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ON THE ROLE OF ANISOTROPY IN THE WEAK STABILITY OF THE

NAVIER-STOKES SYSTEM

HAJER BAHOURI, JEAN-YVES CHEMIN, AND ISABELLE GALLAGHER

ABSTRACT. In this article, we investigate the weak stability for the three dimensional in-
compressible Navier-Stokes system. Because of the invariances of this system, a positive
answer in general to this question would imply global regularity for any data. Thus some
restrictions have to be imposed to hope to prove such a weak openness result. The result
we prove in this paper solves this issue under anisotropy assumption. To achieve our goal,
we write a new kind of profile decomposition and establish global existence results for the
Navier-Stokes system associated with new classes of arbitrarily large initial data generalizing
the examples dealt with in [14, 15, 16].
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1.1. Setting of the problem. We are interested in the Cauchy problem for the three di-

mensional, incompressible Navier-Stokes system
du+u-Vu—Au=—-Vp in RY xR3
divu =0

Ujg=0 = U0,

where u(t, x) and p(t, x) are respectively the velocity and the pressure of the fluid at time ¢ > 0

and position z € R3.

Key words and phrases. Navier-Stokes equations; anisotropy; Besov spaces; profile decomposition; weak

stability.
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An important point in the study of (NS) is its scale invariance, which reads as follows: defining
the scaling operators, for any positive real number A and any point zg of R?,

def 1 t z—xo def 1 t
(1.1) Mragd(t,2) E $6(55. 75) and Mo(ta) € So(55.7)
if u solves (NS) with data ug, then Ay 5 u solves (NS) with data Ay z,uo. Note in particular
that in two space dimensions, L®(R*; L?(R?)) is scale invariant, while in three space di-

143

mensions that is the case for L>®(RT; L3(R?)) or the family of spaces L°(R™; B, , 7 (R3))%,
with 1 <p < oo and 0 < ¢ < 0.

Let us also emphasize that the (NS) system formally conserves the energy, in the sense that
smooth enough solutions satisfy the following equality for all times t > 0:

1 t 1
(1.2) 5”“@)”%2(1@3) +/0 Hvu(t/)Hi2(R3) dt' = 5”“0“%2(1@3) .

The energy equality (1.2) can easily be derived observing that thanks to the divergence free
condition, the nonlinear term is skew-symmetric in L?: one has indeed if v and p are smooth
enough and decaying at infinity

(u(t) - Vu(t) + Vp(t)|u(t)) ., = 0.

The mathematical study of the Navier-Stokes system has a long history beginning with the
founding paper [37] of J. Leray in 1933. In this article, J. Leray proved that any finite
energy initial data (meaning square-integrable data) generates a (possibly non unique) global
in time weak solution; and this in any dimension d > 2. He moreover proved in [38] the
uniqueness of the solution in two space dimension, but in dimension three and more, the
question of the uniqueness of Leray’s solutions is still an open problem. Actually the difference
between dimension 2 and higher dimensions is linked to the fact that [[u(t)]| 22y is both
scale invariant and bounded globally in time thanks to the energy estimate, while it is not
the case in dimension d > 3 (since L2(R?) is not scale invariant).

Recall that v € L2 ([0, T] x R?) is said a weak solution of (NS) associated with the data ug if

loc

for any compactly supported, divergence free vector field ¢ in C*®([0,T] x R3) the following
holds for all t < T

t
/u-¢(t,x)dm:/ U0($)'¢(Oa$)d$+//(u-A¢+u®u:V¢+u-8t¢>)dxdt',
R3 R3 0 JR3

with
uRu: Vo def Z Wk oL .
1<5,k<3
Weak solutions satisfying the energy inequality

1 ¢ 1
(13 SO, + [ IV e, ' < luolaes
are said to be turbulent solutions, following the terminology of J. Leray [37].

In what follows, we say that a familly (X7)7so of spaces of distributions over [0, 7] x R3 is
scaling invariant if for all T > 0 one has, under Notation (1.1)

VYA > 0,Vzg € Rg, u € Xr < A,\@Ou € Xy-2p with HUHXT = ||A)\,wou||X>\72T .
Similarly a space Xq of distributions defined on R? will be said scaling invariant if

YA > 0,z € R®, ug € Xg <= Ay zouo € Xo  with  Jlugllx, = [|Axzouollx -

143
Here Bp,?_" (R?) denotes the usual homogeneous Besov space (see [2], [9] or [49] for a precise definition).
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This leads to the definition of a scaled solution, which will be the notion of solution we
consider throughout this article.

Definition 1.1. A vector field u is said a scaled solution to (NS) associated with the data ug
if it is a weak solution, belonging to a family of scaling invariant spaces.

After Leray’s results, the question of the global wellposedness of the Navier-Stokes system in
dimension d > 3 was raised, and has been open ever since, although several partial answers
to the construction of a global unique solution were established since (we refer for instance
to [2] or [36] and the references therein for recent surveys on the subject). Let us simply
recall the best result known to this day on the uniqueness of solutions to (NS), which is due
to H. Koch and D. Tataru in [35] : if

1

Juollmaio-1casy 2 ol = gy + sup — / (e o) (t, )/ dydt )
' zcR3 R2 N J[0,R?]xB(z,R)
R>0

is small enough, then there is a global, unique solution to (NS), lying in BMO™! N X for all
times, with X a scale invariant space to be specified — we shall not be using that space in the
sequel. Note that the space BMO™! is invariant by the scaling operator Az, and that the
norm in BO_O%OO(R:)’) denotes a Besov norm. Actually, the Besov space B3, (R3) is the largest
space in which any scale and translation invariant Banach space of tempered distributions
embeds (see [41]). However, it was proved in [10] and [23] that (NS) is illposed for initial
data in B! (R?).

Our goal in this paper is to investigate the stability of global solutions. Let us recall that
strong stability results were achieved. Namely, it was proved in [1] (see [20] for the Besov
setting) that the set of initial data generating a global solution is open in BMO™!. More
precisely, denoting by VMO™! the closure of smooth fucntions in BMO™!, it was established
in [1] that if ug belongs to VMO™! and generates a global, smooth solution to (NS), then
any sequence (U )nen converging to ug in the BMO™! norm also generates a global smooth
solution as soon as n is large enough.

In this paper we would like to address the question of weak stability:

If (uwo,n)nen, bounded in some scale invariant space Xg, converges to ug in the sense of
distributions, with uy giving rise to a global smooth solution, is it the case for ug, when n
is large enough ?

Because of the invariances of (NS) system, a positive answer in general to this question would
imply global regularity for any data and so would solve the question of the possible blow up
in finite time of solutions to (NS) which is actually one of the Millenium Prize Problems in
Mathematics. Indeed, consider for instance the sequence

(1.4) Uom = Aa®o(An ) = Ay, B with  lim ()\n n i) — 0,

’ n n—00 n
with &y any smooth divergence-free vector field. If the weak stability result were true, then
since the weak limit of (ug)nen is zero (which gives rise to the unique, global solution which
is identically zero) then for n large enough wg, would give rise to a unique, global solution.
By scale invariance then so would ®, and this for any ®¢, so that would solve the global
regularity problem for (NS). Another natural example is the sequence

(15) Ugn = (I)O( - xn) = A1,acn(1)0 s

with (2, )nen a sequence of R? whose norm goes to infinity. Thus sequences built by rescaling
fixed divergence free vector fields according to the invariances of the equations have to be
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excluded from our analysis, since solving (NS) system for any smooth initial data seems out
of reach.

Thus clearly some restrictions have to be imposed to hope to prove such a weak openness
result. Let us note that a first step in that direction was achieved in [4], under two additional
assumptions to the weak convergence. The first one is an assumption on the asymptotic
separation of the horizontal and vertical spectral supports of the sequence (ug r,)nen, while the
second one requires that some of the profiles involved in the profile decomposition of (g )nen
vanish at zero. In this paper, we remove the second assumption and give a positive answer
to the question of weak stability, provided that the convergence of the sequence (ugn)nen
towards wup holds ”anisotropically” in frequency space (see Definition 1.4 below). The main
ingredient which enables us to eliminate the second assumption required in [4] is a novel
form of anisotropic profile decomposition. This new profile decomposition enables us to
decompose the sequence of initial data ug,, up to a small remainder term, into a finite sum
of orthogonal sequences of divergence-free vector fields ; these sequences are obtained from
the classical anisotropic profile decompositions by grouping together all the profiles having
the same horizontal scale. The price to pay is that the profiles are no longer fixed functions
as in the classical case, but bounded sequences. To carry out the strategy of proof developed
in [4] in this framework, we are led to establishing global existence results for (NS) associated
to new classes of arbitrarily large initial data generalizing the examples dealt in [14, 15, 16],
and where regularity is sharply estimated.

1.2. Statement of the main result. We prove in this article a weak stability result for
the (NS) system under an anisotropy assumption. This leads us naturally to introducing
anisotropic Besov spaces. These spaces generalize the more usual isotropic Besov spaces,
which are studied for instance in [2, 9, 49].

Definition 1.2. Let X (the Fourier transform of x) be a radial function in D(R) such
that X(t) = 1 for |t| < 1 and X(t) = 0 for |t| > 2. For (j,k) € Z2, the horizontal trun-
cations are defined by

ShFE) LR (27 (6, ))) f(6) and AR sk gk

and the vertical truncations by

v def ~ o r v def v v
SFERRTIG)FE) and AYE S, - S).

For all p in [1,00] and q in ]0,00], and all (s,s') in R? with s < 2/p,s’ < 1/p (or s < 2/p
and s’ < 1/p if ¢ = 1), the anisotropic homogeneous Besov space Bp'y is defined as the space
of tempered distributions f such that

def

HfHB;:(SI’ -

254 | ALY o

< 00.
09

In all other cases of indexes s and s', the Besov space is defined similarly, up to taking the
quotient with polynomials.

Remark 1.3. The Besov spaces B;:Zl (for s # ') is anisotropic by essence, which as
pointed out above, will be an important feature of our analysis. These spaces have prop-
erties which look very much like the ones of classical Besov spaces. We refer for instance
to [2], [18], [25] and [43] for all necessary details. By construction, these spaces are defined
using an anisotropic Littlewood-Paley decomposition. It is useful to point out that the hor-
izontal and vertical truncations S, A},;, SY and A;? introduced in Definition 1.2 map LP

J
into LP with norms independent of k, 7 and p. For our purpose, it is crucial to recall the
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following inequalities known as Bernstein inequalities: if 1 < p; < po < oo, then for any
aeN?and m e N

(1.6) 108, ) AR F Il Loz (2.2 (mY)

(1.7) 102385 f Il L (r2; 172 (m)) R2L71 (R)) >
as well as the action of the heat flow on frequency localized distributions in an anisotropic
context, namely for any p in [1, o]

(1.8) HetAA]’gA}/fHLp < e_Ct(22k+22j)HA}];A;‘/f”LP

~

PRl 20/ P | AR F| 1y g yy A

S
< 2j(m+1/p1—1/p2)HA})f”U(

s,s’

Notation. To avoid heaviness, in what follows we denote by B5* the space By, by B® the

1421 .
space B*2 and by B, 4 the space By, ” *. In particular By = B°.
Let us point out that the scaling operators (1.1) enjoy the following invariances:
HA)\::BOQOHBp,q = HSOHBp,q a'nd

)

vreflod, [Ann®| LI

142421 1
(RJrB oy »Pp,q ?)

Dp.g

and also the following scaling property:
(1.9) Vre[l,oo],Vo eR, |[Axg®|
L?"

2,2 1 .
71+E+?7o-17

(R*;Bp,q ")
The Navier-Stokes system in anisotropic spaces has been studied in a number of frameworks.
We refer for instance, among others, to [4], [18], [25], [27] and [43]. In particular in [4] it is
proved that if ug belongs to B%, then there is a unique solution (global in time if the data is
small enough) in L2([0, T]; B'). That norm controls the equation, in the sense that as soon as
the solution belongs to L2([0,T]; BY), then it lies in fact in LT([O,T];B%) for all 1 <r < oo.
The space B! is included in L* and since the seminal work [37] of J. Leray, it is known that
the L2([0,T]; L>°(R?)) norm controls the propagation of regularity and also ensures weak
uniqueness among turbulent solutions. Thus the space B is natural in this context.

R e N)‘U”(I)HU

Dp.g

As mentioned above the result we establish in this paper involves an anisotropy assumption
on the sequence (ug n)nen of initial data. Let us introduce this assumption that we call notion
of anisotropically oscillating sequences, and which is a natural adaptation to our setting of
the vocabulary of P. Gérard in [22].

Definition 1.4. Let 0 < g < oo be given. We say that a sequence ( fy,)nen, bounded in By 4,
is anisotropically oscillating if the following property holds. There exists p > 2 such that for
all sequences (ky, j,) in ZN x ZN,

e ok (—142) 42 g, S
(1.10)  liminf 2 CEDEVAL AY fall sy =C >0 = lim [y — kn| = 00
Remark 1.5. In view of Bernstein inequalities (1.6) and (1.7), it is easy to see that any
function f in B; 4 belongs also to By o for any p > 1 hence

142y d
feBig=— sup 2XCTITLALAYF| L < o0
(k.j)ez?
The left-hand side of (1.10) indicates which ranges of frequencies are predominant in the se-
2 in .
quence (fp,): if lim inf ofn(Z1H+3)+ 5 | AR A7 fnllLr is zero for a couple of frequencies (2Fn 20n),
n—00 n n
then the sequence (fy)nen is “unrelated” to those frequencies, with the vocabulary of P.
Gérard in [22]. The right-hand side of (1.10) is then an anisotropy property. Indeed one sees
easily that a sequence such as (ug,)nen defined in (1.4) is precisely not anisotropically oscil-

lating: for the left-hand side of (1.10) to hold for this example one would need j,, ~ ky, ~ n,
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which is precisely not the condition required on the right-hand side of (1.10). A typical
sequence satisfying Assumption (1.10) is rather (for a € R?)

fn(z) := 2a”f(20m’(x1 —a1),2% (29 — ag), 27" (x5 — ag))7 (, B) €eR?, a#p
with f smooth.

Our main result states as follows:

Theorem 1. Let g be given in |0,1[ and let ug in By, generate a unique global solution
to (NS) in L*(R*; B). Let (ugn)nen be a sequence of divergence free vector fields converging
towards wy in the sense of distributions, and such that (ug, — uo)nen is anisotropically
oscillating. Then for n large enough, g, generates a unique, global solution to (NS) system
in the space L?(R*; Bl).

Remark 1.6. One can see from the proof of Theorem 1 that the solution u,(t) associated
with wug, converges for all times, in the sense of distributions to the solution associated
with ug. In this sense the Navier-Stokes system is stable by weak convergence.

The proof of Theorem 1 enables us to infer easily the following result, which generalizes the
statement of Theorem 1 to the case when the solution to (NS) system generated by wg is
assumed to blow up in finite time (for a strategy of proof, one can consult [4]).

Corollary 1.7. Let (uon)nen be a sequence of divergence free vector fields bounded in the
space Bi,q for some 0 < q < 1, converging towards some ug in By 4 in the sense of distribu-
tions, with uo—(uo n)nen anisotropically oscillating. Let u be the solution to the Navier-Stokes
system associated with ug and assume that the life span of u is T* < oo. Then for all pos-
itive times T < T™, there is a subsequence such that the life span of the solution associated
with wo,y, 15 at least T'.

Remark 1.8. As explained above, the natural space in our context would be BY. For
technical reasons, we assume in our result more smoothness on the sequence of initial data,
since obviously by Bernstein inequalities (1.6) and (1.7), we have By , — B°.

1.3. Layout. The proof of Theorem 1 is addressed in Section 2. In Paragraph 2.2, we provide
a new kind of “anisotropic profile decomposition” of the sequence of initial data, whose proof
can be found in Section 3. This enables us to replace the sequence of Cauchy data, up to
an arbitrarily small remainder term, by a finite (but large) sum of orthogonal sequences of
divergence-free vector fields. In Paragraph 2.3, we state that each individual element involved
in the decomposition derived in Paragraph 2.2 gives rise to a unique global solution to (NS)
system (the proof is postponed to Section 4). Paragraph 2.4 is devoted to the proof of the
fact that the sum of each individual profile does provide an approximate solution to the
Navier-Stokes system, thanks to an orthogonality argument, which completes the proof of
Theorem 1.

1

For all points z = (x1, 29, 23) in R? and all vector fields u = (u', u?,u?®), we denote by

Th def (z1,22) and b def (ut, u?)

their horizontal parts. We also define horizontal differentiation operators V» def (01, 02)

and divy def Vi as well as Ay, def 9% + 3.
We also use the following shorthand notation: XY, := X (R?; Y (R)) where X is a function
space defined on R? and Y is defined on R.
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As we shall be considering functions which have different types of variations in the x3 variable
and the xj, variable, the following notation will be used:

(1.11) (] 5(2) € flan, Bas)

Clearly, for any function f, we have the following identity which will be of constant use all
along this paper:

(1.12) 1118l

1
Sg— =
o~ BT |l grisa
Bp,1 Bp,1

Finally we denote by C' a constant which does not depend on the various parameters appearing
in this paper, and which may change from line to line. We also denote sometimes z < Cy
by z S y.

2. PROOF OF THE MAIN THEOREM

2.1. General scheme of the proof. The main arguments leading to Theorem 1 are the
following: by a profile decomposition argument, the sequence of initial data is decomposed
into the weak limit ug and the sum of sequences of divergence-free vector fields, up to a small
remainder term. Then to prove that each individual element of the decomposition generates
a unique global solution to (NS), it is necessary to estimate sharply the regularity in scaling
invariant (anisotropic) norms. The mutual orthogonality of each term in the decomposition
of the initial data implies finally that the sum of the solutions associated to each element
is itself an approximate solution to (NS), globally in time, which concludes the proof of the
result.

2.2. Anisotropic profile decomposition. The study of the lack of compactness in critical
Sobolev embeddings has attracted a lot of attention in the last decades, both for its interesting
geometric features and for its applications to nonlinear partial differential equations. This
study originates in the works of P.-L. Lions (see [39] and [40]) by means of defect measures,
and earlier decompositions of bounded sequences into a sum of “profiles” can be found in the
studies by H. Brézis and J.-M. Coron in [11] and M. Struwe in [48]. Our source of inspiration
here is the work [22] of P. Gérard in which the defect of compactness of the critical Sobolev
embeddings (for L2-based Sobolev spaces) in Lebesgue spaces is described by means of an
asymptotic, orthogonal decomposition in terms of rescaled and translated profiles. This was
generalized to LP-based Sobolev spaces by S. Jaffard in [28], to Besov spaces by G. Koch [34],
and finally to general critical embeddings by H. Bahouri, A. Cohen and G. Koch in [3] (see
also [6, 7, 8] for the limiting case of Sobolev embeddings in Orlicz spaces and [47] for an
abstract, functional analytic presentation of the concept in various settings).

In the pionneering works [5] (for the critical 3D wave equation) and [42] (for the critical 2D
Schrodinger equation), it was highlighted that this type of decomposition provides applica-
tions to the study of nonlinear partial differential equations. The ideas of [5] were revisited
in [33] and [19] in the context of the Schrédinger equations and Navier-Stokes system respec-
tively, with an aim at describing the structure of bounded sequences of solutions to those
equations. These profile decomposition techniques have since then been succesfully used in
order to study the possible blow-up of solutions to nonlinear partial differential equations, in
various contexts; we refer for instance to [21], [26], [29], [30], [31], [32], [45], [46].

The first step in the proof of Theorem 1 consists in writing down an anisotropic profile
decomposition of the sequence of initial data (ugn)nen (see Theorem 2). To state our result
in a clear way, let us start by introducing some definitions and notations.
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Definition 2.1. We say that two sequences of positive real numbers (AL),en and (A2),en
are orthogonal if

ALA2
)\—g+)\—’f—> , M — 00

A family of sequences (()\j )nGN)~ is said to be a family of scales if \° = 1 and if ()\ )neN
and (\F),en are orthogonal when j # k.

Definition 2.2. Let p be a positive real number less than 1/2, fixed from now on.
We define Dy, % [—2+ i, 1— 1) x [1/2,7/2) and Dy, T =14 11,1 — ] x [1/2,3/2]. We denote
by S, the space of functions a belonging to ﬂ B** such that

(s,s")€Dy

def
lalls, = sup |la|lgs < 0.
(s,s")eDy

Notation. In all that follows, # is a given function in D(Bys(0,1)) which has value 1
near Bgs(0,1/2). For any positive real number 7, we denote

def
) i

(2.1) Op(x) = 0(nxz) and Oy y(zn) def 6y (zn,0).

In order to make notations as light as possible, the letter v (possibly with indices) will
always denote a two-component divergence free vector field, which may depend on the vertical
variable xj3.

The following result, the proof of which is postponed to Section 3, is in the spirit of the
profile decomposition theorem of P. Gérard in [22] concerning the critical Sobolev embedding
in Lebesgue spaces.

Theorem 2. Under the assumptions of Theorem 1 and up to the extraction of a subse-
quence, the following holds. There is a family of scales (()\%)neN)jeN and for all L > 1
there is a family of sequences ((hj )nGN) oy 8going to zero such that for any real number «

in ]0, 1], there are families of sequences of divergence-free vector fields (for j ranging from 1

0,00 0,00 0,loc 0,1
to L) ( naL)nENa (wiL7a,L)nENa (Un,a,L)n€N7 ( O,n,a,L)NEN7 ( OnaL)”lEN and (woncx; L)nEN

all belongmg to S,, and a smooth, compactly supported function Ug, such that the se-
quence (uon)nen can be written under the form

_ 0,loc 0 0,oc,h 0,loc,3 0 0,00,h 0,00,3
Uo,n = Uo,a + [(UO n,a, L +h wO n,a, L) wO,n,a,L)] ho + [(UO n,a, L +h wO n,a,L? wO,n,a,L)] ho

j73
+ ZA/\J na L+ hj n a van,a,L)]h% + Pna,L

where ug o approximates ug in the sense that

(2.2) lim ||’LL0,04 — ungl q = O,
a—0 ’

where the remainder term satisfies

(2.3) lim lim lim sup B

+.51 =0
L—ooa—0 p_s (R™:8%) ’
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while the following uniform bounds hold:

M sup sup sup (|05, ) g + 10025 L)
L>1ag]0,1[ neN

(2.4) . |
+ HuO,aHBO + ZH(Ufm,a,D naL H30> oo
j=1
and for all « in ]0, 1],
def 0,00,3 0,1 0,loc,3
Ma = sup sup, (1085 o wdnsills, + 1w, s wireells,
(25) neN
+lluoalls, + (10wl D5, )
is finite. Finally, we have
0,1 0,loc,3
(2.6) nglgo i{f})hznsup | (o ers Womar) HBSI ® = 0
0,1 0,loc,3
(2.7)V(a,L),3In(e, L)/ V1 < (e, L) ,¥n € N, (1 — gh,n)(%r?(;pwo;(; 7.) = 0and
0,00 0,00,3
(2.8) V(a,L,n), In(a, L,n)/ ¥n > n(a, L,n), ehm(vo,n,a,vao Zoa ;) = 0.

Theorem 2 states that the sequence ug 5, is equal, up to a small remainder term, to a finite sum
of orthogonal sequences of divergence-free vector fields. These sequences are obtained from
the profile decomposition derived in [4] (see Proposition 2.4 in [4]) by grouping together all
the profiles having the same horizontal scale \,, and the form they take depends on whether
the scale A, is identically equal to one or not.

Note that in contrast with classical profile decompositions (see for instance [22]), cores of
concentration do not appear in the profile decomposition given in Theorem 2 since all the
profiles with the same horizontal scale are grouped together, and thus the decomposition
is written in terms of scales only. The price to pay is that the profiles are no longer fixed
functions, but bounded sequences. To carry out the strategy of proof developed in [4] in
this framework, we have to establish that each element involved in the decomposition of
Theorem 2 generates a global solution to (NS) system as soon as n is large enough. Since we
deal with bounded sequences, it is necessary to estimate sharply the regularity.

Let us emphasize that in the case when A, goes to 0 or infinity, these sequences are of the
type
(29) A)\n [(v(})l,n + h‘nw(})l,n? wg,n)] hn

where we used Notation (1.11), and with h,, a sequence going to zero. It is essential (to
establish our result) that the profiles that must be considered in that case are only profiles
of type (2.9) with h,, tending to zero. Actually the divergence free assumption on ug, allows
to include the terms of type (2.9) with h,, tending to infinity into the remainder term and
the anisotropically oscillating assumption for (ug — uon)nen allows to exclude in the profile
decomposition of ug, sequences of type (2.9) with h,, = 1.

In the case when A, is identically equal to one, we deal with three types of orthogonal
sequences: the first one consists in g, an approximation of the weak limit ug, the second
one is of type (2.9) with A\, = 1 and h,, tending to zero, and is uniformly localized in the
horizontal variable and vanishes at z3 = 0, while the third one is also of type (2.9) with A, =1
and h, converging to zero, and its support in the horizontal variable goes to infinity. Note
that contrary to the case when the horizontal scale A, tends to 0 or infinity, all the profiles
involved in the anisotropic decomposition of the sequence (ug — 4o n)nen having the same
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horizontal scale )\,, = 1 are not grouped together: the sum of these profiles is divided into
two parts depending on whether the horizontal cores of concentration escape to infinity or
not. This splitting plays a key role in establishing our result under the only assumption of
anisotropic oscillation, by removing the second assumption required in [4].

2.3. Propagation of profiles. The second step of the proof of Theorem 1 consists in proving
that each individual profile involved in the decomposition of Theorem 2 generates a global
solution to (NS) as soon as n is large enough. This is mainly based on the following results
concerning respectively profiles of the type

) " i3
A/\% [(Ui,a,L + h’%wwjl,a,L7 wf@,a,L)] hZ;

with X, going to 0 or infinity and A converging to zero, and the profiles of horizontal scale
one, see respectively Theorems 3 and 4.

In order to state these theorems, let us begin by defining the function spaces we shall be
working with.

Definition 2.3. — We define the space A>* = L®(R*; B>*')NL*(R*; Bs+1%") equipped with
the norm
lall o Nl o e ooy + el 2 o)
and we denote A* = A%3.
— We denote by F5* any function space such that
HLOfHL2(R+;Bs+1,s’) 5 Hf”]-‘s,s’
where, for any non negative real number 7, L f denotes the solution of the heat equation

{ 8tL’Tf_AL’Tf: f
LTf|t:T =0.

We denote F* = F*3.
Examples. Using the smoothing effect of the heat flow, it is easy to prove that the
spaces L2(R+;Bs_1’s/), L2(R+;BS’S/_1) are F55 spaces, as well as the spaces Ll(R+;BS’S/)
t
and L' (RT; B5T15'~1). Actually recalling that Lo f = / =2 £(¢') dt and taking advantage
0

of (1.8), we get for any function in EQ(R+; 65_175’)

v t _C/ 2k 27 v
JARAY Lo f 12 < /0 et BB ABAY £(¢)]| 2 d,

~

where we make use of notations of Definition 1.2. We deduce that there is a sequence d; ()
in the sphere of /1(Z x Z; L>(R™)) such that

t
v — — — g ot (92k 25
||A2A]L0f||L2 Sz |’f”z2(R+;BS—1,s/)2 k(s 1)2 78 / € ot (2542 j)dj7k(t/) dt’ .
0

Young’s inequality in time therefore gives
h —k(s—1)—js'
[ARAT Lof 2wt 2y S 1172 mt ps—1.7)2 (=073

where d; 1 is a generic sequence in the sphere of (Y(Z x 7)), which ends the proof of the result
in the case when f belongs to L?(R™; BS_LS/). The argument is similar in the other cases.
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Notation. In the following we designate by To(A, B) a generic constant depending only on
the quantities A and B. We denote by 77 a generic non decreasing function from R™ into R™
such that

(2.10) lim sup L")

r—0 r

< 00,

and by 73 a generic locally bounded function from R into R™. All those functions may vary
from line to line. Let us notice that for any positive sequence (a,)nen belonging to ¢!, we
have

(2.11) > Tilan) < B( Y an) -

As in the isotropic case, the following space-time (quasi)-norms, first introduced by J.-Y.
Chemin and N. Lerner in [17]:

def
=l

(2.12) 2| ARAT Fll 0,719 [ »

Mz o185
are very useful in the context of the Navier-Stokes system, and will be of constant use all
along this paper. Notice that of course L" ([0, T]; BZ:;EI) = L"([0,T7; Bf,jf«/), and by Minkowski’s
inequality, we have the embedding L7 ([0, T]; Bys ) € L7([0,T); B3 ) if r > .

Our first theorem of global existence for the Navier-Stokes system, which concerns profiles
with horizontal scales going to 0 or infinity, generalizes the example considered in [14].

Theorem 3. A locally bounded function ¢; from R" into R" exists which satisfies the
following. For any (vo,w3) in S, (see Definition 2.2), for any positive real number 3 such
that 8 < e1(||(vo, wg)|ls,), the divergence free vector field

def _
®o = [(vo — BV AL Osw, wi)]

generates a global solution ®g to (NS) which satisfies

(2.13) 1950140 < Ti(ll(vo, ws)llgo) + B Ta(ll (vo, wi)lls,,) -

Moreover, for any (s,s’) in [—1+ p,1 — p] x [1/2,7/2], we have, for any r in [1, c0],
1

(2.14) 151ty g 1950ty S Bl s,

The proof of Theorem 3 is provided in Paragraph 4.1.

The existence of a global regular solution for the set of profiles associated with the horizon-
tal scale 1 is ensured by the following theorem which can be viewed as a generalization of
Theorem 3 of [15] and of Theorem 2 of [16].

Theorem 4. With the notation of Theorem 2, let us consider the initial data:

def 0 0,00,h 0,00,3 0,loc 0 .0,loc,h 0,loc,3
q)OnoaL = U0, + [(UOnaL +h wOnaL7w0no¢L)]hg + [(UOnaL +h wOnaL7w0,n,a,L)]h% :
There is a constant €y, depending only on ug and on M, such that ifhg < &9, then the initial
data @8 n.o.1 generates a global smooth solution <I>9Z .1, Which satisfies for all s in [—14-p1, 1—p]
and all r in [1, o0],

(2.15) < To(uo, Ma) -

H(I)%,Q,L HLT(RJF;BS+%)

The proof of Theorem 4 is provided in Paragraph 4.2.
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2.4. End of the proof of the main theorem. To end the proof of Theorem 1, we need
to check that the sum of the propagation of the remainder term through the transport-
diffusion equation and the solutions to (NS) associated to each individual profile (provided
by Theorems 3 and 4) is an approximate solution to the Navier-Stokes system. This can
be achieved by proving that the nonlinear interactions of all the solutions are negligible,
thanks to the orthogonality between the scales. For that purpose, let us look at the profile
decomposition given by Theorem 2. For a given positive and small €, Assertion (2.3) allows
to choose «, L and Ny (depending of course on €) such that

(2.16) Vn > Np, |e?

;B1) se€.

The parameters a and L are fixed so that (2.16) holds, let us consider the two functions 1, Ty
and Ty (resp. g9 and Tp) which appear in the statement of Theorem 3 (resp. Theorem 4).
Since each sequence (h#,)nen, for 0 < j < L, goes to zero as n goes to infinity, one can choose
an integer N7 greater than or equal to Ny such that

| i IR
(217) Vn > ]\fl7 V_] S {0, .. .,L}, hn < HllIl{El(Ma);th? LE(MQ)}

Now for 1 < j < L (resp. j = 0), let us denote by @7, . (resp. ®Y _) the global solution of (NS)
associated with the initial data

"
[( L+hn naL’wgl,a,L)]th
0, 0 0ooh 0,003 0,1 0 0Oloch  0oc,3
(reSP- U, + i(UOZOaL‘i’h wozoavao,Z?a,L)ihg + i(UOnOfo_i_hn ofiL»wo,;;,L)iwL)

given by Theorem 3 (resp. Theorem 4). We look for the global solution associated with ug
under the form

(218) Up = UZ?EP + Rn,g with uapp def Z A)\% q)gl’a + etApn,a,L .

In view of the scaling invariance of the Navier-Stokes system, A 5\ @%75 solves (NS) with the

initial data A,; |(v [(v] ol T hiw w3 )]hj . This gives the following equation on R, .:

n a, L’ n,a, L
atRn,e - ARn,s + div (Rn c®@R, et R, e ® uapp + uapp ® R, 5) + Vpn,e
def : .
=F,. = F) +F._+F:_  with
def .
Fl = - le(etApn a,L ® 6tApn,o¢,L)

(2.19) act ‘
2 £ Z le N (ID L ® etApn,ajL + etApn,mL ® AA'ZI(I)%,E) and

f . ;
Fie def _ Z dlv(AA%q)ZZ’E ® A)\;ﬁ@ﬁ’a) ,
0<j,k<L
Jj#k
and where (diV U ) Z Ok ( wl P

In order to establish that the function w, defined by (2.18) provides a global solution to
(NS) system, it suffices to prove that there exist some space F° as in Definition 2.3 and an
integer NV > Nj such that

(2.20) V>N, |[Faellro < Ce,
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where C' only depends on L and M. In the next estimates we omit the dependence of all
constants on o and L, which are fixed. Indeed if (2.20) holds, then R, . exists globally thanks
to strong stability in B° (see [4] for the setting of By 1).

Let us start with the estimate of F}L’E. Using the fact that B! is an algebra, we have
H tA

’02 a,L ® etApnvo‘7L}|L1(R+§ ) ’
SO )
. A A
H leh( ! p%rlzaL ® e ,OnaL)HLl(R"’;BO) S Het Pn,a,L“Lz(R-&-;Bl)
and

< HetA

105 (252 1€ Pt | pnetllza e oy

LIRT;BL =) ~
According to Inequality (2.16), this gives rise to
(2.21) Vn>Ni, |[Fh.llz Se2
Now let us consider Fis. By the scaling invariance of the operators A,; in L*(R*; B') and
again the fact that B! is an algebra, we get
HAA%CI)%’E & etApn,a,L + etApn,a,L @ AA%(I)%@H]J(R+.31)
(2.22) e A
~ H‘I’n,sHL2(R+;BI)H€ Pn,mL”L2(R+;Bl)-
Making use of Estimates (2.13) and (2.15), we infer that
L .
10l < T M)+ 500+ ST
j=0

which in view of Condition (2.17) on the sequences (hi,)nen implies that

HZ

It follows (of course up to a change of 73) that for small enough ¢

< %(UOaMoz) + E(M) te

L2 Rt Bl)

L
(2.23) HJ;O P oy = T0(0, Ma) + To(M).
Thanks to (2.16) and (2.22), this gives rise to
(2.24) Vn > N1, ||F2 .z < e (To(uo, Ma) + T2(M)) .

Finally let us consider Fj - Using the fact that Bl is an algebra along with the Hélder
inequality, we infer that for a small enough v in ]0, 1],

HA)\% e ® A)\k (I)nsHLl (R*;B1) < ||A)\{I nz—:” (R+ Bl)HA)\kq)n €||Lﬁ(R+;Bl) :
The scaling invariance (1.9) gives
A el 2 gy ~ Ol 2 o and
1
”A)\ﬁ ng"Lﬁ(R+ B1) ~ ()\’];:L)’Y H(I)n EHLﬁ(HVL B8

For small enough ~, Theorems 3 and 4 imply that

)\J
HAA%(I) ®AA;€<I>MHL1 (RT;B1) N <)\k)
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We deduce that

(M Ay
|F2 s 3 min{ S lr )
0<j,k<L noomn
J#k
As the sequences (M) )nen and (AF),ex are orthogonal (see Definition 2.1), we have for any j
and k such that j # k

Thus an integer No greater than or equal to N7 exists such that
Vo> Ny, [ESllp Se
Together with (2.21) and (2.24), this implies that
n= Ny = ||Focllro Se,

which proves (2.20) and thus concludes the proof of Theorem 1. O

3. PROFILE DECOMPOSITION OF THE SEQUENCE OF INITIAL DATA: PROOF OF THEOREM 2

The proof of Theorem 2 is structured as follows. First, in Section 3.1 we write down the
profile decomposition of any bounded sequence of anisotropically oscillating divergence free
vector fields, following the results of [4]. Next we reorganize the profile decomposition by
grouping together all profiles having the same horizontal scale and we check that all the
conclusions of Theorem 2 hold: that is performed in Section 3.2.

3.1. Profile decomposition of anisotropically oscillating, divergence free vector
fields. In this section we start by recalling the result of [4], where an anisotropic profile
decomposition of sequences of B; 4 anisotropically oscillating is achieved. Let us first define
anisotropic scaling operators, similar to the operators defined in (1.1): for any two sequences
of positive real numbers (€, )neny and (v, )nen, and for any sequence (zy,)nen of points in R3,
we denote

AEn»’Ynyxngb(x) = 7¢ € 7y

Let us also introduce the definition of orthogonal triplets of sequences, analogous to Defini-
tion 2.1.

def 1 <:Eh — Tph T3 — l’n,3>
, .

Definition 3.1. We say that two triplets of sequences (Efl,'yf;,xf;)neN with ¢ belonging

to {1,2}, where (£, 7" )nen are two sequences of positive real numbers and x!, are sequences
in R3, are orthogonal if, when n tends to infinity,

1 2 1 2
. € €
either —Z+—T 7—3—#%‘—)0@

or (57117’}’%) = (831,77%) and ‘(x}l)gnﬁn —(z

¢ ¢
k k def (T h . . . .
where we have denoted (z%)%n7n = ( ;k ; ;Lkg’) A family of sequences ((&h,, Vi, xﬁl)neN)jZO
n n

is said to be a family of scales and cores if €2 = 7Y = 1, 20 = 0, and if (¢/,75, 25)nen

and (eF ~F xk), N are orthogonal when { # k.

Now, let us recall without proof the following result.
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Proposition 3.2 ([4]). Under the assumptions of Theorem 1, the following holds. For all
integers € > 0 there is a triplet of scales and cores in the sense of Definition 3.1, denoted
by (& n,'yn, 2! )nen and for all o in |0, 1[ there are arbitrarily smooth divergence free vector
fields (¢, 0) and (=VhA 10508, #Y) with ot and ¢', compactly supported, and such that
up to extracting a subsequence, one can write the sequence (ugn)nen under the following
form, for each L > 1:

L ‘
~ £ .
o = o+ D Mg e ot (O + Y — ZEVEAT(h + 1), 0 + 75 )
(3.1) =1 Tn

+ (U = VEA Osuy, wr)
where QZQ’L and ¥ are independent of o and satisfy

(3.2) lim sup <|| Nn’
n—oo

LHgo) —0, L— oo,

while Fg’e and rfx are independent of n and L and satisfy for each £ € N

~h¢ 4
(3.3) I7e lB1, + ll7alls:, < a.

Moreover the following properties hold:

¥e>1,  lim (y;)"'ep € {0,00},

3.4
34 and lim (75)~ lse—oo:>d> rt =0,

n—o0

as well as the following stability result, which is uniform in «:

“h,¢ ¢ 14 l
(35) Z (H¢g7 HBl,q + H?/g’ ”Bl,q + H(bOéHBI,q + ”TOé”Bl,q) S./ Sup HuoynHBl,q + Hu()HBl,q °
0>1 "

Remark 3.3. As pointed out in [4, Section 2], if two scales appearing in the above decom-
position are not orthogonal, then they can be chosen to be equal. We shall therefore assume
from now on that is the case: two sequences of scales are either orthogonal, or equal.

3.2. Regrouping of profiles according to horizontal scales. In order to proceed with
the re-organization of the profile decomposition provided in Proposition 3.2, we introduce
some more definitions, keeping the notation of Proposition 3.2. For a given L > 1 we define
recursively an increasing (finite) sequence of indexes ¢} € {1,..., L} by

(3.6) @()d_ef() lriq Cl:efmin{ée{ék—i-l, L}/7_>0 and £ ¢ UFL Zk/)}7

k:/
where for 0 < ¢ < L, we define (recalling that by Remark 3.3 if two scales are not orthogonal,
then they are equal),

n

(3.7) it )def{fle{l LY /el =l and €4 (7Y 1—>O,n—>oo}.

We call £(L) the largest index of the sequence (¢;) and we may then introduce the following
partition:

(38) {f € {1, L}/[—: fyn _> 0} — U FL Zk

We shall now regroup profiles in the decomposition (3.1) of ug, according to the value of
their horizontal scale. We fix from now on an integer L > 1.



16 H. BAHOURI, J.-Y. CHEMIN, AND I. GALLAGHER

3.2.1. Construction of the profiles for £ = 0. Before going into the technical details of the con-
struction, let us discuss an example explaining the computations of this paragraph. Consider
the particular case when ug, is given by

uon(z) = up(x) + (vg(:zh, 27"x3) + wg’h(:zh, 272" g3), 0) + (vg(xl + 2" 29,27 "x3), 0) ,

with v8 and wg’h smooth (say in Bi’;/ for all s,s" in R) and compactly supported. Let us
assume that ug, converges towards g in the sense of distributions, and that (ug, — uo)nen
is anisotropically oscillating. Then we can write

0,1 - 0 _
upn(z) = up(x) + (vozfc(xhﬂ "xg),()) + (vozzo(a:h,Z ":cg),O) ,
10l 0,h - 0 .
with vy, (y) := v (y)+wy™ (yn, 2~ "y3) and vy’ (y) = v (y1+2", Y2, y3). Now since ug,, — ug
as n goes to infinity, we have that vJ(xy,0) + wg(zy,0) = 0, hence vgfc(wh,O) = 0. The
initial data wug, has therefore been re-written as

uo () = up(x) + (vgjfc(xh, 2_”:1:3),0) + (vgjzo(xh, 2_"563),0) with vgzlfc(:ch, 0)=0

and where the support in xp, of vgzif “(zn, 2 "x3) is in a fixed compact set whereas the support

in xp of 1)87’20 (xn,2 ™x3) escapes to infinity. This is of the same form as in the statement of
Theorem 2.

When considering all the profiles having the same horizontal scale (1 here), the point is
therefore to choose the smallest vertical scale (2" here) and to write the decomposition in
terms of that scale only. Of course that implies that contrary to usual profile decompositions,
the profiles are no longer fixed functions in By 4, but sequences of functions, bounded in By 4.

In view of the above example, let £, be an integer such that fyff’ is the smallest vertical scale
going to infinity, associated with profiles for 1 < ¢ < L, having 1 for horizontal scale. More
precisely we ask that

: V4
Y = min 7,

el (1)

where according to (3.7),
rta) = {5/6 {1,...,L} /" =1 and +f > 0, n—>oo}

Notice that the minimum of the sequences v/, is well defined in our context thanks to the fact
that due to Remark 3.3, either two sequences are orthogonal in the sense of Definition 3.1,
or they are equal. Observe also that £, is by no means unique, as several profiles may have
the same horizontal scale as well as the same vertical scale (in which case the concentration
cores must be orthogonal). Now we denote

def , ¢5\—
(3.9) o S ()7
and we notice that h2 goes to zero as n goes to infinity for each L. Note also that hO depends
on L through the choice of £, since if L increases then £; may also increase; this dependence
is omitted in the notation for simplicity. Let us define (up to a subsequence extraction)

l
def . Tn3
(310) az = lim <$£7h’ ’:7) .

n—oo n
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We then define the divergence-free vector fields

¢
0,1 def ~ Y3 Tn,3
(3.11) e = Y (-t — )
af]E]Rz
and
¢
0,loc def 1 ¢ ¢ Y3 Tn,3
w1 (y) < (- F 10000, 06 ) (n — whis o7 — =)
(3.12) Ol Kg;(l) hn%‘i ° N
V4 2
ahER

By construction we have

0,loc,h h 1 0,loc,3
(5% L = -V A 03 3Won,a,L *
Similarly we define
0 def ) ¢ Y3 ) 3
00 n,
(3.13) s @ € O (s nr — )
teri(1) nin n
|aﬁ|:m
and
l
0,00 def —1 V4 Y Y3 xn,3
wO,,,L(y): Z < 0 8(]5 (ba)(yh_xn,hv 07 g)-
(3.14) e P hn% hovh  n
|aﬁ|:oo
By construction we have again
WOl h -1 0,00,3
Won,a,L = -VIA, a3w0,n,a,L

Moreover recalling the notation

and

)

def 1 (wh —Tph T3 — wn,3>
€n Y ’

one can compute that

0,loc 0,loc,h 0,loc,3
(315) > Ay (éﬁhz *VhA L0507, %) = [ e, T a0 a,Ls Wonar)] o

Lerl(1)
ah€R2

and

~ 1
Rt ha—la £ £\ _ [/.0, 0 000h 0,003
(3.16) Z Al,vﬁwﬁ (% . %V Ay 33%;%) = [(Uo ZOaL+h Wy Zoapwoﬁaﬂ]hg

Lerl (1)
|af, =00

0,loc 0,loc 0,00
Let us now check that Vo'mal Wona.L Yon.a,

0,loc d U)O loc

statement of Theorem 2. We shall only study Vg p.r 30d Wy’ poas the other study is very

17

;, and wg’zo .l satisfy the bounds given in the

similar. On the one hand, by translation and scale invariance of B0 and using definitions (3.11)

and (3.12), we get

0,loc,h Tht 0,loc,3 ;
(3.17) lvgmerillpo <Y lok s and |lwyes? s <> [l¢h 50 -
>1 >1
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According to (3.5) and the Sobolev embedding B; ;, < B, this gives rise to

(3.18) 100 1m0zl B0 + ||w87’12273LH50 < C uniformly in o, L,n.

Moreover for each given «, the profiles are as smooth as needed, and since in the above sums

by construction ’yﬁEL < fyf;, one gets also after an easy computation
(3.19) VseR,Vs >1/2, va::zz,LHst# + \\w8:iZ?L||BS7S/ < C(«) uniformly inn, L.
Estimates (3.18) and (3.19) give easily (2.4) and (2.5).

Finally let us estimate vgi?;hL(, 0) and w&lﬁ’;’i(-, 0) in BY(R?) and prove (2.6). On the one
hand by assumption we know that g, — ug in the sense of distributions. On the other hand
we can take weak limits in the decomposition of ug,, provided by Proposition 3.2. We recall
that by (3.4), if €’ /4¢ — oo then ¢!, = r{ = 0. Then we notice that clearly

L l

n — 0or e,

g =00 = Aot qtat f =0
for any value of the sequences ’yf;, xfl and any function f. Moreover
l
T =0 = Ay e g0 f—0

for any sequence of cores x‘ and any function f, so we are left with the study of profiles such
that £ = 1 and 72 — co. Then we also notice that if 7% — oo, then with Notation (3.10),

(3-20) jan] = 00 = Ay o0 f = 0.
In that case, in view of (3.2) and (3.5)
L ¢
D Aetstat, %}?Vhﬁﬁ 105(6 +10) + VAL 93y — 0.
(=1 n

Consequently for each L > 1 and each « in |0, 1[, we have in view of (3.1), as n goes to
infinity

V4
T T3
S SR T e N SRR

£erL(1) " 2eTL(1)
s.t. a£6R2
(321 “h,L h,t ¢ =T Tht ¢
~] n,
—p — Z To/ ( ~ Tnho T) - Z bo) ( - a’h70) :
£erL(1) " 2eTL(1)
s.t. a£€R2

Now let n > 0 be given. Then thanks to (3.2) and (3.3), there is Ly > 1 such that for
all L > Lg there is ap < 1 (depending on L) such that for all L > Ly and o < «yp, uniformly
in n > n(Lo,n)

‘
hI L ~ht £ ¢ T Tags
[eAad) IR B DGR 5]

£eTL(1) Tn
Using the fact that B° is embedded in L°°(R; Bgl(Rz)), we infer from (3.21) that for L > Lo
and a < ag

(3.22) H > 553’6(-—61%,0)‘
erL(1)
s.t.aﬁERQ

BOSU-

<
By, &) =
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and
E
o) I
L 2.1 (R%)
2erl(1)
s.t.ay £ cR?
But by (3.11), we have
0
0,loc,h (-,0) = Z gh,é AR
UO,n,a,L ) - [e} xn,h’ ,YZ
£eTE(1) "
aﬁeRz
and by (3.12) we have also
¢
0,loc, 3 Z ¢é xn,?)
wO n,a, L n Jho T ,.YZ :
eerk(1) "
aﬁeRz
It follows that we can write for all L > Ly and o < «ay,
. 0,loc,h Thlo XL
h?—fogp ”Uom,a,L('vO)HBg’l(Rz) < H Z ¢o¢ ( ah’O)HBgyl(IR@)
terL(1)
aﬁ€R2

<7
thanks to (3.22). A similar estimate for wg’fz?’L(-, 0) using (3.23) gives finally

01 7h 071 73
(3.24) ngrolo ilg%) h:ln sup (HUO :Z,L(‘v O)HBgl(R?) + Hwo;,(;,L('v O)HBSJ(H@)) =0.

The results (2.7) and (2.8) involving the cut-off function 6 are simply due to the fact that
the profiles are compactly supported.

3.2.2. Construction of the profiles for £ > 1. The construction is very similar to the previous
one. We start by considering a fixed integer j € {1,...,£(L)}. Then we define an integer Kj_

so that, up to a sequence extraction,

W = min 7,
terL(ed)
where as in (3.7)
Lty def {@’ (1,0 /e = and £(/4)1 50, n— oo}.

Notice that necessarily b # 1. Finally we define

, e
L el )7
o
By construction we have that hl, = 0 as n — oo (recall that Efb = ¢, ). Then we define
for j < L(L)

Th,e foh Eﬁj xfzi%
(3.25) o Ot (g — =, Sy — )

ZEFL(an )
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and
ﬁ 4 12 ¢
def Tph  En T3
w0 (v) < (= S vha adh, o ) (n — =t g — )
I I i g
0; nTn En nIn n
erkl(e,)
and we choose
(3.26) L(L)<j<L = Ui’,};,L =0 and wfl,%L =0.
We notice that
wh | = —VAoswl? |
Defining
i def ¢
N Sl
a computation, similar to that giving (3.15) implies directly that
YA A—th 193¢, ¢
erd bt ! “

i3
= A)\n [( a,L +h] naL7wZL,a,L)]th :

Notice that since ef{ # 1 as recalled above, we have that )\% — 0 or oo as n — 0.
The a priori bounds for the profiles (U}j{,};, L wi’i 1 )1<j<r are obtained exactly as in the pre-
vious paragraph: let us prove that

Z (anaLHBO + HwnaLHBO) <C, and
Jj=1

VseR, Vs >1/2, Y (002 lgew + w2 [ llgar) < Cla).
j>1

(3.28)

We shall detall the argument for the first inequality only, and in the case of v L as the

study of w)’ o, 1s similar. We write, using the definition of v’ L in (3.25),
¢

L 2t 4

,h £ Tn,3
ZH naLHBOZZH Z ¢ ( In h]n Y3 — ng )’
=1

Tn
I=L perr(eid)

i

BO

so by definition of the partition (3.8) and by scale and translation invariance of B° we find
thanks to (3.5), that there is a constant C independent of L such that

“ho
Z [ Ll < Z oo llso < C.

The result is proved.

3.2.3. Construction of the remainder term. With the notation of Proposition 3.2, let us first
define the remainder terms

L
(3.29) A EnAL e VIAT Dt - VAT Oy
=1 "
and
def &
o -
(330) o, = ZA ot (P 0) + D A g e (0.78) + (P15, 07) -

(=1
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Observe that by construction, thanks to (3.2) and (3.3) and to the fact that if ¢ # 0,
then £ /7% goes to zero as n goes to infinity, we have

Jim, lim imsup 177 -3 = 0,

(3.31)

and LILHSO(;IYIH%)thUP ||panL||BO =0.

Then we notice that for each ¢ € N and each « €]0, 1], we have by a direct computation

Tht ’Ye “ht
HA £t (¢ 0)‘ ~ b

1 -

1,— 1 81’*7

-2

We deduce that if £/, /7% — oo, then Ace e s (5&’5,0) goes to zero in BY"3 as n goes to
infinity, hence so does the sum over ¢ € {1,...,L}. It follows that for each given « in ]0, 1]
and L > 1 we may define

L
1 def -(1),h “h,t
P S+ DT A e (B110)
el /7 —o0
and we have

(3.32) lim lim lim sup Hpna Al =0.

1,—
L—ooa—0 ps B>

Finally, as D(R?) is dense in By 4, let us choose a family (ugq)q of functions in D(R?) such
that [Juo — uo,all5,, < @ and let us define

def
(3.33) Pn,o,IL = pS’L’L + ng’L + up — Up g -

Inequalities (3.31) and (3.32) give

(3.34) 51 =0.

L—ooa—0 psco

3.2.4. End of the proof of Theorem 2. Let us return to the decomposition given in Proposi-
tion 3.2, and use definitions (3.29), (3.30) and (3.33) which imply that

l
~ I _
Uo,n = Uo,a + E , Act vt at, (¢Z’£ - ﬁfvhﬁhlaﬂﬁﬂa ¢ﬂ> + Pra,L -
n
/vn—>0

We recall that for all £ in N, we have lim,, o (v5) 7'’ € {0,00} and in the case where the
ratio £, /4% goes to infinity then ¢!, = 0. Next we separate the case when the horizontal scale
is one, from the others: with the notation (3.7) we write

~ 1 _
om = oot D Aigear < o'~ ,Y7VhAh153¢§’ ¢§>
n

Lerkt(1)

L ¢
Thit _ Enha—lg £ €
T Z A‘Efw%{vl’fl <¢04 - 7V Ah 83¢a7 ¢a> + Pn,o,L -
/=1 Tn
afﬁél
en/ 1m0
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With (3.15) this can be written

- 0,loc,h 0 .0,loc,h 0,loc,3 0,00,h 0 .0,00,h 0,00,3
Uo,n = U0, + [(UO n,a, L + hn 0,n,a,L> wO,n,a,L)] h9 + [(UO n,a,L +h wO n,o, L’ wO,n,a,L>] h9

¢
~ £ -
(=1 Tn
el #1
&/ 1 —0
Next we use the partition (3.8), so that with notation (3.6) and (3.7),
0,loc,h 0,,0och . 0loc3 0,00,h 0, 0,00h 00,3
Up,n = Up,a + [(”0 ol T R0 e s Wo o L)]ho + [(“0 s, T W0 oL wO,Z?a,L)]hQL
L(L) 6
ht h 1 1
+ N Ay (- VAT 000 0L) + pu
j=1 ZEFL(aij)
Eﬁjil
Then we finally use the identity (3.27) which gives

o 0,loc,h 0 0,loc,h 0,loc,3 0,00,h 0 0,00,h 0,00,3
Uo,n = U0, + [(UO n,o, L + hn 0,n,a,L> wO,n,a,L)] ho + [(UO n,a,L +h w(] n,a, L’ wO,n,a,L)] h

i3
+ZA)\%[ naL+h] naL’wgz,a,L)]hzl +pn,a,L-

The end of the proof follows from the estimates (3.18), (3.19), (3.24), (3.28), along with (3.34).
Theorem 2 is proved.

4. PROOF OF THEOREMS 3 AND 4

4.1. Proof of Theorem 3. In order to prove that the initial data defined by

def

with (vo, wg) satisfying the assumptions of Theorem 3, gives rise to a global smooth solution
for small enough (3, we look for the solution under the form

(4.1) By =0 +op with &P L [(v 4 ful w?)]

where v solves the two-dimensional Navier-Stokes equations

Ov+v- -V —App=—-VPp in RT x R?
(NS2D),, divpy =0
U‘tZO = 'U()(‘,f]fg) )
while w? solves the transport-diffusion equation
(T,) { o3 + v - Vi — Apw?® — B202w® =0 in RT x R?
8 wiy = wf

and w" is determined by the divergence free condition on w.

In Paragraph 4.1.1 (resp. 4.1.2), we establish a priori estimates on v (resp. w), and in
Paragraph 4.1.3, we achieve the proof of Theorem 3 by studying the perturbed Navier-Stokes
equation satisfied by .
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4.1.1. Two dimensional flows with parameter. The goal of this section is to prove the following
proposition on v, the solution of (NS2D) .. It is a general result on the regularity of the
solution of (NS2D) when the initial data depends on a real parameter z3, measured in terms
of Besov spaces with respect to the variable xg.

Proposition 4.1. Let vy be a two-component divergence free vector field depending on the
vertical variable x3, and belonging to S,. Then the unique, global solution v to (NS2D) s
belongs to A° and satisfies the following estimate:

(4.2) [olla0 < Ta(l[vollgo) -
Moreover, for all (s,s') in D,,, we have
(43) Vr € [1,00], ol g g ory < Tallolls,)

Proof. The proof of Proposition 4.1 is done in three steps. First, we deduce from the clas-
sical energy estimate for the two dimensional Navier-Stokes system, a stability result in the
spaces L" (R o3 (R?))2 with 7 in [2, 00] and s in | —1, 1[. This is the purpose of Lemma 4.2,
the proof of which uses essentially energy estimates together with paraproduct laws. Then
we have to translate the stability result of Lemma 4.2 in terms of Besov spaces with respect
to the third variable, seen before simply as a parameter. This is the object of Lemma 4.3,
the proof of which relies on the equivalence of two definitions of Besov spaces with regular-
ity index in ]0,1[: the first one involving the dyadic decomposition of the frequency space,
and the other one consisting in estimating integrals in physical space. Finally, invoking the
Gronwall lemma and product laws we conclude the proof of the proposition.

Step 1: 2D-stability result. Let us start by proving the following lemma.

Lemma 4.2. For any compact set I included in | — 1,1], a constant C' exists such that, for
any r in [2,00] and any s in I, we have for any two solutions v; and ve of the two-dimensional
Navier-Stokes equations

(4.4) [[o1 — val ) S 101(0) = v2(0)] s 2y £12(0)

Lr (R HSTF (R?)
where we define
def
Ey2(0) = exp C(|lv1(0)[|72 + [lv2(0)]I32) -

def

Proof. Defining vi2(t) = v1(t) — va2(t), we find that
(4.5) Oyv19 + v - thlg — Apv1g = —v19 - thl — Vhp .

Thus taking the H? scalar product with vi2, we get thanks to the divergence free condition

a0 e + 19 020 e = —(a(6) - TP oas()era(0) . — (012(8) - TP a()ra() .

Whence, by time integration we get
t t
lor2(8)[[Fs + 2/ IV 01a () |3 dt’ = [J012(0) 17 — 2/ (v2(t') - VP0ro(t) 12 (t)) . dt’
0 0

t
—2/ (vi2(t') - V™or () |v12(t)) . dt’
0
Now making use of the following estimate proved in [12, Lemma 1.1]:
(4.6) (v-V"ala) . S IV 0l g2llallzs IV al e,

2Here H*+7 (R?) denotes the usual homogeneous Sobolev space.
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available uniformly with respect to s in any compact set of | — 2, 1[, we deduce that there is
a positive constant C' such that for any s in I, we have

2‘/ va(t') - Vo () Joa(t))

(4.7) o o
< 2/0 ||vh’012(t/)||%{é dt’ + 2/0 Hvlg(t')”%{s||th2(t/)H%2 dt' .
Noticing that

t t
/ (Ulz(t')'thl(t’)\vlz(t/))mdtlﬁ/ IV 12 (t) [ azs lor2 () - V01 ()| s dt”
0 0

we deduce by Cauchy-Schwarz inequality and product laws in Sobolev spaces on R? that for s
in I,

2 v -V (v (t’))
s )/ 12(t 1 12 i

1 t 02 t
< 2A th’l)12(t/)”%{s dt/+2/0 HU12(t/)||%—]S||vhvl(tl)H%2 dt/

Combining (4.7) and (4.8), we get for s in I,
t
Josa®)lf+ [ IV 0ot 5 Jor2(0)l

t
+Aumwm%ww%mwﬁrww%xwﬁnw

Gronwall’s lemma implies that there exists a positive constant C' such that

t t
l[v12(E) 1775 +/ IV 012 () |77t < [Jo12(0)] s eXpC/ (IVP o1 ()12 + (| V02 () [172) dt’
0 0

But for any 7 in {1,2}, we have by the L? energy estimate (1.2)

t
1
(4.9) Anv%mw;WSMMW@.

Consequently for s in I,

t
lor () 7o +/ IV o2 (t) |3t S |o12(0) 15 Er2(0)
0

which leads to the result by interpolation. O

[\)

Step 2: propagation of vertical regularity. Thanks to Lemma 4.2, we can propagate
vertical regularity as stated in the following result.

Lemma 4.3. For any compact set I included in ] — 1, 1[, a constant C' exists such that, for
any r in [2,00] and any s in I, we have for any solution v to (NS2D)__,

v

1ol e e )
Proof. As mentioned above, the proof of Lemma 4.3 uses crucially the characterization of
Besov spaces via differences in physical space, namely that for any Banach space X of dis-
tributions one has (see for instance Theorem 2.36 of [2])

u— T_Z'LL d
(4.10) |4 1Y uli200), /” Nrzx) de

z|7 Ed

< llvolls-E(0)  with  E(0) & exp(Clo(0 Mieer):
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where the translation operator 7_, is defined by

def
(T_ou)(t, 2, 23) = u(t, oy, x3 + 2) .
Lemma 4.2 asserts that, for any r in [2,00], any s in I and any couple (z3,2) in R?, the
solution v to (NS2D),__ satisfies
def +2
o= 7sllys S oo — 7wl F(O) with v % prt ).

Taking the L? norm of the above inequality with respect to the z3 variable and then the L'
3
norm with respect to the measure |z|~2dz gives

/ Hv—T_z’UHL2 (vs) dz / ”UO—szUOHLQ(HS)CLE(O).

[2] ~ ||

(4.11)

Now, making use of the characterizatlon (4.10) with X =Y,?, we find that

/|U—Tzv\|L2 ) dz
2\5 ]

Similarly we have
llvo — T—zvon kst Ay
/ | 22 H 2 “lAjA “0||L§)kHz2(Z;L3)‘
JEZ

Thus by the embedding from ¢*(Z) to (2(Z), we get

lvo — T—2v0ll L2 (m2) dz ik b
/ . m N Z 222 S||A]V‘AkU0||L2(R3)-

(j,k)eZ?

(2k(s+%)A}’A2U(t, K Z))k‘

Lr(RT52(Z;L2) || 1,

o2
This implies that Estimate (4.11) also writes

Z 2% H (Qk(s-F%)A;AzU(t, ) Z))k‘
JeL

LT(]R*;Z?(Z;Lﬁ))‘ o S llvollss £(0).

As r > 2, Minkowski’s inequality implies that

IR [[[CARaaVN AN EICH) N
Jez

S s £(0).
e, < ol E(0)

Bernstein inequalities (1.6) and (1.7) ensure that
h AN
[ATF AR (E M e r2) S 2211 AR0(E, )l L2 (2
which gives rise to

542
1okl e g

S llvolls E(0) -

Permuting the #2 norm and the L norm thanks to Minkowski’s inequality again, achieves
the proof of the lemma. O

Step 3: end of the proof of Proposition 4.1. Our aim is to establish (4.3) for all (s, s’)
in D,,. Let us start by proving the following inequality: for any v solving (NS2D),_, for any r

in [4,00], any s in }—%, %[ and any positive &/,

x3?

(412)  [ollg, g gy 2.0, S l0ller ex0 /0 CIO e gty + 10O eyt )
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For that purpose, let us introduce, for any nonnegative A, the following notation: for any
function F' we define

t
F(t) Ol_efF(t)exp(—/\/o qﬁ(t’)dt’) with  é(t) d:6f|]v(t)\|4so(Lﬁ)—I—Hv(t)Hiso(Hﬁ).

Combining Lemma 4.3 with the Sobolev embedding of H 3 (R?) into L*(R?), we find that

(4.13) / o(t') dt' < E(O0)([[oollZ + luolldo)

Now making use of the Duhamel formula and the action of the heat flow (see for instance
Proposition B.2 in [4]), we infer that

|1AY ARx(®)]|z2 < Cem 2| AT ARuo | 12
t t
+ o2k / exp(—c(t — )22k _ ) / qS(t”)dt”) JAYAR (v @ v)5(t')| 2dt"
O t/

Recall that (v ® v)y = v ®v). Now to estimate the term ||A}’A2(v @ v)x(t")] 2, we make use
of the anisotropic version of Bony’s paraproduct decomposition (one can consult [2] and [43]
for an introduction to anisotropic Littlewood-Paley theory), writing

(4.14)

4
ab = ZTg(a,b) with
/=1

(4.15) T'(a,b) = Y SySpaAjARD,
i,k

T%(a,b) = Y SyARaAYSE b,
7.k

T3(a,b) = Y AYSpaS), AR,
J,k

T(a,b) = Y AYARaSY, Sp b,
3.k

In light of Bernstein inequality (1.6), we have
k
IAYART! (o(t), oa() 22 S 22 | AFART (v(t),vx(t))llm(Lg) :
vi+~h
which, in view of (4.15), Holder’s inequalities and the action of the horizontal and vertical

truncations on Lebesgue spaces, ensures the existence of some fixed nonzero integer Ny such
that

k
2

IAYART (), on ()l S 22 D ISHSEo®)ll e w 1A AR ox(®)]] 2

J'>j=No
k' >k—No
k h
S 22 lv@lzesy D NAYARoA®) L2 -
J'>j=No
k' >k—No

According to the definition of L*(R*; BSJF%’SI), we get
2 ATART! (v(t), vr (1)) 2

("= o— (K —k 1y~
S oAl gor o 0Oy Yo 2702 WD o).
J'>j—No
k'>k—No
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where fj’,k/ (t), defined by

rs def _ /
Frao®) L, ey 272 AT AR

is on the sphere of ¢1(Z?; L*(R™)).

1
Since s > —5 and s’ > 0, it follows by Young’s inequality on series, that

2 AT ALT w(0), 02 () e S Nl g gy 100 ez )
where f;(t) is on the sphere of ¢!(Z?%; L*(R")).

As by definition ¢(t) is greater than ||v(t) we infer that

4
oy

1 def Skojs oks ! N o2k ! 1N 3401
Thoa(t) & 2k27'2 exp(—c(t—t)Q A e")dt )
0 t/

X ||AYARTY (u(t)), va (¢ dt’
(4.16) IATART (u(t'), o(t))l| 2

< ||v>\HL4 Rt Bs+2 s’ )

t t
L ol — o2k 1IN 301 i dt’ .
X 2 /0 e p( c(t —1')2 A y P(t")dt ) (") fix(t))dt

By Holder’s inequality, this leads to

t ;
_ __41\92k
Tha®) S 10l e gy ([ € )i )

t 4 t 1
x 2k < /0 exp (—c(t —t)2% — 3 ) ¢(t”)dt”>¢(t’)sdt’>

Finally applying Holder’s inequality in the last term of the above inequality, we get

1
1 t —elt—t' 2k 4
(4.17) ﬁ?k,A(t)gAl</o s ﬁk(t/)dt’> ENI——

4

3
1

Now let us study the term with 72. Using again that the support of the Fourier transform
of the product of two functions is included in the sum of the two supports, let us write that

IATART?(w(t), ox()llr2e S D0 1S3 ARu(H)]| ee 2 1AG Strproa(®) L2 (Lee) -
J'>3—No
k'>k—Ny

Combining Bernstein inequality (1.6) with the definition of the function ¢, we get
h —k' _k L

(4.18) 1S5 Ao (0) e 1) S 27 [0 ey S 275 83 (1)

Now let us observe that using again the Bernstein inequality, we have

v ¢h
(AT S a2y < Z AT (A Ollz2 e
k//<k/
DDA TN ZNANG] 12
k<K'
By definition of the L*(R*; BH%’SI) norm, we have

. , i _1
2/ s 2k HA Sk’—‘rlv/\( HL2 L°° < H )\HL4 RF: BS+7 ,s! ) Z 2(k s 2)ij’,k”(t)
k<K'
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where ij, . (1), on the sphere of (Y(Z2; LA(RY)), is defined by

def k! 1 h
ij',k”( ) || ”L4(R+ BS+1 s/)2] ¢ 2 (S—"_2)||A},’Ak”v/\(t)||L2 :

Since s < %, this ensures by Young’s inequality that
I8y aor @z £ 272D foall o T )
where fj@k/ (t) is on the sphere of £}(Z?; L*(R")). Together with Inequality (4.18), this gives
D) | AYART (0(t), va(1)) 12 S 62 [[0all, @by Jin ()
where f; 1 (t) is on the sphere of £!(Z?; L*(R")). We deduce that

2 def kojs' oks t N2k t " ”
TZalt) € 20272 [ exp(—e(t = )22 — x [ o(t")ar")
0 #

< AT ART2(u(t'), oA (¢))]] 2 ¥

(4.19) < Joal-

Ta®+BoHE

. [t t 1
Y /0 exp(—elt = )22 = X [ o(t")at")o(t')} (¢t
t/

Using Hélder’s inequality twice, we get
¢ 1
92 / 22k
Tha® S 1ol oo ([ O thitrar)]

L/t
X 22 (/ exp(—c(t — 2%k — )
0

1 ¢ —e(t—t)22k
(4.20) S Tloallzy pe perd o e =20 ph () dt!
A2 LA(RT;B5T2%) 0

As T3 is estimated like 7' and T is estimated like 72, this implies finally that

3
1

t¢<t”>dt")¢<t’>§dt’)

S

=

295" 2k3 | AY Aoy (8)]| 12 S 2772862 | AY Ao | 12

t 1
—c(t—t)2%k p4 g AL L L
+(/0 e fm(t)dt) (A +A )II UMl za gt ot by -

As we have

1
e t , lyg 1
</ (/ e et ;‘L,lc(t’)clt’)4X dt) = cld;y27
0 0

t 1
and sup (/0 emelt=t)2* ﬁk(t/)dt’> t = ks withdj, € 01(Z%),
teR

we infer that
s’ v k v
27528 (| AY Aol e ) + 25 AT AR e z)

y 11
S 27 25| A Al 2 + dy Tt APy
4 2

This ends the proof of (4.12) by taking the sum over j and k and choosing A large enough.
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Now to show that Estimate (4.12) remains available for r» = 2, we start from Formula (4.14)
with A = 0. Applying again anisotropic paraproduct decomposition, we find by arguments
similar to those conducted above

2D AT AR (1) 2 S 22D AT Ao 2
¢
k _ __+1\92k _k
+2? |U||z4(R+;Bs+5,s’)/0 el <(9j7k(t,)+2 thvk(t/))dt/v
where g, (vesp. hjy) are in £1(Z% L?(R")) (resp. El(ZQ;L%(RJF))), with

1 1
S lgiklizn S Ul and 3 sl g o, S 19150

(4,k)ez? (4.k)eZ?

Laws of convolution in the time variable, summation over j and k and (4.12) imply that

e A (AU

This implies by interpolation in view of (4.12) that for all r in [2,00], all s in | — 3, 3[ and all
positive s’

oo
(421) e P Y ACTOR
which in view of (4.13) ensures Inequality (4.2) and achieves the proof of Estimate (4.3) in
the case when s belongs to | — %, 1[-

To conclude the proof of the proposition, it remains to complete the range of indexes. Let
us first double the interval on the index s, by proving that for any s in ] —1,1[, any s’ > 1/2
and any r in [2, co] we have

(4.22) 1ollz, gt gos 2.y S N0l e + lvoll g lvoll g5 exp(Cllvollso o) -

Anisotropic product laws (see for instance Appendix B in [4]) ensure that for any s in | —1,1]
and any s’ > 1/2, we have

[o(t) @ v)gs.sr S 0@ yoga 0] gogr oo

According to Formula (4.14) and the smoothing effect of the horizontal heat flow, we find
that, for any s belonging to | — 1,1, any s’ > 1/2 and any r in [2, 00},

HUOHBS,SI + HU ® UHZQ R+-BS,S/)

it 100y 2

Finally Inequality (4.12) ensures that for any s in | — 1, 1[7 any s’ > 1/2 and any r in [2, 00,
(4.23) ol z

<
H HLT R+ B.s+f s/ ) ~
S vollges + llvll-

s/

LARY;B LARY;B

prarp 2oy S vollges 4 llvollgs llvoll g3 exp(Cllvollo £(0))

which ends the proof of Inequality (4.22), and thus for (4.3) when r in [2,00] and s in | —1,1].

Let us now treat the case when s belongs | —2,0] and s’ > 1/2. Again by anisotropic product
laws, we have

[0() @ v(®)l a1 S [0l g5 +1llo@)ll g541,0
which implies that

||’U @ v”Ll(R+;BS+1 s! < HUHLQ Rt: Bg"rl HUHL2 Rt: 32+1 s/ )
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The smoothing effect of the heat flow gives then, for any = in [1,00], any s in | — 2, 0] and
any s’ >1/2

S llvollgs.s + vl o]

H“”zr(w;w% ra@r s IVl e gy

Inequality (4.23) implies that, for any r in [1,00], any s in | — 2,0] and any s’ > 1/2

ol e ger 2oy S Mvollgesr + lleoll s (lvollgg.or + lvollgs llvoll 5. exp(Cllvoll o Eo))

+ lvollZs (lvoll g3, + lvoll g llvoll g 5.0 exp(Cllvollso Bo)) -
This concludes the proof of Estimate (4.3), and thus achieves the proof of Proposition 4.1. [

4.1.2. Propagation of reqularity by a transport diffusion equation. Now let us estimate the
norm of the function w® defined as the solution of (7j) defined page 22. This is described in
the following proposition.

Proposition 4.4. Let vy and v be as in Proposition 4.1. For any non negative real number (3,
let us consider w® the solution of

(Ty) {8tw3—|—v-vh 35— Apwd — 3205w =0 in Rt x R?
B

3 — a3

Then w? satisfies the following estimates where all the constants are independent of 3:

(4.24) 1?0 S llwgllso exp(Ti(llvollgo))
and for any s in [—2 + pu,0] and any s’ > 1/2, we have
(4.25) 1’| gor S (Il g + gl T2(llvolls,)) exp(Tillvollz0)) -

Proof. Proposition 4.4 follows easily from the following lemma which is a general result about
the propagation of anisotropic regularity by a transport-diffusion equation.

Lemma 4.5. Let us consider (s,s') a couple of real numbers, and Q a bilinear operator
which maps continuously B* x B5t1" into BS*'. A constant C' exists such that for any two-
component vector field v in L2(RT; BY), any f in LY(RT; B>, any ag in B>* and for any

non negative 3, if Ag def Ay + %02 and a is the solution of
Oa — Aga+ Q(v,a) = f  and =0 = Qo
then a satisfies
[o¢]
r € [L.oc]. flall, s gos 2y < Cllaolses + 1 sy ex0(C [ Tuto)at).
The fact that the third index of the Besov spaces is one, induces some technical difficulties
which lead us to work first on subintervals I of R* on which [[v]| 12(f,51) is small.

Let us then start by considering any subinterval I = [rp, 71] of RT. The Duhamel formula
and the smoothing effect of the heat flow imply that

v —c22k (t—, v
IARATa(t)]| 2 < e )| AR AYa(ro)]| 2

+ C/t o2 (t=t")
70

After multiplication by 275" and using Young’s inequality in the time integral, we deduce
that

2k 3 (| ARAY | poo (r.12) + 225 ARAY al 11 12)) < C2ET | ARAY a (7o) | 2

+ C/Idk,j(t/)(nv(t/)HBl la ) gesrsr + 1FE) et )t

RAT(Qu(t),a(t) + F(1) || 2 at’
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where for any ¢, dy ;(t) is an element of the sphere of £!(Z?). By summation over (k,j) and
using the Cauchy-Schwarz inequality, we infer that

(4.26) lall oo .55y + Nall prgpevasry < Cllalmo)llgss + CUFll 1 1m0
‘ + CHUHLQ(I;Bl)||G‘HL2([;BS+1,S’) .

Let us define an increasing sequence (T}, )o<m<nm+1 by induction such that Th = 0, Ths41 = o0
and

Tm 1 oo
Vm < M, / v(t)||5dt = co and / [v(t)||Zdt < co,

T
for some given ¢y which will be chosen later on. Obviously, we have
oo TM
(1.27) | 1@l = [ oolde = Meo.
0 0

Thus the number M of T},s such that T, is finite is less than ¢ Hv||L2(]R+ 1y

Applying Estimate (4.26) to the interval [Ty, Trnt1], we get
HaHLOO([Tm,TmH];B&S’) + ||aHLl([Tm7Tm+1];BS+213/) < HCLHLz ([T, Ty 1];B5+1 s’)
+C(H (T stss’ +CHfHL1 ([T, Trnt1]; Bss))
if ¢ is chosen such that C/cy < 1.
Since

< llall?

Ha||L2([TmaTm+l];Bs+1 s oo [Tm Tm+1} Bs:s’ ” HL1 [Tm Tm+1] Bs+2,s’ ) ’

we infer that
||a”Loo([Tm7Tm+ﬂ;Bs,s’) + HaHLl ([T T 1 ;8525 s’)
< 2C (Tl gesr + I pa i mosagises')) -

Now let us us prove by induction that

(4.28)

HaHLoo([o,Tm};Bs,s’) < (QC)m(HaOHBs,s’ + ”fHLl([QTm},Bs,s’))-
Using (4.28) and the induction hypothesis we get

lall oo (12 2 ety S 2Clall oo o mygimey + 1 a2 2 11557)
< (20)m+1(”a0”3s,s’ + HfHLl([O,TmH},BS’S’)) )
provided that 2C' > 1, which ensures in view of (4.27) that

thwwﬂﬁcww®w+WMmuwQ%ﬂCA|WM@ﬁ)

We deduce from (4.28) that

nwmmmemﬁscm%®y+whmuwwmd04|wm@ﬁ)

+ ClF 1 (o T8 -

Once noticed that zeC%” < '@’ , the result comes by summation over m and the fact that
the total number of m’s is less than or equal to caleH%Q(R%BI). This ends the proof of the

lemma and thus of Proposition 4.4. O

As wh is defined by wh = VA, 193w3, we deduce from Proposition 4.4 the following
corollary.
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Corollary 4.6. For any s in [—2 + p,0] and any s’ > 1/2,
1™l gesrr—1 S (1wgllges + wdlso Ta(llvolls, ) exp(Ti(llvollg0)) -

4.1.3. Conclusion of the proof of Theorem 3. Using the definition of the approximate solu-
tion ®?PP given in (4.1), we infer from Propositions 4.1 and 4.4 and Corollary 4.6 that

(4.29) 1% L2 et 1) < Tall(vo, wE) o) + BT2(ll(vo, wg)lls,) -

Moreover, the error term 1 satisfies the following modified Navier-Stokes system, with null
Cauchy data:

4
O + div(¢ @9 + PP @ Y + ¢ @ DPP) — Ay = —Vgg+ Y Ef  with
=1
B} < 93(0,0))5 + B( [Os7s)
(4.30) g2 def [(w:% (V A~ ldlvhﬁg( )’0))}5’
for [(wh Vi(v,w?) +v- VP (wh 0))13 and
4 def [( b v (wh, 0) + w3 (w" O))}ﬁ
If we prove that
4
(4.31) 1> 55, < A(leo,ud)ls,)
=1

then according to the fact ¢,—o = 0, 9 exists globally and satisfies

(4.32) 11 e+ 1y S B T2(ll(vo, wi)lls,,) -

This in turn implies that ®( generates a global regular solution ®5 in L*(R™;B') which
satisfies

(4.33) 195 L2+ 51y < Ta(ll(vo, wd) o) + B T2(ll(vo, wi)lls,.) -

Once this bound in L?(R™; B) is obtained, the bound in A° follows by heat flow estimates,
and in A% by propagation of regularity for the Navier-Stokes system.

So all we need to do is to prove Inequality (4.31). Let us first estimate the term 93[(v,0)].
This requires the use of some L?(R™; BS’S/) norms. Clearly, we have

RN |15 E

which implies in view of the vertical scaling property (1.12) of the space B%>
108101802 g o) S 8 W g -

Therefore Proposition 4.1 ensures that

(4.34) ||6§[U]5||Z2(R+;Bo,—%) < BT2(llvolls,.) -

Now let us study the pressure term. By applying the horizontal divergence to the equation
satisfied by v we get, thanks to the fact that divyv =0,

2
Osp = =030, > 0O (v0™) .

l,m=1
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Since ¢ and m belong to {1,2}, the operator A, 19¢8,, is a zero-order horizontal Fourier
multiplier, which implies that

H[83p]5||L1(R+;30) = ||83pHL1(R+;BO)
S N1v0svl| 1 g+ g0y -
According to laws of product in anisotropic Besov spaces, we obtain

[o()ds0(t)llg0 S llv(®)l] 51 1950 (t) |0

which gives rise to

H[a?)p]ﬂuLl(]R-‘r;BO) ||U”L2(R+;Bl) ”83U||L2(R+;BO)

S
S

(4.35) ||UHL2(R+;BI)HUHLQ(RJr;BO,%) :

Combining (4.34) and (4.35), we get by virtue of Proposition 4.1
(4.36) 1E3]l 70 < BT2(llvolls,.) -

In the same way, we treat the terms Eg, Eg and Eé, acheving the proof of Estimate (4.31).
This ends the proof of the fact that the solution ®z of (NS) with intial data

O = [(vo — BV AL O3, wi)] 5
is global and belongs to L?(R*; Bt).
The proof of the whole Theorem 3 is then achieved. ]

4.2. Proof of Theorem 4. The proof of Theorem 4 is done in three steps. First we define
an approximate solution, using results proved in the previous section, and then we prove
useful localization results on the different parts entering in the definition of the approximate
solution. In the last step, we conclude the proof of the theorem, using those localization
results.

4.2.1. The approximate solution. With the notation of Theorem 2, let us consider the diver-
gence free vector field:

def 0,00 0,00,h 0,00,3 0,loc

0 1€] 0 0. .0,loc,h 0,loc,3
(I)O,n,a,L = U0,o + [(Uo,n,a,L + hnwo,n,mL’ wO,n,mL)]hQL + [(UOJL,oz,L + hnwO,n,a,L’ w()m,oe,L)] h9 -

Our purpose is to establish that for h% small enough, depending only on the weak limit vy and
on H(vo’oo wyoo? )||g as well as H(vo’loc wyoe? )||¢ , there is a unique, global smooth
0,n,a,L> *0,m,0, L/ 11S), 0,n,a,L> *0,m,0, L/ 11S),° que, g

solution to (NS) with data <I>87n’a,L.
Let us start by solving globally (NS) with the data ug . By using the global strong stabil-

ity of (NS) in By (see [4], Corollary 3) and the convergence result (2.2), we deduce that,
for o small enough, ug, generates a unique, global solution u, to (NS) system belonging

1 1
to L2(RT; Bff ). Actually in view of the Sobolev embedding of Bff into B, u, € L2(R™; BY).

Next let us define

0,00 def 0,00 0 0,00,h 0,00,3
0,n,a,L [(UO,n,a,L + hnwO,n,a,L’ O,n,a,L)] ho -
0 0,00 0,00,3 .
Thanks to Theorem 3, we know that for h, smaller than e (H(Uo,n,a,L’ wO,n,a,L)HSu) there is

a unique global smooth solution @SL’ZO ;, associated with @8’;:0& 1» which belongs to Ag, and
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using the notation and results of Section 2.3, in particular (4.1) and (4.32), we can write

q)()oo defq)ﬂ oo,app_‘_wO,OOL with

n,o, L n,o, L
0,00,app def 0, 0,00,h  0,00,3 .
(4.37) ®, 0r = [ Uy s, T w0 nocL’wn,oa7L]h9L and for all r in [2, 00]

HwnaLHLr(RJr;BT S h07d2(H vOnaL7w8:SL<,)§jL)HSH) ’

for all r in [2, 00|,

(4.38) lim lim limsup [|®°'°¢, (-, 0)| 2 =0

Lo00a—0 pee WL NT R B (R2)) ’
where UO solves (NS2D)_ with data vy ° |, w2}
a,L T3 o,n,a,L> “n,a,L

tion (Tho ) defined page 22 with data wg ZOQS ;, and where

solves the transport-diffusion equa-

0,00,h _ ha-1 0,00,3
Wy o,L = -V A O3 wnaL
Similarly defining
0,loc d_ef 0,loc 0 0,loc,h 0,loc,3
on,o,L [( OnaL+h’n OnaL7wO,n,a,L)]h0 ’

then for hY smaller than &1 (|| vg i? o L’MSZEZ?L)H Su) there is a unique global smooth solu-

tion <I>O ol associated with <I>8 l?ca » which belongs to Ag, and

(I)O loc def (I)O loc,app + wO,loc with

n,o, L n,o, L n,o, L

(4 39) (I>0 loc,app def [ 0,loc + 10w 0,Joc,h  0,loc,3

noL Vo L, " naL,wma’L]h%andforaHr1n[2,oo]

0,1 0,1 0,loc,3
”wn,g,CL”LT(W B2 S nT? H Yo ;ZL’MO,n(),Zc,L)HSM)’

where UO o1, Solves (NS2D) - with data Ug 1?; ; and wg II;JCL?’ solves (Tjo ) with data wg’}fgi.
Finally we recall that wo IOC h— VhA Loy 21(;)23.
In the next step, we establish localization properties on <I>O’°° al and CDO’ISCL. Those localization

0,loc

o, approximate the

properties will enable us to prove that the function u, + <I>0 o ar T Liihg
solution to (NS) system associated to the Cauchy data CIDOJL’&’L.

4.2.2. Localization properties of the approximate solution. In this step, we prove localization

properties on @ o0 al and @2’106 7, namely the fact that Y Zo Lapp escapes to infinity in the space

0,loc,app
n,a,L

remains small near 3 = 0. Let us recall that as claimed by (2.6), (2.7) and (2.8), those
properties are true for their respective initial data. A first part of these localization properties

derives from the following result.

variable, while @2 lofl)CLapp remains localized (approximately), and we also prove that ®

Proposition 4.7. Under the assumptions of Proposition 4.1, the control of the value of v at
the point x3 = 0 is given by

(@40)  vreLool, Jol Ol xS ool Ol + ol O

Moreover we have for all n in ]0,1[ and « in {0, 1},

(4.41) 1y = Ony)ol
with 6y, is the truncation function defined by (2.1).

(7 = On.n)vo] | o exp Ti([[vo]l o) + 1 T2(llvolls,)
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Proof. In order to establish Proposition 4.7, let us start by pointing out that the proof of
Lemma 1.1 of [12] claims that for all z3 in R,

(AR(v(t, - x3) - VDot -, xg))‘sz(t, x3)) 12

(4.42)
S di(t,23) | Vo(t, - 23) [ 22 | ARo(t, -, 23) [ 2

where (dy(t,23))kez is a generic element of the sphere of ¢1(Z).

Taking x3 = 0, we deduce by an L? energy estimate in R?
1d
2.dt

where (dj(t))rez belongs to the sphere of ¢}(Z), which after division by ||Abv(¢,-,0)|/;2 and

time integration leads to

|’A2U(’JO)HL°°(R+;L2) + CQ%HAEU(HO)HLl(RJr;B)

||A£U(t, ) 0)”%2 + C22k”A2U(tv ) 0)”%2 S dk(t)”vhv(tv B O)H%Q ||A£U(t, ) O)HL2 )

~

(4.43) > h 2
< |’Akv0(‘70)HL2 +C dk(t)Hv U(tv '7O)HL2dt'
0

By summation over k and in view of (4.9), we obtain Inequality (4.40) of Proposition 4.7.

Now to go to the proof of Inequality (4.41), let us define v, def (7 = bn,n)v and write that
3
vy — Apvyy + divy (v ® vyy) = Ey(v) = Z E%(v) with
i=1

def
E}(v) = —2n(V"0)y, V™ — n*(ApO)n v,

def nv- (V)0 and

def — m
= (Y= ) VAL D 00 (™)
1<€,m<2
Lemma 4.5 applied with s =0, s’ =1/2, a = vy, Q(v,a) = divy(v®a), f = E,(v) and =0
reduces the problem to the proof of the following estimate

(4.44)
Ej(v)

Ep(v)

(4.45) 1En ()l 1 @t 50) S 1 T2(llvolls,,) -
Actually, in view of Inequality (4.3) applied with » = 1 and s = —1 (resp. with r = 2
and s = —1/2) this will follow from
2
(4.46) HEU<U)”L1(R+;BO) S 77(HU|’L1(R+;61) + HU|’L2(R+;B%)) .

Product laws in anisotropic Besov spaces and the scaling properties of homogeneous Besov
spaces give

(720, V0 (1) | 50

N

17O ll s, 2y IV 0(0)
190151, oy 18 -

N

Along the same lines, we get

[(AnO)npv(®)lge S [(And)nyl

B2, @) llv(®)] s

AN

1
5“Ah9HBg’1(R2)Hv(t)HBl :
Consequently

(4.47) ”E%(U)HLl(RJf;BO) S 77||’UHL1(R+;BI) .
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The same arguments enable us to deal with the term E2(v) and to prove that

2 2
(4.43) B3O 1oy S N2, g -

Let us finally study the term Eg(v) which is most challenging. To this end, we make use of
the horizontal paraproduct decomposition:

av =Tha + Thy + R™(a,b) with Th defZSk jaAlb and  R(a,b) ST AlaAl,

where Z}; def P(27%¢,) with @ is a smooth compactly supported (in R?\ {0}) function which
has value 1 near B(0,270) + C, where C is an adequate annulus. This allows us to write

3
E3(v) =) E}(v) with

(=1
E¥'(v ) def 7 oy with  Vip= VA Z DO (V™)
B3 (0) € N [T, VPA90,] 0" and

1<l,m<2

E3(0) 3T VA 00T O,

1<t,m<2

where T, by = Thp + RP(a,b). Combining laws of product with scaling properties of Besov
spaces, we obtain

1Tl S IV"p() )
<

n ) sup ||ve(t)vm(t)“l$0 HHHB;l(R?)

<tm<
2
S @l 101sz , me) -
Along the same lines we get

IVEA 0, T

< T o o Pl
< I )™ ()l B2 a
<

D02, 10053, s -

(t)o(t)

We deduce that

3,1 3,3 2
(4.50) 1y () + Byl oy S VI, vt
Now let us estimate E?”2 (v). By definition, we have
(T3, VAL 0] Zg,m with

def
Ern(v) = [Si- No (7 = On), AthA L0p0m | AR (v'0™).

Then by commutator estimates (see for instance Lemma 2.97 in [2])

[ANT RGO PRI F @ 0™ ()2 -
Noticing that ||[V6y,||L~ = ||V L, we get by virtue of laws of product

1B @)l gm0y S mllol?,

2(RT; 82)
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which ends the proof of Estimate (4.45) and thus of of Proposition 4.7. O

A similar result holds for the solution w? of
(Tp) w4+ v - Vuw? — Ayw?® — 202w® =0 and w\?;;:o =wy,

where 8 is any non negative real number. In the following statement, all the constants are
independent of 3.

Proposition 4.8. Let v and ws be as in Proposition 4.4. The control of the value of w? at
the point x3 = 0 states as follows: For any r in [2, ],

1—2p

< Talll(wo, wi) 5, ([lf ¢ 0) 15y 12z) + )

| 3
. * 0
(451) e )“Z’"(R+;B§I(R2))

Moreover, with the notations of Theorem 3, we have for all n in |0, 1[ and y in {0, 1},

(452) 10— OupulLao < |67 On)ud| o ex0 T (ol o) + ol (wo, s, )

The proof of Proposition 4.8 is very similar to that of Proposition 4.7 and is left to the reader.
Propositions 4.7 and 4.8 imply easily the following result, using the special form of P

n,a, L
and CI)?L”E?L recalled in (4.37) and (4.39), and thanks to (2.6), (2.7) and (2.8).

Corollary 4.9. The vector fields %o and 0 ;, satisfy the following: @2’}22 vanishes

n,o, L n,a,
at x3 = 0, in the sense that for all r in [2, 0],
o 0,1
(4.53) lim lim lim sup H<I>n7§7cL(-,O)H =0,

~ 2
L—ooa—0 00 L™ (R*;BJ | (R?))

and there is a constant C(«, L) such that for all n in |0, 1],

. 1
timsup ([(1 = )0, a0 + 10, @050 Lo ) < Clev L.

n—oo

Proof. In view of (4.39) and under Notation (1.11)

(I)O,loc _ (I)O,loc,app+¢0,10c with

n,o, L n,a,L n,a, L
0,loc,app __ 0,loc 0. .0,loc,h 0,loc,3
n,a, L - [vn,oz,L + hnwn,a,L » i, L ]h% ’
0,loc . 0,loc 0,loc,3 . .
where v’ solves (NS2D) » With data vy, ") 7, w7 solves the transport-diffusion equa-
. . 0,loc,3 0,Jocch ha-—1 0,loc,3 s
tion (7o) defined page 22 with data w7 and w,’,7" = —=V'A 703w, 7", Combining

Property (2.6) togeter with Propositions 4.7 and 4.8, we infer that

li li li } (I)O,loc,app . 0
L0 a0 ISLZ‘ip” wal U )||ET(R+;B2%1(R2))

)

which ends the proof of (4.53) invoking (2.5) and (4.39). The argument is similar for the

other estimates. O
4.2.3. Conclusion of the proof of Theorem 4. Now, with the above notations, we look for the
solution to (NS) system associated to the Cauchy data <I>87n7 o,r, under the form:

def 1
By ar E o+ Py +ELOT + Unar

Oy n#LL

In particular the two vector fields @g’}gi and @2’2 ;. satisfy Corollary 4.9, and furthermore
thanks to the Lebesgue theorem,

(4.54) %g% (1 - en)uaHL%R*;Bl) =0.
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Given a small number € > 0, to be selected later on, we choose L, o and n = n(c, L, ug) so
that thanks to Corollary 4.9 and (4.54), for all r in [2, oo], and for n large enough,

H(I)O,loc (" 0)

n,a,L

loc
| 2 + (1= On) @y ez lLao + (1= Op)utall 2
(455) LT(R+;B£1(R2)) n n,o, L n) Pl L2(RT;81)
07
"’Heh,nq)n,ooiL”AO <e.
For sake of simplicity, denote in the sequel

def
(

def
(@2, @2loc y,) E(@0%°, @1 o 1) and  BPP E g, 4 O 4 gOloc,

n,a, L’ “n,a,L?

By straightforward computations, one can verify that the vector field 1. satisfies the following
equation, with null Cauchy data:

Obe — Aty 4 div (e ® e + BIPP @ Y. 4 Y. @ PPP) = —Vg. + E.,
with FE.=E! +E? and
(4.56) B div (<I>2’°° ® (DV1° 4 1,) + (V10 + u,) @ DL
+ (I)O,loc ® (1 _ Hn)ua + (1 _ On)ua ® q)(),loc> 7

B2 % iy (921°° @ 00 + 010 @ DO .
The heart of the matter consists in proving that
(4.57) lim || E¢|| 70 = 0.
e—0
Indeed, exactly as in the proof of Theorem 3, this ensures that 1. belongs to L?(R*;B!),
with
lim Vel L2 m+im1) = 0,
and allows to conclude the proof of Theorem 4.

So let us focus on (4.57). The term E; is the easiest, thanks to the separation of the spatial
supports. Let us first write E{_} = E;h + E€173 with

def ..
Eel,h =< divy, ((q)g,loc + Ua) ® (I)g,oo,h + @2,00 ® (q)g,loc,h + ug)

(1= OpJuq  OOCP 4 @ @ (1 g, )ul)  and

E;3 def 03 ((cpgvloc + ua)<1>87<>°:3 + (I)g,m(q)g,loc,s + u3)

«

(67

+ (1 . gn)uaq)o,loc,?) + cI)O,IOC(l _ Hn)u?’) )
Now using as usual the action of derivatives and the fact that B! is an algebra, we infer that

HE;,hHLl(R+;BO) + HEEI,S” < HehyT](I)g’OOHLZ(RJF;Bl)H(I)gyloc + ua”LQ(RJr;Bl)

1,1
LI(R+§BQ:1 %)
It
H (1= Onn) (D2 + ua)ll 2 51 12| 281
0,1
+ ||®; OCHL2(R+;61)HUEOHLZ(W;Bl) )

where we denote by u2° the function (1 — 6;))u,. Thanks to (4.55) and to the a priori bounds
0,00 0,loc .
on &7, & and u,, we easily get

lim ||EX|| 0 = 0.
Elg(gll cllro =0
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Next let us turn to Eg To this end, we use the following estimate (see for instance, Lemma 3.3
of [16]):

(4.58) labllsr < llalls [[6( 0) gy, (r2) + x50l 51 16 51 -

loc

Defining u; def 0puq, we get applying Estimate (4.58)

1 1
1Bl 70 S el 2 i) 1920 (5 O] o3, 2y

I 1
+”333Usoc||L2(R+;Bl)||33‘1>2’ *Ne2 @+ -

Thanks to (4.55) as well as Inequality (2.14) of Theorem 3, we obtain

lim ||E2||z0 = 0.
Elg%ll 2l =0

This proves (4.57), hence Theorem 4. O

1]
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