[1.5 The following are equivalent.
(i) for H*-almost every x € ¥, T, X = L' (x) x L?(x) for some k;-planes L'(z) C R™, | = 1,2.
(ii) ¥ C B! x X2 for some k;-rectifiable sets X' C R™, 1 =1,2.

This result is a first order rigidity property in the sense that a local information about the
tangent planes to X yields a global behavior of ¥, compared for instance to Alexandrov’s rigidity
theorem [Ale62] where an information about second order derivatives (the compact manifold has
constant mean curvature) yields a global information (it is a sphere).

Let us now state the result in its full generality. We are naturally led to work in the

framework of flat chains rather than currents (see Step 2 of the sketch of proof of Theorem
below). Rectifiable flat chains generalize rectifiable currents in the sense that the coefficients
m(x) are now taken in a given complete abelian normed group (G, +, || -||). For instance G = R,
G = R", G is a Banach space or G = T, G = Z/mZ, G is a group of p-adic numbers and so
on. The construction of flat chains proposed in [Fle66] is described in Section [3| together with
the results used thereafter, but let us now introduce some vocabulary.
Given A, a flat k-chain in R™ with coefficients in G, we denote its mass by M[(A) and its boundary
by 0A. We write N(A) = M(A) + M(0A) and we say that A is normal whenever N(A4) < oc.
The positive measure associated to A is defined for Borel sets S C R™ by ua(S) = M(ALS)
where AL S is the k-chain obtained by restricting A to the set S.

Definition 1.1. A positive Radon measure p in R™ is k-rectifiable if y < H* and there exists
a k-rectifiable set X such that p = pL X.

We have the following property [AFP00, §2.9 & §2.11]. If u is a k-rectifiable positive Radon
measure in R” then for p-almost every x there exist a k-plane T,n C R™ and p(x) > 0 such that

Vo € Ce(R™) rlk/so (i(y—w)> duly) "% p(e) /Twsod’ﬂk-

Besides, we have = pH* L_¥. T,u is called the (approximate) tangent k-plane to u at .
We now translate the properties (1)&(2) of the abstract in terms of rectifiable measures.

Definition 1.2. Let u be a positive k-rectifiable Radon measure in R"™.

(1) We say that Ty is (k1, k2)-split if for pu-almost every x € R™, T,u = L'(z) x L*(z) for some
ki-planes L'(x) C R™, [ =1,2.

(2) We say that p is (ki, k2)-rectifiable if u = pl_ X! x ¥2 for some kj-rectifiable sets X! C
R™, | = 1,2. Equivalently, u(R™\X! x ¥2) = 0.

Notice that the two definitions depend on (nj,n2) and not only on (ki, k2) but to lighten
notation we avoid explicit references to n1, ny. We say that a flat chain A is rectifiable if the
measure 4 is rectifiable. The main result of the article is the following.

Theorem 1.3. Let G be a complete Abelian normed group and let A be a normal and rectifiable
k-chain with coefficients in G. The following are equivalent.

(i) Tua is (ki, ka)-split.
(71) wa is (ki, ka)-rectifiable.

The latter is equivalent to A = AL X' x ¥2 for some k;-rectifiable sets ! c R™, [ =1, 2.
We also say that A is (ki, k2)-split when Tpa is and that A is (k1, k2)-rectifiable when 14 is.



The theorem concerns rectifiable chains and not general rectifiable measures. However, given
a k-rectifiable finite positive Borel measure p on R", we have pus = p for any real flat chain
A = £p where z — &(x) is any Borel measurable choice of orientation of the tangent planes T u.
The difficulty is that the theorem applies only to chains with finite boundary mass and except in
the cases = 0 and k = 0, there holds M(0A) = oo for most (and sometimes all) of the choices
of &£. Such situation is illustrated by the counterexample 5 of Section This example indicates
that the hypothesis on JA (or at least some weaker condition) is necessary: without further
assumption, given a k-rectifiable measure p, the fact that T'u is (k1, k2)-split does not imply in
general that p is (kq, ko)-rectifiable. On the bright side, we can pick A with coefficients in any
complete Abelian normed group, which might help for measures with branching structure, see
e.g. [MMI16, MMT19, BOO18].

This article is motivated by former and current works by the authors. More precisely,
in |[GM21] we introduce some functional £(u) that penalizes oblique oscillations of a function u :
(0,1)™ x (0,1)"2 — R. The functional vanishes on functions u(x!, 2%) of the form u(z) = u (z!)
or u(x) = uz(x?). The sequel [GM23] studies the R™*"2-valued distribution u[u] obtained by
extracting the block D 1D, 2u from the Hessian matrix D?u. In particular p[u] vanishes if and
only if u decomposes as u1(z!) + ug(2?). Theorem [1.3]is used in [GM23] to establish that when
u is bounded and such that £(u) < oo then pfu] is a (n; — 1, n2 — 1)-rectifiable measure. Indeed,
since pfu] is defined by differentiating w, it identifies naturally with a (n — 2)-current. Using
White’s rectifiability criterion a first time we can prove that this current is actually (n — 2)-
rectifiable. By the cross-derivative structure of p[u] it follows that Tu[u] is (n1 — 1, n2 — 1)-split
so that Theorem applies. As pointed out in [GM23], the differential inclusion given by the
condition that D, 1D, 2u is a measure fits in the general framework treated in [ARDPHR19,
Theorem 1.5]. Using this result would however yield a much weaker result namely that the most
singular part of pf[u] is (n — 2)-rectifiable.

Outline of the proof of Theorem [1.3

First, the direction (ii) = (i) is the easy part and in fact holds for general rectifiable measures.

Let us give a quick idea of the proof of (i) = (ii).
Step 1. The case ki = 0 (Proposition . We prove that if A is a normal rectifiable k-chain
in R™ such that T4 is (0, k)-split then, there exist sequences yjl. € R™ and A? normal and
rectifiable k-chains in R™ such that

A=yl x A3, (1.4)

By [GM22b), Theorem 1.2], given a normal rectifiable k-chain A in R™, there exists a partition
S; of R" in Borel sets such that setting A; := AL_S;, the A;’s are normal rectifiable chains and

N(4) =) N(4)).

Moreover this decomposition is maximal in the sense that for each j and for every Borel set
S C R"” there holds

N(A4;) =N(4;LS) + N(A; L (R"\S)) = AjLS=A;0r A;LS=0.

In this case, we say that A; is set-indecomposable. Since we argue separately on each A;, we
may assume that A = A; is set-indecomposable and prove that A = [y] x A%

Indeed, there is no change of orientation of the chain A; of Figure [2| such that the new chain has finite
boundary mass.



Next, given ¢ € {1,...,n1}, we consider the family of half-spaces H;(s) = {x € R" : ; > s}.
The fact that T4 is (0, k)-split implies that T,u4 and Bdry H;(s) = {z : ; = s} are parallel
so that, roughly speaking, the intersection of A and {z : x; = s} is not transverse (A does
not cross the hyperplane {x : z; = s}). With this idea, we establish rigorously that the slice
of A by {x : x; = s} vanishes. Equivalently, the hyperplane {z : x; = s} splits A in A =
AL H;(s)+ AL (R™\ H;(s)) and without creating additional boundary, we have:

N(A) = N(AL Hi(s)) + N(AL (R"\H(s))) -

Since A is indecomposable this implies that AL H;(s) = 0 or AL (R™\H;(s)) = 0. Proceeding
by dichotomy we obtain that A = AL {z : z; = y;} for some y; € R and using all the directions
e; for i = 1,...,n1 we deduce that A is supported in {y'} x R for some y' € R". This
concludes the proof of .

Step 2. The general case (Theorem . If P € PY(R") is a polyhedral chain (see (3.1))) and
Tup is (k1, k2)-split it is not hard to see that it must be of the form

P=> g} x p},

where g; € G and for [ = 1,2, pé is an oriented polyhedral k;-cell in R™. In particular P is in
an element of the direct group product P,g’; (R™) ® 73,?2 (R™2). Moreover, it can be alternatively
interpreted as an element of Fy, (R”l,}",g (R™2)) (the group of k;i-flat chains with values in the
group .7-",?2 (R"2) of kg-chains with values in G) through the identification

WP =" [g:p}] i

In this notation we consider g;p? as an element of .7-",?2 (R™). One of the main points of the
proof of Theorem is to show that every normal and rectifiable chain A for which T, is
(k1, k2)-split identifies with an element A of Fj, (R™, .F,g (R™2)). The advantage is that we can
now apply the rectifiable slices theorem [Whi99b| of White to A (White’s result is recalled in
Theorem . Indeed, at least formally, O-slices of ©A correspond to (0, k2)-slices of A and the
fact that A is (ki, k2)-split implies that the 0 slices of 1A are (0, k2)-split. Using Step 1 we can
write these slices in the form . In particular this means that the 0-slices of 1A should write

as
> Ayl
which exactly means that they are O-rectifiable. By White’s rectifiable slices theorem we then

obtain that 1A = (14) LY for some kj-rectifiable set 33 C R™. This yields A = AL ¥; x R"2.
Eventually, exchanging the roles of n; and ny concludes the proof.

In order to make this sketch of proof rigorous, an essential step is to extend the operator .
As usual for flat chains, this is done by continuity. Setting for P € 73]5’; 1 (R

FA(P) := F(uP), (1.5)

we see that " is a norm on PkGl Ko (R™). The operator ¢ then naturally extends to the completion
of this space for the F* norm. It turns out (see Proposition that this space is exactly the
same as the space obtained as completion by the projective norm (which coincides with F* in
this case) of the tensor product }"kzl (R™) ® ]:,g’; (R™2). For this reason we call this (new) group,
the group of tensor flat chains (or (k1, k2)-chains). One of the contributions of the paper is to
start developing the theory of these tensor flat chains. The overall theory resembles the one for
flat chains. For instance, F* has a Whitney type representation (see Proposition . In order
to clarify the analogies with the classical theory of flat chain, rather than , we actually



take this definition as the starting point of our construction, see (4.5). An important role in the
theory is played by the two partial boundary operators 07 and d> which for a tensor flat chain
A = A' ® A? are given by

A = (0A") ® A% WA = (-1 Al @ (04?%).

Because of this extra structure, in the core of the paper, we use to the notation A' A A% rather
that A' @ A2.

Let us point out that another source of difficulties comes from the fact that a tensor chain
does not always identify with a classical chain. There are two reasons for that. The first one is
of geometrical nature: if n; = ng = 1 and S is the segment with vertices (0,0) and (1,1), the
two l-currents T} = eyH! LS and Ty = eaH! LS are (1,0)- and (0, 1)-chains respectively but
they are not flat chains (however, their sum is a flat chain). The other reason is of Functional
Analysis nature: the norm on the groups of tensor chains is weaker than the classical flat norm
and the groups of tensor chains are “larger”. Indeed, the usual flat norm involves only boundary
operators of first order (see e.g. Proposition and is thus reminiscent of the Sobolev space
with negative regularity index W~=11(Q), see [AF03] for the definition of Sobolev spaces. The
tensor flat norm F” instead, involves not only 9; and 0> but also 9,05, see , and is thus
closer in spirit to W~=21(Q).

Conversely, in general a k-chain cannot be interpreted as a tensor chain. For instance if
n1 = ng = 1, the “transverse” 1l-chain associated with the integration over the segment S
defined above is not a tensor chain (but writes as the sum of a (1, 0)-chain and a (0, 1)-chain).

This example shows that we need to be careful when considering the embeddings of subgroups
of k-chains in the group of tensor chains (which is a necessary step in light of the sketch of proof
above). We do this through the operator

G (R" G n
. R — ( / /(R ) s
7+ Fy (R?) kl,kz—kl( ) 0<k! <k

A Orper Dy

which morally speaking decomposes a flat chain into its (k7, k — k] )-components.

The following properties are essential in the proof of the main results.

(0) The operators ¢ and j satisfy the expected commutation properties with slicing and restrictions

(see Proposition and Proposition [4.16)).
(1) (Proposition We have the identities jp 1 OA = O1gpr 41,1, A + Q21 gy 414

(2) (Theorem [5.15) Normal (0, k2)-chains identify with the subgroup of normal kg-chains such
that

V (ki k3) # (0,k2)  gpg A = 0.
(3) (Theorem J is one-to-one.
(4) (Corollary [5.12)) If A is a normal rectifiable k-chain in R™,

Tpa is (k1, ko)-split — V (K1, ky) # (k1,k2)  gug A = 0.



Further remarks

(a) Building on the existing theory of flat chains, the axiomatic definition of tensor chains and
the proof of their basic properties is mostly routine though lengthy. On the contrary, and maybe
surprisingly, the isomorphism stated in (2) and the fact (3) that j is one-to-one require more
work. In the complementary note [GM22a], we generalize Theorem to all dimensions: the
group of normal (ki, ko)-chains identifies with a subgroup of the group of normal k-chains. This
is a delicate question: the counterpart for finite mass chains is not true, see [GM22a].

(b) In the case k; =0, as in Step 1, a normal (0, k)-rectifiable chain writes as (see Section
A= "yjl x A3 with N(A) =) N(43),

for some sequence y]1 € R™ and some sequence AJQ. of normal k-rectifiable G-flat chains in R"™2.
One may wonder whether such property generalizes in higher dimension. Let us restrict ourselves
to cycles for simplicity. The question is: given a (ki, k2)-rectifiable cycle A in R™, is it possible
to find sequences Aé for [ = 1,2 with Aé- a k;-cycle in R™ such that

A=) "Afx A%, M(A) =) M(A})M(A3). (1.6)

As already noticed, the answer is yes if k1 = 0 (or ko = 0). In the other limit case k1 = ny
(or ko = mg) the question is trivial as the only (ni, ke)-rectifiable cycle is 0 by the constancy
theorem (see [Fle66, Lemma 7.2]) applied to ¢J,, x, A. On the contrary, in the intermediate cases
1<k <ny—1,1<ky <nog—1, the answer is no in general for any non trivial group. This is
established in the final subsection by exhibiting a counterexample. We do not know whether
the answer is still no if we relax the identity constraint on masses and demand only

> M(A})M(AF) < CM(A),

for some constant C' possibly depending on the n;’s and k;’s.

(¢) We point out here a link between tensor chains and the theory of cartesian currents developed
by Giaquinta, Modica and Soucek in [GMS98a, [GMS98b]. Let @ C R™ be an open set. A
cartesian current 7" in €2 x R™2 is a particular ni-current:

there exists a sequence u; : 2 — R"? such that, denoting G, the integration of ni-forms over
the graph of uj, the G;’s have uniformly bounded masses and weakly converge to 7T'.

The limit current 7" still have a part which corresponds to the graph of a mapping 2 — R™2 but
it may also contain “vertical parts” supported in I' x R"2 where I' C {2 has dimension less than
n1. Under appropriate assumptions this vertical part is a tensor flat chain.

(o) For instance, taking n; = nz = 1, we can consider the currents G, corresponding to the
integration over the graph of the function u; : x € R +— arctan(jz) oriented towards positive
x’s. As j 1 0o, Gy, converges towards a 1-current 7. Denoting u : z + sign(z), T" is the sum
of G, and of the vertical part [{0} x [—1,1]] which is the integration of 1-forms in R? over
the vertical segment {0} x [—1, 1] oriented upwards (so that 97" = 0). This vertical part is a
rectifiable (0, 1)-chain.

(8) In the case ny > 2, ng = 3, the structure of the limits of currents associated with mappings
uj : Q — S? € R3 with uniformly bounded Dirichlet energy is described in [GMS98b), §5.2.3].
Namely, it is assumed that

Sup/ |Du;* < . (1.7)
Jj=1JQ

7



As above, we consider the nj-current G,; associated with the integration over the graph of
uj. Namely, for any smooth and compactly supported n-form w in Q x R3,

()= [ (6@) o) ™ o)

J

where G,; C () x S? is the graph of u; and &j(z) is the unit simple nj-vector orienting TG,
such that (§;(z),dx1 A ... Adxy,,) > 0. Theorem 1 of [GMS98b| §5.2.3] states that if T" is the
limit of the Guj’s then

T =Gy + Ly x [$7]

where u : Q — S? has finite Dirichlet energy, Ly is a (ny — 2)-rectifiable current in R™* with
integer coefficients and [S?] is the standard integration of 2-forms on S2. Here the vertical
part L x [S?] is a rectifiable (n; — 2, 2)-chain in R™ x R3 with integer coefficients.

(7) In more general cases, more precisely, when n; > 3, ng > 4, the limits of a sequence of currents
Gy, such that u; : © C R” — S"2~! satisfies the uniform bound (L.7) do not have such a nice
structure (see the counterexamples and the partial results of [GMS98b| §5.4]).

The result cited in (8) is based on different ideas than the ones of the present paperﬁ

Organization of the article

In Section [2] we construct a few examples which show both why the question is delicate and to
which extent our result is sharp.

In Section [3] we recall the theory of G-flat chains in R™ as introduced by Fleming and
developed by White. We also give a characterization of the (ki, k2)-splitting property in terms
of slices and state Theorem [3.14]from [GM22b] about the set-decomposition of normal rectifiable
chains.

The groups of tensor flat chains are defined in Section [4 We introduce various operations
involving these objects (slices, restrictions, the morphisms 2 and 7) and study their basic prop-
erties.

In Section [5 we focus on identifications of chains with tensor chains via the operator j.
We prove Theorem Corollary and Theorem (the points (2)(3)&(4) in the above
sketch).

The main results, namely Proposition Theorem and Theorem are established
successively in the last section. In a final subsection, we exhibit some counterexamples for (|1.6]).

Conventions and notation

In the article (G, +, |- |g) is a complete Abelian normed group, that is (G, +) is a commutative
group, |- |¢ : G — R satisfies for g,¢' € G,

lg+da <lgle+1d1a, lgla =0 <= g=0,

and denoting dg(g,9’) = |9’ — 9|, the metric space (G, dg) is complete.

The integers ni,ny > 0 and n > 1 are fixed and satisfy ny + no = n. The integers kq, ko, k are
non negative and we always assume 0 < k1 < nq, 0 < ko <ng and k = k1 + ko.

The standard basis of R™ is (eq,...,ep).

3In our opinion, the main tools are: (i) the closure theorem for integral currents [(MS98al, §2.2.4, Theorem 1],
(ii) the fact that the bound (1.7)) implies that the “less vertical” part of T vanishes [GMS98a), §5.5.2, Proposition 3],
(iii) the constancy theorem (for 2-currents over S?) [GMS98al, §2.2.3, Theorem 4].



We denote by H” the k-dimensional Hausdorff measure in R™.
The topological boundary of S C R” is denoted Bdry S := S\ Int S.

Unless otherwise specified, the sequences are indexed on j > 1. Most of the time we use the
index ¢ for finite sequences.

We denote by I}' the set of subsets of {1,...,n} with k elements. We also denote I" := |JI}}
the collection of subsets of {1,...,n}. We simply write j for the singleton {j} € I}* and 5\j for
B\{j} and so on.

For g,v e I,
(x) B is the complement of 3 in {1,...,n}, In particular @ = {1,...,n} and j = @\ j;

(x) X :=span{e; : j € B} and for € R", Xg(x) is the affine space z + X. These spaces are
called coordinate spaces;

(*) || is the number of elements of 8. Setting m := ||, we denote by 1, ..., B the elements of
[ arranged in increasing order and we define the m-vector,

eg:=eg N...Neg, € /\ng. (1.8)
Here A,,X denotes the space of m-vectors in X.

Given 8 € I, we denote by
P (Xp) C N7 (Xp) € M (Xp) C FF(Xp)

the groups of polyhedral r-chains, normal r-chains, finite mass r-chains and flat r-chains in Xg
with coefficients in G. See Section [3] for the precise definitions. By convention, for » < 0 and
r > |B], these groups are identified with the trivial group {0}. Moreover, the boundary operator
is denoted 0, the flat norm of a chain A is denoted F(A) and its mass M(A). We also set
N(A) := M(A) + M(0A).

We have some specific notation for tensor flat chains. For 0 < k < n, we denote
Dy = {(K,K,) : 0 < k] <mny, 0< Ky <mng, k| +Kk,=k}.
We introduce
a:={1,...,m} eI",
so that @ ={n; +1,...,n}.
For 8 € I" we denote 8! := fNa and % := f\a = fNa.

For z € R", we denote x! (resp. x2) the orthogonal projection of z on X, (resp. on Xz), so that
x decomposes as z!' + 2.

The tensor chains with respect to the decomposition X, + Xz of R™ are introduced in Section
The groups of tensor chains in X are always defined with respect to the decomposition Xgi +Xgs.
We denote respectively

PkGl,kg(Xﬁ) - Nkcf,kQ(Xﬂ) - MkGl,kg(Xﬁ) - fﬁ,k2 (Xp)
the groups of polyhedral, normal, finite mass and flat (k1, k2)-chains in Xg with G coefficients.

We sometimes deal with functions in L'(Q, G) or Ll (Q,G) where Q is a measure space and
(G, 4+, ]| |¢) is a complete Abelian normed group (in fact 2 is always a finite dimensional space
of the form Xg(x)). We use the integration in the sense of Bochner, that is, f € L}(Q,G) if
there exist a sequence of measurable simple functions f; : 2 — G and a sequence of integrable

functions g; : @ — Ry such that |f; — f|¢ < g; almost everywhere in Q and [ g; — 0. In this

case [ |flg :=lim [|fjlc-



2 Examples and counterexamples

Ezample 1.

(a) If A is the 1-chain with multiplicity 1 associated with the graph of a Lipschitz continuous
function f : (0,1) — R, assuming that T'uy is (1,0)-split in R x R is equivalent to f' = 0, hence
f is constant. Using Theorem alone, we only obtain that f takes at most countably many
values but not that it is constant. However, in a second step, we deduce from the intermediate
value theorem that f is indeed constant.

(b) Let us build a slightly more complex example, again with k = n; = ny = 1. Let S; C R?
be a sequence of disjoint oriented segments of length 277 and let us define A as the sum of the
1-chains associated with the integration along the S;’s. If we assume that T4 is (1,0)-split,
then for every j the approximate tangent direction to 4 is horizontal (except at the end points
of the S;’s where it is not defined). We deduce that each S; is an horizontal segment as above
so that, up to a H!-negligible set, US; C Rx Y2 with X2 C R finite or countable. This is exactly
the conclusion of the theorem.

Example 2. Let us now discuss the case of smooth chains. Let M be a k-manifold of class C!
in R™ and assume that M is connected and compact. We consider the property:

Va € M 3k)(z)-planes L(z) € R™ for | = 1,2 such that T, M = L'(z) x L*(x). (2.1)

This condition is weaker than the (k1, k2)-splitting property in the sense that the values of k;
and ko might depend on x.

Lemma 2.1. Let M be a connected k-manifold of class C' without boundary and satisfying
@1). Then M is of the form MY x M? where for 1 = 1,2, M! is a kj-manifold in R™ for some
k;’s such that k = k1 + ko.

Proof.
Step 1. Local decomposition. Assuming without loss of generality that 0 € M we set (ki, k2) :=
(k1(0), k5(0)). Up to a change of orthonormal frames in X, and Xz we may assume that

V1= LY0) = span{ey, ..., ex }, V2= L*(0) = span{en, 11, - - -, €nytks }5
Let us also denote,
W = span{eg, 11,...,6€n, } and W2 = span{en, tkyri1s---s€n}s

so that V! + W! = X, and V? + W? = Xg5. In some nonempty open ball centered at 0, M is
the graph of a C! mapping
foVie Vi — w4 w2,

such that f(0) =0 and Df(0) = 0. Writing x = 2! + 22 € V! + V2 and
fl@)=fl(2) + f(x) e W +W?,

the linear operator
Id+Df(z) : V4 V2 5 Vi Wl + V24 w2,

writes as the block matrix,

1dy, 0
1 1
M(z) :=1d + Df(z) = Dmlé () Dw;gkz(x)

Dx1f2(x) Dx2f2(x)
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For z in some neighborhood of 0 in M, the tangent space to M at point = + f(x) is the space
L(x) spanned by the columns of M (z). The condition is then equivalent to the following
property:

Forl=1,2  dim [L(x) N+ Wl)} = k(). (2.2)

We first remark that the left-hand side of these identities are upper semi-continuous and integer
valued and since k| (z) + k5(x) = k is constant, we must have kj(z) = k; in some neighborhood
of 0.

Next, for | = 1, the condition and the form (0 Idg,) of the third block of rows of M (z)
enforces that L(x)N(V1+W1!) is the space spanned by the first ki columns of M (). Furthermore,
all these columns belong to V1 + W1 if and only if D,1 f2(z) = 0. Similarly, for [ = 2, we obtain
D2 fY(z) = 0. Therefore f(x) = (fl(a!), f2(2?)) in some neighborhood of 0.

We have just established that M is locally a cartesian product. Namely, for z = (z!,2?) € M
there exists €, > 0 such that

Mn{y=@hy)) eR" |y — o', [y* — 2| <eo} = Ty x B3, (2.:3)
where for | = 1,2, ¥, ¢ R™ is a ki-manifold of class C! up to its boundary with %! C B.(z!)
and Bdry X! C Bdry B.(z!).

Step 2. From local to global decomposition. Notice that since M is connected there holds
ki(z) = k1, ka(z) = ko for every x € M. Let us fix # = (2!,4?) € M and with the notation
of (2.3)), let us define set

M? = {1‘2 eR™: 3L x {z?} C M} C R™.

Since M has no boundary, M? is closed. Besides, by (2.3)), 27:26 C M?2. Let us fix 22 € M?. For
every z! € 31, using (2.3) at 2 = (x!,2%) and identifying, we get,

1 1

X(ataz) = X

x

in Be(2') N Byey(z')  and B3 o) =52 in Be(&%) N Byp)(2?),

where we denote é := ¢; and n(z!) := E(a1,22)- Using a finite covering {Bn(zl)(x})}i of Eiglc and
denoting 7 := min; n(z}), we see that

M N Be(#') x By(z?) =21 x T2, where T2 :=n;%2%

2-
z;,T

It follows that Fiz C M?2. By construction, 132 is a ke-manifold which contains 22 and whose
topological boundary lies in Bdry B(z2,7). We deduce that M? is a nonempty ks-manifold
without boundary. Recalling that M is compact, we have in fact that M? is compact.

Next, we define

Mbi={z' eR™: {a'} x M2 C M} C R™.

We have ET}: C M and we prove similarly that M! is a nonempty compact kj-manifold in R™.
By construction M! x M? C M? and since M is connected, we have in fact, M = M x M2, O

As a conclusion, in the case of a connected C'' manifold without boundary, the theorem is
rather elementary. Moreover:

(¥) The (kq, k2)-splitting can be replaced by the weaker (k(x), k) (x))-splitting assumption (2.1).

(x¥) The conclusion can be strengthen by replacing the inclusion M C £! x 2 by an equality.
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Example 3. When M is a manifold with boundary, the local analysis of Step 1 in the proof of
the lemma of Example 2 is still valid locally but Step 2 fails. It turns out that for manifolds
with boundary the conclusion of the theorem is sharp in the sense that in some cases, we do
need a countable union of Cartesian products of connected manifolds to cover M. Let us build
a counterexample in R? with ny =2 and no = k; = ko = 1.

Let f € C*([-1/2,1],R) such that f =0 on [-1/2,0] and f > 0 on (0,1]. For j > 0 we set
f; == 277 f and we denote G; the graph of f;. By construction, theses graphs are the same in
[—1,0] x R but do not meet in (0, 1] x R. Let us define,

= Jgix 277 27] c R%.
j=20

d |
Figure 1: On the left, the set 3, on the right, the 2-manifold M of Example 3.

The set X is of dimension 2, contains the rectangle [—1/2,0] x {0} x [0, 1] and has Lipschitz
regularity away from the cusp points (0,0,277) for j > 1. To obtain a Lipschitz manifold, we
cut just below these points in the first coordinate. We set for j > 1,

Cj = {(.1‘1,.%2,.%3) tx0 ER, 27 < |.CI}3| < 21_j, 1 < 377 sin? (2_j7T£L'3)},

and then M := X NJ; Cj, see Figure

We have built a Lipschitz connected 2-manifold with boundary in R3. Moreover, M is of
class C! away from the four vertices a, b, ¢, d of the rectangle [—1/2,0] x {0} x [0,1]. By
construction M C X! x R where X! is the countable union of the graphs G;. This time, we
do not have M = M! x M2, neither M C M x M? with M! c R%, M? C R connected
1-manifolds.
The tangent planes of M satisfy the (1, 1)-splitting property with n; = 2 and ng = 1. Moreover,
orienting M arbitrarily, the 2-chain A with multiplicity 1 associated with the integration on M
has finite boundary mass (the boundary of M has finite length) so the theorem applies to A.

Ezample 4. We now turn to a more complex example. Let fi, fo € C*°(R, [0, 1]) with
f1 =0 on R\(-2,2), fi=1lon[-1,1], fo=0o0n R\(-1,1), fa>0on (—1,1).
We define for z € R?, f(z1,72) := fi1(71)f2(72) and we denote Q := ([-2, —1] U[L,2]) x [-1,1].

This set is the union of two closed rectangles and 9, f = 0 on R?\Q. Next, let R > 10 and let
z\9) be a dense sequence of points in a ball B of R? with radius R. We set, for z € R?,

F(z) = ZS_jf <2j(az - x(j))> ,
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so that F is of class C? (observe that the second order differential of the terms of the series are
uniformly bounded by 277||D?f||). Denoting

E = U [:c(j) + 27]'Q] ,

there holds, H2(E) < 8/3 and 9,, F = 0 in R?\E. However, remark that for every open set
w C R? intersecting B\ E, there exists a set of real numbers y? with positive measure such that
F is not constant on w N {z : 22 = y%}. Let us define Gr as the graph of Fip and

Y= {(z,F(z)): € B\E} = G; N [(R*\E) x R]

Orienting arbitrarily Gy, we define A as the 2-chain with multiplicity 1 corresponding to the
integration over ¥. This chain has finite positive mass and finite boundary mass and with
n1 =1 and ng = 2, Ty is (1,1)-split. The theorem applies and we get that ¥ C R x %2 where,
up to negligible set, ¥2 C R? is a countable union of C'-curves.

The point of this example is that even though, like in Example 3, A = AL Gr with Gp
diffeomorphic to the 2-dimensional ball, we cannot cover R3 by countably many balls Bj such
that AL B, is the integration over (/\/l]1 X M?) N B; for some C! curves Mjl CR, M? C R2.

Ezample 5. To stress the necessity of the assumption M(0A) < oo in Theorem [1.3] we build
an example for which the conclusion of the theorem fails. More precisely, A is rectifiable, T}, ,
is (k1, k2)-split but A is not (ki, ko)-rectifiable. Here, k = n; = ny = 1. We first introduce the
following positive atomic measure on R.

lew 1 &
V= 52 o Z(Si/Qj,

7>0 i=1

We have v(R) =1 and v = v L D where D is the set of dyadic numbers in (0, 1]. More precisely:

2 1
v=32 5
zeD

where for z € D, j(z) := j is the nonnegative integer such that x = i2~7 for some odd number
0 < i< 2. Next, for z; € R, we set f(z1) := v((—00,71)). We have that f’ = v in the sense of
distributions, f is left-continuous, increasing on [0, 1] and differentiable on R\ D with f/(xz1) =0
in the classical sense. We denote Gy the graph of the restriction of f to (0,1). Remark that the
closure of the projection of G on the vertical axis is a classical Cantor set. Since f’ = 0 almost
everywhere, the 1-chain A; with support @, orientation e; and multiplicity 1 is rectifiable, see
Figure

Now, on the one hand, since f' = 0 on R\D, Ty, is (1,0)-split (at every point (z1, f(z1))
with z; € (0,1)\D). On the other hand, f being increasing on (0,1), for any countable set
¥2 C R, the intersection Gy NR x X2 is at most countable and therefore H!(Gr N (R x £2)) = 0.
Since p14, < H'L Gy, we also have pa, (R x £2) = 0 # 1 = pa,(R?). This implies that ua,
is not (1, 0)-rectifiable (the conclusion of the theorem is wrong). Here the theorem does not
apply because A has infinite boundary mass. This example shows that some control on JA is
necessary.

Example 6. Let us rule out a possible generalization of the theorem suggested by the weaker as-
sumption . We consider the following variant of the splitting condition where the dimensions
k1, ko may vary.

for p-a.e. x, Tpyp = LY(x) x L*(x) for some kj(z)-planes L!(z) ¢ R™, | =1,2. (2.4)
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T2

1/3 —

T

Figure 2: An approximate representation of the “horizontal” chain A; (in red) and of the
“vertical” chain A (in green) of Examples 5 and 6.

A natural question is whether, when A is a rectifiable normal k-chain such that pu = pa satis-

fies , there holds,

pa=pal (JBh x iy (2.5)

ki

for some k{—rectiﬁable sets EL, C R™ for 0 < k:; <k and [ =1,2. The answer is no and we get
a counterexample by buildingl on the construction of Example 5.
Let Ay be the sum of the 1-chains with multiplicity 1, orientation e; and supports V,, :=
{x1} x [f(z1), f(27)] for &1 € D\{1}, see again Figure [2, The chain Ay “fills the holes” of A;
in the sense that 9(A; + A2) = [(1,1/3)] — [(0,0)]. Besides Az is (0, 1)-rectifiable so that T4,
is (0, 1)-split. Summing up, the rectifiable chain A = A; + As has finite boundary mass and p4
satisfies . However, for any countable sets !, %2 C R we have,

pa(RA (ST x RUR x ¥2) > g, (RO (Z x RUR x £2)) = g, (RAZ! x R) = 1.
Consequently, (2.5) does not hold.

Remark 2.2. The proof of the main result presented in this paper takes a long detour by
introducing tensor flat chains. As building a theory with a single application might be seen as
overkill we could look for a more direct method. However, mimicking the smooth case arguments
of Example 2 in the general case seems hopeless. As illustrated by Examples 3 & 4, the presence
of a boundary with a possibly dense support is an obstacle. Even in the very favorable situation
where A is a rectifiable cycle with multiplicity 1, the assumptions do no not ensure that the
restriction of A to a k-surface of class C! has a reasonable boundary.

3 (G-flat chains

Here we recall the theory of G-flat chains in R™ as introduced by Fleming in [Fle66]. We also
recall the notion of slices of G-flat chains by m-planes and the rectifiable slices theorem of
White [Whi99b]. As it is now standard and contrarily to [Fle66], we use the notation L. and
not N for restrictions, the notation N is used for slicings. Two remarks are in order. First, to
avoid the introduction of compact sets which are not relevant here, the flat chains we consider
are not assumed to be compactly supported. Second, in addition to the classical definition of
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the slice A N X5(x) which is a flat chain in R™ supported in X5(z), we introduce in the
object SI A which is the flat chain in X5 obtained by projecting A N X5(x) on X5 = X5(0).

In anticipation of the generalization of Section [4] we describe the basic theory in detail. The
expert reader can skip most of the section, however, besides the unusual slicing operators Sl,,
let us point out the following less standard or new results:

(1) Proposition 3.6|gives a formula for the boundary of the restriction of a chain on a half-space.

(2) Proposition expresses the (k1, k2)-splitting property (recall Definition by the van-
ishing of some family of slices.

(3) Theorem from [GM22b] asserts that normal rectifiable chains can be decomposed in

set-indecomposable subchains.

Let (G,+,]| - |g) be a complete Abelian normed group, let 5 € I" and 0 < k < |j|.

We say that the pair p = (¢,&) is a k-cell of X3 if ¢ C X3 is a closed convex k-polyhedron

and £ € \,Xp is a unit simple k-vector orienting the affine k-plane spanned by ¢. There are
two possible choices of orientation and the k-cell (¢, —¢&) is denoted —p. The multivector & is
the orientation of p and is denoted &,. The polyhedron ¢, denoted suppp, is the support of p,
However, for set operations such as unions and intersections, we usually write p for supp p.
As usual the 0-cell with support z and orientation 1 is denoted [z] and for z # y € Xg, the
1-cell supported by [z,y] and with orientation (y — x)/|y — x| is denoted [(z,y)]. If ¢ is a |B]-
polyhedron, we denote [1,] the |3|-cell supported by ¢ and with orientation eg, Aeg, A... A €8
(referred to as positive orientation).

The group P,f (X) of G-polyhedral k-chains in X is the group of formal finite sums,

P= Zgipi, gi € G, p; k-cells in Xg, (3.1)
quotiented by the following relations : for g, ¢’ € G and p,p’, p”, k-cells,
(i) gp+9(=p) = 0;
(i) gp+g'p = (9 +9")p;

(iii) gp' + gp” = gp if & = &y = & and, as sets, p = p’ Up” with p’ and p” intersecting on a
common (k — 1)-face.

The representation (3.1)) of P € 77,? (X3) is not unique. The mass of P is defined as,

M(P) := min { 3" loileM* () } (3.2)

where the infimum runs over all the representations of PE|

The boundary dp of a k-cell p is the sum of its (k — 1)-faces p; with orientation & such that
vi N 53. = §p where v; is the exterior normal to p on p;-. Coming back to (3.1)), it is easy to see
that the (k — 1)-chain ) g;0p; does not depend on the particular representation of P and we
can safely define the boundary of P as

oP := Zgﬁpz

For instance for g € G and z,y € X3,

Aglz]) =0  and  O(g[(x,y)]) = gly] — g9l=].

“This infimum if reached at any representation such that |g:|c|g;|¢H"(p; N p;) = 0 whenever i # j.

15



We obtain a group morphism 0 : PY(Xg) — PS ,(Xp) satisfying 9% = 0. Whitney’s flat norm
is then given for polyhedral chains by:

F(P) == inf {M(Q) + M(R) : Q € P{'(X3), R € Py, ,(Xp), P=Q +OR}.

It turns out that I is a norm on (Py(Xg),+) ([Ele66, Theorem 2.2]) moreover 0 is continuous
with respect to the F-norm. Indeed writing P = @ + dR, we have 9P = 0Q and F(0P) < M(Q)
which yields F(0P) < F(P) by taking the infimum over the possible representations. The group
F&(Xp) of k-chains in X4 and with coefficients in G is the completion of (P (X3), +,F). Unless
specified otherwise, we always intend convergence of flat chains in F-norm. The boundary
operator extends by continuity as a 1-Lipschitz continuous morphism 9 : ]:kG (Xpg) — f,?fl(XB).
In summary, the sequence (]—",f (X3))kez endowed with the norm F and the operator 0 forms a
chain complex of normed groups:

o 0 o 0
-5 FALXg) S FEXp) & FE(Xg) e

The mass of A € F¢(Xp) is then defined as,
. . G F
M(A) := inf {hmlnfM(Pj) 1Py (Xg) 2 Pj — A} :

By [Fle66, Theorem 2.3], the function M first introduced in (3.2)) is lower semi-continuous with
respect to F-convergence in the group of polyhedral chains, so the definition of M(P) is not
ambiguous. We have the following properties.

Proposition 3.1 ([Fle66, Theorem 3.1] for (ii), [Fle66, Theorem 5.6.] for (iii)). Let A € F (Xp).
(i) F(0A) <TF(A) < M(A) with possibly M(A) = co.
(i) F(A) = inf {M(B) + M(C) : B € F{ (Xp), C € F,1(Xp) such that A= B+ 8C}.

The limit case k = |f|
We assume here that k = |3]. Since ]-'kGH(XB) = {0}, there holds F = M on F(X). Moreover,
a G-polyhedral k-chain of the form (3.1]) identifies with the function fp : Xg — G given by

fP = Z <§pi7 66> gilsupppm

(here the factors (p,,eg) = %1 account for the orientation). There holds || fp|| 1 = M(P) and
as the fp’s form a dense subgroup of Ll(Xg, G), we have in fact the isometry,

(F5(X5), F) = (F5)(Xp), M) ~ (L'(X5,G), || - [I10)-

Subgroups of chains

We denote by ME(XB), the subgroup of finite mass k-chains in Xg with coefficients in G. This
group, endowed with M is complete but the family (M%(X3),d) does not form a chain complex.
Denoting N(A) := M(A) + M(0A), we define the group of normal flat k-chains,

NE(Xg) :=={A € FF(Xp) : N(A) < 0o} .

Again, (N (X3),N) is a complete normed group. Moreover, since N(0A) = M(9A) < N(A), the
family (NY(Xg3),0) forms a chain complex of normed groups.

A chain such that 9A = 0 is called a cycle (the finite mass k-cycles form a closed subgroup
of N¥(Xj) and the sequence of subgroups of finite mass cycles also form a chain complex).
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Supports

We say that the flat chain A € F(Xg) is supported in the closed set S C Xp if for any
neighborhood U of S, there exists a sequence P; € PY(Xg) which admits representations Pj =

Sg pg with supp p{ C U, such that P; =+ A in ]-",f (Xj3). If there exists a smallest closed subset

i
S supporting A, we write supp A = S. Finite mass flat chains admit a support and moreover
for A € M (Xs) and any neighborhood U of supp A there exists a sequence P; € PS(Xp)
supported in U such that P; — A with M(P;) — M(A).

Tensor products of chains (see [Fle66), Section 6])

Let 8, v € I" such that SN~ = @ and assume for simplicity that max 8 < min~. Given two
polyhedral cells p! = (¢*, &) and p? = (¢?, £?) respectively in Xz and X, and g € G, we define
the tensor product p' A (gp?) of p! and gp? as the chain gp € PY(Xsy,) where p is the polyhedral
chain with support ¢' + ¢? and orientation &' A £€2. Given 0 < ki, ks < n, the definition extends
by Z bilinearity as a bilinear mapping
Pii (Xg) % PR (Xg) — P, (Xpun)s
(P!, P?) — P! x P2
There holds,
(P' x P*) = (OP') x P2 + (—1)" P! x (0P?),
and we have the estimates,
M(P! x P%) < M(PYM(P?),  F(P!'x P?) <N(PHYF(P?), TF(P'x P?) <TF(P")N(P?).
Using these estimates, and a density argument, we can define A' x A% for Al € szl (Xp3),
A? ¢ ]-",g (X,) as soon as both A! and A? have finite mass or at least one of them is normal.

This construction foreshadows the definition of tensor chains in Section[d It has the disad-
vantage of not being well defined for all pairs of flat chains A', A%2. The groups of tensor flat
chains correct this defect but inevitably contain objects which are not flat chains.

Push-forwards by Lipschitz maps and homotopies (see [Fle66), Sections 5&6])

Let v € I". A Lipschitz mapping f : Xg — X, induces a morphism of chain complexes of normed
groups, f4 : F&(Xg) — FE(X,). In particular, for A € F&(Xp), there holds df 4 A = f4 OA.
Moreover the following estimates hold true.

M(f 4 A) < C*M(A), F(f4 A) < max(C*,C*1)F(4),

where C is a Lipschitz constant of f on supp A. This mapping has the following additional
properties for 7,6 € I" and A € FY(Xp).

(1) If f € Lip(X3,X,), and A is supported in {z € X3 : f(z) =0} then f4x A=0.
(2) For f € Lip(X3,X,) and g € Lip(X,,Xs) then (go f)u A =gu (f4 A).

(3) Idy A = A and it follows from the previous points that if g o f = Id on some closed set S
supporting A then g4 (f4 A) = A.

(4) If the image of f € Lip(Xg,X,) lies in some closed set S then f4 A is supported in S. If
moreover S = L is an affine subspace of X, we have a stronger property: there exists a
sequence of G-polyhedral chains P; all supported in L such that P; — fux A so that fu A
identifies with a chain in L.
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Given, f,g € Lip(X3,X,) and A € ]-",f(Xg), we define a linear homotopy from f4 A to g4 A
as follows. Let e¢p := (1,0gn) € R x R™ and consider the mapping:

h:teg+a € Reg+ Xg — tf(z) + (1 —t)g(z) € X5,
We have the identity

[ A= gy A=0lhy ([(0,e0)] x A)] + hy ([(0,e0)] x DA), (3.3)
and the estimate
M(h’# ([[(O’ 60)}] X A)) < ||f - gHLw(suppA)CkM(A)v (34)

where C' is a common Lipschitz constant of f and g on supp A.

Slicing of G-flat chains

In this part, we recall the definition and properties of slices as introduced in [Whi99bl Section 3]
with the small addition of the new operators Sl, (see below). We only consider slices by affine
coordinate planes.

Let v C B and set m := |B|, r := |y|. Given a G-polyhedral k-chain P with representa-
tion and x € X, if r < k, the slice of P with respect to Xg\, () is the (k —r)-chain defined
as,

PNXg,(r) = Zgiqi,

where ¢; = 0 if the affine subspace spanned p; N X/g\,y((]?) is not of dimension k£ — r and in the
other cases g; is the (k — r)-cell of Xg\,(z) described by (recall the notation (1.8])):

supp g; := supp p; N Xg\(z)
&g, is the unit simple (k — r)-vector orienting ¢; such that (e, A&y, &p,) > 0.

When 7 > k, we set PNXg\,(7) := 0. Notice that for z € X, the chain PNXg\,(z) is supported
in Xg\,(z). Identifying each Xg\,(x) with X\ ,, it will be convenient to see all these chains as
chains in Xpg\,. For this reason we define,

SIZ P =7y (PNXp,(2) € PF(Xp,), (3.5)

where 7 is the orthogonal projection on Xg\,. Denoting 7, := = + 7 the orthogonal projection
on X, (), we see that m, : Xg\, — Xg\(7) is an affine isometry with inverse 7. We deduce a
reverse formula for ,

PﬁX[;\,Y(a:) = Ty Sl,f, P.

The usual properties of PN X, (r) transfer to SIJ. We have in particular,

OSIy P =SIJ0P for ae. and . M(SLT P) dH" (z) < M(P),
Y

so that Sl extends on .7-",? (X3) as a Lipschitz continuous group morphism:

Sl : FF(Xg) — L' (X, Fe (Xps))

A — z = SITA.
For the usual slicing operator, we have:

Fi (Xp) — LH(Xy, FiL(X5)),
A — T AN (z+ Xpgy, ).
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The two definitions of slicing contain the same information (same mass, same F-norm, etc). The
main difference is a translation by x and the fact that AN (x4 Xg,,) is a chain in Xz supported
in z + X\, whereas SIJ A is a chain in Xg\,. More precisely,

AN (v +Xg\y) =1y Iy SI A,
where [ is the inclusion of Xg\, in Xz and 7, is the translation y € Xg — z+y € Xz. Conversely,
SLA=myT oy (AN (x+Xpa,),
where 7 is the projection on Xg,,. The second definition is not standard but useful in the
proof of the main result.
Proposition 3.2 ([Whi99b, Proposition 3.1 (1,2)]). Let v C 8. The operator Sly is a group
morphism satisfying the following properties for A € f,?(Xﬂ).
(i) There holds SI70A = OSI A for almost every x € X,.
(i4) For { C v and almost every x € X, writing x = x' + T with 2’ € X¢, T € X,\¢, we have,
SIZ A = SIZSIE A.
With the usual operator, this translates as,
ANXg ., (z) = [ANXg(2)] NXg,(2).
(i1i) Moreover, denoting v := |7y|, we have the estimates:
- M(SIT A) dH" (x) < M(A), /XW F(SI7 A) dH"(x) < F(A).

In particular, if A € M§(Xg) then SIZA e MkG—r(X,B\v) for almost every x € X,,.

The collection of the slices of k-chain by coordinate planes of codimension k& completely
characterizes this chain.

Theorem 3.3 ([Whi99bl, Theorem 3.2]). If A € F&(Xp) is such that Sl, A =0 for every v C f3
with |y| =k, then A=0.

Remark 3.4 (and vocabulary). For 0 < m < k, the slices by planes of codimension k — m
are of dimension m (if A is a k-chain in Xg, for v C B with |y| = m, SIJ A and A N Xp\, ()
are m-chains). They are called its m-slices. Theorem states that a chain is determined by
its O-slices (and, using iterate slicing, in fact by its m-slices for any m € {0,...,k}). Since
finite mass O-chains have a nice structure (as we see below they are measures), this result is of
particular interest.

Finite mass G-flat chains

Let us now turn our attention to finite mass G-flat chains. To every A € M (Xj) is associated
a mapping
S € {Borel subsets of X5} +— AL S € MY (Xp),

and a finite Borel measure p4 defined by
pa(S) :=M(ALS).

The restriction AL_S corresponds to “the part of A in S”. For a polyhedral chain P and a
n-interval I, PL_ I is defined in the natural way. The restriction enjoys the following properties
for A € M{(Xg) and S Borel subset of Xg (seeﬂ [Fle66, Lemma 4.2, Theorem 4.3])

SBeware that in Fleming’s paper the restriction is denoted N and not L_.
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(i) If A; € M{(Xp) is such that A; — A and M(A;) — M(A) then A4; S — AL S whenever
pa(Bdry S) = 0.

(ii) A admits a support and if S is closed, supp(A L S) = SNsupp 4. In particular, supp A =
supp p1a. If S is merely a Borel set, we still have supp(AL S) C S Nsupp pia.

We recall that the slicing and restriction operators commute.

Proposition 3.5 ([Whi99b, Proposition 3.1 (3)]). Let A € FF(Xp), let S C X be a Borel set
and let v C B. For almost every x € X, there holds

(A |_S) N Xg\v(x) = (A N XB\,Y<1')) LS = (A N Xﬁ\,y(l')) [ (S N Xﬁ\,y(m))
Using the Sly operator, this rewrites as,
Slf/(AI_S) = (Sliﬁ AL (S —x) = (Slﬁ A)L[(S —2) N Xpy,]-

The next proposition is a key tool in the proof of Proposition We recall that 1 =

{27... 7n}'

Proposition 3.6. Let A € NF(R"). Denoting H(s) := {z € R" : 21 > s} then AL_H(s) €
NE(R”) for almost every s € R and the following identity holds true.

0(AL H(s)) = (0A) L H(s) + AN Xz(seq).
Notice that Xy(se1) = Bdry H(s).

Proof. Let A € NF(R"). By [Fle66, Theorem 5.6], there exists Q; € P& (R") such that Q; — A,
M(Qj) — M(A) and M(0Q;) — M(9A). By [EFle66, Lemma 4.2] we have for almost every s € R
(recall that convergence is intended in F-norm),

QjLH(s) — AL H(s), (0Q;)_H(s) — (0A)LH(s). (3.6)
Moreover, the proposition is immediate for polyhedral chains, so,
QL H(s)) — (0Q;) L H(s) = Q; N Xq(se1). (3.7)

By Proposition the mapping s — Q; N Xy(se;) converges towards s — A N Xy(seq) in
LY(R,FE | (R™)). Consequently, up to extraction, @; N Xg(se1) — AN Xq(se1). Passing to the
limit in (3.7)) and using (3.6|) yield the result. O

Let M(Xg,G) be the group of G-valued Borel measures in Xg. The total variation of
v e M(Xg,G) is defined as,

v| :=sup v(S;)|g : S; Borel partition of Xz ¢ .
J J B

We recall that (M(Xs,G),+,| - |) is a complete Abelian normed group and that finite mass
0-chains identify with G-valued Borel measures.

Theorem 3.7 ([Whi99b, Theorem 2.1]). There ezists an isometric isomorphism,
¥ (MG (Xp), +, M) — (M(X, G+, |- ).

Remark 3.8. Using this identification, given finite sequences z; € X and g; € G, we may write
> gidg,; for the polyhedral 0-chain > g;[z;].
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Morphisms of the group of coefficients

Let (G% +,| - |ge) and (G?, +,]| - |g) be two complete Abelian normed groups and ¢ : G* — G?
be a Lipschitz continuous group morphism. For P* € Py (X3, G*) with representation,

P =" gtp;, (3.8)

we define
¢« P* = d(g9)p;-

This mapping extends as a Lipschitz continuous morphism:
b Fr(Xg, G*) — Fi(Xs,GP).
Moreover, for every A € Fi,(Xg, G*), there holds
0y A=¢,0A  and  M(¢s A) < Lip(¢)M(4),
where Lip(¢) is the Lipschitz constant of ¢. More generally, if (€2, 1) is a measured space and
d: G — LY, GY,

is a Lipschitz continuous group morphism, the mapping defined, for P* of the form (3.8)) and
w € €, by

(@2 PY)(w) := Y _[(g9)](@)py,

extends as a Lipschitz continuous morphism:
Do FulXp, G7) — L' (2. FulXs, G )
Proposition 3.9. With the above notation, for every A € Fi,(Xg,G?), there hold
¢ Sly A =Sl ¢, A, (@4 S, A)(w) = Sy [@, A(w)]  for almost every w € Q.
Similarly, for every A € My(Xg, G*) and every Borel set S C Xg, there hold
D (ALS) = (¢ A)LLS, [P (AL S)|(w) = [®s A(w)|LLS  for almost every w € Q.

Proof. These identities hold true for polyhedral chains and we get the general cases by a conti-
nuity/density argument. O

Rectifiable chains

It follows from the deformation theorem of White (see [Whi99al Theorem 3.1]) that given a
k-chain A € M{(X;) and a Borel set S C Xg if #*(S) = 0 or even if S has vanishing k-integral
geometric measure then AL S = Oﬁ This means that p4 cannot concentrate more than H*.
The limit case corresponds to rectifiable chains defined below.

Let us recall that a Borel set S C X3 is (countably) k-rectifiable if S C 3 U (U;j>13;) where
the 3;’s are Borel subsets of Xg such that H*(3p) = 0 and for j > 1, 3; is a C* k-manifold.

Definition 3.10.

5In [Whi99a, Theorem 3.1] the result is stated under the stronger assumption H*(supp 4) = 0, but the present
statement transpires from some arguments of [Whi99b] and follows rather directly from [Whi99bl Corollary 6.1].
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(1) A finite Borel measure p on Xg is k-rectifiable if p = LS for some k-rectifiable set S C Xz
and < HFL_S. Observe that the set ¥y does not play any role here.

2) A G-flat chain A € M (Xp) is rectifiable if A = AL S for some k-rectifiable set S C Xg.
k\B B
Equivalently 114 is a k-rectifiable measure.

Remark that if by definition rectifiable chains have finite mass they are not assumed to be
compactly supported.

By Theorem finite mass O-chains identify with finite measures with values in G and
rectifiable O-chains in Xg are the atomic measures (of the form ) g;[z;] with z; € X3, g; € G
and ) |gjl¢ < 00). Given a rectifiable k-chain A in X3 and v C 8 with |y| = &, for almost every
z € Xy, SIJ A is a rectifiable O-chain in X5. White’s rectifiable slices theorem (recalled below)
states that the converse is also true. This is a crucial tool in our proof of the main result.

Theorem 3.11 ([Whi99b]). Let A € M (Xp). The following are equivalent.
(i) A is rectifiable.
(ii) For every v C B with |y| =k and almost every x € X, SI5 A is a rectifiable 0-chain.
The (k1, k2)-splitting property (recall Definition can be characterized in terms of slices.

Proposition 3.12. Let A € M,?(]R”) be rectifiable and let ny,n9, k1,ke > 0 with ny +no = n
and k1 + ko = k. The following statements are equivalent.

(i) Tua is (ki, ka)-split.
(ii) Sly A =0 for every v € I such that (|v'],|V?]) # (k1, k2).

Proof. Without loss of generality, we assume that A € M$(R") is such that A = ALY where
¥ is a compact k-manifold of class C! (with boundary).
Step 1, (i) = (ii). Let x € ¥ — {(x) € A\, (R™) be a Borel mapping such that for every « € X,
() is a unit k-vector orienting T,% and let v € I}'. Let us define,

D :={zeX,: AnX5(x) # 0}.

Denoting by 7 the orthogonal projection on X, we have that, up to a HF-negligible set, D C w¥.
Indeed, let 2 € X, \7X. Since ¥ is compact, there exists r > 0 such that denoting B,.(z) := {y €
X, : Jy| < r} we have ¥ N B].(z) + X5 = @. It follows that

AL [BL(z) +X5] = (ALE)L[BL(z) + X5] = AL (2N [B.(z) + X5]) = 0.

Hence AN Xx5(y) = 0 HF-almost everywhere in BL(z) and D N BL(z) is negligible. We conclude
that D C ¥ as claimed.

Denoting S := ¥ N (D + X5), we have D = 7S by the previous inclusion and using the co-area
formula [AFP00, Theorem 2.93], we compute,

HY D)< | H'(X5(y) N S)dy = / ey, £())] dH" (). (3.9)
Xy S

Next, let S’ C R™ be a Borel set such that pa(S’) = 0. We have ALS" = 0 and using
Proposition [3.5] we see that for almost every = € X,

[ANX5(z)] LS = [ALS'] nX5(z) = 0.
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It follows that H*(S N S") = 0. We deduce that,
HELS < pa. (3.10)

Let us now assume that (i) holds true. For y such that (||, |v?|) # (k1, k2), we have by assump-
tion (e, &) = 0 pa-almost everywhere. By (3.10)), this holds true HF L S-almost everywhere and
the right-hand side of (3.9)) vanishes. We conclude that Sl, A = 0 so (ii) holds true.

Step 2, (ii) = (i). Conversely, let us assume that A satisfies (ii) and let us suppose by
contradiction that Tpu4 is not (ki, k2)-split. In this case there exist a k-manifold ¥ of class C*,
a point  on ¥ and r > 0 such that 7,3 is well defined and not (ki1, ke)-split and denoting
A’ == ALY, there holds,

war(Bs(z)) >0 for s € (0,7). (3.11)

Let us assume without loss of generality that © = 0. Since Ty is not (kq, ko)-split there exists
v € I with (|]v!],|v?|) # (k1,k2) such that, in some neighborhood of 0, ¥ is the graph of a
Lipschitz mapping over X,. Denoting B, := B,(0) N X,, we define the cylinder C, := B} + X5.
Reducing r if necessary, we may assume that the connected component of ¥ N ). which contains
0 is the graph of a Lipschitz continuous function over B.. We denote X, this component and
write

Se={y+fy):ye B}, (3.12)
with f € Lip(X,, X=).

Step 2.a. Let A, := AL Y,. Notice that this chain also satisfies (3.11)). Let 7 be the orthogonal
projection on X,,. Let us establish the identity:

SLymy A’ =7y SL, A" for every A’ € FF(R™). (3.13)

We first prove it for A’ = gp with g € G and p = (¢, €) a polyhedral k-cell in R™. If H*(rq) =0
then both 74 (gp) and Sl,(gp) vanish. In the other case, denoting ¢’ := mq, ¢’ is a convex
k-polyhedron in X, and ¢ is the restriction on ¢’ of the graph of a linear mapping ¢ : X, — Xx.
We observe that:

(x) my A’ is the polyhedral cell og(¢’, ey) where o = £1 is the sign of (e, &).

{ 0 for y € X,\¢,

(%) SI§ A" = . o
og[l(y)] for y in the relative interior of ¢'.
0 f X, \q
Tt follows that S 7y A’ = 7y S A’ = oryeXN,
og[0] for y in the relative interior of ¢'.

The relation (3.13) is then true for A’ = gp. The case of polyhedral k-chains follows by Z
linearity and the general case by a density/continuity argument.
Next, applying (3.13)) with A’ = A,, we get by assumption,

SLymy Ay =7y Sly Ay =y (S1, (AL Sy)) =74 ((S1, A)LSs) =714 (0LS4) = 0. (3.14)

Since 7y A, has maximal dimension in X, it writes as a L' function g« : Xy — G. With this
notation, SIY my A, = g.(y)[0] for almost every y € X,. We deduce from (3.14)) that g. =0 and
consequently, by Theorem

gy Ax = 0. (3.15)

Step 2.b. Recalling (3.12]), we define F' € Lip(C,., R") by,

F(x)=y+ f(y) with the decomposition x =y + 2z, y € LNC,, z € X5.
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Noticing that F' o 7 is the identity on X, and using A, = A, L ¥, we have
A* = (FOTI')#A* :F#(W#A*) F#OZO.

This contradicts (3.11)). O

To end this section we recall the notion of set-decomposition of normal chains introduced
in [GM22b] (see also [Fed69l §4.2.25] for related definitions) and state the existence of maximal
set-decompositions for normal rectifiable chains. This result and the formula of Proposition [3.6
are the main ingredients of the proof of Proposition [6.2

Definition 3.13 ([GM22D, Definition 1.1]). Let 4 € N (R").

(1) A set-decomposition of A is a sequence of normal chains A; such that there exists a Borel
partition Sj of R™ such that A; = A;L_S; for every j and N(A) = Y N(A4;).

(2) We say that A is set-indecomposable if the only set-decompositions of A are trivial, that is,
for any such decomposition A; there holds A; = A for some index j and A; = 0 for the others.

Theorem 3.14 ([GM22b, Theorem 1.2]). Let A € NF(R"), if A is rectifiable then it admits a
set-decomposition in set-indecomposable components.

4 Tensor flat chains

Let us assume n = ny + ng with ni,ne > 0. We present a generalization of the theory of G-flat
chains adapted to the decomposition R™ = R™ x R™2 and to the partial boundary operators 0y,
0o defined below. The case {n1,n2} = {0,n} corresponds to the classical G-flat chains.

We recall some notation: we set « := {1,...,n1} and for 3 € I", ! := BN a and % :=
f\a = g Na. Finally, for £ > 0,

Dy, := {(k1,k5) : 0 < k] <y, 0<ki <ng, K +ky=k}.
Throughout the section, ki,ko,k € Z and 8 € I™. If not indicated otherwise we assume k =

ki + ko, 0 <k <|BY and 0 < ky < |B?|.

4.1 Tensor polyhedral chains and F*-norm

We define the group PkGl ks (X3) of polyhedral (k1, k2)-chains with coefficients in G as the sub-
group of 73,? (Xp) formed by elements with representations:

P = z:gipz1 X p32, (4.1)

where for every ¢, g; € G, p} is a ki-cell in X5 and pl2 is a ko-cell in Xgo.
We denote by TP¢(Xg) the subgroup of PE(Xg) spanned by the union of the groups

Pli,k; (Xp) for (k;,k}) ranging in Dy. The decomposition of P € TP¢(Xs) as > Py gy with

P € PG’l,k’Q (Xj) is unique. Moreover

M(P) = 3 M(Py 40). (4.2)

We denote this decomposition,

. TpG G
7: TPy (Xg) — (Pk;’ljc’z (X5)>(k’1 K,)eDy (4.3)
P i P = Py
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As a consequence of the deformation theorem [Whi99a, Corollary 1.3], the group TP (Xp) is
dense in F(Xg). For A € FY(Xp), we define

M* (A) := inf{liminf M(P;}) : P; € TPY(Xg), Pj — A}.

There holds,
M(A) < M*(A4) < C(k,n1,n2)M(A4), (4.4)

for some constant C'(k,n1,n2) > 1. The left inequality follows directly from the definitions
as TPY(Xg) € PY(Xp). The right inequality is a consequence of White’s deformation theo-
rem [Whi99a]. We define the corresponding flat norm as,

F*(A) := inf{M*(B) + M*(C) : B € F{(Xp), C € F&.1(X3), A= B+ CY}.
With the convention C'(n + 1,n1,n2) = 1, we have
F(A) <F*(A) < max(C(k,ni,n2),C(k+ 1,n1,n2)) F(A) for every A € F&(R™),

so that F* is a norm on F¢(Xg3), equivalent to F.
Notice that for k = |5|, TP%l(Xg) is M-dense in ﬂ%‘(XB) and F* =M~ =F = M. For k = 0,

TP (Xg) = P§(Xp) and M* = M.

4.2 Partial boundary operators and F"-norm

Let us now introduce the partial boundary operators 01, d». For P € P,g K, (Xg) of the form (4.1)
we set,

0P =" gi(dp}) x p?, 0P = (1) Y gipt x (0p7)-

This defines group morphisms,
01+ Py 1y (X) = Pi 1., (X5), 02 Py 1, (Xg) = P g1 (X5),
which satisfy the relations,
8% =0, 822 =0, 0201 = —0109 and 0 =01+ 0s.

With these operators we build a tensor flat norm F” defined for P € PkGh ky (Xp) by

F*(P) := inf {M(Q™") + M(Q"") + M(Q"") + M(Q") -
Qi e P i (Xg), P=Q% +8,QM0 + 3,Q%! + 919,Q1'} . (4.5)

At this point, we could continue as in [Fle66] and first show that F” is a norm on PkGl Ko (X3)
before defining the groups of (kj, k2)-chains by completion. However, we take a detour by first
identifying the elements of Pk_G1 1k, (Xpg) with flat chains on Xg1.

We now interpret PkGl k,(Xpg) as the tensor product 73,%1 (Xp) ® P,g (Xj2) and in fact asﬂ

Pr, (Xp1,GY,,) where here and below G}, := 77,?2 (Xpg2). Notice that this breaks the symmetry
between Xz, and Xj,: we consider here chains in Xz whereas X2 only appears in the definition
of the coefficient group G%Z. For P € P,g ey (X) with representation of the form (4.1]), we denote
1P the corresponding element of Py, (Xg1,Gy)):

WP = "[g:plp},

"For a better readability, we sometimes write P, (Xg, G) for Pg (Xp).
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the terms gipz2 being understood as coefficients in G§€2.
Let us denote G}, = fg (X32) and let us endow the group (Gj,,+) with the F-norm. Since
Gy, C Gy, we have

1P e Pkl (Xﬁl,GZZ)

and now (Gy,,+,F) is a complete Abelian normed group. There holds M(:P) < M(P) but
equality does not hold in general, except in the limit case ko = |32|. We recover isometry when
passing to the flat norms.

Proposition 4.1. Let P € P{ | (Xg), there hold,

(i) M(2P) = inf M(Q%) + M(Q"1),
where the infimum is over the decompositions P = Q%0 4+ 9,Q%! with Q%0 € PkGl,kQ (X3),
Q" e Plg,kg—i—l(xﬁ)'

(ii) F(uP) = FA(P).

Proof. We first prove (i). By definition,

—inf {3 ME)F(PY },

where the infimum runs over all the representations P = p]l A PJZ, with pjl.7 ki-cell in X1 and
Pj2 € G, Then, by definition of F in Gy,

mf{ZM (ph)(M(Q?) +M(R2))}

where now the infimum runs over the representations P = ijl X (Q? + 8RJ2) with p}, k1-
cell in Xp1, sz- € G;C and R2 € Gk 41~ Using the identities M(p})M(Q?) = M(p} X Q?),
M(p})M(R?) = M(pjl. X RJQ) we get,

—inf { S M(S;) + M(T)) |,

where S; € 73,?1 r, (Xp), Tj € PkC’; kyt1(Xp) are such that P =3 S; + 9,T;. Eventually setting
Q™ :=3"5; and Q"' := 3" T}, we have established the identity (i).

Let us prove the second point. By definition,

F(2P) = inf {M(P") + M(P") : P"" € Py 44, (Xp1,Gy,) for iy = 0,1, 2P = P’ +9P'},
and since ¢ is a bijection and (0; P) = 9(:P), this rewrites as

F(«P) = inf {M(:Q°) + M(:Q") : Q" € P ;, 1,(Xp) for iy =0,1,, P= Q"+ 9:Q'}.

The result then follows by applying point (i) to Q° and Q. O

4.3 Groups of tensor flat chains

As a consequence of Proposition 4.1}, F”* is a norm on P,S’LkQ (X3). The group of (ki1, k2)-chains is
defined as the completion of (Pkﬁ2 (Xp),F") and is denoted .7-",?17@ (Xp). For pairs (ki,k2) € Z
with min(k1, ko) < 0 or max(k; — |8, k2 — |8%]) > 0 we set by convention Flg’kQ(Xg) = {0}.
Let P € 73,?17,62 (X3). Given a decomposition,

P=Q" +0,Q"0 + %Q" + 0,0.Q", (4.6)
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since

07 =0, 93 =0, Dpd) = —0104, (4.7)

we have 01 P = 6162070 + 8182620’1 and 9P = 82Q070 — 0182621’0, so that FA(GlP) < M(QO’O) +
M(Q*!) and F* (9. P) < M(Q%) + M(Q'Y). Optimizing over the decompositions of P, we
obtain

F(oP) < F"(P) for 1 =1,2.

With these inequalities, we can extend the partial differential operators 0;, d» by continuity on
]:kGl r, (Xp). Besides,
G G G G
Ot Fi ko (Xg) — Flr—1.ks (Xg) and 02+ Fi\ ko (Xg) — }—kl,krl(xﬂ)

are 1-Lipschitz group morphisms. Notice that (4.7) extends to .7-",?1 1 (Xp).
In summary, the family (f,fl ko (X)) k1 1, forms a two-dimensional chain complex of normed

groups:
x| x|

5] 0 1s]
- FE LX) S FE LX)

As for flat chains, we say that A € .7-',?1 1k, (Xp) is supported in the closed set S if for every
neighborhood S C U C X3, there exists a sequence P; € 73,5’1 k, (Xpg) with each P; supported in

U such that P; — A (from now on for A4;, A € flﬁ,kz (X3), Aj = A means that A; converges to
A in F*-norm, that is F*(A4; — A) — 0).

When {|3], |82} = {0, |3}, ]-',?th(XB) and F(Xj) are exactly the same groups by con-
struction. In the other cases, any element P € PkGl k, (Xp) can be considered either as an element
of F¥(Xg) or as an element of ]-',g 1y (Xp). For clarity, in the later case we use from now on
the “wedge product” notation,

P=> gipi Ap},

in place of the “cross product” (4.1) even though these expressions refer to the same object.

Remark 4.2.

(a) If %2 = &, .F,SO(Xg) is just F(Xp) and on these groups F* = F, 9; = 9 and 9y = 0.
Symmetrically, if 8 = @, ng(Xﬁ) = F&(Xpg) and 92 = 9, 01 = 0.

(b) In the extreme case (k1,ks) = (|3!],|5?]), there holds ]—"ﬁ}b (Xp) = F¥(Xp) = L} (Xg, G)
with F* =T = M.

(c) In the other cases, tensor flat chains are not flat chains in general. For instance let n; =
ng = 1 and let us consider the triangle

T={(z52?) eR?: 2422 > 0,2t + 22 < 1}.

As a current, 01[T] is a measure supported on the frontier Bdry 7" of T but it is oriented along
ez which is not tangent to Bdry T on the segment {(t,1 —t) : 0 < ¢t < 1}, so 01[T] is not a

27



flat chain. This example is detailed in the setting of general complete Abelian normed groups
G # {0} in the proof of [GM22a, Proposition A.5].

(d) Another phenomenon arises from the second order term 9 9,Q%! in the decomposition .
Let us consider again ny = ny = 1 and G = Z. Let S C R? be a (non degenerate) closed square
with sides parallel to the axes and let us set P := 010:[S] € Fio(R?). We easily see that
P = —[a] + [b] — [¢] + [d] where a,b, c,d are the vertices of S labeled counterclockwise with a
at the bottom left corner. Denoting ¢ the side-length of .S, on the one hand we have of course
FA(P) < M([S]) = €% and in fact this inequality is an identity if £ < 2. On the other hand,
F(P)=2¢if £ < 2.

Now, let S; be a sequence of such squares with side lengths ¢; = 1/j for j > 1 and such
that d(S;,S;) > 2¢; for 1 < i < j. Let us denote Pj := 010[S;]. Since F*(P;) = 1/, the
sequence A; =}, P; converges in F"-norm towards some (0,0)-chain A which identifies
with a O-current. On the contrary, for 7 > 1 and m > 2j,

m 1 27 1
F(A,, —A;) = - > -~ j .
(Ap — Aj) 227"_227" 2In2 asjtoo
r=j+1 r=j+1

Hence A; does not admit any Cauchy subsequence in (FZ(R?),F). Moreover, as a current, Ao
is not a flat chainFl

(e) However, as mentioned in the introduction, we establish a positive result, namely: the
groups of normal tensor chains (defined further on) identify with subgroups of normal chains,
see |[GM22al, Theorem A.3].

(f) The basic theory of tensor chains is similar to its counterpart for flat chains, however
some results do not generalize. For instance, if A is a flat chain, we can write A = B 4+ 9C' for
some finite mass flat chains B, C and we have the direct implication

M(A) < oo = C is normal. (4.8)

In the case of a tensor chain A’, we can still write (see Proposition below) A" = By, +
B+ 02Bp 1 + 010:By ; for some finite mass tensor chains B; ; but for the corresponding
M"-mass (introduced in Subsection [4.5 below) the additional information M"(A’) < co does not
imply that 01B] o, 028 ; or 010281 ;| have finite M"-mass.

This seems innocent but is used to establish that the spaces of flat chains ]:E(R”),
as defined above with G = R, are the same as the spaces of real valued flat chains defined as
subspaces of currents in [FF60, Fed69] (namely the closure of the space of polyhedral currents
with respect to the dual of the norm defined by

o] := max([|wlloo, |dwlloo)

for w smooth and compactly supported k-form on R”)H Here, it is not clear whether the spaces
of tensor chains identify with the closures of the spaces of tensor polyhedral currents with respect
to the dual of the norm defined (with the natural definition of the partial exterior derivatives
dy, d2) by [[w[pn = max([|w]lec, [|d1w]|co, [|[dawlloo, [|d1d2w]|o0) -

8Indeed, if Ao were a flat chain we would have > is1 le(az) —o(bs) +¢(ci) —¢(d;)| < oo for every compactly
supported Lipschitz function ¢, where (a;, b, ¢;, d;) are the vertices of S; listed counterclockwise. Setting p(x) :=
2251 — |z — aj])+ we obtain the contradiction 37, 1/j < oo.

9See [Fed69) §2.1.12]. Only a partial result is established there but the proof can be easily completed.
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4.4 Orthogonal projection of tensor chains

We only consider orthogonal projections of tensor chains on affine subspaces L C Xg which write
as L = L'+ L? with L' affine m;-plane of XA for | = 1,2. Denoting 7 the orthogonal projection
on such L and 7! the orthogonal projection on L! for [ = 1,2, we have for P € Pﬁ’kQ (Xj3) with

representation (4.1),
mu P = g:i(m 4 p)) A (4 p}).

Consequently,
Oy P = g:i(0m' 4 p}) AN (w4 07) =Y gi(m 4 Op}) A (74 ) = my DL P.
Similarly, domy P = w4 02 P. It follows that for a representation of P of the form ,
Ty P=1yQ" + 017y QY0+ 0oy Q™ + 91097y QML

Observe that for a tensor polyhedral chain @ there holds M(7m4x Q) < M(Q). Using this with
Q = Q" for i1,i2 € {0,1} and optimizing over the decompositions of P, we get F" (74 P) <
F~(P). We can then extend the operator w4 by continuity.

Proposition 4.3. With the above notation the orthogonal projection on L = L' + L? with L
affine my-plane of XA forl =1,2 extends as a continuous group morphism w4 : .7:,?1 ko (X8) —
]:kl k, (L). Moreover, for A € ]:kGl ko (XP), there hold

8Z7T#A:7r#8lA forl=1,2 and IF/\(TF#A) SF/\(A)

4.5 Mass of tensor chains

We are now almost ready to define the mass of a tensor chain, see after the proof of the
next lemma. Later on we consider restrictions to Borel sets of tensor chains of finite mass. This
analysis is almost identical to the one of [Fle66] but we reproduce it in details because on the
one hand the necessary adaptations might not be completely obvious and on the other hand the
estimate of the next lemma is used in [GM22a]. As in the case of classical chains, we start
with restriction on intervals.

Definition 4.4. We call intervalsi)f Xz the sets of the form Iy x Iy x ... x I,, where for j € 3,
I; C R is any interval and for j € 3, I; = {0}.

Lemma 4.5 (Counterpart of [Fle66, Lemma 2.1 & Theorem 2.3]).

(i) Let Pj € Pkl ,(Xp) such that 3 F"(P;) < oo, then for every interval I C Xg, there holds
ZFA(P] L(z+1)) <oo for almost every x € Xp.

The intervals x + I for which Y FN(PjL (x + I)) < oo are called non-exceptional with
respect to the sequence P;.

More precisely, for any interval I of Xg and any Cartesian product w = wy Xwa X - - Xwy C
XP such that for i € B, w; C R is measurable with finite length (and w; = {0} fori € jB),
there holds

/ SR (P L (o + 1)) dHP () < e YR (P) < oo, (4.9)
where ¢, > 0 depends on w.

(ii) The mapping P +— M(P) is lower semi-continuous in (7712’1’,€2 (Xp),F™).
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Proof. Without loss of generality, we assume that § = {1,...,n}. We proceed exactly as
in [Ele66].

Proof of (i). We start with I being a half-space. Lets i € {1,...,n}. For s € R we denote,
Hi(s) :={z e R": z1 < s}.
Let P; € P,CGI’,CZ(IR{") such that > F"(P;) < oo. By definition of F*, for every j > 1, we
can write Pj: Q?’O + 3162]1-’0 + 32@?’1 + 318262;’1 with Qé«l’h € P]fGl+i1,k2+’iQ (R™) such that
D i i M(Q}) < 2F*(P)). Consequently,
DD M) £ 23 F(Py).
Jotii2 J

Next, there holds for almost every s € R and j > 1,
Py LH;(s) = Q) L Hi(s)+01(Q;° L Hi(5)) +02(Q" L Hi(s)) +0102(Q;" L Hi(s))+R;(s).
where the remaining term decomposes as R;(s) := S;’O(s) + S]Q’l(s) + S;’l(s) with,

5(5) = (1Q7") L Hils) = 01(@Q" L Hi(s),

S7(6) = (22Q5") L Hils) — 0a(@Q5 L Hi(s),
1

Sil(s) = (2102Q)") L Hi(s) — 0102(Q;" L Hy(s)).

We have,
SRR LH(s) - Ry(s) < > S oM (@ LH(s)).

i1,i2€{0,1} J

Since IMI(CQ?’i2 L Hi(s)) < M(Q?’iz)) for every j > 1 and i;,42 € {0, 1}, we deduce,

> FN(PjLHi(s) — Ri(s)) <2) FN(P)) < oc. (4.10)
J

Let us treat the remaining terms R;(s). We assume that i € « (the other case is similar).
In this case, 2 commutes with the restriction on H;(s), hence S?’l(s) =0 and S;’l(s) rewrites

as S;’l(s) = 0T} (s), with
Tj(s) = —(hQ;") L Hi(s) + 01(Q)" L Hi(s)).
By Proposition [3.6] we have

S;0(s) = 0Q;" N X;(sei), Tj(s) = o'Qy" NX(se),

where the factors 0,0’ = £1 depend on the orientation conventions. From Proposition we
have the estimates,

/R M(S;"(s)) ds < M(Q;"), M(Tj (s)) ds < M(QM).
Writing R;(s) = S;’O(S) + 02Tj(s). We deduce that

/ D FN(Rj(s))ds <2 F(P)) < 0. (4.11)
R j
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Combining (4.10)& (4.11])) we get that for every measurable set wy; C R with finite length /1,
there holds

/ D F(PjLHi(s)) ds < 2(1+ 1) Y FN(P)) < oo. (4.12)

The first point of the lemma in the case of an open half-space follows from (notice that
x+H;(0) = Hi(x;)). From PL_(R™\H;(s)) = P— P L H;(s), we see that the result also holds for
the closed half-space R™\ H;(0). By symmetry the result holds for any closed or open half-space
with boundary normal to some e;. For a general interval I, writing I as the intersection of at
most 2n coordinate half-spaces and applying the result recursively, we obtain the estimate .
This proves the first point.

Proof of (ii). Let P € P}i,kg (Xp) and let P; — P in F"-norm such that the sequence M(FP;) has
a finite limit. Up to extraction, we assume moreover »  F"(P; — P) < oc.

First we consider an interval I of Xz which is non exceptional with respect to the sequence
Pj — P and is such that P’ := PL I is supported in some affine (k; + ko)-plane L C Xp of the
form L = L' + L2 (with L' affine k-plane of X#' for [ = 1,2). Let us set PJO =7y (PjLT)
where 7 is the orthogonal projection on L. The chain P]Q — PY being of maximal dimension in
L, there holds

M(P) — P%) =F(P) — P%) <F*((P; — P)LLI).

Since I is non exceptional, we have ) F"((P; — P)L_I) < co and the right-hand side tends to
0. We conclude that,
M(PY) = im M(P}) < lim inf M(P; LI). (4.13)

Eventually, given € > 0, there exists a finite set I',--- ,I"™ of disjoint intervals of Xp of the
form above such that M(P L (Xg\UI")) < e. The result then follows from (4.13) applied to the
I"’s and the fact that if P and P’ have disjoint supports then M(P + P’) = M(P) + M(P"). O

We define the mass of A € F,?l o (Xp) in the same way as the mass of classical chains.
Namely,
M"(A) := inf {liminf M(P;) : P; € PkGl,kQ (Xg), Pj = A in F*-norm} . (4.14)

Thanks to Lemma (ii), we have M"(P) = M(P) for P € PkGLkz (X3) and for such chains we
use the two notations interchangeably.
The elements of ]:kG1 k, (Xpg) with finite mass form a subgroup denoted MkGl ky (Xg) and

(Mkthz (X3),+,M") is a complete normed group.
As in the case of flat chains, if |5| > 1 these groups do not form a chain complex

Remark 4.6. In the extreme case (k1,k2) = (|3'],]8?|), we have M" = F" on fﬁka(Xg) and
Mg7k2 (Xp) = ]:kthQ (Xg). Recalling Remark (b) we have in fact /\/lkC'L,€2 (Xp) = ]:kGlka (Xp) =
MG (Xp) = FE(Xg) = LN(Xp, G) with M =F* = M = F.

Before continuing let us come back to the push-forwards by orthogonal projections and
complete Proposition |4.3

Proposition 4.7. Given a projection @ on L = L' + L% C Xp as in Propositz'on there holds
MMy A) < M"(A) for every A € f,ﬁ ko (X5)-

Proof. The result holds true for A € 77,?1 ko (X3). The general case follows from the continuity
of my in (.7:1%1/&2 (X3),F") and the definition of M". O

Now that we have defined the mass, we can express F"(A) with a formula similar to (4.5)).
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Proposition 4.8 (Counterpart of [Fle66, Theorem 3.1]). Let A € .7-",?;7,% (X3), there holds
FMA)=inf > MNB™?), (4.15)
i1,i2€{0,1}
where the infimum runs over the decompositions
A =B 49, B 1+ 9,B" + 9,0,B, (4.16)
with B2 € FE o (Xg) for iy, iz € {0,1}.

Proof. Let A € f,gm (X3) and let us denote by F(A) the right-hand side of ([.15).

Let us consider a decomposition of A of the form . For i1,i € {0,1}, there exist
sequences of tensor polyhedral chains Q;l’” with Q;l’” — B"#2 in F -norm and MA(Q;.”Q) —
M*(B"*2). The sequence

Py= Q)+ 01Q;° + 0:,Q" + 010:Q;",
converges to A in F*-norm. Hence
F(A) <lminfFN(P) <lim Y MYQ1M™2) = Y M(B"™)
i1,i2€{0,1} i1,i2€{0,1}
We deduce that F~(A4) < F(A).

Let us prove the converse inequality. Let P; € PkGl r, (Xpg) converging rapidly to A (that is
Y FM(Pj — A) < 00) and let ¢; > 0 converging to 0. For j > 1, there exist decompositions

Py = Q)" +0:1Q)° + 0:Q%" + 010:Q) ",
Pyy1— Py = R} + 01 R} + R} + 910, R},

with
D OMNQIE) <FN(Py) +e; for j > 1, (4.17)
11,82
> MAMR}2) < oo for iy, ip € {0,1}. (4.18)
j

For 41,49 € {0,1}, we set B;.“iz = Q?’iz + ZiZj Rzl’m. There holds for every j > 1,
A=BY + 0B + 0,B)" + 0,0,B;", (4.19)

so that we obtain,

. . . i) EDEETS
F4) < Y MBS M@+ (M E®) TS BB+,
11,02 11,02 12j  i1,02
with €7 — 0. Passing to the limit, we get F(A) < F~(A). O
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4.6 The operators » and )

We introduce here operations that involve both tensor and classical chains.

Let us first extend the morphism 2. Recall that ¢ : 77,%,62 (X5) = Pr, (Xﬁl,P,g (Xp2)) is a
group isomorphism which is moreover an isometry by the identity of Proposition ii). By
density of P,g (Xp2) in .7-“,?2 (Xj2) and a diagonal extraction argument we deduce that ¢ extends
as the following group isomorphism which is again an isometry.

v (FE 1 (Xg), +,F) — (Fr, (X1, Fep (Xg2)) , +,F) .
Besides, by continuity, we still have the identity 101 A = 92A for A € f,g 1y (Xp). Moreover
M(zA) < M"(A). (4.20)

We now come back to the operator 7 of (&3). Let P € TP (Xg) and let us consider a
decomposition P = @ + OR with Q € TP,?(XB), R € TPkG+1(X5). By identification, we have
for (ki,k}) € Dy,

Py = a1 i P = a1 i, @ + gk (OR) = Qg gy + 01 Ry 11,0, + 02 Ry gy 41

We deduce F*(Py; 1) < M(Qp; ky) + M(Rp118y) + M(Ry gy 41) (remark that Qps rs s Ry i1 g,
and Ry js 11 are tensor polyhedral chains). Summing over (k,k3) € Dy, and optimizing, with
respect to the decompositions of P, we get

> F(Pugy) < 2F(P).
(K} )€ Dy,

This inequality and the density of TP (Xs) in F&(Xps) allows to extend 7 on the latter. We
obtain a continuous group morphism

L FO(Xg) — (]—'G, (X ) ,
773 () A (kf k4)€ Dy
A — g A= Ak

Moreover, for A € F(Xg), we have the estimate

Y F (g A) < 2F%(A). (4.21)
(K4 ,k3) €Dy,

In particular given A € F<(Xp) a sequence of polyhedral chains P; € PY(Xg) such that P — A,
we have jp1 1 Pj — Jpy py A for every (K1, k5) € Dy We deduce from (4.2), (4.4) and the lower
semicontinuity of M in (F{ ,, (Xg),F") that,

122

Z M" (g1 1y A) < M¥(A) < C(k,n1,n2)M"(A). (4.22)
(k/lvké)eDk
For later use, we state the following relations.
Proposition 4.9. For every A € FZ(R") and every (i, kb) € Dy_1,
Tkt ety (OA) = O1gpr 111, A + 023k py 11 A

Proof. The identity holds true by identification for polyhedral (ki, k2)-chains. Recalling that by
the deformation theorem of White [Whi99a], 73,5’1 1k, (R") is dense in FE(R™), the general case
follows by continuity of j and of the (partial) boundary operators. O
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4.7 Tensor products of chains as tensor chains
Before introducing the restrictions and slices of tensor chains, we pause to discuss the structure
of groups of tensor chains as (completion of) tensor products.
We have seen in Sectionthat given P, € PkZ1 (Xp1) and P> € PkGl (Xj2), we can form a chain
. pl 2 G : : G
P:= P x P* € P;/(Xg). More precisely, P is of the form (4.1) and we have P € P’ ; (Xg) C
Flg’k? (X3). Recall that when we consider P as an element of }'ﬁb (Xg) we write P = Pt A P2

We have
WP = [PYPY € Py, (Xpu, FL(Xg2))

where here P2 is a coefficient. It follows that
F*(P' A P?) = F(uP) < F(PY)F(P?).

We also have
M (P! A P?) < M(PHYM(P?).

In general, these inequalities are not identities. Indeed, if G = Z/2Z = { O,T} and p', p? are non
zero polyhedral cells in Xg1 and Xg2 respectively, taking P! = 2p! and P? = 1p?, the chains P!
and P? do not vanish but

PYAP? = (2pY) A (Tp?) = p' A (2-Tp?) = p* A (0p?) = 0. (4.23)
Anyway, we can extend the tensor product by density as a continuous Z-bilinear mapping,

f,ﬁ(xﬂl)xf,g(xﬂz) — f,fm(xﬁ),

(A, A?) — AN A2 (4.24)
Moreover, there hold
O (AL A A%) = (DAY A A2, Do (AL N A% = (=1)F1 AL A (0A?),
and
M (A A A%) < M(AHYM(A?), FAAY A A%) < F(AYHF(A?). (4.25)

Taking finite sums,

SCAINAT € R (Xp),
we obtain the tensor product of the groups F/ (Xg1) and .7-",?2 (Xgz2) that we denote F/ (Xg1) ®
.7-',?2 (Xj2) and (4.24)) extends as

¢ Fp,(Xg1) @ F (Xg2) — F 4, (Xp),

4.26
S Al @ A? — SO AN AZ (4.26)

By convention we use the index ¢ for finite sums and the index j for (at most) countable sums. We
observe that by density of tensor polyhedral chains, the image of ¢ is dense in (.F,g ko (Xp),F™).
Let us first state more precisely this density result and give another expression for F*(A). Apart
from the rest of this subsection is not used in the proof of the main results and can be
safely skipped.

Proposition 4.10. Let A € ‘7:ch1 k,(Xp), there exists (infinite) sequences A} € szl (Xp1), A? €
.7-",?2 (Xpg2) such that,

A= "A;N A3 (4.27)
with a normal convergence of the series in F" norm. Moreover,
F (A) =inf Y F(A})F(A3), (4.28)

where the infimum runs over the decompositions (4.27)).

34



Proof. The proof is reminiscent of the proof of Proposition we use similar notation. Let
A€ ]:,g,kQ (X3). We denote by F(A) the right-hand side of (4.28). For the moment we do not

know whether A admits a decomposition of the form (&.27), if not we set F(A) := +oo0.

Let us consider a decomposition of A of the form (4.27)). By the triangle inequality and (4.25|),
we have

Fr(4) < SR (Al A 42) < ST R(ADF(42),
and taking the infimum with respect to all the decompositions, we obtain,

F (A) < F(A). (4.29)

Let us establish the converse inequality. Let P; € 73,?1,,@ (X3) converging rapidly to A and let
€; > 0 converging to 0. From the proof of Proposition @ there exist sequences of polyhedral
tensor chains Q;l’”, R}l’” for i1,i9 € {0, 1} such that,

Py = Q" +01Q;° + 0:Q0" + 010,Q5",
0,0 1,0 0,1 1,1
P11 — P = Rj + 81Rj + 32Rj + 8162Rj ,
with

SOM(QE) SFNP) 45 forj > 1,
1,52

D M(R}) < oo for iy, iy € {0,1}.

J

. . 0,0 00 _ . .
By construction, each tensor chain ) = Qj or Q = Rj writes as a finite sum ), p} A (gip%)
with ¢g; € G and pf oriented ky-cell of Xﬁz such that

Z M(p; )M(g:p7)- (4.30)

Denoting, A; := Q?’O + ZT>]- R?’O, we see that

A; _ZAl A A2

3.8

for some sequence of polyhedral chains A} € P (Xg1), A3, € Pf (Xg2), with

> F(A] )F(A3) < ZM 20 SM(QYY) + > M(RY). (4.31)

r>7

Next, each chain @ = Q}’O or Q = le.’o also writes as a finite sum . p! A (g;p?) with g; € G
and p! oriented (k¢ + 1)-cell in Xz such that (4.30) holds. Writing

0Q = Z opi) A (9:p3),

and defining B; := 81Q31~’0 + ZT>J~ BlR}n’O, we see that B; writes as

B;=> (0Bj,) A B}

7,87
s

35



for some sequence of polyhedral chains B]l,s € 77,%1 1 Xg), BJ%S € P,g (Xj2) and we have the
estimate,
70 3
ZF OB] JF(B3,) <> M(Bj M(B,) <M(Q;°) + > M(R). (4.32)
s r2j

Similarly, we define Cj = 8,Q0" + 3,5, R} and Dj 1= 910:Q)" + X,5,; 8102 Ry”" which

write as

r>j

Ci =3 Clun (0G5, D; = 3"(@D},) A (9D2,).

S

with the estimates,

ZIF F(OCZ,) < M(Q)") + > M(RM), (4.33)
ZIF oD} JF(OD?,) < M(Q}') + iM(R};l). (4.34)

By construction, there holds, for every j > 1,
A=A;+B;+C;+ D;
= ZAl NAZ, + Z 0B} ,) A B}, + (—1)M Z A(OCE,) + (—1)M > (0D] ) A (0D3,),

S

which is a series of the form (4.27). Collecting (4.31)—(4.34)), we obtain for j > 1,

Fa)< Y (M@Q™) + Y M(RM®)) < F(4) +¢,

i1,i2€{0,1} r>j
with €} — 0 as j 1 co. We conclude that F(A) < F*(A) and with ([4.29) we get ({.28). O

In the context of Banach spaces, given two (say real) Banach spaces (X, ||-||x) and (Y, |- ||y ),
the natural norms on their algebraic tensor product X ® Y are the so called cross norms which
satisty ||z @ y|| = ||z||x||ylly for every z € X, y € Y. These norms have been classified by
Grothendieck in [Gro53] (see [Pis12, Section 3] or [Rya02] for an account in english). Among
these norms the projective norm is defined for

2= 2,0y €XQY, (4.35)
7
by
— infz [EAPYANE
7

where we take the infimum over all representations of z as finite sums of the form . With
this definition, 7 is a seminorm on X ® Y and it turns out that it is also a norm. Moreover, by
the triangle inequality, we have || - || < 7 for any cross norm || - || so the projective norm is the
largest natural norm and the space X®,Y, obtained by taking the completion of (X ® Y, ) is
the smallest natural completion of X ® Y.

Let us extend these notions to the tensor product G := G; ® Go of the two complete normed
Abelian groups

G == (FE(Xp), +,F), Go == (F (Xg2), +,F).

More precisely, G is the group of formal finite sums > (A}, A?) of pairs (A}, A?) € Gi x Go
quotiented by the relations

(AL + A}, A2) = (AL, A2) + (A}, 42), (A' A2 4 A3) = (A%, A2) + (A, 42),
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for every Al, A, AL € G, 1 € {1,2}. The coset of (A}, A?) is denoted Y Al ® A2

Next, we say that a seminorm || - || on G is a cross seminorm if
|AT @ A%|| < F(AY)F(A?)  for every Al € Gi, A% € Go. (4.36)

By the second estimate of the mapping defined by || Y. Al ® A?|pa := FA (> AL A A2)
defines a cross seminorm on G (notice that in view of it would be too optimistic to ask
for equality in (4.36)).

Next, we define the projective seminorm of A € G as

m(A):=inf > F(A)F(A),

where the infimum runs over the representation of A as finite sums _, Al ® A?. Again, by the
triangle inequality, we have || - || < 7 for any cross seminorm || - || on G.

By Proposition the morphism of satisfies
F*(o(A)) < w(A) for every A € G.
In particular ¢ = 0 on the subgroup
Go:={AeG:m(A) =0}.

Denoting H := G/Gy and setting 7(A + Gp) := w(A) for A € G, we have that (H,+,7) is an
Abelian normed group and taking the quotient in (4.26)), we obtain a 1-Lipschitz group morphism

(5:(%7"’_77() — (flgGl,kQ(Xﬁ)a+7FA)
A+Gy — o(A).

Eventually, denoting G1®:G the completion of (G/Gy,n) and extending g by continuity we
obtain a 1-Lipschitz group morphism

;53 (g1®ﬂg27+’ﬂ-) — (fkci,kz(xﬁ)’_‘_a]FA)‘

In the introduction, we claimed that F,ﬁ ko (Xg) could be viewed as the complement of G; ® Go
with respect to some appropriate norm. This is justified by the following result up to the
operation of taking the quotient of G = Gy ® G5 with respect to Gy. We do not know whether in
general Gy = {0} or equivalently whether 7 is a norm on G.

Proposition 4.11. With the above notations, the mapping a s an isometric group isomorphism
from (G1®7Ga, +, ) onto (]—',ng(XB),jL,FA).

Remark 4.12. With this proposition, we see that the norm we choosed on ]-',CZ1 (Xp1) @)]—",?2 (Xp52)
is the largest among “natural” norms and that our definition of fg o (Xp) corresponds to the
smallest complete normed group that extends the definition of the product (A', A%) > A x A2
to any pair of chains (4!, A%) € .7-",?1 (Xp1) x .7-",?2 (Xj2) as a Lipschitz continuous group morphism.

Proof of Proposition[{.11 Since the image of ¢ is dense in (F{ , (R"),F") it is enough to

establish that F"(A4) = F*(7(A)) for every A € G1®:Go. Equivalently, in view of Propositionm
it is enough to establish that for every A € G @n% there holds

m(A) =inf ¢ > F(ANF(AZ) : A= [AJAAZ+ Gyl p (4.37)

Jz1 j=1
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where the convergence of the series is in 7 norm. In fact this identity is the analogue in the
context of tensor products of Abelian normed groups of [Rya02, Proposition 2.8] which deals
with tensor products of ]@\anach spaces.
Let us prove (4.37). Let A € G1®:Go. We denote by 7 the right-hand side of (4.37)). First given
a decomposition A = ijl[A} A AJQ- + Go] with ZF(A})F(A?) < oo we introduce the partial
sums

N J

Aj = [AF A AS+ Gol.

i=1

Since 7r(Aj1- A A?) < IF(A})]F(AJQ), Ej is a Cauchy sequence in (G1®xGa, 7). Its limit is A and we
have m(A) < ZIF(A;)IF(A?) Taking the infimum with respect to the decompositions, we get

-~

m(A) < 7(A). (4.38)

Let us establish the converse inequality. Let ﬁj = A; 4+ Go € G/Gy with ﬂ(gj — A) = 0. Let
e > 0, up to extraction we may assume that 7(A; — A) < ¢/3 and denoting B; = Aj 11 — A;

> w(B;) <e/3.

By definition of 7, there exist finite sequences Alr € G and (for j > 1) Bé-, < € Gy such that

A=) Alw A2 Bj=) Bj,®B;,
and
S FANFAY) + Y F(B]OF(BE) < m(A) + Y w(Bj) +¢/3 <m(A)+e.  (4.39)
T 7 s
Writing
A=Y (AT @A+ Gl + Y > B}, ® B}, +Go] = ) _[C} ®CF +Gol,
r i s t
we deduce

7(A) <Y FNCHFN(CF) m(A) +e.

t

Since ¢ is arbitrary we get %(2) < 71(11) and together with (4.38]), this establishes (4.37) and
the proposition. O

Let us consider eventually the particular case when G = V is a Banach space. In this case
we have

FE(Xp) @ F (Xg2) = Fe(Xg) @ FY (Xgz),

that is: the “group tensor product” is the same as the “vector tensor product”. As a direct
consequence of Proposition and |[Rya02, Proposition 2.1] we have the following result.

Proposition 4.13.
F* is the projective norm on the tensor product of Banach spaces .7:,]51 (Xp1) ® .7-",;2 (Xp2).

In particular, when G is a Banach space, the second inequality of (4.25)) is an identity. We
also have in this case Gy = {0}.
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4.8 Slicing of tensor chains

The slicing operators Sl, have been introduced in Section 3| Let us check that these operators
have a good behavior on tensor polyhedral chains. Let v C 8 and let P € PkGl k, (Xpg) with

representation (4.1)). From the definition of Sl, we have that for almost every z = x4+ 22 € X,
with z! X,yz,

1 2
SIZP =Y g:i(Sip) A (SIZ p}).
We deduce from this formula that

01815 P =SI7 0, P, 09 SIT P = (—1)'71‘ SI§ 6. P for almost every x € X,.

Together with the bound

M (SIZ P) dx < M"(P),
X’Y

this leads to
/ IFA(Slf/ P)dx < F"(P).
X’Y

Moreover, denoting 71 = |y!|, 72 = |7?|, there holds for (k, k) € Dj, (recall the definition (4.3
of 7), and P € PF(Xp),
IR, —ry ey —ra SL P = SIT gpr s P.

Notice that if P € 77,5*; ks (Xg), then gp 0 P = 0 if (K}, k5) # (k1,k2). If v C B, we have the
identity
SIZ 1P = 1 SIZ P.

Eventually, by construction SIT P is a tensor chain in Xg,,.
We deduce the following result by continuity and density arguments.

Proposition 4.14. Let v C (3, the slicing operators Sl extend as continuous group morphisms,
G 1 G
fk17k2 (Xﬁ) — L (X“/’fkl—lvll,k2—|72|(xx3\’7))’
with the following properties, for A € fg ko (X3) and almost every x € X,,.
(i) 01812 A =SI291A and 02 SIZ A = (—1)1'1 SI2 9, A.

(ii)) We have the estimates

M” (SIS A) doz < M"(A) and / F*(SI5 A) dx < F"(A).
X, X,

(iii) For A € FZ(Xp) and (ki,kb) € Dy, there holds g _ 1) ko2 SE2 A = SIZ g 4 A.

=y
(iv) If v C B, there holds SIT 1A = SIS A.

Let us establish the counterpart of Theorem for tensor chains, namely that if the (0, 0)-
slices of a tensor chain vanish then it also vanishes.

Proposition 4.15. If A € fﬁ,m (Xp) is such that Sl, A =0 for every v C B with (|y'],|7?]) =
(k1,k2), then A= 0.
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Proof. Let A € .FkGl 7k2(X5) and let us assume that Sl A = 0 for every v C 3 such that
(W' V2] = (k1. ko) . We fix 4 € I}' with 4% C ? and denote A2 := 2SL2 A. Recalling
Proposition [.14{iv) (commutativity of ¢+ with slicing) and Proposition [3.2[(ii) (iterate slicing),
we compute, for every ! € I} with i c B,

8171 AW2 = Sl,yl 28172 A= 28171 8172 A= ZS]7 A=0.

Since this holds true for every v € I k,» we deduce from Theorem 3.3 that A,2 = 0. By injectivity
of + (since it is an isometry) we get

Sl A=0 for every 72 € Iy, such that 72 c B2 (4.40)

Exchanging the roles of ! and 3? and denoting 7 : .7-",?1 ke (X8) = Fhy (XBQv]:kGl (Xj1)) the corre-
sponding operator, we compute for v € Iy, with v C B2,

SL27A =51 4 B2 g

Again, Theorem leads to 74 = 0, that is A = 0. O

4.9 Restriction of finite mass tensor chains

To define the restrictions of finite mass tensor chains on Borel subsets, we can proceed exactly as
in [Fle66] using Lemma [4.5(1) in place of [Fle66, Lemma 2.1] and the F”-convergence in place of
the F-convergence. Given A € Mg’;’,@ (Xp), we obtain a finite positive Borel measure ;14 and a
fg 1y (Xpg)-valued measure AL - satisfying the relation y14(S) = M" (AL S) for S Borel subset of
Xg. Besides AL S is supported in S and for a sequence A; € Mg,kz (Xj) with >~ M"(A4;) < oo,

there holds
(> a)Ls=3(Ls).

Eventually, given a sequence A; — A with M"(A4;) — M"(A) we have A;L_S — AL S for any
Borel subset such that p4(Bdry S) = 0.

With the aim of establishing the natural identities involving the restrictions of A, 14 and
1A, we recall the main lines of the construction of pg and AL -.
Let A € MkGl,kg (X3). We first define the measure 4. Let P; converging to A rapidly and such
that M"(P;) — M"(A). The sequence yp, is bounded, hence there exists a finite positive Borel

measure f14 such that up to extraction pp; SN
Let I be an interval of X3. By Lemma [4.5(i), for almost every z € X, the series Y F*([Pj41 —
Pj]L(x + 1)) is converging. We define for such z,

AL(@+1) =P L(z+1)+ > (P —P)L(z+1).

The construction then proceeds as follows. We first show a counterpart of [Fle66, Lemma 4.1],
that is, for almost every x € Xg, there hold

MYAL(x+1)) = pa(z+1) and MMA—-AL (z+1)) = pa(Xp\(z + 1)).

This allows us to define AL_J for J finite union of disjoint non-exceptional intervals (with
respect to the sequence P;). This restriction is an additive set functions and we still have
M*(AL J) = pa(J). Since the sets of this form span the Borel algebra, we can extend AL - as
a Borel measure with values in .7-",?; 1, (X3). Notice that arguing as in [Fle66], both pig and AL -
do not depend on the choice of sequence P;.

In the proof of Proposition below we use the following facts:
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(1) The set function AL - is determined by its values on any collection of sets x + I where I
ranges over the intervals of Xz and x ranges over Xg\E7 for some negligible set £ C Xg.

(2) If I C Xp is an interval and Q; — A rapidly, then Q; L (x + 1) = AL (x + I) for almost
every r € Xg.

Proposition 4.16. Let A’ € Mgl,kz (Xp), A € M$(Xp) and let S, S C Xg be Borel sets. We
have the following properties.

(i) For~y C 3 and almost every x € X, [A'NXp\,(7)]LS = [A"LS]NXpg,(z).
With the SL, operator, this translates into SI5(A'LS) = (SI5 A") L ([S — 2] N Xp\,)-

(i) (ry ayA) S = gt iy, (ALS) for any (K|, k3) € Dy.
(iii) If S C Xg then (1A") LS = o(A' L[S + Xp2]).
() (A'LS)LS=A1L(5NS).

Proof. These identities hold true when A’ is a tensor polyhedral chain (resp. A is a polyhedral
chain) and when S and S are intervals of Xz or of Xpg1 for point (iii). Taking a sequence of
tensor polyhedral chains P]’ converging rapidly to A’ (resp. a sequence of polyhedral chains P;
converging rapidly to A for (ii)) and using the continuity properties of the operators Sly, 7 and
1, the result follows from the two facts stated above. O

5 Identification of normal tensor chains with normal chains

In this section, we first identify finite mass (0, 0)-chains with finite mass 0-chains and deduce
that j is one-to-one. Next, we introduce the subgroups of k-chains Nk,(k1,k2)(Rn) formed by the
elements of NC(R™) which are in the kernel of Ik &y, for every (ki, k) € Dg\{(k1, k2)}. For our
purpose, the interest of these groups lies in the fact that a normal rectifiable k-chain belongs to
N, IS( . kQ)(R”) if and only if it is (k1, k2)-split (see Corollary. We also introduce the subgroup
of normal (ky, k2)-chains N, (R") and show that g, 1, maps (injectively) /\/'kG oy (R™) into

N, chl . (R™). We also prove that for k; = 0 this mapping is onto (Theorem These results
allow us to identify normal rectifiable k-chains which are (ki, k2)-split with some normal recti-
fiable (k1, k2)-chains and deduce the main result, Theorem (reformulated as Theorem [6.4))
from its counterpart for normal rectifiable (k1, k2)-chains (Theorem [6.3]).

From now on we use capital letters for chains A, B, C, @, ... and capital letters with a prime
for tensor chains: A, B, C’,@Q’,.... We also use the notation A” for the chain 1A’

5.1 Finite mass (0,0)-chains as measures and injectivity of

Recall that by Theorem there exists an isometric isomorphism v : M§ (X3) — M(Xg, Q).
We generalize the construction of [Whi99b, Section 2| to obtain a similar result for (0, 0)-chains
in Lemma [5.5] For this we need to introduce further material.

As a preliminary we recall the following from [Whi99b].

Theorem 5.1 ([Whi99bl Theorem 2.1]). There ezists a group morphism x : F§'(Xg) — G such
that,

(1) x(O_ gilzi]) = > gi, for any finite sequences g; € G and z; € Xg.

(it) [x(A)lc <F(A) for every A € F§(Xg).
'9Tn [GM22a] we establish that in fact 7z, i, 3N19G,(k1,k2)(Rn) — N ., (R™) is onto for every (ki,k2) € Dy.
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The operator y is defined on polyhedral 0-chains by the relation (i) and then extended by
continuity thanks to (ii). Notice also that given a polyhedral 1-chain B, there holds x(0B) = 0.
We need a complement of this result which is not stated in [Whi99b] but which follows from
the construction there. Let (G%, +,| - |ga) and (G®, +,]| - |c) be two complete Abelian normed
groups and let ¢ : G* — G? be a Lipschitz continuous group morphism and ® : G — L(€, Gb)
as in Proposition [3.9]

Proposition 5.2. With the notation of Pmposition we have for every A € Fy(Xg,G?),
X(¢x A) = o(x(A)), X [(@x A)(w)] = (@ [x(A)]) (w) for almost every w € Q.

Proof. These identities hold true for polyhedral 0-chains and the general case follow by density
of these latter in Fy(Xg, G*) and Lipschitz continuity of ¢, ® and of the operator x (point (ii)
of Theorem |5.1]). O

We introduce the corresponding operator on ]:(fo (X3).
Definition 5.3. We set for A’ € focfo(xﬁ),
XA = x(x(2A)).

Beware that on the right-hand side the notation x refers both to the morphism Fo(Xz2,G) = G
and to the morphism Fo(Xg1, Fo(Xp2, G)) — Fo(Xp2, G).

Proposition 5.4. The group morphism x" : }"(fo(XB) — G satisfies the following properties.
(i) For every A’ € ]:(fO(XB), there holds |x"(A")|a < FA(A") < M"(4).
(ii) For every A € F§(Xp), there holds x(A) = x"(J0,0A).

Proof. Let A’ € ]-"go(Xﬁ). Using point (ii) of Theorem twice, we have

X (A)le = [x[ x(4) 1| < !X(lA')\;%(XBQ) < F(A) =F"(4A) <M"(4'),
EF]%(XﬂQ)

where we used the notation ’B|f;?2 (Kp2) = F(B) for B € F,g (Xj2). This proves (i). Next, (ii)
holds true for 0-polyhedral chains and the general case follows by density and continuity. O

We can now generalize Theorem to tensor chains, with the extra relation (5.1)) below.

Lemma 5.5. There is an isometric isomorphism,
Y (ME(Xp), +, M) —> (M(X5,G), 4| -]).
Moreover, 1" is related to the mapping v of Theorem[3.7 by
v =19"0 0 on Mg(Xﬁ). (5.1)
Proof. Let A’ € Mg*:o (Xp). For every Borel subset S C Xg, we define,
P (9) = x"(A'LS).

Using Proposition (1) and arguing as in the proof of [Whi99bl, Theorem 2.2], we get that ¢/,
is a finite Borel measure in X with values in G. Moreover,

Y| < MM (A). (5:2)
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Let us establish (5.1). Let A € M§ (Xg). By Proposition (ii) we have for any Borel set
S C Xﬁ,
7004(S) = X" ((2004) LS) = x(ALS).

Now, by definition (see [Whi99bl Theorem 2.2]), x(AL S) = 1 4(S). Hence (5.1)) holds true.
It remains to show that A’ — ¢, is onto and that

M (A) < [y (5-3)

Let v € M(Xg,G). Since 1 is an isometric isomorphism, there exists A € M§ (Xg) such that
a4 = v and M(A) = |v|. Setting A" := j90A € MgO(Xg), we have 9%, = v by (5.1). This
proves that ¥ is onto. Eventually, there holds

M"(A) = M(j0,04) < M(A) = ],

and we get (5.3). With (5.2), we conclude that " is an isometry from (M&O(ng),MA) onto
M(Xg, G), |- ). O

The previous lemma allows to identify isomorphically M(();,O(XB) with MS;(Xﬁ) so that, es-
sentially, MOG’O (R™) does not depend on nj,ns (but as shown by the example of Remark (d)
]580 (Xp) does!). Identity (5.1]) also provides a natural isometric isomorphism.

Theorem 5.6.

(i) The mapping 700 : (M§ (Xp), +, M) — (MSO(XB),—%,MA) is an isometric isomorphism.
In the sequel, its inverse is denoted Ag.

(ii) Besides, M"(300A4) = M(A) for every A € F§'(Xg). In particular, 300A =0 = A=0.

Proof. From the previous lemma and Theorem [3.7 we have the following commutative diagram
of isomorphisms,

Mo (Xs) j—>M00 (Xs)

S

Moreover ¥ and ¥" are isometries and we conclude that,
Jo,0 - (MOG(X/B)v +,M) — (M(?:O(Xﬁ)v +,M"),

is an isometric isomorphism, which is (i). As a consequence, the identity of the second point holds
true as soon as M(A) is finite but we still have to check that M"(j90A) = 00 <= M(A4) = oo.
This follows again from the diagram above. Indeed we have for A € .7-'00 (X3),

M(A) <00 <= AcImy™! <= jod €Imy" 1 <= M’ (j904) <
This proves the theorem. O
Using slicing, we deduce that j is one-to-one.

Theorem 5.7. The group morphism j: F& (Xg) — (.7-',571 K, (X5)) (k) ky)eD, is one-to-one.
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Proof. Let A € FF(Xg) such that 74 = 0. By Proposition [4.14{(iii), for every v C 8 with |y| = k,
there holds
Jo,0 SIWA = Sl«/j|71‘7|72|14 = SIWO =0.

It then follows from Theorem [5.6(ii) that Sl, A = 0 for every v C § with |y| = k and by Theo-
rem [3.3| we get A = 0. O

With the same line of arguments and using Proposition instead of Theorem we
deduce the following statement.

Proposition 5.8. Let A € F&(Xg). There holds for every (ki kb) € Dy,
wA=0 <= SLA=0 for every vy € I} such that (7, 172)) = (K, kD).

5.2 Normal and rectifiable tensor chains

Let us introduce some subgroups of k-chains which identify through ji, 5, with (k1, k2)-chains.

Definition 5.9. We set
FC by (X5) 1= {A € FE(Xa) 1 gy gy A = 0 for every (], k5) € Dp\{(kn, k2)} }
Then we define,
MkG,(kl,k:Q)(Xﬁ) = flg(kl,kz)(xﬁ) NM§ (Xa), Ng(kl,kz)(xﬁ) = fif(kl,kQ)(Xﬁ) NNE (Xg).

Remark 5.10. Let A! € ]:kZ1 (Xp1) and A% € f,g (Xjg2). We have seen in Sectionthat when A!
and A2 have finite mass or at least one of them is normal, we can define the Cartesian product
A= Al x A% in FZ(Xp). Considering first polyhedral chains, it is easy to see that (recall (4.24)))

T A=A'NAT = A € FY L, (Xp),

and
]k’l,k’QA =0 for ( i?ké) 7& (k17k2)’

It follows that A lies in .F]f(kl k2)(X5) and since 7 is one-to-one we can identify A with A’. More

generally, considering a sequence of pairs (A}-, A?) of the above form, if the series ZA} X A?
converges in F< (Xg), we can identify > Ajl- X A? € f]?(kl k2)(X5) with Ajl. A A? € F,gh (X3).

Remark 5.11. By Proposition [5.8] we have the alternative definition:

fg(kl,k?)(xﬁ) = {A S ]-",?(Xg) :Sly A = 0 for every v € I} such that (7, 172 # (kl,kg)} ,

and similarly for ./\/lkG’(kth)(Xﬁ) and N,S(kl’k2)(X5).
As a consequence of this remark, we observe that Proposition rephrases as follows.
Corollary 5.12. The following statements are equivalent for every A € Mg(Xﬁ) rectifiable.
(i) Tua is (ki, ka)-split.
(ii) Sly A =0 for every v € I with (|v'|,|v2]) # (k1, k2).
(iii) A€ MY . 1 (Xs).

Let us now introduce the notion of normal tensor chains.
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Definition 5.13. Let A’ € .7-",?17,€2 (Xj3), we say that A’ is normal if
NY(A") := MM (A") + M (91 A7) + M (92 47) < 0.
We denote by N,ng (Xj3) the group of normal (K1, k2)-chains in Xg.

The normed groups (N; kGl . (X3),+,N) are complete but do not form a two-dimensional chain

complexiﬂ (unless |B1], 8% < 1).
Notice also that 7, 1, maps ]:kG(kl kg)(Xﬁ) into ]-'kci r, (Xpg) and that (recalling (4.21)&(4.22))
we have for A € ‘Fl?(kl k2)(X5),

F (ks ke A) < 2F7(A), M (9ky 1k, A) < MZ(A).

Besides, by Proposition for (Ki, k) € Dy (and still A € fl?(kl k»)(X3)), we have the formula,

Oy kA i (K1, K5) = (k1 — 1, k2),
]k’l,kéaA = 82]]{1,]6214 if( Il,k‘é) = (kl,kg — 1),

0 in the other cases.

We deduce that N*(g, 1, A) < N*¥(A) = M*(A) + M*(0A). Let us summarize the above
statements.

Proposition 5.14. We have the continuous embeddings:

Thr ks * T (ks o) (X8) = it 4, (X),
Tk ks MkG,(kl,kz)(Xﬁ) — MkGl,kg (Xs),
JE1 ko INkG,(kl,kz)(Xﬁ) — NkGl,k‘g (Xp)-

A natural question is whether some of these mappings are onto. In a complementary paper,
we establish that jg, , defines an isometric isomorphisms from N, ’f(kh ko) (Xp) onto N K 1y (Xs),
(see [GM22al Theorems A.1]) where the isometry holds with respect to a N-norm built on the so
called coordinate slicing mass rather than on the mass itself. We also show there, that except in
some limit cases, Ji, k, : /\/lkG,(kth)(Xﬁ) — Mg,kQ(Xg) and Jg, ks, : ]:,f(kth)(Xﬁ) — ]:kGl,kg(Xﬁ)
are not onto. Here, we only establish the positive result about normal chains in the case k; = 0
and without the isometry property.

Theorem 5.15. The mapping jo . defines a group isomorphism from NkG(O k) (Xp) onto j\/'OGk(XB).
Its inverse is denoted A.

Proof. Without loss of generality, we assume that 8 = {1,...,n} so that 8! = a and 8% = a.
In the sequel, we denote N := ./\/'kG(0 py(R™) and N = NG (R™).
The proof is split into two steps. In the first step we define a group morphism A : N7/ — N

and show that jpr 0 A = IdW/. In a second step, we establish that A o Jokpn = Idw.

Step 1. Definition of A and proof of jo o A = Id on N.

We start with the following observation. If A =" A;[z;] € Po(Xa, F (Xg)) for some sequence
A; € F&(X5) such that Y~ M(A;) < co and some sequence of pairwise distinct points z; € X,,
we have x(A) = >, A; and thus M(x(A)) < >_; M(4;), that is,

M(x(4)) < M(A). (5.4)

1o get a true analogue of the complex N (X3) we should consider instead NA(A') := 32 MA(9i19i2 A).

0<iy,i2<1
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By density and continuity of x(A), extends to all A € M(Xq, F (Xa)).

Next, for j > 0 and m € Z™, we set v, := 279m and Q, := v, + [0,277)"1. For j > 0 and
A€ ]-"()ka(R”) such that 14" € M(Xq, F (Xz)) we define

AAT =D Tyl D (RATLQT .
Let A" € N and let us denote A; := A;A" and A’ := j0A;. By construction,
A = ] x x(pATL QYY) € FE(R™),

A=) Tyhl Ax(RATLQT) € FEuR™). (5.5)

In the sequel, we show that A; converges in F/(R") to some chain A € N and we define
AA":= A. We then show that A’ converges to A" in F"-norm and finally get A" = j0,AA" by
continuity of jg .

Let us fix j > i > 1. Let m € Z™ and denote by Q the set formed by the 27U~% cubes Qj
contained in Q7. For Q = Q) € Q, denoting PQ = [(yi. y2)] € PE(Xq), we set,

Pg :=po Ax(PAILQ) € Pi(Xa, FF (Xa)).

Using 8 = 8 + da, we have ([y2] — [vi,]) A x(14"] Q) = dPg + pg A dx(A] L Q). Summing
on 9, we get

(4~ A)L[Q, +Xa] =0 ) Po+ ) po Aox(RALQ).

QeQ QeQ
This yields,
F((4; — A)L[Q), +Xa]) < ) M(Po) +M(pg A dx(ATLQ)). (5.6)
QeQ

On the one hand, for every Q € Q, there holds, M(pg) < /n127% and we deduce,

> M(P) < 2™ ) M(x([hA') I_Q)) rz M([A L Q). (5.7)

QeQ Qe

On the other hand, considering the Lipschitz continuous morphism
0:=0: F(Xg) = F& ,(Xq),
we have with the notation of Proposition
0y (147) = 1(024"),

and by Proposition [5.2]

0 (X(LATLQ)) = x (9« (hATLQ)) = x([102 AL Q). (5-8)
We deduce similarly to ,
Y MM (po AX(HATL Q) < a2 MM (102 4") L Qy,). (5.9)
QeQ
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Plugging (5.7] & in , we obtain
F (A — A L[Q), +Xal) < V2™ (M(pA] L QL) + M((1024) LQh,)
Then, summing over m, we get
F(A; — A;) < /ni2 "N (A). (5.10)

Notice that we cannot substitute the M* for N* on the right-hand side. Indeed, the corresponding
result does not hold for finite mass chains see [GM22al, Proposition A.5]. From ([5.10]) we conclude
that A; is a Cauchy sequence in .7:]? (R™) and A; — A. Moreover, since

) < ZM (RALQ2)) < M(x[2A]) < M(:A"),
we have
M(A) < liminf M(4;) < M(z4") <

Similarly, since
04; = 3 l] x ox((ATLQp) = Zﬂymﬂ X x((02ATL Q")
we have

M(DA;) < M(10,4")

and thus
M(94) < liminf M(0A4;) < M(192A") < co.

Besides, every A; belongs to N so that by continuity of + we also have A € N. Defining
AA’ :== A, the mapping A is a group morphism and we have just established that it maps A/’
into NV.

Let us now show that A; — A’. Let us fix j > 0, we have,

FMA) — A') = Fo(A) — A')) <ZIF‘ ANLQL). (5.11)

For a fixed m € Z™ we denote B” := 1A'| L Q},. We then have from (5.5)),
A — ALY, = x(B")y,] - B".

Using the homotopy formula (3.3) in X, with f(z) = 2 and g(z) = v}, and taking into account
that 9B” = 0 (because B” is a 0-chain), we get with the notation there,

dlhy ([(0,e0)] x B")] = B" — g4 B". (5.12)

Remark that for any polyhedral 0-chain C in X,, we have g4 C + x(C) [2.] and this relation
extends by continuity to any 0-chain. Hence (5.12]) rewrites as

Ohy ([(0,e0)] x B")] = B" = B" — x(B")[y,].
We deduce:
M(hy ([(0, €0)] x B"))
CHf gHL‘X’ suppB”)M(B//)

Cy/n 2 M(B") = C\/m2 9 M(pA | L Q7).

FG(A; — A)LQ}) = F (B" = x(B)W]) <
o

IN
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Summing over m and using (5.11f), we obtain

. {E20) )
Fr (A — A') < Cy/ni27'M(eAY) < Cy/mp27 /MM (A).
We conclude that A;- — A’ in F -norm.

Eventually, by continuity of jg 1, there holds
]O,kAA' = JosA = Jox lim A; = lim g9, A; = lim A;» = A
We have established that jg; o A =1Id on N'.

Step 2, Ao jor = Id on N'. Let us fix v € I}} with ~' = @. We first show the following identity
for A" € N,

SL}, A/ = Jo,0 817 AA, (513)
Returning to the definition of A in the previous step and using the notation there we have
A’ = j01A; so that by (iii) of Propositionm

SL, A = joo SL, Aj.

By the continuity of Sl, and joo we can pass to the limit (recall that A;- — Aland Aj = AjA —
A A’ by the previous step) and obtain (5.13]).

Let now A € N. Using again (iii) of Proposition and applying (5.13]) with A" = jo A,
we compute
70,0 Sly A = Sy jo A = Jo,0 Sly Ajo,r A

Since 70,0 is one-to-one by Theorem we deduce that S, A = Sl, Ajo . A. Now if |y| = k but
v! # @ then Sl, A = 0 since by assumption A € N = ./\/',f(()’k) (R™). Similarly, since Ajgo A € N,
we also have Sl AjprA = 0 in this case. Hence, AjorA and A have the same O-slices and it
follows from Theorem that these chains are equal. We conclude that Ao j0; = Id on N and
with Step 1, A is an isomorphism from N’ onto A/ with inverse jo . O

6 Proof of the main results and a counterexample for norm
preserving decompositions

We obtain Theorem as a corollary of the analogous result for rectifiable tensor chains (The-
orem below). Let us first define this notion.

Definition 6.1. Let A’ € ./\/lkGng2 (R™), we say that:
(1) A’ is rectifiable if A’ = A’ Y for some k-rectifiable set X C R™.

(2) A’ is (ki, kg)-rectifiable if A" = A’L_ (X! x ¥2) for some kj-rectifiable subsets ! ¢ R™,
1=1,2.

We first consider the case k1 = 0.

Proposition 6.2. Let A’ € N&,.(R") be a rectifiable tensor chain, then there exists S C Xq, at
most countable, such that 1A’ = (1A")LS.
More precisely, there exist sequences yjl € Xq and AJZ € NF (Xg) with ZN(AJQ) < oo such that

(recall (4.24))
A =Ty A A3 (6.1)
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Proof. Let A’ € Nocfk (R™) be rectifiable and let ¥ C R™ be a rectifiable set such that A’ = A’'L_3.
Using the isomorphism A of Theorem we set A := AA" € N, kG(O 5 (R™). Since the inverse

of A (i.e. the restriction of jo 4 to NkG(O 0 (R™)) commutes with restrictions (see (ii) of Proposi-
tion 4.16)), we also have AL Y = A(A’L_3) and A is rectifiable. Besides, by Corollary

SL,A=0 for v € I with (]|, [v?|) # (0, k). (6.2)
Step 1. Let i € o and let v € I}? such that ¢ € v. By Proposition for almost every s € R,
and almost every x € X, with x; = s, there holds
ANXy(z) = (ANX;(se;)) N Xy(z).

Since i € a N+, we have v! # & and we deduce from (6.2)) that A N X5(z) = 0 for almost every
x € X,,. Hence, for almost every s € R and for 7 € v € I}, there holds,

(AN X;(se;)) NX5(x) = 0.

In other words, almost all the coordinate 0-slices of A N X;(se;) vanish. We deduce from Theo-
rem (3.3 that A N X;(se;) = 0 for almost every s € R.

Step 2. Next, by Theorem there exists a sequence of set-indecomposable (rectifiable and
normal) chains A; such that A = )~ A; and such that for each j, A; = AL S; for some Borel
set 5; C R"™.
Let us fix 7 > 1. By Proposition (commutation of slicing and restriction), A; also
satisfies . As a consequence, the analysis of Step 1 applies to A; and
A;NX;(se;) =0 for i € o and almost every s € R. (6.3)

Let us apply Proposition to Aj. For s € R, we denote H(s) := {x € R" : 21 > s}, then for
almost every s € R, 4;LH(s) € NF(R") and

O(A; L H(s)) = (04;) _H(s)+ A; N Xq(se1) (0A;) L H(s).
Denoting A;(s) := A;L_H(s), the chain A; — A;(s) = A; L (R"\H(s)) satisfies
0 (A; LR™H(s)) = 0A; — (A;(5)) = (9A;) L (R™\H(s)).
It follows that

M(94;(s)) + M(9[A; — A;j(s)]) = M((0A;) L H(s)) + M((9A4;) L [R"\H (s)])
= poa,; (H(s)) + poa,(R"\H(s))
= poa;(R") = M(04;).
We also have M(A4;(s)) + M(A; — A;(s)) = M(A;) and therefore
(45(s). 4 — 45(5),0,0,...)
is a set-decomposition of A;. But by construction, A; is set-indecomposable and we conclude
that for almost every s € R, either A; = A;(s) = A; L H(s)or Aj = A; L[R™\H(s)]. Proceeding

by dichotomy, we obtain that there exists some s; € R such that

Aj:Ajl_{:L'GRnZCm:Sj}.
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We can perform the same reasoning with the direction e; replaced by e; for ¢ € a. Taking the
intersections, we conclude that there exists yjl € X, such that

Aj:AjI_{xER”:zlzy}}.

Eventually, summing over j, we deduce A = AL (S+X,) with § = {y]l : 7 > 1}. Now, applying
the operators 791 and 2, we get 1A’ = (2A") LS. This proves the first part of the proposition.

Step 3. Let us establish . For j > 1 and with the notation of Step 2, we denote A; = JoA;
and set Ajz := x(14}) so that A} = [[yjl]] A AJZ. Indeed, this formula holds true for A polyhedral
(0, k)-chain supported on the affine subspace yjl- + Xz and we deduce the general case by density
using the estimate of Theorem (ii). Summing over j we obtain (6.1)) since A’ = jorA =
> Jo,kA;. Moreover, since A; is normal and rectifiable, A;- is also normal and rectifiable. From
the fact that A} = [[yjl]] A A? we conclude that each AJQ- is normal and rectifiable. Moreover
N(A?) = N(A’) so that

D ON(AD) =) NMA) <Y N¥(4y) < CD N(4;) = CN(4) < o

The counterpart of Theorem for tensor chains states as follows.
Theorem 6.3. Let A’ € ng,kg (R™), The following are equivalent.
(i) A’ is rectifiable.
(i) A" is (k1, ka)-rectifiable.

Proof. Since we clearly have (ii) = (i), we only need to prove (i) = (ii). Let A’ € ./\/',ng (R™)
be rectifiable and let us set A” := 1A’ € Fy, (Xa,}f2 (Xz)). We use the rectifiable slices the-
orem, Theorem [3.11] to show that A” is rectifiable. Let v C a with |y| = ki, we have, by
Proposition @(iv), for a.e. x € X,

SIZ A" = SI2 1A' = 4 SIE A,

Since A" is normal and rectifiable, for almost every x € X, SI7 A’ € Nng (X5) is normal and
rectifiable. By Proposition there exists a countable set S, C X\, such that SI7 A" =
(SI5 A”) LS, this means exactly that SIS A” is O-rectifiable for every v C o with |y| = k1 and
almost every x € X,. We conclude from Theorem that A” is rectifiable. Consequently,
there exists a kj-rectifiable set ! € R™ such that,

A// — A// L 21.
By Proposition M(iii) and injectivity of 2 this is equivalent to
A=A LY xR™.

Eventually exchanging the roles of o and @, there exists a kp-rectifiable set X2 C R™ such that
A’ = A'LLR™ x %2, By successive restrictions (Proposition [4.16{iv)), we have,

A =ALY xR = (ALY x R™)LR™ x %2
= AL xR2AR™ x ¥?) = A'Lx! x B2

This proves that A’ is (ki, k2)-rectifiable. O
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We can now prove the main result. Taking into account the characterization of the splitting
property of Proposition [3.12] it restates as follows.

Theorem 6.4 (Reformulation of Theorem . Let k1,ko > 0 and k := k1 + ko. The following
statements are equivalent for any rectifiable flat chain A € N,?(R”)

(i) The measure Tua is (k1, ka)-split.
(1) A€ NGy o) (RY), ive. gig sy A = 0 for (K}, K4) € D\{ (b, ko)
(iii) A is (k1, ka)-rectifiable.

Proof. We have already established that (i) <= (ii) in Corollary This equivalence is true
even if A is not a normal chain. The implication (iii) = (i) is immediate and again, we do not
need A to be normal.
To complete the proof of the theorem, we have to show that (ii) = (iii).
Let A € /\/'kG,(khkg)(R") rectifiable and let ¥ C R"™ be k-rectifiable and such that ALY = A.
We define A’ = gy, x,A. By Proposition (iii), A'LLY, = A’ and by Proposition and
our assumption (i), "A = Jr,—1k0A, A = Ji k,—10A so that A’ is a normal rectifiable
(K1, k2)-chain. By Theorem there exist kj-rectifiable subsets X! ¢ R™, [ = 1,2 such that
AL (2t x X%) = A, that is
]kl,k’QA = (]kl,kQA) I—(Zl X 22) = Jk1 k2 [AI— (Zl X 22)]'

Eventually, by assumption, jp A = 0 for (kj,k3) # (ki,k2) and we deduce that jA =
(AL (' x £2)). Since by Theorem 4 is one-to-one we conclude that A = AL (X! x ¥2) so
that A is (k1, k2)-rectifiable. O

6.1 Decomposition of (ki, ks)-rectifiable chains in tensor products. A coun-
terexample

In this last subsection we consider the group G = Z endowed with the usual norm. Starting
from a (0, k)-rectifiable chain A € NZ(R") and arguing as in the proof of Proposition (using
again that by Theorem Jo,k is an isomorphism and recalling Remark we see that there
exist sequences y]1 € X, and A? € NE(Xg) such that

A=>"Tyjl x A3 € FE(R™) and  N(A)=> N(43). (6.4)

In the general case, one may ask whether any (ki, k2)-rectifiable chain A € NZ(R™) decomposes
as A = ZA% X A? where the Aé’s are normal rectifiable kj-chains in X, and Xg respectively
such that,

N(A) =) N(A] x A7) =) "M(A)M(AZ) + > M(OA)M(A?) + > M(A))M(DA?). (6.5)
Remark that we do not ask for the decomposition to be a set-decomposition. Remark also that
for Al € M%l (R™), the identity M(A* x A?) = M(A') x M(A?) (which is used in (6.5)) can
be readily obtained by considering A’ as integral currents and using the definition of the mass
through duality.

Let us assume for simplicity that A is a cycle. In this case implies that Ajl- is a cycle
whenever A? # 0 and symmetrically AJQ. is a cycle when A} # 0. We may thus assume that the
Aé’s are cycles so that the identity rewrites as

M(A) = > MI(A})M(A3). (6.6)

The following result shows that in general, one cannot expect the existence of such decomposi-
tions.
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Proposition 6.5 (Counterexample). Let ny = ny = 2. For every € > 0, there exists a (1,1)-
rectifiable cycle A € MEZ(R*) with M(A) > 0 such that for every decomposition A =Y Ajl- X A?

with Ajl € ME(X,) and A? € ME(Xg) cycles, there holds

> M(A))M(A3) > (;‘ — 5> M(A).

Proof. By assumption, n; = ng = 2 so that dim X, = dim X5 = 2. Let us denote S = Ox, and
N = e; and let £ > 1. We consider three polyhedral 1-chains in X, denoted C; (i =0,1,2). We
assume that the C;’s have multiplicity 1 and are supported by three broken lines, each of which
of length ¢ and with end points S and N. We assume that the supports of the C;’s only intersect
at S and N and we orient the edges so that 9C; = [N] — [S]. Eventually, let L : X, — X5z be
the linear isometry defined by L(e;) = ej42 for j = 1,2. We set C := L4 C; for i = 0,1,2. We
define:
A:=Cyx (Ch—C1)+C1 x (C] = Cy) + Cy x (Cy — C) € F(RY).

This definition has some symmetry. Indeed, A rewrites as
A:(CQ—Cl) XCé—{—(Co—CQ) XC(/)—I-(Cl—Co) XC{

Notice that A is a (1,1)-rectifiable chain with integer coefficients in R* and M(A) = 6/2. We
compute, using the first formula for 9; and the second formula for Js,

9A = (IN] - [S]) x (Cy — C1 + C1 = C3 + C = Cp)
- (Cg —Ci1+Cy—Cy+Cq — Co) X (HL(N)]] — HL(S)H) =0.

In conclusion, A is a (1, 1)-rectifiable and normal cycle.
Now, let us consider two sequences of cycles A} € ME(X,), AJQ- € M%(X5) such that
A = ZAJI X A? and the mass identity holds. Let v = (1,3), we have almost every
T = sey +tez € X,
SIF A= SIfH(A]) x SIF*(A7) (6.7)

In order to obtain a lower bound on ), M(A})M(A?) we estimate the masses of the slices
Slfel(Ajl), Sl§e3(A§) from below and use the following bounds form Proposition ii).

1 1
M(A}) > /0 M(SI (A]) ds,  M(AD) > /0 M(SI* (A7) de forjz1.  (68)

Let us fix 0 < s,¢ < 1 and let us denote sea+c;ea := C;N(se;+Rea), teg+cleq := CIN(tea+Rey).
We have for every s,t € (0,1),

SIJ A = [coez] x ([cpea] — [creal) + [erea] x ([ciea] — [cheal) + [e2e2] x ([chea] — [cheal)- (6.9)

For j > 1 and almost every 0 < s < 1, SIj*! (A]l) is a sum of O-cells ) g;[aez] with a € R,
¢j,a € Z. We single out the points a = co, c1, co and write

Ay =S (A]) = myolcoes] + myaeres] + myolezea] + Y gjalaes].

a#{co,c1,c2}

Since A]l is a cycle, there holds for j > 1,

mjo+mjs1+mje2+ Z Qja = 0. (6.10)

ag{co,c1,c2}

52



Similarly, for almost every 0 < t < 1 we write

A2 = SIS (A2) = ) [chea] + ) [rea] + miolchea] + S0 qhwlde,

a’&{cp,chcnt

and there holds for j > 1,

/ ! !
Mo+ My + Mo + Z Qo' =
a'&{cj),c},ch}

By identification, the identity (6.7)) writes as
. / _ i / _ . / _ 1
M0 o0 = My 1m;y = mj2m;o =1,
J J J
. / o i / _ . / o _1
my,0M 1 = My 1M, o = mj2m;o = —14,
J J J
and

Zm],zq] o — qu am qu aq]a =

for i = O, 1,2, for a € R\{co,c1,c2} and for a’ € R\{c}, ¢}, ch}.

Next, we define im0 1= m;,0 + 3 1g{co.c1,c0} Tira and et

Avjl (8) = T?Lj’() [[6062]] + mj,l[[clez]] +m;2 [[0262]].
Similarly, setting m' ; := m/ ; + Zag{%’c/l’cé} s

Ejz(t) =m0 o[cpea] +m  [chea] +m 5[ chea].

We have by triangular inequality,

M(Avjl(s)) < M(SIY), (A2( t)) < M(SI}?) for almost every s,t € (0,1)
and taking into account ([6.10)—(6.13)) there hold
’I%j’o +mj1 +mj2 =0, 771;-70 + m;-J + m;’Q =0,

and

D Al(s) x A2(t) = SIZ A.

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

We see from ([6.15)) that M <Ajl(s)> = |m;o| + |mj1| + |m;z2| and M (A?(t)) = [ o + [m 4| +

[m’; 5| are even integers, hence
S M (Z}@))) M (Z§(t)> € {0,4,8,12,... 1.
J
But from ([6.16]), and the triangle inequality we also have

6 = M (SI A ZM(Al x A2t ) ZM(AI ) (A2()).
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Together with (6.17) we get for almost every s,t € (0,1),
8<Y M (A}(s)) M (Ag(t)) .
J
Eventually, integrating on {(s,t) : 0 < s, < 1} and using and (6.14) we conclude that

> M(A))M(A?) > 8.

Since M(A) = 6/2, given ¢ > 0, we can choose £ > 1 such that ZM(A})M(AJZ) >8> 807 —6e =
(4/3 — e)M(A). This proves the proposition. O

Remark 6.6. (1) If k; = 1, we have seen that decompositions satisfying do exist. In
the other extreme case ki = njp, the only (np,ks)-rectifiable cycle is 0. In the other cases
1<k <ni—1,1<ky <nyg—1, we obtain counterexamples as above by substituting for
the C;’s three multiplicity 1 smooth kj-chains close to a unit kq-disk whose boundary is a unit
(k1 —1)-sphere and whose supports only meet on their common frontier. We substitute similarly
for the C!’s three smooth ke-chains with the corresponding properties.

(2) One may wonder whether there exists a universal constant x > 0 possibly depending on
k1, ka,n1,ng such that for every (ki, ko)-rectifiable cycle A € M%(R”),

inf {Z M(A})M(AJQ) : Aé- rectifiable 1-cycles s.t. A = ZAjl X A?} < kM(A). (6.18)

From the example considered above we see that for 1 < k1 <n; —1, 1 < ks < ngo — 1, we have
k > 4/3. This lower bound is not optimal. Indeed, modifying the construction of the proof of
the proposition by considering N > 3 non-intersecting 1-chains C; instead of three and setting
Cl:=LyC;fori=0,1,...,N —1 (where L : X, — Xg is still the linear isometry defined by
L(ej) = ejyo for j =1,2) and then

N-1

A= Z C; X (Cz/ - Céi+1)(mod N)) ’

1=0

we obtain a (1, 1)-rectifiable cycle such that M(A) = 2N/¢2. Reasoning as in the proof of the
proposition, we get that the left hand side of is bounded from below by 4(N — 1) (details
are left to the reader). This leads to k > 2. However, we do not believe that holds true
in general for Kk = 2 and we do not even know whether there exist x < oo such that holds
true. The question remains open.
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