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c.intro

ANALYSIS OF A ONE DIMENSIONAL ENERGY DISSIPATING FREE
BOUNDARY MODEL WITH NONLINEAR BOUNDARY CONDITIONS.
EXISTENCE OF GLOBAL WEAK SOLUTIONS

BENOIT MERLET, JULIETTE VENEL, AND ANTOINE ZUREK

ABSTRACT. This work is part of a general study on the long-term safety of the geological repository
of nuclear wastes. A diffusion equation with a moving boundary in one dimension is introduced
and studied. The model describes some mechanisms involved in corrosion processes at the surface
of carbon steel canisters in contact with a claystone formation. The main objective of the paper
is to prove the existence of global weak solutions to the problem. For this, a semi-discrete in time
minimizing movements scheme d la De Giorgi is introduced. First, the existence of solutions to the
scheme is established and then, using a priori estimates, it is proved that as the time step goes to
zero these solutions converge up to extraction towards a weak solution to the free boundary model.

1. INTRODUCTION

This work is motivated by the study of the so-called Diffusion Poisson Coupled Model (DPCM)
introduced in [4] by Bataillon et al. This system was developed to model the corrosion of a steel
plate in contact with a solution. In particular, it is relevant for describing the corrosion of steel
canisters containing nuclear wastes (confined in a glass matrix) and stored at a depth of several
hundred meters in a claystone layer. Since this storage method is considered by various countries,
its reliability requires investigations. In particular, wastes stay radioactive for several hundred
of years and it is important to understand the long term behaviour of the system. Our main
concern is about corrosion and the quantity of hydrogen molecules released during the process
which can lead to safety issues. As it is not possible to perform physical experiments at these time
scales, the use of reliable models (such as DPCM mentioned above) allowing in silico experiments
are required. However, to design accurate numerical methods capable of predicting the values of
the relevant physical quantities over a long time, it is necessary to understand the mathematical
properties of the model.

Let us briefly explain the main features of the DPCM. This is a one dimensional free boundary
system. The space is decomposed in three regions: the oxide layer is in contact on one side with
the claystone, viewed as a aqueous solution and on the other side with the metal. The DPCM is a
system of drift-diffusion equations describing the evolution inside the oxide layer of charge carriers
(electrons, Fe3* cations and oxygen vacancies) and coupled with a Poisson equation governing the
dynamics of the electrical potential. The positions of the solution/oxide layer and oxide layer /metal
interfaces evolve along time according to some given ordinary differential equations. Besides, the
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2 B. MERLET, J. VENEL, AND A. ZUREK

electrochemical reactions only occur at these interfaces (i.e. there is no reaction terms in the drift-
diffusion equations in the bulk of the three regions). These reversible electrochemical reactions are
modeled by some nonlinear Fourier boundary conditions at the interfaces.

Due to the numerous coupling of the equations of the model and its definition on a moving
domain the mathemical study of the DPCM is a challenging task. So far only few results are
available in the literature. In [10, 11] the well-posedness of the system has been established
for a simplified version of the DPCM where the positions of the interfaces are fixed. A finite-
volume scheme approximating the solutions to the DPCM has been proposed in [5]. The numerical
experiments with relevant physical data presented in [4, 5] suggest the existence of a global solution
to the system. In particular, the existence of traveling wave solutions is established: after a
transient time both interfaces move at the same speed, the width of the oxide domain remains
constant and the charge carriers and the electrical potential admit a stationary profile. The
existence of such traveling wave solutions for a reduced model, where the electroneutrality in the
oxide layer is assumed, has been proved in [9]. Thanks to a computer-assisted proof, the existence
of traveling wave solutions for the “full” DPCM has been obtained in [6]. Recently, in [8] another
simplified model (only two species are considered) is proposed with some changes in the nonlinear
boundary conditions that correct a thermodynamical inconsistency of the initial model. This
modification makes the mathematical study more tractable in the case of a fixed domain but the
well-posedness of the complete free boundary problem is still open.

Up to now, no existence result has been proved for the evolutionary DPCM with free boundaries.
One of the main difficulty for establishing the existence of a global solution is to justify that the
length of the oxide layer, where the equations of the systems are defined, stays positive along
time (as numerically suggested in [4, 5]). The structure of the system and in particular its lack of
obvious gradient structure prevents the derivation of classical a priori estimates which would lead
(even formally) to a positive lower bound for the width of the oxide layer along time.' To bypass
this difficulty we adapt the approach of Portegies and Peletier in [30] which makes use of tools
from optimal transport to study a moving boundary problem.

Indeed, in [30], the authors introduce a one dimensional parabolic free boundary model with
two moving interfaces describing the variation of the length of a piece of crystal by dissolu-
tion/precipitation. The thermodynamical consistency of the model is deeply connected with its
gradient-flow structure with respect to some Wasserstein metric. This structure is very used in [30]
for establishing the existence of solutions by using a Jordan, Kinderlehrer and Otto (JKO) min-
imizing scheme [21]. The relevance of this approach in the context of parabolic equations in a
fixed domain is well known, see for instance [1, 21, 23, 28, 29, 31] and the idea to recast some free
boundary problems in the Wasserstein gradient-flow setting seems promising.

The main goal of this work is to show that this idea is effective for the DPCM model. For this
we consider a free boundary model which compared to the DPCM is very simple in the bulk of
the oxide layer but retains all the difficulties related to the nonlinear boundary conditions and to
the equation of motion of the oxide-metal interface.

1.1. Presentation of the reduced model. Let us first explain the phenomena that our reduced
model has to describe. We only consider the evolution of the concentration of oxygen vacancies,
denoted by p, inside the oxide layer. We neglect the other charged species as well as the existence

IThis general idea might possibly work but we have not found the right way to implement it.
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of an electrical potential in this domain so that p satisfies a heat equation defined on a moving
domain. We fix the position of the interface solution/oxide layer at = = 0, while the interface oxide
layer /metal is moving according to a nonlinear ordinary differential equation. Finally, in order to
take into account the chemical reactions at the interfaces we impose boundary conditions which
model the exchange of matters at the interfaces of each regions, i.e., at the interfaces solution/oxide
layer and oxide layer/metal.

More precisely, we denote by p the concentration of oxygen vacancies and by X(¢) > 0 the
position of the moving interface at time t. The respective domains of the solution, of the oxide
layer and of the metal at time ¢ are (—o0,0], [0, X(¢)) and [X(¢), +00). The metal domain is
viewed as a constant and homogeneous reserve of oxygen vacancies. This constant represents a
maximum for p. Assuming after normalization that this constant is 1 we extend p by p(z,t) = 1
for x > X(t). With this convention the density of oxygen is then 1 — p. Denoting by M(t) the
opposite of the quantity of oxygen in the oxide domain, we have

X()
M(t) = /0 (p(z,t) — 1) do = /R (p(z,t) — 1) dz.

We propose to consider for 7' > 0 the following free boundary model

(1a) oip(z,t) — Pp(x,t) =0 for z € [0, X(t)], t €[0,T],
(1b) p(z,t) =1 for x> X(t),t€[0,T],
(1c) Dep(X(1)7,1) + X (1) p(X(t)~,t) = X(t) forte[0,T],

(1d) M(t) = —0,p(07,t) forte[0,T],

(1e) AXH) =a—(1—p(X(#)",1) —Inp(X(®)",t) forte[0,T],

(1f) p(x,0) = p’(z) for x>0,

(19 MO = [ (P -1)de X0 =x"

where \, a are positive constants and the given initial data is composed of X° > 0 and p° : R, —
R, with p°(x) =1 for z > X°. Let us check that the evolution of M by (1d) is consistent with its
first definiton. We compute

) X(®) )
Ni(t) - / dupla, 1) do + X (D) (p(X (1), 1) — 1)

L 0up(0%,1) + [0+ X(0)] p(X ()7 1)  X(0)

= —0p(0*, 1),

which is indeed (1d). We observe that the condition (1c) only expresses the conservation of oxygen
vacancies as the position of the oxide/metal interface varies. The rate at which the interface moves
is given by the nonlinear equation (le). This does not correspond to a motion of matter but to a
change of state, more precisely, a change in the arrangement of iron atoms at the interface (from
metal to oxide if X > 0) and (le) is the rate of a chemical reaction.
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4 B. MERLET, J. VENEL, AND A. ZUREK

It remains to impose a boundary condition on p at the solution/oxide layer interface at z = 0. In
order to be consistent with the previous simplifications we should take a non-homogeneous linear
Fourier condition but we would lose an important difficulty in the problem. According to (1d),
0.p(0,1) represents the flux of oxygen vacancies at time ¢ from the oxide layer into the solution,
this quantity should be a nondecreasing function of p(0,t) and more generally, we should have

9xp(0,t) € OF(p(0,1)),

where F' is some (lower semicontinuous) convex function and JF denotes its subderivative. We
pick a worst case scenario and choose F' as the indicatrix of [p_, p,] for some 0 < p_ < py < 1,
that is F(p) = 0 if p_ < p < p, and F(p) = +oo in the other cases. This leads to the following
nonlinear conditions for ¢ € [0, 7.

(2a) p- < p(0,1) < py,
Oop(0,1) >0 if p(0,t) = pg,
(2b) for t € [0, T Oep(0,t) <0 if p(0,t) = p_,
9op(0,8) =0 if p— < p(0,7) < ps.

The conditons in (2) can be seen as a generalization of a Signorini problem. These problems
contain a one sided-constraint on the solution and model usually some irreversible phenomena at
the boundary of the domain. They are used for instance in some unilateral contact problems in
elasticity [20, 22], in some continuum mechanics models to describe a semipermeable membrane [14]
or in chemistry to model electrochemical reacting interface [19]. On the contrary the conditions
in (2) allow the exchange of matters, in both “directions”, at the interface solution/oxide layer
with two distinct thresholds p_ and p..

From a physical point of view, the choice of (2) is disputable as the transport of oxygen vacancies
is a reversible phenomenon. However, there is another phenomenon, neglected in the simplified
model considered here, which is irreversible, namely the dissolution of the oxide layer. Indeed,
the iron in the aqueous solution, rather than possibly reconstituting the oxide layer, will form
oxide complexes, less organized and with a porous structure (rust). For this reason, considering

nonlinear monotonic and non-smooth boundary conditions like (2) anticipates future studies on a
full model.

1.2. Preliminary considerations on the model. Following [30] we use a JKO minimizing
movements scheme to prove the existence of weak solutions to (1)—(2). This approach consists
in a semi-discrete in time scheme where at each time step the approximated solutions to (1)—(2)
are obtained as minimizers of a functional which writes as the sum of a a squared distance (a
Wasserstein energy divided by twice the time step) and an energy functional. Let us first identify
a Lyapunov functional associated to the system (1)—(2). We first define 3,6 € R by

(3) exp(B+0-1)=p, and  exp(B—0—1)=p_.
The conditions 0 < p_ < p; < 1 are equivalent to

(4) f>0 and B+O<1.
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Now, let us assume that (p, X, M) is a regular solution to (1)—(2) on R, x [0,7). We assume
moreover that p > puin on Dy for some ppi, > 0 where

Dr={(z,t):0<t<T,0<z< X}

Then we claim that, at least formally, the following functional
P) = [ (o0 p(o.t) — 9) + 5) do — aX (1)
Ry
is a Lyapunov functional for the system (1)—(2). Let us check this fact.

In the computation below we use the shorthands px- for p(X~(¢),t) and 0,px- for O.p(X~(t),1)
and similarly po+ for p(07,¢) and 9,pp+ for 0,p(0",t). Differentiating F at time ¢t we get

' X(t) . .
F(t) = /0 Oip(x,t) Inp(x,t) + 1 = Bl do + [px-(Inpx- — B) + B] X(t) — aX(1)
=: A(t) + B(t) + C(t).

We use (1la) and an integration by parts to rewrite the first term as

X() 2. 1))2
A(t) = _/0 % dx — Oppo+ Inpo+r + 1 — Bl + Oppx- [Inpx- + 1 — ]
=: Ao(t) + A1 (t) + As(t).

The bulk term Ag(t) rewrites as

Aoft) = —4 / o (0:v/pwD) dx <0,

Next, we regroup the boundary terms at X (t), namely As(t), B(t), C(t). We compute

As(t) + B(t) + C(t) = Oupx- [Inpx- + 1= Bl + [px-(Inpx- — B) + B] X(t) — aX(t)
2 X (1) (1 px-) Inpx- + 1= 6] + [ox-(n px- — B) + 5] — )
= X(t)(—px- +Inpx- +1—-0)
L\ (X(t))2 <0.
For the remaining term A, (£) we write
Ai(t) = =0ppor [Inpor + 1 — B] 4+ 0| M ()| — 0| M (t)).

We have to distinguish different cases. Indeed, thanks to (1d) and (2b), if M(t) = 0 then d,pp+ = 0
and

If M(t) > 0 then

Ai(t) = —Bupor (Inpor +1— B+0) — OM(1) L —001(t) < 0.



weaksol

6 B. MERLET, J. VENEL, AND A. ZUREK
Finally, if M(t) < 0 then
Ai(t) = —8,po+ (Inpor +1— B — 0) + 0N (1) 2 oM () < 0.

In summary, we have for ¢ € [0,T),

) (0= | " (oiwd) ar - a (X)) - o).

and the three terms on the right hand side are nonpositive so they can be interpreted as the
contributions of different dissipation phenomena in the bulk of the domain, at the left boundary
and at the right boundary respectively.

Let us emphasize that in this work we are using techniques similar to those employed to analyze
(Wasserstein) gradient flow systems. However, we cannot claim that (1)-(2) admits a gradient
flow structure even in the generalized sense introduced by Mielke in [27]. Indeed, in this theory,
one has to specify an energy functional (or driving functional) and a dissipation potential with a
quadratic form allowing to write it thanks to a scalar product. In our case, using (5), the energy
functional and the dissipation potential are clearly identified. But, due to the linear dissipation
term —A| M| in (5), we cannot recast the dynamics of (1)~(2) in an Hilbertian setting and interpret
this system as a generalized gradient flow. Nevertheless the methods developed in [21, 29] can be
applied in our case in order to prove the existence of weak solutions to (1)—(2).

1.3. Notion of weak solution and main result. In this subsection we define a notion of weak
solution for system (1)—(2a), ignoring the boundary condition (2b) at z = 0. Then following the
classical approach to deal with Signorini problem [14, 24] this later is expressed separately in a
weak form as a variational inequality. Before this we recall some definitions and notation about
the spaces of functions with bounded variations.

Due to the constraint (1b), the function = +— p(z,t) may admit a jump at the free interface
r = X(t). It is then convenient to work in some BV-space, see [2, 15]. Given an open interval
I C R, we denote BV(I) the space of functions with bounded variations in I, i.e., functions
uw € L'(I) such that the distributional derivative Du is a finite Radon measure on I. For every
function w € BV (I) we have the following unique decomposition

Du = '(z) dx + D’u + D‘u,

where Du = u/(z) dx + (Du — u/(z)dx) is the Radon-Nicodym decomposition of Du with respect
to the Lebesgue measure and u' € L'(I) is the corresponding Radon—Nicodym derivative and the
remaining term (Du — u/(x)dx) decomposes into an atomic part

D= 3 (u(af) — u(@y) b,
z;€Jy
called the jump part and the so called Cantor part Du which concentrates on a Lebesgue null set
but has no atomic part. The space of special functions with bounded variations SBV (I) is the
subspace of BV (I) formed by the elements u such that D°u vanishes. For a finite exponent p > 1,
SBVP(I) C SBV(I) is defined as
SBVP(I):={ue SBV(I) : v € LP(I)}.

Similarly, we will look for ¢t — M (t) in BV ([0, T7).



leg.varl

P.bordw

ANALYSIS OF A FREE BOUNDARY MODEL 7

Let us now derive a variational identity satisfied by any (sufficiently smooth) solution (p, M, X)
to (1)—(2a). Let ¢ € C5°(Ry x [0,7")). Mutiplying (1a) by ¢, integrating over

Dr = {(z,t): 0<t<T,0 <z < X()},

integrating by parts the first term with respect to time and the second term with respect to space
and using the conservative boundary condition (1c), we get

[ ot 00w + 006 0ot 0)] o

X(0) T
- / (2, 0)(0, 1) do + / 9,p(0, 1)0(0, £) dt = 0.
0 0

Subtituting the initial conditions (1f)(1g) and the boundary condition (1d) we obtain
T

© [ [ o0t + ople ol 1) dud
0o Jry

_/0 P (2)p(0,1) dx—/o M(t)p(0,t) dt = 0.

As we will consider weak solutions such that M has BV-regularity, we rewrite the last term in the
left hand side as

/ ' 5(0,t) dDM(1).

The above weak formulation has to be complemented with the initial condition on M and the law
of motion (le) of X (¢). These conditions and the weak formulation (6) are equivalent to (1)—(2a)
as soon as X is Lipschitz continuous, M is BV and p has regularity L?H2 N H}L? in the domain
Dr.

Let us now derive a weak formulation of the boundary conditions (2). Let us assume formally
that (p, M, X) is a smooth solution to (1)—(2) with ¢ — X(¢) a nondecreasing function. Let
X € C5°(Ry,Ry) such that x = 1 on [0, X°/2) and supp(x) C [0,3X°/4) and let us set u(z,t) :=
x(x)p(x,t). We have:

(7) atu(x7t> o aﬂ%u(xat> = g(x,t) for (.Z', t) € [Oaxo] X [OaT]a
where the source term g is given by
g(w,t) = —x"(2) p(w,t) = 2x'(x) Qup(, 1) for (w,t) € [0, X°] x [0, 7).

Now let n € C°(R4+ x [0,7")) with n(0,t) € [p—, p4] for all t € [0,7] and let ¢ € C5°([0,T),R).
Thanks to the boundary conditions (2) we have

(8) awp(07 t) (,0(0, t) - 77(07 t)) >0, vt e [07 T]

In fact it is easily seen that (2) holds true if and only if (8) holds true for every n such that
n(07t> < [p—7p+]‘
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8 B. MERLET, J. VENEL, AND A. ZUREK

Next, since ¢ > 0 and u = p in the neighborhood of x = 0 we have
(9) ¢(t)9,u(0,£) (u(0,2) —n(0,%)) =0, Vt€l0,T].

Multiplying (7) by ¢(u —n), integrating in space and time, integrating by parts and using inequal-
ity (9), we obtain

T  pXO u2 T X0 T X0
_ - _ dxd o dxd 0, u0,(u — ) dzd
(10) /qu/O (2 nu)xt—k/ﬂ/() du nxt+/0/0 ¢, u0; (u — n) dedt
X0 2 T X0
<o) [ (- w) @odes [ [ ogtu - nasar

On the one hand this computation is valid for p such that u = yp € H'(0,T; H*(R,)) and in this
case (10) implies (2). On the other hand (10) has a meaning as soon as p € L?(0,T; H'(0,3X,/4)).
In this sense, (10) is a weak formulation of the boundary conditions (2).

Definition 1.1. Let T > 0 be finite, X° > 0 and p° € L2 (Ry).

loc

We say that (p, M, X)) is a weak solution to (1)—(2a) if the following conditions are satisfied:

(a) X is a nondecreasing function in H'(0,T).

(b) M € BV(0,T).

(c) p € L} .(Ry x (0,T)) N LRy x (0,7)) and d,p € L*(Dr) with p(0,t) € [p_, ps] for a.e.
t € (0,7) and p(x,t) =1 for a.e. x> X(t) and t € (0,T).

(d) For all p € C°(R4 x [0,T))

(11) — /OT /]R+ p(x,t) Opp(z, t)dx dt — /]R+ P (z) p(z,0) dx

- /0 " 00,0 dDM (1) + /0 ' /R O, pl, 1) Duip(, 1) da dt = 0.

(e) For all € € C(0,T)
T
0

(12) )\/O X(t)g(t)dt:a/O g(t)dt—/ (1— p(X (1), 1)) £(t)dt—/0 In p(X (1)~ ) €(t) dt.

The triplet (p, M, X) is a weak solution to (1)—(2) if these conditions are satisfied as well as the
variational inequality (10) for all ¢ € C§([0,T),R;) and every n € C(Ry x [0,T)) such that
n(0,t) € [p—, p4] fort € [0,T). Eventually, we say that (p, M, X) is a global in time weak solution
to (1)—~(2) if the functions p, M and X satisfy the above conditions for all T > 0.

We are now in position to state the main result of this paper:

Theorem 1.1. Let the following assumptions hold
(H1) Given data: Let a, \, B, 0 and T some positive constants with 5+ 6 < 1.
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(H2) Initial data: Let X° > 0 and p® € L®(R,) be a positive function with pﬂO’XQ] e Ch([0, X)),
p°(z) =1 for every z > X°, p°(0) € [p_, ps] and

0 < pmin < P°(2) < pmax < 1, Vz € (0, XY,

With pmin and pmax some positive constants.

Then, there exists (at least) one weak solution (p, M, X) to the system (1)—(2) in the sense of
Definition 1.1.

In order to prove Theorem 1.1, we study a JKO minimizing scheme: the problem is semi-
discretized in time and the solution at time-step k 4+ 1 is defined as a minimizer of some functional
depending on the time step and on the solution at step k. This scheme is defined in Section 2
and its properties as welll as the properties of the minimizers are studied in Section 3. Section 4
is concerned with the proof of Theorem 1.1. The proof is based on some uniform (w.r.t. the time
step) estimates satisfied by the sequences (p*)x, (M*); and (X*); solving the JKO-like scheme.
These estimates provide sufficient compactness properties on (p*, M*, X*), to pass to the limit
(up to extraction) and obtain a triple (p, M, X) solution to (1)—(2) in the sense of Definition 1.1.

2. INTRODUCTION OF THE JKO MINIMIZING SCHEME

In this section we define the minimizing-movements scheme. We first recall the definition of
the Wasserstein metric and define the energy functional, then we introduce the JKO scheme and
prove the existence of (at least) one solution to this scheme. In Subsection 2.3, we introduce some
notations used in the sequel.

2.1. Wasserstein metric and energy functional. Let M™(I) be the set of positive measures
defined on I, a bounded interval of R. For two given measures 4 and fi € M (I) with pu(I) =
f(I) = m, for some m > 0, we define the squared Wasserstein distance for the quadratic cost Wy
as

(13) WiGni = inf [ (@i,

YET (1,f2)

where I'(u, 1) denotes the set of transport plans between p and fi defined as

F(H?ﬂ) = {VGM—i_([X[) : PY(IX[):H% Ty = M 7T2#’7:ﬁ}7

with 71 and m, the projections into the first and second component respectively. For the sake of
completeness let us recall a classical result in optimal transport theory:

Theorem 2.1. [31, Theorem 1.17] Let 1 and ji be two positive measures on a bounded interval I of
R with p(I) = i(I) = m. Then there exists a unique optimal transport plan v € I'(u, fi) associated
to the minization problem in the definition of (13). Moreover, if p is atomless then this optimal
transport plan 7 is induced by a map T such that v = (id,T). In this case there exists an unique
(up to an additive constant) Lipschitz function V, called Kantorovich potential, such that it holds

V(z)=2—T(x) forae x€l.
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Let us define the set A given by
A= {p €L (Ry;Ry) : plnp € L (Ry;R) and 3z > 0s.t. p=1 a.e. on (z, +oo)}.
We denote
z,=inf{z >0: p=1ae on (r,+00)}.
Given p, p € A, we define the measure

(14) 1(p, p) == pLLRy + (M(p) — M(p))+-do,

where (x), = max(x,0), dy denotes the Dirac measure at point = 0 and the functional M : A — R
is defined by

(15) M(p) = / (1-p) < oo,

In the sequel, for two measures of the type (14), we will write

W3(p, p) == W3 <u(p, p), 1P, p)) :

Let us now determine this distance. We first notice that these measures do not enter directly in
the framework of Theorem 2.1. Indeed, the measure p(p, p) admits an “infinite” mass. In order to
bypass this difficulty, defining A as A := max(x,, ;) we rewrite these measures as

pip, p) = v(p,p) + LL(A, 00)  with v(p,p) = pL1(0,A) + (M(p) — M(p))do.

Hence, since v(p, p)([0,A]) = v(p,p)([0,A]) and thanks to Theorem 2.1, we define the unique
optimal transport plan

(16) v =7+ (Id,1d)4 L1L_(A, 00) € T'(ulp, p), 1(p, p)),
where 4 € I'(v(p, p), v(p, p)). Thus
Wi = [ @i
(0,A)x(0,A)

Let us now introduce the energy functional considered in this paper. First of all, we define the
set

A={(X,p) : pe A, X >z,}.
as well as the function f: R, — R, with
a7) Fr) = r(n(r) - §) + 5.
For a given 6 > 0 and a given (X, p°) € A, we define the functional E(xo ) : A — R by

(18) Boon(Xop)i= [ flp@) do+6 [M(p) =M (p")] - aX.
Let us notice that the functional E(xo 0y is well-defined since we can write for any (X, p) € A

E(xo,0)(X,p) = / f(p dx+9|1\/[ (po)}—ozX.
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In the following we will use the notation

(19) M (p, p°) == M(p) — M (¢°) =/ (p— ") da.
R
sec.JKO '
2.2. The JKO minimizing scheme. Let 7 > 0 be a time step of (0,7), we define p, : R — R,
the function given by

K
penalty| (20) prlm) = =2 (=m —m,)2.
with K, and m., some positive parameters depending on 7 and defined in Section 3.3.
Then, starting from the initial configuration (X°, p) € A we want to determine the existence

of at least one (X, p) € A such that

. 1 - - -
(21) (X, p) € argmingy, e {;dQ ((Y, p), (X°, pO)) + Exo,0 (Y, 5) + pr (M (5, po))} ,
where d denotes the tensorized metric given by
a*((v,5), (X°,0°)) i= W3 (5,0") + A (¥ = X°)°.

The function p; is a technical penalization term which will allow us to derive an upper bound on
the derivative of the function p solution to (21) (see Proposition 3.5).
Finally, for all (X, p°) € A we introduce the functional J(xo 0y : A — R defined as

L

1
Jxo,0)(X, p) 1= -d” ((X, p): (X2, p%) + E(xo 0 (X, p) +pr (M(p, p°)) ,
and we rewrite the minimization problem (21) as follows: starting from (X°, p°) € A find
(22) (X,p) € argmin(Y,ﬁ)eAJ(XO,pO)(Ya p)-

enceJKO| Theorem 2.2 (Existence of a minimizer). Assume that the assumptions (H1)-(H2) hold, then for

0 <7 < 1 the minimizing problem (22) admits at least one solution (X, p) € A where X satisfies
X > X0,

ik

Proof. Bearing in mind definition (17) of f we notice that it holds f(x) > —exp(5 — 1) + 3 for all
x > 0. Then, thanks to the definition of the functional J(xo ,y we have for all (X, p) € A

J(x0,,0(X, p) > % (X - X0)2 —(a+exp(f—1)—p)X.

Thus, a meticulous but rather straightforward analysis of the function in the right hand side leads

to
Jxo0,00) (X, p) = —% (a+exp(f—1) = )" = X" (a+exp(8 - 1) — )
= _%(OHreXp(ﬁ—l) —B)" = X’ (a+exp(B—1) = ).

In particular we deduce the existence of a constant ¢ € R such that J(xo 0y(X,p) > c. Now, let
(X%, Pr)ken be a minimizing sequence in A of J(xo y0, i.c.,

J(Xo7p0)(Xk, pk) — inf(yyﬁ)eA J(X07p0)(Y, ﬁ), as k T Q.
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Hence we deduce that there exists a constant C' € R and ky € N such that for every k > ky we
have

(23) c < J(Xoij)(Xk,pk) <C.

We conclude from this inequality that the sequence (Xj)gen is bounded and converges, up to a
subsequence, towards X > 0 as k T oo.
Furthermore, using the definition of the functional J(xo ,) we have

X
O|M (py, p°)| < C + aXy — flpr(x))de, Vk > k.
0

Using the bound f(z) > —exp(8 — 1) 4 S for all z > 0, we obtain
0|M (pr, p°)| < C + X (o + exp(5 — 1) = B).

Hence, since the sequence (X )ken is bounded we conclude that there exists M € R such that, up
to a subsequence, (M (pg, p°))ren converges towards M as k 1 oo.

Let us now prove that the sequence (pi)p>o is weakly compact in Li _(R,). First, let A >
1 + sup;, Xk, thanks to (23), we have

A
/ For(@) de < C+a Xe, Y > o,
0

Thus, since the sequence (X )ren is bounded we apply the Dunford-Pettis theorem and we conclude
that there exists a nonnegative function p € L'(0, A) such that, up to a subsequence,

pr — p weakly in L*(0, A).

IOC(R+) of
(pr)ken. Now we have to prove that p(z) = 1 for a.e. x € (X, A). In this purpose, let ¢ € C§°(0, A),

then applying the weak convergence in L{ (R,) of (px)reny and the convergence of the sequence
(Xk)ren we deduce that, as k 1 oo,

Setting p = 1 a.e. on (A, 00), we get the weak convergence (up to a subsequence) in L]

/OAso(pk—l)dH/kop—l)dx,

and

Subtracting there holds
A
| elo-vds=0. vee )
X

which implies that p(x) = 1 for a.e. x € (X,A) and we readily deduce that fOXpln(p) dr < oo
which implies that (X, p) € A.
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Moreover, the weak convergence in L{ (R ) of (py)ren and the convergence (up to a subsequence)
of (Xy)ren lead to

Xy X0
M(Pk,PO)Z/ pkdw—/ P’ dr + (Xo — Xy) — (p—p")dw, ask? oo,
0 0

R
and, using the convergence M (py, p°) — M, we obtain
M= [ (p=p")de=M(p,p°).
R

Furthermore, thanks to the lower semicontinuity for the weak convergence in L' of the metric
W, [31, Proposition 7.4] and the functional p — [;*[p(In(p) — B) + ] dz 31, Proposition 7.7] and
the continuity of the other terms, we conclude that (X, p) € A is a minimizer of the functional
J (X0,00)-

It remains to establish that X > X°. Assuming by contradiction that X° > X, (X° p) is an
admissible competitor. Since (X, p) is a minimizer of J(xo 0y we have

J(Xo,po)(X7 p) < J(Xoij)(XO, p)7
which yields

%(X — X% + E(x0,0(X, p) < E(x0,0,(X° p).
Using E(xo 0 (X, p) = E(x0,,0)(X°, p) + a(X? — X), we deduce that
a(X'-X)<o.
which contradicts the hypothesis e > 0. This concludes the proof of Theorem 2.2. 0

2.3. Notations for the optimal transport plan. Theorem 2.2 implies the existence of (at
least) one solution, denoted (X, p) € A, to the JKO scheme (22). Since X > X°, we can specified,
in terms of optimal tranport map, the construction of the transport plan v given by (16) between
the measures

p(p,p°) = p LRy + (=M(p,p°)), do,
and
w(p® p) = p" LR, + (M(p,p")), do,

recalling definition (19) of M(p, p°). The construction of this map depends on the sign of the
quantity M (p, p°). From now on in order to simplify the notation and if no confusion can occur
we simply write p and p° instead of u(p, p°) and u(p°, p) respectively and M instead of M (p, p°).

Case M > 0. In this case there exists an increasing map 7y : [0, X] — [0, X] and a constant
¢4 > 0 such that

T (r)=0 for0<ax</t,, T,(X)=X, Tiupli({;,X)=p"LL(0,X).
Then, since M = f0€+ pdx, we define the unique optimal transport plan v, € I'(u, u") by
T+ = (Id> T+)# pﬁ I—(07 X) + (Id> Id)# L I—(Xv +OO)>
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which implies

ass R.1] (24) W%(p,po):/o+x2p(x)d:c+/ (:L'—T+(a:))2p(x)d:c:/ (z — Ty (2))? p(x) da.

0 0

Case M < 0. In this case there exists an increasing map 7", a constant /_ > 0 and a constant
map S_ =0 on [0,¢_] such that T_ : [0, X] — [(_, X] with

T-(0)=(_, T-(X)=X, T 4pLL(0,X)=p"LL((_,X).
Then, since —M = f(f ~ p°dx we define the unique optimal transport plan v_ € I'(u, u°) by
= (I, T) e p L0, X) + (S_, Td)w p° £1(0,£-) + (1, Id) 4 £1_(X, +00),
which yields

X 0_
ass R3] (25) W) = [ =T @F padat [0 ) dy

- 3. STUDY OF THE MINIMIZERS
rop_min

i

In this section we investigate the properties satisfied by a minimizer (X, p) € A of (22) obtained
in Theorem 2.2. In particular, we establish the Euler-Lagrange equations fulfilled by p and X,
the behavior at the fixed interface x = 0 of p and the positivity of p. In this purpose, following a
classical approach, we will construct some admissible perturbations (X, p.) € A of (X, p) in order
to study the variations of the functional Jxo ).

:couche . .

3.1. The Euler-Lagrange equation in the oxide layer. Let us now establish the equation
satisfied by p in the oxide layer.

t_oxyde| Proposition 3.1. Let the assumptions of Theorem 2.2 hold. Then p satisfies the following equa-
tion
X T X
3 ome] (20 | e =T a7 pwygar =0, vee cro.x),
0 T 0

where T denotes the optimal transport map, i.e. either T, or T_, between p and pu° defined in
Section 2.5.

Proof. We follow the proof of [21, Theorem 5.1]. Let v € ['(u, u°), € € C§°(0, X) and € > 0 small
enough such that (Id + £ ¢&)(R,) C Ry, we define the following transport plan

Ve = (Id+¢e&) om,m) x7.

We denote by j. the measure given by . := m4 7. = (Id + )4 p and since o4 7. = pu® we have
Ye € T'(pe, p°). Using the optimality of (X, p) for J(xo ,0) we have

J X) € —J X7 W2 €9 0 _W2 ) 0 1
Srvaei] (27) 0 < (x0,0) (X pe) = Jxo,0) (X, p) _ Wi(pe, p°) 3(p.0°) +_/ (F(p.) — £(p)) du,
] £ 2eT 9 R,
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where we recall that f is given by f(x) = z(In(x) — 8) + 8 for all > 0. Applying the definition
of 7. we obtain

Walpe. /) = Wil /) 1 /(x+e§<) y)*dy(z, y)—%/( y)* dy(z,y)

2eT 2eT

< = /5 (x—y d’y:cy—i——/f 2dy(z,y).

Then, using either (24) or (25), dependmg on the sign of M, we obtain

W3(p., p°) — W3 - “llee [1ol] 22
257' 2T

Thus

b {WH) WD, g T )

€l0 2eT

Furthermore, following the proof of [21, Theorem 5.1], passing to the limit £ | 0 in the last term
of the right hand side of (27) leads to

{2 [ )= soyacf - [ " @) €/(2) da.

el0

Now we pass to the limit € | 0 in (27) and thanks to the above inequalities we conclude that

| e =T payan - [ oy o

Finally, replacing £ by —¢ we deduce (26) which concludes the proof of Proposition 3.1. O

ini_Wil| Corollary 3.1. Let the assumptions of Theorem 2.2 hold. Then, the function p satisfying (26)
belongs to SBV2.(R.) and fulfills the following estimates

loc

X 2 0
Wi(p; p
grad 2] (29 [ W@ dr < llpllmon 22522,
0
and
X 0
Ws(p, p
grad L] (29) [ 1@l < X7 ol 2 g PO,
0

Moreover pyo,x) € H*(0,X) which implies that p is continuous on [0, X].

Proof. Let us first notice that thanks to the proof of Theorem 2.2 we have (p, X) € A which implies
that p is a nonnegative function in L] (R, ). Then, we deduce from (26) and the Cauchy-Schwarz
inequality the following estimate

INCIZL:

||€||L°° 0,X 1/2 0o
< D I [15 ) ) Walp. 7). V€ € CE(0, X).




_Eulerl

3.ELO

L_reste

| B

16 B. MERLET, J. VENEL, AND A. ZUREK

As a consequence, since p(x) = 1 for a.e. z > X, we have p € BV|,.(R;). Hence, thanks to
the continuity of the embedding BVj,.(Ry) < L*(R,), we deduce that p € L>*(R,). Besides,
applying (26) and the Cauchy-Schwarz inequality we obtain

INCIZL:

We conclude that

||s||L 0x) )
< RECX |12y Walp. ¥, VE € C3°(0, X).

X 2 0
2 Wi(p, p°)
| @F do < llllimo =252

Moreover, applying again the Cauchy-Schwarz inequality we have

X 0
/ (@) de < XV2 |||, o 2o,
0 T

L°0(0,X)
This completes the proof of Corollary 3.1. 0
Proposition 3.2. Let the assumptions of Theorem 2.2 hold. Then, for all ¥ € C§°(Ry) we have
x) — p(x M X
(30) [ A= o= Lo+ [ @ v de = @)
Ry 0

where the right hand side is linear in ¢ and satisfies

" / f_
1) Qutu < = gy, ) o I (10 )0 ).
0

with convention {_ =0 of M > 0.

Proof. Thanks to Corollary 3.1 we use an integration by parts in (26) and we obtain

/0 () @”_Tﬂ p(z) da +/0 J(@) Ex) de =0, Ve € C(0, X).

Then we extend by density this equality to all functions £ in C§°(R,) and we set & = 1)’ such that:

[ o@D ot [ sy @ a0, e crm,

Now our main objective is to show that

b's
o [ v E e = [ AL ) do - o)+ 0.0
In this purpose we split the proof in two different cases depending on M.
Case M > 0. First, using the relation

U (@)(@ = Ti () = ¥(2) — O(T4 (@) + O([Y" L@y lz — T (2)[),

we obtain

/ o) = ey o = 2 [ oty vty do = L [ pte) o) do + Quato)

T
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where (); ; is a remaining term satisfying

Q)] < =g o)
We notice that
X 0 X
/g ple) U(Tu ) do = [ 00 pa)do+ [ 0T @) pla)da
— Mb(0) + / () ) dy.

Hence, we obtain

_ b
[ oo S sy o= [ ) - P v o - )+ Q1)
0
Thus, we conclude that (32) holds.
Case M < 0. Applying one more time the relation
V(@) (x = T-(2)) = ¥(2) = H(T-(2)) + O (¢ |z lz = T-(2)%)

we obtain that

[ o@D e = 2 [ vty ae =L [ pla) o) o + Qs

with
Qo ()] < 1=y o)
Thus
| o@D wwyao = [ w22 4 -
0
w2 [ @ W)~ w0 + Qur(w),

and thanks to the regularity of ¢ we deduce that (32) holds which completes the proof of Propo-
sition 3.2. 0

3.2. Behavior of the minimizers at the fixed interface. Thanks to Corollary 3.1 the function
p admits a trace at the fixed interface + = 0 and in this section we study its behavior. Let us first
recall the definition of p_ and py

p-=exp(f—0—1) and p=exp(f+6—1).
Proposition 3.3. Let the assumptions of Theorem 2.2 hold. Then, p satisfies either
(33) p(0) = py exp(—p(M)), if M <0,

(34) p(0) =p—, if M >0,
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or
(35) p— < p0) <py, ifM=0.

Proof. Depending on the sign of M, we construct (X, p.) some admissible perturbations of (X, u).
Roughly speaking, the first one corresponds to the case where some oxygen vacancies are transfered
from the “solution”, i.e. from = = 0, towards the oxide layer (0, X) (Case 1) and the second one
corresponds to the transfer of oxygen vacancies from the oxide layer towards the solution (Case
2). Then, for each case, we study

lim inf
el0
and we deduce the relations (33)—(35).
The arguments used to study rigorously this limit are similar when M < 0, M > 0 or M = 0.
For this reason in the sequel we only give the full details of our computations when M < 0. We
refer to [35, Part 3] for the other cases.

Proof of (33). Let us first consider the case when some oxygen vacancies are transfered from the
solution towards the oxide layer.

{J(Xo,p0)<X7 pz—:) - J(XO,pO)(Xa p) }
6 )

Case 1. Consider p > 0 and 0 < ¢ < 1 such that p < p°(z) for x € (0,¢) and € < ¢_. Then we
introduce the transport plan 7. as

Ve = (I, T ) g p LI_R + (Id,Id) x p L1_(0, )
+ (S, 1)y (p° = p) L1(0,8) + (S, 1) p° L1 (e, L),

where we set 7_ = Id on (X, +00). We define the measure p. := m 4 7. and by construction of 7.
we notice that myy v. = u® such that v. € T'(u., u°). We rewrite p. as

l_
pe = pe LRy + (/ podx—ﬁg) do,
0

where

. () +p for z €]0,¢),
p=(x) = { ﬁ(x) ’ for z € [g, io)

Now we consider

J(Xo’p0)<X, ps) — J(Xo,po)(X7 :0) _ W%(ps,po) — Wg(p’ pO) + 1/ (f(pe) — f(p)) dz

€ 2eT €
4 LM, )] = 1M )) + % (oM (e %)) — 22 (M (0, 7))

where f is defined by (17). Using the definition of 7. € T'(u., u°) we obtain
W2 A 0) _ W2 0 1 €
2(p7p) 2(p7p)§_ /$2ﬁdl'—>0 asgio'
2eT Jo

2eT
Now, using the definition of p. we notice that the following relations hold

60 2 [ (H0 = 1) do =1 [ (045~ £0)) do = 7(6(0)+ 7) = Flp(0) ase Lo

(36)
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and

(38) 2 (1Mo, )]~ 10, )]) = 6.

Finally, we have

(39) (e (M(p20") — 22 (M(p.0%)) ) = oy (M(p. %)) a5 2 L0

€

Thus, gathering (36)—(39), we conclude that

{ J(Xo,p0)<X7 ps) - J(Xo,po)(X7 )0)
€

0 < liminf
el0

} < F(p(0) + ) — F(p(0)) — 05 + AP (M(p, 5°),
which implies

F(p(0)) =0+ pl(M(p, p°)) > 0.
In other words we obtain

(40) In(p(0)) > In(py) — pir(M(p, p°)).

Case 2. For p > 0 we consider 0 < € < 1 with p < p(z) for z € [0,¢] and e < ¢_. Let us notice that
such p and € exist since thanks to the previous case we know that p(0) > py exp(—p.(M(p, p°))) >
0 and according to Corollary 3.1 p is continuous near x = (0. We introduce the transport plan ~.
as

Ve = (Id7 T—)# (P - ﬁ) ,CI_(O,&) + (S—v T—)# ﬁ‘CI—(Ov 8)
+ (Id, T )y pL1_(g,00) + (S_,1d) 4 p° L1_(0,¢_),

with convention 7_ = Id on (X, +00). We set p. := m4 7. and we notice that my v, = 1Y such
that 7. € T'(ue, u°). We rewrite u. as

2
ME:pa‘CI—R++(/ podl'—l—gﬁ) 507
0

where
_ | plx)—p forxzel0e),
pe(x) = { p(z) for z € (e, 00).
Similarly to the previous case we obtain
(41)
W3(p-, p°) — Wi(p, p°) 1 1 [

< - —T ()2 pde+— | T (x)*pd 0 0.
- <57 ), (x () p x—l—ng i () pdx — as € |

Applying the definition of p. we have

) L ([ oo senac) =1 [ p) - 160 > 1600 - )~ 6(0) as= L0,

3

and

(43) 2 (1Mo, )]~ 190, )]) = 6
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and eventually
1
— (pr(M(p2,0°)) = p-(M(p, ")) = =pp,(M(p, ")) as 0.

Now, gathering (41)—(44) yields

{J(Xo,po)(Xa ps) - J(Xo,p0)<X7 p) }
g

(44)

0 < lim inf < f(p(0) = p) = f(p(0)) + 65 — pp'.(M(p, p°)),

such that —f'(p(0)) + 6 — p.(M(p, p°)) > 0 and then

In(p(0)) <In(py) — pir(M(p, p°)).
Hence, bearing in mind (40), we conclude that (33) holds. O

3.3. Positivity and Lipschitz estimates. In (H2) we assume that ppy, < p%(2) < 1 for o €
(0, XY). In this section we prove that these bounds are preserved for the solution (X, p) € A to
the JKO scheme (22) and we deduce that p is a Lipschitz continuous function. We first need to
establish the following result:

Proposition 3.4. Let the assumptions of Theorem 2.2 hold. Then, the density p € SBV;2.(R)
satisfies p > 0 for all z € Ry and Inp € L*(R,).

Proof. In this purpose we follow the proof of Lemma 8.6 in [31]. The key argument of this proof is
to build an admissible perturbation p. of p in order to deduce the existence of a constant C' such
that

(45) / i (£(6) = (p2)) do < Ce.

In our case we will make explicit the construction of these admissible perturbations such that (45)
holds (if M > 0 or M < 0). Then, when (45) will be established, we will refer to the remaining of
the proof of [31, Lemma 8.6] to conclude that p > 0 for all z € R, and Inp € L*(R,).

case M > 0. In this case we introduce the following piecewise constant function

i 0€+ ple)de f0<z<{ly,
plx) = X+£+f€)+( plx)de ifl, <x <X,

X <z

We also introduce p.(x) = (1 — €)p(x) + ep(z) for all z € R, and we notice that (X, p.) € A.
Then, denoting by i := p LI_R,, we consider the measure

pe == p: LLR, = (1 — &)+ efi.

Let us now notice, by construction of p, that it holds M(p, p") = M(p, p°). Besides, by linearity
of the integral it also holds M (p., p°) = M(p, p°). In particular, we have

1’ =p" LR, 4+ M(p, p°) 6o = p° LI_Ry + M (p, p°) o.

Thus, following Section 2.3, there exists an optimal transport map 7. such that

W25 ") = / (& — T (2))? pla) do.
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We now define the transport plan 7. by

Ve = (I1d, T} ) (1 = €)pL1_(0, X) + (Id, T ) epL1_ (0, X) + (Id, Id) 4 L1 (X, +00),
and we have 7. € I'(u., u°). Therefore, we get
(46) W3(p, p") < (1 =) Wi(p, p°) +eW3(p, p°).

It remains to notice that

1 1
(47) 0> Joxo ) (X, p) = I xo,00) (X, p2) = 5= Wi(p, p") = - Wi(p=, 0')

+ [ (10 - 10)

Hence, combining (46) and (47), we conclude that there exists a constant C' such that (45) holds.
Case M < 0. Similarly to the previous case we introduce the following piecewise constant function

N L if0<z<X
— ) xJo ple)dr if0<z <X,
ple) {1 ifX <.

We also introduce p.(z) = (1 — €)p(z) + ep(z) for all x € R, and we have (X, p.) € A. Then, we
consider the measure

He = Pe El—RJr o M(ﬂz—:a pO) 60 = (1 - 5)M + 5&7
with
ji=pLLR, — M(p, ).

Since M(p, p°) = M(p, p°), there exists an optimal transport map 7. such that

X 0
W) = [ e =T @) i)zt [0 ) do
and a transport plan ~. defined by
Ye:=(Id, T )y (1 = )pL1_(0,X) + (Id, T )4 epL (0, X)
+ (S, 1d)y p° L1(0,4-) + (1d,1d) 4 L1 (X, +00).
We notice that 7. satisfies 7. € T'(ue, 1°) and we also get in this case

X X l_
W2(pe. ) < (1 ¢) / (& — T_(2))? pla) da + & / (& — T (2))? p(ar) d + / v 0°(y) dy
< (1 —e)W3(p, p") + e Wi(p, p°).

Thus, we deduce the existence of a constant C' such that (45) holds. This ends the proof of
Proposition 3.4. 0]

Thanks to Corollary 3.1 and classical Sobolev embedding the function p restricted to (0, X)
is continuous. Moreover, Corollary 3.1 and Proposition 3.4 imply that the function In(p) is in
SBV2.(R,). Then, we deduce from Proposition 3.1 that it holds

loc
V'(z)

+ (Inp) (x) =0, forae. z€(0,X),
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where we recall that ¥ denotes the unique Kantorovich potential associated to the optimal trans-
port map T (with T either given by T or T_ depending on the sign of M). In particular, we
conclude that there exists a constant C' such that p satisfies the optimality condition:

v
Yz) +1Inp(z) =C, for every z € [0, X].
-

Hence, p is a Lipschitz continuous function since

V()

p(z) = exp (C — ) , for every z € [0, X].

We gather these remarks in the following result.

oro.lip| Corollary 3.2. Let the assumptions of Theorem 2.2 hold. Then, there exists a constant C' such
that p satisfies

oro. Lip|
pt.cond| (48)

U(x)

+Inp(z) =C, for every x € [0, X],

where ¥ denotes the (unique) Kantorovich potential associated to the optimal transport map T
constructed in Section 2.3. Moreover, p is Lipschitz continuous and fulfills
v
p(z) = exp ( — ﬂ) ,  for every x € [0, X].
T

Corollary 3.2 implies that (Inp)'(z) < 77! for all z € [0, X]. However, for later use, see the proof
of Lemma 4.2 and Proposition 4.8, this upper bound is too coarse and we need to derive a finer
upper bound of the type 7= for some ¥ € (0, 1). In this purpose, the penalty function p, will play
a crucial role. In particular, by defining properly the parameters m, and K, introduced in the
definition of p, we prove the desired estimate. But first, let us introduce the following notations

i 0 ,_ 0
a:= a:erftl)})réo} Inp°(z), b:= xgl[o&})}((o] In p°(x),

and

A= —min <o, inf (mpO)’(x)), By:= sup (Inp") ().

z€[0,X0] 2€[0,X0]
Then, for ¥ € (0,1) and Jy > 0, we define B, := max(By, §) 7~ such that B, > max(By, dy) and
a<lnp’(x)<b, —-A< (lnpo)/(x) < B, forze[0,X"].

In the following statement we claim that these bounds are preserved for In p.

nif.Lip| Proposition 3.5. Let the assumptions of Theorem 2.2 hold. For 6y > 0 and ¥ € (0,1) fized, we
set B = max(By, &), B, = By and

B, 2(b—1
nstants (49) m, = %p(a)ﬂ—ﬂ K, = ( np+) LF0-1

Y

Bjexp(a)
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where m, and K. denote the parameters involved in the definition (20) of the penalty function p,.
Then, the Lipschitz continuous function p satisfies

(50) a<lnp(x) <b forxe|0,X],

(51) —A<(Inp) (x) < B, forxzecl0,X].

Proof. We split the proof in two cases, the first one corresponds to M > 0 and the second one to
M < 0.

Case M > 0, bounds (50)—(51). In this case, thanks to Theorem 2.1 and Corollary 3.2, we notice
that the following relations hold

(52) T (zx)=xz—V (x) forzel0,X],
(53) (Inp) (z) = —w for z € [0, X|,

gy = PE)
(54) T (z) = AT () for z € (04, X],

where W, denotes the (unique) Kantorovich potential associated to the optimal transport map 7.
Besides, the regularity theory for the solutions to the Monge-Ampere equation done by Caffarelli,
see [7, 12, 16, 17], implies that the function ¥, is at least C*® on (£, X] for some 8 € (0,1).
Moreover, since T (z) = 0 for all € [0, ¢ ] then using (52) we deduce that U, is regular on [0, £].

Proof of (50). Subcase M > 0. Thanks to Proposition 3.3 and (52)—(53) we first notice that
Inp(0) =Inp_ and (Inp)’ (v) = —z/7 < 0 for all x € [0,£,]. These relations imply that

Inp(x) <b Vael0,0,],

and, since In p is strictly decreasing and C' on [0, /], the minimum value of Inp is reached on
(¢4, X] and its maximum value is less than b or is reached on (¢, X].

Let z* € (¢4, X] be a point where In p achieves either its minimum or maximum value on (¢, X].
We notice that z* = T (2*). Indeed, if * < X (the case * = X being clear) we have with (53)
U’ (2*) = 0 and then T (2*) = 2* is a consequence of (52). Now, using (54) we obtain

p(e) "o
=1-U :
P (z*) +)
Applying (53) either ¥/ (z*) < 0if * is a minimum point of In p or ¥ (2*) > 0 if 2* is a maximum
point of In p.
If 2* is a minimum point of Inp then z* < X°. Indeed let us assume that z* > X° thus
p(z) > p(x*) > p°(x*) = 1 for all x € [z*, X]. However, as x* and X are fixed-points of T, we

have
b be
/ p(x)dr = / P(x)de = X — x*.

*

Thus by conservation of mass and since p(z) > 1 on [z*, X| we conclude that the set {z € [z*, X] :
p(x) > 1} is negligible. Therefore, for every x € [z*, X] it holds p(z) = 1 and a direct computation
leads to

J(Xo,po) (ZL'*, )0) < J(Xo,po)(X7 p)7
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which contradicts the optimality of (X, p). Thus 2* < X° and consequently for every x € ({,, X)
we get p(z) > p(z*) > p%(a*) > e

If * is a mazimum point of In(p), then z* < X°. Indeed let us assume by contradiction that
z* > XY then for every z € (z*, X), p(z) < p(z*) < p(2*) = 1. Arguing as previously we show
that p(x) =1 for all x € [z*, X]. However, this fact contradicts the optimality of (X, p). Thus we
conclude that z* < X9 and for every = € (¢4, X) we deduce that p(z) < p(z*) < p°(z*) < e’

Subcase M = 0. Here £, = 0 then p_ < p(0) < p, (see Proposition 3.3) and (Inp)' (0) = 0. Thus
arguing as before we show that In p satisfies the bounds (50).

Proof of (51). Subcase M > 0. Since (Inp)’' (z) = —z/7 for all x € [0,£,] we have

—% <(np)(z) <0< B, Vrecl04,]
Moreover, as (In p)’ is strictly decreasing and C* on [0,£,], then the function (Inp)" achieves its
minimum value at a point in (¢;, X] and its maximum value is either less than zero or reached at
a point in (¢4, X].

If the function (Inp) achieves its minimum or mazimum value at x* € (¢4, X] then z* < X.
Indeed, if 2* = X we have, using (52)-(53), (Inp)"(X) = =¥ (X)/7 = 0 and (51) still holds true.
Thus, if 2* < X, we have thanks to (53), U/ (2*) = 0 such that 7% (z*) = 1. Besides, equality (53)
also implies that U (z*) < 0 if 2* is a minimum point of (In p)" or ¥ (z*) > 0 if 2* is a maximum
point of the function (In p)’. Moreover (52) yields

_ 1)
T (")

(InT%)" (z*) = —UY(z*) Vre (ly,X]

Therefore we deduce from (54) that
(1np)(2*) = T, (@) + (n ) (T4 (&%) = ~W(a") + (I o) (T4 (a")) Vo € (€4, X].
Hence, we conclude that either
(Inp)'(z*) > (Inp")' (T (2*)) > —A if 2* is a minimum point,
or
(Inp)(z*) < (Inp®) (T4 (z*)) < B, if 2 is a maximum point.

Subcase M = 0. Eventually, if /. = 0, then

(In p)’(0) = —

Hence, in any case the relation (51) is fulfilled.
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Case M < 0, bounds (50)—(51). In this case the following relations hold

(55) T (z) =2 -V (2) forxcl0,X],
(56) (Inp)'(x) = _\If’_T(:c) for z € [0, X],

. vy P@) or 2
(57) T () = AT (2)) for z € [0, X],

where W_ denotes the Kantorovich potential associated to the optimal map 7. Furthermore,
similarly to the previous case, the function W_ is at least C*#, for some 3 € (0, 1), on [0, X].

Arguing as before one can prove that
a<Inp(z) <b forz e (0,X],
and
—A < (lnp)(z) < B, forze(0,X].
It remains to study what happens at z = 0. In this purpose, using (55) and (56) we notice that

oy = =0 _O _L

T T T
such that the maximum of In p is reached on (0, X| and then In p(z) < b for all x € [0, X]. Besides
(In p)’(0) is positive and we conclude that (Inp)'(z) > —A for all z € [0, X].

Now thanks to Proposition 3.3 and the assumption p, > p%(0) we have Inp(0) > Inp, > a
which implies that In p(x) > a for every = € [0, X]. Besides, as In p(0) = Inpy — p/ (M) (see (33)),
we have —p/ (M) < b — In p, which yields

—M§m7+—b_lnp+.

T

Moreover, since

= A
(= / 7 dx < exp(—a)/ P’ dx = —M exp(—a),
0 0

we conclude, applying the definition (49) of the parameters m, and K, that it holds

- < M exp(—a) N b—1Inp,
T = T TK;
In particular (In p)'(z) < B, for every x € [0, X| which concludes the proof of Proposition 3.5. [

1lmoins| (58) (Inp)'(0) = exp(—a) = 367-*19 = B,.

ro_inter
3.4. The Euler-Lagrange equation satisfies by the free interface. In this section, our main

objective is to determine the Euler-Lagrange equation satisfies by X the free interface.
iterface| Proposition 3.6. Let the assumptions of Theorem 2.2 hold. Then X satisfies the following equa-
tion

X - X0

T

Pk

0_inter| (59) A

=a—(1-p(X7)) —In(p(X7)).
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It is worth mentioning that the right hand side of (59) represents the variation of the “Boltz-
mann” energy to pass from (X°, p%) to (X, p) and the left hand side the variation in term of the
metric d? or more precisely in term of the squared euclidean distance between X° and X. In
particular, W3 does not play any role in (59). Formally, the idea is that the optimal transport
plan v € T'(u, 1°) only acts on the mass p and p° but not on X or X°.

Proof. We consider two perturbations of X, the first one corresponds to X, = X —e and the second
one to X, = X 4 ¢ for e > 0.

Case X. = X — e. In this case, in order to construct an admissible perturbation (X, p.) € A
of (X, u), we have to ensure that the density p. of u. is equal to 1 in (X, X). In this aim, for
0 < & < 1 such that p(x) — m(e)y/e > 0 for x € [X. — /e, X,], where

) =1 - ffp@:) .

we consider the map Dy : (X, — /g, X.) — (X, X) given by D;(x) := X. + /e(x — X, + /2).
This map is defined in such way that

(60) Wi(m(e)ve LI (X. — Ve, Xo),m(e) L1-(X., X))
< / " (2= Dy(2)?m(e)v/Edr = ofe).
Xe—v/e
Then, we consider the transport plan ~. defined by
Ye - = 7|—R2 \ (Xs - \/g7 Xs) X (T(Xs - \/g)a T(Xs))
+ (14, T) g (p — m(e)Ve) L1L(X. — Ve, X.)
+ (Dl’ T)# m<8)\/g£ I—(Xe - \/E7 Xe)»

where T is the optimal transport map introduced in Section 2.3 (we implicitly assume in the case
M > 0 that ¢ is small enough in order to have X, — /e > (). Finally, we set p. := m4 7. and
since oy 7. = p® we have . € T'(ue, 1°). Now, let us rewrite . as

He = Pe 'CI—]R-F + (_M)-i- 507

with
o(z) for z € R, \ [X, — /&, X),
p-(z) := < plx) —m(e)y/e forxz € [X. — /e, X],
1 for x € (X., X).

Using the definition of v, yields

W3(p-, p°) — Wi(p, p°)
2eT

< M) ][ (= T(2))dr + m][ " (Dy(z) = T(2)) da

2T X.— 7 T
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The two terms in the right hand side converge to zero as € | 0 thanks to (60). Thus
{Wg(pa, ") = Wilp, p") }

<0.

lim sup

€l0 2eT

Now, we notice that

g {2 /M(f(pe)—f(p))dw}:lim{l [ o= meva) - ) d - f(p)d:r},

EJ,O £ E\LO I XE 7\/5 )(E

where we recall that f(x) = z(In(z) — 5) + 5. Applying the definition of m(e) we get

im {1 / (flo) = 1) dx} (1= p(X) F (X)) — Fp(X)).
and we conclude that

(61)

0 < liminf

o Fa— (- p(X7)) — np(X").

T

{J(Xo’pO)(XE,pe) —J(X07p0)<X,p)} X - X°

< —=A
€

Case X, = X + . Here to build a perturbation, the idea is to pick up a small amount of mass
p>0in (X, X +¢) with € > 0 and to transfer this mass towards (X — /g, X) in order to mimic
the “collapse” of the mass when the carbon steel canister is consumed by the oxide layer. More
precisely, for 0 < e <1 and 0 < p < 1, we consider the map D, : (X — /¢, X) — (X, X.) given by
Dy(x) :== X + /e(x — X + /&) and we define the transport plan ~. as

Yo = IR\ (X, X.)? 4 (Id, Do)y vVep L1 (X — /&, X) + (Id,Id) 4 (1 — p)L1_ (X, X.).
Then, we set pi. := m14 7. and we notice that mo4 7. = u® such that 4. € T'(pe, pu°). Let us rewrite
[l as

He = Pe Ll—R-I— + <_M)+ d0,

with

p(x) for z € Ry \ [X — &, X{],
pelw) = { ple) + VES forz € [X — V5 X),

1—p for z € (X, X.].

Thanks to the definition of . we have

W2 A 0) — W2 0 1 X ~ X
Q(p ) P ) 2(p,p ) S / (JI—Dg(l’))Q \/Eﬁdl‘z ﬁ (l‘—DQ(.’E))Zd.I‘.
2eT 2eT Jx_ 2 217 Jx_\

Since (x — Do(z))? < € for z € (X — /2, X) we conclude that

Wilpe, p%) = Wilp, 1) _
2eT -

lim sup
el0

Arguing as in the previous case we obtain

lim {1 / (70 = £10) das} (X)) + 10— 7).

el0 g
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Hence

0 < liminf

i [T a4 P (X)) + F(1=7)

_J(X07p0)(X7p)} < )\X —XO
- >~

Basic computations show that the minimum of the above inequality is reached for p =1 — p(X ™)
and we obtain

X - X°
(62) A\

—at (1= p(X7) + In(p(X)) = 0.
Finally, collecting (61) and (62) yields (59), which finishes the proof of Proposition 3.6. O

4. EXISTENCE OF WEAK SOLUTIONS

In order to prove Theorem 1.1, we first recall the definition of the JKO-iterated scheme (21).
Let 7 > 0 be a time step of (0,7). Starting from the initial data (X p°) € A, satisfying
assumption (H2), find for all 0 < n < Ny — 1 (with Ny an integer such that Np7 = T') a solution
(X" pth) € A to the following minimization problem

n T : 1 n n n
(XL p"h) € argmingy, e 4 {;dz((Y, p), (X7, ") 4 Exn o) (Y, p) 4+ - (M (p, p ))},

where the metric d and the functional E are defined in Section 2.3. The existence of a solution

(X", p")1<n<ny € A to this minimization problem is now a consequence of the recursive use of
Theorem 2.2.

4.1. Uniform estimates. We first quantify the movement of the free interface.

Lemma 4.1. Let the assumptions of Theorem 2.2 hold. Then it holds
XNt < X0+ g(a —a),
where we recall that a = min,ejo yoy In p?(z) < 0.
Proof. This result follows directly from Proposition 3.5 and Proposition 3.6. O
Let us now establish some estimates that are uniform with respect to 7 .

Proposition 4.1. Let the assumptions of Theorem 2.2 hold. Then there exists a constant C' > 0
depending only on X°, p°, o, B and T such that

Np—1 Np—1 Np—1

@) > TN LS (o) 4 Y g (M) < O

2T

n=0
Proof. We use (X", p") € A as an admissible competitor in the functional J(x» ,) and we obtain
for0<n<Np-1
dZ((}(nJrl7 pn+l)7 (Xn’ pn))
2T

+OIM (" p")| + o (M (", )

Xxn X+l
<[ sevde= [ Rt derae - X0,
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We sum this inequality over n and we get

Nr—1
T d2 ){n+17 n+1 ’ an n . . . .
() gpaset o)+ a1 ()

X0

< f(p°) dx + (a — inf f(m)) XNt

0 z€(0,1]

n=0

It remains to notice that f(z) > g —exp(f — 1), for z > 0, and to apply Lemma 4.1 in order to
deduce the existence of a constant C' > 0 independent of 7 such that (63) holds. This finishes the
proof of Proposition 4.1. 0

Now for 0 < n < Ny — 1, we define the functions p7, X7, X7 and M™ as follows:
pr(t) =p"tt, XT(t) = X" fort € (nT, (n+ 1)7],

with p7(0) = p%, X7(0) = X° and

- t— Dr—t
Fr) = L2 xen DT e (04 1)1,
T T
t— )r—t
M) = L My + PEDVT T ) for b e (nr (n 4 1)),
T T

where we recall definition (15) of M and with X7(0) = X° and M7(0) = fOXO (p° — 1) dx. Finally,
we introduce the shift operator o, given by

o0 (x,t) =p (z,t+7) ae. (z,t) eRy x (0,7 —1).

In the following statement our main objective is to establish some uniform (w.r.t. 7) estimates
satisfied by the sequences (X7);s0, (M7);s0 and (p7),>o0-

apriori| Proposition 4.2. Let the assumptions of Theorem 1.1 hold. Then, the sequences (XT)T>0 and

(M7),~o are uniformly bounded in H'(0,T) and W'1(0,T) respectively. Moreover, the sequence
(p7)r>0 18 uniformly bounded in L% (R, x (0,T)) N L¥(Ry x (0,7)) and there exists a constant

loc

C > 0 depending only on X°, p°, «, B, a, b, 0, X\ and T such that the following estimates hold

T
(64 [ 10 @l @t < .

and

anslate] (65) / 177 (8) = o™ (8)

where H* denotes the dual space of H'(R,).

2. dt < CrT,
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Proof. Let 7 > 0 be fixed. Thanks to Lemma 4.1 and Proposition 4.1 we notice that X7 is
uniformly bounded in H'(0,T). Besides, for the function M7™ we have

T Nr—1  (n4+1)r
/ M) di = Z/ (1)) dt
0

Np—1

22/" —]t—nT)(M(p”H)—M(p))—l—TM )| dt

Ne 1 anit)r Np—1
Z/ —{t—m‘ (" p" |dt—|—z M (p"

Since |M(p")] < X"(exp(b) + 1) < XN (exp(b) + 1) for all n = 0,..., Ny — 1, we deduce from
Lemma 4.1
Np—1 ]
/ M@l de < 3 7 (M 0] + (XN + T~ a))(exp(®) + )T
n=0
Nr—1

1
ST Y MG )|+ £ (X°A+ Tla = a))(exp(b) + DT
It remains to apply Proposition 4.1 to obtain the existence of a constant C' > 0 such that

T
| prwa<c
0

which implies M™ € L*(0,T). Moreover, we have thanks to (63),

T, Nr—1 e(nt1)r |M( L ) Nr—1
[ rofa= S [ gy <
0 n=0 n

T

Therefore, we deduce that (M7),~q is uniformly bounded in W1(0,T).
Now, applying Proposition 3.5, the function p” is uniformly bounded in L*(R; x (0,7)) and
then bounded in L2 (R, x (0,7)). Let us show that 9,p" is uniformly bounded in L*(R, x (0,T)).

In this purpose, applying recursively Corollary 3.1, we deduce that

N — 1 n+1 n)

T
/0 10007 (1) e, dt < Z |

which implies that the function d,p7 is uniformly bounded in L?(R, x (0,7)) thanks to (63).
Now we establish (65). Let 0 < n < Ny — 1 be fixed, ¢ € H'(Ry) with |[¢||gr,) < 1. We
consider the quantity
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In the sequel we will assume that M (p"*!, p") > 0 (the case M (p™™!, p") < 0 being similar), then
we have
[n,+1

+
zn:/
0

where the distance ﬁ“ and the optimal transport map T_ﬁ“ are defined as in Section 2.3. For
the second term of the right hand side we apply (50), the bound |[[p"*!|| e,y < 1 and the
Cauchy-Schwarz inequality and we obtain

+OO x) — L)) p" (x) dx
/K (6(x) — ST (@) (2) d g/ﬂ

n—+1 n—+1
+

“+oo

@) de+ [ (6la) - 6T @) (o) d

n—+1
Z+

Xn+1

() / T (s dsde

Tn+1(x)

Tn+1

/ o / Y @) (o) da ds

Xn+1

< exp(b)/o ‘(3 - (Tf“)_l (3)> ¢'(s)
< exp(b) /X"+1 o (s)

expla)

IN

ds

(s — (Tf“)_l (s)) gb’(s)‘ ds

< oxp(30/2)[|¢/|| 2y W1, )
- exp(a)

Hence we get

exp(36/2) [|¢/| 2w
In S ¢ - / n+1 T d[[’ + (Ry) W n+l n ’
116]| 2o (i) ( @ (@) (0", )

and the Sobolev embedding H'(R,) < L*(R,) implies the existence of a constant Cg such that

I, < Cs [M(p™, )| + —eiif’f a/f) (0" "),
Therefore we have
741 = 0" < 2C3 1M ) + 2SR W), W0 <0 < Ny -1,
and since
s
|M(p" T, p™)| = P (x) dr| < exp(b) XN, Y0O<n< Np—1,
0

we conclude that it holds
exp(3b)

n+l _ n
& exp(2a)

fe < 2 exp(b) C5 XVTIM (", p")| + 2 W3 (", p"), YO<n< Np—1.

1%



mpacite

pacitel

32 B. MERLET, J. VENEL, AND A. ZUREK

Hence, using (63), we end up with

[ 0= o)

2 Ny
2 <o (Cs exp(b) X - 2exp(31)) 2) o

0 exp(2a) ’
Finally, as 7 < T and thanks to Lemma 4.1, we deduce the existence of a constant, still denoted
C, such that (65) holds. This concludes the proof of Proposition 4.2. O

4.2. Compactness properties. In this section we establish the existence of some functions X €
HY0,T), M € BV(0,T) and p € L2 (R; x (0,7)) N L®(R, x (O,NT)) N HY0,T; H*) with d,p €

loc

L*(Ry x (0,T)) obtained as limits, when 7 | 0, of the sequences (X7),~q, (M7),~o and (p7),=0-

Proposition 4.3. Let the assumptions of Theorem 2.2 hold. Then, there exists X € H'(0,T)
such that, up to a subsequence,

X" = X strongly in L*(0,T), asT]0,

XT—~ X weakly in L*(0,T), ast 0.
It also exists M € BV (0,T) such that, up to a subsequence,

M™ — M strongly in L*(0,T), ast |0,

M7 — DM  weakly in M(0,T), asT]0.

Moreover, there exists p € L2 (Ry x (0,T))NL=(Ry x (0,7))NH*(0,T; H*) with d,p € L*(R, x
(0,7)) where p(xz,t) =1 for a.e. (x,t) € (X(t),+00) x (0,T) such that, up to a subsequence, as
740
pT — p  strongly in LP(0,T; L] (R})), V1 <p,q< oo,
Opp” — Opp  weakly in L*(Ry x (0,T)),
7 HpT —0_.p") = Oyp  weakly in L*(0,T; H*).

Proof. All the convergence properties stated below occur up to the extraction of a subsequence
when 7 | 0. The existence of X € H'(0,T) such that the following convergences

XT — X strongly in L*(0,T),

X" = X weakly in L%(0,T),

hold are direct consequences of Proposition 4.2. Moreover, applying again Proposition 4.2 we
know that the sequence (M7),~ is uniformly bounded in W1(0,T"). Then using the compactness
criterion [15, Theorem 5.5] for BV functions, we conclude that there exists M € BV(0,7") such
that

M™ — M strongly in L*(0,T).

Furthermore, since (M™) is uniformly bounded in W'(0,7) C BV(0,T) we deduce that there
exists P € M(0,T), such that

M™ —~ P weakly in M(0,T),
and, in the sense of distribution, it holds P = DM.
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Now, thanks to Proposition 4.2 we apply the compactness argument obtained in [13, Theorem
1] and we deduce the existence of p € L*(0,T; L (R, )) such that

loc
(66) p" — p strongly in L*(0,T; Li, (R,)).

Hence, the L* estimates obtained in Proposition 3.5 yields the strong convergence in every
Lr(0,T; L (Ry)) for all 1 < p,q < oc.

Let us now prove that p(z,t) = 1 for a.e. (z,t) € (X(¢),+00) x (0,7). In this purpose, for ¢t €
(0,7 fixed, we notice that the convergence result (66) implies the convergence almost everywhere
of p” towards p and we obtain that p(x,t) = 1 for a.e. = > max(X(t), X7(t)). Besides, using the
strong convergence of (X7), in L*(0,T) towards X and the embedding H'(0,T) < C([0,T]) we
conclude that for every ¢ € (0,7") and up to a subsequence (X7(t));>¢ converges towards X ().
This allow us to obtain the equality p(z,t) = 1 for a.e. x € (X(¢), +00).

We deduce from estimate (64) that d,p” is uniformly bounded in L?*(R, x (0,7)). Thus, after
identification in the sense of distribution, we obtain that

Opp” — Opp weakly in L*(R, x (0,7)).
Moreover, since 77! (p” — o_,p") is uniformly bounded in L?*(0,T; H*) we also deduce that
7 HpT —0_.p") = Oyp weakly in L*(0,T; H*),
holds. This concludes the proof of Proposition 4.3. 0

In the following two statements we establish some results concerning the convergence of the
traces of the sequence (p”),~o and the limit function p obtained in Proposition 4.3.

Proposition 4.4. Let the assumptions of Theorem 2.2 hold. Then, the limit functions X &
HY0,T) and p € L3 (R, x (0,7)) N LRy x (0,7)) N H'(0,T; H*) with d,p € L*(Ry x (0,T))

loc

obtained in Proposition 4.3 satisfy for all 1 < p,q < 0o

1/p

(67) (/0 P (X7 (t)",t) — p(X(t)_,t)‘q dt) —0, asT!0,

T 1/p
(68) (/0 |p7(0,t) — p(0,1)]4 dt> —0, as7{0.

Proof. Bearing in mind the L* estimates established in Proposition 3.5 it is sufficient to prove (67)
and (68) in the case p = ¢ = 1. Moreover, since the proofs of (67) and (68) are similar we only
establish the convergence result (67).

In this purpose we define for ¢ € [0,7] and s € R, the function X7 by

X7(t,s) = min(X"(t), X(t)) — s.

Then, for £ > 0 we consider the following splitting

/0 [T (XT(6)7, 1) = p(X(8)7, 1)] dt < Qs(e) + Qu(e) + Qs(e),
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where

/ ][ ‘,0 (X7(t,s),t) — p(X7(t,s),t |d8dt

:/0 ]€ p(X7(t5), ) — p(X(£)",1)| ds dt,
:/0 ]€6 P (X7 (t)",t) —p T(X7(t, s) Jt)| dsdt.

For Q5(¢), we use the definition of the function X7, the Cauchy-Schwarz inequality and the fact
that p(x,t) = p(x,t) = 1 for a.e. (z,t) € (max(X 7, X(T)), +o0) x (0,T) to deduce that

1 T
@) < 2 [ 1570 = o)l .
which implies
VT
(69) Qs(e) < 7 ™ = pll2 @y x0.1)-

For Q4(¢) thanks to the regularity of p € L?(0,T; H*(Dr)) where
Dr={(z,t) : 0<t<T,0<z<X(h)},

and the Cauchy-Schwarz inequality we obtain

T pe rX(®)
< / ][ / |02p(y, t)| dy ds dt
0 Jo JX7(t:s)

T €
< [ X0~ XO 10:0(0) 126, ds
0 0

<[ RN, (f 170 - x0) - s .

Applying again the Cauchy-Schwarz inequality we deduce that

<[ 10up(0) Ly ( i - x4 ds) "

1 T £2 1/2
< E /(; Hazp(t)||L2(R+) <||XT—X||L1(O’T)€+§) dt.

Hence
1/2
(70) Qu(e) < ﬁHapoL2(R+x(0T (HX — Xl|pom) + 2) .
We obtain a similar estimate for the term Q5(g). Now, let € = ||p” — p||i/23]R+X o)) then we

conclude from (69) and (70) that

T
/ypT(XT(t) £~ p(X(&), 1) df >0, asT L0,
0
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which concludes the proof of Proposition 4.4. O

As a direct consequence of Proposition 4.4, Proposition 3.5 and the dominated convergence
theorem we deduce the following result:

Corollary 4.1. Let the assumptions of Theorem 2.2 hold. Then, the limit functions obtained in
Proposition 4.3 satisfy for all 1 < p,q < oo,

T 1/p
(/ IInp” (X7 ()", t) — Inp(X(t)",t)|* dt) —0, as7]0.
0
It remains to show that the trace at # = 0 of the limit function p € L%(0,T; H'(Dr)) satisfies
the inequality p_ < p(0,t) < p, for a.e. t € (0,7).
Proposition 4.5. Let the assumptions of Theorem 2.2 hold. Then the limit function p satisfies
(71) p— < p(0,t) <py ae te(0,7T).

Proof. First let us notice that the lower bound of (71) holds thanks of Proposition 3.3 and Propo-
sition 4.4. Now our main objective is to prove that

T
/0 (Inp™(0,t) — lnp+)i dt -0, as7/]0.
In this purpose, bearing in mind the result established in Proposition 3.3, we have

(Inp"™(0) = Inpy), = (P (M(p"*, p")))" = 2 K, p (M (p™*, p")).
Thus, thanks to (63), we deduce that

Np—1

T
/ (Inp™(0,t) — lanr)%r dt =21 K, Z pr(M (" p") <27 K, C.
0

n=0

Finally, using the definition (49) of K yields

AC(b—1Inpy) ,

T
/ (lin(O,t)—lnp+)i dt < ™" =0, as7]0.
0

Bjexp(a)

This finishes the proof of Proposition 4.5. 0

4.3. Existence proof of weak solutions for the system (1)—(2). In this section we prove The-
orem 1.1. In this purpose we show that the limit functions p, M and X obtained in Proposition 4.3
are weak solutions to (1) in the sense of Definition 1.1. Then, we establish that these functions
satisfy the variational inequality (10).
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4.3.1. Obtention of (11) and (12). Let us first prove the following statement:

Proposition 4.6. Let the assumptions of Theorem 1.1 hold and assume that the parameter
appearing in the definition (49) of m, and K, satisfies 0 < < 1/2. Then, for all ¢ € C{°(R; X
[0,T)) the following inequality holds

‘_/OTT/R (2, 1) ‘w)(x’t)T o(zt) 4, dt——/ /R o(x,t) de dt
+%/TTT/R+ p(x,t) o(x,t) dxdt—/ M (t) (0, ) dt

//&Ep (x,t) Opp(x,t) drdt
Ry

Np—1

< > 7RI (),
n=0

with
Np—1

(73) > 71QE (@) < C (110200 oo gy 0.9) + 1020l | Lo x0ry)) T,
n=0

where C' > 0 is a constant independent of 7. Eventually for all £ € C(0,T) we have

(74) A/O )?T(t)g(t)dt:afo §(t)dt—/0 (1—pT(X7(t),t)) &(t)dt
- /0 Inp™ (X7 (¢)",t) () dt.

Proof. It is sufficient to establish (73). Indeed, we notice that (72) is a direct consequence of (30)
and a rearrangement of the discrete time derivative terms, while (74) is a consequence of (59).
Then, in order to establish (73) we notice thanks to Proposition 3.2 that for all ¢ € C§°(Rx(0,7"))
we can write

Npr—1 Nr—1

S Q)] < 27 102l 1= me x 01

n=0 n=0

d2 ((Xn+1, pn—I—l)’ (Xn’pn))
2T

Npr—1 g"Jrl

+ 1020 Lo (my % (0,7)) Z/ yp"(y) dy,

n=0 0

where (" is defined as in Section 2.3. In particular, if M(p"*!, p") < 0, then applying (58) we

have

EE‘H S Bé 71—19

Y
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and if M (p"*t, p") > 0 we set £""! = 0. Therefore, we obtain

NT_l NT—l
n d? (X, "), (X7, p))
3T Q@) < 2711020l ey x0my) D 5
n=0 n=0
B2 exp(b) T _
+ (20 2 O L0l o) 72

Hence, thanks to Proposition 4.1, we conclude that there exists a constant C' independent of 7
such that

Np—1

Z T ’QZ'LJrl(gO)l < ¢ (HaingLOO(RJFX(O,T)) + H@CngLm(R+X(07T>)) 7-17219_

n=0

This finishes the proof of Proposition 4.6. 0

Thus passing to the limit 7 | 0 in (72) and (74) yields the existence of a weak solution to (1) in
the sense of Definition 1.1.

4.3.2. Obtention of the wvariational inequality (10). In order to prove that the weak solution
(p, M, X) to (1) satifies the variational inequality (10), the main idea is to prove a semi-discrete (in
time) counterpart of (10) (see (82) below). More precisely, our objective is to made rigorous the
computations done in Section 1.3. In particular, defining u = yp with x € C3°(R;) a nonnegative
function with x(z) = 1 for all z € [0, X°/2) and supp(x) C [0,3X?/4], we have to be able to define
properly the inequality

—M(t) (u(0,t) — n(0,t)) >0, fora.e. te[0,T],
where n € C°(Ry x [0,7)) with 7(0,t) € [p—, p4] for every ¢t € (0,T). However, we only know
that M € BV(0,T). Then, to bypass this regularity issue we establish a semi-discrete variational
inequality achieved by the minimizers of our JKO-iterated scheme (21) and then to pass to the
limit 7 | 0 in this inequality.

In this purpose, we set

u"(z) = x(z) p"(x), VreRy, 0<n<Np.

Besides, as in Section 4.1, we consider the following piecewise in time function
u™(t) =u"t, fort e (nt,(n+1)7], VO0<n<Np—1,

with u”(0) = u® = x p°. Let us now prove the equation satisfies in the weak sense by the sequence
(u™)osn<ny:

Proposition 4.7. Let the assumptions of Theorem 1.1 hold. Then, for all ¢ € C5°([0, X°]) and
every 0 < n < Ny — 1, it holds

(75> A unJrl(l.) — un(x) QO(ZE) dr — M(pn+17 pn)

T T

s [ @i = [ el o+ 0 )
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with
(@) = =2 (") (@)X (@) — 0" (@) ¥'(a), VO << Np— 1,

and where the remaining term Q™' satisfies

1) 10 oo < M im0 o enin oy (xn

-
/

N H(X ) HLoo([o,XO]) /

T 0

Proof. For a given function ¢ € C§°(R,) we consider as a test function ¢ = y¢ in (30). Then, as
x(0) =1 and by definition of the sequence (u™)o<n<ny,, We obtain

[ )

T T

K'n«&»l

yp"(y) dy) :

M@ig@dm+ﬂ (") (@) (xe) (@) dz = Q1 (x, ),

where the bound (76) on Q™! is directly deduce from (31). Therefore, since

[ @WYMmmwwm:A WMH@M@M—L;W%MWWWM%

we notice that it holds

[ @ e @ar= [T () @ et

@ @@ [ e e e d

Now, applying an integration by parts on the last term of the right hand side yields

A @“W@HWH@MZA @WY@¢mmFA (@) () de

This completes the proof of Proposition 4.7. O

Now we intend to use, roughly speaking, (u"™' — n) for some regular function n with 7(0) €
[p—, p+], as a test function in (75). If we do this, thanks to Proposition 3.3, we notice that it holds

_M<pn+1’pn) (un+1(0) - 77(0)) > 07 V0 <n< NT - 17
such that, at least formally, we deduce from (75) the following inequality

/0 u(z) — ut (@) (W —n)(z) dx + /0 (@) (z) (u* =n) (2) de

T

XO
< / g (@) (W =) (2)de + QI (x, u"t — ).
0

This inequality is closed to the semi-discrete variational inequality that we are looking for. But,
we notice that in the right hand side, and more precisely in the term Q"™!, we have to be able
to define the second derivative in space of u"*!. However, we only know that u"*! belongs to
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HY(R,). In order to make rigorous our approach we need to regularize in space the function u”
thanks to some mollifiers. In this purpose, for ¢’ € (0,1) (to be defined later), we set ¢ := 77" and
we first extend the function ™ on R x (0,7") by

0 if v > X°,
u” (x,t) if z € 0, X7,
2u7(0,t) —u (—xz,t) if x € [—6,0],
2u7(0,t) —u”(6,t) ifx < 4.

Let ¢ be an even nonnegative function in C§°(—1/2,1/2) with [{dz =1 and ¢ := £ *{. Then,
¢ is an even nonnegative function in the space C5°(—1,1) with [ (dx = 1. We denote by (s the
mollifier function defined as (s5(y) := ((y/0)/0 for all y € R and

Wi, t) = (@ G5) (2, 8) = / T (2 — y,1) Cs(y) dy.

R
Finally, for latter use, we also introduce the function

0 (1) = (@ % &) (2, ) = / W (2 — ) &5(y) dy,

R

with &(y) = &(y/d)/0 for all y € R. Let us establish in the following result some usefull properties
achieved by the function u™ and uj.

inegvar| Lemma 4.2. Let the assumptions of Theorem 1.1 hold and, without loss of generality, assume
that 0 < 7 < 1 is small enough such that & < X°/2. Then, the functions U™ and uj satisfy the
properties:

1 ere exists constanis Uy, only aepenaing on , an 2, ONWY aepenaing on x, Suc a
i) Th st tants C ly dependi p°, and C ly dependi h that

ind1.ext| (77 @[] oo (e (0.7)) < 2 exp(b) — exp(a),

)
Ind2.ext (78) ||axﬁTHLoo(R><(0,T)) < 7-7197
ind3.ext| (79)

(

10207 | o 0.ry) < Co 107 L2(0,701 0,0 -

ii) Moreover, the function u} (as well as uf) satisfies the estimates (77)—(79), the equality
uf(0,t) = u7(0,t) for a.e. t € (0,T) and there exists a constant C5 > 0, only depending on
P, X, T and ¢, such that

T X0 T _ ,,T\2
_.bound1| (80) / / _<u5 u’) drdt < Cs 20 —219—1,
o Jo T

and a constant Cy > 0, only depending on p° and (, such that

-

_.bound2| (81) H@guT

5HLoo(Rx(o,T)) <Gy,

where we recall that the parameter ¥ € (0,1/2) appears in the definition (49) of m, and
K.
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Proof. For the point (i), the estimates (77) and (78) are direct consequences of the definition of
the function @™ and Proposition 3.5. For the estimate (79), we notice that

X0
|| 0.1 HLQ(RX(]T / / |0 u” (—x,t)] d:vdt—i—/ / 0,07 (2, 1) dadt
X0
:/ / 10,07 (=, )| dxdt—i—/ / 10,07 (,8) X () + p" (., 8) X' ()| dadt.
0o J-s o Jo

Now, we directly obtain

H8 HL2(]R><(O T)) = (3 +2[[x ||L°° 0X0)> 1o ||L2 (0,T;H(0,X0)) »

and applying Proposition 4.2 yields the existence of the constant Cy such that (79) holds.

Now for the point (ii), using similar arguments and standard properties achieved by the convolution
product we deduce that the function uj satisfies the estimates (77)—(79). Furthermore, since ( is
an even function, we directly deduce the equality u}(0,¢) = u™(0,t) for a.e. t € (0,7"). In order to
establish estimate (80), we first notice that

/OT /OXO (g — ) _T“T>2 - Nf /XO (gt — ) () da
= Nil/ U (@ —y) —u"H(x)) G(y) dyr d

N Z / U (@ —y) =" (@) G(y) dy} da.

Then, thanks to the Cauchy—Schwarz inequality and the regularity of the function (, we get

/OT/OXO —(“g;“T)Q -y (/X/ T —y) — T (@) dyd:z:) (/Z|Ca(y)|2 dy)

| ’C’ ’LOO( 1,1) NT ' X0 ~n+1 ~n+1 2
< — ’u (z —y)—u"(2)]" dyda.
)

Then, since the function u” and its extension u” are Lipchitz continuous we have

T XO NT 1 XO
(uf —u”)? HCHL ~1,1) ~r
/ / — Z 10207 |2 g (0.7 y ? dy dx
o Jo

QXOHCHL g

°°(—171) ~712 2

< 5 E 102U [ o0 (mx 0,7)) 0
n=0

Hence, applying (78), we deduce that

o 0 2
/ / )2 < 201X TQCHLOO(M) 7221
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and we conclude the existence of the constant C5 such that (80) holds. Finally, the estimate (81) is
consequence of (78) and the fact that [ (}(y) dy is bounded by C'/d for some constant C' independent
of § which yields the existence of a constant Cy, depending only on p° and ¢, such that

-0

T T o
HE)iu(;I\LN(RX(O,T)) < 047 =Cy7 99"

This completes the proof of Lemma 4.2. O
Let us now establish the semi-discrete variational inequality. In this purpose, we consider a
nonnegative function ¢ € C§°([0,7)) and n € CP(Ry x [0,7)) with 7(0,t) € [p_, p4] for all

€ [0,7). Then, taking uj —n as a test function in (75), multiplying this equation by ¢ and
integrating in time we obtain

/] o) DD (o ) i / o(1) M7 (8) (u — ) (0,1) i

T rX° X0
+/0 i o(t)0,u” (x,t) Oy (uf —m) (x,t) dedt = / / o(t) t) (uy —n) (z,t) dedt
(n+1)7

-1

e [ o @) - )

n=0

where we have used the linearity of the remaining term Q"' (recall Proposition 3.2). Bearing
in mind point (ii) of Lemma 4.2 we have u}(0,t) = u”(0,t) = p7(0,t) for a.e. t € [0,7]. Hence,
thanks to Proposition 3.3, we notice that

T . Nr—=1  (n+1)r nt+l n
= [ o) @i - .0a=— 3 [T 60 D (o) - g(0.0) dr 2 o

n=0 T

Therefore, it holds the following semi-discrete variational inequality:

g2 [ [ oo™ m0=E (g o ot

T

+/0 . ¢(t)axUT($,t)3 ( —77 :L't d:cdt</ / Qﬁ ( g_n) (x,t)dxdt
Np— (n+1)7
e [ o @ - @ )

We rewrite this inequality as

AT = Ay + A5 — Ay < A5+ Ag — A7,
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with

T

T X0 T T
AT — u(z,t) — o_,u"(x,t) drd
=[] e n(a.t) drdt,

T

X0 T T
AT = / ' /0 o) LB = o@Dy g

T X
Aj = / / o(t) Opu” (z,t) Opug(x, t) dadt,
o Jo

T X
a7 = / / O(t) D™ (3, ) Dun(, 1) dadlt,

Nr—1 .(nt+1)r

=3 [ @t
TLZO nTt
Nr—1 a(nt+1)r

=3 [ s ) dr
n:() nTt

In order to establish the variational inequality (10) it remains to pass to the limit 7 | 0 in the
above terms. This is the main objective of the next result.

inegvar| Proposition 4.8. Let the assumptions of Theorem 1.1 hold and assume that 0 < 7 < 1 is small
enough such that 6 < X°/2. Moreover, we impose the following conditions on ¥ and ¥’

artheta| (83) W+ <1, ¥—-09>1/2, ¥ >29, V¥<1/2

Then, for any nonnegative function ¢ € C§°([0,T)) andn € C§°(R; x[0,T)) with n(0,t) € [p—, p+]
for allt €10,T), it holds

f i

T X% ,2 X0 .2
lim.A1]| (84) liminf AT > —/ ¢/ —dxdt—¢(0)/ —(z,0) dt,
710 0 0 2 0 2

T X T pXx° X0
lim.A2| (85) lim A7 = —/ qﬁ/ undzdt — / ¢ uomdrdt — ¢(O)/ u(z,0)n(x,0) dz,
0 0 o Jo 0

710

T pX°

1im.A3| (86) liminf A > / / ¢ (Opu)* ddt,
o Jo
T pX°

[WH
=]

=
(&2}
=
~

70
lim.A4| (87) lim A = / ¢ Opu O, dxdt,
70 0 0
T rX°
lim.A5| (88) lim A7 = / ¢ g (u—mn)dxdt,
70 0 0
and
(89) lim A7 = lim A7 = 0.

710 70
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Proof. Let us first notice that ¥ = 1/15 and ' = 3/4 satisfy the conditions (83). Let us also notice
that the limits (85), (87), (88) and lim, g A7 = 0 are directly deduced thanks to Proposition 4.3
and the techniques used in Section 4.3.1. Now, we rewrite the term A7 as

AT = // il dedtJr// ¢“ _(’T“((s uT)drdt = AT, + AT,

Then, we split the term AH as

1 u™)” — (o_u” u" —o_ u .
A;lzé//o AUk i " dodt + - // gzﬁ%dxdt ATy + ATy,

Rearranging the terms in A7,; we obtain

ATy, = /T/ ““b O (Y2 ddt — //XO¢ 2 dadt + — /TT/XO¢ 2 dadt.

Thus, as ¢ € C§°([0,T")) and since, as 7 | 0, we have (up to a subsequence) u™ — u := x p strongly
in LQ(RJr x (0,7)), we deduce that

T X0 2 X0 o
(90) lim AT, = — / é / L dzdt — $(0) / % (w,0) dt.

Now, as ¢ is a nonnegative function and thanks to (80), we have

C ,
(91) —Ap— Ay < = // ¢ ddt< 3”¢”2L (OT) 729'-20-1 0 a5 710,

where we have used the conditions (83) which imply that ¥ — ¢ > 1/2. Therefore, the limits (90)-
(91) yield (84). For A} we write

T X0 T rX°
Al = / / ¢ (Opul)? drdt +/ / ¢ Oyuy (Opu” — Oypuy) dedt = A% + Al,.
o Jo o Jo

We first notice, thanks to Lemma 4.2, that d,uf — d,u = 9, (xp) weakly in L*(R x (0,T)) (where p
is the function obtained in Proposition 4.3 which we extend continuously outside of [0, X"]). Then,

using the lower semicontinuity of the functional v € L?((0, X°) x (0,T)) + fOT fOXo vz, t)p(t) dedt
for the weak topology in L? we have

T X0
(92) lim inf A}, > / / ¢ (9pu)? dadt.
710 0 0

Then, we also rewrite the term A7, as

T T
AL, = / / ¢ Opuy (0,u" — Opuy) dxdt — / / ¢ Oyuy (0,07 — Oyuy) drdt = Afyy + Alys.
o Jr R\[0,X0]

For A%,, we will use the following equality

/R h(z) (w * ) () da = /R (h+ &) (2) (w# &) (2)do,  Vh,w € LA(R),
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which can be proved by Fourier transform. Thus, recalling the definition of the function uj(z,t) =
(U™ * &) (x,t) we obtain

T
ALy, = /0 ¢( /R (0,05)% dz — /R (0,05 * &)° d:c) dt

Thanks to the nonnegativity of the function ¢, Jensen’s inequality, the fact that 6&3(y) < &s(y) for
all y € R we obtain

T 5/2
Al 2/0 <Z5(t)/R <<axVT (z,t) =9 (D) :C—y,t)ﬁg(y) dy> dxdt

—5/2

T 5/2
> / o(t) / <<amag>2 (1) - / |, =00 &) dy> dudt

T
> / o(t) / ((8,a3)% — (8,a3)* * &) (w,t) dadt.
0 R
In particular it holds

(93) lTig)l A3y 2 0.

For A3, we first observe that 0,u}(x,t) = 0 for a.e. (z,t) € R\ (=25, X°+6). Therefore, applying
the L*> bounds established on 0,u” and 0,u} in Lemma 4.2, we get
| Afa| < 6012 ||¢||L1(0,T) T,

Moreover the conditions (83) imply in particular that ¢ > 2¢ and we conclude that

(94) 171?01 Agyy = 0.

Collecting (92)—(94) yield (86). It remains to prove that

(95) lim Af = 0,
70

holds true. In this purpose, thanks to the proofs of Proposition 4.6 and Proposition 4.7, we obtain
the existence of a constant C' independent of 7 such that

|Ag| <C H(bHLOO(O,T) (l ‘af (X UZS—)‘ ‘LOO(RX(O’T)) + ||a€v (XUE)HLOO(RX(O,T))) T
Now, applying the estimates established in Lemma 4.2 and ||x||ze(jo,x0)) < 1, we have
1102 U o,y < XNl qo.x0yy (2exp(b) = exp(a)) + 2Cu| Y| qoxop ™" + Car ™77,
and
102 (US| oy < NI 1z (0,x0)) (2exp(b) — exp(a)) + Cr7~"
Hence, we deduce that there exists a constant, still denoted C' and independent of 7, such that
[Afl < CrtmH

Since we assume that 1 — 39 — 9" > 0, see (83), we conclude that (95) holds. This completes the
proof of Proposition 4.8. 0
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Now, passing to the limit 7 | 0 in (82) we conclude, thanks to Proposition 4.8, that the weak
solution (p, M, X') of (1) satisfies the variational inequality (10). Therefore, the triplet (p, M, X)
is a weak solution to (1)—(2).
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