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Abstract

In this paper we consider high dimension models based on dependent observations
defined through autoregressive processes. For such models we develop an adaptive efficient
estimation method via the robust sequential model selection procedures. To this end, we
first obtain a van Trees inequality for such models, and then, using this inequality, we
probably for the first time obtain a sharp lower bound for the weighted robust risk in an
explicit form given by the famous Pinsker constant. Moreover, in getting this lower bound
we have found the nonparametric version of the Fisher information for this model. Then,
using the weighted least square method and sharp non asymptotic oracle inequalities from
(Arkoun O., Brua J.-Y., and Pergamenchtchikov S. 2019. Sequential Analysis 38(4): 437-
460), we develop analytic tools to provide the efficiency property in the minimax sense
for the proposed estimation procedure, i.e. we show that the upper bound for its risk
coincides with the obtained lower bound. It should be emphasized that this property is
obtained without using sparse conditions and in the adaptive setting when the parameter
dimension and model regularity are unknown. We then study the constructed procedures
numerically using Monte Carlo simulations.
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1 Introduction

1.1 Problem and motivations

We study the observations model defined for 1 < j < n through the following difference
equation

q ,
y; = (Z Biwi(f’fj)> Yyi-1t&, z;=at T n (1.1)
i=1

where the initial value y, is a non random known constant, (¢;);~; are known linearly inde-
pendent functions, a < b are fixed known constants and (§;) ;>4 are i.i.d. unobservable random
variables with an unknown density distribution p from some functional class which will be
specified later.

The problem is to estimate the unknown parameters (5;);<;<, in the high dimension set-
ting, i.e. when the number of parameters is greater than the number of observations, i.e.
q > n. It should be noted that, usually, big data models in discrete time are considered only
for the i.i.d. observations (see, for example, [ | and the references therein).
In this paper, we study such model in the dependent observations framework defined by the
autoregressive model (1.1). It should also be emphasized, that in all the papers devoted to
big data models in discrete time, it is assumed that the number of parameters ¢ is known and,
moreover, to provide optimality properties some sparse conditions are assumed. This means
that the usual methods (Lasso algorithms or Dantzig selector) cannot be used to estimate,
for example, the number of parameters ¢q. To overcome these limitations, in this paper, sim-
ilarly to the approach proposed in | |, we study this
problem in a nonparametric setting, i.e., we include observations (1.1) in the general model
defined by

y; = S@)y1+§;, (1.2)

where S(-) € Ly]a,b] is unknown function. The nonparametric setting allows to consider the
models (1.1) with unknown g or even with ¢ = +o00. Note that the case when the number of
parameters ¢ is unknown is one of challenging problems in the signal and image processing the-
ory (see, for example, | , ]). Thus the problem is now
to estimate the function S(-) on the basis of the observations (1.2) under the condition that the
noise distribution p is unknown and belongs to some functional class P. Note that this is well
known as time varying autoregressive model (TVAR) (see, for example, | ]
and the references therein). Such models are very popular in various important fields such

as signal and image processing | |, econometrics | ],
farming | ], etc. There is a number of papers that consider these models
(see, for example, | , , | and the refer-

ences therein). Firstly, minimax estimation problems for the model (1.2) has been treated in
[ , | in the nonadaptive case, i.e.
for the known regularity of the function S. It should be noted that in | ],
the authors found the optimal convergence rate for the Holder multidimensional functional
coefficients, while in | |, along with the optimal rate,
the efficiency of a kernel estimator was also established, that is, a constant determining the
sharp lower bound for the pointwise risk and a kernel estimator whose risk coincides with this
constant were found. Remark also that, in the parametric case, this constant is the Fisher



information. Then, in | , |, the authors
proposed to use the sequential analysis for the adaptive pointwise estimation problem, i.e.
in the case when the Holder regularity is unknown. Moreover, it turned out that only the
sequential methods can provide the adaptive estimation for autoregressive models. For these
reasons we use in this paper the sequential analysis approach. Moreover, it should be noted
that in all these papers the estimation problems are considered only in the pointwise setting
when one estimates the functional parameters in fixed points. Unfortunately, these methods
do not provide an effective estimation of functions with respect to the integral risk. To develop
such methods for the model (1.2), we use in this paper the adaptive sequential model selec-
tion procedures from | |, which are optimal in the sense of sharp oracle
inequalties for the quadratic risk defined by

b
Ry(8,.9) = B, gl8, — SI2. [5]2 = / S(z)dz,

where S, is an estimator of S based on the observations (Y;)1<j<n and E ¢ is the expectation
with respect to the distribution law P, ¢ of the process 1.2 given the distribution density p
and the function S. Moreover, taking into account that p is unknown, we use the robust risk
defined by R R

R*(S,,S) = sup R,(5,,9), (1.3)

where P is a family of the distributions defined in Section 2.

1.2 Main tools

In this paper, in order to provide an efficient estimation, we develop special efficient estima-
tion methods for the model (1.2), as it is done in | ]
for the diffusion processes. It should be emphasized that these methods cannot be used here,
since they are completely based on the uniform geometric ergodicity property. Note that the
process (1.2) is not ergodic even in the asymptotic setting. Therefore, to provide an efficient
estimation in this case, one needs to develop a new asymptotic estimation method for the
model (1.2). To estimate the function S in this model we make use of the model selection

procedures proposed in | ]. These procedures are based on the optimal
pointwise truncated sequential estimators from [ | for
which through the method developed in [ | sharp

oracle inequalities are obtained. Based on these inequalities, our goal is to show that the
estimation procedures constructed in this paper are efficient in an adaptive formulation for
the robust risk (1.3). To do this, first of all, it is necessary to establish a sharp lower bound
for this risk, i.e. to provide the best possible estimation accuracy for the model (1.2) which is
usually given by the Pinsker constant for quadratic risks (see, for example, in | ],
[ I, 1 ]). The first step consists
in obtaining the van Trees inequality. Secondly, to apply this inequality to autoregressive mod-
els one needs to choose prior distributions. It should be emphasized here that we cannot apply
the usual analytic methods based on the Gaussian prior distributions, since in this case, the
observation process is not homogenous, and there is no stationarity as well. Here one needs
to choose prior functional distributions of special form with bounded supports.



Then, through the van Trees inequality, we obtain a lower bound for the quadratic risk and
to get the sharp bound, we maximize it over all the chosen priori distributions. It turns out
that for the model (1.2) the sharp lower bound for the weighted quadratic risk is the Pinsker
constant obtained in [ | for the signal filtration problem. Moreover, it appears
that the weight coefficient in the quadratic risk is the nonparametric Fisher information for
the model (1.2). This is the new result in the efficient nonparametric estimation for depen-
dent observations. Eventually, using the oracle inequality from [ | and the
weighted least square estimation method, we show that for our constructed model selection
procedure, the upper bound of its risk asymptotically coincides with the obtained lower bound
without using the regularity properties of the unknown function. This means that it is efficient
in the adaptive setting with respect to the robust risk (1.3).

1.3 Organization of the paper

The paper is organized as follows. In Section 2, we construct the sequential pointwise estima-
tion procedure which allows us to pass from the autoregression model to the corresponding
regression model, then in Section 3 we develop the model selection method. We announce
the main results in Section 4. In Section 5 we present Monte-Carlo results which numerically
illustrate the behavior of the proposed estimation procedure. In Section 6 we show the van
Trees inequality for the model (1.2). We get the lower bound for the robust risk in Section 7
and in Section 8 we obtain the upper bound for the corresponding robust risk. In Conclusion,
we summarize all the main results of the paper and compare them with the existing ones. We
provide all the auxiliary tools in Appendix.

2 Sequential pointwise estimation method

To estimate the function S in the model (1.2) on the interval [a, b], we use the kernel sequential
estimator proposed in | ] at the points (2;);<;<, defined
by

zl:a+é(b—a), (2.1)

where d is an integer valued function of n, i.e. d = d,,, such that d/y/n — 1 as n — oo. Note
that in this case the kernel estimator has the following form

- 27-1_1 QujYi—1Y; T;— 2
Sz = wd Q= ().
21 Quiyig N h

where Q(+) is a kernel function and h is a bandwidth.

As it is shown in | ] to provide an efficient pointwise
estimation, the kernel function must be chosen as the indicator of the interval | — 1;1], i.e.
Q(u) = 1)_; jj(u). This means that we can rewrite the estimator (2) as

ko
. Zj:ku Yi-1Y;j
S(z) = Tk o,
Zj:kl,l yj—l

(2.2)



where ky; = [nZ — nh] + 1 and kyy = [nz + nh] A n, [z] is the integer part of z, 3, = I/d
and h = h/(b — a). In order to use the model selection method from | ]
we need to obtain the uncorrelated stochastic terms in the kernel estimator of the function S
at the points (2.1), i.e. one needs to use the disjoint observations sets (yj)kl,zﬁjék’z,z‘ To this
end it suffices to choose h for which for all 2 <[ < d the bounds ky; ; <k, i.e. we set

h:;Ta and Ez% (2.3)
Note that the main difficulty is that the kernel estimator is a non linear function of the
observations due to the random denominator. To control this denominator we need to assume
conditions providing the stability properties for the model (1.2). To obtain the stability
(uniformly with respect to the function S) of the model (1.2), we assume that for some fixed
0 < e <1and L > 0 the unknown function S belongs to the e-stability set introduced in

[ | as
0., = {S e Cy(ja,b,R):|S|, <1—¢ and |$], < L} , (2.4)

where C,[a,b] is the Banach space of continuously differentiable [a,b] — R functions and
S|, = sup, . ,<;, [S()|. As it is shown in | |VS e,

k

5% 2 ~ sz_kﬁJ kot — ko s

. yj—l ~ 1_ 52(2’1) as 2,1 1,1 0.

]:kl,l

Therefore, to replace the denominator in (2.2) with its limit we first need a preliminary estimate
of the function S(z;). We estimate it as

4
~ =k Yi-1Y;j
Sl = % Wlth Ll = kle + q, (25)
Zj:]{;l’l yj,1

where q = q,, = [(nh)"0] for some 0 < iy < 1. Indeed, we cannot use this estimator directly
to replace the random denominator since in general it can be close to one. For this reason we
use its projection onto the interval | — 1 +¢,1 — €], i.e. S; = min(max(S;, —1+¢),1 —¢€) and

€ = (24 Inn)~!. Finally, omitting some technical details, we will replace the denominator
(2.2) with the threshold H; defined by

1—c¢
LT 5,12( 20— ) (2.6)
It should be noted that H; is a function the observations y;, ...y, . To replace the random

denominator in (2.2) with H;, we use the sequential estimation method through the following
stopping time

k
T = 1nf{k‘ > T Z uj,l Z Hl}? (27)
Jj=y+1



where u,;; = y‘72'711{L1+1§j<k2,1} + Hll{j:k27,}~ It is clear that 7; < ky; a.s. Now we define the
sequential estimator by

7—1
S = T Z Yji-1Y; + %Y 1Ys | 1r,s (2.8)
j=uy+1

where I'; = {7; < ky;} and the correcting coefficient 0 < 5 <1 is given by

-1
2
Z uj,l =+ %l ulel = Hl . (29)
J=y+1
As in | ], we study robust properties of this sequential

procedure by assuming that in the model (1.2) the i.i.d. random variables (¢;);>; have a
density p (with respect to the Lebesgue measure) from the functional class P defined by

+o00 +oo
P::{p203/ p(z)dz =1, / zp(x)dz =0,

oo " J2)? p(x) da
/ z?p(r)dz =1 and sup f_oo — <1 } ,
o 1>1 Its

(2.10)

where ¢ > 1 is some fixed parameter which may be a slowly increasing function of the number
observation n, i.e. for any b > 0

lim n P¢(n) =0. (2.11)

n—oo

We can take, for example, ¢(n) = In" n for some fixed m > 0. It should be noted, that the
(0, 1)-Gaussian density p, belongs to P. Now we can formulate the following proposition from
[ | (Theorem 3.1).

Proposition 2.1. For any b > 0

lim n® max sup supP (§—Sz > >:O, 919
n—»00 lSlSXdSE@I:L peg p,S |5 (l)| € ( )

where €y = €5(n) — 0 as n — oo such that 60_1 1s a slowly increasing function.

Now we set
V=51, and I'=nL T,. (2.13)

In Theorem 3.2 from | ] it is shown that the probability of I goes to zero
uniformly faster than any power of the observations number n, which is formulated in the next
proposition.

Proposition 2.2. For any b > 0

lim n® sup P, (T =0.

n—00 See, |



In view of this proposition we can neglect the set I'°. So, using the estimators (2.13) on the
set I' we obtain the discrete time regression model

Vi =5(z)+¢ and G=n+mw, (2.14)
in which .
_
Zjl:Ll+1 u;, &+ quy &
= T, and w; =w; +wy,
where . )
2 1 W (S(xy) = 5(=) +squg, (S(ar) = S(27,))
Wi = H
!
and wy; = (3 — %12)‘171,1 S(z,)/H;. Note that the random variables (1;);<;<4 (see Lemma
A2in | ]), for any 1 <1 <d and p € P, are such that
Ep,s (m1G,) =0, Ep,s (7712 |gz) = ‘712 and Ep,s (7714 ‘gl) < V*U;la (2.15)
where o, = Hl_1/2, G =0o{n,...,m_1,0;} and v* is a fixed constant. Note also that
< min o? < 2 < 2.16
O S Win o) S MaX o) S0y, (2.16)
where )
1-— 1
< and oy, =

%0+ = 91— e)nh 1-9)(2nh—q-3)

Remark 1. It should be summarized that we construct the sequential pointwise procedure
(2.7) = (2.8) in two steps. First, we preliminary estimate the function S(z;) in (2.5) with the
observations (yj)/ﬁ,zﬁjﬁtz and through this estimator we replace the random denominator in
(2.8) with the threshold H; in the second step when we construct the estimation procedure on
the basis of the observations (y;), <<k, ,- Also remark that in the deviation (2.14) the main
term 1, has a martingale form and the second one, as it is shown in [ /,
18 asymptotically small. Finally, it should be emphasized that namely these properties allow us
to develop effective estimation methods.

3 Model selection

Now we use the sequential model selection procedure from | ] to estimate
the function S for the regression (2.14). To this end, first we choose the trigonometric basis

(¢;)>1 in Ly[a, b], ie.

b= = 60 =\ Ty @Al Ah(@) . > 2. (3.1

where the function Tr;(z) = cos(x) for even j and Tr;(z) = sin(z) for odd j, and 1y(z) =
(x—a)/(b—a). Moreover, we choose the odd number d of regression points (2.1), for example,
d = 2[y/n/2]+1. Then the functions (¢;);< ;<4 are orthonormal for the empirical inner product,
ie.

(D 9j)q = 4 Z Gi(%)0; (%) = Lyi—py - (3.2)



It is clear that the function S can be represented as
d
)= 0;a0;(z) and 6;,=(59;), . (3.3)
=1

We define the estimators of the coefficients (6, 4);<;<4 by

d
Z (%) (3.4)

From (2.14) we obtain immediately the following regression on the set I'

~ . [b—a
aj,d = 0],(1 + Cj,d with <j,d = 7d n],d + w],,d , (35)
b—a b—a
Mjd =\~ Z me;i(z) and w; = ] Z @
=1 =1

It should be noted here that

]d_

where

d d
b—a w’
Y=, =l = ; d @< (b- )L, (3.6)
j=1 =1
where @’ = nmax, <y w;. In | ] (Theorem 3.3) it is shown that
1
lim — sup sup E,gw 1, =0 forany b>0. (3.7)

n—00 M= pep SeO, |

For the model selection procedure we use weighted least squares estimators defined by

d

d
ZS 21, e Sa(z) = Z i) 0;a0(z) 1p, (3-8)

J=1

where the weight vector A = (A(1),...,\(d))’ belongs to some finite set A C [0, 1]¢, the prime
denotes the transposition. Denote by v the cardinal number of the set A, for which we impose
the following condition.

H,) : Assume that the number of the weight vector v is a slowly increasing function of n.
To choose a weight vector A € A in (3.8) we will use the following risk

d
~ b—a
Erry(A) = [|S) — S||,21 = d E SA 2) ))2' (3.9)
=1

Using (3.3) and (3.8) it can be represented as

—2ZA 9]d0]d+z : (3.10)

Err (A

"MQ‘



Since the coeflicients 60, ; are unknown we cannot minimize this risk directly to obtain an
optimal weight vector. To modify it, we set

~ ~ b—a i b—a
Ora="05q— — S0 with s;3="——3% o7 ¢3(%). (3.11)
=1

Note here that in view of (2.16) - (3.2), the last term can be estimated as

0o <8j g <0 - (3.12)
Now, we modify the risk (3.10) as
d d N
TiN) = D NG, =2 D MG ;0 + TPV, (3.13)
j=1 J=1

where the coefficient 0 < § < 1 will be chosen later and the penalty term is

d
P = LS R sy (3.14)
j=1

Now using (3.13) we define the sequential model selection procedure as
A= argmin, _, J;(A) and S, = §X' (3.15)

To study the efficiency property we specify the weight coefficients (A(j));<;<,, as it is proposed,
for example, in | ]. First, for some 0 < ¢ < 1, we
introduce the two dimensional grid to adapt to the unknown parameters (regularity and size)
of the Sobolev ball, i.e. we set

A={1,...,k*} x{e,...,me}, (3.16)

where m = [1/¢2]. We assume that both parameters k* > 1 and e are functions of n, i.e.
k* = k*(n) and € = £(n), such that

lim,_, . k* (n) = +o0, lim,,_, M =0,
Inn (3.17)
lim, .. &(n) =0 and lim, . nPe(n) = +oo
for any b > 0. One can take, for example, for n > 2
1 * *
g(n) = o and k*(n) = k; + [VInn], (3.18)

where kj > 0 is some fixed integer number. For each a = (k,t) € A, we introduce the weight
sequence A, = (A, (J))1<j<q With the elements

Mald) = gy + (1 - (j/wa)k> Ly, <j<wa} (3.19)



where
Wy = w, + (b— a)?® @D (@ en) Y and dr = (k4 1)(2k + 1)/(x ).

Here, j, and w, are such that j, — oo, j, =0 ((n/e)l/(%*l)) and w, = O(j,) as n — oo. In
this case we define the weight set as A = {\,, @ € A}. Note, that these weight coefficients
are used in [ , | for
continuous time regression models to show the asymptotic efficiency. It will be noted that in
this case the cardinal of the set A is v = k*m. It is clear that the properties (3.17) imply the
condition Hy). In | | we showed the following result.

Theorem 3.1. Assume that the conditions (2.11) and H;) hold. Then for any n > 3, any
S €0, and any 0 < § < 1/12, the procedure (3.15) with the coefficients (3.19) satisfies the
following oracle inequality

R*(8..5) < (14 46)(1 4+ 6)?

_ B
inR* “n 2
Togs  SRRTNS)+ S (3:20)

where the term B’ is a slowly increasing function.

Remark 2. In this paper we will use the inequality (3.20) to study efficiency properties for
the model selection procedure (3.15) with the weight coefficients (3.19) in adaptive setting, i.e.
in the case when the regularity of the function S (1.2) is unknown.

4 Main results

First, to study the minimax properties of the estimation problem for the model (1.2), we need
to introduce some functional class. To this end for any fixed r > 0 and k > 2, we set

—+00
Wir=3f€0. Y a7<r;, (4.1)
j=1

where a; = 1 + Z;{ 1 (27r[j/2]/(b - a)) (6;);>1 are the trigonometric Fourier coefficients in

Lyla, b, ie. 0, = (f,¢;) f f(z)¢;(r)dz and (¢;);>; is the trigonometric basis defined in
(3.1). Tt is elear that we can represent thls functlonal class as the Sobolev ball

k
ka = f € @a7L : Z Hf(j)”2 sr

Jj=0
Now, for this set we define the normalizing coefficients

Kk >2k/(2k+1)

_ 1/(2k+1)
L, = (1+2k)r) (7‘(‘(1{ Y

and

b
.. = <.(5) —/ (1— S2(u))du. (4.2)

10



It is well known that in regression models with the functions S € W, the minimax con-

vergence rate is n~2K/(2k+1) (

see, for example, [ ,

| and the references therein). Our goal in this paper
is to show the same property for the nonparametric autoregressive model (1.2). First we have
to obtain a lower bound for the risk (1.3) over all possible estimators =, , i.e. any measurable

function of the observations (yy,...,¥,)-

Theorem 4.1. The robust risk (1.3) normalized by the coefficient v(S) = ¢ 2%/k+1) can be
estimated from below as

liminf inf n2</CkHD gup V(S)R*(S,,,8) > (b— a)?/ZktDy (4.3)
n—0o0 SnGEn Sewk,r )

Now to study the procedure (3.15) we have to add some condition on the penalty coefficient
d which provides sufficiently small penalty term in (3.13).

H,) : Assume that the parameter § =9,, is a function of n which goes to zero as n — 0o such
that 6;1 18 slowly increasing.

Theorem 4.2. Assume that the conditions Hy) and Hy) hold. Then the model selection
procedure S, defined in (3.15) with the weight vectors (3.19) admits the following asymptotic
upper bound

limsup n2/H) sup  o(S)R(S,,S) < (b — a)?/CktD) |
n—o0 SEWK »

Now, Theorems 4.1 - 4.2 imply the following efficiency property.

Corollary 4.1. Assume that the conditions H,) ~ Hy) hold. The model selection procedure
S, defined in (3.15) and (3.19) is efficient, i.e.

infg o SUPgew, U(S)R*(gn,S)

n€=n

lim = =1. (4.4)
n—o0 SUP g, v(S)R(S,,S)
Moreover,
lim /D inf  sup 0(S)R*(S,.S) = (b—a)/ P
n—00 SnGEn Sewk,r
and

lim n?/) sup w(S)R¥(S,, ) = (b a)?/ B

n—0o00 SEWk,r

7r'

Remark 3. It should be noted that the inequality (4.3) can be represented as

lim n
n—o00 SnGEn SEWk,r

2k/(2k+1) Ainf sup (I(S))2k/(2k+1) ﬁ(gm S) > (b _ a)?k/(2k+1) 1 -

)

(4.5)
where T =1/(b—a), Z(S) = (b — a) (f;(l — Sz(x))dx>_1 and
~ b ~
R(5,8) = sup Epvsﬁ / (8a(a) — S(@)) "o

11



Note also that the function Z(S) is the nonparametric version of the asymptotic Fisher infor-
mation. We remind that for the parametric model (1.2), i.e. when S =1 and |9| < 1, the

Fisher information is (1—92)~! (see, for example, | ]). Moreover, the coefficient
(b—a)?k/(2k+1) ly 5 is the well known Pinsker constant for the "signal+white noise” model with
the noise intensity b — a and the radius T (see [ /). Therefore the lower bound

(4.5) is the nonparametric version of the Rao-Cramer inequality for the models (1.2).

Now we assume that in the model (1.1) the functions (¢);),>; are orthonormal in L]a, b],
Le. (¢¥5,%;) = 1—;3. We use the estimators (3.8) to estimate the parameters S = (5;);>4

as By = (By;)i>1 and g/\,i = (¢;, §A) Then, similarly we use the selection model procedure
(3.15) as R R R R
By = (/8*,2')1'21 and B, ; = (¢;,5,) - (4.6)

It is clear that in this case |BA —B)? = Z;’;(EM —B)? = H§/\ —S|? and |B* —B)? = ||§* -S|
Note that Theorem 3.1 implies that the estimator (4.6) is optimal in the sharp oracle
inequality sense which is established in the following theorem.

Theorem 4.3. Forany S€0©_,n> 3 and 0 < <1/12,

(14 46)(1 + )2
1—65

~ ~ B*
(B, 8) < min R*(), ) + 5~
where R*(B, B) = SUP,cp Ep7S|B\— B|? and B? satisfies the limit property mentioned in The-

orem 3.1.

Remark now that Theorems 4.1 and 4.2 imply the efficiency property for the estimate
(4.6) based on the model selection procedure (3.15) constructed with the penalty threshold §
satisfying the condition H,).

Theorem 4.4. Then the estimate (4.6) is asymptotically efficient, i.e.

lim an/(2k+1) sup U(S)R* (3*7 B) = (b - a)Qk/(2k+1) lk,r

n—+00 SEW, »

and —~
inf- __ sup v(SYR*(B,,, B)
lim BLEE, SeEWy » _ =1, (4.7)
n— 00 SupSeWkr U(S)R*(ﬁ*,,@)

where =, is the set estimators for 3 based on the observations (y;)1<j<p-

Remark 4. It should be noted that we obtain the efficiency property (4.7) for the big data au-
toregressive model (1.2) without using the parameter dimension q or sparse conditions usually
used for such models (see, for example, [ /).

5 Monte-Carlo simulations
In this section we present the numeric results obtained through the Python software for the

model (1.2) in which (§;);<;<, are i.i.d. N(0,1) random variables and 0 <z < 1,ie. a =0
and b = 1. In this case we simulate the model selection procedure (3.15) with the weights

12



(3.19) in which k* = 150 + vInn, m = [In?n], ¢ = 1/Inn. Moreover, the parameters j, and
w, are chosen as

= D w=Inn+ (k+1)(2k+1)tn 1/(2k+1)
J*_ 2004—111(&7 w = 7T2kk
and w, = j, + Inn. First we study the model (1.2) with S;(x) = 0,5cos(27z) and then for
the function

cos(2mjz)

Sy(z) =0,1+> G a2

J=1

and ¢ = 100000 .

In the model selection procedure we use d = 2[y/n/2] + 1 points in (2.1).

(a) Observations for n = 200 (b) Estimator of S; for n = 200

Figure 1: Model selection for n = 200

(a) Observations for n = 500 (b) Estimator of S; for n = 500

Figure 2: Model selection for n = 500

13



(a) Observations for n = 10000 (b) Estimator of S; for n = 10000

Figure 3: Model selection for n = 10000

(a) Observations for n = 70000 (b) Estimator of S; for n = 70000

Figure 4: Model selection for n = 70000

Figures 1-4 show the behavior of the function S; and its estimators by the model selection
procedure (3.15) depending on the observations number n. On the figures (a) the observations
are given and on the figures (b) the red dotted is the regression function and the black full

line is its estimator at the points (2.1). Then we calculate the empiric risks as

o1 2
ch—i;E(Sn(zj)—S(zj)) , (5.1)

where the expectation is taken as an average over M = 50 replications, i.e.

PN 2 1 2
E(3.0-50)) = > (80 -50)) -
=1
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We use also the relative risk

=R 1
R, = 5 and IS|2 = = SQ(xj). (5.2)
151 n
n j=1

The tables below give the values for the sample risks (5.1) and (5.2) for different numbers of
observations n.

Table 1: Empirical risks for S

n R R,
200 0.135 0.98
500 0.0893 | 0.624
10000 | 0.043 | 0.362
70000 | 0.03523 | 0.281

Table 2: Empirical risks for S,

n R R.
200 0.0821 | 5.685
500 0.0386 | 2.623
10000 | 0.0071 | 0.516
70000 | 0.0067 | 0.419

Remark 5. From numerical simulations of the procedure (3.15) with various observation
durations n and for the different functions S we may conclude that the quality of the estimation
improves as the number of observations increases.
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6 The van Trees inequality

In this section we consider the nonparametric autoregressive model (1.2) with the (0,1)-
Gaussian i.i.d. random variable (;);<;<,, and the parametric linear function S, i.e.

d
Sp(z) =D 0;¢;(x), 6=(6y,...,0,) R (6.1)

j=1
We assume that the functions (v;);<;<4 are orthogonal with respect to the scalar product
(3.2). Let now P} be the distribution in R™ of the observations y = (y,...,y,) in the
model (1.2) with the function (6.1) and v{ be the distribution in R™ of the Gaussian vector

(&,-..,&,). In this case the Radon-Nykodim density is given by

(n) n n
dP 1
foly,0) = dueg = exp So(@)yi—1y — 3 Z Sy(x)ypy ¢ - (6.2)
=1 j=1

Let o be a prior distribution density on R? for the parameter @ of the following form o(6) =
H;l:l 0;(0;), where g, is a some probability density in R with continuously derivative ¢; for
which the Fisher information is finite, i.e.

_ (a9,
Q_é%@d< . (6.3)

Let g(6) be a continuously differentiable R? — R function such that

lim g(#)e;(0;) =0 and lg.(0)| u(#) db < oo, (6.4)
0;]—00 RY J
where g}(@) = 0g(0)/00;.
For any Q(R™%)-measurable integrable function H = H(y, ) we denote

EH = H(y,0) £,(y.0) o(6)dv{™ 6. (6.5)
R+

Let 7Y be the field generated by the observations (1.2), i.e. FY = o{y,...,9,}. Now we
study the Gaussian the model (1.2) with the function (6.1).

Proposition 6.1. For any JF;-measurable square integrable R™ — R function g, and for any
1 < j < d, the mean square accuracy of the function g(-) with respect to the distribution (6.5)
can be estimated from below as

—2
B(g, - g(0))? > — 2

> (6.6)
EV, +1,

where W, ;. =3"" 1/1]2.(371) y? | and 9;,= fRd 9}(9) o(#)dé.
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Proof. First, for any 6 € R% we set

~ 1 a(m.0u)
Ui= U0 = 50 5wy ob,

J
Taking into account the condition (6.4) and integrating by parts we get

B (G- 90)0;) = | | Gulo) - g<9>>6‘3j (fu(5.8)u(68)) 40 ("

“+oo
—[ /] g swomenns,) (T ) e -,
Rn+d—1 — 00 ’L;é]
Now by the Bouniakovskii-Cauchy-Schwarz inequality we obtain the following lower bound for
the quadratic risk E(g,, — g(6))? > EJZ. / EU].Q. To study the denominator in this inequality note
that in view of the representation (6.2)

n

1 0f.(y,0)
= (Zp) Y- — So(x)y,_q).
foly,0) 00, ; V(@) yi—1 (Y — Sp(z)y1—1)
Therefore, for each 6 € RY,
1 9fu(y,0)
E Ly
© fuly.0) 06

and

2 n
(n) 1 0f,(y,0)\ , ,
o fnuly,0) 00, = Ey Z Vi@)y = Ey ¥, ;.
" J =1

Using the equality
~ 1 1
' 0 f,(y,0) ou(h)

7 faly,0) 00, u(d) 90; °

we get Eﬁf = E\Ilw» + [;. Hence Lemma 6.1. [

7 Lower bound

First, taking into account that the (0,1)-Gaussian density p, belongs to the class (2.10),
we get R*(S,,S) > Rpo(gn,S). Now, according to the general lower bound methods (see,
for example, | ]) one needs to estimate this risk from
below by some bayesian risk and then to apply the van Trees inequality. To define the bayesian
risk we need to choose a prior distribution on Wy ,. To this end, first for any vector k =
(k;)1<j<d € RY, we set

d

Se(z) = Z K ¢](w) ) (7.1)

j=1
where (¢,);<;<q is the trigonometric basis defined in (3.1). Now, to use the van Trees inequality
we introduce the Bayes risk as

Ro(S,) = Bo |15, — 5. = / By, 19 = S0 (), (7.2)
R
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where y,, is the distribution in R? of the random vector x = (K;)1<j<a defined by its compo-
nents as

K;=5; n;‘ , (7.3)

where (s;);<;<4 are some positive coefficients which will be specified later, (n;)lgjgd are i.i.d.
random variables with the continuously differentiable density p,,(-) defined in Lemma A.1 with
N = Inn and n > €%, As to the number of the terms d in (7.1) similarly to [ ]
we choose it as a function of n, i.e. d =d,,, such that d, — oo as n — oo and, moreover, this
function must belong to the class W, , with a probability approaching one faster than any
power function of n~!. For this, as we will see below in Lemma A.3, it is necessary to provide
for a fixed arbitrary 0 < p < 1 the following property

hmsupZa 87 < pr.

n—o0

Taking into account that a; ~ (mj/(b — a))® for j — oo, this condition can be rewritten as

d
D% 57 < pr(b— ) /x%. (7.4)

Jj=1

It is clear that almost surely the function (7.1) can be bounded as

max <\S (z )|+|Sﬁ(x)|) <c, o (7.5)

a < * n )
where

d
c,=V20b—a+m)/(b—a)*? and o =lInn stj.

In the sequel we choose the number of the terms d in (7.1) and the coefficients s; in (7.3)
such that 6* — 0 as n — oo. Therefore, under this condition for sufficiently large n the
function (7.1) belongs to the class (2.4) almost surely. Now, for all f € L,[a,b], we denote
by h(f) its projection in Ly[a,b] onto the ball W = {f € Ly[a,b] : ||f]| < r}, ie. h(f) =
(r/max(r, | f]))f. Since Wy, C Wy, we have H§n —S|? > HlAln — S||? for S € W r» Where
IAln = h(§n) This implies that for sufficiently large n

~

sip o(S) R, (5,,5) > J/ (8., s [By — 5.2 pe(d2)
r

SEWier
= ”*/ po,s. By = S.117 p(d2) (7.6)
r

where I' = {z eR?: Zj L& ]2 < } and v, = inf|g <c 5+ v(5). Now taking into account
that ||IA1nH2 < r, we get

~ ~

S8) > v, Ry(h,) — 20, Ry, (7.7)

n’

sup v(S)R

(
SEWir Po
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and Ry, = [ (r + [IS,[?) p(d2) = [ (r+ |2°) p.(dz). Remark here thft this term
is studied in Lemma A.3. Moreover, note also that for any z € R? we get ||h, — S.||> >
Z?Zl (z; — zj)2 with z; = (IAln , ¢j>. Furthermore, from Lemma 6.1 with g(#) = 6, it follows

that for any 1 < j < d and any ]-"g measurable random variable Ej

~ 1
E R, —k;)? > = ;
0 ! E U, + sj_QJn

where ¥, - =3"" gb?(azl)yl?il and J, = firi;n (P, (1)?/p,,(t)dt. Therefore, the Bayes risk can
be estimated from below as

d
N b—a 1
Ry(h,) > — _ 7
where .
= (b—a) ~ i} n
\Ijn,j = n ZQSJQ(ZEZ)EO le_l and Sj = b as? . (78)
=1

Note here that in view of Lemmas A.1 and A.2 for any 0 < p; < 1 and sufficiently large n we
have J, <1+ p; and maxlgjgd@mj <1+ p;, hence,

d g*
2k/(2k+D) B (R > (b—
n RO(h) = (1+4p) 1/(2k+1 Z 1 + 3 (7.9)
J=1
Now we choose (S;)lgjgd to maximise this lower bound under the condition (7.4), i.e
d d 2k—1
: 2k _pr(b—a)
vlztr)?%dzo > T subjected to Z Jv;<Bn, B= — (7.10)
j=1 j=1
Using the Lagrange multipliers method, the solution of this problem can be given by
d\ ¥ Bn+ Y4 1%
S; = Uy (> —1 and u,; = kzdl:;lk . (711)
J d<y 1
Therefore, in (7.3) we choose s; =, /(b — a)s;f/n and d such, that
u, > 1. (7.12)

Using this in (7.9), we deduce that

d ,.\k

2K/ (2k+1) T (T (b—a)d 1 Jy 1

n Ro(h) = (1+ p,) nl/Ck+D) 1 udz; d) d
j

To obtain here a positive lower bound, we set d = d,, = [Dn'/(?***1)] for some D > 0. Then

| Bk+1) , k+1
A v = et oy (D)
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and, using the definitions (7.11) in (7.5) we obtain that for any k > 2

d
1
o < \/(b—a)ud%dkmztjl*kﬂ—)O as n — 00.

Jj=1
Moreover, in this case

~ ~ b—a D
lim inf n2k/(2k+1) h) > L (D L(D\=D— — —~

n—o0 B (1 +p1)

Note here that the derivative L’ (D) = (1 — u;l(D))2 > 0. In view of the condition (7.12) we
obtain that u,(D) > 1, i.e.

1/(2k+1)
O<DS((2k+1l)<(k+1)B> b
Therefore,
B on kE ekt N (2k—1)/(2k+1)
O<HD1%XD* L*(D) _L*(D*) _D*k-{—l =p (b (Z) lk,r

and we get that for any 0 < p < 1

lim inf n2%/ @D R (B) > U/ GRt1) () tk/ (k)

L ..
n—00 B (14 p1) for

Taking into account that v, — (b — a)~2%/k+1) a5 n — oo in (7.7), we conclude through
Lemma A.3, that for any 0 < p <1 and p; >0

1
~ HTT
liminf inf n2’3§r1 sup v(S) R*(Sn, S) > P (b— CL)Zk/(2k+1)l
n—oo G €=, SEW » 1+ 01

k,r -

Taking here the limits as p — 1 and p; — 0 we come to the Theorem 4.1. O

8 Upper bound

We start with the estimation problem for the functions S from W, , with known parameters
k, r and ¢, defined in (4.2). To do this, we denote

O=w; and &= (kt,), (8.1)

where t, = [(S)/e]e, 7(S) = r/s, and € = 1/Inn. In this case we use the estimator (3.8)
with the corresponding weight vector defined in (3.19), i.e.

S=25 and A=);. (8.2)

«

Note, that for sufficiently large n, for which £* > k and m > [r(5)/¢] the parameter a belongs
to the set (3.16). In this section we study the risk of the estimator (8.2). To this end we need
firstly to analyse the asymptotic behavior of the sequance

d d
T,(8) = 2 (1=2G))%62, + = 3 R(). (8.3)
j=1

J=1
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Proposition 8.1. The sequence Y, (S) is bounded from above

limsup sup n*/FD 4 (S) T, (S) < (b— o)/ CRFV

n—oo SEW .

. (8.4)

)

Proof. First, note that 0 < €2(b — a) < infgeg_, S < Supgeg L S < b — a. This implies
directly that 7

lim sup [t,/7(S) — 1‘ =0, (8.5)

n—o0 Se@, |

where t,, = [7(S)/e] e and 7(S) = r/s,. Note now that

d
T,(8) = G, + = 30 X0),

j=1

where G, Zgw_ (1—A(j))? 62 + Z?=[&]+1 0]2.7d = Gy, + Gy, Moreover Lemma A.5 and
Lemma A.6 yield

b— a)?kE
< (148) Z 1= X(j)% 07 +4r(1+& >(d213’
J=J«
and ( )2k
b—a
2
G,, <(1+8) > @ +r(l+e D
]>[w]+1

ie. G, < (148G +4r(b—a)* (1 +271) G,,, where
G, =D (1=2(G)*6; =D _(1-XG)* 0+ 07 =G}, + Gy,
Jj=21 J<w Jj>w
and én =od %+ d-252k=1)_ One also has

u* @]

_ 2k 92 2
n*~2kz 0; S~2k a; 0,
_.7* _j*

where u; = sSup s, ;- g2/ a;. It is clear that lim u = (b— a)?®7=2k Therefore, for any

0 <& < 1 and for sufficiently large n, uniformly in S € ©_

n— 00

. (b~
Gy, < (14+8) o 2k 2k 2302

.] ]*

Similarly, for sufficiently large n, the term G7  can be estimated as

* 1 2 ( a)2k 2
G, < Z a; 07 < (1+¢) 2k 2k Z a; b,

@I+ > @)1 j>@)+1
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i.e.

b_
2
<1 g) 2k 52k 19 <(1+9) T2k2k T

Furthermore, we have that uniformly in S € @E, I

w

I ZAQ lm =3 (1 ('/N)k)2—/1(1— )2y, = 2K =1
nsoo & nféoaj_j W) =) e T krD(k+1)

Therefore, taking into account that lim,,_,  sup Sew, n2k/ (Zk“)én = 0 for k > 2, we obtain,
that for sufficiently large n and uniformly in S € @57L

~ (b - a)Qk Skl
T,09) <(1+4+e)¥(w) and Y(v)= ok Tt v
Note that
inf ¥(0) = ¥(v,) = (5, (b — a) 2/,
and 2k/(2k+1) (g% 1/(2k+1)
v, =(b—a) (di7(S)n) .
~ 1/(2k+1)
Then remind that w = w, + (b — a)2k/ (2k+1) (dl*{tn n) / . Therefore, the limit property

(8.5) implies the upper bound (8.4). O

Theorem 8.1. The estimator S constructed on the trigonometric basis satisfies the following
asymptotic upper bound

lim sup n2%/ kD sup () Epjng — S5 < (b- a)2k/(2k+1)lk7r. (8.6)
n—oo SeWy »

Proof. Now we recall that the Fourier coefficients on the set I

—~ ) b—a
Oja =050 + Ga With Ga=\/——"a+ @jq

Hence, on the set I' we can represent the empiric squared error as

d
IS = SIE =" (1 - X)) 63, — 2M,
j=1
d

-23"(1 - () dedJrZ/\Q 2
7j=1

where M, = \/ngzl (1 — X(j))X(j)Hj?d njyd/\/&. Now, for any 0 < &, < 1,

d d d
2300 ROMDa s < €1 Do (1=, +e Yo
j=1 7= =
d *
— (b—a)w!
<& D (=M, +

<.
Il
—

22



where @ is defined in (3.6). Therefore,

d
IS =8I < (1+e)) (1— 4 2M, +—+Z)\2 )Gy
Jj=1 an Jj=1

By the same way we get

d

~ 1+€ b—a
> wg) e, < Grebed
j=1

and, then, for any 0 < e; < 1 on the set I

*

w
1 +€1_1)7n

||M&

*

3w
IS, = SIZ < (1 +2)Y,(S) — 2M, + (1 +£,)U, + o
1

where T, (S) is defined in (8.3),

1 d
U, =5 Z: ( ), — g*> (8.7)

and the variance g, is defined in (4.2). Note that in view of Lemma A.7

d 2
o1 4 ( a) 1(b—a)
E, g M2 < —— Z = —nsud <A
=1

where o, , is given in (2.16). Moreover, using that E,, ¢ M,, = 0, we get

01, Pp ()
|Ep,SMn 1F| = |Ep,SMn 1F8| < (b_a) %
Consequently, Proposition 2.2 yields
lim n2k/(k+1) Sup |Ep g M1 =0. (8.8)

Now, the property (3.7), Proposition 8.1 and Lemma A.8 imply the inequality (8.6). O
It is clear that Theorem 3.1 and Theorem 8.1 imply Theorem 4.2.

Conclusion

In Conclusion, we focus on the methodological and theoretical investments of this paper in
the statistical treatment of the big data model with dependent observations.

e First of all, it should be emphasized that providing an efficient estimation for dependent
observations autoregressive models is possible only on the basis of the sequential analysis
approach through the transition from the observations (1.2) to the regression scheme
(2.14).
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e In this paper for the first time for the model (1.2), the sharp lower bound (4.3) for the
weighted robust quadratic risk is obtained. It turns out that through the Fisher infor-
mation Z(S) defined in Remark 3, this bound can be represented as the nonparametric
version of the Rao-Cramer inequality (4.5). It should also be noted that we cannot use
here the usual methods to obtain the lower bound since the functions (7.1) must be in
the stable class (2.4), i.e. we cannot use Gaussian random variables in the representation
(7.1), as it is usually done.

e To show the efficiency properties (4.4), we generally use the adaptive estimation approach
proposed in the papers of Galtchouk and Pergamenchtchikov for the diffusion processes.
It should be emphasized that in all these papers, the main results are based on the
properties of geometric ergodicity, which cannot be used for the model (1.2). That is
the reason why we develop, for this model, special efficient estimation methods. In
Section 7, to obtain a lower bound for the asymptotic risk, we construct an analytical
tool based on a special version of the van Trees inequality given in Proposition 6.1. In
Section 8 we develop special asymptotic methods to obtain the sharp upper bound for
known regularity parameters k and t of the Sobolev ellipse (4.1). Finally, through the
oracle inequality from | ], we obtain the asymptotic efficiency in the
adaptive setting.

A Appendix

A.1 Properties of the prior distribution 7.3

In this section we study properties of the distribution used in (7.2).

Lemma A.1. For any N > 2 there exists a continuously differentiable probability density
pn(+) on R with the support on the interval [-N, NJ|, i.e. pn(z) >0 for =N < z < N and
pn(2) =0 for |z| > N, such that for any N > 2 the integral fi\IN zpn(2)dz = 0 and, moreover,

fi\IN 22pn(2)dz — 1 and Jy = fR (pn(2)?/pn(2)dz = 1 as N — oc.
1 -1 1
Proof. First we set V(z) = (f_ll efmdt> e 1% 1g,<yy- It is clear that this function
is infinitely tin{les continuously differentiable, such that V(z) > 0 1for |z| < 1, V(2) = 0 for
|2 > 1 and [7 V(z)dz = 1. Now for N > 2 we set xn(2) = [ | 1{jpu<n—1} V(u)du =
fR log<n—ny V(t — z)dt. Using here the properties of the function V we can obtain di-
rectly that xn(2) = xn(—2) for z € R, xn(2) = 1 for 2] < N — 2, xn(2) > 0 for
N —2 < |z] < N and xn(2z) = 0 for |z|] > N. Moreover, it is clear that the derivative xn(z) =
. 1 . .

= Jo Yyen—y V(E = 2)dt = = [ g4 <1y V(u)du. Note here that [V (z)| < ¢,1/V(2)
for some ¢, > 0. Now through the Bunyakovsky - Cauchy - Schwartz inequality we get that

XzN(z) < 2c,xn(z) for |z| < N. Now we set pn(2) = (fiVN go(t)XN(t)dt>71 o(z)xn(2),

where ¢(z) the (0,1)-Gaussian density, It is clear that pn(z) is the the continuously dif-
ferentiable probability density with the support [-IN, N] such that for any N the integral

fi\IN zpn(2)dz = 0 and fiVN e(t)xn(t)dt — 1, fi\TN 22pn(2)dz — 1 for N — co. Moreover, the
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Fisher information can be represented as

Ty = ( / z so(t)xN@)dt) ; ( / “ff((j)) (s + A ) |

where, taking into account that xn(2) =0 for |z| <N —2,

Ay =2 /|ZZN_2 P in(2)dz + /Z|ZN_2 o).

Therefore, Ay — 0 as N — co. Hence Lemma A.1. [

Lemma A.2. The term (7.8) is such that lim

nsoo MAX; <jicg [V, 5 — 1] = 0.

Proof. First, note that y; = y, Hl S,.(z;) + 2521 H§:L+1 S,.(z;)¢, for I > 1. Therefore,
Eo yP =2 E0 H S2(x;) + Zl ! }~30 HZ i1 S2(x;) + 1 and due to (7.5) we obtain that for
any n > 1 for Wthh o<1

Yo+ 1
sup]EOyl—1| (6 )(0(5*))2—%) as n — 00.
n

Since (b—a)>_" gi)?(xl) =n, we get Lemma A.2. [

Lemma A.3. The term Ry, in (7.7) is such that lim
0<p<l

nP Ry, =0 for any b > 0 and

n—oo

Proof. First note that taking into account in the definition of term Ry, in (7.7), that
|77;‘| <Inn, we get that Ry ,, < (r +1n’n Z;.lzl sz) ., (I'¢). Therefore, to show this lemma it
suffices to check that lim, , . nP pu, (T'°) = 0 for any b > 0. To do this note that the definition

of d in (7.6) implies p,. (I'°) <P((, >r) and ¢, = Zj 1 . So, it suffices to show that
lim nPP(¢, >r)=0 forany b>0. (A.1)
n—oo

Indeed, first note that the definition (7.3) through Lemma A.1 and the property (7.4) imply
directly

lim E¢, = lim Za 32E = lim Z s =pr.

n—o0 n—>oo n—>oo

Setting then (, = ¢, —E(, = (b— a) Zj L S5 a;7;/n and 7; = (77;)2 - E(n}‘)z, we get for
large n that {¢, >r} C {Zn > rl} for r| = r(l — p)/2. Now the correlation inequality from

[ ] and the bound |7;] < 21n%n imply that for any
p > 2 there exists some constant C,, > 0 for which

p/2

- )2 [ & e
E¢ < Cp(n:p) Z (3;)2 a? <G, n~ 3 (Inn)?

i.e. the expectation EZ}; — 0 as n — oo and, therefore, an(Zn >r;) — 0 as n — oo for any
b > 0. This implies (A.1) and hence Lemma A.3. O
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A.2 Properties of the trigonometric basis.

First we need the following lemma from [ ]

Lemma A.4. Let f be an absolutely continuous function, f : [a,b] — R, with || f|| < co and g
be a piecewise constant function [a,b] — R of a form g(x) = Zj:l ¢ X(zj,l,zj](x) where c; are
some constants. Then for any e > 0, the function A = f — g satisfies the following inequalities

(b—a)|fI?
d? '
Lemma A.5. For any 1 < j < d the trigonometric Fourier coefficients (0; 4)1<;<q for the

functions S from the class Wy, with k > 1 satisfy, for any € > 0, the following inequality
02, < (14+8) 02 +4r(1+&)(b—a)*d ",

1A < A +8)lAl*+ 1+

Proof. First we represent the function S as S(x) = Zl 0, () + Ay(x) and Ay(x) =
Dsg Ot(@), e 0,4 = (5,0;)q = 0; + (Ag, ¢;)q and, therefore Ve > 0 we get 02 <
(1—1—5)02 +(1+&1)[|Ayl|3- Lemma A4 with g = 0 implies [|A,4[|2 < 2[|A4|[*+2(b—a)?d™ QHA 2.
Using here that 27[l/2] > [ for [ > 2, we obtain that ||A,||? = > safi 0? <r/a; < (b—a)*rd—2k
and

1A = 2r/(b—a)>>_ 67 [1/2)° — )2kl g2k (A.2)

>d

Hence Lemma A.5 [
Lemma A.6. For anyd > 2 and 1 < N < d the coefficients (6] d)1<]<d of functions S from
the class Wiy withk > 1 satisfy, for any € > 0, the inequality Z N ] d < (149 ijN 92 +
(141 (b—a)*™ rd2N-2k-D,
Proof. Note that Z d =min, . [S— Zj\;l quzﬁjHZ < |AnlZ and Ay(t) =
ZJ>N 0;0;(t). Lemma A 4 and (A 2), 1mply Lemma A.6 [

A.3 Technical lemmas

Lemma A.7. For any non random coefficients (u;;) < <q

2
d d
2
d wimig| <o) ui,
=1 j=1

where the coefficient oy , is given in (2.16).
Proof. Using the definition of 7, ; in (3.5) and the bounds (2.16), we get
2 4 2

d d

b—a
Y wimia| = d EY o (D uu6,(z)
j=1 =1 J=1

—a d d 2
> u;05(2)
=1 \j=1

Now, the orthonormality property (3.2) implies this lemma. O
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Lemma A.8. For the sequence (8.7) the following limit property holds true

lim 72/ D gup Ep s U,1p| =0.
n—00 SEW,

Proof. First of all, note that, using the definition of s; ; in (3.11), we obtain

d
1 1
9 _
Ep,S nj’d p,S Sjd = 8 Z P.S 7 H ngvssj,d ’

where §; ; = El ) 126](30[) and ¢;(z) = (b — a)gﬁ?(z) — 1. Therefore, we can represent the
expectation of U,, as

_ PR b—a
2 PpsUint —p

P S U, Ep,SUZ,n )

where || X2 = Z’;zl N2(5), U,, =(b-a) Zld:l H;'—¢, and U,, = Z )\2( /)8,,4- Note now
that using Proposition 2.12 and the dominated convergence theorem in the definition (2.6) we
obtain that

1)

=0.
H

lim max sup supEj,g
n—o0 1<I<d Se®, , peP

Taking into account that for the functions from the class (2.4) their derivatives are uniformly
bounded, we can deduce that

lim sup =0,

n—o0 Se@, |

(1-8%(=)

S
ol |
S
]~

l

Il
—_

ie. lim, , SWPgeo_, SUPpcp |E, s Uy | = 0. Therefore, taking into account that

A2
lim sup n2k/(Zk+1) sup L ‘2‘ < 00,
n—00 Se0, 1, d
we obtain that
lim, . n?/ D qup sup |E,sU,| < (b—a)lim, U3 (A.3)
see., peP
where
n2k/(2k+1)
Y =———— sup sup |[E, U, |.
2,n d? SG@IEDL peg | p,S 2n|
Now, using Lemma A.2 from | | we get
d
| By, =D Epsoi Z)‘ )6;(2)
I=1

< do,, (22 4282 4 1) < 5doy, 27K
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From the definition of o , in (2.16) it follows that lim sup doy, < oo, ie.

n—oo
limsup sup sup ‘ Ep,SUQ,n‘ < 00.
n—oo S€O, ; PEP

Therefore, the bound (A.3) implies lim,, ,  n2k/(2k+1) SUPgeq , SUPLep |E, s Uyl = 0. Us-
’ 2

1 .» Where the

ing the inequality (A.4) from [ | we get Ep,Sn;‘Ld < 64vo
coefficient v* is given in (2.15). From this we obtain, that

d
(b—a)
Ep,S|Un‘1FC < Z Ep,Snjlec + g>c<]-:)p,5’(Fc)

d
7=1
80, .(b—a)yv*
< : d Pp,S(FC) + g*Pp,S(FC) .
Thus, Proposition 2.2 yields lim,,_,  n?k/(2k+1) SUP gy, E, s/U,[1pe =0. O
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