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FORCED WAVES OF A THREE SPECIES PREDATOR-PREY SYSTEM
WITH A PAIR OF WEAK-STRONG COMPETING PREYS IN A
SHIFTING ENVIRONMENT

THOMAS GILETTI AND JONG-SHENQ GUO

ABSTRACT. In this paper, we investigate so-called forced wave solutions of a three com-
ponents reaction-diffusion system from population dynamics. Our system involves three
species that are respectively two competing preys and one predator; moreover, the compe-
tition between both preys is strong, i.e. in the absence of the predator, one prey is driven
to extinction and the other survives. Furthermore, our problem includes a spatio-temporal
heterogeneity in a moving variable that typically stands as a model for climate shift. In this
context, forced waves are special stationary solutions which are expected to describe the
large-time behavior of solutions, and in particular to provide criteria on the climate shift
speed to allow survival of either of the three species. We will consider several types of forced
waves to deal with various situations depending on which species are indigenous and which
species are aboriginal.

1. INTRODUCTION

In this paper, we study the following three-species predator-prey system with a pair of
weak-strong competing preys
U = dyUgy + ru[l + oz + st) —u — kv — bw|, x € R, t >0,
(1.1) Uy = dovyy + Tov[1 + ax + st) — hu — v — baw], z € R, t > 0,
wy = d3Wyy + rsw[—1+ a(x + st) + ayu + agv —wl, z € R, t > 0,
in which u, v stand for the densities of two competing preys, w is the density of the predator,
and all parameters in system (1.1) are positive.
The function « models the effect of climate change and we assume it to be a negative

bounded continuous function such that
(1.2) a(z) > —Ce”* V2 < —K, a(z) < —1, Yz > K, for some positive constants C, p, K.

The positive constant s is the shifting speed of the environment, and we typically assume
it to be positive. Therefore the favorable habitat of all three species is receding (in the
left direction) as time advances. The d;, i = 1,2,3, denote the diffusion coefficients. The

(heterogeneous) functions [1 + a(x + st)]r;, i = 1,2, are the intrinsic growth rates of u, v,
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2 T. GILETTI AND J.-S. GUO

respectively, and the net growth rate of the predator w is assumed to be [—14+a(z+st)]rs. In
particular, due to o < 0, it is assumed that the predator cannot survive without the feeding
of preys. Moreover, the two preys obey the logistic growth rule. Regarding coupling terms,
a;,b;, i = 1,2, are the conversion rates and the predation rates for the preys, respectively,
and h, k are inter-specific competition coefficients such that 0 < h < 1 < k. This means that
u is a weak competitor and v is a strong competitor, at least in the absence of the predator.

For simplicity, in this paper we only consider the case with equal diffusions, predation

rates and conversion rates, namely,

di=dy=d3z:=d, a=as:=a, b =by:=0b.
Moreover, we always assume that
(1.3) a>1 0<h<l1<k,

so that the predator can survive with the feeding of the competing preys.
We are mainly concerned with the existence and non-existence of forced waves, namely,
traveling waves which move with the same speed s > 0 as the environmental shift. More

precisely, a forced wave of (1.1) is an entire in time and bounded solution of the form

(u,v,w)(x,t) = (¢17¢27¢3)(z)7 < ::$+St,
for some function (¢1, ¢2, ¢3) (which we call the wave profiles). Hence (¢1, ¢o, ¢3) satisfies

)
dgi(z) — s¢1(2) + r1¢1(2)[a(z) 4+ (1 — ¢1 — kg — bes)(2)] = 0,
(1.4) dgy(z) — s¢5(2) 4+ ra¢2(2)[a(z) + (1 — hr — g2 — beps)(2)] = 0
A (z) — s@h(2) + r3ps(2)[a(z) + (=1 4+ ady + aps — ¢3)(2)] =0,
for all z € R.
According to condition (1.2), the space-time environmental heterogeneity is such that
the favorable region to the three species decreases as time increases. In particular, in the

non-moving frame all species go to extinction. Thus a forced wave must satisfy that

(1.5) (¢1, b2, $3)(o0) = (0,0,0),

which is the only non-negative steady state of the limiting problem as x + st — +o0o. The
condition (1.5) can be verified in the same manner as that of [10, Proposition 2.2]. It is simply
due to the fact that at 400 the growth rate for both preys is negative, which ultimately drive
them as well as the predator to extinction. We refer the reader to [10] and omit its proof
here.

On the other hand, there are several possible limiting states at z = —oo. Since the forced
wave moves to the left, the choice of this limiting state may be interpreted as that of the

initial condition before the climate change. Computing the nontrivial constant states of (1.4)
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without the o term, we find the possible limiting states
(1.6) E,:=(1,0,0), E,:=(0,1,0), E*:=(up,0,w,), E:=(0,v,,w,),

where
140 a—1

Up = Up = 14 ab’ Wp = 14+ ab

Due to our assumption that h < 1 < k, both competing preys cannot co-exist and thus there

is no positive co-existence state for system (1.4) without « term. In particular, the above
formulae for the steady states do not involve the competition parameters h and k.

When the climate change effect is taken into account, there have been a lot of studies on
the existence of forced waves for the scalar equation and two-component competition (or
cooperative) systems. See, e.g., [1, 2, 3, 4, 16, 18, 24] and [11, 12, 13, 32] respectively for
scalar local and nonlocal equations, and [34, 31, 14] for two species models. All models in
these works satisfy the comparison principle so that the classical monotone iteration method
can be applied. With the shifting effect, little is done for two or three species predator-prey
systems where such an approach is not available.

On the other hand, an application of Schauder’s fixed point theorem with the help of
so-called generalized upper-lower solutions has been proved to be very successful in many
homogeneous predator-prey systems (without the shifting effect) to study traveling wave
solutions. In this aspect, we refer the reader to [30, 33, 19, 22, 23, 26, 20, 25, 27, 8, 36] for
2-species cases and to [15, 21, 28, 35, 29, 5, 17, 6, 7] for 3-species cases. Recently, this method
was used to derive the existence of forced waves in the work [9] for a two species predator-
prey system in a shifting environment and in [10] for system (1.1) with two weak competing
preys (i.e. h,k < 1) and with non-equal diffusion. Note that in [9, 10] the monotonicity of
« is imposed, but the shifting effect on the predator is only indirect. In this work, we shall
remove the assumption on the monotonicity of a imposed in [9, 10]. Moreover, we impose
directly the shifting effect in the predator equation of (1.1).

The rest of this paper is organized as follows. In Section 2, we state our main results on the
existence and non-existence of forced waves. We shall deal separately with different types of
forced waves depending on the invaded state (¢1, ¢2, ¢3)(—00). Section 3 is concerned with
the proofs of the existence results by the method of generalized upper-lower solutions. The
formulas of generalized upper-lower solutions for forced waves with invaded states F, and E*
are exactly the same as that in [10]. However, the conditions we impose here are different from
that in [10] (see Remark 2.1 below), to be self-contained and for the reader’s convenience
we give the detailed construction of upper-lower solutions here. The verification of these
upper-lower solutions and the technical computations this involves shall be postponed to

the Appendix. Lastly, in Section 3 we derive the existence of forced waves with invaded
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state F, for any s > 0. In particular, we shall include a very simple proof of the existence
of a positive forced wave for scalar equations without any monotonicity assumption on the

shifting heterogeneity a. See Proposition 3.7 below.

2. MAIN RESULTS

In this section, we proceed to the statements of our main results on sufficient and necessary
conditions for the existence of forced waves. First note that, by a suitable translation,

condition (1.2) can be rephrased as

(2.1) a(z) > —ee”, Vz <0,

for any given positive constant . Indeed, for a given positive constant ¢, from (1.2) we have
0(z) == a(z — M) > —Ce "Mer* > —cef* V2 <0,

if we choose the constant M > K large enough such that Ce™® < e. Replacing a(z) in
system (1.4) by 0(z), without loss of generality and for convenience, we shall assume (2.1) in
the rest of this paper for some € > 0 that can be made arbitrarily small as needed. Note that
a solution (¢1, @9, ¢3)(2) of the translated system (1.4) with a(z) = 0(z) renders a solution
(@1, P2, ¥3)(z + M) of the original system (1.4) with a(z).

In the sequel we denote
B :=1— hu, — bw,, By =1 — kv, — bw,.
Then one can check that g* > 0 and 5, < 0, using h < 1 and k > 1, since
r=1—=h)(14+0)/(1+ab), B.=(1—-k)(1+b)/(1+ ab).

Moreover, these are the growth rates of respectively v around the steady state E*, and u
around the steady state E,, when « is replaced by 0. Hence E* is unstable and FE, is stable
(in the ODE sense and without the a term). Note that E, and E, are always unstable.

Next, we also let

sy i=2+/dra(1 —h), s37:=2:/dryf5*, s3:=2y/drs(a—1),

which denote respectively the minimal traveling wave speeds in the homogeneous equations
Uy = dUgy + mo0(1 — h — ),
Uy = gy + To0(B° — ),
wy = dwg, + rsw(a — 1 —w).
In other words, at least formally s} is the minimal speed of invasion of the strong prey in a
homogeneous environment populated only by its weaker competitor, while s5* is the minimal

speed of invasion of the strong prey in a homogeneous environment populated by both the
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weak competitor and the predator. Similarly, sj may be understood as the minimal invasion
speed of the predator in an environment populated by only one of either prey.

By analogy with the scalar equation, it is natural to expect that the existence or not of
forced waves of (1.1) is related to the value of the shifting speed s and how it compares to
the invasion speeds s3, s and s3*. This is already confirmed by our first main result which

provides necessary conditions for the existence of (positive) forced waves.

Theorem 2.1. Under conditions (1.2) and (1.3), there exists a positive solution (p1, Pa, P3)
of (1.4)

(2.2) with (¢1, P2, ¢3)(—o0) = (1,0,0) only if s > max{s}, s5};
(2.3) with (¢1, ¢, ¢3)(—00) = (0, 1,0) only if s > s5;
(2.4) with (¢1, P2, ¢3)(—00) = (uy, 0,w,) only if s > sb*.

Since the proof of Theorem 2.1 is exactly the same as that of [10, Proposition 4.3], we
omit it here. It relies on estimating the exponential convergence of the forced wave to its
limiting steady state. See also [10, Proposition 4.9]. Hereafter (¢1, ¢2, ¢3) is positive means
¢; > 01in R for all i = 1,2,3. We remark that condition (1.5) is not needed in Theorem 2.1,
since (1.5) is automatically satisfied for any positive solution of (1.4).

In the first type of forced wave in Theorem 2.1, the invaded state is (1,0, 0). Thus in these
forced waves, a pulse of the second (strong competitor prey) and third (predator) species
propagates together with the climate shift, into an environment populated by the first (weak
competitor prey) species. Similarly, in the second type of forced wave a pulse of the weak
prey and of the predator is propagating into an environment inhabited by the strong prey;
in the third type, a pulse of the strong prey propagates into an environment where the weak
prey and the predator cohabit. Note that we omit in Theorem 2.1 the case of a forced wave
whose invaded state is (0, v,, w,). Indeed, (0,v,,w,) is a stable steady state with respect to
the underlying kinetic ODE system (that is, (1.1) with d; = dy = d3 = 0 and a = 0), and
therefore we expect that such a forced wave may exist for any positive speed; see Theorem 2.4

below.

Next, we seek conditions for the existence of these forced waves. We manage to show that,
at least in some parameter ranges, the critical speeds in Theorem 2.1 are optimal. Our next
three theorems each deal with a different type of traveling wave.

Let us first consider forced waves whose invaded steady state at z = —oo is E,,. We let
Q ( ) i dp+r3(a—1)/p, lfpe (07)\u)a
1o s3, if p> A\, = +/r3(a—1)/d.

where p comes from (2.1). Then we have the following result:
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Theorem 2.2. Let conditions (1.2) and (1.3) be enforced. Suppose that ro(1—h) = r3(a—1),
s> Q1(p) and

(2.5) rilk +b(2a—1) — 1] <r3(a—1).
Then there ezists a positive solution of (1.4) satisfying (1.5) and
(2.6) (91, 2, d3)(—00) = (1,0,0),

if s > max{sh, si} = s5 = sj.

Such a forced wave corresponds to a situation where a “pulse” of the strong prey and
the predator travel along the climate change in an environment which is initially populated
only by the weak prey. By an analogy with the homogeneous case, it is expected that such a
forced wave can only be observed in the Cauchy problem if the initial data has a slow enough
(typically exponential) decay as x — —oo. If the initial populations of the strong prey v
and the predator wy are compactly supported, it is therefore expected that both species are
driven to extinction. In other words, this result formally suggests that max{s}, s} is the

maximal bearable climate shift speed in this situation.

Remark 2.1. It is left open whether there are forced waves invading E, when s # s5. We
conjecture that max{s}, si} should be the minimal speed for forced waves.

Also, for the forced waves invading E, for two weak competing preys in [10], we imposed the
condition 0 < b < min{l —h, 1 —k}/(2a) which is void for the case of weak-strong competing
preys here. However, the same formula of upper-lower solutions constructed in [10] works
for Theorem 2.2 with condition (2.5).

Let us now turn to the situation where the invaded state is £*, i.e. the weak prey u cohabits
with the predator w ahead of the climate shift, and the strong prey v is the tentative invader.

In this case, we let

Q ( ) — dp‘l"f’gﬁ*/p, lfp € (Oa)‘*)a
207 85", if p > X = /1 8*/d.

Then we have:

Theorem 2.3. Let conditions (1.2) and (1.3) be enforced. Suppose that s > Qo(p) and
(2.7) max{r[(k — 1)+ b(2a — 1)],r3} < rf".
Then there ezists a positive solution of (1.4) satisfying (1.5) and

(2.8) (¢17¢27¢3)(_OO> = (upvova>v

if s > s5*.
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Similarly as before, this highlights the value s3* as the typical minimal speed for a positive
forced wave into an environment populated only by the weak prey and the predator, (at least
formally) as also the maximal climate change speed that is sustainable for an indigenous
strong prey competitor to persist in such a situation.

Lastly, for the stable state F,, we have

Theorem 2.4. Suppose that

1 1—h—1/a
2. —_— -
(2.9) a>1—h’ b < 50— 1

Then there is a solution (p1, o, ¢3) of (1.4) with ¢; > 0 in R, i = 2,3, such that

(¢17 ¢27 ¢3)(_OO> = (07 Up, wp>7 (¢17 ¢27 ¢3)(OO> = (Ov 07 O)v

for any s > 0.

This shows that, if the strong competitor prey and the predator inhabits the whole (un-
bounded) favorable zone, they naturally always persist ahead of the climate shift, regardless
of the introduction of the weak competitor prey.

Notice that in Theorem 2.4 we do not state that the first component ¢, is positive. Actually
this cannot be ensured in general and there is a parameter range where there does not exist a
forced wave satisfying (@1, @2, ¢3)(—00) = (0, v,, w,) together with ¢; > 0. We shall discuss
this in Section 3.3 after the proof of Theorem 2.4.

In Theorems 2.2 and 2.3, the invaded state is unstable which is why those forced waves
had a positive minimal speed; as far as spreading is concerned, these minimal speeds should
be the maximal climate shift speed allowing the corresponding indigenous species to survive.
Theorem 2.4 is different because the invaded state is stable; such a forced wave represent the
typical large time behavior of solutions of the Cauchy problem. In particular, the fact that
¢1 may be null suggests that the weak competing prey may be fully driven to extinction,
even in the moving frame of the climate shift where the populations of the strong prey and

the predator are diminished.

Remark 2.2. We were unable to derive any nontrivial forced waves invading E,. As a
matter of fact, similarly to the case when the invaded state is E,, one may find a parameter
range where a positive forced wave invading E, simply does not exist. See also Remark 3.1
below. This indicates that a suitable pair of generalized upper-lower solutions is not always

available and its construction is by no means trivial in general.
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3. DERIVATION OF WAVE PROFILES

This section is devoted to the existence of wave profiles by an application of Schauder’s
fixed point theorem. To do so, we first introduce the notion of generalized upper-lower

solutions as follows.

Definition 3.1. Given s > 0. Continuous functions (¢,, ,, ¢3) and (@1,92,%) defined on R
are called a pair of generalized upper-lower solutions of (1.4) if@;,, Q;’, 5;, Qi, 1=1,2,3, are

bounded functions such that the following inequalities hold:

(31)  Uh(2) = dy(2) — 561(2) + 1161 (2)[1 + a(2) — 61(2) — kb, (2) — bg,(2)] <0,
(3.2)  Us(2) 1= dgy(2) — 565(2) + 120 (2)[1 + a(2) — hoy, (2) — Gy(2) — b, ()] < 0,
(3.3)  Us(2) = dy(2) — s@(2) + 1303(2)[—1 + a(2) + ady (2) + ady(2) — By(2)] < 0,
(34)  Li(2) = dg)(2) — 58 (2) + 110, (2)[1 + a(z) — ¢, (2) — ky(2) — by(2)] > 0,
(35)  La(2) 1= dg)(2) — 56,(2) + 128, (2)[1 + a(2) — hy () — 6,(2) — bdy(2)] > 0,
(3.6)  Ls(2) = dgll(2) — 50, (2) + 130, (2)[—1 + a(2) + ag, (2) + ag,(2) — 6,(2)] = 0,

for z € R\ E with some finite set E.

From such generalized upper-lower solutions, one can infer the existence of a solution

(01, 2, P3) to system (1.4), as stated in the following proposition.

Proposition 3.2. Given s > 0. Suppose that system (1.4) has a pair of generalized upper-
lower solutions (¢, by, ¢3) and (¢, 8,.¢,) such that

(3.7) 0.(2) <6i(2), VzeR,i=123,
(3.8) %i\rflgb(&) < hm¢(§) lim g(€) < limgi(6), Vze B, i=123

Then system (1.4) has a solution (¢1, P2, ¢3) such that ¢, < ¢ < ¢, i=1,2,3.

The proof of Proposition 3.2 is based on an application of Schauder’s fixed point theorem.
Its proof is by now standard, thus we safely omit it and refer the reader to, e.g., [30].

With Proposition 3.2 and (1.5) in hand, the remaining task is to construct a suitable pair
of generalized upper-lower solutions that capture the desired left-hand limit at 2 = —oco and
satisfy conditions (3.7) and (3.8). Note that, by the strong maximum principle for scalar
equations, any nonnegative bounded solution (¢, @9, ¢3) of (1.4) satisfies ¢; > 0 in R if
¢; Z 0, for any i € {1,2,3}.

In particular, in the next three subsections we give three different pairs of generalized
upper-lower solutions to address the different types of forced waves according to their left-

hand limit at z = —o0.
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3.1. Case E, = (1,0,0).
In this subsection we construct a pair of generalized upper-lower solutions and prove
Theorem 2.2.
First, we assume that s > sj and let
Ar(N) i=dN? — sA +13(a — 1).
Then, due to ro(1 — h) = r3(a — 1), we also have
Ar(A) = dX? — s\ +1o(1 — h),

and since s > s§ there exist 0 < A; < Ay < 0o such that A;()\;) = 0, ¢ = 1,2. Note that
A1(A) <0 forall A € (A1, Aa).
Let us now briefly check that (1.2) holds with p = A;. On the one hand, notice that

Ay = %{1) € (A, A2). Thus, if p > A, then without any loss of generality we can
reduce p in (1.2) and assume that it holds with p = A;. On the other hand, if p < A,, then
ry(a —1)

s> @Qi(p) =dp+ P

hence
Ai(p) =dp* —sp+r3(a—1) <0.
We find that p € [A1, o], and we conclude as announced that (1.2) holds with p = ;.
Then, due to (2.5), we can choose ¢ such that
—1)—nrmlk+02a—-1) -1
(3.9) 0<e<ml@zl “[TJF @a-1) 1]
1
and, by a translation, (2.1) holds for this € and with p = A;.
We now define
El(z) = 1> ?1(2) = max{l - e>‘12>0}a
(3.10) $y(2) = min{eM*, 1}, ¢,(2) = max{e” — ge"*, 0},
¢3(2) = (2a — 1) min{eM?, 1}, ¢,(2) = max{(2a — 1)eM* — gzet**, 0},
where p; € (A, min{\y,2X1}), 7= 1,2, and
6+1+b(2a—1)]}
—Ai(p) ’

(3.12) ¢2 > max {2& -1, rs(2a __125(:2()% — 1] } .

Then we have the following lemma, whose proof we postpone to the Appendix.

(3.11) ¢ >max{1,r2[

Lemma 3.3. Let the assumptions of Theorem 2.2 be enforced. Assume that s > s5. Then the
functions (¢, by, b3) and (¢, 0,: ¢,) defined by (3.10) are a pair of generalized upper-lower
solutions of (1.4) such that conditions (3.7) and (3.8) hold.
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Next, we assume that s = s. In this case, A;(\) = 0 has a double root A, > 0. We

choose € such that

_ e{rs(a—1) —ri[k+b(2a — 1) — 1]}

3.13 0<
(3.13) : -

and, similarly as above and up to a translation, we assume that (2.1) holds with this e
and p = \,.
Set By := A\ue, and define

— 1+ Bozet?, z < —1/\,,
17 Ql(z) B {07 z Z _1/>\u7

3,(2) —BozeM* 2 < =1/, 6.(2) —BozeM® — ggr/|z]eM®, 2 < 2,
Z) = zZ) =
2 1, z > —1/A,, —2 0, z > z3,

—_ o —(2(1, — 1)302’6)\“2, z < _1/)\1“
(bg(Z) B {Qa — 1, z > _1/)\1“

?3(2) _ {(2a -1 {—Boz — (MM} M 2 <,

0, 2 > 24,

where 23 := —(q3/Bo)?, z1 := —(qu/Bo)?, g3 > ev/Au, @1 > (2a — 1)ey/A, and

By i 5 5/2 7 7/2

By 5\ 5/2 7\ 7/
1 4 — — 1)By | —
(3.15) qs > r3<d) 5(230) + (a4 1)By 5B,

Note that z; < —1/\,, i = 3,4, and s = s§ = 2d\,. Then we have:

)

Lemma 3.4. Let the assumptions of Theorem 2.2 be enforced. Assume that s = si. Then
the functions (¢,, by, ¢3) and (@1,92,%) defined above are a pair of generalized upper-lower
solutions of (1.4) such that conditions (3.7) and (3.8) hold.

We again postpone the proof to the Appendix. Note that in both cases s > s} and s = s,
the generalized upper-lower solutions satisfy (¢, ¢y, ¢3)(—00) = (9, &, 0,)(—00) = (1,0,0).
Thus Theorem 2.2 is proved by combining Lemmas 3.3 and 3.4 with Proposition 3.2 and
(1.5).

3.2. Case E* = (uy,0,w,).

Let us now turn to the proof of Theorem 2.3. As in the previous section, we first consider

the case s > s3*. Set

Ag(N) == d)N? — s\ + 1y 5*.
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Then Ay(M\) = 0 has two real roots A;, i = 3,4, with 0 < A3 < Ay and Ay(\) < 0 for all
A € (A3, Ag). Thanks to (2.7), we can choose ¢ such that

(3.16) 0 < & < min{(rsf*/r1) — [(k — 1)+ b(2a — 1)], (raf3* /r3) — 11

Due to s > Q2(p), one can check that p > A3, hence up to a translation and without loss of
generality we can assume that (2.1) holds with this e and p = As.
We construct
1(2) = min{u, + bw,e*** 1}, Ql(z) = max{u,(1 — *%),0},
o(2) = min{e?* 1}, %(z) = max{e’* — ne”? 0},

5(2) = min{w, + B1e*** 2a — 1}, Qs(z) = max{w,(1 — e***),0},

(3.17)

o S o

where By :=2a — 1 — w,, v; € (A3, min{\y,2X3}) and 7, satisfies

role + 14+ 0(2a — 1)) }
—AQ(Vl)

(3.18) m > max{l,

Then we have:

Lemma 3.5. Let the assumptions of Theorem 2.3 be enforced. Assume that s > s5*. Then
the functions (¢, ¢y, ¢3) and (?1’?2’?3) defined by (3.17) are a pair of generalized upper-
lower solutions of (1.4) such that conditions (3.7) and (3.8) hold.

Next, we assume that s = s5*. In this case, A2(A) = 0 has a double root \* = /1% /d > 0.
We choose ¢ such that

(3.19) 0 <e<emin{(r:8*/r1) — [(k— 1) +b(2a — 1)], (re8*/13) — 1}

and, similarly as before, we can assume that (2.1) holds with this € and p = \*.
We define

— U, — bw,ByzeN *, z < —1/\*, Uyl + Bozer'?], z < —1/)\*,
¢1(Z) — P p22 . / Ql(z) — p[ 2 . ] /
1, 2> —1/)", 0, 2> 1/,
— | eBezetE 2 < =1/, | =ByzetE — /]2 E, 2 < 2,
— w, — B1ByzeN*, 2 < —1/\*, wp[l + BozeM'?], 2 < =1/,
¢3(Z) — p 122 . / ?3(2) — p[ 2 . ] /
20 —1, z > =1/, 0, z>—1/\%,

where By = 2a — 1 — wy, By := N*e, 25 := —(12/B2)? and 1), satisfies

5 5/2 7 7/2

Note that zg < —1/A* and s = s3* = 2d\*. Then we have:

B
(3.20) 72 > max {eﬁ, 47’272

} |
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Lemma 3.6. Let the assumptions of Theorem 2.3 be enforced. Assume that s = s5*. Then
the functions (¢,, by, ¢3) and (@1,92,%) defined above are a pair of generalized upper-lower
solutions of (1.4) such that conditions (3.7) and (3.8) hold.

The proofs of Lemma 3.5 and 3.6 shall be dealt with in the Appendix. In either cases we
have (¢, ¢q, ¢3)(—00) = (9 By0 @,)(—00) = (up,0,wp), so that Theorem 2.3 immediately
follows by combining Lemmas 3.5 and 3.6 with Proposition 3.2 and (1.5).

3.3. Case E, = (0, vy, wp).

We now turn to last case of a forced wave satisfying (41, ¢2, ¢3)(—00) = Ei, and throughout
this subsection we fix s > 0. In particular we will discuss the positivity (or not) of such a
forced wave at the end of this section.

Unlike E, and E*, the steady state FE, is stable with respect to the underlying ODE
system (i.e. without diffusion) without climate shift (i.e. a = 0). Thus we use here a
different approach by comparison with traveling waves of some scalar equations. Our first
step is to prepare the following proposition (see [4, 18] for similar result under a monotonicity

assumption on ).

Proposition 3.7. Let a be a negative bounded continuous function such that there ewist

positive constants C, p and K with

(3.21) a(z) > —Ce” V2 < —-K; a(z) < -1, Vz> K.

Given positive constants d,s,r and 0 < v < —limsup,_,, . @(z), then there is a solution ¢
to

(3.22) dg"(z) — s¢'(2) + ré(2)[y + A(2) — ¢(2)] = 0, z € R,

(3.23) ¢(—00) =7, ¢(o0) =0,

such that 0 < ¢ < in R. Moreover, there is a positive constant \g € (0, p) such that

¢(z) = (1 —e™?),

for all z < 0.

Proof. To construct a solution of (3.22)-(3.23), we use the monotone iteration method to-
gether with a pair of super-sub-solutions. On one hand it is clear that ¢(z) = 7 is a
super-solution.

For the sub-solution, we first choose a positive constant \y < p small enough such that
dN\2 — sAg < 0. Then we choose £ > 0 small enough such that

(3.24) d\; — s\ +71e < 0.

Up to a translation, & satisfies (2.1) with this chosen e.
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Let ¢(z) = ymax{1l — e’ 0}. We compute, for z < 0,
dg"(2) — s¢/(2) + ré(2)ly + a(z) — ¢(2)]
—veAOZ(dAg — 8Ag) + ry(1 — e)‘oz)h —ce”” —y + ’}/6)‘02]
>y AN — sAg + reelPF) > 0,

v

due to A\g < p and (3.24). Hence ¢ is a sub-solution of (3.22).

It follows from the monotone iteration method that a solution ¢ of (3.22) exists such that
¢(—o0) =~ and ¢ < ¢ < ¢ in R. The fact that ¢(co) = 0 follows from the negativity of the
reaction term v + @(z) at oo, by the same proof as that of [10, Proposition 2.2]. Thus the
proof of Proposition 3.7 is done. U

Next, we remark that any bounded nonnegative solution (@1, ¢o, ¢3) of (1.4) must satisfy
?1 3:0§¢1§$1 =1,
0< ¢ < yi=1,
0< 3 < y:=2a—1,
in R. This simply follows from the maximum principle for scalar equations, noticing for
instance that
dey — s¢) +ri¢1 [1 — ¢1] > 0.
It follows from assumption (2.9) that b(2a — 1) < 1 — h, and then from Proposition 3.7
that there is a solution ¢ = ¢, to

do"(z) — s¢'(2) + rag(2)[y2 + a(z) — ¢(2)] =0, z € R.
¢(—o0) =7y :=1—h—>0b2a—1) >0, ¢(c0) =0,

such that 0 < ¢, <7, < land ¢, (z) > 72(1—e*%) for all z < 0 for some constant \g € (0, p).
Using again assumption (2.9) and Proposition 3.7 (with v = ~y3 defined below, @ = a +

(3.25)

a(¢, — 72) and the constant p in (3.21) is replaced by Ag), we have a solution ¢ = ¢, to

20 {d¢"<z> —5¢/(2) + (1 + 0(2) + s () — G =0, 2 € R,
¢(—00) =3 := —1+ay >0, ¢(c0) =0,
suchthat0§93§73<a—1<2a—1.

Then one can check that (¢, ¢, ¢5) and @1’ B, 93) are continuously differentiable such
that (3.1)-(3.6) hold for all z € R. Hence they are a pair of generalized upper-lower solutions
of (1.4) such that (3.7) and (3.8) hold. It follows from Proposition 3.2 that a solution
(41, B2, ¢3) of (1.4) exists such that ¢, < ¢; < @1 =1,2,3. Also, (¢1, ¢z, $3)(c0) = (0,0,0),
by (1.5).

To derive (¢1, ¢o, ¢3)(—00) = E,, we use the method of contracting rectangles. We refer
the reader to [6, section 4.3.1] for the details. This proves Theorem 2.4.
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We conclude this section by discussing the positivity of the forced wave (¢1, ¢, ¢3) connect-
ing (0,v,,w,) and (0,0,0). The positivity of the second and third component immediately
follows from the strong maximum principle, yet it remains an open question whether ¢; > 0.
Actually, one may check that ¢; = 0 in some parameter range.

Indeed, consider (¢1, @2, ¢3) constructed above. First, we have that ¢o > ¢, and ¢3 > ¢,
hence

ddy — s¢1 +rigi(l+a — ¢ — ko, —bg,) > 0.
Furthermore, by construction the functions ?2 and ?3 are positive and independent of the pa-
rameter k. They also have positive limits at —oo, while limsup,_, ., a(2) < —1. Therefore,
one can find k large enough such that
l+a—¢1—ko,—bp, <0

for all z € R. Thus, the function ¢; cannot admit a positive maximum. Since ¢;(£o0) =0,
we conclude that ¢; = 0. As announced, the first component of the forced wave may not be
positive.

Notice that we carried out the above argument only for the forced wave that we con-
structed, which a priori may not be the unique forced wave connecting (0, v,, w,) and (0, 0, 0).
However, in Proposition 3.7 it is possible to choose ¢ as the minimal positive and bounded
solution of (3.22)-(3.23), which is stable from below. Thus, one may check by comparison
arguments with scalar equations that any forced wave (g1, @9, ¢3) still satisfies ¢o > @2 and

O3 > 93’ hence the above argument still applies.

Remark 3.1. We point out that a similar argument can be made for forced waves (¢1, ¢o, P3)
whose invading state is E, = (0,1,0). Indeed ¢, above still acts as a subsolution for the
do-equation, and putting this into the first equation, one can find k large enough so that
1+0z—k92 < 0, hence 1 = 0.

4. APPENDIX: VERIFICATIONS OF UPPER-LOWER SOLUTIONS

In this section, we prove Lemmas 3.3 to 3.6. Since conditions (3.7) and (3.8) clearly
hold, we only verify conditions (3.1)-(3.6) for each case. Moreover, since these conditions
are also trivial in the subdomains where the generalized upper-lower solutions are constant,
it suffices to check (3.1)-(3.6) in the ranges where the generalized upper-lower solutions are

non-constant.

Proof of Lemma 3.3. 1t is clear that U;(z) < 0 for all z € R.

Next, for z < 0 we compute

Us(2) < eM*(dNT — sA1) + 1oeM* {1 — h 4 heM® — M7} = rpe??(h — 1)eM* < 0,
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using a <0, ¢, > 0, h <1 and Ai(A1) =0.

For z < 0, we also have

Us(z) < (20— 1)eM*(dN? — s\1) +1r3(2a — 1)eM*{—1 + a + ae™* — (2a — 1)eM?}

= 713(2a — 1)eM*(1 — a)e™* <0,

using a < 0, A;(A\1) =0 and a > 1.

Now we turn to the lower solutions. For z < 0, we compute

L1(2) —eMZ(dA? — sAy) (1 — M) {—eeM® 4 eMF — ke — b(2a — 1)eM?}

>
> eM{ry(a—1) —rife+k+b(2a—1) —1]} >0,
using (2.1) with p = Ay (see the discussion in Subsection 3.1), A;(A\;) = 0 and (3.9).

For ¢, there is 21 < 0 (due to ¢1 > 1) such that ¢ (z) = eM? — qe* for z < z; and

¢,(2) =0 for z > z. Then we compute, for z < z,

Ly(z) > NN = shi) — @ " (dpi — sp)
+ro(eM? — gt ) {1 — h — eeM® — (eM* — qre?) — b(2a — 1)eM*}
> e —qr Ay () — rae®M % [e £ 14+ b(2a — 1)]} > 0,
where we used (2.1) with p = A1, A1 (A1) =0, Ay (p1) <0, gy < 2X; and (3.11).
Lastly, there is zp < 0 (due to ¢» > 2a — 1) such that ¢,(z) = (2a — 1)eM?® — guer2* for

z < z and ¢,(z) = 0 for z > z;. Similarly, we have £3(z) > 0 for z < 2, by using the choice
of g2 in (3.12). This proves Lemma 3.3. O

Proof of Lemma 3.4. For z < z, :== —1/\,, we compute

Usy(2) < —Boze™*(dN\? — s\,) — Boe*(2d\, — s)
—7’23026)\“2{1 —h— hBoze)‘“Z + Boze)‘“z}
= —ryByze™*{—hByze™* + Byze*} <0,
using @ < 0, s = 2dA,, ¢, > 0, h <1 and 4;(\,) = 0. We point out that s = 2dA, comes
from the fact that A, is a double root of A;(\) = 0, and this shall be used again below.

For the last upper solution, for z < z, we also have
Us(2) < —(2a — 1) Byze™*{(d\2 — s\,) + 73[—1 4+ a — (1 — a)Byze ]} <0,

using o < 0, s = 2d)\,, a > 1 and A;()\,) = 0.
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Next, for z < z, we compute
Li(z) > —ByzeM*(—d)\2 + s\,) — Boe*(—2d\, + s5) — 71 (1 + Byze?)eer*
—r1 (1 + Boze™*){1 — k — b(2a — 1)} Byze**
—Boze™*{rs(a — 1) — rife(—2By) ™' + k 4+ b(2a — 1) — 1]}
> —Byze™ {rs(a—1) —rie/e + k +b(2a — 1) — 1]} >0,

v

using (2.1) with p = A, s = 2d\,, k > 1, A1(\,) =0, By = \ye = —¢/z, and (3.13).

Moreover, for z < z3, we have

1
Lal) 2 (=2) Ydgye
—Tg(—B()Z —q3\/ |® | |){€ — B()Z — {3/ |Z b 2a — 1 Boz}ez)‘“z
1
> 5 (=2)72dgse™* + roByze®*{e — [1 + b(2a — 1)] Bz}
1

= Z(—z)_?’/%)‘“z {dq3 — 47”230[(—2)5/286)‘“'2 + (—2)7/230(1 + b(2a — 1))6’\“2]} ,

using (2.1) with p = Ay, s = 2d\,, h < 1 and A;(\,) = 0. Recall the fact that, for a given
constant v > 0,

v
(—2)eM < (%) = (v/By)", Vz<0.

It then follows from (3.14) that L£o(z) > 0 for all z < z3 < 0.
Finally, a similar calculation also leads £3(z) > 0 for all z < z4, using (3.15). The lemma

is thus proved. O

Proof of Lemma 3.5. For z < 0, we calculate
Ui (2) < bwpe™ (dA3 — sAz) + 71 (up + bw,ye) {1 — u, — bw,e™* — bw, + bw,e**} <0,

using a < 0, ¢, >0, 1 —u, — bw, = 0 and Ax(A3) = 0.

Also for z < 0, we compute
Us(z) < 6)‘32(60\:23 — sA3) + 7’26)‘32{1 — hu, + hup — M bw, + bw,e ’\3Z} <0,
using a < 0, Ay(A3) =0 and —1 + hu, + bw, = —* < 0, and
Us(2) < B1e™*(d\2 — s)3) + 1305(2){—1 + au, + abw,e** + ae** — w, — Bye™*} <0,

using As(A3) =0, —1 + au, —w, = 0 and the fact that abw, +a — By = 0 by the definitions

of By and wy,.
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Next, we compute, for z < 0,

L1(2) > —upe™(dN; — s)3) + riuy(1 — ) {—ee?® + u,e’* — ke — bB, %}
= —u,e™ (dN3 — sA3) +riuy(1 — %) {—ee™* — (k — 1)e™* — b(2a — 1)e™*}
> w,e {ryff* — rife + (k — 1) + b(2a — 1)]} >0,
using (2.1) with p = A3 (see the discussion in Subsection 3.2), u, + bw, = 1, A3(A\3) = 0 and
(3.16).
Now, due to n; > 1, there is 25 < 0 such that ¢_(2) = e*3* —n e for 2 < z5 and ¢,(2) =0
for z > z5. Then we have, for z < z5 < 0,
Lo(2) > e (dN; — s)\3) — me”*(dvi — svy)
o (€% — e ?){ B — ee™* — hbw,e** — e + ne”'* — bB e’}
e = Ay(v1) — rofe + 1 4+ b(2a — 1))ePer1)2)
+rome”*{ee?® + hbw,e™* + ?,(2) + bB, e}
> e —mAy(1) — rale + 14+ D(2a — 1)]ePa)2} >

v

using As(A3) =0, By =2a— 1 —w,, h <1, Ay(1n) <0, 14 < 2)3 and (3.18).

Finally, for z < 0, we compute in a similar way that
L3(2) > —w,e™*{d\2 — sh3 +r3(e + 1)} = —w,e™* {—ry* +r3(e + 1)} >0,

using (2.1) with p = A3, —1+au, —w, =0, (3.16) and Ay(A3) = 0. This completes the proof

of the lemma. O

Proof of Lemma 3.6. Set z* := —1/\* for notational convenience. For z < z*, we have

U(2) < —bw,Boze*(d(X)? — s\*) — bw, Boet *(2dN* — s)
+710,(2){1 — up + bwyBoze* — bw, — bw, Byze’ *} <0,

using & < 0, ¢, >0, s = 2dA", 1 — u, — bw, = 0 and Ay(A*) = 0.

Next, for z < z* we compute
Us(2) < —rngze)‘*z{B*Bﬂe)‘*z} <0,
using a < 0, s = 2dX\*, A2(A\*) =0 and 8* =1 — hu, — bw, > 0, as well as
Us(2) < —B1Byze? *{d(\*)* — sA*} <0,

using o < 0, s = 2d\*, —1 + au, —w, =0, Ay(A\*) =0 and By = 2a — 1 — w, = a(bw, + 1)
due to w, = (a — 1)/(1 + ab).
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For the lower solutions, the computations proceed similarly as in the proof of Lemma 3.4,

so that we only sketch these. First, we have for z < z* that
L1(2) > —uy,Byze *(ry8*) — riup{ee’ ™ — [(k — 1) + b(2a — 1)] Byze* #} > 0,

using (2.1) with p = A*, s = 2d\*, A3(A\*) =0, Boz = Nez < —e for z < 2" = —1/\*, (2.7)
and (3.19). Then, for z < z,

]_ * * *
Lo(z) > Z(—z)_?’/ze)‘ “{dny — 4ryBo[(—2)%?ee* + (1 4 hbw, + bBy) x (—2)"?Bye? ?]}
]_ * * *
> Z(_Z>_3/2€)\ {dny — 47”232[(—2)5/286)\ 4+ (1+b(2a—-1)) x (—z)7/2B2e’\ 1} >0,

using (2.1) with p = \*, s = 2d\*, A2(A*) = 0, h < 1 and (3.20). Finally, £3(z) > 0 for
z < z* follows in the same manner as before (using (2.7) and (3.19)). This concludes the

proof of Lemma 3.6. 0
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