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MAPPING HYDRODYNAMICS FOR THE FACILITATED EXCLUSION AND
ZERO-RANGE PROCESSES

CLEMENT ERIGNOUX, MARIELLE SIMON, AND LINJIE ZHAO

ABSTRACT. We derive the hydrodynamic limit for two degenerate lattice gases, the facilitated ex-
clusion process (FEP) and the facilitated zero-range process (FZRP), both in the symmetric and
the asymmetric case. For both processes, the hydrodynamic limit in the symmetric case takes the
form of a diffusive Stefan problem, whereas the asymmetric case is characterized by a hyperbolic
Stefan problem. Although the FZRP is attractive, a property that we extensively use to derive its
hydrodynamic limits in both cases, the FEP is not. To derive the hydrodynamic limit for the latter,
we exploit that of the zero-range process, together with a classical mapping between exclusion and
zero-range processes, both at the microscopic and macroscopic level. Due to the degeneracy of both
processes, the asymmetric case is a new result, but our work also provides a simpler proof than the

one that was previously proposed for the FEP in the symmetric case in [8].

1. INTRODUCTION

Recently, the mathematical understanding of free boundary problems has generated ongoing interest
in the scientific community. The so-called Stefan problem introduced by J. Stefan in [27] typically
describes the temperature distribution in a homogeneous medium which is subject to a phase change.
Assuming that heat linearly diffuses, one can write the evolution equation of both separate phases,
with the separation interface allowed to evolve in time. Let us define for instance the liquid region
as the domain where p > 0 and the solid region where p = 0. In one dimension, the mathematical
formulation of the Stefan problem is the following: find a curve x = I'(¢) and a function p(z,t) > 0
such that

op=D%,p, if0<z<T(t), dr

and — =
p(z,t) =0, if £ > T(t), dt

~0,p(I (1), 1), (1)
plus initial and boundary conditions. Physically speaking, the second condition on the free boundary
I'(t) translates the presence of latent heat at the phase transition. The mathematical solution to (1.1)
is usually obtained via the weak formulation and the regularity of I'(¢) can be analyzed (see e.g. [22]
for a review).

Such a macroscopic behavior has been lately derived in [8] from a one-dimensional underlying mi-
croscopic system of interacting particles, whose dynamics is generated by a Markov jump process with
degenerate jump rates. The approach followed by the authors is based on a mathematical procedure

called hydrodynamic limit, i.e. the macroscopic behavior is obtained via a long-time and large-space
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scaling limit (see for instance [20] for a review). The underlying microscopic model is called facilitated
exclusion process (FEP), and belongs to the class of exclusion processes, with kinetic constraints, which
have attracted a lot of interest in recent years due to their rich and complex behavior. In the FEP,
particles are spread on the one-dimensional discrete lattice, satisfying the exclusion rule which autho-
rizes at most one particle per site. Each particle performs random jumps to one of its two neighboring
sites, providing that: (i) the neighboring site to which the jump is directed is not occupied by another
particle, (ii) the other neighbor is occupied by a particle. If particles choose one of the two neighboring
sites with equal probability, the FEP is called symmetric, otherwise asymmetric. As a result of the
second hard constraint (ii), the FEP exhibits two phases, one said frozen, where particles quickly stop
moving, and the other one active, where particles adopt a diffusive behavior. Both phases are sepa-
rated at a critical value for the density of particles given by p. = % The facilitated exclusion process
has been widely explored in the recent years after being introduced by [25] in 2000. On one hand, in
the physics literature, the critical behaviors, such as the critical density and the critical exponents, in
different dimensions have been investigated in [5, 10, 21]. In [14] the authors found the phenomenon
of jump continuity at the leading edge of rarefaction waves, which is quite different from asymmetric
simple exclusion. They also formally derive the macroscopic behavior of the particle density when
the initial profile is a step function (with two constant densities p+ to the right and to the left of the
origin), and they predict the shock waves phenomenon, which is a consequence of the hydrodynamic
limit proved in this paper. On the other hand, in the mathematics literature, the stationary states
of the facilitated exclusion, either in the continuous or discrete time setting, have been studied in
[2,9, 15, 16, 17]. Limit theorems have also been proved in [4] for the position of the rightmost particle
starting from step initial condition.

The one-dimensional symmetric FEP has recently been under significant scrutiny. For instance,
the diffusive hydrodynamics of the supercritical phase (p > 1) had been investigated in [7]. Then,

2
in [8], it has been proved that, starting from an initial density profile p

! with both supercritical
and subcritical regions, the hydrodynamics for the symmetric FEP is given by a Stefan problem: the
diffusive supercritical phase progressively invades the subcritical phase via flat interfaces, until either
one of the phases disappears, and the macroscopic density p (obtained as the limit of the empirical

density in the diffusive space-time scaling) is the unique weak solution to
atp = ama:(L;:l]l{p>%})a ,0|t:0 = pini~ (12)

One of the important tools used in [7, 8] to derive the macroscopic limit of the symmetric FEP is a
classical mapping between exclusion processes and zero-range processes (which can be implemented
in both symmetric and asymmetric cases). In the latter, particles are spread on the one-dimensional
discrete lattice but there is no constraint on the number of particles per site. More precisely, one
can map the exclusion configuration of particles n € {0,1}? to a zero-range configuration w € NZ as
follows: in 7, look for the first empty site to the right of or at the origin, label it 1. Moving to the
right, for any 7 > 0, define w(i) as the number of particles between the i-th and (i + 1)-th empty
sites in 7, and do the same moving to the left in order to define w(i) for i < 0. See Figure 3.1 for an
illustration. Note that this mapping is not one-to-one: shifting 1 one site to the left may not change
w. In particular, the reverse mapping is only defined up to the position of the empty site with label 1.
Moreover, through this mapping the correspondence between invariant measures is not trivial. For only

a few dynamics are the properties of the invariant measures seen from a tagged particle known; For the
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simple exclusion process, for example, they are product Bernoulli, however the dynamics of the FEP is
much more complex. In the litterature, this mapping between exclusion and zero-range processes has
been exploited in other contexts. In [19] for instance, the author used it in order to prove a central limit
theorem for a tagged particle in the asymmetric simple exclusion process (ASEP); while in [13], the
weakly asymmetric zero-range process with a stochastic reservoir at the boundary (associated with the
dynamics of two-dimensional Young diagrams) is mapped to the weakly asymmetric simple exclusion
process on the full line without any boundary condition, for which the hydrodynamic limit is known.

In [8], the above mapping has been used for the symmetric FEP in order to prove an ergodic
decomposition of any infinite volume stationary measure ¢ la De Finetti, but has not been used
directly to derive the hydrodynamic limit, which has been proved using Funaki’s strategy based on
Young measures [12]. In fact, using the transformation described above, the exclusion process {n;}¢>0
can be coupled with a facilitated zero-range process (FZRP) {w;}i>0 as follows: whenever a particle
jumps in the process 1, a particle in the corresponding pile in w; jumps in the same direction. In
particular, a jump of a particle to an empty site is allowed in the FEP if and only if the corresponding
pile in the FZRP has at least two particles. Then, one can easily check that {w;}¢>0 is a zero-range
process (symmetric or asymmetric) with the jump rate function: g(w) := Ty, 0)>23. Working with
the FZRP has two main advantages: first, the invariant measures for this process are simpler, they
are geometric product measures; second, it has the so-called attractiveness property, which permits to
use several powerful tools, as noted in [24] for instance. As a result, its hydrodynamic limit can be
derived, both in the symmetric and asymmetric case, following two steps: (i) first, obtain the one-
block estimate in the context of Stefan problems, thanks to the decomposition of translation invariant
stationary states, as implemented by Funaki in [12]; (ii) second, derive the two-blocks estimate using

the attractiveness property, as given in Rezakhanlou [24]. Working a little, one can then obtain that:

e For the symmetric FZRP, in the diffusive space-time scaling, the empirical density profile

converges towards the unique weak solution to a Stefan problem:

By = D (2T 051), (1.3)

(e

starting from some suitable initial profile o™,

e For the asymmetric FZRP with asymmetry bias p € (%, 1], in the hyperbolic space-time scaling,
the empirical density profile converges towards the unique entropy solution to the hyperbolic
Stefan problem

da+ (2p— 1), (%L 1as1), (1.4)

starting from o™

Note however that even using attractiveness, because of the two phased nature of the process, deriving

its hydrodynamic is not completely straightforward.

A natural strategy to derive the hydrodynamic limits for the FEP is then to deduce it from the one
of the FZRP, for instance to deduce (1.2) from (1.3) in the symmetric case. However, new difficulties
appear. First, one needs to carefully write the corresponding macroscopic mapping so as to go back to
the original Stefan problem, which is far from trivial because of the different space scales, and because
the solutions to (1.2) and (1.3) are not regular — in particular they have discontinuities at the interface.
Second, it is not straightforward to deduce a hydrodynamic limit through that relation, because the

initial local equilibrium measure for the FEP, which is assumed to be product and fits the initial profile
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p™ | is not mapped onto a product local equilibrium measure for the FZRP. This is problematic because
the strategy followed by Rezakhanlou bas been exposed only for product initial measures.

The objective of this paper is twofold:

(1) We give a new, simpler proof of the hydrodynamic limit for the symmetric FEP previously
derived in [8], driven by the Stefan problem (1.2), by implementing rigorously the above
strategy based on the mapping mentioned previously.

(2) We obtain for the first time the hydrodynamic limit of the asymmetric FEP, by adapting the
strategy above to the asymmetric case. If p € (%, 1] denotes the asymmetry bias to the right,
we then show that the macroscopic density is the unique entropy solution of the hyperbolic

Stefan problem
atp + (2p - 1)81(%]1p>%)7 P|t:0 = pini. (15)

These two results are contained in Theorem 2.3 below.
The technical novelties which are needed with respect to what already exists in the literature are
the following:

e One needs to derive the hydrodynamic limit for the (attractive) FZRP, both in symmetric and
asymmetric cases, starting from a local equilibrium measure fitting o™ which is not product.
Because of the degeneracy of the jump rates, usual entropy tools' cannot be used. In fact,
the initial probability distribution being product is fundamental to derive the hydrodynamic
limits, because it is used to dominate the process by an equilibrium state and to obtain the
two-blocks estimates as in [24]. Therefore, the rigourous derivation of (1.3) from a non-product
initial measure is already interesting on its own, see Theorem 2.6.

e One needs to carefully map the solutions to equations (1.2) and (1.5) onto the solutions to (1.3)
and (1.4), respectively, taking into account the fact the none of these solutions are regular. This

is done by smooth approximations, and relates to the PDE theory of free boundary problems.

1.1. Outline of the paper. In Section 2 we start by introducing the (symmetric and asymmetric)
FEP, as well as the (symmetric and asymmetric) FZRP, and we state the main results about their
hydrodynamic limits, namely Theorem 2.3 for the macroscopic behavior of the FEP, and Theorem
2.6 for the macroscopic behavior of the FZRP. We end this section by an explanation of the strategy
of the proof, see Section 2.3. In Section 3 we give the complete proof of the hydrodynamic limit
(1.2) for the symmetric FEP, after having rigorously defined both mappings at the microscopic and
macroscopic level, and assuming that the hydrodynamic limit for the symmetric FZRP holds (the
latter will be proved independently in the last section). In Section 4 we implement the same strategy
in the asymmetric case, in order to derive (1.5). Since the hydrodynamic equations are pretty different
(and so are the time scales), one cannot straightforwardly use the same arguments as in Section 3.
Finally, last Section 5 is devoted to the proof of Theorem 2.6, namely the hydrodynamic limit for the
FZRP both in the symmetric and asymmetric cases, and starting from an initial probability measure

which is not necessarily product.

1.2. General notations. In this article, we consider systems of particles which are either symmetric
and evolve on the one-dimensional finite ring, or asymmetric and evolve on the infinite line. If N € N

is the scaling parameter we denote by L the corresponding discrete space which is given by

1namely entropy method or relative entropy method, as developed in [20].
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e Ly = Ty = Z/NZ, namely the discrete ring of size N, if the underlying random walk is
symmetric;

e L = Z, namely the infinite discrete line, if the underlying random walk is asymmetric. Note
that in this case the lattice does not depend on the scaling parameter, but since the dynamics
does (see below), we keep N in the notation in order to indicate that it corresponds to the

discrete setting.

We denote by IL the continuous limit of the discrete lattice L, namely

T:=[0,1]=R/Z ifLy=Ty
R if Ly = Z.

L:=

Given two functions f, g in L?(L), we denote by

(f.9) == / F(w)g(us)du,

the standard scalar product of f and g.

Throughout, we will alternate between two particle systems: one being a zero-range process, the
other one being an exclusion process. Therefore we find it convenient to introduce distinct notations
for these two processes, which we summarize here (all precise definitions will be given in the next
sections):

EXCLUSION | ZERO-RANGE
scaling parameter N M
discrete configuration | 7., * € Ly | wy, ¥ € Ly
law of the process P, P, (v, p being initial probability measures)

macroscopic density | p(u), u € L | a(v), veL

Finally, we will work with the following spaces of functions. Let U,V be two open subsets of R?.
Then, C*(U x V) is the set of functions f : U x V — R which are C* (resp. C*) regular in the
first (resp. second) variable; C.(U) (resp. C*°(U)) is the space of compactly supported (resp. smooth)

1

real-valued functions defined on U; L .

(U) is the space of locally integrable functions defined on U.
The usual LP(U)-spaces are endowed with their norm denoted by || - || z»(y, p € [1, +00]. Finally, a

function f: R — R is of bounded variation if the total variation of f defined as below is finite:
TV(f) = s { [ g g € O ). lollice) < 1}
and we denote by BV (R) the set of functions f : R — R which are of bounded variation.

2. MAIN RESULTS

2.1. Hydrodynamic limit for the facilitated exclusion process. Let us start by defining the
microscopic particle system. We denote by IV € N the scaling parameter for the exclusion process. Its
particle configurations n are sequences of 0’s and 1’s indexed by Ly, namely 7, = 1 if and only if site
x € Ly is occupied by a particle. The facilitated exclusion process on Ly is a Markov process on the
set of configurations ¥ := {0, 1}*~. The infinitesimal generator ruling the evolution in time of this

Markov process is given by .ZEFFX | which acts on functions f : ¥y — R as

LN )= Y Coan ) (F™T) = f(m), (2.1)

z€LN
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where 7]“”' denotes the configuration obtained from 7 by swapping the values at sites x and z’,

Ny if z =2,
’
x,x .
ot =<n, ifz=4a,
n,  otherwise.

The jump rates ¢, ./ (1) encode two dynamical constraints:

(i) the exclusion rule, which imposes no more than one particle at each site,
(ii) the facilitated rule, which asks for a neighboring occupied site in order for a particle to jump to
the other neighboring empty site.
Moreover, we consider here nearest-neighbor dynamics, and there are two parameters p,p’ € [0,1]
which regulate the choice of one of the two possible jump directions (to the left or to the right). The

jump rate to swap the values 1, and 7,41 is thus given by

Czae+1(n) = PNe—17M2(1 = Net1) +p/(1 = Nz ) N +17z+2- (2.2)
Note that p = p’ corresponds to the symmetric case, while p # p’ to the asymmetric one.

Remark 2.1. In the asymmetric case p # p', recall that we will take Ly = Z, and therefore the
generator LHEX does not depend on N, nevertheless we keep it as an index to keep in mind that N is

the scaling parameter for the facilitated exclusion process.

Let us now recall some results from [7, 8]: the facilitated exclusion process displays a phase transition
at the critical density p. = % Indeed, because of the facilitated constraint (ii), pairs of neighboring
empty sites cannot be created by the dynamics. Therefore, if at initial time the density of particles
p is bigger than p. (at least half of the sites are occupied), then particles will perform random jumps
in the microscopic system until there are no longer two neighboring empty sites. Similarly, if initially
p < pe (at least half of the sites are empty), particles will perform random jumps until all particles

can no longer move. The particle configurations can therefore be divided into several categories:

e the ergodic configurations, where all empty sites are isolated, namely:
n is ergodic if, for any x € Ly, ng + Ngq1 = 15

e the frozen configurations, where all particles are isolated, namely:
n is frozen if, for any x € Ly, 0y + Ney1 < 1;

e the transient configurations, which are the remaining ones, those which are neither ergodic,
nor frozen. They are called transient in [7, 8] because, assuming that Ly = Ty is of size N
and starting from a transient configuration, the microscopic process will evolve towards either
the ergodic or frozen component, after a number of jumps which is finite a.s (and depend on
the size N of the lattice and the initial distribution of particles). See Figure 2.1 below.

As a consequence, the invariant measures of the facilitated process are not independent products
of homogeneous Bernoulli measures (as in the standard Simple Exclusion Process for instance). More
precisely: if p > p, then there is a unique invariant canonical measure 7, on {0,1}* (which can be
described explicitly, see [7, Section 6]), while all the invariant measures are superpositions of atoms
(concentrated on frozen configurations) if the density is less than p.. We refer the reader to [8, Lemma
3.6] for the full characterization of all stationary measures, which has been proved in the symmetric

case p = p, but the exact same argument remains valid for the asymmetric case where p # p'.
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o o ) ’ . [ J [ J | 7 is ergodic

]
T

®

1@
1@
1®

7 is frozen

1@
1@

7 is transient and will become frozen

e

1@

®

1@

? 7 is transient and will become ergodic

FIGURE 2.1. Example of configurations belonging to the ergodic, frozen and transient
sets, with NV = 8.

In the present work we investigate the rescaled process {n(t)};>0 with generator N*ZFEX where

2 in the symmetric case p =p' =1 (diffusive scaling), (2.3)
K= .
1 in the asymmetric case p’ =1—p € [0,1) (hyperbolic scaling).
We denote by u ~ x/N the continuous space variable. For an initial density profile pi™ : L. — [0, 1],
let us define the initial product distribution vy on Xy by its marginals
1 with probability p™ (£
7, (0) = P y ) for any x € Ly. (2.4)
0  with probability 1 — p™ (%)
In other words, vy is a non-homogeneous product of Bernoulli measures which fits p'™, since it satisfies
the following convergence:
lim — Z nep( ) = / ™ () (u)du, in vy—probability,

N—oco N
z€L N

for any continuous test function . Note that, under vy, there can be two neighboring empty sites
with positive probability, therefore the initial configuration is not supposed to be ergodic.

Fix a time horizon T' > 0. For an initial probability measure v on ¥, denote by P, the measure
on the path space of cadlag trajectories D([0,7],Xy) associated to the rescaled process 7(t) with
generator N*.ZFEX and initial distribution v. In each section, we will clearly state if we are looking at
the asymmetric or symmetric case, therefore we do not burden our notations by making the constant

K appear explicitly.

Now, let us introduce the notations which are necessary in order to understand the macroscopic

evolution of this system. First, let us define the following functions on [0, 1]:

2r—1 (1-=r)2r-1)

H(r) = Tl{w%} and  9H(r) = 71{02} (1 —r)H(r). (2.5)

We are now ready to define the notion of solution to two PDEs corresponding to the two possible
macroscopic limits of the facilitated exclusion process: (i) an elliptic equation (in the symmetric case)

(ii) a hyperbolic equation (in the asymmetric case).

Definition 2.1 (Elliptic free boundary problem for exclusion). Fiz a measurable initial profile p™
T — [0,1]. We say that a measurable function p : (t,u) € Ry x T — pi(u) € [0,1] is a weak solution
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to the free boundary problem
dip = 03 H(p) (2.6)
with initial condition py = p™, if for any test function pi(u) = s(u) € CY2(Ry x T), any t > 0,
t

(P, 1) = <pi“i,soo>+/0 <ps,assos>ds+/0 (H(ps), Onps)ds. (2.7)

Definition 2.2 (Hyperbolic free boundary problem for exclusion). Fix a measurable initial profile
PR — [0,1]. We say that a measurable function p: (t,u) € Ry x R+ pi(u) € [0,1] is an entropy
solution to the hyperbolic equation

Oep+ (2p — 1)0uH(p) = 0 (2.8)
with the initial condition py = p™ if

i) (entropy inequality) for any non-negative test function ¢ € CH1(Ry x R) with compact support
y Y g 14 +
in (0,00) x R, for any 0 < ¢ < 1,

/ e — ¢l Boe) + (2p — 1)(a(ors ¢, ), Ducpr)dt > 0,
0

where q(p; ¢, ) = sign(p — ¢)(H(p) — H(c)) ;

(i) (initial condition) for any A > 0,
A P
lim lpe(u) — p™ (u)| du = 0.
A

t—0 |

Remark 2.2 (Uniqueness of solutions). We refer the readers to [28] for the uniqueness of weak solu-
tions to (2.6), which is based on the fact that the function H is non-decreasing, and to [23, Theorem

2.5.1] for the uniqueness of entropy solutions to (2.8).

We now state the main result about the macroscopic limit of the facilitated exclusion process, both

in the symmetric and asymmetric cases.

Theorem 2.3 (Hydrodynamic limit for the one-dimensional facilitated exclusion process). Let us
assume that the initial profile p™ : L — [0, 1] is Riemann integrable on IL and uniformly bounded away
from 1, namely: p™(u) < p, < 1 for any u € T.
(I) In the symmetric case, p =p’ = 1:
choose k = 2, and denote by p;(u) the unique weak solution of the elliptic equation (2.6);

(II) in the asymmetric case, p’ =1 —p € [0, 3):

assume moreover that p™ is of bounded variation on R, namely p™ € BV (R),

choose k = 1, and denote by pi(u) the unique entropy solution of the hyperbolic equation
(2.8);

both with initial condition py = p™. Then, for any e > 0, any test function ¢ € C?(IL) with compact

1
limsup P, — >e | =0.
N—)oop N <‘N )

This theorem is one of the main results of this paper, its proof will be concluded in Section 3.3

support, and any t > 0,

S n(he(2) - / pe () o)

z€Ln

(symmetric case) and Section 4.3 (asymmetric case).
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Remark 2.4. Note that the symmetric case (I) has already been proved in [8], under slightly more

general assumption on the initial profile p™ which only needs to be Riemann integrable. We propose

here an alternative proof, simpler, but with an additional restriction on the initial data.

2.2. Hydrodynamic limit for the facilitated zero-range process. In this section we denote by
M € N the scaling parameter, in order to distinguish notations with respect to the exclusion process
defined in the previous section. We consider here the facilitated zero-range process which is a Markov
process on the set of configurations w € I'y; := NEM | where we recall that Ly, can be either Ty, (in the
symmetric case) or Z (in the asymmetric case). As before, we denote by LL its continuous limit, which
is either the continuous torus T = R/Z or the infinite line R. Since we will extensively be mapping,
both at the microscopic and macroscopic level, zero-range process and exclusion process, in order to
avoid confusion we use different notations: in particular we use y as the microscopic space variable for
the zero-range process, and therefore wy(t) € N is the number of particles present at site y at time ¢.

Moreover, its macroscopic space variable is denoted by v ~ y/M.

The infinitesimal generator ruling the evolution in time of the facilitated zero-range process is given
by ZE#R, which acts on functions f: Ty — R as

L) = 3 P, (F@P) = F@)) + 1o, o0 (f@ ) — f@) ], @29)
yELMm
where w¥¥" denotes the configuration obtained from w by adding a particle at site ¥’ and removing
one at site y, namely:
wy—1 ifz=y,
w = qw,+1 ifz=1y,
W, otherwise.

In other words, if there are at least two particles at site y € Ljs, one of them jumps to the right (resp. to
the left) at rate p (resp. p’). As before, p,p’ € [0, 1] are two parameters such that p = p’ corresponds
to the symmetric case, while p # p’ to the asymmetric one. Note that, as will be extensively exploited
later on, this zero-range process is attractive, because the function g(k) = I{z>9} is non-decreasing
(see [20, Chapter 2, Section 5]).

As for the exclusion process, the zero-range process admits a critical density a,. = 1 which induces a
phase separation. Here, the dynamical constraint entails that a particle that is alone on its site cannot
move. Therefore, if the initial density of particles « is bigger than 1, then particles will perform random
jumps until there is at least one particle per site. If initially @ < 1, then particles will perform random
jumps until all sites are occupied by at most one particle. For the facilitated zero-range process, a
configuration w is ergodic if, for any y € Ly, wy > 1, and is frozen if, for any y € Ly, wy < 1. See
Figure 2.2.

On the ergodic component, there is a unique family {u%} of invariant measures, parametrized by
the density o > 1, which can be easily described as follows: u} is a product of geometric probability
measures whose marginal at each site takes values in N* := N\ {0}, and moreover

k—1
1 1
#Z(wy:k):]l{kel\l*}a <1a> for any y € L. (2.10)
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4
o o
? ’ ? ? w is ergodic
% ’ ’ % w is frozen
o
| | ’ ? w is transient and will become frozen
e O
. ? ? ? w is transient and will become ergodic

T

FIGURE 2.2. Example of configurations belonging to the ergodic, frozen and transient
sets, with M = 4.

Given an initial density profile o™ : L. — R, we consider for the zero-range process an initial

probability measure s on 'y fitting o™, 4.e. such that for any £ > 0 and any test function ¢ € C?(L)

with compact support,

>e| =0. (2.11)

1 .
M _ l _ mni1
Jim ‘M > wyp($5) /]La (v)p(v)dv
yeL

One possible example is to take s as the product measure on I'j; with marginals given by

k

pnm(wy = k) = l{keN}H_ailni(]?V/[) <1 — W) , forany y € Lyy. (2.12)
Note that s (w, = 0) can be positive, in particular the initial distribution pas is not a state of local
equilibrium, it allows for empty sites. In particular, the initial configuration is not assumed to be
ergodic at the initial time.

Fix a time horizon T' > 0. Given a probability measure p on I'y; we denote by {w(t)}i>0 the
facilitated zero-range process started from the initial distribution u, and with generator M*.Z5*R,
where k € {1,2} is the time scaling parameter defined as in (2.3). We denote by P, the corresponding
probability measure on the space of trajectories D([0,T],Tas).

For any r > 0, let us define the function

G(r) == ! L1y (2.13)

r

Given the function G the definition of weak and entropy solutions for the zero-range process are strictly

analogous to Definitions 2.1 and 2.2: a measurable function «;(v) is a weak solution to
O = 092G (), (2.14)

with initial condition ag = o™, if for any test function ¢ € C12(R. x T) , any t > 0,

t t
<at7 <pt> = <aini’ (P0> + / <as; 65(P5>d8 + / <g(0¢5), ag(ps>ds (2'15)
0 0

On the other hand, given a bounded initial profile o™, an L>®(R, x R)-function a;(v) is an entropy
solution to

oo+ (2p—1)0,G(a) =0 (2.16)
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if for any non-negative test function ¢ € C11(R, x R) with compact support in (0,00) x R, any ¢ > 0,
any A >0

/ (loe — ¢, Orpe) + (20 — 1) (d(ae; ¢, G), Duipe)dt = 0,
0

and
A

lim | (v) — o™ (v)| dv = 0, (2.17)

t—=0 J_ 4

see Definitions 2.1 and 2.2 above for the precise statements.

Remark 2.5. Note the following relation between functions G, H and $ which will be useful in what
follows:

G(r) =H() = 1+ 19 () (2.18)

We are now ready to state the hydrodynamic limit result for the facilitated zero-range process, both

in the symmetric and asymmetric cases.

Theorem 2.6 (Hydrodynamic limit for the one-dimensional facilitated zero-range process). Let us
assume that the initial profile '™ : L — R, is bounded and Riemann integrable on L.
(I) In the symmetric case, p =p' = 1:

choose k = 2, and denote by a(v) the weak solution of the elliptic equation (2.14);

(II) in the asymmetric case, p’ =1 —p € [0, 3):
choose k =1, and denote by c;(v) the entropy solution of the hyperbolic equation (2.16);
both with initial condition oy = ™. Then, for any e > 0, any test function o € C?(L) with compact

support, and any t > 0,

tim Py | 57 2 w00 = [ antwployin

M—o0
yELns

>e| =0.

This theorem is the second main result of this paper, and its proof will be achieved in Section 5.

Remark 2.7. Note that the function G appearing in the hydrodynamic limit for the zero-range process
1s the same in both the symmetric and asymmetric cases, which is not the case for the exclusion process,
for which the two functions H and $ (cf. (2.5)) are different. This is a specific feature of zero-range
processes.

To illustrate this point, fix a lattice gas, for which we denote jy z11 = PCy yt1 — P'Cot1.0 the micro-
scopic current of particles along the edge (x,x + 1), ¢;, denoting the rate function at which a particle
jumps from x to y. In the symmetric case p = %, assuming the model is gradient, there exists a func-
tion hy (depending on a finite number of coordinates) such that jy g41 = hy — hyy1. The symmetric
hydrodynamic limit (p = %) is then formally given by

Op = 83 Ep[hﬂ]a
where E, stands for the expectation w.r.t. the grand-canonical equilibrium distribution with density p.
In the asymmetric case p = 1 —p € |0, %), the symmetric part of the current vanishes in the

macroscopic limit, and what remains of the current at the macroscopic hyperbolic scale is (2p—1)cy z11,

therefore the asymmetric hydrodynamic limit is formally given by

3tp = —(2]9 — 1)8uIEp[co’1].
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By definition, for zero-range processes, hy = Cyp41 = g(wy) (where g : N — Ry is the general rate
function) so that the macroscopic quantities appearing in the symmetric and asymmetric hydrodynamic

limits are the same.

2.3. Strategy of the proof. Our strategy is the following:

(i) We construct a mapping at the microscopic level between the facilitated exclusion process {n(t)}
and the facilitated zero-range process {w(t)} and we prove that it has good properties, namely
that:

e it keeps all the information needed to deduce the hydrodynamic limit of {n(¢)} from the one
of {w(t)},
e and moreover it corresponds to a macroscopic mapping between weak solutions of the hy-
drodynamic equations given in Theorem 2.3 and 2.6.
This is the purpose of Section 3 (in the symmetric case) and Section 4 (in the asymmetric case).

(ii) We prove independently Theorem 2.6, namely the hydrodynamic limits for the facilitated zero-
range process in both symmetric (I) and asymmetric (II) cases, adapting various tools in the
literature and in particular making use of the attractiveness property (which the zero-range
process has, but the exclusion process does not have). This is done in Section 5.

(iii) Finally we can use the mapping construction to deduce Theorem 2.3 from Theorem 2.6: we
propose, first, an alternative proof of the hydrodynamic limit for exclusion in the symmetric case
(I) (which has already been obtained in [8]) — this is the purpose of Section 3.3; and second,
a rigorous proof of the asymmetric case (II), which is new and was out of reach without this

mapping construction — this is the purpose of Section 4.3.

3. THE SYMMETRIC CASE

Let us start with the symmetric case p = p’ = 1. In this section we assume that Theorem 2.6 holds.
It will be proved independently in Section 5. We start, both at the microscopic and macroscopic level,
from the exclusion process, from which we will build the zero-range process, as well as the zero-range

macroscopic profile.

3.1. Mapping EX — ZR. For an exclusion configuration n = (1;)zeT,, denote by

M=M"=N-> n

z€eT N
the number of empty sites in the configuration . We then denote by X; < Xo < --- < Xy their
positions, X; being the first empty site to the right of site 0 (if it exists) in the configuration. We can
then define, for any y € {1,..., M}

@;”Xl = the number of particles between the y-th and (y + 1)-th empty sites in 7, (3.1)
where M + 1 is identified with 1. In other words:
@ =X, 11— X, —1 modN €{1,...,N}. (3.2)

If there are no empty sites in 7, we arbitrarily set M = 1, X; = 1 and &% to be the degenerate

configuration with N particles on its unique site. See Figure 3.1 for an illustration of this mapping.
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FIGURE 3.1. An example of 1 and its corresponding ©" in an periodic setting.

Lemma 3.1 (Mapping). Assume that n(t) is a trajectory of the Markov process with generator
N2.ZLEFX defined in (2.1), with initial configuration n(0) € Y. Denote by M = M"®) < N the
initial number of empty sites. Due to the conservation law of the total number of particles, M = Mt
does not depend on time t. Let us tag the first empty site to the right of site 0 (if it exists) in n(0), with
ingtial position X1(0), and follow its evolution throughout the dynamics, denoting by X1 (t) its position
at time t. Then, the process
w(t) == &1, X1(2)

defined through (3.1), is a Markov process on the state space Ty, with generator N2 ZEPR defined in
(2.9), and initial configuration w(0) := &")X1) If there are no empty sites in the initial configura-
tion, the corresponding dynamics are trivial, and with the convention above M = X1(t) =1, the result
still holds.

This result is straightforward, hence we do not detail the proof here. In order for the mapping to be
well defined at both scales, as stated in Theorem 2.3, we need the following assumption on the initial

density profile.

Assumption 3.1. The initial density profile p™ : T — [0,1] for the exclusion process is bounded away
from 1 on T
p(u) < py <1 for anyueT.

Assume now that 7(0) is distributed according to vy given in (2.4), with p™! satisfying Assumption
3.1. Therefore, the process w(t) = @"OX1() is well defined. Moreover, the distribution of w(0) =

010 X1(0) gatisfies the following local equilibrium property: define

0= /(1 — p"(u))du and v(u) = 971/ (1—p™(u'))du', for any u € T,
T 0
and let o™ : T — R, be such that, for any v = v(u) € T,

aMi(v) = % (3.3)

Then, we have the following result.

Lemma 3.2 (Initial zero-range density profile). For any continuous test function ¢ : T — R and any
6>0,

Jim P, (‘;4 ig&(]yw)wy(()) - /T<p(v)ai“i(v)dv > 5> 0. (3.4)
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Note that we also have for any t > 0,
0= lim M/N= [ (1-p"(u))du= /(1 — pr(u))du vn — almost surely, (3.5)
N—o00 T T
where pi(u) is the weak solution to (2.6). More precisely, 6 can be seen as the macroscopic deficit of
mass in the exclusion process which does not depend on t due to the conservation of the total number

of particles.

Remark 3.3. Note that p™ < p, < 1 is bounded away from 1 iff '™ is bounded uniformly in v € T
with
Px

ini < .
o™ (v) < ay i

< 0. (3.6)

Proof of Lemma 3.2. We first prove (3.5). Since
M7= (1-n,(0)),
z€T N

and the random variables {7,,(0), = € Ty} are independent, there exists a finite constant C independent
of N such that
MT"—E, [M"
S P, (‘¢’ 1/8) SN TPE, (M7 B, M) <0 N2 < .

N
N>1 N>1 N>1

From Borel-Cantelli’s Lemma, this implies
. 1
A}gnooﬁ(M" —EZ,N[M"]) =0 UN — a.s.

This proves the second identity in (3.5) since, after a straightforward computation using the definition

(2.4) of vy, one gets

Jim_ B = [ (1= )
Besides, the last identity in (3.5) is due to the conservation of number of particles in the exclusion
process.

It remains to prove (3.4). It is easy to check that the sequence of measure-valued random variables

M~ Y w,(0)8,0, indexed by N > 1
z€Tm

is tight. Moreover, any weak limit of the sequence is concentrated on trajectories which are absolutely
continuous with respect to the Lebesgue measure. Now we pick a convergent subsequence denoted by
N’. Then there exists o™ : T — R such that for every ¢ € C(T),
lim M Z % = /T(p(v) ni(y)dv  in P, — probability.

N’'—o00
yET

Observe that for every N,

§ 2 @0 - mo) = 5 X (T

z€T N yET yET y'=1

Letting N’ — oo, we obtain (using (3.5))

[ et =mianan=o [ oo (14 ) ) do = [ et +atie)
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where "
u(v) := 9/ (14 o™(v))dv'.
0
Therefore, .
ini P (u)

a™) = ———
S )
This is enough to conclude the proof since o™

, and v(u) =071 /Ou(l — pi(u))) du’.

! is uniquely determined by p™. O

This mapping intrinsically depends on the position of the tagged empty site in the exclusion con-
figuration. However, its position is also tractable in the zero-range configuration, where it is given by
the total particle current crossing the first edge of the system. For what follows, we need access to the

macroscopic counterpart of this quantity in order to define the mapping at the macroscopic scale.

Lemma 3.4 (Law of large numbers for the first tagged empty site). Let p™ : T — [0,1] satisfy
Assumption 3.1 and o™ be defined as in (3.3). Consider the weak solution p;(u), resp. c;(v) of the

elliptic equation (2.6) with initial condition p™ | resp. (2.14) with initial condition o™ (see Definition

2.1).
Then, for any t > 0, for any € > 0,
: X1 (t) _
NIEHOOPVN< N X|ze)=0
where x¢ is defined explicitly as a function of a by
xt = 0{v, ayp-2 — ozini> = 9/ v(agg-—2 — a™)(v)dv, (3.7)
T

and implicitly as a function of p as the solution of

[ = ptwndn = (=) = [ aton - ) (3.8)
0 T

In the identities above, the notation u, v represents the identity functions u— u and v— v on T.

Remark 3.5. Note that one could formally write by integration by parts

d
=Xt = 0719,G(ayg-2)(0)

7 OuH(pe)(xt)- (3.9)

1= pelxe)
However, some work is required to give sense to these quantities, given the weak notion of solutions of
the elliptic free boundary problems (2.6) and (2.14). For this reason, we settle for the definitions (3.7)
and (3.8), which are well defined without having to prove any regularity property for the macroscopic

profiles. See also Section 3.2 below.

Remark 3.6. In fact, Assumption 3.1 is not a priori required for Lemma 3.4 to hold, except to
guarantee that an empty site exists in the exclusion configuration. However, this ensures that the
mnitial value for x; is xo = 0, and since Assumption 3.1 will be required throughout anyway, we make
it here as well.

Proof of Lemma 3.4. We first assume that {n”, N > 1} is a deterministic sequence of configurations

such that )
. N _ ini
Jim ; ny O yn (du) = p™ (u)du
z€Tn
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under the weak topology (where d,(du) is the Dirac measure concentrated at a € T), we are going to
prove that, for any ¢ > 0,
X1(t) — X1(0
0-X%0 |
N

lim P N( 5) =0. (3.10)
N—o0

Recall that we denote by M = M,~ the number of empty sites in n™N. Let us couple as described
in Section 2.2 the microscopic exclusion process starting from 1" with a zero-range process w with

generator N2Z§ R, Let J2, . (t) be the net number of particles crossing the bond (y,y + 1) up to
time ¢ throughout the evolution of w, which means

wy(t) = wy(0) = Jy1 () = Tyl (D) (3.11)

Under the microscopic mapping between exclusion and zero-range process, one can see that
X1(t) — X1(0) = —Jg'1 (1)
Therefore, we only need to prove that for any € > 0,
s) =0.
M

Jéf1(t) Xt
A By ( M T
Let G(v) = v, for v € (0,1], from (3.11) we have
—Ja (1) Z )+ DG (1) = wy(0)- (3.12)
x=1 y=1

The first term in the right hand side is a martingale, whose quadratic variation is given by M ~2Ny,
N; being the total number of jumps occurring in the system before time ¢, and whose expectation is
therefore bounded by CM for some positive constant C, because jumps occur at most at rate 2M? at

each site. In particular, we can write

MZG L) (w —wy(o))+%@) =M, (3.13)

where .#ZM is a martingale with quadratic variation bounded by 1/M.

Since the function G is not a smooth function on the torus, in order to use the hydrodynamic limit
for the zero-range process, we approximate it by G. such that for any ¢ > 0, G. € C?(T) and the
following holds:

G:(v) € [0,1], foranywveT, and G.(v) =wv, foranywve[g,1—¢].

We can now write

J01 1 M 9 [eM]
G (w —wy(o))] <M+ DT (w@(0) +w,(0)).
M= y=[(1—2)M]

The zero-range process being stochastically dominated by an equilibrium zero-range process with
constant density 1+ o, = (1 — p,)~! by attractiveness, the second term in the right hand side is of
order Ce. Thanks to the bound on the quadratic variation of the martingale ., we can therefore

write

Tt 1S _
llIglj(l)lp h]{rn:;lop P, ~ (‘ i M;GE(M)(wy(t) —wy(O))’ > 5) =0.
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By maximum principle, for any 0 < £ < §(1 + a4)/6, we have <\G5 — G|, ap9-2 — aini> < 6/3. We can
therefore write for any such ¢,

Jg (¢ .
PnN (’ O]’\}( ) + <G,Oétg—2 — Ozml>

> 5) <Py~ (‘ Jéd}\}(t) + % ias(ﬂyj)(wy(t) - wy(()))‘ > 5/3)

M
F P (% G @y (1) — 0y (0)) — (G gz — )| > 5/3).
y=1

By Theorem 2.6, for any fixed € > 0, the second term in the right hand side vanishes as N — oco. As
€ then goes to 0, the other two terms vanish as well by the dominated convergence Theorem, which
concludes the proof of (3.10). The time factor 672 is a consequence of the fact that the zero-range
process is accelerated by a factor N? = §=2M? + o(N?) and not M?2.

We now extend (3.10) to random initial configuration distributed under vy, N > 1 (cf. (2.4)) by

using Skorohod’s representation Theorem — see [6, Theorem 1.6.7]. Indeed, since

im - Z N0 /v (du) = p™(u)du in vy — probability

under the weak topology, we can construct a sequence of random elements {#~, N > 1} on a common
probability space (X, F,v*) such that 77V (o) has distribution vy, and such that

li L _ ini * _ a8,
A Z N ( )0z /N (du) = p™ (u)du, V¥ —as
€T N

under the weak topology. Then for any £ > 0,

Jim B (| ) = [N e, (| )

. Xq1(t) — X41(0
— ngnoo Ey* [PWN()(‘M —Xt‘ > €>:| :O,

N

where we denote by E,« the expectation with respect to v*. Above, the last equality comes from (3.10)
and the dominated convergence Theorem. We conclude the proof by noting that limy .+, X1(0)/N =0
in vy — probability. U

Before concluding this section we settle for a very crude bound on the zero-range density.

Lemma 3.7 (Bound on the zero-range density). Under Assumption 3.1

lim P,, | max w,(t)>log? M | =0.
N—oo yETar
t<TM?

Proof. This result can be proved using the same steps as in [8, Lemma 4.4]. We therefore omit the proof
and simply sketch the main idea, and refer the interested reader to the latter for the full implementation.
First, one can use attractiveness and the boundedness of a'™ to bound the probability of the event
above by the same under the equilibrium distribution (see (2.10)) p}, 1, where o is defined in (3.6)
as an arbitrary uniform upper bound on o'™. The continuous-time process at equilibrium can then
be coupled with a discrete-time Markov chain at equilibrium which is the discrete skeleton of the

continuous-time one. A union bound then concludes the proof. O

3.2. Macroscopic mapping.
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3.2.1. Construction. We now want to build a macroscopic mapping between weak solutions to (2.14)
and (2.6). We already did it for the initial profiles p™i, o™ in (3.3). With some regularity on the initial

profiles, one can proceed as follows: fix some measurable function p; : [0,T] x T — [0, 1], satisfying
0<pr(u) < pi <1, foranyue T, t LT,

as well as a measurable time-trajectory x: : [0,T] — T satisfying xo = 0. Let us then define

u
0, := /(1 — pi(u))du, and  v(u) := 9;1/ (1= pe(u))du',  for any u € T. (3.14)

T Xt
For any fixred t > 0, the mapping v, : T — T is strictly increasing and can be inverted, so that at a
given time t > 0, there is a one-to-one mapping between the two variables u and v := vi(u). Now,

define
ay(v) = 72— (v (v)), (3.15)
— o

then one can check that "
ug(v) == v (v) = x¢ + Gt/ (1+ a)(v')dv',
0

is the inverse mapping of vi. In the same way, given oy and x, one can build the corresponding p; by
wverting all relationships above.

The problem is that the mapping v; defined in (3.14) linking p to « is not smooth, and neither

are the functions G and H. This issue can be overcome if the supercritical and subcritical phases
are composed of a finite number of segments, and the critical phase is composed of a finite number of
pointwise interfaces. In this case, weak solutions are in fact strong solutions, smooth in the supercritical
set, and with smooth interface trajectories except at the initial time. In that case, the interfaces are
the only points where G(p) and H(a) are not smooth. However, this strategy restricts significantly
the choices of initial profile, we therefore prove a regularization estimate that will allow us to use the
mapping between weak solutions for general profiles p™ and o™,
3.2.2. Smoothing out solutions to the Stefan problems. We first apply this mapping to smooth approx-
imations of the weak solutions of the Stefan problem. To that aim, we consider smooth modifications
of the functions G and H which are bounded away from 0. More precisely, consider an approximation
He of H on [0, 1], which satisfies H* € C*°([0, 1]) for any € > 0 and which is such that

. - _ .
lim ||#° — #]|, =0, (i)
d
for any r € [0,1], e <H(r)<1, and 0< d—HE(r) < 4. (ii)
r
Further define on [0, +oc] the function G*(r) = H*(3f;) (recall (2.18)), which satisfies analogous

properties.

Since all considered functions are then smooth for any positive ¢ > 0, tedious but straightforward
computations yield the following result.
Proposition 3.8 (Mapping between strong solutions). Fiz e > 0.

(p — ) Let p™ be a measurable function which satisfies Assumption 3.1 and define o™ through (3.3).

Assume that p§ is the unique classical solution to

Opf = H (p5), P =p™, (3.16)
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and define x; implicitely by

[ a=siwyan= [ a0 ds (3.17)
0 0

Then, the function & := ag,, built through the mapping (3.15) is the unique classical solution
of the parabolic equation
Qa5 = 92G°(a5),  ag=a™. (3.18)
(a — p) Let o™ be a measurable function which satisfies (3.6), and define p™ by inverting (3.3).
Assume that a5 is the unique classical solution of the parabolic equation
das = 0;6°(a5),  ag=a™, (3.19)

and define x§ explicitely by

t
Xt = 071/ 81,95(625972)(0)&9 = 9(1},62,594 - a0>
0

Then, the function p built through the mapping (3.15) with of 1= Qip—2 is the unique classical

solution to

Opf = H (p5), P =p™. (3.20)

Following Proposition 3.8, for an initial profile p™ bounded away from 1 as in Assumption 3.1, and
for any € > 0, we denote by p° and af the classical solutions to (3.16) and (3.18) respectively, with
ini

initial conditions p'™ and the corresponding o'™. We now state and prove the following convergence

result.

Proposition 3.9. Fiz T > 0. Then, uniformly int € [0,T]

F 2O 10 2D () (3.21)
—0 —0
as well as , ,
0f 2% 0, 7a5) 2D g(aw), (3.22)
e—0 e—0

where py, oy are the unique weak solutions to (2.6) and (2.14) in the sense of Definition 2.1.

Proof. We will only prove the first two convergences in (3.21), the other ones are proved analogously.
Further note that the second one in (3.21) follows straightforwardly from the first one, together with

the boundedness of the derivative of H® (condition (ii) above). Indeed, for any ¢,
1 1 1
|00 = Ao i <2 [ ) = HE o) (a2 [ (HE )~ Moo (w)d
0 0 0

1
<32 [ lof — ol (widu -+ 217 - H P
0

Both terms in the right hand side vanish, according to (i) and the first convergence result (3.21).

We now prove that p; — p; in L?(T) by adapting arguments given e.g. in [20, Theorem 4.4, Appendix
2], to prove uniqueness of weak solutions of a nonlinear parabolic equation. For any k € Z, define on
T the functions ¥y (u) = e2™*“. Define also

O ==pf —pr, OMH; :=H(p}) — H(pe).
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For any L > 0, further introduce the function

Rp(t) := Z kav 55>

keEZ
which converges as L — oo to
2
(¥r, 67)
R(t) := Z 5
= (B2 +1)
because 0f is bounded. Furthermore, for any L > 0, since p® and p are weak solutions to (3.16) and
(2.6) respectively,
LRt = 5w Y a5 o)
dt = (k2 +1)(k*+ L) o
< =82 (65, 6HE) + 877>

kEZ

L (4 £
m<¢k,5t><¢k,5Ht>

+87TQZ k2 wk’ ><¢k75Ht>

keZ

We now bound the second term by the Cauchy-Schwarz inequality and we get

L €
87 ) e D) e 00 {0k )
keZ
L €
167T RL +W2Zm<¢k,57{ >
kEZ
<16 R (1) + 202 Y (Ui, HE(05) — HE(pe))” + 202 > = +1 (s He (pe) — Hipr))
kEZ keZ
1
< 1672 R (t) + 27r2/ (H®(p) — 'Ha(pt)) w)du + 27 522 k:2 iy
0

Regarding the second term, we can use (ii) to obtain
1

1 1
/ (HE (5) — M= (p1)) (w)du < 4 / 55 (M2 (p5) — HE(p0)) (w)du < 8= + 4 / 55 5H; (u)du
0 0 0

Putting together those bounds, we obtain for a constant C' > 0 and € < 1
L2

Ry (t) < 1672 /O Ry (s)ds + Cte 4 872 / > = +L<¢’“’ ) (g, OHE).

keZ
Since both & and 6H{ are in L*(T x [0,77]), >, (¢x,05)% and Y, <¢k,57{§>2 are both finite, and
therefore the last term above vanishes as L — oco. Hence, by Gronwall’s inequality, as L — oo, we
obtain

R(t) < Celo™’t
which vanishes as € — 0 uniformly in ¢ € [0, 7). This shows that for any k € N, (¢, 0F) vanishes as
€ — 0, which in turn, by the dominated convergence Theorem, yields that
;I_I)I(l) 5t7 *hmz 7/}1635
keZ

as wanted. O
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3.2.3. Mapping between weak solutions to (2.6) and (2.14). We are now ready to state the final general
result about the one-to-one correspondence between weak solutions:

Proposition 3.10 (Mapping between weak solutions). The result of Proposition 3.8 holds if one
replaces HE by H, G° by G and “classical” by “weak” in the sense of Definition 2.1.

Proof. This result is a direct consequence of Propositions 3.8 and 3.9. Assume for example that p;
is the unique weak solution of (2.6) in the sense of Definition 2.1. Then, the classical solution p° to
(3.16) converges in L? to p according to Proposition 3.9. Then, define a$ (resp. @;) the functions
obtained applying the mapping (3.15) to p$ (resp. p:), according to Proposition 3.8, a§ is the unique
classical solution to (3.18), and according to Proposition 3.9, pf converges in L?(T) to p; as € — 0. To
conclude the proof, still according to Proposition 3.9, it remains to show that af converges in L?(T)
to ay as € — 0, which will identify it as the weak solution of (2.14). Fix t > 0, we denote by v§, x§
the quantities relative to p° defined by (3.14) and (3.17), which yields

1 1 g 2
af — o) (v dvz/ ( Pt )t — Pt ov_1> v)dv.
| i = [ ({Eewn) - o) )

First note that since x; = 6{v,dy-2 — ap) and that the same identity holds for x§ and @, we can

write for any T' > 0, as a consequence of Proposition 3.9

limsup sup |x:— x;|=0.
e—=0  t€[0,T)
In particular, still as a consequence of Proposition 3.9 and identity (3.14),
limsup sup  |ug(u) — vi (u)| = 0.
e—0 weT,te(0,T]
so that since the mappings v, v; are strictly increasing,
limsup sup  |o; ' (v) — (vE)"L(w)| = 0.

e—0 weT,tel0,T]

This, together with the L?—convergence of p§ to p; and the fact that p;, p§ are bounded away from 1
uniformly, proves the result. O

3.3. Proof of Theorem 2.3 in the symmetric case. We can now provide an alternative proof
of Theorem 2.3 in the symmetric case, using the hydrodynamic limit for the symmetric facilitated
zero-range process provided by Theorem 2.6 (which will be proved independently in Section 5).

Proof of Theorem 2.3 in the symmetric case. As in the proof of Lemma 3.4, we construct a sequence
of random elements {n"¥, N > 1} on a common probability space (X, F,v*) such that " (o) has
distribution vy, and such that

A}gnoo — Z N ()8, /N (du) = p™ (u)du, V¥ - a.s.
€T N
under the weak topology. We start from the observation that for every ¢ € C(T),

M Xy+1(t)-1

PO - § Y S ot -3 Yo (B) <0G mpatn)

y 1o=X,(t)+1
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By Lemma 3.7, the error term above converges to zero in probability as N — co. Since
y—1
Xy(t) = Z wy () + X1(t) +y— 1,
y'=1
by Lemma 3.4 and Theorem 2.6, the first term on the right hand side converges in [P, v —probability to

0 /T g2 (v)go(Xt +6 /v (14 agp—2(v")) dv’) dv,
0
where a;(v) is the unique weak solution to (2.14) with initial condition o™ defined in (3.3). Let
ur(v) = x¢ + 9/00(1 + agp—2)(v)dv'.
Since the function w; is strictly increasing, it has an inverse denoted by vs(u). Let
Qp—2

= m vi(u)),

then, by Proposition 3.10, p; is the unique weak solution to (2.6) and

pi(u)

N—o0

i, 7 106 = [ piwrete)

in P, n—probability. Moreover, the above convergence also holds in P, ,—probability by the dominated

convergence Theorem. This concludes the proof. O

4. THE ASYMMETRIC CASE

4.1. Microscopic mapping. The microscopic mapping in the asymmetric case is the same as in the
symmetric case except that we do not have the extra factor 8 since the system is defined on the infinite
lattice. As in the symmetric case, let us label the empty sites from left to right in the exclusion process
{n(t)} on Ly = Z, as follows: let Xo(¢) be the position of the first empty site to the right of (or at)
the origin. Then, for any k > 0 (resp. k < 0), X(t) is the position of the (k + 1)-th empty site to the
right (resp. the k-th empty site to the left) of the origin. Since the jumps are nearest neighbor, the

orders of the empty sites are preserved along the evolution of the process, i.e. for any t > 0,
<X () < Xo(t) < Xa(t) < ..

For y € Z, let
wy () = Xy (t) = X, () — 1.
Then, as in Lemma 3.1, {w(t)}s>0 is a Markov process on I'y; = NZ which evolves according to
the generator N.ZfZR defined in (2.9). On the infinite line, both processes have the same scaling,
i.e. throughout this section, we choose M = N.
As stated in Theorem 2.3, we need the following assumption on the initial profile:

Assumption 4.1. The initial density profile p™ : R — [0, 1] is integrable on R, and bounded away
from 1:
pM(u) < py < 1, for any u € R.

Similar to Lemma 3.2, the initial zero-range density profile in this case is given by

Oéini(’l}) _ pini (u)

=W L eR, 41
T ) ey
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where u
v=uv(u) = / (1 — p™(u))du'.
0
More precisely, for any continuous test function ¢ : R — R with compact support and for any § > 0,

lim Py, (‘]b%@(;})wy(m - /]Rgo(v)ai“i(v)dv > 5) = 0.

ye
Since the proof is exactly the same as that of Lemma 3.2, we do not repeat it here.

Lemma 4.1 (Law of large numbers). Let p™ : R — [0,1] satisfy Assumption 4.1 and o™ be defined
as in (4.1). Consider the entropy solution ai(v) of the hyperbolic equation (2.16) with initial condition
o™ (see Definition 2.2). Then, for anyt >0, and any & > 0,

(‘Xom ” 5) =0,  whereoy = /0 " (@) — ar(v) do.

lim P,
N—o00

— — 0

N

Proof of Lemma 4.1. As in the proof of Lemma 3.4, let ;y+1(t) be the net current across the bond
(y,y + 1) up to time ¢ throughout the evolution of w. Then

Xo(t) = Xo(0) = —Jg'1 (1)

Since X((0)/N — 0 in probability as N — oo, we only need to prove for every ¢ > 0,

§1(t
lim P, (‘ 61(") + 04| > 5> =0.
By the conservation of the number of particles,

N
NGO =NT(X D He(t) - w,0)),

1I<y<KN y>KN

The first sum above converges in probability, as N — oo followed by K — oo, to —o;. For the second
sum, it is bounded by

oNT1 DT wy(0)

y>(K—-C)N
for some finite constant C, which vanishes in the limit by the integrability of a'™. This concludes the
proof. O

4.2. Macroscopic mapping. In the section, we mainly prove the following result.

Lemma 4.2 (a +— p). Let ay(v) be the unique entropy solution to (2.16) with initial data o™, and
foranyt >0, u € R, let vi(u) be the unique point such that

v (u)
u =0+ / (1+ o (v'))dv',
0

with oy defined as in Lemma 4.1. Then p,(u) defined as
o oug(u)
pilu) = 1+ ayovg(u)

is the entropy solution to (2.8) with initial data p™, where p™

inig o™ (vo(u))
S )

is defined by inverting (4.1), i.e.
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As in the symmetric case, before proving Lemma 4.2, we first smooth out solutions to the hyperbolic

equations. Let ¢ € C°(R) be a symmetric mollifier, i.e. which satisfies
G0, o) =o(-u),  swp@)c 01, [ dwdu=
R
For any € > 0, take ¢.(u) = e *¢(u/e). Let o™ = o™ % ¢, and

9°(r) = (9 6)(r /ﬁr—rcﬁa N, GE(r) = (14 )97 ().

Note that we define G° in the above way (recall also (2.18)) instead of convoluting the function G with

the mollifier ¢., in order to prove Lemma 4.4 below.

Lemma 4.3. Let o™ € LY(R) N L=(R) N BV (R). Then there exists a unique smooth solution of to

E

dras + (2p — 1), Qe(at)—EGZ( ) t>0,v€ER,

1+« (4.2)
O((S) I alnl
Moreover, there exists a subsequence still denoted by of such that
lima® =a in L. (Ry xR) and a.e in Ry xR, (4.3)

e—0

where « is the unique entropy solution to (2.16) with initial distribution o™,

Proof. We only sketch the proof and refer the readers to [23, Section 2.4] for details. The existence
and uniqueness of the smooth solution follow immediately from [23, Lemma 2.4.13]. Moreover, for all

t > 0 we have

gl Lo ) < [e™ || Loe Ry (4.4)
|0vaf]| i) < TV (™), (4.5)
|0ras || @) < CTV (™). (4.6)

In particular the sequence {a® : & > 0} is bounded in the space L>®((0,00) x R) N W, ((0, 00) x R),
where W

loc
f € L'((0,00) x R) such that the restriction of f to any compact set is in L', as well as the restriction

((O, o0) x R) is the local version of the standard Sobolev space, i.e. the set of functions

of V£, cf. [23] for example. By a diagonalization argument, there exists a subsequence, still denoted
by af, and a function « such that (4.3) holds. Moreover, the almost everywhere convergence in (4.3)
is uniform over compacts sets in Ry x R.

Next we show the limit « is the entropy solution to (2.16) with initial condition o'™. Let (E, F¢) be
a convex entropy-entropy flux pair, i.e.: take E € C?(R) any convex function, and define F through
the relation E'(G¢)" = (F*)’. Multiplying (4.2) by E’(a°), a straightforward computation gives

(3 € g g as
Ou(af) + (2~ 10,7 () = = (0133 11 )

= e0,B(af) — eE"(af)(1+ af) *(0,05)* < cO3E(af),

where E(a) is the primitive function of (1 4+ ) 2E’(a), and the last inequality comes from the fact
that F is convex. Recall that we denote by (-, -) the standard L?(R) scalar product, the weak formula
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of the above inequality for 0 < ¢ € C2(R x R) reads

wm@ww+Amwmwa%wu%—n@ﬂﬁxm%mnwam@wﬂﬁ%Mt (4.7)

It can be easily checked that the right hand side of the above inequality converges to zero as ¢ — 0
and that
lim E(af) = E(a) in L (R; x R).

e—0
Moreover,

lim F*(a%) = F(a) in L (Ry x R), (4.8)
E—r

where I satisfies E'G’ = F’. To prove the last equation, first note that
) - Flanl =| [ EGN@as - [ 01905
0 0

K a
<[ 1PEN@y®-g@las+| [ BEg s
_K o

where K = ||| oo (). This yields

lim F*(a®) = F(a)

e—0
uniformly over compact sets in Ry xR, which proves (4.8) by dominated convergence theorem. Letting
ini

e — 01in (4.7), we have that « is the unique entropy solution to (2.16) with initial distribution «
This completes the proof. O

Let us define -
7i= [ () —ajw)dn,

and for any t > 0, u € R, let v§(u) be the unique point such that

v (u)
u =05 +/ (1+ a5 (v))dv'.
0

Finally, define

- ag o vi(u)
= . 4

After a tedious but elementary calculation, we get the following

Lemma 4.4 (o — p®). The function p® defined by (4.9) is the unique weak solution to the following
perturbation of the hyperbolic equation (2.8)
0ips + (2p — 1)0uH°(05) = 0%p5, t>0,u€R,
N (4.10)
Py = P2,
where i )
ini o™ (vg(u
i) = o= W)
1+ al(v(u))

In the same spirit as in Lemma 4.3, there exists a subsequence still denoted by p® such that

lirr(l) p°=p inLL (Ry xR) and ae. in Ry xR, (4.11)
e—
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where p is the unique entropy solution to (2.8) with initial condition p™ as defined in Lemma 4.2. We

are now ready to prove Lemma 4.2.

Proof of Lemma 4.2. We only need to prove

limp° = p in L. (Ry x R)

e—=0
or equivalently,
liH(l) afovi =azov; in Li (Ry x R). (4.12)
e—
Indeed, this implies p = p and whence concludes the proof.
We claim that

lim oy =0y forae.teR,.
e—0

Indeed, we have lim._, [|a!™ — o/™|| 1 (z) = 0 and for every K > 0,

lim sup ’/ ag (v) — at(v)dv lim sup ’/ of (v) — ag(v )dv‘
0

e—0 e—0

o o0
+1imsup/ af(v)dv—i—/ a(v)dv.

e—0 K K
The first term on the right-hand side is zero by Lemma 4.3, and the last term converges to zero as

K — oo by the integrability of a;. For the second term, we have

/: af(v)dvé/|v|>KOé§(v)dv=/Rat(v)dv—/vKK o (v)dv

< /|v>K ar(v)dv + /|vng ’Oéf(v) - Oét(U)’d’U,

which vanishes as ¢ — 0, K — oo. This proves the claim. Together with (4.3), we have

1 =

lim ug (v) = ue(v)
uniformly over compact intervals in the space variable for a.e. ¢ € R4. Since uj and u; are strictly
increasing, we have

Eli_r}r(l) vy (u) = ve(u) (4.13)

uniformly over compact intervals in the space variable for a.e. t € R;. We now write, for any K > 0,
K K
| latouit)—aroutuldu< [ jaf ovi(w) - af o u(wdu
K -K

K
+ / |af o ve(u) — oy o ve(u)|du. (4.14)
-K

By (4.5) and (4.13), the first term on the right-hand side converges to zero as ¢ — 0. The second term
on the right-hand side of (4.14) also vanishes in the limit by (4.3). Therefore, we have proved

: € e __ : 1
hr% af ovi =azov in Ly, (R)

for a.e. t € R. Since [[a]| Lo (r, xr) < [|0™ | LR, xr), (4.12) follows from the dominated convergence

Theorem. This concludes the proof. O

4.3. Proof of Theorem 2.3 in the asymmetric case.
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Proof of Theorem 2.3 in the asymmetric case. Observe that for every continuous function ¢ : R — R

with compact support,

NZw% ):%Zﬂ%**ZF (4.15)

TEZ TEZ yEZ

Following the same argument in Subsection 3.3,

v
lim —Zap (%) /ap(u)du—/cp(ot—&-/ (1+at(v’))dv’) dv in P,, — probability. (4.16)
R R 0

N—oco N

Making the change of variables v — v;(u) in (4.16), where v;(u) is defined in Lemma 4.2, we have

. . ay o vy(u) . .
]\}gnoo i Z o(5)ne(t) = /]Rw(u)l—l—atovt(u)du in P, — probability. (4.17)
We conclude the proof by Lemma 4.2. O

5. PROOF OF THEOREM 2.6: THE HYDRODYNAMIC LIMITS FOR THE ZERO-RANGE PROCESS

5.1. Basic coupling and initial distribution. The proof of the hydrodynamic limits in both the
symmetric and asymmetric cases for the zero-range process strongly relies on its attractiveness property.
The latter allows to couple two processes (w(t),((t)), each one evolving according to the generator
ZLEZR in a way that preserves their order. The generator of the coupled process (w(t), (t)) is %ZZR
which is defined by making a particle jump from site = to  + 1 (resp.  — 1) at rate p (resp. p’)

e in both processes w and ( if both w, > 2 and {, > 2,
e only in w and not in ¢ if w, > 2 and (, < 2,

e only in ¢ and not in w if {, > 2 and w, < 2.

This dynamics is usually referred to as the basic coupling, we will not give the explicit form of the
coupled generator :Z;EZR, since it would require burdensome notations, and the dynamics description
above is fairly straightforward.

Denote by .# (resp. 7 ) the set of invariant measures for the zero-range process w(t) (resp. the
coupled process (w(t),((t))), and by .7 (resp. 5/’7) the set of translation-invariant measures on I'ps
(resp. on T'py x Tay).

Lemma 5.1. (i) If p € S N, then u has the following decomposition
p= A1+ (L= A)pz,
for some X € [0, 1], where p1 € & is concentrated on the set of frozen configurations
pif{w:iwy, <1, Yy} =1
and o is concentrated on the set of ergodic configurations and satisfies
o = / wy Blda) for some probability measure 5 on [1,00),
1
where pk is the equilibrium measure for the zero-range process defined in (2.10).
(ii) If i € JU 5/;, then 11 has the following decomposition

i = N+ (1= Nz,
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for some A € [0, 1], where 11 is concentrated on the set of configurations whose two components

are both frozen, and jio satisfies

po{(w, () :w<Cor (<w}=1 (5.1)

Proof of Lemma 5.1. To sketch the proof of (i), we follow the strategy of [12]. The main hurdle is to

show that if u € # N7, then p is concentrated on the union of frozen and ergodic configurations, i.e.
plwy = 0,w, =2 for some y, y') = 0. (5.2)
To show the latter, since u is invariant for the evolution of the process w(t), first note that
WL ) = 0.
Direct calculations show that if % < p <1, then
p(wy = 0,wy+1 = 2) = 0.

If p =1, we only have
plwy =0,wy—1 = 2) =0.

However, by further considering
/’L("g]&ZRl{Wy:O’Wy-%—l:k}) = O’ k > 1’

we get

pwy = 0,wy11 > 2) =0.
Using the same induction argument as in the proof of [12, Lemma 4.1], it is not hard to prove (5.2).
Now we decompose p by respectively restricting it to the set of frozen configurations and to that of
ergodic configurations. It is well known from [1] that the invariant and translation invariant measures
of the zero-range process w(t) restricted to the set of ergodic configurations are a linear combination
of the measures {uf, o > 1}. This proves (3).

We now consider (i¢). By (5.2), i is concentrated on the set of configurations

{(w,0) rwy <land {y, <1forally}uU{(w,¢):w, >1and(, >1forall y}
U{(w,{) twy <land ¢y > 1forally orwy > 1and ¢, <1 for ally}.

Decompose g by restricting it to the above three sets respectively. Obviously, z restricted to the first
set is concentrated on the set of configurations whose two components are both frozen, and p restricted
to the last set satisfies (5.1). By [1, Proposition 5.1], [t restricted to the second set above satisfies (5.1).
This completes the proof of Lemma 5.1. 0

Because we used the hydrodynamic limit of the zero-range process through a mapping to prove
Theorem 2.3, and because the image through the mapping of Bernoulli product measures fitting p™
is not a geometric product measure, (although it does satisfy (2.11), see Lemma 3.2) we need to
prove Theorem 2.6 for fairly general initial distributions. However, because of the degeneracy of the
process, entropy tools cannot be used to prove Theorem 2.6, both in the symmetric or asymmetric
case. Because of this, the fact that the initial distribution is a product one is fundamental to our proof
in both cases. Indeed, it is used to dominate by an equilibrium state and prove the two blocks-estimate

in the symmetric case, and to prove the initial condition (2.17) in the asymmetric case. We therefore
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first use attractiveness to prove the following result, which states that if two initial distributions fit

the same initial profile o™, they have the same hydrodynamic limit.

Lemma 5.2. Consider two zero-range processes w and ¢ on Ly with respective initial distributions
par, phy, we denote by fipg = pvr @ phy the product measure for the pair (w,(). Assume that for any
compactly supported test function o € C?(LL), any ¢ > 0

i e (| 3 (o = Get)| > <) 0. (53)

M— o0
yELym

Then, in both symmetric (1) and asymmetric (I1) cases, if Theorem 2.6 holds for w, then it also holds
for C.

Proof of Lemma 5.2. To prove this result, we adapt ideas from [3]. We start with the symmetric case,
which takes place on the finite ring Ly, = Tj; and will allow us to illustrate the main argument. We
couple the two processes {w(t), {(t)}+>0 by the basic coupling described in the beginning of the section,
and we assume that w admits a hydrodynamic limit, so that in particular we must have, for any

Co > ZSup o™ (v) (5.4)
and using ¢ = 1 in (2.11) and (5.3) that
1
Jim iy <M 3wy +¢y) > Co> =0. (5.5)
yE€TMm

We claim that, denoting by A, ,/(t) the particle difference between the two processes in the segment

[y,y'] at time ¢,
max A, . (t):= max Z (w:(t) — Cz(t))’

Y,y €Tm Y,y €T p

< Dax Ay (0). (5.6)

This identity is clear, because the left-hand side is decreasing in time under the basic coupling: consider
a segment [y, y'] which realizes the maximum of A, ,/(t), and assume for example that in this segment
w(t) contains more particles than ((¢). Since jumps occur a.s. one at a time, the only way for the
maximum to increase in time is for an w-particle to jump in [y,y’] without a (—particle. But since
particle jumps are nearest-neighbor, the only way this can happen is if A,/ is less than either A,_q
or Ay yt1-

Now, thanks to (5.3), we claim that maxy yer,, Ay (0)/M vanishes in probability. To prove it,
consider a sequence of functions (¢ )ren which is dense (for the supremum norm |[|-||, ) in the set
B = {p € C(T),||¢l|l - < 1}. Fix € > 0 and define ¢’ = ¢/2C), (where Cy was given in (5.4)).
Since it is compact, B is covered by a finite number of ¢’-neighborhoods of ¢1, ..., ¢y, so that for any
M = M (k.) large enough, and any § > 0, (5.3) applied to the ¢;’s yields

~ 1 . 1
MM(3 p€B s.t. ‘M Z (wy — Cy)‘P(j\y/[)‘ > 5) < ka(5+MM(M Z wy + Gy > Co)-
yELs yELr

Since this is true for any J, and that the last term vanishes as M — oo according to (5.5), we obtain
that

sup
Y,y €T

= sup
v’ €T

1
7 2 w—g)<

yE[vM,v’' M)

1
M Z(wz - Cz)

z=y

s |5 P el
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vanishes in probability as M — oco. This, together with (5.6), yields that max, ,cT,, Ay, (¢)/M also
vanishes in probability for any ¢ > 0. Fix a smooth test function ¢ € C?(T), which we approximate,
for any n € N, by ¢, := >, @(k/n)L((k—1)/nk/n] Which is in supremum norm O(1/n) close to ¢.
We can now write

& T e - S wlelh)
yETM y€TMm
s % 2 —wy)(t)%(ﬂz)’ + % Y (G +w) e —eal(F)- (5.7
yETM y€TM

For any n, the first term in the right hand side vanishes in probability as M — oo because ¢, is
bounded and piecewise constant, and max, yet,, Ay, (£)/M vanishes in probability. For any fixed
e > 0, and for any n large enough (n > Cyl|¢'||,, /€), we can write according to (5.5), and by
conservation of the number of particles that

P (|7 5 @ +en0lo-val)) ><)

yeT M
vanishes as M — oo, where Py, denotes the distribution of the coupled zero-range process started
from fips. In particular, since the left-hand side of (5.7) does not depend on n, it vanishes in probability

as M — oo. This proves that if w admits a hydrodynamic limit, ¢ also does.

We now turn to the asymmetric case on the full line. We claim that analogously to the symmetric
case, regardless of s, ph,, for any v < v/,

’ ’

Y

> (w:(0) - CZ(O))‘ +en,  (5.8)

zZ=Yy

Yy

Z (w=() = ¢:(1)] < sup

=y (v—2t) M <y<y’<(v'+2t)M

sup
vM<y<y'<v'M

where the remainder term e, vanishes in probability as M — oco. To prove this claim, let {£(¢)} be a

third process, coupled with the other two, but with initial configuration given by

£y(0) = wy(0)Lyeqo—2t) (v +20) 0] + Cy(0) Lygio—2t) M, (v/+26) M-
Then, the left hand side of (5.8) is less than

!’ ’
Y Y ‘

>0 -e0)+ s

=y vM<y<y'<v'M

sup
vM<y<y’'<v'M

Z (gz (t) - Cz (t))

zZ=Y

For the first term on the right-hand side of the above, since the displacement of a particle is stochasti-
cally bounded by a Poisson process with parameter one, with very high probability, w(t) = £(t) in the
interval [(v — t)M, (v' + t)M], cf. [24] for example. In particular the first term vanishes in probability
as M — oo. For the second term, note as in the symmetric case that thanks to the coupling, the

quantity

’

Z (fz(t) - CZ(t))‘

Z=y

sup
y<y’
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is non-increasing in time, and is a.s. finite because £ and ( only differ initially in the finite segment
[(v—2t)M, (v + 2t)M]. This permits us to bound the second term by

Yy’ y'
sup Y- (600 - ¢.0) - sup 3 (e (0) ~ ¢.0))

y<y’ —y (v—2t) M <y<y’'<(v'+2t)M —y

This proves (5.8). Repeating then the same arguments as in the symmetric case, it is straightforward
to show thanks to (5.3) that the right-hand side vanishes in probability as M — oo for any fixed
v, v' and t. It then follows that for any compactly supported test function ¢, the discrete integrals
= > yezwy(t)p(77) and &= >_yez Gy (H)p(f) converge in probability to the same limit, which concludes
the proof of Lemma 5.2. O

Thanks to the previous lemma, and throughout the rest of the section, we can now, without loss
of generality, assume that the zero-range process is started from a product initial distribution. More
precisely, we now assume that the initial distriution for the process is given by (2.12), namely its

marginals satisfy

k
1 1
/‘LJV[(wy ) {kEN}l—i—aml(%) < 1+Ozm‘(]\y4)> 3 or anny M

Denote by p, the corresponding (fixed parameter) geometric product measure with density «, taking

values in N at each site,

k
1 1
ua(wy:kz):l{keN}m <1— 1+a> s for anyye]LM. (59)

As previously noted in Section 2.2, p, is not an equilibrium distribution for the zero-range process,

since its equilibrium distributions are given by geometric product measures u} taking values at each
site in N* := N\ {0}, and only defined for densities o > 1,

k—1
1 1
,ug(wozk):,ua_l(wy:kfl):l{keN*}a <1a> , for any y € Lyy. (5.10)

For this reason, the process is not initially in a state of local equilibrium, and cannot be locally coupled
at time 0 with equilibrium distributions. Further note that even with Lemma 5.2, we cannot start the
process from a local equilibrium state, since the latter is only defined (see (5.10)) for densities a > 1,
and our initial profile can a prior: take any non-negative values.

However, both distributions p, and p, are parametrized by the particle density, E, [w,(0)] =
E,.[wy(0)] = a. Note that because it is not the equilibrium distribution for the facilitated zero-
range process, the measure p, given by (5.9) is not a particularly natural choice of initial product
measure. However, taking a geometric distribution is a natural choice through the mapping, because
it translates in the exclusion process as a product Bernoulli measure. This is the reason behind the

initial distributions (2.12) and (5.9).

We now give a technical lemma, which allows us to bound from above the zero-range process by
an equilibrium state with slightly larger density. Recall that the initial profile o' for the zero-range
process is assumed to be bounded, we denote by

@ = supa™(v) + 1. (5.11)
vel
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Lemma 5.3. There exists a coupling iy, between the initial configuration w whose distribution is

FLM(W = ) = ® Hoaini(y /M) (Wy = ')a

yELM

given by (2.12) and the equilibrium configuration ¢ with distribution p, such that

fia(w <) =1, (5.12)

In particular, the zero-range process started from pas is at all times stochastically dominated by p, in
the sense that

Py, (w(t) <) =1, (5.13)
where Py~ denotes the coupled distribution of the processes {w(t),((t)} started from [iy, and driven

by the coupled dynamics introduced at the beginning of the section.

Proof of Lemma 5.3. Thanks to the coupling, if (5.13) holds at the initial time, it holds for any time
t > 0. We therefore only need to build the initial coupling 7i;,. Denote by 7i,, the distribution of M
i.i.d. variables (Uy)yeL,,, and define for any k € N

wy =k Mt pulwy, <k)<Uy <pu(wy <k+1),
Cy =k iff Ma+1(wy < k) < Uy < /JaJrl((Uy <k+ ].)
Since o™ + 1 < @, we have for any k and any y € Ly,

so that (5.12) holds. O

5.2. Symmetric case. We now prove Theorem 2.6. Even though in the symmetric case, one can
prove that the transience time to reach a frozen/ergodic state is subdiffusive (see e.g. [8, Theorem
2.6]), the two-phased nature of our zero-range process, unfortunately, precludes the use of any entropy
tool. Indeed, both the entropy method [18] and the relative entropy method [29] require the existence
of a one-parameter family of stationary states, which for our model only exists in the supercritical case
a > 1 (see (5.10)). In the subcritical regions, any é—Dirac measure on a frozen state is by definition
stationary, and entropy arguments no longer apply.

However, thanks to the attractiveness of the process, we are able to provide a simple proof based

e on Funaki’s one-block estimate (see [12, Theorem 4.1], [8, Proposition 3.8]) in the context of
Stefan problems, based on the decomposition of translation invariant stationary states for the
infinite volume dynamics. This is the content of Lemma 5.4 below;

e on Rezakhanlou’s two-blocks estimate (see [24, Lemma 6.2]), which he proved for attractive

asymmetric particle systems, adapted in Lemma 5.5 below.

Unfortunately, Rezakhanlou’s argument does not work verbatim in our case, because as mentioned
in the previous subsection, the process is not started from a state of local equilibrium, and cannot be

locally coupled with equilibrium distributions.

A strategy to overcome this issue is the following : instead of coupling with equilibrium distributions,
we couple with pseudo-equilibrium distributions, that is with distributions P, of the zero-range

process started from a constant density o > 1. According to [7], for this process with a > 1, the
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hydrodynamic limit holds, and in particular one can show the one and two-blocks estimates by the

classical entropy estimates, starting from the time where the ergodic component is reached.

5.2.1. A one-block estimate. We start by a local law of large numbers for the zero-range process, given

by the following lemma.

Lemma 5.4. Define Bi(y) ={y —¥¢,...,y+ £}, and

0= Y o),

y’' €Be(y)
then we have

lim sup lim sup E,.,, [/OTAZ 3 ‘%11 S glwp®) g(wg(t))'dt] —0. (5.14)
yeTMm

— M—
o *° y' €Be(y)

Proof of Lemma 5.4. The proof is analogous to Funaki’s [12, Theorem 4.1], we simply sketch it. Denote
by 7, the translation by « of a configuration, (7,w)y = wy4y, and consider the space-time average of
the process’s distribution on [0, 7] x Ty,

T
0 =57 | X el = ar

x€Tar

The sequence (fih;) pr>1 is tight, and any of its limit point 7 is translation-invariant and stationary for
the infinite volume zero-range generator .Z}”® obtained from (2.9) with p = 1 and Ly, = Z.

In particular, by Lemma 5.1, we have an explicit decomposition for the zero-range translation-
invariant stationary measures, so that there must exist A € [0,1] and a probability measure 8 on
[1,+00) such that

RO =)+ (-0 [ e (5.15)
[1,+00)
In this identity, fiz is a measure supported on the frozen states F = {0,1}%2. For any o > 1, under
the equilibrium measure,

limsup E,,« [

{— 00

i ﬁzgw o) || =0

f—
by the strong law of large numbers, whereas for any w € F both terms inside the absolute value vanish.
This, together with (5.15), yields

e ig(wy) ~a ()] =0

y=—

lim sup E [

{— 00

which proves Lemma 5.4. O

5.2.2. Two-blocks estimate. We now prove a two-blocks estimate in the supercritical region, since the
contribution of the subcritical one to the hydrodynamic limit vanishes.

Lemma 5.5. Using the same notations as before, for any T > 0 and any positive J,

T
1
1imsuplimsuplimsup/ i Z P, (‘wf(t) —sz(t)} > 0, wf;(t), o.;;M(t) > 1+5>dt =0, (5.16)
0

£—00 e—=0 M—o0 vETm
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and for any T > 0

hmsuphmsuphmsupEuM[/T 1 3 ‘g —G(ws (t))‘dt] —0. (5.17)

{— 00 e—0 =

To prove the two-blocks estimate, we adapt Rezankhalou’s coupling argument to our pseudo-
equilibrium measures, together with the following result, that states that the two-blocks estimate

holds starting from a uniform supercritical density.

Lemma 5.6. Foranya>1,T >0

T
limsup limsuplimsupE,, [/ ’wg(t) - ng(t)‘dt} =0. (5.18)
L— o0 e—0 M — o0 0
Furthermore,
T
limsuplimsupE, [/ ‘ng(t) - a’dt] = 0. (5.19)
e—0 M—o0 0

Equation (5.19) also holds for the microscopic local density, i.e. with eM replaced by £ that goes to
infinity after M.

Note that if p, is replaced by the equilibrium measure p}, this result would be a direct consequence

of the strong law of large numbers.

Proof of Lemma 5.6. The strategy to prove this result is the following:
e First, choosing 8 > 0 large enough, letting ¢ = (log M)?, for any 6 > 0, the probability
under p, for the configuration to be d-regular (in the sense of [7, Equation (4.6)] is of order

1—on(1). It therefore follows from [7, Proposition 4.1] that for any fixed o > 1, denoting by
tar = (log M) /M2,

lji\fln_j&fPM (wy (tar) 21, VyeTy) =1
o We then define for any positive time ¢t the measure
fie() =P, ( (tar+1) =+ |wy (tar) > 1, Vy € ’JI‘M>7

of the process at time tj; + ¢ conditioned to have reached the ergodic component before
time ¢y, and define the density f; = dp:/dul,. We can then define the relative entropy
H (e | p) = [ felog(fe)dps,

e Starting from the distribution fig, the process is ergodic, and assuming that H (g | p2) < CM,
Lemma 5.6 follows from the standard two-blocks estimate for the zero-range process (see

e.g. 20, Lemma 3.2, p.83]). To estimate the initial entropy, we write by direct calculations

G| 1) <~ [ g )date) = Mlogla — 1) +1og (2 ) Bz, [ 3 ]

yETMm
Since the number of particles is conserved by the zero-range dynamics, recalling that @ is an
upper bound on o™ + 1, the second integral above is less than Ma /P, (w, (ta) > 1, Vo €
Tar), so that for M large enough,

H(fio | ) < aC(a)M. (5.20)

We do not detail the proof of the hydrodynamic limit for the ergodic zero-range process, since it is
detailed in [20, Chapter 5], under condition (5.20). The only hurdle is that assumption (FEM) in [20,
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Chapter 5] does not hold, however it is only used to cut off large densities, which can be done in our

case using attractiveness (cf. (5.13)). This proves in particular the two-blocks estimate (5.18).

Since for fixed & > 0, w§™ (t) can be directly expressed (up to a small error term) as a function of
the empirical measure of the process, the second identity (5.19) is a consequence of the hydrodynamic
limit in the case of a constant supercritical initial density, together with the dominated convergence
Theorem as € — 0.

The last statement of the lemma readily follows from the first two. O

We now prove the two-blocks estimate.

Proof of Lemma 5.5. Thanks to the pseudo-equilibrium two-blocks estimate (Lemma 5.6), the proof
of (5.16) is straightforwardly adapted from Rezankhalou’s proof of [24, Lemma 6.2]. Recall that @ is
a uniform bound on o/ + 1. We first assume that o™ has only finite cross values, in the sense that
the function o!™(-) — ¢ strictly changes sign at most a finite number of times (depending on ¢) in T.

For any ¢ > 0, we denote by N, the number of times a'™ — ¢ strictly changes sign, and denote by (¢ a

zero-range process started from the pseudo-equilibrium uniform profile with density ¢,

CC(O) ~ He,

where g, is the non-stationary initial distribution given by (5.9). For any ¢ > 0, we couple (¢ with w
by the basic coupling described in Section 5.1. Given two zero-range configurations w, w’, denote by
N(w,w’) the number of times w — w’ strictly changes sign. Since we start both w and the (“’s from
product measures with marginals given by (5.9), the initial configurations can be chosen in such a way

that for any ¢ > 0, and any y € Ty
wy(0) = ¢;(0)  has same sign as a™(y/N) —c,

so that A (w(0),¢¢(0)) < M. Furthermore, since w and the (’s evolution are coupled, the function
t — N(w(t),¢¢(t)) is non-increasing for any c, so that in particular, for any ¢, ¢t > 0,

N(w(t),¢°(t) < Ne. (5.21)

We do not prove this last statement, it is [24, Lemma 6.5].
We now prove the two-blocks estimate in the case where o™ has only finite cross-values. Define for

any ¢, t > 0, and any integer ¢ > 0, the set
T5(t) :={y € Ty, w(t) and (°(t) are not ordered in By(y)} C Ty,

where as before By(y) = {y —¢,...,y+ ¢} is the box of size ¢ around y. Thanks to (5.21), we have for
any M € N, and any € > 0,
T2 (B)] < (2eM + 3)N. (5.22)
Further note that for any y ¢ I'C,,(t), and any ¢ < eM, w(t) and (°(t) are also ordered in By(y).
Fix an integer n > 0. For 1 < k < n+ 1, shorten ¢, = 1+ (k + 1)a@/n, and define

n+1

Tar(t) =Tar \ |J TS, (1),
k=1
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which is the set of points around which w(t) and (¢ (t) are ordered for each k. Note that for any
y ¢ I'C;,(t), assuming that

|G (8) —¢[ <6 and  [¢pM (1) — o] <6,

we must have

¥4 eM 4 eM
wy(t), wy (t) Zc—6  or  wy(t), wy" (t) <ec+d.

In particular, choosing § = @/n, for any y € T'/(t), we must have:
(i) either there exists 1 < k < n+ 1 such that

|Cott) —en| > 6 or M) — ck| >0,

(ii) or wf(t), wM(t) > cnpr —0=1+a+46

(iii) or wi(t), wiM(t) <1 +0=1430

(iv) or forany 1 < k<n+1
WEt), wEM(t) = — 6 or  wh(t), wEM(t) < cp + 0,

and wi(t), wiM(t) € (c1 40, ¢ay1 — ). Since the ¢;’s are distant of &, this last case implies in

particular that |wf () — wi™ (t)| < 36.
Further note that according to (5.22), for any ¢ > 0,

n+1
card(TM \fM(t)) < (2eM +3) ZN%'

k=1

As before, we denote by Py, and Eg,, the distribution of the coupled processes started from pps,

Har
(te)e>0 and the corresponding expectation. We can now write

MM[/T 1 > 1{Jwl () — wiM (1) > 36, wh(t), wf/M(t)>1+36}dt}

yET
n+1
< (2 ) >

T
+Ez,, [/ L >0 1{jwh(t) —wiM ()] > 36, wh(t), wiM(t) > 1+35}dt]
yelnm(t)
Recall that n is fixed, the first term on the right-hand side vanishes as M — co then € — 0. Because
of the indicator function, and because the y’s are in I'p;(t), only remain cases (i) and (ii) above. By

union bound, the expectation in the right-hand side is therefore bounded from above by

n+1

/ > D P, (160 =il > 8) + P, (1GM (1) — cxl > 6) di
yeFMk 0
"1
/ ZPMM (t)>14+a+6) + Py, (W) >1+a+6)dt
yeT nmr

Because the cj’s are all strictly larger than 1, according to Lemma 5.6, the first line vanishes in the

limit M — oo, € — 0, £ — co. The second line also vanishes according to Lemma 5.3 and the law of
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large number, because w(t) is stochastically bounded by an equilibrium process with density @. Since

@ and n can be chosen arbitrarily large, ¢ can be chosen arbitrarily small, which proves (5.16).

We now prove (5.17). Note that ||G’|| = [|G]|,, = 1. We distinguish five cases for the quantity
Qy(t) := |G(wy (1) — G(wi™ (1))]

inside the absolute values.

(i) Ify € I'%y,(t), we have a priori only a crude bound over |Q,(t)| < 2, however the number of such
y’s is less than (2eM + 3)N,,, so that the contribution of the y € I'Sh,(¢) vanishes in the limit
M — oo then ¢ — 0.

(i) If [¢crb(t) — er| > 6 or [¢gr=M (t) — ¢1| > 6, we also only have Qy(t) < 2, however the probability
that this occurs is small, so that according to (5.19) this contribution also vanishes as M — oo
then € — 0 then ¢ — oo.

(iii) If Jwf(t) — wi™ ()] < 6, then Qy(t) <&

Y

. Z M Z M . . .
(iv) If fwy (t) — wi™ (t)] > 0, and both wy (t), wi™ (t) are larger than 1+ 4, the contribution vanishes

in the triple limit according to (5.16).

(v) Because we eliminated cases (i) and (ii), only remains the case where both wg(t) and w: (t) are
smaller than 14 34, in which case both G(w!(t)) and G(w$" (1)) are less than 3.

All three contributions (i), (ii) and (iv) vanish in the limit, therefore the left-hand side in (5.17) is less
than 47§, and since ¢ is arbitrarily small we obtain (5.17). O

5.2.3. Conclusion in the symmetric case. With the one and two-blocks estimates stated in Lemmas
5.4 and 5.5 respectively, the proof of the hydrodynamic limit is straightforward, we simply sketch it.
We start by writing Dynkin’s formula and performing summations by parts, and for any smooth test
function ¢ : T — R, since Z1Rw, = g(wy+1) + g(wy+1) — 2g(wy), we obtain

1
= et = 12 3 e, / S g(wy(5) MEANp(L)ds + Ay,
yETMm yETMm yETMm
where Ayp(35) = <p(y—;21) + @(%) — 2(3%) is the discrete Laplace operator. In the identity above,
A7y is a martingale whose quadratic variation is of order O(4;) and vanishes as M — oo (see e.g.
[20, Appendix 1, Lemma 5.1, p. 330]). Since ¢ is a smooth function, in the identity above, g(w,(s))
can be replaced by its average over a small microscopic box,

1
BT Z 9wy (s)),
Yy’ €Be(y)

which in turn, thanks to the one-block estimate (Lemma 5.4) can be replaced in the limit by G(w}(t)).
According to (5.17), G(w y(t)) can in turn be replaced by G(wi™(t)). Letting M — oo and € — 0,
and because the microscopic configuration is stochastically dominated by an equilibrium configuration

distributed as p%, we obtain that any limit point Q* of the distribution Qs of the empirical measure

: *Zwy )by M

yeTpm



38 CLEMENT ERIGNOUX, MARIELLE SIMON, AND LINJIE ZHAO

is concentrated on trajectories m = ay(u)du which are at any time ¢ absolutely continuous w.r.t. the

Lebesgue measure, and which satisfy

/T p(v)a(v)dv = /T o(v)ao(v)dv + /O t /T Glaus(0))820(v)ds.

Tt is straightforward to show that (2.15) holds if ¢ also depends on the time variable, which proves the

hydrodynamic limit in the symmetric case, since the solution is unique.

5.3. Asymmetric case. In this subsection, we prove Theorem 2.6 in the asymmetric case. By Lemma
5.2, we only need to prove the result for product initial measures with a slowly varying density profile
o™, We first prove a microscopic version of the entropy inequality, ¢f. Lemma 5.7. The main ingredient
for the proof is the characterization of invariant and translation invariant measures for the original and
coupled processes, which is already proved in Lemma 5.1. Then we prove that the initial condition
holds for product measures with a slowly varying density profile o'™. The main problem here is that
the initial measure is not in local equilibrium and it is impossible to couple it with invariant measures
of the process. Instead, we couple with the process starting from pseudo-equilibrium distributions as

in the symmetric case. At last, we conclude the proof following the steps presented in [24].
5.3.1. Microscopic entropy inequality. We first prove the following microscopic entropy inequality.

Lemma 5.7 (Microscopic entropy inequality). For every non-negative smooth function ¢ : RL xR — R
with compact support in (0,00) X R, for every ¢ = 0 and for every e > 0,

lim liminf P, </ % > {|w§(t) — c|Owpe ()
0

l—o00 M—o00
YEL

+ @ DIGHO) - @)} ds > ) =1 (523)

Proof. We adapt the ideas from [24, Theorem 3.1]. For this reason we only sketch the proof. We
consider the coupled process (w(t),((t)) with generator M .,S;IEZR and initial distribution fip; := ppr ®
pr. In the subcritical region ¢ < 1 where the equilibrium distribution p} is not defined, we choose
arbitrarily p} to be a Bernoulli product measure on Z, which is concentrated on frozen configurations,
and satisfies

¢

Zlim w, =c in p; — probability.
— 00

STEP 1. We first prove that

it P ([ 37 5 {0 - G0l0ai)

YEL
+2p = D)L, m>2) — l{cy(t)>2}|3v%(%)} dt > —6> =1 (5.24)

By Dynkin’s formula,

ME = 2 5™ ey 8) - GOl )

YEL

~ [ 37 S M o) = et ) + e 5) = (o) ot ) s (5:25)

YEL
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is a martingale, and a simple calculation (cf. [24, Lemma 3.2] for details) yields that for every T' > 0,

lim E; [ sup (Mf)ﬂ =0.

M —o0 0<t<T

Whence,

lim inf PMM( / — S {MZTRwy (t) = G Oen(d) + |y () = G (0] ) bt > —e) =1

yEZ
(5.26)

Since

> oG oy () = GO <D el ) (p!ll{wy,1<t>>2} — Lig,m>2

YEZ YyEL

+ (1= )32 — L] — [T, m2 — L ma)
2p -1

Z&;% IV, 321 — Lic,>23| + onr (1),
YyEL

together with (5.26), we have proved (5.24).

STEP 2. Since ¢ is smooth, we can introduce the block averages into (5.24) and obtain that

1
Jim typint P ([ AR S (=G Oe
ly'—yl<L
+(@2p-120+1)7" Z L, m>2) = Lic, (1)>23 |or( %)} dt > 5) =1 (5.27)
ly'—y|<L

To go from (5.27) to (5.23), we only need to prove that for every integer k > 0 and every T > 0,

T
ehrn limsup Ez,, {/o W—Fl Z ‘(244— nH! Z |wy/(t)—<y/(t)’—|w§(t)—c| H =0, (5.28)

—0 M—o0
ly|<kM ly' —y|<L

and

T
1 -1
A lim sup Bz, UO M1 ZKW @+ ) | 2 :|<z T, 22} = Lic, (022}
RS Y —Ylx

- [6w4) - 6(0)l || =0 20

We only prove (5.29), (5.28) can be handled in the same way. Let S, be the semigroup associated to
LEER and let

iy TM 1
br = TM/ 2%kM + 1 D TSt
ly| <kM

Then we can rewrite (5.29) as
‘ M
grgohwr;ljgop/\yﬂ 1w, 22y — L, »23] — [G(wy) —Q(C)HMT (dw,d¢) =0.  (5.30)
—y|<t
Recall @ = sup '™ (v) 4+ 1. Observe that the first marginal of i is stochastically bounded by %, and

the second marginal is p’. Therefore, the sequence of the measures {pT , > 1} is tight. Denote by
</ the set of all possible limit points. Then we have that
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(a) each marginal of any pi € &/ is stochastically bounded by p% ., .,
(b) & C U y(where both sets were defined just before Lemma 5.1),
(c) the second marginal of any f1 € &7 is u.

It therefore suffices to prove

. 1 ~
lim sup / ]%—H > !1{%,22}fﬂ{cy/>2}|—\g(wi)fg(c)!wdw,do:o. (5.31)

Z -~
T e ly' —y|<e
By Lemma 5.1, we need to consider two cases: either ji is supported on {0, 1}% x {0, 1}Z or i satisfies
lw<or ( <w)=1.

The second case follows exactly from the strategy of [24, Theorem 3.1]. The main idea is to replace
the average of absolute value in (5.31) by the absolute value of average, and then to use the law of
large numbers. For the first case we must have ¢ < 1. In particular, every term inside the integral is

equal to zero. This proves (5.31) and concludes the proof of the lemma. O

5.3.2. Initial condition. In this subsection, we assume that the initial distribution is a product measure
on I'y; with marginals given by (2.12). We now prove a microscopic version of the initial condition for
the asymmetric zero-range process.

Lemma 5.8. For every A > 0,

Z |w§(t) - aini(%)’ =0. (5.32)

ly|<AM

1
lim lim sup lim sup E {
50 yo Mooo MM

The proof of [24, Lemma 5.6] cannot be adapted to our case directly because the initial distribution
is not a local equilibrium state, so it is impossible to couple the original process with the stationary
process. To overcome this difficulty, we couple the process with the one with initial value p, instead
of pf. Following the proof of [24, Lemma 5.6] step by step, it is enough to prove for every A > 0 and
for every t > 0,

, . 1 ¢
lim sup lim sup i E Epainiw/M) “Wo(t) - alm(%)u =0.
£— 00 M —o0
ly|[<AM

By attractiveness, the mapping
a—E,, Uwg(t) — aﬂ

is uniformly continuous in ¢ and M. By the dominated convergence Theorem, we only need to prove
that for every a > 0 and for every t > 0,

limsup limsup E,,, [jw§(t) — a|] = 0. (5.33)

f—o0  M—oo

We first prove (5.33) for a > 1. Let S(t) be the semigroup associated to the infinitesimal generator
ZLEER . Recall that w(t) is the rescaled zero-range process with generator M_Z5#R. In the supercritical
case, it is easy to see that (5.33) is a direct consequence of the following result, which has its own
interest. Indeed, we could rewrite the expectation in (5.33) as E,_s(ume)[|lw§ — @f]. Then the result

follows from law of large numbers.

Proposition 5.9. If a > 1, then
lim 1o S(8) = g

t—o00
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Proof of Proposition 5.9. We follow the ergodicity argument of [26, Theorem 7.1], where a similar
result is proved for asymmetric K-exclusion process in one dimension. Only throughout the proof
of Proposition 5.9 and without confusion, we use w(t) to denote the original zero-range process with
unaccelerated generator LR,

Let (w(t),¢(t)) be the coupled process evolving according to the generator ZEZR(see section 5.1)
and with initial distribution fige = po ® pk_., where ¢ > 0 is fixed and small enough such that
a — ¢ > 1. Denote by ji; the distribution of the coupled process at time ¢t. To finish the proof, it is
enough to show that

lim Bz, [(wy, —¢y)7] =0, forany y € Z (5.34)

t—o00

Indeed, this implies that any limit point of fi; is concentrated on the set of configurations {(w,() :
w > (}. As a consequence, any limit point of p,S(t) as ¢ — oo is bounded below by p%__. Since € is
arbitrarily small, any limit point of ,.S(t) is stochastically bounded below by p*. By taking the initial
distribution of the coupled process (w(t),((t)) as fia ® e, € > 0 and using a similar argument as
above, we prove that any limit point of u,.S(t) is stochastically bounded above by pZ. This is enough
to prove Proposition 5.9.

We now prove (5.34). Since the initial measure of the coupled process is spatially translation
invariant and ergodic, and the process could be constructed by using a family of independent Poisson
processes, [i; is also spatially translation invariant and ergodic for every ¢ > 0, ¢f. [26, Lemma 7.4] for
details. Moreover, it is easy to see that Ej, [wo] and Eg, [(o] are constant in time, and that E, [(wo—Co)F]
and Eg, [Jwo — (o|] are non-increasing in time.

Assume that (5.34) does not hold. We must then have for some § > 0, and for any ¢ > 0

Eji,[(wo—¢o) 7] >0, and B [(wo — o) "] =& +Eg[(wo — ¢o) 7] > 6.

We claim that fiz(wo — (o > 0) and fiz(wp — (o < 0) are both larger than some ¢ > 0 for any time
t > 0. Indeed, since (wog — (o) is nonnegative and integer-valued, by Cauchy-Schwarz inequality and
attractiveness,

fir(wo — Co > 0) = fir((wo — ¢o)* 2 1) > Ez, [(wo — Go)™] :
\/]Eﬁt [((wo = ¢0)*)7]

The same argument works for fi;(wg — (o < 0) and this proves the claim. In particular, by ergodicity,

> C(a)d = 0.

any limit point of u,S(t) is concentrated on configurations with densities of -both positive and negative-
discrepancies which are larger than ¢’ (see [26, Proposition 7.8] for a more detailed argument). Let T
be a finite interval, and B(I) the set of configurations such that I contains discrepancies of opposite

sign, namely
B(I) = {(w,¢) ; Jy,y" €I such that w, — ¢, > 0 and w, — ¢, < 0}.

If a limit point of p,S(t) is concentrated on configurations with both positive and negative discrepancy
densities, we have
lim lim g (B({—¢,...,¢})) = 1. (5.35)

£—00 t—00
We now claim that for any finite interval I,

lim 7i,(B(I)) = 0, (5.36)

t—o0

which disproves (5.35) and proves (5.34).
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It remains to prove (5.36), for which Seppéldinen’s argument needs to be refined, because of the
degeneracy of the dynamics. By translation invariance, we may take I = {0,1,...,m — 1} for some
positive integer m. Fix T' > 0 and K > 0. For any time ¢ > 0, let A; := A;(I) be the following event:
during time [t,t 4+ T), there are no jumps involving the sites in the interval I except the following
jumps: first, there are K jumps from site m — 2 to m — 1; then, K jumps from m — 3 to m — 2 followed
by K jumps from m — 2 to m — 1; this continues until K jumps from 0 to 1 followed by K jumps from
1to 2 ... followed by K jumps from m — 2 to m — 1. Note that

pr.r = Pp, (A1) >0,

and is independent of the initial distribution fi . of the two configurations. Let 2z, 1 co be an increasing
sequence of points such that there are no interactions of the system in the interval {—zy, ..., z¢} with
the outside Z \ {—z¢,...,2¢} during time interval [t,¢ + T). Denote by B;(I) the event that there
exist discrepancies of opposite sign at time ¢ in the interval I. For any j € Z, define I; = I 4 jm. If
1 < wy(t), Gy(t) < K for every y € I;, and the events By(I;) and A.(I;) happen, then at least two
discrepancies are annihilated in the interval I; during the time interval [¢,¢+7T). In particular, defining
Je :=max{j € N;jym < z¢},

LS e n-gueni< L Y o -l

Y=—z y—*zi

- Z {A(I))} x T{{1 S wy, (1), ¢ (t) < K for every y € I;} N By(I;)}.

J—*Jf
We remark that the two indicator functions above are independent, since the first one only de-
pends on the Poisson clocks between times ¢ and t 4+ T', whereas the second one only depends on the

configuration at time ¢. Letting z, 1 0o, by ergodicity, we obtain
Ep, (lwo(t +T) = Go(t + T)]
< Eg, lwo(t) = GOl = 2m ™ prerPr, . (Bu(I) N {L Swy(1), ¢ (t) S K, Yy € I}).
Since Ez, _[|lwo(t) — Co(t)|] only decreases in time and remains non-negative, we must have

hmsupPHa C(Be(I) N {1 S wy(t), ¢y (t) < K for every y € I}) = 0.

Therefore,
liinsupﬁt(B) hgnsupz {Pr, (wy(t) =0)+ Py (wy(t) > K)+ Pz, (1) > K)}
—00 —oo 7
2ma
< limsu P, (w =0)+ ——
t—>oopu2€; Mo y( ) ) K

Since K is arbitrary, and by translation invariance, it suffices to prove that

lim P, (wo(t) =0)=0. (5.37)

t—o0
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Since 1{wy(t) = 0} is non-negative and decreasing in time ¢, it has a limit denoted by a, as t — oo.

Furthermore, a.s. there cannot exist y <y’ € Z such that a, = a; =1 and

y' —1
> w(0) >y —y—1. (5.38)

2=y+1
Indeed, if the latter holds, then at some point a particle must have left the interval {y,...,y'} and
therefore we cannot have a, = a’y = 1. Since the density o > 1 is larger than one, by ergodicity a.s.
there cannot exist an infinite sequence (y) of sites such that a,, =1 Vk € N. By ergodicity we must

have in particular that P, (a9 = 0) = 1. This yields
E,.[ag] = lim P,,, (wo(t) = 0) = 0

which proves (5.37) and concludes the proof. O

We now prove (5.33) for a < 1. By ergodicity,

n n

.1 1
P, (wo(t) = 0) = lim — > 1{wy(t) =0} > Jim d(l-wyt)=1-a>0, P, —as

y=1 x=1

Recall that a, is the limit of 1{w,(t) = 0} as t — oo, which satisfies
E, . [ao] > 1—q.

Let A, be the event that there exist points y € {—¢ —V/¢,...,—¢} and y' € {¢,..., 0+ /{} such that
a, = a, = 1. Note that on the event A,, the total number of particles in the interval {y,...,y'}

remains constant in time, therefore
wh(t) = wh(0) + O(L~1/%).

Moreover, following the same argument as in the case a > 1, since @ < 1 we must have by ergodicity
P, (A7) — 0 as £ — oco. Therefore, for any € > 0,

P,. (\wé(t) —al>¢) <P, (|wg(t) —wh(0)] > 5/2,A4) +P,, (|wé(0) —al >¢£/2) + P, (49).

This proves convergence in probability. By attractiveness, it is easy to see that |w§(t) — p| is uniformly
integrable in ¢ and ¢, therefore L'-convergence follows.
For a = 1, denote by w*(t) the process with initial distribution p,. For any € > 0, by attractiveness,

P(lwi(t) — 1] > &) S Pl () > 1+ ) + Plwg /> (1) < 1 —¢).

The above two probabilities on the right-hand side converge to zero as we have proved. By uniform

integrability, we conclude the proof.

5.3.3. Conclusion in the asymmetric case. We now conclude the proof for the asymmetric case. The
steps are quite standard and we refer the readers to [24] or [20, Chapter 8] for details of the proof.
The main idea is to introduce the notions of measure-valued entropy solutions to (2.16) and of Young
measures, cf.[11] and [20, Chapter 8] for such notions. Let P(R;) be the set of positive Radon measures
on R;. A measurable map p : (0,00) x R — P(R;) is said to be a measure-valued entropy solution to
(2.16) if
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(i) for any non-negative test function ¢ € C11(R, x R) with compact support in (0,00) x R, for
any ¢ > 0,

/ / a — c‘ Orpr(v) + (2p — 1){(u(t,v), q(a; c)>8u<pt(v)} dvdt >0,

recall q(a; ¢) = sign(a — ¢)(G(a) — G(c));

(ii) and for any A > 0,
A

th_r}(l) _A(u(t,v)7|oz—a (v)|y dv = 0.

Above, for a measurable function f: Ry — R,

(ut,0), f) = | fl@)u(t,v)(do).

Ry

For positive integers M and ¢ and for each t > 0, define the Young measure 7Tt (dv da) as

ME(dv, dev) Z(sy/M dv)S. (1) (da).

yeZ

By Lemmas 5.7 and 5.8, we could show that any weak limit of ﬂ'i\/[ ** is concentrated on measure-valued
entropy solutions to (2.16) with initial value o'™. Moreover, since the process is attractive, it is easy
to see that the limiting measure-valued entropy solutions are of Dirac type, cf. [20, Theorem 8.1.1] for

example. For every smooth test function ¢ with compact support in R, note that

72% o(&) = (r}" pa) + O(L/M).

YyEZL

This permits us to show that any weak limit of 7} (dv) is concentrated on entropy solutions to (2.16)
with initial value o/™. We conclude the proof since the entropy solution is unique.
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