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A PDE WITH DRIFT OF NEGATIVE BESOV INDEX AND
LINEAR GROWTH SOLUTIONS

ELENA ISSOGLIO AND FRANCESCO RUSSO

ABSTRACT. This paper investigates a class of PDEs with coefficients
in negative Besov spaces and whose solutions have linear growth. We
show existence and uniqueness of mild and weak solutions, which are
equivalent in this setting, and several continuity results. To this aim, we
introduce ad-hoc Besov-Hélder type spaces that allow for linear growth,
and investigate the action of the heat semigroup on them. We conclude
the paper by introducing a special subclass of these spaces which has
the useful property to be separable.

Key words and phrases. Parabolic PDEs with linear growth; distri-
butional drift; Besov spaces.
2020 MSC. 35C99; 35D99; 35K10.

1. INTRODUCTION

The objective of this paper is to study existence, uniqueness and conti-
nuity results for solutions to a class of parabolic PDEs with negative Besov
drifts and unbounded solutions. In particular, the class of parabolic linear
PDEs studied in this work is of the form

(1) O+ 3Av+Vub=X+g, onl0,T]xR?
v(T) = vr,

where A is a real parameter, and b and g are continuous functions of time
taking values in a negative Besov space (-9 with 0 < 8 < %, see defini-
tions and details below. Here the product Vv b := Vv -b needs to be defined
using pointwise products, because the term b is a distribution.

Our main motivation to study ([l) comes from stochastic analysis. Indeed,
PDEs of the form (Il) naturally arise in the context of stochastic differential
equations, particularly when setting and solving them as martingale prob-
lems. In the companion paper [11] we will extensively use all results on PDE
() found in the present paper.

PDEs with distributional coefficients have been studied in the literature
before, see for example [3] 5 8] to name a few. Here we do not require the use
of Gubinelli’s paracontrolled distributions or Hairer’s regularity structures
so that the Besov index of the space where the distributional coefficient b
lives cannot be lower than —%. The main novelty is that we allow terminal
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conditions, and hence the solutions, to have linear growth, which is not the
case in the existing literature.

For this reason in Section [B] we introduce a suitable class of functions
spaces, denoted by DC®, which contains all functions such that their deriva-
tive is an element of C%. We also investigate the action of the semigroup on
these spaces, in particular Schauder’s estimates and Bernstein’s inequalities
in the DC?% spaces, see Lemmata 3.3 and B4l In Section @ We introduce
the notion of weak and mild solutions for this PDE and show that they are
equivalent in Proposition We then show existence and uniqueness of
mild solutions by fixed point arguments in Theorem 7] using properties of
the heat semigroup. Furthermore we show in Proposition .13 some (uni-
form) bounds on the solution of a special case of the PDE, given by (7).
We also exhibiting several continuity results for the solutions with respect to
the functions g, b, v, both in the case when the solutions have linear growth
and in the case when they are bounded. This is done in Lemmata E.17] and
4.19. In the last section we introduce and study a further class of spaces,
which are used in our companion paper [11] for applications in stochastic
analysis, together with all the results on the PDE. One of the important
feature of these spaces is the fact that they are separable, which is not the
case for the standard separable Besov-Holder spaces.

The paper is organised as follows. In Section[2lwe introduce the framework
in which we work, define some tools like the pointwise product and state
some Assumptions. In Section [3] we define some new functions spaces that
allow linear growth and derive useful properties of how the heat semigroup
acts on them. The PDE () is studied in Section[l In Section [l we introduce
and study a class of Besov type spaces which is separable.

2. SETTING AND PRELIMINARY RESULTS

2.1. Function spaces. We use the notation C%! := C%1([0,7] x R?) to
indicate the space of functions with gradient in z continuous in (¢,x). By a
slight abuse of notation we use the same notation C%! for functions which
are R%valued. When f : R? — R? is differentiable, we denote by Vf the
matrix given by (Vf);; = 0;f;. When f : R? — R we denote the Hessian
matrix of f by Hess(f). Given any function f defined on [0, 7] x R? we often
denote f(t) := f(t,-).

Let S = S(R?) be the space of Schwartz functions on R? and S’ = &' (R%)
the space of Schwartz distributions. We denote by F and F~! the Fourier
transform on § and inverse Fourier transform respectively, which are ex-
tended to & in the standard way. For v € R we denote by C? = C7(R?) the
Besov space (or Holder-Zygmund space) defined as

je

(2) C" = {f €S :sup 27| F o Ff)lloo < oo},
N
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where () is some partition of unity. ||- |l denotes the usual sup-norm. For
more details see for example [I, Section 2.7]. Note that for v < + one has
C?' c CV. If y € Rt \ N then the space coincides with the classical Holder
space, namely the space of bounded functions with bounded derivatives up to
order |v] and such that the [v]th derivative is (7 — |7])-Holder continuous.
For example if v € (0,1) the space C? can be equipped with the classical
~v-Hélder norm

(3) 1l =l + sup L& =IO

x#y,|lr—yl<1 ‘Z’ - yh ’

and if v € (1,2) then norm is given by

V() = V)l
(4) [fllo + IV /1] +#y’s‘ggy‘<l P—

We remark that it is equivalent in the previous formulations of the norms to
take the supremum over the whole space rather than on | — y| < 1. Note
that we use the same notation C? to indicate R-valued functions but also
R?- or R*9_valued functions. It will be clear from the context which space
is needed.

We denote by CrC" the space of continuous functions on [0,7] taking
values in C7, that is CpC" := C([0,T];C"). For any given v € R we denote
by C7 and C7~ the spaces given by

C7 = Ug>,CY, C7™ = Na<yC™.
Note that C7* is an inductive space. We will also use the spaces C7C7T :=
C([0,T);C7"). We remark that f € CpC7T if and only if there exists a > ~y
such that f € CpC?%, see [10, Lemma B.2]. Similarly, we use the space
CrC'~ := C([0,T];C77); in particular we observe that if f € CrC?~ then
for any @ < v we have f € CrC®. Note that if f is continuous and such
that Vf € CrC%t then f € CO1L.

Finally for a general Banach space (B, || - ||p) we introduce the family of
p-equivalent norms on CpB, denoted by || - ||é€; 5 and defined for all p > 0

by HfH(cf);B = SUPyeo,1] e PT=D| f(t)||g. If p = 0 this is the standard norm
in CrB.

2.2. The heat semigroup in S'. Let (P;); denote the semigroup gen-
erated by %A on S, in particular for all ¢ € S we define (Po)(x) =
Jga Pe(x — y)p(y)dy, where the kernel p is the usual heat kernel p;(z —y) =

—y[2 .
7(2“1)d/2 exp{— ‘ng | }. It is easy to see that P, : S — S. Moreover we can

extend it to 8’ by dual pairing (and we denote it with the same notation by
simplicity). One has (P, ¢) = (¢, Pig) for each ¢ € S and ¢ € §', using
the fact that the kernel is symmetric.

Next we state and prove a joint continuity result for the heat semigroup
acting on &’. To this aim, we first recall some facts about the Schwartz space
&', which is an inductive space. We recall that [13, Section 7.3] says that
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for any ¢ € S, f € S’ there exists a constant C(f) and an integer N € N
such that

(5) (e ) <C(f)  sup  [D%(y)| (Jy* + D)V.
yeR |a|<N

From this it follows that the space S’ (Rd) can be expressed as the space
S'(RY) = U NenEy equipped with the inductive topology, where Ey is the
space of smooth functions ¢ : R? — R such that

ey == sup  |DY%(y)| (ly[* + 1) < oo.
y€R,|a|<N

Lemma 2.1. Let f € C7S'(R?). Then there exists N € N and a constant
C(f) independent of time such that

sup [(f(t), o) <C(f) sup  |D%(y)| (ly[* + )N,
te€[0,T yeR |a|<N

for all ¢ € S(RY). In particular there exists N such that f € CpE};.
Proof. Since t + f(t) is continuous in &’ (R?) then (f(t))tcio,m is a compact
in §'(RY), so there exists N such that f : [0,7] — E% and such that

(f(t))eejo,r is compact in £ by [10, Remark B.1]. In particular, (f(t)):cjo,m
is bounded in E7%;, which implies that

sup |[f(#)llpy—r < C(f) < o0,

te[0,T
and thus
e [(F(1), @) < C(N)lelly = C(f) S ID%(y)| (|ly* + )Y
for any ¢ € S(R?). O

Lemma 2.2. Let h € CpS’. Then the function Ph(r) is jointly continuous
n (t,7) € [0, T)? with values in S'.

Proof. By means of Fourier transform it is enough to prove that (r,t) —
F(P;h(r)) is continuous with values in &’. We can write

(6)  F(Ph(r))(§) = [F(exp(it-)) Fh(r)](§) = exp(—%£2)fh(7“)(£)-

Expression (6) has to be understood as an element of S&’. When ¢ > 0 the
product of £ — exp(—£&?) € S and Fh(r) € S’ belongs to §'. In that case

_t§2
2

F(Peh(r))(§) = ((Fh(r))(£), exp(

so that (@) is a function.

We now prove that (¢,r) — exp(%g)]: h(r)(§) is continuous with values
in §’. By Lemma 21l let N be such that Fh € CrE}, and let (t,,r,) —

) €R,
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(to,r0). Let m > N to be chosen later. We have (omitting the variable £ in
Fh(r) for brevity)

| exp(—2€) Fh(ra) — exp(~ 2 €) Fhiro)|z;

<| eXP(—gf )Fh(rn) = Fhiro)llle

Hllexp (= 2€2) — exp(~ 2€)]Fh(ro) |
=:11(n) + Iz (n).
We know that

Li(n) = sup [(Fh(rn) — Fh(re), ¢exp(—%§2)>\.
€S8l £,, <1

For ¢ € S we have
[(Fh(ra)—Fh(ro), dexp(~ 22| < | Fh(ra)~Fhro)ll o Il exp(~ 26 I

and the first term goes to zero as n — oo since Fh € CrE}. We prove that

7) ¢ exp(— 2y < C1lolm,

for some m; > N, where C is a constant independent of n. Let « be a
multi index such that || < N. We have

(1+ PN D (dexp(~2€2))
is a linear combination of
P(&;1,) DT(€) exp(~2€2)

where P(&;t,,) is a polynomial in £ with coefficient depending on ¢,, that can
be bounded from above by a polynomial in ¢ independent of ¢, (possibly
depending on T') and |y| < N. It is clear that there exists an integer m;

and a constant C; > 0 such that P(&;t,) < Cy(1+ |€2)™. Thus (7) holds.
Concerning I>(n) we have

Ln)=  sup  |(Fhro), fexp(—2€%) — exp(~2)]¢),
$€S,[|9l 2,y <1 2 2

so for ¢ € S we have

|(Fh(ro), [exp(—t—"@) — exp(— 2 €)]9)|
n 2 <z>/ _tnat A= a)lo oy

< [|Fh(ro)ll ey,

2

Since t,, — to — 0 and ||]:h(r0)\ gy, 1s finite, it is enough to prove that

1-—
® o [ en- 0= 0, < oo,
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for some mo, where C5 is independent of n. Let o be a multi index such
that |a] < N. Then

1 a —a
1+ e (£0(0) [ enp(- 200 00)

is a linear combination of terms of the type

tpa+ (1 —a)to

1
Pleita) D70(6) | exp(= G =00
where P(¢;t,) is a polynomial in  with coefficient depending on ¢,, that can
be bounded from above by a polynomial in ¢ independent of ¢, (possibly
depending on T') and |y| < N. As above, there exists an integer ms and a
constant Cy > 0 such that P(&;t,) < Co(1 + |€[*)™2. Thus(®) holds.
Finally we conclude that I1(n) + I2(n) — 0 as n — oo by setting m =

m1Vme and using the fact that the sequence of seminorms is monotone. [

Remark 2.3. The semigroup P; and V commute in S’.
Indeed let h € S'. We compute the (generalised) gradient of Pih, that is,
for all € S we have
<VPth7 ¢> F= _<Pth7 dZU¢>
= _<h7 PtdZU¢>
= —(h, divP,¢)
= (Vh, P¢)
= (P,Vh, ¢).
2.3. Estimates in C7 for the heat semigroup. In this section, we are
interested in the action of the semigroup on elements of Besov spaces C7.

These estimates are known as Schauder’s estimates (for a proof we refer to
[4, Lemma 2.5], see also [7] for similar results).

Lemma 2.4 (Schauder’s estimates). Let f € CY C S’ for some v € R. Then
for any 60 > 0 there exists a constant ¢ such that

(9) 1P f llv20 < ct™°)I f 1l
for allt > 0.

Moreover for f € C7*% and for any 6 € (0,1) we have
(10) 1:f = Flly < et”l1 £ ly20-

Note that from ([I0), (@) and the semigroup property, it readily follows
that if f € C72% for some 0 < @ < 1, then for t > s > 0 we have

(11) 1PLf = Puflly < et = )°]Lfll1420.

In other words, this means that if f € C7*2% then P.f € C7CY (and in fact it
is #-Holder continuous in time). We also recall that Bernstein’s inequalities
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hold (see [1, Lemma 2.1] and [7, Appendix A.1]), that is for v € R there
exists a constant ¢ > 0 such that

(12) HVQH’Y < C”QHV—H’

for all g € C'*7. Using Schauder’s and Bernstein’s inequalities we can easily
obtain a useful estimate on the gradient of the semigroup, as we see below.

Lemma 2.5. Let vy € R and 6 € (0,1). If g € C7 then for all t > 0 we have
V(Pig) € C7F2~1 and

(13) IV (Pig)lly+20-1 < et~ llgll-

2.4. Further properties/tools. The following is an important estimate
which allows to define the pointwise product between certain distributions
and functions, which is based on Bony’s estimates. For details see [2] or [7|
Section 2.1]. Let f € C* and g € C™# with o — 8 > 0 and o, 8 > 0. Then
the ‘pointwise product’ f g is well-defined as an element of C~# and there
exists a constant ¢ > 0 such that

(14) 1 9ll-s < cllfllallgll-s-

Remark 2.6. Using (I4)) it is not difficult to see that if f € CpC® and
g € CpC~P then the product is also continuous with values in C2, and

(15) 1f gllere-s < el fllereallgllore-s-

3. THE SPACES DC”Y AND THE ACTION OF THE SEMIGROUP

In this section we introduce some other function spaces that will be central
in the analysis of the PDEs in this paper if we are to have solutions with
linear growth. The idea is to have functions with the same regularity as the
C7-spaces locally, that allow linear growth at infinity. On these spaces we
will show how the heat semigroup acts in terms of regularity, both in the
time- and in the space-variable.

For v € (0,1) we define space DC” as

DC" := {h : R? — R differentiable function s.t. Vh € C}.
Note that the following inclusion holds:
¢t c pee.
On DC% we can introduce a topology, induced by the norm
(16) [Bllpe = ([R(0)] + IV A]ly) .-

If h € DC® then there exists a constant (which is 2(0)) and a function h ece
(multidimensional) such that h(x) = h(0) + « - h. Indeed, that function h is
given by fol Vh(az)da.

Lemma 3.1. (DC%,|| - ||pc~) is a Banach space.
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Proof. Let (hy,), be a Cauchy sequence in DC®. Then h,, € C' and since
R and C® are complete, we know that h,(0) — ¢ € R and Vh,, — g in C*

hence uniformly. Now we write hy,(x) = h,,(0) +x fol Vhy(az)da. We define

h(z) = c+x fo ax)da, so that lim,,_,o hy(z) = h(x). It is obvious that ¢ =
h(0). Now we notice that Vh € 8’ so it is left to prove that Vh = g in &’ to
conclude. For any test function ¢ € S we have (Vhy,, ¢) = (hy, —div(¢)) —
(h,—div(¢)) as n — oo. On the other hand (Vh,,¢) — (g,¢) hence we
conclude g = Vh. O

Next we study the mapping properties of the semigroup P, on DC® (and
on the classical spaces C®*1) for some fixed a € (0,1). First we prove an
inequality that is the analogous of Schauder’s estimate (@) with # = 0 on
DC~.

Lemma 3.2. If h € DC%, then

(17) sup HPshHDCQ § CHhHDca.
s€[0,T

Proof. Using the definition of the norm in DC® we have
| Pshllpee = |(Psh)(0)] + [V Pshllo =: Bi(s) 4 Ba(s).

Using the kernel of the semigroup and writing h(z) = h(0)+z- fo Vh(azx)da
we get
= | / Ps(y)h(y)dy|

1
<|/ ps(y dy|+|/ ps(y y/o Vh(ay)dadyl|

<O+ [ p@lylsu [ Th@)ldy
< h(O)] + el Vha < ellalce.

On the other hand, since V and P; commute by Remark 23] we have
By(s) = [[VPshlla = [[PsVh]la < c|Vh]a < cl|lb] Dee,
having used Schauder’s estimate (@)). This proves (7). O

Lemma 3.3. Let o € (0,1).
(i) The semigroup P; maps COT1 into itself. Moreover if h € C'T+ for
some v > 0 such that o+ v € (0,1), then P.h € CrC*e.
(ii) The semigroup P, maps DC® into itself. Moreover if h € DC*TV for
some v > 0 such that o +v € (0,1), then P.h € CrDC®.

Proof. Item (i) This is an obvious consequence of Schauder’s estimate (Lemma
2.4) and equation (IIJ).

Item (i) Let h € DC* C S’ Let t > 0 be fixed. By Remark 23]
VPh = P,Vh, so that VPh € C* (and this automatically implies that
P,h is a differentiable function of x).
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Next we show that ¢t — P.h is continuous with values in DC® if h €
DC>™". We need to show that for each t > 0 we have

| Preh — Prh|| pee
(18) = |(Py4eh)(0) — (P:h)(0)| + ||V Pigech — VPih||o — 0 as ¢ — 0.
Concerning first term in (I8) we note that since h € DC*” then Vh
belongs to C**” | and ||Vh|le < ||[Vh|ca+r. We observe that for any ¢ > 0
and z € R? we have (Ph)(z) = E[L(W?)] where (W) is a Brownian motion
starting at Wy = z. Hence
|(Pes=h)(0) = (PiR)(0)] = [E[A(W.) = h(W))]
< E[h(Wiye) — h(W)]]
< IVAl|E[IW e — W]
= | Vhllar E[W]

1
(19) = /227 Vhllas.
The second term in (I8)) can be bounded by
(20) [V Peveh = VPl < | VAot

by using the fact that V and P, commute by Remark 23] together with ()
0=v/2.
Putting (I9) and (20) together we get
vA1l vA1l
[Prveh — Pih|lpee < ce 2 [[Vh|agw < ce 2 ||h] pa-tv,
which shows Ph € CrDC® as wanted. O

Lemma 3.4. Let a € (0,1).

(i) Leth € CpC*t. Then fT P,_.h(s)ds € C7CT! and || f Py_.h(s)ds||cpca+1 <
cllhllepeatr-
(ii) Leth € CrDC®. Then [T P, h(s)ds € CrDC* and || [T Ps_ h(s)ds||cppee <
cllhllerpee-
Proof We first show that given h € CTDCO‘ (resp. h € CrC®*1), then
f "Pih(s + -)ds € CpDC® (resp. fo " Psh(s + -)ds € CpCotL), which is
equivalent to the first part of the claim in (ii) (resp. in (i)). To this aim, let
t, — to. We have

T—tn T—tg
/ Psh(s + t,)ds — / Psh(s + to)ds
0 0

T—to T—tn
(21) = / Ph(s +t,) — h(s + to)]ds + / Psh(s + ty,)ds.
0 T—to
We denote by &(h;s) the modulus of continuity of A in DC® (resp. in C**1).
Then the first integral in (2I]) is bounded in the DC*-norm using (7)) (resp.
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in the C**!'-norm using (@) with § = 0 and v = a4+ 1) to get

T—tg
I / Py[h(s 4+ t,) — h(s + to)]ds| pce
0

T—tg

< / IPulh(s + ) — h(s + 0] pends

0
T—to

< c/ h(s + ) — h(s 4+ to) | pends

0

T—to
= c/ d(h;ty, — to)ds
0
= C(T — to)(s(h; tn — to),
respectively
T—to
I / Pulh(s + ) — h(s + to)]ds|lcass < o(T — to)5(hs tn — to),
0

which tends to 0 as n — oo. The second integral in (2I]) is bounded again
using (7)) (resp. using (@) with 6 =0 and v = a + 1) to get

T—tn T—tn
I Poh(s + t)ds| pea < / IPsh(s + )| peeds
T—to T—to
T_tn
<e / (s + ta) [ peeds
T—to
T_tn
—c|[ " lhllcrpends
T—to
= clto — talllhllcrDee,
respectively
T—tn
| Psh(s +t,)ds||catr < clto — tal|| Rl cpeata,
T—to

which tends to 0 as n — oo.

It is left to prove that || fT Ps_.h(s)ds||cypee < c||h|lcppee for point (ii)
(resp. || fT Py h(s)ds||cpcat1 < c||h]|cpca+r for point (i)). Using again (I7)
(resp. @) with 6 = 0) we have

T T
|| / Py h(s)dsllcppes = sup || | Po_sh(s)dslpee
. tejo,r] Jt

T
< sup/ | Ps—¢h(s)|| pcads
tef0,1) /1

T
<c sup / 1(s) | peads
te[0,T] Jt

< cT'||h||cypee,
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respectively
T
|| Pehs)dslecess < Tlhloyeesn,
which is the claim. O

In fact, it turns out that in the C spaces a stronger continuity result will
be needed, which is the following.

Lemma 3.5. If h € CpCAt then Jo P=sh(s)ds € CrCHte with any o €

Proof. This is the adaptation of [9, Lemma 3.2] in the special case h €
CrC—B c L>([0,T];C 7). a

Analogously as for the C7"-spaces, for v > 0 we also introduce the spaces
DCFY+ = Ua>,\/Dca, DCFY_ = ﬁa<,\/DCa.

We will also use the spaces CrDC't := C([0,T]; DC""). We remark that
f € CpDCY if and only if there exists o > v such that f € CpDC?, see
[10, Remark B.1]. Similarly, we use the space CprDC?~ := C([0,T]; DC?™);
we observe in particular that if f € CrDC?~ then for any o < v we have
f e CrDC™.

4. MAIN RESULTS

In this section we prove existence, uniqueness, continuity properties and
various bounds for solutions to a class of parabolic PDEs with unbounded
terminal condition. This means that said solutions too are unbounded,
indeed they live in the space C7DCPt. We also consider a special case of
this class where terminal conditions are bounded, hence also the solutions
are bounded, i.e. they live in CpCATAT,

4.1. Assumptions. We introduce here various assumptions concerning dis-
tribution-valued functions (b respectively g) needed below in the paper.

Assumption Al. Let 0 < 8 < 1/2 and b € CrCEPT(R?). In particular
b e CrC~P(R?). Notice that b is a column vector.

Next we introduce two assumptions concerning g and vyp.
Assumption A2. We suppose that g € CpC At and vp € DCA-H)—.
Assumption A3. We suppose that g € CpCP)* and vp € C2—H)—,

The main difference between Assumption [A3] and Assumption [A2]is that
in the latter we allow the terminal condition to be unbounded, in particular
we can choose v = id, while in the former the identity function is excluded.
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4.2. A class of PDEs with drifts in Besov spaces. Let b fulfill Assump-
tion [AT] for the rest of Section @l Let vy € S" and ¢ — g(t,-) be continuous
in §’. We consider here PDEs of the form
1 =

(22) O+ 5Av+Vob= v +g

’U(T) = vT.
We consider weak and mild solutions, both defined in the space C7DCP, as
detailed below. To shorten notation, we define

G) == v+g.

Definition 4.1. Let v € CrDCP. We say that v is a weak solution of ([22)
if for all p € S(R?) we have that v satisfies

T
@3>L/ (@) <>dx—¥4dwuﬁmuxxu~%lj RdQAw() o(s, 2)da ds

/ / ) (Vu(s, z)b(s, x)) deds —/ / (s,x)dzds,
Rd Rd

for all t € [0,T].

Notice that the notation [pq¢(z) (Vo(s,z)b(s,z)) dz is only formal be-
cause Vu(s,-)b(s,-) is a distribution. In practice when we write the integral
we mean the dual pairing with ¢, namely (¢, Vu(s)b(s)), where the pairing
in 8,8’ is well-defined as an element in CC-P)* via the pointwise product

@).

Definition 4.2. Let v € CrDCP. We say that v is a mild solution of [22)
if v satisfies

T
24 = Pr_ s — V d — P,_ d
(24)  ol(t) Tﬂ@+l  (Vos) s(/ J(C(v)(s))
for allt € [0,T7.

Note that for each s € [0, 7] the product Vu(s) b(s) appearing in ([23]) and
([24]) is well-defined as an element of C (=A)+ using the pointwise product (T4,
thanks to Assumption [ATl Indeed since v € CrDCP and b € CrC~ P+ we
can always choose € > 0 such that b € C7C5%¢ so that —f+e+F=¢ >0
and (I3]) holds. Moreover both integrals are well-defined as Bochner integrals
with values in &’ because (s, 1) — Psh(r) is jointly continuous with values in
S’ (where h is either Vv b or G(v), and the continuity follows from Lemma
2.2).

For future use, it is convenient to properly define the singular operator
L, formally given by Lf = 0,f + %Af +Vfb.

Definition 4.3. Let b satisfy Assumption[A1. The operator L is defined as

L: D% — {& ~valued continuous functions}
f = Lf=[f4+3Af+Vfb,
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where
DY .= CrDC’ N CY([0,T];S").

Here f : [0,T] x R* — R and the function f : [0,T] — S’ is the time-
derivative of f. Note also that Vfb is well-defined and continuous using
[@5) and Assumption[AD. The Laplacian A is intended in the weak sense.

Remark 4.4. We observe that if v € C7DCP is a weak solution, then it is
automatically differentiable in time with continuous derivative in S’, hence
v E D%. The same is true for v € CrC*P by the inclusion of the spaces.

Using the operator £ defined in Definition 3] and Remark (4] we see
that PDE (22]) rewrites as

Lyv=+yg
v(T) = vr.

Proposition 4.5. Weak and mild solutions of [22)) are equivalent in C7DCP.

Proof. (i) mild implies weak. Let v € CrDCP be a mild solution. For any
p € S we have

T T
/t (v(s),%A@)dSZ/t (PT_SUT,%A<,0>dS
T T
(25) +/t / <PT_SVU(T)b(r),%Acp>drds

_ /t ! / T<PT,_8G(U)(7*), %A@drds.

The first term on the RHS of ([25]) gives
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The second and third terms on the RHS of (2] give
T T X
/t / <Pr—s[Vv(r)b(r) — G(’U)(T)]’ §A<,0>d7’ds
T prr—t
:/ / <Ps[V’U(7’)b(T) — G(’U)(T)]’ %A§0>d8d7’
/ /T d v(r)b(r) — G(v)(r)], ¢)dsdr

:/ (Pr_o[Vo(r)b(r) — G(v)(r)], @)dr

T
—A<Wwwm—amvm@m

Putting these into (28] we get
T 1 T
| 006158005 =(Proror) = (wr.) + [ (P lVelb) = G)0L phar
T
—[<mewv—mwwmwm
T
#wmw—@%w+[<wwwm—cwwmww

which shows that v is also a weak solution.
(ii) weak implies mild. We proceed as follows. Given a weak solution
v € CrDCP that satisfies (Z3) we define

(26)  w(t) = Pr_ th—i—/ Py (Vu(s ds—/ P,_G(v

We see that u is a mild solution of the heat equation with extra source terms
involving v, more specifically of

1
Oru + §Au = G(v) — Vub; u(T) = vp.
By using (i) with A =0 and g = G(v) — Vv b we have that u is also a weak

solution of the above PDE. Now we take the difference v = v — v and see
that v fulfills

1
—/ §AT)(S, -)ds; o(T) =0,
t

hence v is a weak solution of the heat equation with zero terminal condition
so we have v = 0, which implies that « = v and so u is a mild solution by

(24). O
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4.3. Linear growth solutions. In this subsection we consider equation
([22) and pick a terminal condition vy fulfilling Assumption[A2l We will show
below that solutions of (22]) exist in the space CpDC (-6~ and are unique
in the space CrDCAt. If furthermore the terminal condition is bounded
(Assumption [A3]) then the solution will also be bounded.

Given p > 0, we introduce an equivalent norm in CrDC®, respectively
CrCotL, defined as

(27) 1£1E) pen = Jup IS0+ VS Oll).
€10,
respectively
(28) ||f||g;ca+1 = tSE(l)I?r} e~ Pt (Sup |f(t, z)| + HVf(t)Ha) )
elo, T

Notice that those norms are equivalent to those defined in (I6]) (resp. ().
With these norms the pointwise products estimates corresponding to those
from Remark will become, for o > 3,

(29) 1791 s < ellFIE) callgllepe-s-

We start with a preliminary result.

Lemma 4.6. Let £ € CrC™? and p > 1. Then for every t € [0,T] and for
every a € [8,1 — ) we have

a+B—1

T
(30) I Peests)5] G < ) ™57
and in particular,

a+B

T -1
u / Po_b(s)ds]|%) e < cl0]%) o ap™

where ¢ depends on o and 3.

Proof. We recall that for f € C7C*™! then f € CpDC® and || f|cppee <
| fllcpcatr by @) and (28]). For this reason, we will only prove ([B0). We
bound each term in the p-equivalent norm (28)) in C®*! separately. Let us
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denote by f(t,z) ft Ps_4£(s)) (z)ds. The sup term in (28)) gives

sup |f(t,x)| = sup
xT

xT

T
/t (Po_10(s)) (x)ds

T
Py_4l(s)ds

oo

s—tl(s)ds

T
< [ 1Pits)l, s
t
T
<o [ =07 )ads,
t

having used (@) from Lemma 4l Now multiplying by e~ (7%

the supremum over ¢, using ([28) we get

and taking

sup e —p(T-1) Sup|f(t x)|
t€[0,T]

L) —otB —p(T—s)
< c sup e (s—t)" z e 1€(s)||-pds

tefo,1] Jt
(31) < clle|) / Cere(s -yt
<c _, sup e 5 — s.
Crc Bte[oﬂ t
The latter integral can be bounded noting that 6 := QT‘FB < 1 by choice of
«, thus
T 00
/ e =Pl t)(s—t)_edsg/ e s 0ds
¢ 0
< / ey 10y
0
= F(_H + 1)10_1+€7
where
(32) I'(n) = / e " e
0

denotes the Gamma function. Thus (31]) gives

a+B—2
(33) sup T sup | f(t,2)] < el op™ 5
te€[0,T

where ¢ depends on o and (.



A PDE WITH NEGATIVE BESOV DRIFT 17
The term with the a-norm of V f in (28] is bounded with similar compu-
tations as above but using (I3)) in place of (@) to get

sup e PTD(Vf(1)|a
t€[0,T

T
<c sup e_p(T_t)/ (S—t)_MgHW(S)H—BdS'
t€[0,T] t

Proceeding as between (3I)) and (33]) and using the fact that %BH <1, we
get

_ _ atp—1
(34) sup e TV F(t)a < 04 csp™
te[0,7
.. . atpf-2 atf-1
Combining ([B3]) and (34]), and using the fact that p~ 2 < p~ 2 since
p > 1, we conclude. O

Theorem 4.7. Let b satisfy Assumption [A1l.

(i) Let vr and g satisfy Assumption[A2D. Then there exists a mild solu-
tion v to [22)) in CrDCY=B)= which is unique in CpDCP.

(ii) Let vr and g satisfy Assumption (in particular vy is bounded).
Then the unique mild solution v of PDE ([22)) is also bounded, more
precisely v € CrC2—A)—,

Remark 4.8. One could relax Assumption[A3 (resp. Assumption[A3) for
vr and only ask that vy € DCPT (resp. vy € COHPY ). In this case the

unique solution would no longer belong to CpDCI—P)— (resp. C’TC(Q_B)_)
but only to CrDCPH (resp. CrCHHAT),

Proof of Theorem [{.7]. We start with an arbitrary a € (8,1 — 3). The case
a = 8 will be explained at the end of the proof. Let T denote the solution

operator, namely for v € C([0,T]; DC*) we define Tv as

T T
(35) To(t) = PT_th+/t Py (Vv(s)b(s)) ds—/t Po_i(Av(s)+g(s))ds.

We prove both items of the theorem in two steps, first showing stability
and then the contraction property. Notice that Assumption [A3] implies
Assumption [A2]

Step 1 - stability. We suppose Assumption [A2] (resp. Assumption [A3)).
We show that T : CrDC® — C7DC® (vesp. T : CpCoTt — CpCoTh).
The term Pp_yvp € DC* (resp. Pr_ivp € CO‘+1) is continuous in ¢ by Lemma
B3] item (ii) (resp. item (i)) since vy € DCTY (resp. vy € C'THY) for all
v > 0 such that o + v < 1 — 8 by Assumption [A2] (resp. Assumption [A3]).
Since v € CpDC* (resp. v € CrC*T') and b € C7CA*, then by Remark
Vb € CrC A+ Moreover g € C7C—A+ by assumption. Thus we can
apply Lemma to deduce that fT Ps_. (Vu(s)b(s))ds + fT Ps_.g(s)ds €
CTCa+1 C CrDC*.
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Finally by Lemma B4 item (ii) (resp. item (i)), t — ftT Ps_\v(s)ds is
continuous with values in DC® (resp. C**1).

Step 2 - contraction. Next we show that 7 is a contraction in C7DC*
(resp. CpCo1).

To this aim it is convenient to use the equivalent norm in C7DC® (resp.
CrC>*1) introduced in 7)) (resp. @8)). Let vi, vy € C7DC (resp. vy, ve €
CrC®*1). Then

T
Toi(t) — Tos(t) = /t Poy (Vor(s) — Vua(s))b(s)) ds

T
+ )\/t Ps_i(vi(s) —va(s))ds
(36) =: Bi(t) + Ba(t).

We consider B first. By Lemma with £ = V(v; — v2)b and using (29])
we get

T
||B1||82Dca = H/t Py (V(vg — vz)(s)b(s))dng};Dca

a+p—1
< o[ V(o1 — )bl ¢ o sp”
at+B—1
< cbllgpe-s IV (01 = v2)[&eap™ 2,
at+B-1
(37) < cllbllgpe-sllvr — vl &) peap™ 2,
respectively
at+p—1
(38) IBUIE) e < ellbllege-slvr = val &) o p™

We now bound By in (B6]). We use Lemma [B:2] (resp. Schauder’s estimate
@) with 6 = 0) to get

T
|Bﬁ£mm=sm>fW“%M/'&%wuﬁ—w@wmmm
te[0,T t

T
< X sup / e_p(T_t)HPs—t(Ul(S) —v2(s)) |l pcads
te[0,T] Jt

T
<\ sup / e P e PT=9)jyy (s) — va(s) | peeds
te[0,T] J¢

T
< c\ sup / e_p(s_t)HUl —U2H(ce;Dcad8
tel0,T] Jt

< eAllor — vl pear™
a+B—1
(39) < eAl[or = vl peap™ T,
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respectively

a+pB—1
(40) |Bollfer < eXlor = l|E) ™2

Combining [B7) and [B9) (resp. B8) and ([0)) and plugging them in (Ba])

we get

@) T o — Toal| %) pea < e+ [Blleyes)p

respectively

42)  [|Tv1r = Tl %) pasr < e+ [Blleye-s)p

atB—

lor = v2ll &) s

at+B—

lor = 2| %) o

Now choosing p large enough so that (recalling that O‘+B L <0)

ath- 1
(43) A+ Blloge-s)p™ 7 < 2
we get
m » 1 (»)
(44) ITv1 = Twallegpea < 5llvr = v2llé peas
respectively
45 T — Tuol|@ <L (r)
(45) [Tvr — U2”(cha+1 > 5“”1 - U2HCTca+17

for all vi,vs € C7DC® (resp. vi,v2 € CpC®Th). By Banach fixed point
theorem we conclude that there exists a unique fixed point v € CpDC®
(resp. in C7C**t1) of T, which is the unique mild solution v € C7DC® to
@2)).

Since this is true for all & € (8,1—0), then under Assumption[A3]existence
holds in the smaller space CDC =8~ At this point we observe that we can

choose a = 3 in all computations above, but one must replace [|b||¢,.c-s With
a+pB—
16/l cpc—p+< for some small ¢ such that 26 —e+1 > 0, and the powers p =

must be replaced by p 2=t . In conclusion (@) and (45) still hold for a = f3,
hence and uniqueness holds in the larger space C7DCP, which proves item
(). Moreover when Assumption [A2] holds then the unique solution belongs
to CrCA)~. O

Lemma 4.9. Let b satisfy Assumption A1, v and g satisfy Assumption[43
and let X > 0. Let a € (8,1 — ) such that vp € C®TL. Let v be the unique
solution of [22)) given in Theorem[{.7 item (ii) and Remark[{.8. Then there
exists an increasing function Ry such that

[ollcpeatr < Ba(lbllerc-s)([orllcatr + [lgllope-5)-
Proof. For the map T defined in (B5]) we have

1T o < 170 = TONE ors + ITOIE ot
Using ([42]) with v; = v and vy = 0 we get

[0 = TOIY guss < At [bllepe—s)p 101 o



20 ELENA ISSOGLIO AND FRANCESCO RUSSO

where 0 = 1_‘;_6 > 0. On the other hand

T
T0= Pr_vr + / Ps_.g(s)ds,
t

so using Lemma

T
IO e < 1Prvr]|E) s + / Py g(5)ds]| %) o

< |1Prswrlicpean + gl esr™
—6
< florlleats +clgl¥) esp
Combining the estimates above we have
—0
1T0IE ars < e+ [Ibllape-2)p~ 10182 g + oz llcass + gl s

Choosing p = [2¢(\ + ||b||cchg)]1/9 so that ¢(A + [|b]lcpe-s)p™ = 3 we get

Cc
”TUHCTCaJrl = §HUHCTCa+1 + HUT”CO“Ll + 26()\ n HbHCT )”gHCTC B

Since v is a solution then 7v = v and we get

1
101 orr < 2oz floass +2 gl
Creett 20+ [Bllope-s) T OmE”

(46) < 2fjorflca+r + 5 ||9||cTc 8-

Using [[v]|cycatt = supgepo,r "7 e T [u(t)|lcasr < e T|[o]| &) oss, the

bound (@) and [|g]¢}) casr < llglloycass we get

T
[ollcpcass < eTN0lIE) cass

< 26 [orllcars + 7 S 912

1
< 2e max{1, $H([[vrllea+r + llgllope-s).

Recall that we chose p = [2¢(\ + HbHCchg)]l/@ and since # > 0 the result
follows with Ry (z) := 2exp{[2¢(A + z)]/9T} max{1, +}. O

A special case of interest of PDE (22)) is the following. Let id;(z) = a5,
which clearly belongs to D%, see Definition B3l Thus £id; is well-defined
and gives £id; = b;. An immediate consequence of Theorem [£.7] point (i)
with A = 0,vp = xz;,9 = b; is the following corollary, taking into account
that id; € C7DCP.

Corollary 4.10. The function id; is the solution of Lv = b;; v(T) = id;
(unique in C7DCP).
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4.4. Properties of the solution: bounds and continuity. Another par-
ticular case of interest of PDE (22]) is given when g is chosen to be the ith
component of the drift b and the terminal condition is zero. We denote by
u; the solution in this case, that is

{ 8tui + %Auz + Vuzb = )\ui — bi

(47) wi(T) = 0.

Remark 4.11. Since PDE ({&1) is a special case of 22)) where g = —b; and
vy = 0, by Theorem [{.7] the solution u; exists in CTC(2_5)_ and is unique
in CrDCP (indeed Assumption[A3 is automatically satisfied for vy and g if
b satisfies Assumption [A1]).

Remark 4.12. Letb € CpC°F. Then the unique solution u to [&T) coincides
with the classical solution in CH2*Y (see [12, Theorem 5.1.9], see also [11],
Theorem A.3]).

Indeed, if b € CpC’t then b € C*¥([0,T] x R?) for some v > 0 by [L1],
Remark A.2], so by [12, Theorem 5.1.9] there exists a (unique) solution u
in CY2t¥ to PDE @T7). Moreover b € CrC't C C7C At hence u is the
unique solution of @) in CrCI+A+. We moreover have the inclusion
cl2tv  OpCHAt | thys @ = u € L2,

Proposition 4.13. Let b satisfy Assumption[Ad, in particular b € CpC—F+e
for some € > 0 such that 0 := % < 1. Letu;, i1 =1,...,d be the unique
solution of [@T) as given in Remark[{.11]. Then the following holds.

(i) The solution u; is bounded in (t,x), that is, there erists a constant
¢ such that

sup lu; (t, )| < e
(t,z)€[0,T] xR

(ii) There is a constant C(f3,€) such that choosing A with
(48) A= OB, ) bllope-ses
then we have

sup  [Vu(t,a)| <
(t,z)€[0,T] xRd

N =

Proof. For simplicity of notation we drop the subscript ¢ in the rest of the
proof. We know that u € CrC'*? by Remark @111
Item (i) By (@) we have

sup  fu(t,z)| < sup |lu(t)|1p = l[ullcpcr+s < oo
(t,z)€[0,T] x R4 te[0,T

Item (ii) By (B) we have

sup  |Vul(t,z)| < sup [Vu(t)]s.
(t,z)€[0,T]xRd te[0,T
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Assume now (we will show it below) that the unique solution u of (7)) is
also a solution of the integral equation

(49)  wu(t) = /tT e AP (Vu(s)b(s)) ds — /T e A= P b(s)ds.

t

From (@J) we take the gradient on both sides and calculate its norm in C”.
We use Schauder’s estimates (@), Bernstein’s inequality (I2]), and the fact
that Vu(s)b(s),b(s) € C~P*¢ by pointwise product (I4) to get

T
IVu(t)s < / V(=0 P, (Vu(s)b(s))) | sds
T
" / V(e 0P, b(s)) s

T
<e [ (e P (Tuls)b) 341 + €0 Pecsb(5) 1)
t

g —A(s—t) 126
sc | e (s =t)" 2 ([Vu(s)llg + 1) [6(s)]-p1eds

T —&
<c / e (s — 1)~ T ds(1+ sup [Vu(s)]|g)l[bllope-se,
t s€[0,7T

where ¢ varies from line to line but it depends only on 8 and e. Since
0 = % < 1 by assumption, the integral is bounded from above by
I'(1 — 0)A~! by a change of variable 3 = A(s — t) and using the definition
of the Gamma function ([32). We get
sup [|Vu(t)lls < cL(1 =N (1+ sup [[Vu(t)])bllcye-s+e,
t€[0,7) t€[0,T
that is

Sup. IVu@®)ls(1 = A’ T = 0)[Bllgpe-sve) < (L= ON " bllyen+e
€0,

and choosing A according to (8) with C(8,¢) = 3cI'(1 — ) we have

L1 =N bl cpopte
sup [|Vul(t < T
up 1Ve®lls < T T =010 e

IN

1
2 )
as wanted.

It is left to prove that (49]) holds. We can multiply both sides of (@3] by
e~ to obtain

T T
e Mu(t) = / e P,y (Vu(s)b(s)) ds — / e~ Py_4b(s)ds.
t t
Setting 13(3) := e b(s) we observe that the equation above writes

e Mu(t) = /tT Py <Ve_>‘5u(8)b(s)) ds — /tT P,_b(s)ds,
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which is the mild form of the PDE (recall that mild and weak solutions are
equivalent in C7DCP by Proposition E.5))

Otv+%Av+va: —b

o0 2o

where v(t) := e Mu(t). Therefore to show that (@J) holds it is enough
to show that if u is a weak solution of (@T), then v(t) = e Mu(t) is a
weak solution of (B0). For u weak solution of @T) then u € C1([0,T];S")

and (50) readily holds by time-differentiation. Moreover v € C7DC” since
u e CTDCB . O

Next we consider another special case of PDE (22)). Let us define the
vector-valued function ¢ : R — R? as

(51) o(t,x) == u(t,x) + z,

where v = (u1,...,uq)" and w; is the solution of (@T), unique in the sense
of Remark AIT], for i = 1,...,d. We define ¢ as a column vector.

Theorem 4.14. Fach component ¢;, for i = 1,...,d, of the function ¢
defined in (B1) is the unique solution of

Loi = N¢i — id;)
(52) { ¢i(T) = id;

in CpDCP.

Proof. Using the linearity of the PDEs for u; and id; (see Corollary 10l
and Remark [LTT]) it is easy to check that each component ¢;, fori =1,...d
solves (B2). By Theorem (7] item (i) we also have that ¢; is the unique
solution of (B2I). O

Proposition 4.15. Let ¢ be given by (EIl). Then ¢ € D% and the time-
derivative ¢; is in CrCTP~ for all i =1,...d.

Proof. In this proof we drop the subscript ¢ for ease of writing.
By Theorem 14l and Remark B4l we have ¢ € D?. Using (B2) we get

L¢P = A¢p —id) with ¢(T") = id, therefore concerning the time-derivative ¢
we have

/Oté(s, )ds = —/Otémﬁ(s, .)ds—/ot v¢(s,.)b(s,.)ds+/0t (s, )ds.

Since ¢ € CrC2 )~ by Remark B8, we have A¢ € CrCP)~ and V¢ €
CrCcU=P)—, Moreover b € CrCP* so Vob € CrC=P+ by (), and
uwe CrC2P)~. Thus ¢ € CpCP)—, O

In the following proposition we show that ¢ enjoys other useful properties
when A is large enough.

Proposition 4.16. Let ¢ be given by (BII).
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(1) We have ¢ € CO' and Vo € CrC=P~. In particular V¢ is uni-
formly bounded.

(ii) For X\ as in Proposition [[.13 we have that ¢(t,-) is invertible for all
t € [0,T], with the (space-)inverse denoted by

(53) )=t ).

Moreover 1 € COY, V) is uniformly bounded and Vi(t,-) € C1=P)—
for all t € [0,T] and supycjo 11 [IV(2,)[[1—a < 00 for all a < B.

Proof. Item (i). The fact that ¢ € C%! follows from the fact that both
id and w are in C%', since u € C7C?~~ by Theorem E7l By the same
regularity property of u we also have V¢ € CrC(1=F)—,

Item (ii). To show that ¢(¢,-) is invertible one can proceed like in the
proof of [6, Lemma 22]. This proof uses the fact that |Vu(t,z)| < 3 for A
satisfying (@8] from Proposition EI3l We can also easily see that 1 € C%!,
Indeed V¢ is non-degenerate, Vi) = Ve (1p)~! so that (t,2) — Va(t,-) is
continuous since ¢ € C%! and 1) € C%'. Here the superscript —1 denotes the
matrix inverse. Finally we prove that Vi(t,-) € C1=#~ for all t € [0,T).
We drop the time variable by ease of notation. We notice that |V¢| is
lower bounded by % because V¢ = Vu + id, hence |(V¢)™!| is bounded by
some constant C' independent of time and so |V| is bounded, where | - |
denotes the Frobenious norm. Therefore ¢ is Lipschitz. Using the fact that
V¢ € OrC1 =P~ | |V¢~!| is bounded and that v is Lipschitz, we have for
y,z € R?

IV (y) — Vio(z)| = [V (y) ™" — Vo(w(z))
= |Vo((2)) ™" (Ve(¥(2)) — Vo(ih(y))) Vo(ib(y)) ™|
< [Vo(1h(2)) T V(¥ (2)) — Vo) Ve (y)) |
(

for any v > 0, where we recall that C' does not depend on time. O

We now state and prove a continuity result for PDEs with bounded or
unbounded solutions.

Lemma 4.17. Let Assumption [A1 hold. Let X > 0 be fized. Let b" be a
sequence converging to b in CrC—P, g% — g in CpC~P. Then

(i) if v} — v in DCU=P)~ then v™ — v in CrDCU—F)~;

(ii) if v}t = v in C2=B)~ then v™ — v in CpC2=H)—,
where v™ is the unique solution of ([22)) with b replaced by b™, g replaced by
g" and vt replaced by v7.
In particular Vo™ — Vv in CpC1=H)—,
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Proof. We show both items at the same time.

To show that v — v in CrDCA=A)= (resp. in CrC2~#)~) we have to
show that for all @ < 1 — 3 such that v — v in CpDC® (resp. in CpC ).
Since v} — vr in DCU=A~ (resp. in C?~HA~) for all @ < 1 — 3 such that
v — vp in DCY (resp. in C'* ), we fix any @ < 1 — 3. We show that
|v" — UH(CG;DCQ — 0 (resp. |v" — ”H(ce;clﬂ — 0) as n — oo, where the
superscript (p) denotes the p-equivalent norm introduced in Section 2l Using
the definition of mild solution we have

0" (t) — v(t) = Pp—¢(vp — vp)

T
+ /t Py (V0" (5)b"(s) + Vu(s)b"(s) — Vu(s)b"(s) — Vu(s)b(s))ds

T T
" / Po_y(g"(s) — g(s))ds + A / Pu_y(07(s) — v(s))ds.

Let us calculate the || - ||[pco-norm (resp. || - ||ci+e-norm) of the quantity
above:

o™ = 0]l ©) peo = sup_ e T (t) — v(t)] pee
0<t<T

< sup e PTD|Pr_, (v} — vr)| pea
0<t<T

T

+ ||/t Po (V0" (5) = Vo())b"(5))ds|| €] pee
T

y /t Py (Vo(s)(0"(5) — b(s)))dsl|%) pee
T

+ H/ P,_.(g"(s) —9(3))013”(021)6&

T
LA sup e T / Py y(0™(s) — v(s))ds | pes
0<I<T ¢

=: By + By + B3 + By + Bs,

(respectively [|v™ — U”(cl?;clw =: By + By + B3 + B4 + Bs, where the norm

in DC® is substituted by the one in C1T9).
The terms B; and Bj are bounded using Lemma (resp. (@) with 6 = 0)
to get

By < sup ||Py(vp —vr)l|pee < cljvp — vl pee,
0<t<T

T
Bs < )\/ e—p(s—t)e—p(T—s)an(S) —v(s)||pcads < cp‘1||v" — vllg;Dca,
t

(respectively similar estimates where the norm in DC? is substituted by the
one in C1*+®).
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For By and B3 we apply Lemma and (29) twice and for the term B, we
only apply Lemma to get
a+§71 at+pB—1

By < ¢|[0"lgyes IV (0" = 0) |14 cap < et"lgpes o™ = ol peap™ T
a+ﬁ atp—1
S < b = bllgye sl B pear™ T

Bs < cllb" = blloyes V0] &) car

atpB—-1
By < CHg _gHCTC gP 2
(respectively similar estimates where the norm in DC® is substituted by the
one in C1*®). Thus we have

lo™ — 0| &) pea < cllv — vrllpee
a+B—1
+elbMlopeslv™ = ollE) peapr™
a+pB-—1
+wW—w@¢Mw@mw :

t+elg” = gl%) e ap™ 2 + o 0" = 0]l e

(respectively similar estimates where the norm in DC? is substituted by the
one in C1*+®).

Similarly to (@3] but replacing [|b]|¢.c-s with sup,, ||b" ||, c-5, we choose
p > 1 such that

at+p—1 1

é 57
so that combining the estimates above and moving to the left-hand side the
terms involving v — v we get

(1 +sup |0"[[cpc-s)p
n

atp—1
S0 = 01%) pen <clloh — vrllpes +cllg™ = gl S0 ™

atp—1
6" = bllgpe-sllv] 2 pean™ 5

(respectively similar estimates where the norm in DC® is substituted by the
one in C1*). The proof is concluded. O

Remark 4.18. Following the proof of Lemma[{.17, it is easy to see that a
slightly weaker convergence remains valid under slightly weaker assumptions,
namely

(i) if v — vy in DCP* then v™ — v in Cp DCPY;
(i) if vBh — vp in CAFTOF then v — v in CrCUFTAT
In particular Vo™ — Vv in CpCPt.
Lemma 4.19. Let b" — b in CrC~P. Let )\ be such that

(54) A0 = C(B,e) max{sup [|0"]| cp.c-o+2, [l ope—o+2 }
n
with 6 := &25_5 <1 and C(p,e) chosen according to Proposition [{.13 item

(ii). Let ¢" be defined as in (B1)) but with b replaced by b™ and let Y™ be the
(space-)inverse of ¢" as in (B3)). Then we have
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(i) u™ = u, Vu" — Vu, ¢" — ¢ and Y™ — 1 uniformly on [0,T] x R%;
(ii) IV9"||o and |¢™(0,0)| are uniformly bounded in n.

Proof. We choose X according to (54]) as done in (@8]). This implies

(55) sup |V (t,x)| < 3
(t,2)€[0,T] xRd 2
by Proposition A13] part (ii).

Item (i) By Lemma @ I7 part (i) we have u,, — u in C7C**! thus u, — u
and Vu,, — Vu, uniformly on [0, T] x R%. Since ¢,, — ¢ = u, — u, then also
¢n — ¢ uniformly on [0, T] x R,

The rest of the proof follows the same ideas of [0, Lemma 24, part (iii)].
We recall the basic elements of the proof for ease of reading. Let us prove
the uniform convergence of 1, to 1. Given y € R%, we know that for every
t € [0,7] and n € N there exist z (), z, (t) € R? such that

z(t) +u(t,z(t) =y
T (8) +un (tan (1) =y
and we have called z (t) and z, (t) by ¢ (¢,y) and ¥, (¢, y) respectively. Then
from (B3] we get
[z (8) —z ()] < sup  |Vun(t,2)| [zn (t) — 2 (1)
(t,2)€[0,T] xRd
+ sSup |un(t7x) _u(t7$)|
(t,2)€[0,T] xRa
= |on () —x () <2 sup  Jun(t,2) —u(t, o),
(t,z)€[0,T]x R4
namely

[n (t,y) = (L) <2 sup  up(t,x) —u(t,z)],
(t,2)€[0,T] xRd

which implies that v, — v uniformly on [0, 7] x R?.

Item (ii) To show that ||V¢" ||« is bounded uniformly in n we simply
observe that V¢"(t,x) = id + Vu"™ (¢, x) and use (55]).

To prove that [¢™(0,0)| = |u"(0,0)]| is uniformly bounded we observe that
u" — uin CpDCY =)~ by LemmaBIT part (i), hence there exists o < 1—
such that v — u in CpDC® and so

sup |u"(0,0)| < ¢sup [[u"[|crpee,
n>1 n>1

which concludes the proof. O

5. ON SOME SEPARABLE BESOV-HOLDER TYPE SPACES

In the companion paper [I1] we use a special class of PDEs like () for
some applications in stochastic analysis. In particular, the PDE plays a
role in the formulation of the martingale problem for stochastic differential
equations with distributional drifts b. For more details on the latter, see
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[11L Section 4]. The class of PDEs that we use in [II] are PDEs of the
form L£Lf = g, where the element g is a function (instead of a distribution)
that, most importantly, lives in a space which is separable. The spaces
C7C™ would be the natural choice since it contains only functions, but it
is not separable. It would be separable if one restricted them to functions
with compact support, however the class C7C%F of functions in C7C%* with
compact support is not closed under the topology of C7C%t and not rich
enough for our purpose. Thus here we introduce and investigate a further
class of function spaces, namely the closure of C7Cot with respect to the
topology of C7C%F. These spaces turn out to be separable and rich enough
to be used in our application to stochastic analysis. In this section, we prove
some useful results about these space, most importantly separability.

Lemma 5.1. Let f be a Schwartz distribution with compact support. We
have fxp, € S for all t > 0.

Proof. We will show that the Fourier transform F(p; % f) of py % f is in
S. Since f is a compactly supported Schwartz distribution we apply [14],
Theorem 26, page 91] to write f as the finite sum ), 0"h with h some
continuous function with compact support. By linearity it is enough to
show that F(0"hxp;) € S, where h some continuous function with compact
support. In this case we have

F(0"hxpr) = F(h*0"pr) = F(h)F(8"pr),

and this belongs to S since F0"p; € S and Fh € Cp° by an easy calculation.
O

We denote by C,. = C.(R?) the space of Ri-valued continuous functions
with compact support. For v > 0 we denote by CJ = CJ (R?) the space of
elements in C? with compact support. Similarly when + is replaced by v+ or
~v—, for v > 0. When defining the domain of the martingale problem we will
work with spaces of functions which are the limit of functions with compact
support, so that they are Banach space. More precisely, let us denote by
Cd = CJ(RY) the space

C) .= {f € C7 such that 3(f,), C C) and f, — f in C"}.

As above we denote the inductive space and intersection space as
é;/+ = Ua>»yci?, ég_ = ﬁa<«/ég[.
We also introduce the space CpCJ ™t and observe that f € CrCJ" if and only
if there exists a > 7 such that f € CrC%, by [10, Remark B.1 part (ii)].
We will state and prove several useful properties of such spaces. Let us
start by showing that C7CJ is an algebra.

Proposition 5.2. The space C7C{ is an algebra for v € (0,1).

Proof. Let f,g € CrC!. By [10, Remark B.1], we know that there exists a
sequence (fn)n C CrCJ (resp. (gn)n) such that f, — f (resp. g, — g) in
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CrC". Clearly fngn € C7CJ so it remains to show that f,g, — fg in CrC".
We have frg, — fg = (fn — f)gn + f(gn — g) so it is enough to show that
(fn—F)gn — 0 and f(g, —g) — 0 in CpC?. We show the first term only, as
the second can be handled the same (but easier). Using the norm (3]) we need
to bound two terms. The first one is sup;cjo 77 [|(fn(t, ) — f(£,-))gn(t, )0
and it clearly converges to 0 by assumptions on f,, g,. As for the Holder
seminorm for all ¢ € [0, 7] we have

|(fn = )t 2)gn(t, ) — (fo — F)(E9)9n(t,y)]
<|(fn = Ht2) = (fu = £ & 9)gn(t, 2)]
+[(fn = & Y)lgnt, ) — gult, v)]|

< | fa = fllorer|z — y[" sup |gn(t, )|

t,x

+sup [(fn = )& 2)lllgn lererle =yl
T

Using this we conclude that
sup sup ‘(fn — f)(t7 x)gn(tv .’1’) - (fn - f)(ta y)gn(t7 y)’

te[0,T] z#y "T - yh

— 0,

by the fact that f,, — f uniformly and || f, — fllcyecr and ||gnllcycr are
bounded. 0

Lemma 5.3. We have
(56) Sccrt

for v € R. In particular, S is included in the closure C. of the space of
continuous functions with compact support C,. with respect to the topology of
uniform convergence.

Proof. Tt is enough to show the claim for every v > 0. We only prove (50])

since the closure of the space of continuous functions with compact support

C.(R?) with respect to the topology of uniform convergence contains CJ *
Let x : R — R4 be a smooth function such that

0 x>0
x(xz)=<¢ 1 r<—1
€(0,1) xe(-1,0).
We set Xy, : R? = R as xn(z) := x(|z| — (n +1)). In particular
0 lz| >n+1

Xn(z) =% 1 lz] <n
€(0,1) otherwise.

Let f € S. We set fn(z) := f(z)xn(z). Clearly f, € CI7T.

Step 1. For any multi-index m we first show that D™ f, — D™ f uni-
formly.

Notice that D™(f, — f) = D™(f(1 — xn)) is a finite sum of terms of
the form D'fD*(1 — x,,) for some finite |I[,|k| < |m|. One can show that
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sup, |DF(1 — xn)(2)| < ||D*x||s by the definition of x,. Let € > 0. Since
f € S there exists n(e) such that for all |z| > n(e) then |D!f(z)| < e for all
[ such that || < |m|. For |z| > n(e) we have

[D'f(2)DF(1 = xn)(2)] < [[D"x]|oce.

This shows uniform convergence of D'fD¥(1 — x,) to 0, hence uniform
convergence of D™(f,, — f) to zero.
Step 2. Let a € (0,1). For any multi-index m it remains to show that

qp 2= X)) @) = D (1 = xa)) )]
lz—y|<1 |z — y|*

converges to 0 as n — oo. We clearly have that

D™ (f (1 = xn)) (@) — D™ (f (1 = xn))(¥)| m —a
by finite increments theorem, hence we reduce to Step 1. O

Lemma 5.4. (i) For any v € R the space S is dense in cat.
(ii) S is dense in C..

Proof. Item (i) We observe that S  CJ1, see Lemma 5.3l Let v € R and
f € C)". By the definition of the space we can reduce to the case f € CJ™.
We mollify f using the heat semigroup F., that is we consider P.f = p. * f
where p. is the heat kernel. By Lemma 5.1l we have P.f € S. By (I0) we
also have that P.f — f in C7™.

Item (ii) The result follows from the fact that P.f — f uniformly, for
f € C. and that S ¢ C, by Lemma 5.3 O

The next three lemmata will be used below to prove that the spaces are
separable.

Lemma 5.5. Let f : [0,1] — B where (B, || - ||) is a Banach space. Then

the sequence (fy)n defined by fo(t) == 3_7_, FE (1 — ) (7;) converges
uniformly to f.

Proof. The polynomials (f,,), are also know as Bernstein polynomials, often
denoted by B, (f,t) that is

(57) Bu(f,t) == Zf Vi1 = gy <">

J

Bernstein polynomials have the property that they can be expressed as ex-
pectations of suitable random variables, which is useful in the computations
below. In particular, let Uy,...,U, ~ U(0,1) be independent uniform r.v.s
and let

n

1
j=1
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Since Sy, (t) is a binomial r.v. with parameter n and ¢, then clearly

Let € > 0. Since f is uniformly continuous, there exists § > 0 such that
if |t —s| <0 then || f(t) — f(s)|| <e. Let t € [0,1], by (58]) we have

1fn(t) = FOI =E[f(Sn(?)) — O]
<E[|[f(Sn(®)) = FO)I1(s, &) —t1<5}]
+E[If(Sn(®) = FO 15, (0)—t1>6}]
=:01(t) + I2(t).

Now
Li(t) <eP(|Sn(t) —t]| <) <e.

Concerning I5(t), being S, (¢) a binomial random variable with parameter n
and t,

1
Var (S, (t)) = —(t - t2).
Using this and by Chebyshev inequality we get
Ir(t) <2[| fllocP(|Sn(t) = t] > 6)
Var(S,(t) —t
<o Y5 =0
(t—t)
o
Now taking the supremum over ¢ € [0, 1] we get sup;c(o 1) [2(t) < %HfHOO#
and putting this together with the bound for I1(¢) we obtain

limsup sup || fn(t) — f(¢)]| < limsup sup ([1(t) + I2(t)) < e.
n—oo  te(0,1] n—oo  te(0,1]

<2[|flloo—5—"

Since € > 0 is arbitrary, the proof is concluded. O

Lemma 5.6. Let E be an inductive space of the form E = UyenEe, with
E, Banach space. If E is separable then CrE is separable.

Proof. Without loss of generality we choose T'= 1. Let f € CrE and we

consider the functions
Z FEya —pn <">
J

We now use the fact that CTE = UaenC1E4 by [10, Remark B.1], where
the space CrE, can be equipped with the norm sup; || f(¢)||g,. By this
fact, there exists « such that f € CrE,, in particular f, € CrE, for all n.
By Lemma fn converges to f in CrFE,, which by the fact stated above
implies it converges also in CrE. We have thus reduced our problem to
polynomials of the form Z?:l ajtj with a; € E,. We conclude the proof
by using the fact that F is separable, thus there exists a countable dense
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subset of E, say P, so that every polynomial 2?21 ajtj can be approached

by a sequence of polynomials of the type 22:1 q;t’ with g; € P. O
Lemma 5.7. (i) For any v € R the space C is separable.

(ii) C. is separable.
Proof. This follows from Lemma [5.41 O

Corollary 5.8. The space CrCl™T s separable for any v € R.

Proof. Notice that by definition CJ is a Banach space and the inductive
space CJ7 is separable by Lemma [5.7] so we conclude using Lemma 5.6l O
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