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1 Introduction

This section is devoted to provide a short overview of our main results. More general and complete
statements are given in the subsequent sections. We refer to Appendix A for reminders on sub-
Riemannian geometry and details on all notions used hereafter.

Setting. Let (M, D, g) be a sub-Riemannian (in short, sR) structure, where M is a smooth (i.e.,
C*°) connected compact manifold of dimension n € N*, D is a subsheaf of T'M called horizontal
distribution and g is the sR metric (defined in Appendix). In particular, when D is a subbundle of
TM, g is a Riemannian metric on D, but the rank of D may vary on M. When D =T M, we are
in the Riemannian case. The situation of interest in this article is when D # T'M. This includes
the almost-Riemannian case. Throughout the article, we assume that Lie(D) = TM (Hérmander
condition). Endowed with the sR distance dsg, M is a complete metric space.

The sR structure (M, D, g) is said to be equiregular if the sR flag of D is everywhere regular,
which means that the subsheafs D* of T'M, generated by the Lie brackets of length k of smooth
sections of D, keep everywhere on M the same dimension. Otherwise, the sR structure is said to
be singular and we denote by . the singular set, that is the closed subset of M where the sR flag
of D is not regular. For instance, the Heisenberg (contact) sR structures and the Engel case are
equiregular, while the Baouendi-Grushin and Martinet cases are singular.

Let p be an arbitrary smooth Borel measure on M. Let A be the sR Laplacian associated with
the metric g and with the smooth measure . The operator A is defined globally (see Appendix
A.2) and is locally defined as

A== XX = (X7 +divu(X,)X) (1)
1=1 =1

where the star is the transpose in L?(M, ) and where D is locally spanned by m vector fields
X1,...,X;,. The Hérmander condition implies that the operator A, defined on D(A) = {f €
L?>(M,p) | Af € L*(M,u)} is subelliptic, nonpositive, selfadjoint, —A has a discrete spectrum
0=MX <A1 < - <\ <o+ with Ay = 400 as k — 400, and A generates a strongly continuous
contraction semigroup (em)t>0 and a smooth positive symmetric heat kernel, denoted by e = e 4.

The set 2 = D+ (annihilator of D) is called the characteristic manifold of the sR structure.
Outside of 3, A is elliptic.

In this article, our main objective is to establish small-time asymptotics of local and microlocal
Weyl laws in general sR cases, to identify the main terms of the expansions in a geometric, intrinsic
way, and in particular to infer the Weyl law by the Karamata tauberian theorem.

Weyl law in sR geometry. The Weyl law consists of describing the asymptotics of the spectral
counting function
NA) =#{keN| X\ <A} YA eR (2)

as A — 4o00. In the Riemannian case, the Weyl law stipulates that A~"/2N(\) — %‘)@4) as

A — 400, where w,, is the volume of the n-dimensional Euclidean ball and Vol is the Riemannian
volume (see, e.g., [14, 50] for this very classical result). In contrast, if the codimension of D in
TM is everywhere positive, then A™"/2N(\) — +o0 as A — +oo (see [31, Proposition 4.2]). The
Weyl law has been investigated in a tremendous number of papers, in the more general setting
of hypoelliptic Hérmander operators with multiple characteristics, in the 70’s and 80’s. Some of
those achievements cover several classes of sR cases. We just cite few of them. The Weyl law is
established in equiregular sR cases in [66]: N () ~ Cst A2"/2 where QM is the Hausdorff dimension



of M. The results of [65, 67] cover singular sR cases where ¥ is a smooth conic submanifold of
T*M \ 0, which is either symplectic, like in the Heisenberg case or in the Baouendi-Grushin case
without tangency point, or is not symplectic but the operator A is transversally elliptic along 3
(as defined in [21]), meaning that the microlocal quotient A along ¥ is elliptic, like in the Engel
case. The recent paper [25] covers some particular classes of almost-Riemannian cases having
nice singularities. These results show that N(\) ~ Cst \"In A for some well identified positive
rational number r, where the constant is defined as a volume. But on the one part, there is no
geometric interpretation of the constant, and on the other, for instance the Martinet case where
the characteristic manifold is not symplectic is not covered.

Besides, according to the exponential estimates for sR heat kernels (recalled in Appendix A.8.3,
see [33, 53, 506, 78, 79, 88]), since M is compact, there exist Cy,Co > 0 such that, along the diagonal,

Cq

I Ca
1(Ber(g, V1))

1(Bsr (g, V1)) vaeM Ve (O.1]

e(t.q,q) <

where Bgr(g,v/?) is the sR ball of center ¢ and radius v/¢. Integrating over M and applying the
Karamata tauberian theorem then yields the well known result

1 1
e/ WBuna V) MO SN < G /, (B0, 1/ V)

obtained earlier in [35, Theorem 2], which we will refer to as the Fefferman-Phong estimate. Tt
implies that N()) is bounded above and below, up to scaling, by [, A2D/2 dy(q), where QM (q),
which depends on ¢ in the singular case, is the homogeneous dimension at ¢ (see Appendix A.3).
The double inequality (3) is general and does not require any assumption on the sR structure
(M, D, g). Anyway it does not give an equivalent of N(\) as A — +o0.

du(q) (3)

We go much further in the present article. As a consequence of our main results, we compute
explicitly the equivalent of N(\) and we also characterize the constants appearing in the equivalent
in a geometric way, under the sole assumption that the singular set . be Whitney stratifiable.
With respect to the above-mentioned existing results, the main novelty is that we deeply exploit
the sR context in order to identify the main terms geometrically, using in particular the known
concept of nilpotentization (recalled in Appendix A.5) and more generally using the new concept
of multiple nilpotentization.

The geometric identification of spectral invariants in sR geometry is a recent subject. We
mention however the paper [11] for some early results in this direction, but the paper was written
before the real birth of sR geometry (certainly impulsed by the article [83]). Then, the first results
really established in a sR context are due to [8] and have then been followed by a number of works
aiming at exploiting intrinsic concepts in the sR framework, like good notions of curvatures (see
[3] for a recent textbook), in spectral developments.

Our present study is however not restricted to computing the asymptotics of N(\).

Much more generally, we give in this article small-time asymptotic expansions at any order of
the local and microlocal Weyl laws.

Spectral asymptotics. The local Weyl law consists of computing the small-time asymptotics
of the function

t|—>Tr./\/lje /f e(t,q,q) du(q Z /fngd,u



for an arbitrary function f on M, where M is the operator on L?(M, u) of multiplication by f,
and the microlocal Weyl law consists of computing the function

t)—>Tl“ Ze A¢]u¢]>L2(M,u)

for an arbitrary pseudo-differential operator A of order 0 on M. Here, (¢;) ey is an arbitrary
orthonormal eigenbasis of L?(M, u1) corresponding to the ordered eigenvalues ();)jen (ie., Ap; =

—\j¢; for every j € N).

To reach this objective, an instrumental tool is the main result of [32],! recalled for sR heat
kernels in Theorem C.1 in Appendix C, establishing a small-time asymptotic expansion for the
heat kernel e in an asymptotic neighborhood of the diagonal (and not only along the diagonal like
it was done in [13]). This is the key to treat singular sR cases or to compute the microlocal Weyl
law.

In turn, exploiting Theorem C.1, we provide in Theorem 3.1 in Section 3 an asymptotic expan-
sion at any order of the Green kernel near the diagonal, thus recovering and improving results of
[36, 79]. As a consequence, we prove that, given any go € M (regular or not), the sR Laplacian A
on C™(M \ {qo}) is essentially selfadjoint if and only if Q(qo) > 4.

The main terms of our small-time asymptotic expansions are identified as geometric objects
attached to the sR structure, related to the concept of nilpotentization. Given any ¢ € M, the
nilpotentization (M 4. D7,§%) of the sR structure (M, D, g) at ¢ is the Gromov-Hausdorff metric
tangent space at g of the complete metric space (M,dsg). It is a nilpotent homogeneous sR
structure. In general, M9 is a quotient of a Carnot group. Note that, in contrast to Riemannian
geometry where all tangent spaces are isometric, in sR geometry the nilpotentizations of the sR
structure (M, D, g) at two different points are not sR isometric in general. This makes the geometric
picture much more complex. In what follows, we denote by A the selfadjoint sR Laplacian
associated with the metric g7 and with the nilpotentized measure 1%, and by €? = ¢ Rapa the heat

kernel associated with Ad,

Weyl measures. Our results put in evidence the role of a new intrinsic measure in sR geometry,
that we call the Weyl measure, of which there exists a local and a microlocal version. We underline
that these measures do not depend on the choice of the smooth measure u. Actually, although the
definition (1) of the operator A (and thus so does its spectrum) depends on p, as noticed in [31],
any self-adjoint second-order differential operator whose principal symbol is the cometric g* of the
sR structure, whose sub-principal symbol vanishes, and whose first eigenvalue is A\; = 0, is equal
to Ay, for some smooth measure p. Hence, in the sequel, all our results depend only on the sR
structure (in particular, on the metric ¢g) but not on the smooth measure p, whose choice has thus
no importance.

Borel measures on M are identified with positive densities on M. Throughout the paper, given
any f € L'(M,u), we denote by fM fdp the integral of f on M with respect to the smooth
measure .

The local Weyl measure wp is the probability measure on M defined by

/ Fdwn = lim Jur (@) et g,9) dp(q)
M t—0+ fM ta q, Q) d:u(q)

for every continuous function on M, whenever the limit exists for all such functions. In all sR cases
investigated in this article (equiregular and stratified singular cases), the measure wa exists and

1 Actually, we have written this paper as a preliminary to the present one.



is also the weak limit of the sequence of probability measures ﬁ > A <A |¢;|% 1 (Cesaro mean)
as A — +o0.

The local Weyl measure wa happens to be a canonical measure in sR geometry, enjoying the
same nice properties as the already known Popp measure: like Popp, the local Weyl measure is
“doubly intrinsic” in the equiregular case in the sense that it commutes with nilpotentization, and
it is invariant under sR isometries of M (see Section 4.2).

The microlocal Weyl law W is the measure defined on the co-sphere bundle S*M by

Tr (Op(a)eté)
d = lim ————~
/S* L 0Wa = i =

for every classical symbol a of order 0, whenever the limit exists for all such symbols (here, Op
denotes any quantization operator).

General definitions and properties for local and microlocal Weyl measures are provided in
Section 2.

Equiregular sR structures. The equiregular case is the subject of Part I of this article.

Theorem 1. In the equiregular case, for every f € C°(M) there exists F' € C*°(R) such that

1 1
Tr(Mf etA) = tQM/Q QZ\/I/Q/ f(q)€?(1,0,0) du(q) + (W) ast— 0"

(note that € du(q) = ez, 5o dp(q) does not depend on the smooth measure w), where QM s the
Hausdorff dimension of the metric space (M,dsr). As a consequence, the local Weyl measure wa
exists, is a smooth measure on M and its density with respect to v at any point g € M 1is

dwa 21(1,0,0)
“an D T (1,0,0) d(d)

and the spectral counting function has the asymptotics

~ f]\{[gq(laovo) d:u(q))\QM/2
Ao D(QM/241) '

N(A)

The general statement is provided in Theorem 4.1 in Section 4.1, with subsequent remarks.
It can be noticed that, in contrast to the Riemannian case, we always have QM > n as soon as
rank(D) < n. Except the sR interpretation, this theorem was essentially stated in [66].

The local Weyl measure coincides with the Popp measure (up to constant scaling) for free
nilpotent sR structures and for nilpotent equiregular sR structures of dimension < 5 except for the
bi-Heisenberg case (see Section 4.3).

In turn, we prove in Section 4.4 that, as a consequence of Theorem I, the regularized determinant
(defined thanks to the zeta function) exists and is a global spectral invariant.

The general microlocal Weyl law in the equiregular case is provided in Theorem 5.1 in Section
5, generalizing to a wide extent the result established in [85] for contact closed manifolds. We do
not give the statement here, but we mention that, in particular, the microlocal Weyl measure Wa
exists and is supported on SY"~! = S(D"~1)L where 7 is the degree of nonholonomy of the sR
structure. Its explicit expression is given in Theorem 5.1.



Singular sR structures. The singular case is the subject of Part II of this article.

The horizontal distribution D is said to be .'-nilpotentizable if D is locally diffeomorphic to
its nilpotentization DY at every point ¢ of the singular set .. A smooth submanifold N of M is
said to be equisingular if the sR flag of D along N and the sR flag of D restricted to N are regular
(see Appendix A.3).

Theorem II.1. We assume that the singular set . (and thus M) is Whitney stratified by eq-
uisingular smooth submanifolds and that D is .-nilpotentizable. Denoting by Q' < --- < Q°
the Hausdorff dimensions of the strata of M (including the equiregular region M \ ) and by
mi, ..., ms their respective maximal multiplicities (see Section 8.1 for the definition), there exists
a Borel measure v on M such that, for every f € C*(M), we have

s m;—1

|1nt|3 | Int|ms—1 |Int|me—1 n
(Mfe ZZ th/2 t) Nde W‘FO W G,St—>0

=1 75=0

for some functions F; ; € C(R). The support Ny of v is the closure of a union of equisingular
strata of M of mazimal Hausdorff dimension Q°. The density of v is smooth on N, and is
expressed in terms of multiple nilpotentizations (along the various strata) of the heat kernel e. As
a consequence, the local Weyl measure exists and is wa = v/v(Ns), and

V(NS)

~ Qs ms—1
Ao T(@e 211y A

N(A)
In the particular case where 7 is an equisingular smooth submanifold of M (i.e., ¥ has a single
stratum), denoting by Q7 (resp., by QM\Y ) the Hausdorff dimension of .7 (resp., of M\ .7 ):

o If 97 > QM\ then N, = .7 and the density of v on . is a “transverse trace” of the
nilpotentized heat kernel along .7 .

o If Q7 = QM\ then N, = ., the density of v on .7 is given in terms of a double nilpo-
tentization of the heat kernel (one along . and the other along M \ .¥), and actually we
have an intrinsic two-terms small-time asymptotic expansion of Tr(M e!®) (i.e., the two

first terms of the asymptotic expansion can be identified geometrically), the dominating term
|Int|

being in 7073

o If Q7 < QM\Y then N, = M : the equireqular part dominates and g—:(q) =¢4(1,0,0) at any
q € M (as in the equiregular case).

The complete statements are given in Section 7 (see Theorem 7.1 for the case of one single
stratum) and in Section 8 (see Theorem 8.1 for the case of multiple strata), as well as some
examples.

We also elaborate in Sections 7.5 and 7.6 on the Baouendi-Grushin and Martinet cases, giving
more details on their two-terms small-time asymptotic expansions. In turn, we establish in Section
7.7 a Quantum Ergodicity (QE) result in the Baouendi-Grushin case when .# is connected with at
most one tangency point: there exists a density-one subsequence of probability measures |¢;, |*u
converging weakly to wa = v/v(.) (see Theorem 7.4). This is the first QE result in sR geometry
where the limit measure is singular (see [31] for QE in the 3D contact case).

Theorem II.1 uses the concept of multiple nilpotentization (defined in Section 6.4.2) along chains
of strata of 1ncreasmg topological dimensions. Roughly speaking, the double nilpotentization

—_—

D#n%2 = Do is the horizontal distribution obtained by first nilpotentizing D at some point



q1 € < and then by nilpotentizing D% at some neighbor point ¢o € %%, where ., and % are
two equisingular strata of M such that dim.#; < dim.% and .%;, C .%.

This is thanks to the nilpotentizability assumption, which is defined and commented in 6.4.1,
that we can identify geometrically the main terms of the spectral asymptotics. When nilpotentiz-
ability fails, the situation becomes more complex.

Theorem I1.2. We assume that the sR structure (M, D, q) is real analytic. There e:m'st k €
{0,...,n} and a rational number v € Q, only depending on D (not on g), satisfying v = QS and
zf’y =1 5Q°% then k > mg — 1, and there exist £ € N* and a Borel measure v on M such that for
every f € C™(M), we have

k

1 , Int|* Int|*
Tr(fe'®) = = > R/t = (/ fdy> | I;' +o<| I;' ) ast— 0F
N

=0

for some Fy, ..., Fr, € C®(R). The support N of v is an equisingular stratified submanifold of M.
As a consequence, the local Weyl measure exists and is wa = v/v(N), and

v(V)

~ = AT InF A
A=too T'(y+ 1) .

N(A)

The dominating term of the small-time asymptotics of the local Weyl law is always greater

than or equal to that obtained in Theorem II.1 in the equisingular stratified nilpotentizable case.

This result corresponds to Theorem 9.1 in Section 9.1, where we also give examples showing

that ~ is not an integer in general. In contrast to Theorem II.1, here the geometric role of the
Hausdorff dimensions of the strata is lost, due to the lack of nilpotentizability.

Interestingly, in Theorems I, II.1 and II.2, the maximal complexity of the small-time asymptotics
is a positive rational power of 1 times an integer power of |Int|. There is no In|In¢| for instance.
To complete the picture, we give in Section 9.4 some classes of examples where the sR structure is
not real analytic, i.e., the vector fields defining it may involve flat terms. We obtain more “exotic”
Weyl laws, which may have an arbitrarily complex transcendence (see Proposition 9.1).

As concerns the microlocal Weyl law, we do not compute it in the singular case, but the method
that we develop certainly allows for its estimation. We just mention the general fact that, if D is
of codimension 1 in 7'M, then the microlocal Weyl measure Wx is equal to half of the pullback of
wa by the double covering SY. — M which is the restriction to S¥ (with ¥ = D) of the canonical
projection of T*M onto M (see Section 2.2).

The (J 4+ K)-decomposition. Let us comment shortly on the main basic technique used for
estimating the small-time heat trace asymptotics in singular cases. While the local Weyl law
straightforwardly follows from the Lebesgue dominated theorem in the equiregular case, the re-

quired domination property fails in general in the singular case (see Section 6.1). In order to
estimate the trace, we split the “singular” integral defining the trace as the sum of two integrals:

My ') = [ flaettoa.q) duta) = I + K
(called the (J 4+ K)-decomposition) with

J(t) = / F@)eltd d)dp(d)  and  K(t) = / 1(&) et g a) du(d).
B(S V%) M\B(Z V%)



The scaling v/# is the right one to use properties of the heat kernel (recall that the heat propagation
at small times is, up to exponentially small terms, located inside balls of radius of the order of
Vt: this follows from the finite speed propagation of singularities for the sR wave equation, see
[64]), in particular the fact that the function t — (v£)2" (@ e(t, 5(\1/%(,@), 6:1/%(1:/) has an asymptotic
expansion at any order at ¢t = 0, whose first term is the nilpotentization €?(1, x, z’) (see Theorem C.1
in Appendix C). This fact immediately yields an asymptotic expansion for J(t). Expanding K (t)
is much more difficult and requires to perform multiple nilpotentizations of e along equisingular
strata of increasing topological dimensions. Nilpotentizability ensures that the multiple limits
are well defined. In the analytic non-nilpotentizable case, we use finer stratifications related to
subanalytic preparation theorems.

2  Weyl measures

In this section, we define Weyl measures. They had already been introduced in [31], in a different
but equivalent way (see Section 2.3). In Section 2.2, we define local and microlocal Weyl measures
in terms of an appropriate limit of the heat kernel. In Section 2.3, using a classical argument
(tauberian theorem), we provide alternative expressions for those measures in terms of an appro-
priate limit of Cesaro means involving an orthonormal basis of eigenfunctions, and we give the
asymptotics of the spectral counting function.

Recall that A is defined by (1) and that e = ea ,, is the sR heat kernel, where 1 is an arbitrary
smooth measure on M.

Given any f € C%(M), we denote by M s the operator on L?(M, ) of multiplication by f. The
operator e*® is of trace class and thus the operators M e!® and more generally Ae'®, for any
bounded operator A on L?(M, i), are of trace class.

2.1 Preliminary remark on the smooth measure

Let us consider two sub-Riemannian Laplacians A, and A, associated with two different smooth

measures £ and v on M, but with the same metric g. Assuming that v = h?y with h a positive
2

smooth function on M, we have div, (X) = div,(X)+ X,(L}; L for every vector field X, and it follows

that

hAL(9) = Du(he) — 9AL(R) = Du(he) +h2oA, (A1) Vo € CF(M).
Defining the isometric bijection J : L?(M,v) — L?*(M, p) by J¢ = h¢ (gauge transform), we have
JN, TP =N, — %A#(h) id=A,+hA, (R YHid=A, + W, (4)

ie., A, is unitarily equivalent to A, + W, where W is a bounded operator.

Lemma 2.1. Given any f € C°(M) and any (classical) pseudo-differential operator A of order 0,
we have, ast — 07T,

Tr (") = Tr (e"#) (1 + O(1)), (5)
Tr (Mye®) = Tr (Myet®r) + Ot Tr(e244)), (6)
Tr (A etA”) =Tr(A etA*‘) + O(Tr(etA“)) + O(tTr(e%A*‘)). (7)

Proof. Denoting by (A\;j(1))jen (resp., by (Xj(¥))jen) the spectrum of A, (resp., of A,), it follows
from the Courant-Fischer min-max theorem that

INj(v) = Nj()] < W llpeorpyy V€N,
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and thus e MMt = =MW1 4 O(t)) as t — 0F, for every j € N, where the remainder O(t) is
uniform with respect to j, and then (5) follows.

Let us now consider an arbitrary bounded operator A on L?(M, u) = L?(M,v) (because M is
compact). From the relation et = e=X(Wt(1 4 O(t)), we infer (5). Note that et/2v/ " =
Jet®v J=1 and, using (4), we have Tr (e!(®xtW)) = Tr (et®1 ) (1 + O(2)).

Now, let A € L(L*(M, i) be arbitrary. By the Duhamel formula

t
Aet(A"+W) =AetA“+/ Ae(t_s)(A“+W)WGSA" ds,
0

splitting the latter integral at ¢/2, using the inequality || BC||1 < [|B||(z2(ar,u))l|C]l1 for all oper-
ators B,C € L(L?*(M, u)) with C of trace class, where || ||1 is the trace class norm, we obtain

Tr (A 4rtW)) = T (Aet®e) + O (1 Tr(ed2%) 41 Tr(ed (40 M))

as t — 0T, and thus, using (5), Tr (Ae!®xtW)) = Tr (Ae'sr) + O(tTr(e%AH)) as t = 0.
Besides, by (4), we have Tr (Ae!(®«+W)) = Tr (J=1AJ e*4+). Taking A = My, the operator of
multiplication by f, we have M¢J = JMy, and then (6). Now, taking A an arbitrary pseudo-
differential operator of order 0, A does not a priori commute with J, but we have J 'AJ =
A+ J7C, with C = [A, J] that is a pseudo-differential operator of order —1 and thus compact.
Let us prove that

Tr (C etA”) = o(Tr(etA”)) (8)
as t — 0% (which gives (7)). Considering an orthonormal eigenbasis (¢%);en of L*(M,v) corre-
sponding to the ordered eigenvalues (\;(v))jen of A, (i.e., Ay¢Y = —N;j(v)p;v for every j € N,
with A\;(v) < Aj11(v)), we have

T (O | T e INCH By
Tr (etAv) E;F:OS e At

Since C'is compact, given any € > 0 there exists N € N* such that |<C¢J’4, ¢J’4)L2(M71,)| < ¢ for every
7 > N, hence

Tr(Ce'®) S e NWUCH BY) 12 a0
Tr (etAV) =X Z;r:(XO) e— M)t

tA,
and thus lim sup T,rrr(ce%u) <east— 0. Since € > 0 is arbitrary, (8) follows. O

2.2 Local and microlocal Weyl measures
Definition 2.1. The local Weyl measure wa is the probability measure on M defined by
Tr (M et® t.q,q)d
/ Fdwp = tim M) o S S(@) et 0,9) diala)
M -0t Tr(ef4) =0t [, et g, q) du(q)

for every continuous function f on M, whenever the limit exists for all such functions.
The microlocal Weyl measure Wa is the probability measure on S*M defined by

. Tr (Op(a)e™®)
fopy o = i, =g 1o

for every classical symbol a of order 0, whenever the limit exists for all such symbols. Here, Op
denotes any quantization operator (see Lemma 2.2 hereafter).
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The fact that the limits defining the microlocal Weyl measures are indeed probabilities measures
follows from the use of the Weyl quantization (see the next lemma).

Lemma 2.2. When they exist, the Weyl measures have the following properties:

1. The local Weyl measure wa is the pushforward of the microlocal Weyl measure Wa under
the canonical projection w: S*M — M, i.e., 1, Wa = wa.

2. The microlocal Weyl measure W does not depend on the quantization, is even with respect
to the canonical involution of S*M , and supp(Wa) C SY where X = D+,

3. The measures wa and Wa only depend on the sR structure (in particular, on the metric g),
but they do not depend on the measure p. Moreover, they are invariant under sR isometries

of M.
Proof. 1. This is obvious.

2. Two quantizations of a bounded operator B on L?(M,y) differ by a compact operator

C' (more precisely, a pseudo-differential operator of order —1) and we know by (8) that
Tr(Ce'®
o) L oast— o0t
To prove evenness with respect to involution, we use the Weyl quantization Op"”. Considering
a real-valued classical symbol a = a(z,p) of order 0, compactly supported with respect to x
in some chart V C S*M, the density of the Schwartz kernel of Op"(a) with respect to the

Lebesgue measure m (see Appendix A.8) is given in this chart by

1 (o T+y
Op™Y (@)]m (z,y) = —/ e'r=¥)-pg (—,p) dy dp,
[ ( )] ( ) (27‘()" R™ X R™ 2

and thus

1 i(x— T+
Tr (Opw(a) etA) = @ /]Rnx]Rnx]R" elz=v)pg ( 5 y,p) eam(t,z,y)dedydp

Since a is real-valued, Op"(a) is selfadjoint and thus Tr (Op"Y(a) ¢'#) is a real number and
is therefore equal to its complex conjugate. Hence the above integral is also equal to

/ e—i(m—y).pa(x_ﬂ7p)eA7m(t,;U,y) dx dy dp
R™ xR™ xR™ 2

because a and ea ,, are real-valued. Making the change of variable p — —p, we conclude
that Tr (Op"Y(a) e'®) = Tr (Op"Y(a) e'”) where a(x,p) = a(z, —p). This gives the second
claim.

The third claim has been proved in [31, Proposition 4.3].

3. The first fact follows from Lemma 2.1.

An sR isometry of M preserves the sR metric, but not the volume  in general; however, wa
and wa do not depend on p. The second claim follows.
O

Remark 2.1. In particular, as observed in [31, Corollary 4.2], if the horizontal distribution D is of
codimension 1 in 7'M, and if the local Weyl measure wa exists, then the microlocal Weyl measure
W exists and is equal to half of the pullback of wa by the double covering S — M which is the
restriction of the canonical projection of 7*M onto M.
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Generalization: non compact manifold, manifold with boundary. We can generalize the
definition of Weyl measures to the case where M is not compact and/or M has a boundary. In
all cases, we choose a nonpositive selfadjoint extension (A, D(A)) of the second-order operator
A defined by (1) (see [32, Section 3.1] for the geometric treatment of Dirichlet and Neumann
boundary conditions).

The local and microlocal Weyl measures can always be defined locally. Indeed, by the hypoellip-
tic Kac’s principle (see [32, Theorem 3.1]), the small-time asymptotics of hypoelliptic heat kernels
is purely local, i.e., “does not feel the boundary”. This gives a way to define the Weyl measures
(far from the boundary when M has a boundary): take any relatively compact open subset 2 of M
with a smooth boundary. We consider the heat kernel e corresponding to the Dirichlet operator
Agq defined as the restriction of A to © with Dirichlet boundary conditions. Then, according to
[32, Theorem 3.1], we have eq(t,q,q¢") = e(t,q,¢') + O(t>®) as t — 0T, uniformly with respect to
(q,q") € Q2. Now, on € we can define the Weyl measure.

Making it global is a matter of choosing a normalization. There exists a canonical normalization
when wa (M) < +oo (equivalently, Wa (M) < +00), and the above definition of probability Weyl
measures still makes sense. When the total Weyl volume is not finite, a canonical normalization may
not exist, however since any positive distribution is a Radon measure, the following construction
always makes sense: assuming that

Tr (Mye'® / fla)e(t,q,q) du(q) = ¢(t)Lf

ast — 0T, where L is a linear bounded form on the set of compactly supported continuous functions
on M, we define wa(f) = Lf (see also Theorem 2.1 hereafter). The microlocal Weyl measure is
defined similarly. Of course, in this more general case, they are not probability measures. Also,
the main difficulty is in establishing such asymptotics.

2.3 Equivalent expression and asymptotics of the spectral counting func-
tion

Let (¢r)ken be an orthonormal eigenbasis of L?(M, i) corresponding to the ordered eigenvalues

()\k)kGNa ie., Agf)k = —/\k(bk for every ke N.

By a well known argument using the Karamata tauberian theorem, we have the following alter-
native expressions for the Weyl measures and the following asymptotics for the spectral counting
function N(A) defined by (2). Recall that a function y : [0, +00) — (0, 400) is said to be slowly
varying at +oo if for every fixed s > 0 we have >;((SA’\)) — 1 as A — 4oo. It is said to be slowly

varying at 0 if x(1/)) is slowly varying at +oo.

Theorem 2.1. Assume that there exist p € [0,+00) and a function x : [0, +00) — (0,400) that
is slowly varying at infinity and a linear bounded form L on C°(M) (resp., on S°(M)) such that

Tr(/\/lfeta) -~ tipx( JOLS (resp., Tr(Op(a)etA) ot tipx( /t)L ) (11)

for every nontrivial nonnegative continuous function f on M (resp., for every nontrivial nonneg-

ative symbol a of order 0). Then the local (resp., microlocal) Weyl measure exists, and wa = -

1
(resp., Wa = %) and we also have

/Mfde:AETm Z/ Slonldp = Ym N(A) > Mypd oo, (12)

,\ <A e <A
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for every continuous function f on M; in other words, wa is the weak limit of the sequence of
probability measures ﬁ ZMgA |¢x|? o (Cesaro mean) as A — +o00. Respectively, the microlocal
Weyl measure Wa is given by

1
/S*MadWA = lim NOY Z (Op(a)Pr; Pr) L2(ar ) (13)

A
——+00 <A
for every classical symbol a of order 0, where Op denotes any quantization operator. Moreover,

NOY L1

~
A—+oo (p + 1))\ X(A).

Proof. The argument is standard. Formally, passing from the definition in terms of small-time
asymptotics of the heat kernel as in (9) and (10) to the definition in terms of asymptotic eigenvalues
as in (12) and (13) can be done by a Laplace transform. The precise relationship is well known in
the existing literature and can be achieved thanks to the Karamata tauberian theorem (see [54]).
We recall hereafter the more general version of [37, Chapter XIII, Section 5, Theorem 2].

Lemma 2.3 ([37]). Let F : [0,+00) = R be a nondecreasing function which is of locally bounded
variation (i.e., the Radon measure dF is nonnegative and locally finite) and whose Laplace-Stieltjes
transform L(F)(t) = f0+oo e N dF(\) is well defined for every t > 0. Let x : (0,+00) — R be a
function that is slowly varying at +o0o. Let p € [0,400).

o We have 1 1
LIF)(t) ~ —x(1/t) = F(\) ~ —/——=Nx(\).
(E)O) ~ ox(1/t) ()A—>+oor(p+1) X(A)
e Note that £(1§)(()i)/>\) — F(p1+1) as A = +oo or 0. For p = +o00, the result still makes sense: if
there exists s > 1 such that either S8 5 0 g5 ¢ — 0, or PN 5 400 as A — 400, then

L(F) (1) F(N)

F(A

W%O 015)\—>+OO.

o These results are still valid when exchanging 0 and +oo in the above limits, i.e., A — 0 and
t — +o0.

Let us establish (12). Let f be a nontrivial nonnegative continuous function on M. The
operator M pe!® is of trace class. We define Fy()\) = Soaeen Jar flowl? dp, for every A € R. The
function F'y is nondecreasing, is of local bounded variation, and its Laplace-Stieltjes transform is

+o0 too
_ o—tA — N et 2 5 _ . _ RN
C(Fy) (1) = / aE0) =3 /Mf|¢k| » /Mf(q) (t4.q) dyu(g) = Te(M; ')

because e(t,q,q') = Y ro0 e or(q)dr(¢'). Note that N(\) = Fi()\). By the assumption (11), we
have L(N)(t) ~ &x(1/t)L1 as t — 0". The asymptotics of N()) then follows from Lemma 2.3.
Besides, by the assumption (11), the limit (9) exists and is equal to %, hence

- L(FH)@®) LS
dwp = lim ——+——~ = —,
/M fdwn = lm =50 T I
Applying Lemma 2.3, the limit (12) exists and is equal to %, hence

o ) LS
A—~4o00 Fl(A) L1’

The conclusion follows. The proof is similar for the microlocal Weyl measure. O
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Remark 2.2. In [31], the local and microlocal Weyl measures have been defined by (12) and (13).
Note that these expressions do not depend on the choice of the orthonormal basis of eigenfunctions.

Remark 2.3. The assumption (11) is satisfied in all cases treated in this paper (equiregular and
stratified singular cases). We are not aware of any example where it would not be satisfied. Such
an example would have to be a singular case where the singular set is not stratifiable.

2.4 An additional comment

Assuming that p = hv with h a positive smooth function on M, using (80) (definition of the
nilpotentization of a measure), we have

o) = g = 20— % (1)

—~

and 11 = h(q)v?, and hence h(q)ez, 5o = €4 5o (see Appendix A.8), yielding in particular that
€Ra ga(ls T, ') du(q) = €Rapa(ls T, z')dv(q) Yt >0 Va2’ € MY Vg € M. (15)

In particular, egq_ﬁq(l, 0,0) du(q) does not depend on the smooth measure .

Definition 2.2. Given an arbitrary smooth measure i on M, we define the positive measure p on
M as the measure whose density with respect to pi is the function q — ez, fia (1,0,0). The measure
p does not depend on .

The function ¢ — ez, fia (1,0,0) may fail to be continuous or even locally integrable at singular
points (for instance, it is not locally integrable near . in the Baouendi-Grushin and Martinet
cases).

We are going to see in Part I that, in the equiregular case, the function ¢ — ez, ﬁq(l, 0,0) is
smooth and that the measure p coincides, up to constant scaling, with the local Weyl measure.

In general, if the function g — egqﬁﬁq(l,(),()) is locally integrable at ¢, then, extending the
process of nilpotentization of measures to measures having a locally integrable density, we obtain
that p? = ez, ;,(1,0,0)u? for every smooth measure i and thus, in particular, ez, (1,0,0) = 1.

3 Green kernel estimates and essential selfadjointness

Given any A € C\ Spec(4), the resolvent kernel Gy is defined as the Schwartz kernel of the
resolvent (Aid — A)~t. Given any gop € M, the Green kernel G% of A% (proved to exist hereafter)
is defined as the Schwartz kernel of (A%)~1 (see [13, Chapter 13]).

Theorem 3.1. For every qo € M (regular or not), the Green kernel G ezists and we have the
asymptotic expansion at any order N € N* in C°°(R™\ {0})

N
G0, 62° (2)) = €2~ ) (5‘” (0,2) + > _e'bf" () + O(IEIN)>

i=1

as e — 0, € # 0, where the functions b}® are smooth.
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Proof. Let us first assume that Re(\) > 0. Since (A\id — A)™t = fOJrOO e Met™ dt, we have

Ga(q0,9) = O+°° e Me(t, qo,q) dt and thus, taking some ¢ > 0 arbitrary,

2

+o00 c/e
G(qo, 0% (x)) = / e_’\te(t, qo, 0% (x)) dt + g2~ <) / e_’\€2tsg(q°)e(£2t, qo, 0% (x)) dt (16)
c 0

By boundedness of the heat kernel for ¢ > ¢, the first integral at the right-hand side of (16) is
a smooth function of . Let us treat the second integral. Theorem C.1 in Appendix C gives an
expansion of e2(@)e(e%t, gg, 2 (x)) with respect to €, at any order, whose first term is €% (¢, 0, z),
but the difficulty here is that uniformity with respect to ¢ is ensured only on any compact interval
of (0,+00). To overcome this difficulty and apply the dominated convergence theorem, we use
the exponential estimates (88) of the heat kernel (recalled in Appendix A.8.3), which imply, since
dsr(0,6:(2)) = edsr (0, ) in the local chart, taking ¢ > 0 small enough and €%t < ¢, that

C
EQ(‘IO)e(EQt, q0, 02 (x)) < o) e~ dsr(0.2)*/Ct

for some constant C' > 0, for every t € (0,¢/e?] and for every z € K, with K compact subset of
R™. Now, when K does not contain 0, we obtain a uniform domination term. As concerns the
subsequent terms in the expansion, it follows from the analysis performed in [32, Section 6.2] that
the functions f° in the expansion (93) of Theorem C.1 enjoy similar exponential estimates. The
result follows, for Re(\) > 0.

Now, let us take any A\ € C\ Spec(A). Since e(t,qo,q) = Z;;OS e i (qo)b;(q), we split the
sum in two parts, with a first finite sum E;C:O for some k € N large enough, and an infinite sum

;:Z 41 The heat kernel e defined from the latter sum is treated as above, while the first

finite sum, multiplied by e~** and integrated with respect to t, gives a smooth function because
all eigenfunctions ¢; have a polynomial growth (this fact follows by rough estimates of the Weyl

law and by Sobolev embedding estimates as developed in [32]). O

In Theorem 3.1, not only we recover the main results of [36, 79], according to which the Green
kernel G(qo, q) is bounded above and below, up to scaling, by 72 /u(Bsr (o, 7)) with 7 = dsr (o, ),
but we also improve them since we obtain an equivalent (and even, a full expansion) in terms of
the nilpotentization. Moreover, thanks to Theorem C.1, the above argument is short.

Application: essential selfadjointness of sR Laplacians. Given any qo € M, let us study
the possibility of having different self-adjoint extensions of the Laplacian on M\ {qo}. This problem
has been studied in [28] in the Riemannian case and in [1] in the 3D sR case. Hereafter we extend
their result to the general sR case, obtaining the following new and simple result.

Corollary 3.1. Given any qo € M (regular or not), the operator 2 on C*°(M\{qo}) is essentially
selfadjoint if and only if Q(qo) > 4.

Hence, the operator A on C°°(M \ {qo}) is not essentially selfadjoint only in the Riemannian
case in dimension < 3 and, in the non-Riemannian sR case, only in the Baouendi-Grushin case
without tangency point if gy belongs to the singular set.

Proof. We first note that A is not essentially selfadjoint if and only if for every A € C there exists
u € L*(M, i) such that (Aid — A)u = 0 on M \ {go} in the sense of distributions. In that case,
(AMd — A)u must be a finite linear combination of the Dirac d4, and its derivatives, but there
cannot be any derivatives because they are not in H~2(M, u), hence (Aid — A)u = ad,, for some
a € R and thus v = aGx(qo, ). Now, by Theorem 3.1, we have G (qo,-) € L*(M, p) if and only if
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Q(qo) < 3. Indeed, taking sR polar coordinates, this condition is equivalent to the convergence of
the integral fol r3=2(@) dr. The result thus follows if dim M > 3. O

Remark 3.1. Another argument consists of writing
G (g0 M2 ar e = / e M e(t, g0, ) e(s, g, q0) dit ds = / e M e(t + 5,90, go) di ds
[0,4-00)? [0,+00)2

and then of observing that the convergence of this integral only depends on the small-time asymp-
totic expansion of the heat kernel along the diagonal, which is e(t, go, qo) ~ Cst/tg(qo)/2 ast— 0.

Part 1
Equiregular case

We assume throughout this part that the sR structure (M, D, g) is equiregular. This implies in
particular that the Hausdorff dimension QM (q) = QM and the degree of nonholonomy r(q) = r
are constant for ¢ € M.

Recall that e = ea , is the heat kernel on (0,400) x M x M associated with the sR Laplacian
A defined by (1) and with the smooth measure y on M. For every q € M, € = ez, 5, is the heat

kernel (nilpotentized at ¢) on (0, +00) X M4 x M1 associated with A7 and with the measure 7i?
on M1 (see Appendices A.2, A.5 and A.8).

4 Local Weyl law

4.1 Local Weyl law and local Weyl measure
Theorem 4.1. For every f € C*°(M), we have

1
for some F' € C*°(R), with
/f £1(1,0,0) dyu(g). (18)
The local Weyl measure wa (defined by (9)) exists, is a smooth measure on M, and its density
with respect to p is given by
dwa €7(1,0,0)
— (@) = 7=
an VT T 0,0 dul)
In other words, we have wa = ﬁ (see Definition 2.2). Moreover,
N Sy €9(1,0,0) du(q ))\QM/Q'
A—+o00 (QM/2 +1)

Proof. By Theorem C.1 in Appendix C, Q" /2 e(t, q,q) converges to €?(1,0,0) as t — 0T, uniformly
with respect to ¢ because we are in the equiregular case, hence (17) and (18) follow by the domlnated
convergence theorem. For the Taylor expansion, it suffices to note that, by (96),

Vg € M. (19)

N())

(20)

12" 2¢(t,q,q) = €1(1,0,0) + c1(q)t + - - + en (N + o(t™)

is a smooth function of ¢. The last part follows from Theorem 2.1 (in Section 2). O
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Note that, using (15) and (19), we recover the fact that wa does not depend on p.

The coefficient F(0) of the leading term in the asymptotic expansion given by (17) as t — 0T
allows us to identify the local Weyl measure. Note that, to obtain the expansion at the first order
Tr(Myet?) = tgﬂl/,m (F(0) +o(1)) as t — 0T, it is only required that f be continuous.

The coefficients of the subsequent terms in the expansion are of the form |’ s Cif dp, where the
smooth functions ¢; can actually be expressed as iterated convolutions involving derivations and

the nilpotentized heat kernel (see [32]).

Remark 4.1. With the above theorem, we recover and generalize results of [13, (6] that are
established when M = R™ and pu is the Lebesgue measure. In this case, note that a probabilistic
expression of this density is computed in [13, Theorem 7.15], involving the structure constants
of the Lie algebra structure. In [66], the author proves that this density is equal to the limit of
)\Q;Me()\, q,q) as A — 400, where ¢()\, q,¢’) is the kernel of the spectral resolution of A.

Remark 4.2. Tt is proved in [2] that the density of the spherical Hausdorfl measure with respect
to any smooth measure is of class C* but not of class C® in general. Therefore, the local Weyl
measure wa differs from the spherical Hausdorff measure in general. Comparing Weyl and Popp
measures is done in Section 4.3 hereafter.

Remark 4.3. The constant p(M) = [,, ez, ﬁq(l, 0,0) du(q) does not depend on the measure pu.
Applying (19) with x4 = wa, we obtain that, in the equiregular case,

eﬁq)@a(la 07 O) = CSt = p(M) = /M eﬁq’#’;q/ (15 07 O) d,LL(q/)

for every ¢ € M and for every smooth measure  on M. For example, if the sR structure (M, D, g)
is itself a Carnot group, then ea . (1,q,q) = p(M) for every g € M.

This is nothing else but saying that egqﬁq(l, 0,0) = 1 for every ¢ € M (see Section 2.4). In
particular, using (14), we have (still in the equiregular case)

~

_ d_u( ) = A pY(BI(0,1))  €Aap(1,0,0)

h(q)

= — =

q) = = .
dv v 59(BY(0,1)) egqﬁq(l,0,0)

Taking v = Hg (spherical Hausdorfl measure associated with the sR distance on M), we have
' (B, (0,1)) = 22" @ and then

(o _ A9(BI(0,1)) _ €Aaz5°(1,0,0)
dHs 29 (q) €a;a(1,0,0) '

4.2 The local Weyl measure as a new canonical sR measure

In the equiregular case, the local Weyl measure wa defined by (9) (or, equivalently, by (12)) is a
canonical measure in sR geometry, enjoying the same nice properties as the Popp measure P (whose
definition and properties are recalled in Appendix A.7), which is a well known canonical smooth
measure on an equiregular sR structure: like P, obviously, wa is invariant under sR isometries of
M ; moreover, it commutes with nilpotentization, as shown in the following lemma.

Lemma 4.1. In the equireqular case, the construction of the local Weyl measure commutes with
nilpotentization, i.e., WA? = wx,, for every g € M.

Proof. By Theorem 4.1 we have wa = h P with h(q) = ez, p,(1,0,0), hence wa? = h(q)PA.

Besides, for the sR Laplacian A% on L2 (]\//7‘1, ]3‘1) with M7 ~ R™, Theorem 4.1 implies that wx, =

vPz, with v = ez 1/3\0(1, 0,0). By equiregularity, we have v = h(q). O
q q
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4.3 Relationship between Weyl and Popp measures

It is natural to apply (19) with u = P, the Popp measure on M (see Appendix A.7). Then, the
local Weyl measure wa coincides with the Popp measure P (up to constant scaling) if and only if
the function ¢ — ez, p,(1,0,0) is constant on M. We have the following result.

Lemma 4.2. Given any ¢ € M and any sR isometry ¢ of M, the nilpotentized sR structures
(M4, D%, g9) and (M?@ D@ 52@) are sR isometric.

In particular, if the group Isosr(M) of sR isometries of M acts transitively on M, then the
function q — ez, p,(1,0,0) is constant on M.

Proof. The first fact is recalled in Appendix A.5.7. Moreover, using that gb*ﬁng* = A®@ and
¢ P71 = P?9 it follows from (85) in Appendix A.8 that ez, 5,(1,0,0) = ez 40 po(1,0,0). O

Remark 4.4. As noticed in [9], if Isosg (M) acts transitively on M then the Popp measure is the
unique measure on M that is invariant under sR isometries.

Remark 4.5. In the 3D contact case, assuming that the Popp measure is normalized so that it
is a probability measure on M, we have ez, p,(1,0,0) = 1/16 (see [31], see also Example 4.1 in
Section 4.4). Note that this can also be obtained by using the explicit expression

1 2t ; 2
¢ _ (1y77\z\ Tcotanh(27’))/t d
etbvy) = G2 /R sinh(27) € ’

established in [39] (see also [10]) in the Heisenberg flat case, using that [, ﬁ(%) dr = %.

Remark 4.6. The question of the equality (up to scaling) of the local Weyl measure wa and
the Popp measure P is related to the problem of classification of sR structures under the action
of sR isometries. They coincide if the sR structure on M is free, but not in general because the
classification of Carnot groups involves moduli in large dimension. For Carnot groups of dimension
less than or equal to 5, for which the classification is known (see [2]), they always coincide except
in the bi-Heisenberg case, studied hereafter.

The bi-Heisenberg case. Let G be the 5-dimensional group bi-Heisenberg defined as G = R®
with the product rule

($17y17$2792az) * (‘Tlluy/hx/27yéuzl) = (:EI +x/17y1 +y/1,.’II2 +:I:/27y2 +y/272+zl +$1y/1 +x2yl2)

The contact form a = dz — y; dr; — yo2 dxo is invariant under right translations. We define the 5-
dimensional compact manifold M = G/T" where ' = (v/277Z)* x 277 is a subgroup of G. The vector
fields X; = 0,,+v; 0z, Y; = 0,,, 1 = 1,2, form a frame of the horizontal distribution D = ker a. Let
g be a smooth Riemannian metric on D. Denoting by w; and ws the eigenvalues of the symplectic
form da with respect to g (note that these eigenvalues are Lipschitz functions of ¢ only, in general),
the sR metric g is the pullback of -(dxf + dyf) + _-(dz3 + dy3) under the projection onto the

(7,y) plane. Taking u the Lebesgue measure, the sR Laplacian is A = wq (X7 +Y?) + w2 (X2 +Y3).

Lemma 4.3. The densily of wa with respect to P is given at any point g € M by

dwa (q) . eﬁgﬁq(la 0, O)
dP fM eﬁq/)ﬁq/(l,0,0) dP(q/)
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with

1
2 (204 Dwi(g) + (20" + Dwa(q))®

4 >0

(21)

e&q 1341(17 Oa O) =

w1(q)w2(q)\/wi(q)? + wa(q)?
273
Y4

Moreover, the function q — ez, p,(1,0,0) is smooth on M.

By Lemma 4.3, the density of Weyl with respect to Popp is a smooth function that differs from
1 for any normalization.

Proof. Let us first assume that wy and wy are constant. Using the explicit expression for the Popp
measure given in [9], we find that the density of the Popp measure with respect to the Lebesgue
measure dy = dx dy dz is % = 1/wiwe\/w? + w?. In particular, P(M) = (27)3 /wiwa/w? + w3.
Since the operator —id, commutes with A, we can write L?(M,du) = ®mezH,, and decompose
functions on M as ) ., €™z f, (r1,y1,2,y2). We infer that the eigenvalues are all m((2¢ +
Dwi + (20 + Dwsa), m > 1, £,¢' > 0, of multiplicity 2m?, and all eigenvalues of the Riemannian
Laplacian on the 4-dimensional torus R*/v/277Z%. After some computations, we obtain

1

3 MZ;O (20 + Dwy + (20 + 1)ws)3

as A — +oo. Since QM = 6 and since the function q — €xq pa(1,0,0) is constant on M, we infer
(21) from (20), in the case where w; and wy are constant.

Now, when w; and wy are not constant, (21) is still true for every ¢ € M, by comparing at
q the bi-Heisenberg case with non-constant w; and wy and the bi-Heisenberg case with constant
w1 = w1(q) and we = wa(q).

The last point is to prove that, although w; and ws are only Lipschitz functions of g in general,
(21) gives anyway a smooth function of g. To prove this fact, we note that the right-hand side
of (21) is a smooth function of (wy,ws) that is invariant under permutations. It follows from a
theorem of [12] (see also [30]) that this function is also a smooth function of (w1 + we, wiws). Since
w1 + wy and wyws are smooth functions of the metric (trace and determinant of da with respect
to g), we conclude that ez, 5,(1,0,0) depends smoothly on ¢ € M. O

4.4 Zeta function and regularized determinant

Consider the zeta function associated with the sR Laplacian A\, defined by

+oo
1
Cals) = Z = 7seC (22)
j=1"1J
Here and in the sequel, we remove the first mode A\g = 0, ¢g = 1. Recall that
—+o0
Ca(s)D(s) = Tr(e!®) st dt (23)
0

where Tr(et?) = Zj:(xf e Mt and T'(s) = f0+oo ts~te~tdt. The series (22) defining (a (s) converges
for Re(s) large enough.

When the heat trace has a complete small-time expansion as t — 0%, (A (s) has a meromorphic
extension on C. Usually, (a(s) is holomorphic at s = 0 and the regularized determinant is then
defined by det’ A = e (0 (see, e.g., [32, Chapter 5]). As a consequence of Theorem 4.1, we have
the following result.
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Lemma 4.4. In the equiregular case, the reqularized determinant exists. It is a global spectral
movariant.

More generally, the regularized determinant of the sR Laplacian can be defined as soon as there
is no term t°| Int|’ for some j > 1 in the local Weyl law (otherwise such a term would cause a pole
at s =0).

Example 4.1. In the 3D flat Heisenberg case (see [31, Section 3.1]), we have

) =2 3 i+ Ges) = (s~ D)1 = 27) + )

m>1,1>0

where ¢ (resp., (r2) is the classical zeta function (resp., the zeta function on the torus T?). We
infer that Ca(s) ~ a3y hear s = 2. In this way, we recover the fact that €7(1,0,0) = 1/16,
obtained in [31] (see also Remark 4.5 in Section 4.3). Indeed, using (23) and splitting the integral
in fol and f;roo, the latter is holomorphic in s and the first has a pole at s = 2. Since we know
that Tr(e'®) ~ 4 as t — 0%, we obtain A = 7= by identification.

5 Microlocal Weyl law

Given any vector bundle E over M, the sphere bundle SFE is defined by SE = (E \ {0})/R*.
Homogeneous functions of order 0 on E are identified with functions on SE. We also use the
standard notation S*M = S(T*M) for the co-sphere bundle.

According to Remark 2.1, if the horizontal distribution D is of codimension 1 in T'M, then
the microlocal Weyl measure W is equal to half of the pullback of wa by the double covering
SY — M which is the restriction to SY of the canonical projection of T*M onto M. Recall that
the characteristic manifold is defined by ¥ = D+ = (¢*)~1(0) where g* is the cometric.

For contact closed manifolds, the microlocal Weyl law has been derived in [85]. In the general
equiregular case, we have the following result.

In the equiregular case, ¥"~! = (D"~!)* c T*M (annihilator of D"~!, see Appendix A.3),
where r is the degree of nonholonomy (constant on M), is a subbundle of T*M over M. We define
Tgsr—1 as the projection of T*M onto SY"~!. The projection mgs»—1 is canonical and is defined
by dilations as follows: given any continuous function a on S*M (identified with a function on
T*M \ {0}, homogeneous of degree 0 with respect to p), we have a o rgsr—1 = lim._,pa o 5‘11/5. In
a local chart of privileged coordinates around ¢, using the notations of Appendix A.3, we have, by
homogeneity, a(q, 5’11/8(1))) =a(q, (e p1,...,e ¥ p,)) = alq, (¥ "1p1,...,pn)), whose limit as

e — 0 gives mgsr—1(q,p) = alq, (0,...,0,Dn, 1 41,---,Pn))-

Theorem 5.1. We denote by K(q,-) the Fourier transform of y +— ez, (1,y,0) (where m is the
Lebesgue measure on R™), that is,

K(q,p)=/ e_iy'pegq,m(l,y,o)dy=/ e WPex, o, (1,y,0) du(y). (24)

Actually, K is the Kohn-Nirenberg symbol (of order —oo) of the smoothing operator e (heat
semi-group of A% at time 1).

We denote by 2 = %w” the canonical Liouville volume form on T* M, where w is the canonical
symplectic form.

For every pseudo-differential operator A of order 0 on M, of principal symbol a, we have

Tr(Aett) = tg%/QF(\/E) V>0 (25)
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for some F' € C*(R), with

1

FO= 5o

/ a0 Tgyr—1 K dQ (26)
T*M

that depends only on the restriction of a to SX"~'. As a consequence, the microlocal Weyl measure
Wa (defined by (10)) exists, is a constant times the image under wgsr—1 of the measure K €, i.e.,

1
Wa = m(ﬂszwl)*(K Q)

where p(M) = [,,€4(1,0,0) du(q) (see Definition 2.2). Moreover, we have
supp(Wa) = ST 1.

Remark 5.1. In Carnot groups of small dimension (see Remark 4.6), the function K defined by
(24) does not depend on q.

Remark 5.2. Compared with the asymptotic expansion given by (17) as ¢ — 0T for the local
Weyl law, the function F in (25) is a smooth function of v/Z. The coefficient of #~2"/2 in this
expansion is the sum of several coefficients (which do not have a nice expression); one of which
has the same expression as the leading coefficient in (17), replacing K with the Fourier transform
of the function y — al(y,0), where a! is defined in Theorem C.1 (see Appendix C); the other
coefficients involve restrictions of a to X7 for various integers j < r — 1.

We underline that the leading term, which provides the microlocal Weyl measure Wa, only
involves the restriction of a to X"~!. The property supp(Wa) = SX"~! means that spectral
concentration is exactly on SX"~!: this reflects the fact that spectral complexity is mainly due to
the highest possible Lie brackets appearing in the generating Lie algebra condition Lie(D) = TM
(Hérmander condition).

Remark 5.3. Let us make precise the density of the microlocal Weyl measure in SX"~!. Consider
the fibration mgsr—1 : T*M — SX"~!. Each fiber is given by T, M/X} "', for ¢ € M. In a local
chart of coordinates (g, p), we use the notation Py = (p1,...,pn,._,) and Po = (Dn,_ 1415+, Pn)s
so that p = (P, Py). We have mgs--1(q,p) = (q,(0, P2)). In these local coordinates, we endow
Y=l ~ M x R" " -1 with the measure that is the pullback under the chart of the standard
Lebesgue measure dgdP> on R™ x R*~ "1, By disintegration of the Liouville volume form df} =
dq dp of T* M with respect to dq dP,, we write, locally, d€Q2 = dq dP> dP;, where dP; is the Lebesgue
measure on the vertical fiber 7,7 M /¥~ L'~ R"-1. These volumes are intrinsic and correspond to
Hausdorff measures. Then, taklng polar coordlnates Py = ru with r > 0 and v € """ 171 and
using that a is homogeneous of degree 0, we obtain

dWa(gu) _ 1 o
d(q,u) (2m)"p(M) Jo
whereK q,PQ fRnT 1 q,Pl,PQ)dPl.

K! (q,ru)r "t —Ldr (27)

Proof. Hereafter, we use the notations of Appendix A.8 for Schwartz kernels and their densities.
Let A be an arbitrary pseudo-differential operator on M of order 0. We have

Tr(Ae') = /M AL (ta.0)iote) = [ Glt.q) o)
with

G(t,q) = [AeL,(t,q,q) = /M[A],@,qf) eanltyd q) ()
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for any smooth measure v on M. Let ¢ € M be arbitrary and let U be a neighborhood of ¢ in M.
Let us compute the asymptotics of G(t,q) when t — 07. Since the density [A4], with respect to v
of the Schwartz kernel of the pseudo-differential operator A is smooth outside of the diagonal, we
have

(Al (q,4") = pe(d)[A] (¢, ¢") + R(q,q")

where p, is a smooth cut-off function on M, equal to 1 in a neighborhood U; C U of ¢, to 0 outside
of U, and R is a smooth function. It follows from the exponential estimates (88) for the sR heat
kernel (see Appendix A.8.3) that [, R(q,q")en u(t,q',q)du(q’) = O(t>) as t — 0%, uniformly
with respect to ¢, and thus this term yields no contribution to the Taylor expansion of G(t,q).
Hence, in what follows, without loss of generality we assume that R = 0.

Using to a partition of unity, without loss of generality we also assume that A = Op(a), where
Op is the usual (left) quantization and a is a classical symbol of order 0, compactly supported
with respect to its first variable in a sufficiently small neighborhood of q. Hereafter, we take local
privileged coordinates at ¢ (in which ¢ = 0), and we take v as the Lebesgue measure in this chart.
The heat kernel ea ., is denoted by e.

In these local coordinates, we have [A],(0,z) = 52“75;2 Jgn € Pa(0,p) dp, i.e., the Schwartz
kernel of the pseudo-differential operator A = Op(a) is a tempered distribution which is the
Fourier transform (as an operator from .#/(R™) to ./(R™)) with respect to p of the symbol a

which is a tempered distribution, and thus

1

G(t.0) = 5.

/ e""%a(0,p)po(x) e(t, x,0) da dp.
R™ xR™

Making successively the change of variables x = ¢ /;(y), of determinant 1QM/2, using that 0, ;(y).p =
y.6,/7(p) and then making the change of variables p — §;, 7 (p), we infer that

1 . M
Gl1.0) = gy [ 008,70 (6 A0 e 1.0,5(0).0) dy

Assuming that a is homogeneous of degree 0 with respect to p, using the sR weights at ¢ (see
Appendix A.3), we have

a(Q? 51/\/f(p)) = a(Q? (t71”1/2p17 s 7t7wn/2pn)) = a/(ou (t(wniuq)/2plu s 7pn)) (28)

Similar arguments are developed for all other homogeneous components of the symbol a, but
actually to compute the main term of the asymptotics only the above 0-homogeneous case will be
of interest. Anyway, given any symbol of order 0, the exponential estimates (88) and (89) of the
heat kernel and of its derivatives (see Appendix A.8.3) imply that the function 1" /2 ¢ (t, 8 /7 (y)s O)
and all its derivatives satisfy the domination property, and the Lebesgue dominated convergence
theorem implies that Q™ /2 G(t,q) is a smooth function of v/ and ¢, which gives (25). To compute
the equivalent as t — 0T, we start by noting that, by Theorem C.1 in Appendix C,

S (4,01, 5(p)) K (g, p) dp

1 .
~ —iy.p =q _
G(t,q) CTE /Rnx]g a(g,9,,7(p)) €(1,y,0) dy dp 2m)o T2

as t — 0%, where K(q,-), defined by (24), is the Fourier transform taken at p of y — €9(1,y,0).
Since the latter function belongs to the Schwartz class .(R™) (this follows, again, from the expo-
nential estimates, as discussed above), it follows that K (g, ) € #(R™). Without loss of generality,
we assume that a is the principal symbol of A (thus, is homogeneous of degree 0). Indeed, we
have A = Op(a) + C where C is a compact operator and thus Tr(Ce'”) — 0 as t — 0% (as in
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the proof of Lemma 2.1). Since a is homogeneous of degree 0 with respect to p, letting ¢ tend to

0 in (28), all terms +(*s=%1)/2 guch that w; > w; vanish. Since w,, 11 = -+ = w,(=7), we get
a’(qa 61/\/E(p)) = a’(Qa (07 R OvpnT71+17 s 7pn)) + O(\/E) ast — O+7 and thus
1
G(ta q) ~ W /Rn a’(Qa (07 RS Oapn7‘71+la s 7pn))K(Oap) dp

By uniformity with respect to g (see Theorem C.1 in Appendix C) and by dominated convergence,
we obtain (26). It follows that the microlocal Weyl measure Wa exists and is the image under
mgsr—1 of the measure K d. In particular, we have supp(Wa) C SE7 L,

Let us prove that we have exactly supp(Wa) = SE"~1. Of course, the projection of supp(Wa)
onto M is supp(wa) = M. Hence, it suffices to prove that, for ¢ € M fixed, the support of the
density (27) as a function of u is equal to the whole space R"~"-1. To prove this fact, it suffices
to prove that this density is a nonnegative analytic function of u: indeed, then, either it is zero
everywhere (which is not the case) or it is positive, which gives the result. The fact that the density
(27) is analytic in u is because K (g, -) is analytic (and this, even if the manifold M is not analytic,
since the argument is applied in R”~"r-1), as the Fourier transform of a sR heat kernel taken at
time 1, which is exponentially decreasing at infinity. Moreover, it is a real-valued even function,
because the kernel is so.

The fact that the density (27) is a nonnegative function of u follows from the fact that it can
be written as the square of a function. Indeed, in the equiregular case M? is a Carnot group,
isometric to R™, with the identity of the group given by 0 € R™, the inverse of an element z
being given by —z, and the Haar measure being identified with the Lebesgue measure m on
R™. The (symmetric positive) heat kernel has then the property e?(1,z,y) = €?(1,z — y,0) and
we can write €4(1,y,0) = [, €9(1/2,y,2)e%(1/2,2,0)dz = [, e%(1/2,y — 2,0)€%(1/2,2,0)dz =
(e7(1/2,-,0) x€4(1/2,-,0))(y), with the usual convolution on a Lie group. The claim follows.

Finally, let us check that K is the Kohn-Nirenberg symbol of the smoothing operator e,
The Schwartz kernel of e®” satisfies [e®'](z,y) = €(1,2,y) = é4(1,x — y,0). Using that the
Kohn-Nirenberg symbol of an operator A on R™ of Schwartz kernel [A] is given by a(z,§) =
et [0 [A](z,y)e™ ¢ dy, the conclusion follows. O

Part 11
Singular case

In this part, we assume that the sR structure (M, D, g) is singular, i.e., not equiregular. In contrast
to Part I, the integer-valued functions ¢ — QM (q) and g — r(q), which are upper semi-continuous,
now have discontinuities. The singular set is the closed subset of M consisting of all possible
singular points (see Appendix A.3), i.e., the set where the sR flag is not regular, or, equivalently,

S ={aeM | Q"(¢)> it Q¥(¢)} ={ge M | oM(q) > QM)

The latter equality is because QM (q) = QM\ for every q € M\ .7, where QM\* is the Hausdorff
dimension of the open regular region M \ .7.

In Section 6, we first explain that, because of such discontinuities, the easy argument of dom-
inated convergence used in the equiregular case is bound to fail in general singular cases. We
introduce the geometric context that will be used in the subsequent sections. We explain the
“(J + K)-decomposition”, which is instrumental in computing the local Weyl law in the singu-
lar case, by adequately splitting the integrals to be estimated. This preliminary analysis leads
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us to introduce the nilpotentizability property: we say that the horizontal distribution D is .-
nilpotentizable if D is locally diffeomorphic to its nilpotentization at any point of .. We also
define the concept of double (and more generally, multiple) nilpotentization procedure.

Then, in the subsequent sections, under the assumption that the singular set .¥ is Whitney

stratified by equisingular smooth submanifolds of M, we establish the local Weyl law:

e In Section 7, when . has a single stratum (i.e., . is itself an equisingular smooth subman-
ifold of M) and the horizontal distribution D is .#-nilpotentizable. We give more precise
results in the Baouendi-Grushin and Martinet cases, as well as consequences in terms of
Quantum Ergodicity properties.

e In Section 8, when .# has multiple strata and D is .#-nilpotentizable.

e In Section 9, when D is not .-nilpotentizable: we first provide a general result in the real
analytic case and then give several examples for non-analytic sR structures.

6 Preliminaries

Our objective is to compute the small-time asymptotics of the local Weyl law, i.e., given any
smooth real-valued function f on M, estimate

10 = [ r@etta.0 duta) 29)

as t — 07. Using a partition of unity, this can be done locally. In the neighborhood of a point
qo € M\ (regular point), we have seen in Theorem 4.1 that the argument is very easy: we use the
fact that tQM(q)/Qe(t, q,q) — €4(1,0,0) as t — 0T, uniformly with respect to ¢ in a neighborhood
of qo where all points g are regular. Hence, if f is supported far from . then Theorem 4.1 can be
applied and in particular the asymptotics of I(¢) is in 1/ 12" (@/2 a5 t — 0F. Difficulties appear
when one wants to compute the asymptotics near a singular point ¢y € .7

6.1 On the domination property

In the above argument, what is instrumental is to apply the dominated convergence theorem to the
family of functions hi(q) = tQM(‘I)/Qe(t, q,q), indexed by ¢ > 0, provided this family is dominated
by an integrable function of ¢: this domination property is satisfied on every compact subset of
the open regular region M \ .#, but may fail near ..

Anyway, in case the domination property is satisfied near .7, i.e., if the function (¢,q) —
tQM\ye(t, q,q) is bounded above, uniformly on (0,1] x (M \ .), by a locally integrable function,
then the conclusion of Theorem 4.1 remains valid. Let us comment on this domination property.

First, it implies that the function ¢’ — qu(l, 0,0) is locally integrable at ¢ (see Section 2.4).

Second, by the exponential estimates (90) for the heat kernel (see Appendix A.8.3), given any
compact subset K of M, there exists C,Ca > 0 such that u(Bsr (g, V1)) e(t, g, q) is bounded above
by O and below by Cj, uniformly with respect to ¢ € K and to t € (0,1]. Since u(Bsr(q, V1)) ~
tQM(‘J)/2ﬁq(]§gR(O, 1)) as t — 07 (see (79) in Appendix A.5.6), using (83) and (84) in Appendix
A6, u(Bsr(g, V1))/1n? (E‘SIR(O, 1))tQM(‘1)/2 is bounded above by C and below by Cj, uniformly
with respect to ¢ € K and to ¢ € (0,1], and thus

e Ch
A9 (B (0, 1) 71 (B (0, 1)

We can replace 19 (EZR(O, 1)) by wi(X) (defined in Appendix A.6) in the above inequality.

< tQM(q)/26(t, 4,q) < Vge K vt € (0,1].
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As noted in Appendix A.6, the functions g — 11? (EZR(O, 1)) and g — wf(X) are positive on
M, smooth near regular points, but discontinuous at singular points (both of them converge to 0
when evaluated along a sequence of regular points converging to a singular point).

We conclude that the domination property for the family of functions h; is satisfied if and only
if the function ¢ — 1/77(B%;(0,1)) (equivalently, the function g ~— 1/ v (X)) is locally integrable.
Such a property fails in general at singular points (see [40, 41]). For instance, it fails in the
Baouendi-Grushin and Martinet cases (see Sections 7.5 and 7.6). To obtain the Weyl law, then, we
will use an adequate decomposition of the integrals (which we call the “(.J 4+ K)-decomposition”).

6.2 Geometric context

Recall that .7 is the set of all singular points of the sR flag of D. The region M \ .7 is the
regular region, and QM (¢) = QM (M \ .7) = QM\ for every ¢ € M \ . (recall that QM\ is the
Hausdorff dimension of M at such a regular point q).

Equisingularity. We assume that .7 is an equisingular (see Appendix A.3) smooth submanifold
of M, of topological dimension k € {0,...,n— 1}: this means that all integers n;(¢) = dim DfI and
%

n;

(¢) = dim (Dfl N1, ) remain constant as ¢ € .. In particular, we have
oM (q) = Cst = QM (.¥) and Qy(q) = Cst = 97 Vg e .o

where QM(q) is defined by (74) and Q7 (q) is defined by (76) in Appendix A.3. Note that
oM () > max(Q7, QM\‘?) and that Q7 is the Hausdorff dimension of ..

Three dimensions are attached to .7: its topological dimension k, its Hausdorff dimension Q'
and the integer QM (.#). Although the three of them are useful in the forthcoming analysis, only
the Hausdorff dimension Q" will play a role in the small-time asymptotics local Weyl law (see
Theorem 7.1 in Section 7 where D is moreover assumed to be .#-nilpotentizable), with different
cases depending on whether Q“ is lower or greater than the Hausdorff dimension @™\ of the
regular region M \ ..

We will treat in Section 8 the more general case where .7 is stratified by equisingular smooth
submanifolds .#; (of topological dimension k; and of Hausdorff dimension Q”%). Within this more
general framework, for the moment we assume that . = .77.

Privileged coordinates straightening .%’. Since ./ is equisingular, according to Appendix
A.5.2, at each point ¢ € ., we take local privileged coordinates * = (z1,...,2,), depending
smoothly on ¢ € ., in which & = {ap41 = -+ = z, = 0}. If ¥ is a single point then
k=0 and Q7 = 0. Recall that 97 = E?Zl wl‘y(D) is the Hausdorff dimension of . and that
oOM(7) = Z?Zl w;” (D), where the sR weights along .7 are labeled according to the coordinates
x (see Appendix A.5.2). Note that 0 < Q7 < QM () — 1.

Transverse dilations and normal bundle. The “topological” normal bundle is the vector
bundle N.& over . whose fibers N,.& are defined by Ny = T,M /T, for every ¢ € .. We
denote by 7 : N. — . the canonical projection. Using privileged coordinates straightening .,
the normal bundle N.7 is identified, in a non-canonical way, to .# x R"~* with coordinates (g, z")
for g € . and @' = (¥411,...,7,) € R"F; the fiber N,.7 is identified with R"~* endowed with
the dilations along these coordinates (see Appendix A.5.3). Hence, N.¥ ~.# x R"~* is endowed
with the family of (so-called) transverse dilations 67 (g, z') = §9(0,2") = (g,6-(2")).

Following the nilpotentization procedure (see Appendix A.5.6), considering the smooth measure
won M, we define on N.# the smooth measure 7i”, homogeneous of degree QM (.%) — O with
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respect to transverse dilations, by

a7 =limp?  where  pZ = e[~ (57) (30)

e#0
with convergence in the vague topology. It is called the transverse nilpotentization of p. Locally
near ., the manifold M is identified with N.¥ ~ . x R~ and

17 = py @ da’ (31)
where j1& is a smooth measure on .# and dz’ is the Lebesgue measure on R"~*,

Finally, denoting by B"~* the unit Euclidean ball and by S" %=1 = 9B"~* the unit Euclidean
sphere in R"~% we define transverse polar coordinates (q,7,0) in .7 x [0, +00) x S""F~1 on N.7.
The set . x S"*~! is endowed with the smooth measure (Lwﬁyhyxsn—k—l, the restriction
to .7 x 8" F~1 of the contraction of i with the infinitesimal transverse dilation vector W =

dis 52165. In local coordinates, we have

n
(Wi ) wxsn—r—1 = jiy ®do  with do = Z (—1) " Tord(z;) dzps - dwioq dzipy - Ay,
i=k+1
Given any continuous function g on M, compactly supported near ., denoting y = (¢,0) €
. x 8" k=1 we have

R +oo M A ~
[ adn” = [ et [ (6 ) dewn” ) dr
M 0 FxSn—k—1

Foo Qh{(y)7QY71
- / . / / 9(69(0)) do dpup (q) dr
0 5/ Sn—k—l

where, with a slight abuse of notation, we write 2(¢) instead of 62(0, o). Recall that the d in the
integrals is not the exterior derivative but a notation meaning that the integral is performed with
such or such measure.

(32)

Remark 6.1. The formula (32) remains valid if the unit Euclidean sphere S"¥1~! is replaced
by any piecewise smooth sphere transverse to the fibers (possibly, depending smoothly on 7).
Piecewise smoothness is required to perform integrations. SR spheres cannot be used in general
because they may fail to be stratifiable (see [16]).

6.3 (J+ K)-decomposition

Let us assume that . is an equisingular smooth submanifold of M. The (J + K )-decomposition
consists of splitting the integral I(¢) defined by (29) as the sum of two integrals:

I(t) = J(t) + K(t)
with

W= [ f@etd. i) wd K@= [ f@)eltdq)dule) (33
B(< V1) M\B(# V)
where, with a slight abuse of notation, B(.#, ¢) = 6 (¥ x B"~*) is an e-tubular neighborhood of .
in M. Actually, v/t is exactly the right scale to use homogeneity properties and nilpotentizations.
As we are going to see, estimating J(t) does not raise any difficulty and can be done without
any specific assumption. The dominating term in J(¢) is related to the nilpotentization of the
kernel along .. In contrast, computations for K(¢) are much more difficult. We are going to
perform a kind of blow-up along . using dilations. This will lead us to the necessity to consider
iterated nilpotentizations, which complicate significantly the picture.
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6.3.1 Estimating J(t)

Making the change of variable ¢’ = 5'\5/’%@) and using that (5'\5/’%)*;1 = (\/f)QM(‘y)_Qyuf/’% (see (30)),
we have

1 M
T = o7 /y o OG0 VDD e(t.67:0).070) di 5 (w)
xBn—
and it follows from Theorem C.1 in Appendix C that

J(t) = }; g)@ vt >0 (34)

for some F; € C*°(R) such that

/ fomz(y)e” (1,y,y)di” / /Bn . ), (0,2)) dz dp.(q)

S xBn—k

where €7 is the mapping on . which to any ¢ € . assigns the nilpotentized heat kernel e?
generated by the nilpotentized sR Laplacian A9, We have concentration on .% in this integral,
which depends on f restricted to .. Note that (34) is completely general and does not require
any specific assumption.

Remark 6.2. When f = 1 near .7, there is no odd power of /¢ in (34), i.e., F;(v/t) can be
replaced with F(t). Indeed, using the homogeneity property (94) of Theorem C.1 (in Appendix
C) with e = —1, we find that af(z,z) = f(1, z, x) satisfies af (z,2) = (=1)"a(6_1(x),d_1(x)). As
noted in Theorem C.1, this property implies that af(0,0) = 0 for i odd and thus the expansion
(95) does not involve odd powers of v/f. But, actually, we can say more: for i odd, al is odd with
respect to all variables x; whose nonholonomic order ord,(z;) is odd. Hence, when integrating on
& x B"7* all terms in (/)21 for j € N, are vanishing.

This remark remains true if f(7(y)) = f(y) for every y € 67 (# x B"~*) for some ¢ > 0, i.e.,
if f is even with respect to ., near ., in the local chart (but this evenness property depends a
priori on the choice of the privileged coordinates).

Note that, when e = €? and p = 119 for some g € M, we have (\/E)QM('y) e(t, 6%(3/), 65%(3/)) =

e(l,y,y) =e”(1,y,y) and then F;(t) = F;(0) + O(t>).

6.3.2 Estimating K ()

Since ea . (t, ¢, q) du(q) = ea = (t, q,q) di” (q), hereafter we consider the kernel (still denoted by
e to keep readability) assomated with the measure i given by (31). By (32), we have

Foo M S
K= [ e [ pee) etn.0t(o), 8(0) dod(q)dr.

Obtaining the small-time asymptotics for K (¢) is much more difficult than for J(t).
Having in mind the procedure of nilpotentization at ¢ € ., (91) in Appendix C gives

e(t,04(0),89(c)) = 7" (Mt (%0 a> +O(|7]>) (35)

as 7 — 0, because QM (q) = QM (.#). In what follows, we will never write the infinite-order remain-
der term O(|7]|°°), because it will have no impact on the small-time asymptotics of K (¢). Recall
that e is the heat kernel generated by the sR Laplacian A2 where, denoting D = Span(X) with
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X = (X1,...,Xm), the sR Laplacian A4 corresponds to the m-tuple X7 = (X1)L,..., (X)),
and X2 =7(02)*X — X9 as T — 0, with X7 = (Xf, . Xa 23 (see Appendix A.5.3). We obtain

K(t) = /:OTQ“ || ey <ia o) dodurta) s (36)

and since .7 is equisingular, by Theorem C.1, e depends smoothly on 7 and on ¢ € ./ in C*°
topology, with el = €7 (nilpotentization at g of the heat kernel).

Considering (35) and using (91) again, but this time, at some point o, we have (still neglecting
the remainder terms)

1,0,0) (37)

)
7—2

q q =M () pa i - e (e
e(t,06%(0),6%(0)) = ( ( 7 0) B (\/E)QR" (o) 7—,\/_/ (1,
where, given arbitrary (fixed) 7 # 0 and q € ., for every £ € R and every o € S"*~! (depending

n (7,q)), el? = (ef)? is the heat kernel generated by the sR Laplacian A%¢ = (A2)Z correspond-
ing to the m-tuple X7 = (X{)Z = £(07)* XJ. We thus deal here with a double nilpotentization
procedure as the parameters 7 and £ converge to 0: the parameter 7 stands for the first nilpoten-
tization (of D at ¢ € .), and the parameter ¢ stands for the second nilpotentization (of DI at
o€ SnhL).

We infer from (36) and (37) that

“+oo (o’) Q/—l
Kt__/ /(Lnkl e 07(0)) €774, (1,0,0) do dpy(q) dr. (38)

Several remarks are in order.

Remark 6.3. Assuming that .7 is an equisingular smooth submanifold, we have Q%" (o) = QM\

n (38) (because o is outside of .#’) and then tQM\y/QK(t) is the integral of a function of (¢, 0, 7, =
Vt/7), which is smooth with respect to ¢ € . and ¢ € M \ . because . is equisingular (by
Theorem C.1, but not necessarily smooth with respect to (7,¢): indeed, the limit of eZZ(1,0,0) as
(1,€) — (0,0) is not necessarily well defined! This first remark motivates the next Section 6.4, in
which we are going to prove that, under the so-called .’-nilpotentizability assumption, the double
limit exists, e29(1,0,0) depends smoothly on (7,¢,¢,0) and is equal to the double nilpotentization
of the heat kernel at (1,¢) = (0,0). Under these two assumptions, in Section 7, we will then infer
the local Weyl law.

Remark 6.4. Assuming that . is an equisingular smooth submanifold, but that the nilpotentiz-
ability assumption is not satisfied, e2?(1,0,0) may blow up as (7,¢) — (0,0), and then, computing
its asymptotics is required to estimate that of K (¢ (t). This issue will be investigated in Section 9.
At this step, we can however make the following remark. Since we always have 1 = O(e2:Z(1,0))
for (11,e) € [~1,1]%, we claim that, when f is a positive continuous function, we have .J(¢ ) =

O(K(t)) as t — 0. More precisely, as t — 0%:

. 1 Cst
oﬁme>QymeWWE:OMﬁDmdNUNEFE:MK@ﬁ
. [Int| Cst
.ﬁgwfzgfmm;ﬁgﬁzomﬁ»mdﬂwmﬁyﬁqu@ﬁ
. 1 Cst
o1fQMw’<QythmzaZE:iXKU»amLH)N—azaz(XK@»
) n & QR oM\ . .
Indeed, since OF (o) = oM\ , we have (%) (\/-) because % > 1 in the integral
(38) , and the result follows, using that 1 = O(ezi’\/-/T1 (1,0,0)). This implies that the dominating
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term in the small-time asymptotics of I(t) is of the order of that of K (¢) (but J(¢) may contribute
to the main term when QM\ < Q‘y).

Remark 6.5. When .7 is stratified by equisingular smooth submanifolds, Q%" (o) may take various
values, depending on whether o belongs to M\ . or to some stratum of .. Then, the integral K (t)
has to be split according to this stratification and this will lead us, in Section 8, in order to establish
the local Weyl law in the equisingular stratified case, to apply iteratively the (J + K)-procedure.

6.4 Nilpotentizability and double nilpotentization

Given any ¢ € M and any 7 € R\ {0}, the horizontal distribution D? = (§4)*D = Span(X2)
(where X7 = 7(62)*X and X = (X1,..., X)) is diffeomorphic to D but this diffeomorphism may
fail to be uniform when 7 — 0. In other words, all D2, 7 > 0, are diffeomorphic, but may fail to
be diffeomorphic to Da.

Example 6.1. For instance, consider a two-dimensional manifold M, locally identified to R? near
g = (0,0), endowed with the horizontal distribution D = Span(X) with X = (X1, X») given by
X1 =01 and Xo = (2% + 23) O2. This is an almost-Riemannian case, of singular set .¥ = {¢}. In
M\ .7, it is Riemannian and the sR weights are w}\” (D) = w}\” (D) = 1, while w!(D) = 1
and wi(D) = 3. We have (X1)? = 01 and (X3)? = (2% + 7%23) 92 and thus the singular set
of DI = Span(X{?) is .2 = {(0,0)} for every 7 > 0. However, the nilpotentized distribution
is D7 = Span(X9) with X?¢ = (X7, XJ) given by X? = 9, and X? = 22 ,, with singular set
S = {21 = 0}. Hence, on this example, D = Span(X) and D? = Span(X4) are not diffeomorphic.

6.4.1 Nilpotentizability

The above-mentioned loss of uniformity motivates the following definition.

Definition 6.1. Let N be a smooth submanifold of M.

The horizontal distribution D = Span(Xy,...,X,,) is said to be N-nilpotentizable if D is
locally diffeomorphic to D at every point ¢ € N, smoothly with respect to q € N, in the fol-
lowing sense: for every q € N, there exist a neighborhood U of q in M, a neighborhood V
of 0 in R"™, and a diffeomorphism ¢? : U — V, with ¢$?(q) = 0, such that ¢p1D = D19, i.e.,
dg?((¢1) 1 (z)).D((¢9) " (z)) = DU(z) for every x € V, and such that ¢? depends smoothly on
q € N in C* topology.

This also means that there exist smooth functions agj on V', smoothly depending on q € N,
such that dg?((¢?) 1 (z)).X;((¢7) (x)) = >0, agj(a:))?f(:zr) for every x € V' and for every j €
{1,...,m}, and the m-by-m matriz A4(z) = (af;(x))1<i,j<m is invertible at x = 0. In terms of
the m-tuples X = (X1,...,X,,) and X1 = ()/ff, e ,Xﬁl) viewed as n-by-m matrices, the latter
equality is written as ¢p1X = X1A9,

When N = Uj_, Ny, is a Whitney stratified submanifold of M, where the strata N}, are smooth
submanifolds of M, we say that D is N-nilpotentizable if D is Ny-nilpotentizable for every k €

{1,...,s}.

We have written the above definition for a general submanifold N, but in this article the
nilpotentizability concept is always used with N = . (singular set of D), except in the following
remark.

Remark 6.6. Assume that . = U;_,.7}, is a Whitney stratified submanifold of M, where the
strata %% are equisingular smooth submanifolds of M. We thus have M = U;_, % UM \ .¥),
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i.e., M is Whitney stratified by equisingular smooth submanifolds (the stratum M \ .7 is the open
regular region).

Let us make the following important observation: in Definition 6.1, .%’-nilpotentizability means
that D is .#%-nilpotentizable for every k € {1,...,s}. We do not assume that D is (M \ .*)-
nilpotentizable, i.e., we do not assume that D is locally diffeomorphic to its nilpotentization in
the regular region. Despite the fact that D may fail to be locally diffeomorphic to D? at every
g € M\ .7, it is however true that the sR weights of D at ¢ (defined in Appendix A.3) coincide
with the sR weights of D? at 0 (on this concern, see also Remark 6.8) further.

It is anyway interesting to note that, if D is not only .-nilpotentizable but also (M \ .¥)-
nilpotentizable, then automatically % must be Whitney stratifiable by equisingular smooth strata
(because DY is so0).

The uniformity property mentioned at the beginning of Section 6.4 is recovered under the
nilpotentizability assumption (it fails in Example 6.1 because D is not .#-nilpotentizable). Indeed,
when D is .“-nilpotentizable, we have D = (gbq)*f)q. Following Appendix A.5.7, we set ¢ =
617 0 ¢% 062 for every 7 € R\ {0} and ¢f = ?qbzq =lim,_,¢ ¢2, for every g € Nj. Here, ¢f = ?qbzq is
the nilpotentization of the diffeomorphism ¢? at the point q. Then the family of diffeomorphisms
@2 depends smoothly on ¢ € .7 and continuously on 7 € R. Moreover, using the homogeneity
property D9 = 61‘/713‘1, we have DI = (¢Z)*l3q for all ¢ € ¥, and 7 € R. In other words, if

D is .#-nilpotentizable then all D? are diffeomorphic to ﬁq, and these diffeomorphisms depend
smoothly on ¢ € .} and continuously on 7 in C'*° topology.

Comments on the concept of nilpotentizability. The nilpotentizability assumption has been
much used with N' = M in the context of motion planning (see [52, Sections 3.1 and 3.2]), although
nilpotentizability usually means being diffeomorphic to a nilpotent distribution only. Here, our
definition is stronger since we require that D ~ D7 at any ¢ € M (hence, a nilpotent distribution
may fail to be nilpotentizable!): it coincides with the notion of being “strongly nilpotent” considered
in [69, 70]. Tts validity is related to the theory of normal forms of distributions (see [90]). When
n < 4, since there are no moduli in their normal forms, all equiregular horizontal distributions are
nilpotentizable (see [2, 15]). By the Darboux theorem, every horizontal distribution of rank m =
n — 1, which is regular at ¢ € M, is nilpotentizable near ¢ (see [45, 46]). In the Baouendi-Grushin
case without tangency point and in the nonsingular Martinet case, the horizontal distribution is .-
nilpotentizable. The nilpotentizability assumption allows however to have moduli in the horizontal
distributions. Given any two integers 2 < m < n and any ¢ € M, there exists a horizontal
distribution of m vector fields (singular at ¢) that is not nilpotentizable near g (see [15]). The
nilpotentizability assumption is not generic when n is large enough (see [52, 69, 70]).

6.4.2 Double nilpotentization

Throughout this section, we assume that the singular set . (and thus M) is Whitney stratified
by equisingular smooth submanifolds and that D is .#-nilpotentizable.

Let ¥ and %% be two equisingular strata of M such that dim.%; < dim.%% and .¥7 C . In
the case where .7 is an equisingular smooth submanifold of M (as in Section 7), we have .} = .
and S =M\ 7.

In this section, we explain how to perform a double nilpotentization: the first at some point
@1 € % and the second (in a sense to made precise) at some point of % nearby ¢;.

Let ¥% be a chart of privileged coordinates at ¢ € M (see Appendix A.5.2) defined as the

composition of a chart of privileged coordinates at 0 € M% ~ R" with the local diffeomorphism
@7 given by Definition 6.1 that maps D to D'.
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Recalling that X = (X1,...,X,,) and that 02 = (¢)%*)~! 0 §,,, in the chart ¢"* we identify
X4t = 7 (04)*X with X and with its nilpotentization X at g1, for any 71 € [~1,1] (actually, if
we do not perform this identification, we have a diffeomorphism depending smoothly on 71 € [—1, 1]
and on ¢ € .%1), with the agreement that X{' = X for 71 =0.

Hence, the horizontal distribution D% = (09!)*D = Span(X2!) is identified with D = Span(X)
and with D% = Span(X9). The singular set SA = (62)71(F) of DI is identified with the
singular set . of D and with the singular set Fu of D% | and similarly for the strata: ()3 ~
e Z for j=1,2.

Now, let g2 € 72 belong to the chart )%, and let us nilpotentize X1 ~ X at go, for any
71 € [—1,1]. To perform this second nilpotentization, we use another chart ¥% of privileged
coordinates y = ¢ (z) at g2. We set
Xhg = (X5 =n(R) X5 ad  DRE = (0%)"DY = Span(X1:%)
(where 622 = (%)~ ! 0 §,,). Note that the dilation d,, in 62" = (¥7)~! 0., is defined with
the sR weights w;”" (D) of D along the stratum ., (see Appendix A.3), while the dilation 4.,
in 02 = (=)' 0§, is defined with the sR weights wi‘yz (D) of D along .. Since D is .-

. . 7 IS
nilpotentizable, we have w; ’ (D) = w;’ (D™).

Therefore, X% has an extension at 7175 = 0 that depends smoothly on (71, 72) € [-1,1]?,

q1 € A1, @2 € S and that X092 = X992 4 O(1y,75) as (71,72) — (0,0), where we have set

~ =9
X‘h#]z = X0

which is the nilpotentization of X at q2: this double nilpotentization is the nilpotentization at ¢
of the nilpotentization of X at ¢;.
Accordingly, we denote by €292 the heat kernel generated by the sR Laplacian corresponding

71,72

~ =92 .
to X102 When 1y = 75 = 0, e = en * is the heat kernel generated by the sR Laplacian

——q2 ——(q2

A01:92 = An corresponding to the m-tuple Xoe = Xa (double nilpotentization).

Lemma 6.1. The heat kernel e2%(t,y,y') is a smooth function of (11,72) € [-1,1%, 1 € A,

g2 € S5, t € (0,400), (y,y') € R x R™. This function is even with respect to 7o when y =1vy' =0,
and eg’i:% (ta Y, yl) =g (tv Y, y/) + 0(7'1, 7—2) as (7’1, 7—2) - (Oa O) in COO((Oa +OO) X R™ x Rn)

Proof. The smoothness of the heat kernel with respect to its arguments comes from Theorem C.1
in Appendix C.

The fact that eZ-%(¢,0,0) is an even function of 7, follows from (93) and (94) in Theorem
C.1, applied to the kernel eZ' (depending smoothly on 7; and ¢), which give e?%(¢,0,0) =

71,72

—~ q .
1 (1,0,0) + 3, 7 1T (£,0,0) + O(|m2|) as 75 — 0, 0

Remark 6.7. [Multiple nilpotentization] We have defined the double nilpotentization. By induc-
tion, it is straightforward to define the multiple nilpotentization, which will be used in Section
8 in order to investigate the equisingular stratified nilpotentizable case. Taking j > 2 strata of
increasing dimensions such that .7 C --- C .%; and taking points ¢; € .}, for i € {1,...,j}, all
of them in a sufficiently small neighborhood, the m-tuple of vector fields

XAt = (08) XA =m0 000 0%) "X (39)

.....
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has an extension at 7y - - - 7; that depends smoothly on (r1,...,7;) € [~1,1])/ and on (q1,...,q;) €

S x - x S5, and is equal to Xa-95 at (11,...,7) = (0,...,0). Here, the multiple nilpotenti-

zation X9% is the m- tuple X that is first n11potent1zed at g1, then at go, etc, and finally at ¢;;
e., it is defined by the induction

/\(I1+1

Xttt = X1 Vie{l,....j}.
Accordingly, the singular set (.#)% " ’q’ of D& ’ZJ = Span(X4 2; ) is diffeomorphic to .7

Lemma 6.1 is straightforwardly generahzed as follows denoting by el jij the heat kernel
generated by the sR Laplacian corresponding to X7 T], the function el

smoothly on (71,...,7;) € [-1,1]%, ¢ € & fori € {1,...,5}, t € (0, +00) and (y y)eR"xR".

.....

Remark 6.8. In Lemma 6.1, the .#-nilpotentizability assumption can be slightly weakened to

. . —a . . . . o
the following assumption: .%;  is a nonempty equisingular submanifold whose sR weights coincide
with the sR weights along .5, for j =1,2.

More generally, if the mlpotentlzablhty or the above more general assumptlon fails, although
A s diffeomorphic to . for every 71 # 0, for 71 = 0 the singular set Fu of Dn may fail to
be dlffeomorphlc to . in general (it may even be empty). This situation, studied in Section 9,
is much more challenging because e2'%(t,y,y') has no limit as (7;,72) — 0 and its blowing-up
asymptotics must be studied.

7 Local Weyl law in the equisingular nilpotentizable case

Throughout this section, we assume that the singular set . is an equisingular smooth submanifold
of M, of topological dimension k € {0,...,n — 1} and of Hausdorff dimension Q' and that the
horizontal distribution D is .#-nilpotentizable.

We establish the local Weyl law in Theorem 7.1 and we identify the main terms in an intrinsic
way. This case is already representative of a number of examples (see Section 7.3). The result
that we obtain covers, in particular, the Baouendi-Grushin case without tangency point and the
nonsingular Martinet case, which we treat in more generality in Sections 7.5 and 7.6. In Section
7.7, we also derive Quantum Ergodicity properties.

7.1 Hadamard finite part

In order to identify terms in the local Weyl law in an intrinsic way in particular in the case where
Q7 = OM\ we use the concept of Hadamard finite part.

The Hadamard finite part can be defined in several ways, depending on the class of singular
integrals under consideration. Here, we use the following deﬁnition Let g be a function of class
C' on R. Let 3 be the Borel measure on R\ {0} defined by % = ‘ | Given any C! function f of

compact support on R, the integral fR f dp is singular at 0. Its Hadamard finite part (in french,
“partie finie”, which explains the usual short notation p.f.) is defined by

p.f. fdB = lim / f(s)£s)ds—01n1
R\{0} =0+ \ Jjs|ze s €

where C' is the unique real number for which this limit exists, namely, C' = 2f(0)g(0). Note that,

since the function s — w has a continuous extension at 0, we have

p.f. FdB = 2£(0)g(0)In(a) + " f(s)g(s) — f(0)9(0) ,
E\{0} —a |s]

S
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for every a > 0 such that supp(f) C [—a,a]. The quantity at the right-hand side does not depend
on a.
In view of generalizing the definition to manifolds, it is useful to make the following remark. The

set R is endowed with the family of dilations d.(s) = es, for € > 0. Defining 8° = lim,_,q+ 673, we

have % = g(O)% and 3% is homogeneous of degree 0. Denoting by S(R) the quotient of R under

positive dilations and by W = s the infinitesimal dilation vector, we have 2¢(0) = (LWﬂ0)| S(R)
and the above unique constant C' such that the limit exists is C' = fS(R) F0) (ewBY) s (r) (dz).

Let us now define the Hadamard finite part in an intrinsic way on the sR manifold (M, D, g). Let
B be a smooth measure on M\.#, blowing up near .7, assumed to have a transverse nilpotentization
By = lim, ,0(67)*/ that is homogeneous of degree 0. An example is the Popp measure in the
nilpotentizable case where Q7 = QM\: it has a smooth density with respect to p in M \ 7,
which blows up near .. Like in Section 6.2, %/’ xAS"’k’l is then endowed with the smooth measure
(twB”) | xgn-r-1. Note that 37 = 2 @ (twB”)| s xsn—r-1: indeed, both sides of the equality
are homogeneous of degree 0 and coincide on 7 = 1.

Given any C' function f of compact support on M, the integral [ [ dB is singular along ..
We define its Hadamard finite part by

p.f. fdB = lim / de—C'lnl
M\7 e=0t \JM\B(7 ) c

where C' = [, ¢, 1 foms(y) d(LWBy)(y) is the unique real number for which the limit exists.
The Hadamard finite part is intrinsic: it depends only on the sR structure and on 5.

Given any ¢ € ., recalling that, near ¢, p = p.» ® dx where o is a smooth measure on .%
and dx is the Lebesgue measure on N, >~ R"~ k we define the “transverse trace”

ﬂw(eﬁq)z/ (1, (0,2), (0, 7)) da
N,

of the nilpotentized heat semi-group. The mesure on .#" of density Try, y(eﬁq) which respect to
1. does not depend on the smooth measure p. We will see that Tquy(eAq) < o0 if and only
if QM (q) > QM\”. When QM (q) = QM\”| the integral diverges in a logarithmic way at infinity

and we define its Hadamard finite part by

p.f. Tquy(egq) = lim / 3‘1(1,(0,:10),(0,96))dgc—C'lnl
Bn—k(0,1/¢) £

e—0t

where C' is the unique real number for which the limit exists.

Finally, as a prelude to Theorem 7.1 hereafter, we start by noting that, by Theorem 4.1 in the
equiregular case, given any f € C°(M \ ) (the set of smooth functions compactly supported on
M\ .¥), we have the expansion

+oo
My ) = [ @) ett.a.0)dute) = o L THOP +0() (10)
j=0

as t — 0T, where Tj is the Schwartz distribution defined by T;(f) = [, a;(q)f(q) du(q), for some
function a; € C>*(M \ .¥), for every j € N.
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Let C§°(M \ .) be the closure of C°(M \ .) in the Fréchet space C°°(M): any function
f e C§(M\.) can be extended to a function on M that is flat on .7, i.e., f and all its derivatives
vanish on .. Under the assumptions of Theorem 7.1 below (in particular, .#-nilpotentizability), for
every j € N, by the Hahn-Banach theorem applied in the Fréchet space C°°(M) to the continuous
linear form Tj on the closed subspace C§°(M \ .¥), the distribution T can be extended in a
non-unique and non-canonical way to a distribution on M. Such an extension is done modulo a
distribution supported on . and can be seen as a generalized Hadamard finite part (which we do
not make explicit).

7.2 Local Weyl law

Theorem 7.1. Given any f € C*(M), the function t — Tr(Mye'®) = [, f(q)e(t,q,q) du(q)
can be written in a unique way, modulo functions which are O(t>) as well as thezr demvatwes as
t — 07, as the sum of three terms:

1 g < [Int|
oz O LY + @wQESR N + ;;myﬂya?WEEZS neeEs ()
=0

where, for every j € N, R; and S; are distributions supported on .7, with R; = 0 whenever /2 s
already represented in the first sum (so that each power of t appears at most one time), and T; is
a uniquely defined extension to M of the distribution T; defined in (40).

In addition, we have the following more precise statements, depending on the respective values
of the Hausdorff dimensions @7 and QM\. We have three cases.

Case Q7 > QM\Y | 1n this case, we have S; = 0 for j odd, and

1 1
Tr(Mye!®) = WRO(JC) +o <7§Q—//2)

as t — 0% (this one-term small-time expansion only requires f to be continuous), with

/fow 7 (1,y,y) di” ( /f /Aq (0,2), (0,2)) dz dp.s (g /fdy

dd’; (q) = Tquy(eﬁq) at any q € . with respect
to the smooth measure p1.» on . (defined by (31)). Therefore, the local Weyl measure exists, and
we have supp(wa) = .7 and wa = v/v(.). Moreover,

o Ine® My y)dp” ®) \o7 2
e T(Q7/211) '

N(A)
In addition, if f = 1 near .7 then R;(f) = 0 for every odd integer j < Q7 — QM\ If e = &1
and p = 19 for some ¢ € M, and if f = 1 near ., then R;(f) =0 for 0 < j < @7 — QM\* and
S;(f) =0 for every j € N, i.e., the expansion (41) has no term in |Int|.

Case Q7 = QM\Y . 1n this case, we have S; = 0 for j odd, and

[Int| 1 - 1
Tr(Mye!®) = mso(f) + WTO(JC) tol\iomoa
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ast — 07 (this two-terms small-time expansion only requires f to be C’l; when f is only continuous
then we get only the first term), where, deﬁnlng the mapping &7 ~*" which to any ¢ € . and

any o € S"*~1 assigns the heat kernel €97 = =2 (double nilpotentization, see Section 6.4.2),

/fOﬂ'yA‘yS (1,0,0) d(ewi” /f /Aq"lOO)deuy /fdu
FxSn—k—1 sn—k—1

To(f) = pf. /W £(g)@9(1,0,0) dpu(q) + p.£. /y £(0) Ten, (€Y duse ()

= Jsur1€27(1,0,0) dlw iy ) (o) at
any g € . (moreover, this integral does not depend on the radius of the sphere on which the
integration is performed). Therefore, the local Weyl measure exists, and we have supp(wa) = .7
and wa = v/v(M). Moreover,

Jognr €75"770(1,0,0) dawi?)
A= 4o00 2T(Q7/2+1)
If e = e? and p = p? for some ¢ € M, and if f = 1 near ., then R;(f) = 0 for every j € N,

and S;(f) = 0 for every j > 1, i.e., the expansion (41) as a unique term in |In¢| (which is also the
dominating one).

NN A7 /21 A,

Case Q7 < OM\Y . TIn this case, we have S; = 0 for j having the parity of oM\Z _ oY 4 1,
and

1 - 1
Ay _
Tr(Mje™) = WTO(JC) +o (W)

as t — 07 (this one-term small-time expansion only requires f to be continuous), with T (f)(0) =
fM f dv where v is a smooth measure on M, of density Z—Z(q) =¢7(1,0,0) at any ¢ € M. Therefore,
the local Weyl measure exists, is absolutely continuous with respect to any smooth measure on M
(in particular, supp(wa) = M) and is given by wa = v/v(M) as in the equiregular case. Moreover,
we have as well the Weyl law (20). This means that the equiregular part dominates in this case.

If e = €% and p = p? for some g € M, and if f = 1 near ., then S;(f) = 0 for every j > 1, and
thus, the expansion (41) as a unique term in |Int| if @M\ — Q7 is even, and no term in |Int| if
OM\Z _ 0 is odd.

Remark 7.1. The local Weyl measure is such that supp(wa) = . if and only if Q7 > QM\¥
in contrast to the case @7 < OM\“ in which the local Weyl law does not differ from the one in
the regular region and does not detect the singular set.

In all cases, we have identified the main term of the local Weyl law in an intrinsic way. When
QY = OM\¥ we have identified intrinsically the coefficients of the two-terms small-time asymp-
totics; this case covers the Baouendi-Grushin case without tangency point and the nonsingular
Martinet case, studied with more generality in Sections 7.5 and 7.6.

Remark 7.2. If kK = dim.¥ = n — 1 and if rank D = n — 1 then w,, = 1 necessarily and thus
QY = OM(#) — 1. Hence we always have 07 > OM\ in this case.

Remark 7.3. When f = 1 near ., we have seen in Remark 6.2 that the expansion of J(¢) does
not involve any odd power of v/t. This fact is however not true for K (t) in general, in other words,
the function Fy may fail to be even (see Section 7.5.4 for an explicit example).

Remark 7.4. In Theorem 7.1 it is assumed that D is .“-nilpotentizable, i.e., that D is locally
diffeomorphic to DY at every point ¢ € ., but nothing is assumed at ¢ € M \ ., as underlined in
Remark 6.6.
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7.3 Examples

Let us give some examples of application of Theorem 7.1. In all these examples, the singular set
& is an equisingular smooth submanifold and the horizontal distribution D is .%’-nilpotentizable.

— Consider the p-Baouendi-Grushin case, that is the almost-Riemannian case around (0,0) in R?
generated by X; = 01, Xo = z{a(x1,x2) 02, where p € N* and a is a smooth function such that
a(0,0) = 1. The singular set is .7 = {x; = 0}. We have QM\ =2 and Q” = p + 1. The main

|Int|

term in the small-time asymptotics of the local Weyl law is then of the order of =

if p=1 and
t=@+1/2 §f p > 2. The local Weyl measure is supported on ..

The case p =1 is studied in more detail in Section 7.5.

— Consider the sR case around (0,0,0) in R? generated by X; = 01, Xa = 02 + 27 a(x1, 2, 23) 05,
where p € N* and «a is a smooth function such that a(0,0,0) = 1. When p = 1, we recover the 3D
contact case, which is equiregular. When p = 2, we recover the Martinet case. The singular set
is & = {x1 = 0}, and we have OM\ = 4 and Q7 = p+ 2. The main term in the small-time
asymptotics of the local Weyl law is then of the order of ¢t =2 if p = 1, “tnztl if p=2and ¢t?/2-1if
p = 2. The local Weyl measure is supported on . if p > 2.

The Martinet case, for p = 2, is studied in more detail in Section 7.6.

— Consider the nilpotent tangential elliptic case (see [16]), that is the sR case in R? generated by
X1 =01, Xog =00+ (%ﬁ + x123) 3. The singular set is . = {z1 = z2 = 0}. We have QM\¥ — ¢4
and Q7 = 4. The main term in the small-time asymptotics of the local Weyl law is then of the
order of “tn;‘. The local Weyl measure is supported on .&.

It is interesting to note that, in this example, there is a nontrivial singular curve (equivalently,
there is a nontrivial abnormal), which is not minimizing (see [16]), and however, there is a logarithm
in the local Weyl law. This observation invalidates the (folklore) conjecture according to which a
log in the Weyl law would be due to the presence of abnormal minimizers.

— Consider the (nilpotent) aR case in R? generated by X1 = 91, Xo = 09, X5 = (27 + 23) 05. We

have . = {1 = x2 = 0} and Q7 = OQM\¥ = 3. The main term in the small-time asymptotics of

the local Weyl law is of the order of Itlgn/é‘ . The local Weyl measure is supported on .7 .

— Consider the (nilpotent) sR cases in R* generated either by X; = 01, Xo = 02 + 22 05 + 7122 04,
or by X1 = 01, Xo = 02 + 2105 + (1—3? + £61$C%)(94, or by X1 = 01, Xo = 02 + 2105 + ZC%CCQ Oy
(these are non-isometric normal forms for horizontal distributions of rank 2 in R*). In all cases,
the singular set is ¥ = {x1 = 22 = 0}, OM\Z — 7 and Q7 = 6. The main term in the small-time
asymptotics of the local Weyl law at any point of . is then of the order of 1/ t7/2. The local Weyl
measure is not concentrated (the equiregular part dominates).

— Consider the (nilpotent) almost-Riemannian case in R™ generated by X; = 9y ,..., X1 = Op—1,
X, = (22 + -+ 2% )0, for some ¢ € N*. For n = 2, we recover the 2/-Baouendi-Grushin case.
The singular set is . = {1 =--- = 2,1 = 0} and OM\Y = and Q7 = 2/ + 1. The main term

in the small-time asymptotics of the local Weyl law is then of the order of =2 ifn < 20+ 1,
t="/2|Int| if n = 20+ 1 and ="/ if n > 2¢ + 1. The local Weyl measure is supported on .7 when
n < 2¢ + 1 and is not concentrated if n > 2/ + 1.

Note that, in this example, there is no nontrivial singular curve (equivalently, there is no
nontrivial abnormal), and however, when n = 2¢ + 1, there is a logarithm in the Weyl law.

— As a generalization of the previous case, consider the nilpotent aR case in R™ generated by X; = 0;

. 20 20 20 20
fori=1,....n1, Xn,41= (27" 4+ +xk11)an1+17 ooy Xnggp = (xkpp,lﬂ +o "’xkpp)anﬁpa for
some integers {1 < Uy < - -+ < £, kp = n1, n1+p = n. The singular set is . = {z1 = -+ ,x,, =0}
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and QM\Y = p and Q7 = 20+ p where ¢ = le £;. The main term in the small-time asymptotics
of the local Weyl law is then of the order of t=5~¢ if n; < 2¢, t="/?|Int| if n; = 2¢ and t~"/2 if
ny > 20. The local Weyl measure is supported on . if ny < 2¢ and is not concentrated if ny > 2¢.

Other examples by taking products. We can generate plenty of other examples by taking
products of cases covered by Theorem 7.1. Indeed, when taking the product of two sR structures
(M, D1, 1) and (Ma, D, g2), by the formula (86) of Appendix A.8, the resulting heat kernel on
the product manifold is the tensor product of the heat kernels on M7 and Ms. This simple remark
thus yields interesting classes of examples that are not covered by Theorem 7.1.

For instance, taking the product of N Baouendi-Grushin cases without tangency point (for some
N € N*) gives a 2N-dimensional manifold on which the main term of the small-time asymptotics
of the local Weyl law is of the order of “It]ﬁlN. Taking the product of a Baouendi-Grushin case
without tangency point with a nonsingular Martinet case gives a 6-dimensional manifold on which
the main term of the small-time asymptotics of the local Weyl law is of the order of ‘hzgtlz .
In particular, we can always find cases where the local Weyl law involves an arbitrarily large

integer power of |In¢|.

7.4 Proof of Theorem 7.1 and of the subsequent remarks

As explained in Section 6.3, our main task is to derive the small-time asymptotic expansion for
the integral K (t) given by (38) in Section 6.3.2. Assuming that f is supported near .7, we have

K(t) = —1 /1 70”1 g (T, ?) dr (42)

= tQM\f//Q \/E
where the function G : R? = R is defined by
Grey= [ [ 6300 22(1,0.0)do dps o) (43)
S JSn—k—1

Since D is .“-nilpotentizable, Lemma 6.1 in Section 6.4.2 implies that G is smooth, even with
respect to €, and

0.0 = [ s [ #00.0drdus (o)

We are going to apply Proposition D.1 (in Appendix D) to K (t), with z = v/, k = QM\* -9~ —1
and j = 0. Remark D.1 can be applied because G is even with respect to . If f = 1 near .% and
if e=¢? and p = ? for some ¢ € M, then e? = e and G does not depend on 7, and then Remark
D.2 can be applied.

As a preliminary remark, we have, by definition (see (91) in Appendix C),
e7(1,0,0) = 2" e1(e%,0,0) = 2" 72 (7262 51 (0), 62 (0) (44)

and we note that QM\7 = QR" (5. (¢)) = Q%" (¢) and QM () = QM (q).
First, taking the limit ¢ — 0 in (44) and using the homogeneity property (87) of the nilpoten-
tized heat kernel, we obtain

€27(1,0,0) = 12" %) (72,0,0) = 72" (7)-2" 1) (1,0, 0). (45)
Second, taking the limit 7 — 0 in (44) and using the homogeneity property (87), we obtain

(€)2(1,0,0) = 9" 21(e2,0,0) = 2" =Y (N 21(1,5, (o). (46)
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Third, we also have (€7)7(1,0,0) = Q" el(c?,0,0) = e M) €4(12%e2,6,(0),6,(0)) and,
taking the limit ¢ — 0, we obtain

899(1,0,0) = 72" (9 g29-() (12 0, 0) = 72" (F)=Q" za.d-(0)(1 (). (47)

Case Q7 > QM\Y | Tet us prove that

1
tQM\Y/Q

! Fo(Vt) +

Tl“(./\/lf etA) = 1597/2 0

(F(\/Z) + Fi(t)] lnt|> vt € (0,1) (48)

for some Fy, F, F} € C*(R), with Fy(0) = Ro(f).
Proposition D.1 (in Appendix D) implies that

Fo(t) 1
(\/E) QM\#

for some Fp, F, Fy € C®(R) (F} is a smooth function of ¢ by Remark D.1), with

1
- o7 —oM\¥ _4 s0ye o .
~ [t [ [ (E)7 (1,0,0) dor de dyr (o)

Using (46), the change of variable € = 1/s, and then (32) again, we obtain

- [ 1(1,(0.2), 0.2)) do dp (o)
2 Rn—k\Br—k(0,1)

Using the asymptotic expansion (34) of J(t) obtained in Section 6.3.1, we obtain (48) with Fy(v/t) =
Fy (V1) + Fo(t) and Fo(0) = [y, foms(y) € (1, y,y) di” (y).

If f =1 near ., then by Remark 6.2, F'y is even and thus Fy too. If e = €7 and p = uq for
some ¢ € M, and if f = 1 near .%, then Fi(t) = O(t>°) (by Remark D.2) and Fy(t) = Fy(0) is
constant. By Remark 6.2, we have FJ(\/Z) = F;(0) + O(t>). Hence Fy(t) = Fp(0) + O(¢>).

(F(\/Z) + Fi(t)] lnt|> vt € (0,1)

Case Q7 = QM\, Let us prove that

[Int| 1

Tr(Mje!®) = o7 b (t) + WF()(\/E) vt € (0,1) (49)

for some Fy, F; € C®(R), with F1(0) = So(f) and Fy(0) = To(f).
Proposition D.1 (in Appendix D) implies that

| In ¢] 1

K(t) = oo i) + ooy

Fo(Vt) vt e (0,1)

for some Fp, F; € C°°(R™) (F} is a smooth function of ¢ by Remark D.1), with

:%/y /Sn“ 1100)d0duy()
_/y/sn“(f(q)/o (& )(100) "(1,0,0)

+/1 f(5$(0))63 (1,0,0) — fg)e™(1,0,0)

T

dT) do dps (q).
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Adding to K(t) the expansion (34) of J(t) obtained in Section 6.3.1, we obtain (49) with Fy =
Fy+ Fy. If e =¢% and p = [ for some ¢ € M, and if f = 1 near . then, by Remark D.2,
Fi(t) = F1(0) + O(t>), Fy is even, and F;(vt) = F;(0) + O(t>°) by Remark 6.2.

Let us identify Fy(0) and F7(0) in an intrinsic way. For the term Fy(0), let us prove that, given
any g € ., the term fsn,k,l €77(1,0,0) do does not depend on the radius of the sphere on which

the integration is performed. The image of (Lwﬁyhyxsn—k—l = j1.> ® do under the dilation 07 is

the measure 7~2" (#)+Q7 (Lwﬁy)wg(yxgn—k—l) and the result follows by using (47) and the fact
that Q7 = QM\7
The intrinsic identification of Fy(0) is inferred from the following lemma.

Lemma 7.1. We have

£(52(0)) ed” (1,0,0) — f(g)e™7(1,0,0)

xSn—k—1x[0,1] T

b f(q)éq(L(LO)du(Q):=/Cﬂ dr do dyur (q) (50)

M\

/ fl@)pf. Try, (e / /B” ‘o 1) ,(0,2),(0,2)) de dus(q)
(1)2(1,0,0) — &%7(1,0,0)
+LAH4W% - dedo dpr(a) (51)

Proof. We establish (50) by using (45), the Fubini theorem and (32), with Q" = QM\*. To
establish (51), using successively (46), the change of variable 7 = 1/¢, and (32) again, we obtain

[ s [ CECLO A oy =t [ 07,0, 00

sn—k—1 rn—k\Bn—k(0,1)

where the latter Hadamard finite part is considered at infinity, because the integral diverges log-
arithmically at infinity. Adding the contribution F'(0) due to J(t) (see Section 6.3.1) gives the

integral over the whole R"~* which is exactly Try, o (2. O

Case Q7 < QM\,  Let us prove that

1

tAN
Te(Ms ™) = —ainwys

F(t) + (FO(\/B + R (V) lnt|) vt € (0,1) (52)

tQS//Q

for some F, Fy, F; € C=(R), with F(0) = Ty(f).
Proposition D.1 (in Appendix D) implies that

F(t) 1
Ve T (e

for some F, Fy, F; € C*(R™) such that F} has the parity of 9™\ — Q“ (by Remark D.1) and

1
o TQA[\LV*QLS’*l & o /EG’ - -
ro)= | LL+ﬂ&W6@MMMM

We infer from (45) and from (32) that F(0) = [,, f(q)€%(1,0 O) du(q). Adding the expansion (34)

of J(t) obtained in Section 6.3.1 gives (02) with FO = FJ + Fy. If e = @ and p = [i? for some
q € M, and if f = 1 near .7, then by Remark D.2, I (v/t) = F1(0) + O(t>).

K(t) =

(Fo(\/z) + B (V) lnt|) vt € (0,1)
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Proof of (41). Having in mind the prelude to the theorem and in particular (40), now, to arrive
at the decomposition (41), we organize all terms in a different way, as follows. Splitting f into
two parts, one supported near . and the other supported in M \ . to which (40) is applied, to
this expansion coming from the regular region, we add all other possible terms in =M\ /2 (for
the three cases), for i € N, and this gives the first term in (41). The resulting decomposition is
canonical.

7.5 Baouendi-Grushin case

The Baouendi-Grushin case is often named “Grushin case”. It has been mentioned to us by N.
Garofalo that, actually, S. Baouendi designed this famous model in 1967, while V. Grushin studied
its hypoellipticity later, in 1970. This interesting story is reported in [38, Section 11].

7.5.1 Definition of the model and local Weyl law

We assume that n = 2 and that rank(D) = 2 except along the singular set .. This means that
the 2D closed surface M is Riemannian outside of .. Under generic assumptions (see [6, 18]), the
set . (along which rank(D) = 1) is a smooth closed curve, i.e., a finite union of embedded circles.
Assume that D = Span(X7, X3) locally. Outside isolated points of . (called tangency points),
TM is spanned by X7, X5 and the Lie bracket [X7, Xo]: such points are called Baouendi-Grushin
points.

Near Baouendi-Grushin points, we have the normal form for the metric

X1 =01, Xo =z1a(z1,22) 02

(g-orthonormal basis) where a is a smooth function such that a(0,22) = 1 for every x5. Locally, the
singular set is .7 = {x; = 0}: it is equisingular and we have Q7 = QM\¥ = 2 and QM (.%) = 3.
Moreover, D is .-nilpotentizable. We are thus in the framework of Theorem 7.1 there.
Near tangency points, we need one more bracket, and we have the normal form for the distri-
bution
Xlzal, XQZ(,T%_:I;Q)aQ

(there exists a normal form for the metric but we will not need it). Locally, the singular set is
& = {x? — 3 = 0}: it is not equisingular but is however stratified by two equisingular manifolds:
S = {(0,0)} and S = S\ A. The stratum %, consists of Baouendi-Grushin points and
thus Theorem 7.1 can be applied there. For the stratum .7, we have Q" = 0 and () = 4.
Theorem 7.1 does not cover this case. Moreover, D is not .#-nilpotentizable near tangency points:
indeed the nilpotentization at a tangency point ¢ is X{ = 91, X§ = 2% 0>, whose singular set is
7= {x1 = 0} which is not diffeomorphic to .7.

Let P be the Popp measure on M \ .#, that is, here, the Riemannian measure associated with
the metric g (which is Riemannian outside of .#’). Near ., we have dP = dv ® }%’} where v is a
smooth measure on . and ¢ = 0 is a local equation of ., with ¢ a local submersion. The measure
v does not depend on the choice of ¢.2

Theorem 7.2. Given any f € C*(M) vanishing near the tangency points, we have

Tr(Mye'®) = /M f(a)e(t q,q) dulq) = @Fl (t) + %Fo(\/i) vt € (0,1) (53)

2In the case without tangency point, the measure v coincides with the Popp measure P along the equisingular
submanifold ., as defined in [11] (see also Appendix A.7).
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for some Fy, F1 € C*(R), with F1(0) = & [ fdv. When f is only of class C* and vanishes near
the tangency points, we have a two-terms small-time asymptotics, with

1
Fo(0) = (pf/M\yfdP—l—(W—l-élan)/yfdu)

where 7y is the Euler constant. Moreover, if (M, D, g) is a nilpotent Lie group (and u is the Haar
measure) and if f =1 near & then Fy(t) = F1(0) + O(t>) and Fy is even.
Given any f € CO(M) (which may be nonzero near the tangency points), we have

Tr(My ') = 12211 htl”Fl(o) +0 (—' h:”)

as t — 0%. The local Weyl measure is supported on . and is given by wa = v/v(). Moreover,

v(S)
A——+oo 4T

N(X) Aln A

When there are no tangency points, the result follows from Theorem 7.1. In this case, the
consequence on the asymptotics of the spectral counting function is already known: it follows
from results of [65]. But it is new when there are tangency points. What is also new here is the
expression of the local Weyl measure and the intrinsic two-terms small time-asymptotics of the
local Weyl law (far from the tangency points).

Moreover, we establish in Section 7.7 a Quantum Ergodicity (QE) result in the Baouendi-
Grushin case when % is connected with at most one tangency point: there exists a density-one
subsequence of probability measures |¢;, |?u converging weakly to wa. This is the first QE result
in sR geometry where the limit measure is singular.

The more general k-Baouendi-Grushin case X; = 01, Xo = (2§ — 22), for k > 2 (for which
supp(wa) = ), as well as other variants like Xy = (22 — 23) (for which supp(wA) = {(0,0)}),
much more difficult to treat, are considered in Section 9 in an analytic framework.

7.5.2 Proof of Theorem 7.2

When there is no tangency point (or, when f vanishes near the tangency points), Theorem 7.1 can
be applied. Outside of ., the Popp measure is given by dP = W dzry dzs.

T1,T2)
Since the Baouendi-Grushin case is Riemannian outside of ., noting that a(0,0) = 1, we have

e (1 0 0) = eEuchd(l 0 0) 47T

for all ¢ € . and 0 € S° = {+1}, where egycna(t, 7,y) = 147 exp(—|lz — y||?/4t) is the Euclidean
heat kernel in R?. We obtain Fy(0) = £ [, f dv.
The term F»(0) given by Theorem 7.1 is the sum of two terms. The first is

pf. /W F(@)2(1,0,0) dulq) = p.f. /W F(@) €20 P00 P(@)

where we have used (15). But since ez, Pq(l 0,0) = eEuChd(l,O,O) = this first term is

47r’
+=p.f. Jar s f(@)dP(q). The second is [, f(q)p.f. Trw, #(e2")dv(q), and we claim that, for ev-

ery ¢ € &, p.f. Try, y(e = %7:“2. To prove this fact, we consider an explicit example in the
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equivalence class, and then to identify the unknown coefficient from this example: this is done in
Section 7.5.3.%

It remains to prove that, when there are tangency points, we still have an asymptotic expansion
(53) (but in which we cannot identify Fy(0). Since we are in the generic case, the metric normal
form near a tangency point ¢ is X1 = a(x1,x2) 01, X2 = (23 —x2)b(x1, 72) 02 (g-orthonormal basis),
with @ and b germs of smooth positive functions such that a(0,0) = 5(0,0) = 1. By the uniform
ball-box theorem (see (83) in Appendix (A.6)), we have u(Bsr(q,7)) = Cr? max(|z3 —xal, r|z1|,7?)
for some constant C' > 0. Now, it suffices to split the integral I(¢) as an integral over Byr(q,r)
(we do that, actually, around each tangency point) and an integral over the rest. The latter is
estimated by Theorem 7.1. For the integral over Bsg(q,7), we use the heat kernel estimate (90)
(see Appendix A.8.3), which yields the upper bound ‘Ltth(r) with a uniform O(r). The result
follows.

7.5.3 The Baouendi-Grushin case on the sphere S?

In this section, we present an explicit example of the Baouendi-Grushin case without tangency
point on the 2-sphere where we can compute explicitly the eigenelements of the sR Laplacian and
the two-terms expansion of the heat asymptotics.

We set M = S2, the Euclidean 2-sphere of R? endowed with the canonical Riemannian metric
gr. We denote by ug the associated (smooth) Riemannian measure on M. The vector fields on
M defined by

X1=—20,+20,, Xo =20y —yO0;, X3 =y0, —x0y

span the tangent space to M at every point. The Laplace-Beltrami Laplacian on M (Riemannian
Laplacian, associated with the canonical Riemannian metric and with the canonical Riemannian
measure) is Ag = Ngpun = X7+ X5+ X3,

Note that [X1, Xo] = —X3, [X1, X3] = X2 and [X2, X3] = —X;. Note also that, in spherical
coordinates = cospcosf, y = sinpcosf, z = sinf, with 0 < ¢ < 27 and —7/2 < 0 < 7/2, we
have X3 = —0,. For |0 # /2, we have X; = sinptand, + cos ¢ dy and Xo = cosptanf d, —
sin ¢ Jp, and the canonical Riemannian measure is dugr = cos 6 df de.

We consider on M the almost Riemannian structure (M, D, g) with D = Span(Xy, X») and ¢
the metric on D for which (X1, X») is an orthonormal frame. We denote by A = A, . = X7+ X3
the sR Laplacian associated with the sR metric g and with the (smooth) Riemannian measure pup
on M. The singular set . is the equator {(z,y,z) € S | z = 0}: A is elliptic outside of .&
but is only subelliptic on .7 (it is almost-Riemannian). This operator (which is selfadjoint with
respect to the smooth measure ;1) has been considered in [22]. Note that the almost-Riemannian
Laplacian studied in [20] is different: they consider the sR Laplacian A, p associated with the sR
metric g and with the Popp measure P, which is singular along .. Here, we have dP = ﬁ do dy
outside of ., and thus, with the notations of Theorem 7.2, we have dv = dp along ..

Since [A, X3] = 0, considering the standard basis (Y7.,)jm|<; of spherical harmonics, satis-
fying —ArY,.m = (1 + )Y,y X3Y0 = —imY),, for | € N and |m| < [, we find —AY},, =
(I(1+1) = m?) Yy, The eigenvalues are A, = I(I+ 1) — m? with multiplicity given by the num-
ber of such decompositions of \; ,,. The eigenfunctions are Y] ,, but the eigenvalues are ordered in
different ways for Ar and for A.

3 Alternatively, one may use the explicit formula for the flat Baouendi-Grushin case (see, e.g., [23])

e(t7x7x’) _ 1 / : T e(i7(1’2712)—%(1‘§+112)7 cotanh 7'721‘11’1)/15 dr.
(2nt)3/2 Jg V sinh T
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The zeta function of A + 1/4 (whose eigenvalues are (I + 1/2)? —m? with |m| < 1), as defined
in Section 4.4, is then

1 1
¢s) = Z (I+m+3) (l—m+3)s

I

Given any p,q > 0, we can find integers [ and m such that p =1+ m and ¢ =1 — m if and only p
and ¢ have the same parity. Therefore

C(s) =47°(C(s,1/4)* +47°(¢(5,3/4))

where the functions ((-,-) are the corresponding Hurwitz zeta functions* (see [32, Section 1.3]).
The function (T is holomorphic for Re(s) > 1. Its meromorphic extension has a pole of order 2 at
s =1. When s — 1, we have the expansions

2
4*5:%_11172(5_1”0(5_1), (C(s,1/4))2_(ﬁ+ﬁ/2+3ln2+’y+o(1)> ,

and a similar one for (((s,3/4))? by replacing +m/2 by —n /2. Hence

1 v+2In2 - 1 y+4In2
eoiE T 5ot O BTG =srTE T ooy

(s) = +0(1)

as s — 1. Setting Z(t) = Tr(e!(»+1/%)), we have ((s)['(s) = 0+°O Z(t)t*~1dt. Splitting this
integral in fol and f1+oo, the latter gives a holomorphic function, while the first is meromorphic
with a pole at s = 1. Since we already know that Z(t) = A“I;tl +£24+0(1) ast — 0F, we find,
by identification, A = } and B = %M. Noting that v(.#) = 27 and that p.f. fM\.S/’ dP =0, we
can thus identify the unknown coefficient in Section 7.5.2.

7.5.4 An additional remark

In Remark 7.3, we have claimed that, when f = 1 near ., the function Fy may fail to be even.
In this section, we give an explicit example. Take the local Baouendi-Grushin model near (0,0)
given by the g-orthonormal frame X7 = (1 + x1) 01, X2 = x1 2. Let us compute the small-time
expansion of I(t) near (0,0). According to the procedure described in Sections 6 and 7, we perform
a first nilpotentization at ¢ = (0,0) and then at o = (1,0). Here, we obtain

(X)2Z(y1,y2) = (1 + 7+ Teyr) 01, (X2)2Z(y1,y2) = (1 +ey1) G2
and thus A%2Z = A, + R with
A =1+7)28%+ 62, R =Ri+ R»,
Ry = (14 7)1e + 72%y1) 01 + Teyr (2(1 + 7) + Tey1) 07, Ry = ey1(1 4 ey1) 03.

Using (85) in Appendix A.8, the heat kernel e, generated by A, satisfies e-(1,0,0) = m

(because eguciia(1,0,0) = 4=). In order to estimate the heat kernel €27 gencrated by AZZ, we
4Given any a > 0, the classical Hurwitz zeta function (-, a) is defined by ¢(s,a) = Z;L:og ﬁ Its meromorphic

extension has a unique pole, at s = 1, and ((s,a) = 311 —¢(a) 4+ O(1) as s — 1, where ¢ is the digamma function.

We have ¢ (1/4) = —7/2 — 3In2 — v and ¥o(3/4) =7/2 —3In2 — ~.
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LT — ptDr 4 otATT 4 Retd =, where the

convolution is defined by A(t fo (t — s)B(s) ds. Hence we have the expansion

follow [32], noting that, by the Duhamel formula e

q,0
etAT,E _ etA,— + etA,— *RetA* + etA,— *RetA* *RetAT 4.

at any order in (7, ¢), as a sum of locally smoothing operators, as proved in [32, Section 6] (this is
highly nontrivial). Since R = Ry + Ra, it follows that

et2(1,0,0) = €7(1,0,0) + (7€) + ha(r, )

where h;(7,¢) is the Schwartz kernel of e!®7 x R;et®7 4 et27 « Riet® « Rjet™r + -+ for i = 1,2.
Since Ry = O(7¢) and Ry = O(e) and since we already know that (e2)7(1,0,0) is even Wlth respect
to €, we obtain that

e7(1,0,0) = + 7%€%h(7,€) + €%ha(7,€)

1
(14 7)2

for some hy, hy € C®(R?). Therefore we have (42) with QM\ =2 Q7 =2, f = 1 near . and

Gr.e) / Lo ere (1,0,0) do di(g) = U(Qf) (1_|_17_)2 +7252H1(775)+€2H2(T76)

for some Hy, Hy € C®(R2). In particular, G(0,0) = 22 9,G(r,0) = 8,8,G(0,0) = 0 and

27

hG(0,¢e) = —@. According to Remark D.3 in Appendix D, the term in v/¢ in the expansion of
I(t) is equal to —0,G(0,0) = @ We finally obtain

I(t) = %@ +F0(O)% + @% + O (|Int])

as t — 07 (where Fyy(0) is given by Theorem 7.2). There is a nontrivial term in 1/v/2.

7.6 Martinet case

We assume that n = 3 and that D is locally defined by D = ker @ where « is a real-valued 1-form
on M such that oo Ada vanishes transversally on a 2D smooth surface .7 (called Martinet surface).
Let L = (L, ).e.» be defined by L = DNT.. We assume that L is line bundle over .. Generically,
L admits singularities (see [63, 90]). We speak of the nonsingular Martinet case when L has no
singularities, and in this case, according to [63], the distribution D can be defined locally near .
by D = ker o with a = dx — 22 dy. The distribution D is of contact type outside of .7.

Let P be the Popp measure on M \ . (canonical contact measure outside of .). Near .7, we
have dP = dv ® |%| where v is a smooth measure on . and ¢ = 0 is a local equation of ., with
¢ a local submersion. The measure v does not depend on the choice of ¢.

Theorem 7.3. Given any f € C°°(M) vanishing near the singularities of ., we have

Tr(My et /f eltq.0) dula) = "AUR () + ARG Ve (0,1)

for some Fy, Fy € C*°(R), with Fy(0) = % [y fdv. When fis only of class C* and vanishes near
the singularities of ., we have a two-terms small-time asymptotics, with

Fy(0) =p.f. fhdu—i—A/ fdv
M\~ &
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for some universal constant A € R and for some smooth function h on M, where p.f. fM fhdp is
the Hadamard finite part of the integral with respect to the surface .. Moreover, if (M, D, g) is a
nilpotent Lie group (and p is the Haar measure) and if f =1 near . then Fy(t) = F1(0) + O(t>)
ast — 07 and Fy is even.

Given any f € C°(M) (which may be nonzero at the singularities of . ), we have

Int Int
Tr(My ') = 12211 = |F1(0)+0<—| > |>

as t — 07. The local Weyl measure is the probability measure supported on . defined by wa =
v/v(S). Moreover,
V(&) 2
NA) ~ ——=X"InA
WV e A

The proof is similar to the one done in the Baouendi-Grushin case and is thus skipped. The
coefficient = in F1(0) is computed thanks to Remark 4.5 (because, outside of the singular set .,
the Martinet case is a 3D contact case). The fact that the constant A is universal is due to the
knowledge of normal forms (see [4]). In contrast to the Baouendi-Grushin case, we do not know
any sufficiently tractable model for the Martinet case that would allow us to identify the constant
A and the function h in Fy(0).

7.7 Quantum Ergodicity properties

In this section, we derive QE (Quantum Ergodicity) properties, as a consequence of the local Weyl
law. We denote by (¢;);en an orthonormal eigenbasis, as considered in Section 2.3.

7.7.1 Concentration of Quantum Limits on the singular set

Under the assumptions done in Theorem 7.1, if @7 > QM\ then the Weyl measure is supported
on the singular set .. It follows from Theorem 7.1 and from Theorem 2.1 that

, 1
AETOOW Z/Mf|¢k|2du:/yfdwa Vf e C'M).

e <A

By using a well known lemma® due to Koopman and Von Neumann (see, e.g., [75, Chapter 2.6,
Lemma 6.2]), we infer the following corollary.

Corollary 7.1. In the framework of Theorem 7.1, if @7 > QM\ then there exists a density-one
sequence (kj)jen of positive integers such that, for every real-valued continuous function f on M
whose support does not intersect the singular set .,

lim / Flow, [ du = 0.
M

Jj—+o0
This means that all Quantum Limits (weak limits) on the base of (¢r;)jen are supported on .7 .

Remark 7.5. For the Baouendi-Grushin case on the sphere S2, this result may seem surprising
because the eigenfunctions of the aR Laplacian on S? coincide with those of the usual Laplace-
Beltrami Laplacian, which are the spherical harmonics Y ,,,. As mentioned in the previous section,

5Given a bounded sequence (uy)nen of nonnegative real numbers, the Cesdro mean % Z;é ug converges to 0

if and only if there exists a subset S C N of density one such that (uy)xes converges to 0. We recall that S is of
density one if %#{k € S| k<n—1} converges to 1 as n tends to +oo.
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the explanation is that the eigenvalues are ordered in different ways for the two Laplacians. Being
a sequence of density one depends on the order of the sequence: any infinite sequence of density
zero can be reordered as a sequence of density one! More precisely, any weak limit of a sequence
|Y,.m|?1 is supported on the equator if and only if |m/I| converges to 1.

7.7.2 Quantum Limits (QLs) and Quantum Ergodicity (QE)

Let us first briefly recall the definition of what is a QL and of what is QE. Let E be a smooth
compact manifold, endowed with a probability measure ©, and let T" be a self-adjoint operator
on L?(E,©), bounded below and having a compact resolvent (and hence a discrete spectrum).
Let (®4)ken be a (complex-valued) Hilbert basis of L?(E,©), consisting of eigenfunctions of T,
associated with the ordered sequence of eigenvalues A\g < -+ < Aj < ---.

A local Quantum Limit (local QL, or QL on the base) is a probability measure on E that is the
weak limit of a subsequence of probability measures |®y,|[*0. A microlocal QL (or QL in the phase
space) is a probability measure on the co-sphere bundle S*E that is the weak limit of a subsequence
of Radon measures fix; (a) = (Op(a)®yr,, Pr,)r2(p,0) (the measures y1; are asymptotically positive),
where Op is an arbitrary quantization and a is a classical symbol of order 0. Microlocal QLs do
not depend on the choice of the quantization. Any local QL is the image of a (not necessarily
unique) microlocal QL under the canonical projection S*FE — FE.

We say that Quantum Ergodicity (QE) on the base (resp., in the phase space) is satisfied for
the eigenbasis (®;),en of T if there exist a local QL § on E (resp., a microlocal QL 8 on S*E) and
a density-one sequence (k;);jen of positive integers such that the sequence of probability measures
|®, |*© (resp., pk,) converges weakly to S.

QE theorems have a glorious history, starting with the well known Shnirelman theorem (see [31]
and see [29, 89] for a proof), establishing QE in the Riemannian case provided that the geodesic
flow be ergodic for the canonical Riemannian measure. This theorem has been extended in a
number of ways in elliptic cases and it is not our objective here to report on such extensions. In
[31], we have established the first QE result in a sR case, namely, in the 3D contact case: QE is
satisfied under the assumption that the Reeb flow be ergodic for the Popp measure, with the Popp
measure (canonical contact measure) as a limit measure.

In all above-mentioned results, the limit QL [ is absolutely continuous. Hereafter, we provide
the first example in sR geometry of a QE property with a limit measure that is singular.

7.7.3 QE in the Baouendi-Grushin case

Theorem 7.4. QF is satisfied in the Baouendi-Grushin case when . is connected with at most
one tangency point, with wa = v/v(.) (Weyl measure) as a limit measure on the base, and W
in the phase space, which is half of the pullback of wa by the double covering S — M which is
the restriction to S (with X = D) of the canonical projection of T*M onto M.

Proof. By Corollary 7.1, there exists a local QL 3, supported on ., which is the weak limit of a
density-one subsequence of probability measures |¢x; |20 on M.

We first treat the Baouendi-Grushin case without tangency point. In order to apply results on
QLs established in [31] in the 3D contact case, let us lift this 2D case in dimension three. A local
normal form is given by the g-orthonormal frame X7 = 01, Xo = x1a(x1, x2) d2 with a(0,z2) = 1.
As a particular case of the general desingularization procedure (see [52, 77]), the (2D) Baouendi-
Grushin case without tangency point is the projection onto M of the 3D contact structure given
on M x S8' by the contact form a = dzy — 21 a(xy,x2) drs, associated with the orthonormal frame
X, =0y, Xo = X5+ 03. We denote by p : M x S — M the canonical projection. Endowing
M x S with the measure fi = i ® dxs, we have p,ji = p. Let A = X2 + X2 be the sR Laplacian
on M x S'. The Reeb vector field is (a + 2101a) Os.
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Noting that p*¢y; is an eigenfunction of A, the sequence of probability measures |p*dx, |2i on
M x S! converges weakly to a QL /3 of the 3D contact case, such that p,3 = 3, which is, in the
local coordinates, supported in {z1 = 0} (by the choice of 3) and in {3 = 0} (because p*¢; does
not depend on z3). By [31, Theorem B|, we have the Radon-Nikodym decomposition B = BQ + BOO
with BO that is invariant under the 3D contact geodesic flow and Boo that is invariant under the
Reeb flow. We claim that there is no 3D contact geodesic contained in {x; = & = 0}. Indeed, if
such a geodesic were to exist, since the Hamiltonian of the lifted case is H = %5% + %(96152 +&3)%,
this geodesic should be contained in |£1| = 1 and satisfy @3 = & # 0 on ., thus its projection
should be transverse to ., which is a contradiction. Therefore BO =0 and B = BOO. Moreover, the
projection of the Reeb vector field is tangent to . and lets wa invariant, as expected. The quantum
ergodicity property on the base follows. In the phase space, since supp(Wa) C {z1 = & = 0}, the
only possibility is that W is supported on the S'-fiber bundle (in &) over .#, whence the result.

Let us now treat the Baouendi-Grushin case when % is a circle with exactly one tangency
point go. Since .7\ {qo} is connected and since the Weyl measure wa is the unique measure that
is invariant under the projection of the Reeb flow, it follows from the above result obtained for the
Baouendi-Grushin case without tangency point that the restriction of 8 to .7\ {go} coincides with
v up to scaling. Hence, there exists a € [0, 1] such that 5 = (1 —a)v/v () + ady,, where dq, is the
Dirac mass at go. Let ag € (0,1) be fixed. Since the Weyl measure is v/v(.¥), any subsequence
of the sequence of probability measures |¢y, |2dp, for which a > 0, must have density zero. The
result follows by a classical diagonal argument. O

7.7.4 QE in the Martinet case

In the Martinet case, QE properties are open. The classical dynamics to consider might be a
suitable normalization of the abnormal geodesics (more precisely, the dynamics of a characteristic
vector field Y on . leaving invariant the measure v). There does not seem to exist such a vector
field in the general case. Assuming the existence of such a characteristic vector field and the
ergodicity of the corresponding dynamics, we conjecture that the QE property is satisfied for any
eigenbasis of the sR Laplacian A.

7.8 The Baouendi-Grushin and Martinet Laplacians associated with the
Popp measure

We have previously considered the Baouendi-Grushin and Martinet Laplacians A, associated with
the smooth measure p on M. To complete our study, in this section we consider the Baouendi-
Grushin and Martinet Laplacians Ap associated with the Popp measure P, which is singular on
7. Tt is proved in [19] that both Baouendi-Grushin and Martinet Laplacians Ap are essentially
selfadjoint on M \ ..

Theorem 7.5. Given any f € C°(M), we have

1 [Int] . . .
= fy Jfdv == in the Baouendi-Grushin case

= [, fdv “;tl in the Martinet case

/ f(@)ea.p(t,q,q)dP(q) ~ {
M

as t — 0%, and thus, as in Theorems 7.2 and 7.3, wa = v/v(.) and

{ %/\ln/\ in the Baouendi-Grushin case,

%/\2 In\ in the Martinet case.
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Moreover, as in Corollary 7.1, there exists density-one sequence (kj)jen of positive integers such

that, if supp(f) N =0 then
lim / flé,|* dP = 0.
M

Jj—+o0
In the Baouendi-Grushin case we can even obtain as in Theorem 7.2 an intrinsic two-terms
expansion. But, although the first term is the same with a smooth measure and with the Popp
measure, the second terms differ: the intrinsic constants are different. We refer to [20] for the
computation of these constants.
To obtain Theorem 7.5 in the Baouendi-Grushin case, we proceed as follows. In a local model
where X; = 01, Xo = x102, we have dP = |xl—l‘dx1 dxo and, following [19] the aR Laplacian

Ap = 0} + 230y — %181 is unitarily equivalent to the second-order operator 07 + 220y — ﬁg
1

considered on L?(R?) with the Euclidean measure, which is proved to be essentially selfadjoint on
M\ . Then, we use the same general method as before, i.e., a (J + K)-decomposition and the
use of Theorem C.1 in Appendix C. The only difference is that the nilpotentized Laplacian is not
the same as the one obtained with a smooth measure: it has a potential that is singular along .¥.
It remains anyway Riemannian far from .¥’, which explains why the first term is the same as with
a smooth measure. )

The method is the same in the Martinet case: the local model Ap = 97 + (92 4+ 583)* — Lo

1
2

is unitarily equivalent to the second-order operator 97 + (92 + %83)2 — ﬁg‘ considered on L?(R?)

1

with the Euclidean measure.

In both cases however, with respect to Theorem C.1, which is established for more general
operators in [32], we need an additional ingredient that is not written in that article: in [32],
we have taken smooth bounded potentials, in particular in order to ensure dissipativity of the
operator and thus existence of the semigroup. But actually the main result of [32] can be extended
to potentials V blowing up only mildly, in the following sense: we assume that £2(59)*V — V4 as
£ — 0in C* topology (indeed, in the framework of [32], the operator A® involves the term £2(59)*V
and this assumption is exactly devised to give a sense to its limit). For the above Baouendi-Grushin
and Martinet cases with the Popp measure where the potential V (z) = 1/2? is added to a smooth
sR Laplacian, we obtain exactly V¢ = 1/22.

8 Local Weyl law in the equisingular stratified nilpotentiz-
able case

Throughout this section, we assume that the singular set . is stratified by equisingular smooth
submanifolds, i.e., . is a Whitney stratified submanifold of M, disjoint union of strata, and each
stratum is an equisingular smooth connected submanifold of M (see Appendix A.3). Hence M is
stratified as well by equisingular smooth submanifolds: its strata are the open set M \ .# (regular
region), of Hausdorff dimension @™\ and the strata of .. We consider the set {Q',..., Q%}
(where s € N\ {0, 1}) of all possible Hausdorff dimensions of strata of M, ordered in the increasing
way, i.e., Q' < .- < Q° This means that, for each stratum of M, there exists i € {1,...,s} such
that Q° is the Hausdorff dimension of this stratum. In particular, QM \ s equal to one of the
Q%s. The integer Q° is the maximal possible Hausdorff dimension of a stratum.

The equisingular stratification assumption, which is a refinement of the stratification by topo-
logical dimension, has been introduced in [44] and considered as well in [40, 41]. Tt is satisfied for
generic smooth sR structures and for analytic sR structures (see [141, Section 1.3.A]), in particular
for nilpotent Lie groups and their quotients (because they have an analytic structure), and thus
for nilpotentizable sR structures.
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As alluded in Remark 6.6, if D is locally diffeomorphic to D4 for every g € M (this is stronger
than “-nilpotentizability where this property is required for every ¢ € . only) then the equisin-
gular stratification property is automatically satisfied.

8.1 Main result

Let ¢ € % be arbitrary. By definition of the Whitney stratification, ¢ belongs to a stratum .7}
and to the closure of p other nested strata of increasing topological dimensions:

qEACS2C - CFpC L p1=M\S =M

(where p € N* and the sequence of strata depend on ¢), with dim.%; < dim.#;11 < n for i =
1,...,p+1 (hence, p < n). We call the sequence ¢ = (A,..., %, Fpt1) a chain of strata at
g, of length p + 1. By convention, we always have .11 = M \ .. Of course, there may exist
several chains of strata at ¢, of possibly different lengths. The chains are however invariant along
.7, meaning that if € is a chain at ¢ € . then € is a chain at any other ¢’ € ..

Let ¢ € .7 and let € = (A, ..., %, Sp+1) be a chain of strata at ¢, of length p+ 1. For every
je{l,...,p+1}, the Hausdorff dimension Q7 is equal to Q* for some i € {1,...,s}. We denote
by m;(q,€) € {0,...,n+ 1} the “multiplicity” of Q¢ in the chain ¢ at ¢, that is, the number of
integers j € {1,...,p + 1} such that Q7% = Q. The multiplicity m;(q, %) does not depend on
q€AN.

Finally, we define the “maximal multiplicity” of Q% by

m; = max{m;(q, %) | ¢ €., € chain of strata at ¢} Vie{l,..., s}

Note that 1 < m; < n+ 1. The 2s integers Q, m;, standing for all possible Hausdorff dimensions
of strata of M together with their maximal multiplicity, are the characteristic integers appearing
in the local Weyl law.

We say that a chain ¢ = (A,...,. %, Spt1) of strata at ¢, of length p + 1, is mazimal if
it contains mg strata of maximal Hausdorff dimension Q°. Let M be the equisingular stratified
submanifold of . defined as the set of all ¢ € M at which there exists a maximal chain.

Theorem 8.1. Assume that the horizontal distribution D is .Z-nilpotentizable. Given any f €
C>(M), the function t — Tr(Mye'®) = [, f(q)e(t,q,q)du(q) has an asymptotic expansion as

t — 0T with respect to the scale of functions t*~ Q )/2| Int), withi € {1,...,s},j€{0,...,m;—1}
and k € N. Moreover, there exists a nontrivial Borel measure v on M such that, for every f €

CY(M),
N [In¢|ms—1 |In¢|ms =1
Tr(Mye'™) = (/stdl/> o Tol o

as t — 07. The support of v is the equisingular stratified submanifold N of M defined as follows:
take any q € My and any mazximal chain € of strata at q; among the strata of € of mazimal
Hausdorff dimension Q°, consider the stratum that is of minimal topological dimension; then N
is the closure of the union of all such strata, over all g € My and all mazimal chains at q.

As a consequence, the local Weyl measure exists, is smooth on Ny and is given by wa =
v/v(Ns), and we have

v(Ns)
A—too T'(Q%/24 1)
Remark 8.1. Let us describe the density of v on N,. For every ¢ € N, there exists a chain
C = (5”1, ooy Ipy Ipy1) of strata at ¢, of length p + 1, contalnlng mg strata .7, (j =1,...,ms,
with 41 < -+ < i4) of maximal Hausdorff dimension Q i = Q% and of maxunal multlphmty M.

N(\) AL/2(In \)me
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Among these mg strata 7., the stratum .7, is the one that is of minimal topological dimension.
Then the density of v with respect to p.», ~(the smooth measure on .}, inferred from p as in (31)
in Section 6.2) is smooth and is given at any point ¢; € .%;, by

dv W) = 1 / / /
ql 7771_— “ e ...
d’uyll 2 ! ( - 1)! M2 (q1) Mji1(q1,--,q5) M, (@150 Gmg —1)

/" dim . ez dms (17 (Oa I)a (07 I)) dx d,UJms (qms) e dlLLQ(qQ) (54)
R tmg

where Mj1(qu,...,q;) =S" 4™~ 07 .

Here, for a stratum or for the heat kernel, the notation x % stands for the j-th nilpotenti-
zation of x, successively at ¢1 € .%;,, then at g2 € M7 (q1), etc, and finally at ¢; € M;(q1,...,¢j—1)
(it is defined by induction, see Remark 6.7 in Section 6.4.2). The measure p; is the smooth mea-
sure on M;(q1,...,qj—1) inferred from p as in (31). In (54), by convention, we remove the nested
integrals fM i (@rngy) U =1, im, — 1) whenever m, = 1.

Note that, if 9™\ = Q° then .#;,, = M \ . and thus dim.#;,, = n and, in (54), we have
Jor—dim 7, €008 (1,(0, 2), (0, :v)) dy = g2 dms (1,0, 0).

2491,92,.-

Remark 8.2. Theorem 8.1 generalizes Theorem 7. 1
e if my =1 and Q° > QM\ then (54) gives d# (1) = Trn, 7, (e
of Theorem 7.1: the dominating term and the den31ty are given by the stratum .7, ;

o if ms = 2 and Q° = QM\Y then My(q)) = S*~Im7u-1 7 = M\ .7 and (54) gives
a) €91:7(1,0,0) do, as in the second case of Theorem 7.1;

A1) as in the first case

d,uy - 2fM2

o if my =1 and Q° = Q" then N = M, dim %, = n and (54) gives %(q) = €%(1,0,0)

at any g € M, as in the third case of Theorem 7.1: the equiregular part dormnates.

Remark 8.3. In Theorem 8.1, the only situation where one has N, = M is when all strata of
the singular set .7 have a Hausdorff dimension (stricly) less than O™\ (third case m, = 1 and
Q° = QM\ of the latter remark). As soon as the Hausdorff dimension of one of the strata of .7
is greater than or equal to @™\ the support of the Weyl measure is contained in .%.

Remark 8.4. As in Remark 7.4, note that, in Theorem 8.1, it is assumed that D is locally
diffeomorphic to D? at every point g of every stratum of ., but nothing is assumed at ¢ € M \ ..

8.2 Examples

In the examples hereafter, the singular set . is stratified by equisingular smooth submanifolds
and the horizontal distribution D is .%’-nilpotentizable.

— Consider the sR case in R? generated by X; = 0y, Xo = 0> + :v’fxg 03, for k € N*. When k = 2,
this is the so-called nilpotent tangential hyperbolic case (see [16]). The singular set . = {x; =
0} U {2 = 0} consists of the three strata .4 = {x; = z2 = 0}, % = {21 = 0,22 # 0} and
Sy ={xy # 0,25 = 0}. We have Q71 = Q%> = k + 2 and Q72 = QM\ = 4. Note that the
possible chains of strata at points of .7 are either (.1, %%, M\ .%) or (1,5, M\.7). lf k=1
then ms = 2 and thus the main term in the small-time asymptotics of the local Weyl law is of the
order of Ilfzt‘, and the local Weyl measure is supported on ./ = {xo = 0}. For k > 2, we have
ms =3 if k=2 and mgs = 2 if k > 3, and thus the main term in the small-time asymptotics of the

local Weyl law is of the order of \11;2t|2 if k =2 and Ilnt‘ if k > 3, and the local Weyl measure is

supported on .77.
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— Consider the (nilpotent) aR case in R® generated by X; = 9; for i = 1,2,3,4, and X5 =
(2 + 23)(23 + 23) O5. The singular set . = {z1 = 2o = 0} U {w3 = 24 = 0} consists of
the three strata % = {z1 = 23 = 23 = x4 = 0}, S5 = {21 = 22 = 0,23 + 25 # 0} and
Sy = {22 + a2 # 0,25 = 24 = 0}. We have Q7" = Q7> = Q72 = QM\¥ — 5. The main term in
the small-time asymptotics of the local Weyl law is of the order of |i§ /tz‘z. The local Weyl measure
is supported on 7.

— As noted as the end of in Section 7.3, we can generate other examples by taking products.

8.3 Proof of Theorem 8.1

Let g € < and let € = (A, ..., %, %p+1) be a chain of strata at ¢ (with .%,41 = M \.¥¥). We are
going to estimate the local Weyl law around ¢ by iterating the (J 4+ K)-decomposition procedure
along the sequence of strata ., i = 1,...,p. We assume that p > 2. Without loss of generality, we
assume that € is ezhaustive in the following sense: for every ¢ € {1,...,p}, if P is a stratum such
that .%; C P C ;41 then P = ., or P = .%;,;. Setting k; = dim(.%;) (topological dimension),
we have by < --- <k, <n.

Following Section 6.2, we take privileged coordinates at g straightening the stratum .#;. Fol-
lowing Section 6.3, we write I(t) = J(t) + K (t) with J(¢) and K (¢) defined by (33) (with . = .7
in that formula). The analysis done in Section 6.3.1, which yields the expansion (34) for J(t)
remains valid here (with . = .#7). Concerning K (t), the formula (36) in Section 6.3.2 remains
valid (with . = .#}), but, as explained in Remark 6.5, (38) raises problems because Q%" (o) is
not constant on S”7*171: the set .7 x 8”171 viewed as a cylinder around the stratum .7,
intersects the other strata .#; of the singular set .. We are thus led to consider the stratification
of (1 x 8" k1=1)N.7 and to iterate the (J + K )-decomposition along this stratified submanifold.

By (36), we have

Y t

K(t) :/ Ay (—2> dm (55)
Vit 71

where

L, (t) = /y 19 (t) dps (1), T (1) = /S F(62(0,0)) €2 (11, (0, 0), (0, 0)) do

n—ky—1

for every 71 € R and every t; > 0 (we will take t; = Tt—g) Given any 71 € R and any ¢; € .1,
1

the integral 17! (t1) is of the same kind as the integral I(t) defined by (29), and we are thus going
to apply to I (t1) the (J + K)-decomposition procedure developed in Section 7; except that now
the integration is performed over the submanifold S*¥1~! (instead of M), which is viewed as a
sphere centered at ¢;, and we have to consider the heat kernel e (instead of e) associated with
the sR Laplacian Al depending on the parameters 71 € R and ¢; € /7.

For any 7 # 0, the singular set .4 = (091 )~!(.) of D% = (621)*D is stratified by the equi-
singular smooth submanifolds (%)% = (621)~!(.%), for i = 2,...,p. Hence S"~*1~1 is Whitney

stratified by the smooth (but not necessarily equisingular) submanifolds S"~* =1 N (%)%, for
i = 2,...,p. This Whitney stratification of "~ leads to write IZ (t;), and thus K (t), as a
sum of integrals over various regions. Note that QF" (S»—*1—1 \ S0y = oM \ and the results of
Section 7 can be applied in the region S"~*1—1 \ 74 far from all strata .7, i > 2, we only see
the influence of the single stratum .77.

Let us now investigate the influence of the second stratum .%%. Note that S*~¥1~1 and (%)%
intersect transversally, and dim(S"~"~1 N (#)%) = ky — ky — 1. This is due to the Whitney
stratification property and to the fact that n — ky — 1+ ko > n.

52



Thanks to the nilpotentizability assumption, (/)% depends smoothly on 7, € R, including
71 = 0, and for 71 = 0 we have (.%)¢' = %ql, which is the i*" stratum of the singular stratification

of the nilpotentized sR structure at ¢;. The manifold S*~*1~1n %ql is stratified by equisingular
smooth submanifolds, hence, by nilpotentizability, the manifold S*~ %1 =1 n ()% is stratified by
equisingular smooth submanifolds depending smoothly on ¢; € .4 and on 71 € [—1,1]. Since the
reasoning hereafter can be applied to each equisingular stratum of S*~*1=1n (2)%, without loss
of generality we assume that S" %171 N (%)% is equisingular.

Let us choose an arbitrary point g2 € S*~ %171 N ()% (depending on ¢; and 7). Following
Section 6.2, we take privileged coordinates around go straightening (.#2)2!, depending smoothly
on ¢ € . and, thanks to the nilpotentizability assumption, on 71 € [—1,1] (including 7, = 0).
We are led to consider the following characteristic integers, which do not depend on 7 € R for
|71| > 0 small enough nor on ¢; € .%:

QM (.A) = QR ((#)1) (defined by (74) in Appendix A.3);
Q7 = Q2)n (Hausdorff dimension of ., defined by (76) in Appendix A.3);
o OS"THITINI Z QiR (ST TN (Hausdorff dimension of S"~%171 N (#)2);

QS"*klfl (Sn—kl—l N (y2)?-1)

Actually, since D is .-nilpotentizable, the above four integers are respectively equal to QF" (%q),
Q72" @S TMTINA" and 0" T (S k1 0 A", but this fact is not useful.

By Lemma A.1 and Remark A.3 (in Appendix A.5.2) applied to Pi(g1,m1) = 8" M ~1 N (S)2
and Na(q1,71) = (F2)%, for every ¢1 € .1 and for every 71 with |71| > 0 small enough, including
71 = 0 by using the nilpotentizability assumption, there exists a smooth submanifold P(g;,71) of
M of topological dimension n — k; — 1, depending smoothly on ¢; € .4 and on 71, containing

Py (q1,71) and intersecting (5/2)% transversally, such that
QP(ql,n)(p(thl) N (S)2) — of(a.m)N(72)7 oM () — Q72

Note that the .“-nilpotentizability assumption ensures that P(q1,71) depends smoothly on 71 at
T = 0.

Now, we replace S"¥1=1 by P(qy,71). Although it now depends on 71, we choose to keep the
same notation S” %1~ in what follows. The important formula (32) is still valid although S"~*1—1
is not exactly the unit Euclidean sphere (see Remark 6.1). Hence, we have

anfh—l (Snfhfl N (56);1_1) . an*klflﬂ(ﬁ@)% — QM(yg) N Qﬁ@ (56)

for every q1 € .#; and every 7, with |7;| small enough. Note that (56) may fail if S"F1—!
differs from P(q1,71) (see Remark A.2 in Appendix A.5.2). Hence, adapting the definition of
S"~F1~1is important. Note also that, when §"~% =1 (%)% is stratified by equisingular smooth
submanifolds, it is understood that (56) holds for any equisingular stratum of S"~*1 =1 N ()4,

Applying the (J 4 K')-decomposition to the integral 19! (¢;), we have
I () = J9 (1) + K2 (1) (57)

for every ¢; > 0 with JZ (¢;) and K9 (1) defined as in (33), with M replaced by 8"~*~! and .
by S"~F1~1 N ()% . In what follows, we denote

o) = FOR0.0),  fRE0) = FLEEO.0),  ent = (En)h

T1 T1,7T2 T1,T2 T2
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Following Section 6.3.1, since (y/1)2" (“2) e (t4, 5‘\1/%(:6), 6%(:10)) = ezi:%(lu z,x), we obtain

1
q1 — 91,92 q1,92
JTl (tl) tlgyz/z w/S"kllr‘w(jﬂz)?.i ‘/1_5’717162 le, /tl(x) 67'17 /tl(l,(E,(E) d‘rd/JQ(QQ)

In order to express KJ'(t1), we first need to adapt the change of variable (32) to the new
context: in Section 6.2, we considered transverse polar coordinates along . on the manifold
M ~ [0,400) x . x S"~#=1 endowed with the measure 72" (“)=2”~1ds @ 1y ® dr. Now,
we consider transverse polar coordinates along S"~*171 N (#2)% on the manifold Snkil ~
[0,400) x (S"~F1=1 N (A)1) x §"~*2~1 endowed, thanks to (56), with the measure

M S
TQQ (72)—Q7= 1d7’®,u2®da

where g is the smooth measure defined as in Section 6.2 on the (ko — k1 — 1)-dimensional subman-
ifold S"~F1=1 N ()9 (in the local chart, S~%2~! is considered as a submanifold of S"~*1~1).

Recall that, since D is .#-nilpotentizable, (.#2)% is diffeomorphic to %ql with a diffeomorphism
depending smoothly on 77. Actually, this construction is performed on every equisingular stratum
of S*=F1=1 N (#)1. Then, following Section 6.3.2 and in particular (36), we obtain

1
—_072 _ tq
K= [ et 10 (5 ) duatan)
Vi Sn—kl—lm(y2)7_i TS
where
17?117’7‘!22 (t2) = /5 o 7‘211;122 (o) eZi:Zﬁ (ta,0,0)do Vto > 0. (58)
n—ko—

In (58), S"~*2~1 is identified with a submanifold of codimension one of S"~%1~1 that is an

hypersphere of §"~*>~! centered around 8" %11 N (#)%. Taking t; = 5, it follows from (55)
1

and (57) that K (t) is the sum of two terms:

1 L= % Vit
_ Q72 -Q71-1
K(t)_tQ“—W?/\/ng G1 <7'1,T—1> dry

1 1
-Q71-1 ~Q72 -1y N dmdn (59
+/\/¥7—1 /ﬁ Ta T1,T2 (7,127_22) T2 ATy ( )

with
Gi(m,m2) = / / / o (x) el B (1, x, ) de dps(q2) dps, (q1) (60)
S S"fkl*lﬂ(y2)?-% Bn—k2
for all (11, 72) € R?, and

Iy (t2) = / / 1707 (t2) dpa(q2) dpns, (1)
5% S7l7k1710(=5ﬂ2)q1
for all (11, 72) € R? and for every ¢, > 0 (we will take t, = & = —=). Note that the two terms at
2 2

the right-hand side of (59) are coming from a (J + K )—decompoéition. By Remark 6.4, we know
in advance that the dominating term in the small-time asymptotics of K (¢) will be of the order of
that of the second term at the right-hand side of (59), although the first term may contribute to
the main term.
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Case p = 2. When p = 2, in the integral (58), the variable o, which ranges over the sphere
S"~k2=1 belongs to the regular region .75 = M \ -, hence QRH( ) = OM\ — Q5 and thus,
using (91) (and neglecting the remainder terms),

L3073
t 27
q1,92 _ 1 2 q1,92,0
67'1,7'2 (7_27,2’070 - tgys/z € Vi (17070)

172 THT2: 7

and therefore, in this case, the second term at the right-hand side of (59) is

1 1 0730711 1 stfgjﬁflG \/E dr d
— o T T T1,T2, —— To AT
tQZ\/I\,//Q Vi 1 NG 2 2 1,72, P 2 1
T1

with
Gl = [ [ () e (10,0 do dus(a) di (a1) - (61)
) Jsn—k1-1n y2)‘n Sn—ka—1 ’
for all (11,72,¢) € R3. Hence, with the notations of Appendix D.2, we have I(t) = J(t) + K(t)

with

1
1072/2

1
K(t) = —o—=1Io_on_1[G1](Vt) + W—S/QIQ%_Q%_17@(/3_@(/2_1[612](\/%). (62)
Since D is .#-nilpotentizable, by Lemma 6.1, the function G defined by (60) is smooth. Using the
extension of Lemma 6.1 stated in Remark 6.7, e4'42-7(1,0,0) depends smoothly on 71, 72,¢ € R,

€A, peShInN (A)B 0 e S k2=1"is even with respect to ¢, and hence the function

T1?

G2 defined by (61) is smooth and is even with respect to e.

Case p > 2. When p > 2, the procedure is continued: we apply the (J 4+ K)-decomposition to
I, -, (t2). This iterative procedure is performed until we reach the stratum .%,41 = M \ .7. We
do not give any details. We obtain finally, with the notations of Appendix D,

1
D 251
It) =t + o7 pleri—eno1..07i- o711 [Gima] (V) (63)
=2

where all functions G; are smooth thanks to the .#-nilpotentizability assumption.
The results stated in the theorem now readily follow from Proposition D.2 in Appendix D.

9 Local Weyl law in the non-nilpotentizable case

In this section, we investigate the more general case where the horizontal distribution D may fail
to be .-nilpotentizable, as in Example 6.1 given in Section 6.4 (X7 = 91, Xo = (27 + 23) 0a).
We first give in Section 9.1 a general result for analytic sR structures, proved in Sections 9.2 and
9.3. In Section 9.4 we give examples of local Weyl laws for non-analytic sR structures, exhibiting
non-standard Weyl asymptotics.

9.1 Analytic sR structures

In this section, we assume that the sR structure (M, D,g) is real analytic, meaning that the
manifold M and the vector fields X7,..., X,, defining the sR structure are real analytic. We also
assume that the measure p is real analytic. Actually, the following slightly weaker assumption is
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sufficient: given any g € M, there exists a chart at ¢ in which the vector fields Xy, ..., X,, and
the density of u are real analytic.

Since (M, D, g) is analytic, the singular set . and thus also the manifold M are Whitney
stratified by strata that are equisingular analytic submanifolds of M (this is a consequence of
subanalytic theory, see Appendix E).

With the notations given at the beginning of Section 8, we consider the integers Q° (maximal
Hausdorfl dimension of equisingular strata of M) and ms € {1,...,n + 1} (maximal multiplicity
of Q%). Let pmax + 1 be the maximal length of all chains of strata at ¢, over all ¢ € M. Note that
Pmax € {1,...,n}.

Theorem 9.1. There exist k € {0,...,pmax} and a rational number v € Q, depending only on
the horizontal distribution D = Span(X) (and not on the metric g), satisfying v > Q% and if
v = %QS then k > ms — 1, and there exists £ € N* such that, for any f € C°°(M), the function
t = Tr(Mye'®) = [, f(a)e(t,q,q) du(q) has an asymptotic expansion as t — 01 with respect
to the scale of functions t9/°=7|Int|’, with i € {0,...,k} and j € N. Moreover, there erists a
nontrivial Borel measure v on M such that, for every f € C°(M),

k k
Tr(Mje'®) = (/Nfdu) |h;17t| +o(|h;lf| )

as t — 0. The support of v is an equisingular stratified submanifold N of M. As a consequence,
the local Weyl measure exists and is wa = v/v(N), and

~ YN
A—=too T(y+1)

N(\) A7 In® A

Theorem 9.1 shows that, in the real analytic case, the maximal complexity of the asymptotics
of N(\) is a positive rational power of A times an integer power of In A. The asymptotic expansion
of the local Weyl law cannot involve an irrational power of ¢ nor a term in In|In¢| for instance, as
it may happen for non-analytic sR structures (see Section 9.4).

The statement on ~ and k implies that the dominating term | In¢|* /¢7 of the small-time asymp-
totics of the local Weyl law is always greater than or equal to the dominating term |Int|™s~1/ /2
obtained in Theorem 8.1 in the equisingular stratified nilpotentizable case.

In contrast to Theorem 8.1, as confirmed by the examples hereafter, the Hausdorff dimensions
of equisingular strata do not seem to play a role and we do not have any information on the
submanifold N on which the Weyl measure is concentrated. The next examples and the proof
of the theorem (done in Section 9.2) show anyway that, in the absence of nilpotentizability, the
situation may become extremely complicated. Actually, A/, v and k depend not only on the
nilpotentizations at points of M, but also on terms of higher order which do not seem to have any
evident geometric interpretation.

Examples. In the examples given in Table 1, we give the dominating term (up to a multiplying
scalar) of the trace Tr(Me'?) as t — 0% and of the Weyl counting function N(\) as A — —+oo.
For each example, the computations are quite lengthy and are not reported here. They consist
in following the algorithmic procedure described throughout the steps of the proof of the theorem
given in Sections 9.2 and 9.3.

Case 1 of Table 1 is the k-Baouendi-Grushin case with tangency point. For k£ = 2, it has been
studied in Section 7.5 where it was already observed that the tangency point does not add any
complexity to the trace asymptotics.
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Table 1: Examples of trace asymptotics and Weyl laws

Case Tr(Myet®)  N()) N
X1 =01, Xo= (2} —x9)0 In
1 ! ! k; 2( 1~ 72) 02 l—tt‘ Aln A {29 = 2k}
2| X1 =01, Xo= (2% +a12)0s [ In ¢ Aln? A {(0,0)} if k=1
p, k € N* — 1 T {(0,0)) if k> 2
tPT2 2%
3] Xi=01, Xo=(22+22)k0, |Iné] Aln A {(0,0)} if k=1
k € N* * Ak {(0,0)} if k> 2
4 X1 =01, Xo=am(@? + 230, e ALFE In ) {(0,00} ifp=k=1
meN, pkeN — AR {(0,0)) {(0,0)}
t—2 P—a%
5 Xl = 61, Xg = (1‘% — ,T%) (92 157% /\7/6 {(0,0)}
7| X1 =0, X2=82+:v163+x%85, 157% \T/2 R ifk=2
X3 = 04 + (z% + 25) 05 '1“;‘ N2\ {ag =ap =0} ifk=3
2
k>2 1 MTFT O {my=a0=0} ifk>4

=
|

o~
B

| -
|

Cases 2, 4 and 5 illustrate the genuine rationality of v in Theorem 9.1, in contrast to Theorem
8.1. Note that, in Cases 2 and 4, the Hausdorff dimensions of the singular strata do not depend
on p and k. For instance in Case 2 we have ¥ = ) U % U Y with % = {z1 = 22 = 0},
Sy = {x1 = 0,29 # 0} and . = {z1 # 0,2°7"" + 25 = 0} (equisingular strata), and we have
07t =0 and Q2 = Q‘% = M\ = 2 for any p,k € N* while the dominating term in the
small-time asymptotics of the Weyl law depends on p and k. Since the sR weights do not depend
on k, this shows that, here, terms of higher order, not related to the Lie structure, have an impact
on the Weyl law (contrarily to Case 6).

Case 3 is a generalization of Example 6.1, which was given in Section 6.4 as a simple example
where nilpotentizability fails. We have . = {x1 = 22 = 0} and Q7 =0 and QM\¥ =2 for any
k € N*. Note that, although M consists of only two strata and QM\* > Q' the Weyl measure
is concentrated on ., in contrast to Theorem 7.1 (see in particular Remark 7.1).

More generally, in contrast to Theorem 8.1 where the support N, of the Weyl measure is the
closure of a union of strata of maximal Hausdorff dimension, in Cases 2, 3, 4 and 5 we have
N = {(0,0)} which is of Hausdorff dimension 0 and thus not maximal. We have A" C Ny on these
examples.

Case 7 corresponds to [40, Example 6.5]. We have ./ = {z; = 2 = 0} and Q7 = 6 and
OM\ = 7 for any k > 2 (see also Example 9.1 further). For k = 3 a logarithm appears in the
asymptotics of the Weyl law, in contrast to Theorem 8.1 where the power of the logarithm was
ms — 1 (here, mg = 1).

In view of those examples, one may wonder whether, given any rational number v > %QS and
any k € {0,...,n}, there exists a sR structure whose Weyl counting function’s asymptotics is
PRANLDY up to a multiplying scalar. We leave this issue open.
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Remark 9.1. The fact that N()\)/A” In* X is bounded above and below by some positive con-
stants follows from the Fefferman-Phong estimate (3) recalled in the introduction. Indeed, it
can be proved, by following (in a much simpler way) the developments done in Section 9.3, that
Jur m du(q) is of the order of A7 In® X\ as A\ — +o0. This is what is done in the recent

preprint [24] for homogeneous sR structures (also dealing with Dirichlet boundary conditions),
which we have discovered while finishing the present article. As already said in the introduction,
here, our analysis not only leads to an equivalent, but also to a small-time expansion of the local
Weyl law at any order.

9.2 Proof of Theorem 9.1
9.2.1 A first motivating example

As a prelude, let us consider Example 6.1, which is a very simple example where the nilpotentiz-
ability property fails. Near ¢; = (0,0) € M ~ R?, we have X;(z) = 0 and Xa(z) = (2% + 23) 02
and thus . = {(0,0)} (one singular stratum). For any 71 > 0, we have (X1)# (z) = 0; and
(X2)2 (z) = (27 +7123) 02, so that 5"11 = {(O 0)} (one singular stratum), Q" = 0 and QM\ = 2.
As in (29) in Section 6, we set I(t fRQ e(t,q,q) dg with f smooth, compactly supported in
B(0,1), such that f(ql) #0. We perform the (J + K)-decomposition (see Section 6.3) and we ob-
tain I(¢) = J(t)+ K (t) with J(t) that is a smooth function of V¢, and J(t) ~ f(q1) [g> € (¢, y,y) dy
as t — 0T (see Section 6.3.1), while K () is much more difficult to estimate. Here, since there
is only one singular stratum (which is a singleton), we can follow the beginning of Section 7.4:
according to (42) and (43), we have

q1,0
/ Ti Slf (62 (o)) e 1,\/5/71(1’0’0)6106171

but e?>7, (1,0,0) does not depend smoothly on (71, 72) due to the lack of nilpotentizability at ¢j.

Any o € Sl can be written as o = (sinf,cosd) for § € [—m, 7], and making the change of
variable x; = sinf + yy, :vg = cosf + y2 we ﬁnd (Xl)gi’ﬁ( ) = &1 and (X2)27,(y) = (sin®6 +
Tcos? 0 + 27 sin 0 yy + 73yF + 2772 cos 0 ya + T TEY3) Oa.

Far from 6 € {0, 7}, the sR structure generated by ((X1)2:7,, (X2)%:7 ) is “uniformly” Rieman-
nian with respect to (71, 72) and thus in this region e27 (1,0, 0) depends smoothly on (71, 72) and
we can apply the arguments developed in Section 7.4 (see in particular (52)): the corresponding
contribution in K (t) is equivalent to CSt as t — 0. Hence, the difficulty is concentrated near § = 0
and 0 = 7. Let us focus on 6 = 0.

We have oy ~ (0,1) and thus (XQ)::(\’/GE/n(y) ~ (1t + 6% + 297—\1/5341 + T_tlzy% + )y the
above “uniform” Riemannian property is lost. Here, there is a kind of “competition” between the

parameters ¢, 71 and 6, leading to an algebraic decomposition of [0, 1]3:
e The monomial 7{ dominates in the region of [0,1]*> where 72 > |§] and 7, > /6. In this

region, we have (X3)2:%(y) = 7 U (t, 71,0, & £e

470 V770 ,yl) Oy = 71Ya(y) where U is a non-vanishing

smooth function and, setting Y7 = (X1)2-%¢, we see that the sR structure generated by (Y7, Y2)

1,727
is Riemannian in this region and therefore the corresponding heat kernel is a smooth function of

the variables inside the function U. The corresponding contribution in the integral K (t) is then

equivalent, as t — 0, to
Cst Int
/ 7'1/ —d9d71w0t| |
11/6 2 Tl t

e The monomial % dominates in the region of [0,1]® where 71 < t'/6 and |0 < V//71. In this
region, we have (X3)2:%% (y) = % Ya(y) where Ya(y) = (yi+---) 8y,. The sR structure generated
1

71,72
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by (Y7,Y3) is a 2-Baouendi-Grushin structure in this region. Then, similarly, the corresponding
contribution in the integral K (t) is equivalent, as ¢t — 0, to

Cst [0 Vi Cst
_S/ / 7-1 do dr T~ _S
NG Vi/m t
e The monomial #? dominates in the region of [0, 1]® where 71 < V0 and v/t < 716. In this region,
we have (X2)2-70(y) = 6*Y5(y), where (Y1,Y>) is Riemannian. The corresponding contribution

T1,7T2

in the integral K (¢) is equivalent ast — 0, to

t Int
% 7’1/ CS / 7’1/ dT1NCt| - |
\[/7'1 $1/6 t

e The monomial Tilt can never dominate.

We thus conclude that I(t) ~ K (t) ~ Cst'Ltt‘ ast— 0.

9.2.2 Preliminaries: difficulties due to the absence of nilpotentizability

We follow the strategy developed in Section 7 (case of one singular stratum) and in Section 8
(case of multiple singular strata), but we have to adapt the arguments at all steps where the
nilpotentizability assumption was used: the analysis performed in these sections remains valid
except when we consider limits as 7; — 0. Indeed, in the absence of nilpotentizability, these limits
do not exist in general. This complicates significantly the analysis.

Here and in the sequel, we use the following convenient notation: given any k-tuple z =
(21,...,21) of elements of some set, for any ¢ € {1,...,k} we denote z¢; = (21,...,2;) and
2<i = (z1,...,2i_1), with the agreement that z.; = 0.

What has to be done. Like in Section 8.3, we consider ¢ € M and an exhaustive (in terms of
topological dimensions) chain ¢ = (7, ..., %, Fp+1) of strata at ¢, with 7,11 = M \ .. When
p =1, we have % = M \ . like in the case of only one singular stratum treated in Section 7.

When p = 1, in the (J + K)-decomposition (33) written in Section 6.3, the integral J(t) is still
expanded as (34) and the integral K (), which is performed on v/t < 71 < 1, is still written as (42)
in Section 7.4 and involves the term eq“ " (1,0,0), with g1 € 1 and 0 € S" k-1

4

When p > 2, we still have (62) or the general formula (63), and we have to estimate the
small-time asymptotics of nested integrals over ¢; € .#, over ¢; € S"Fi-1=1n (5’ )3;; for j €
{2,...,p+ 1}, and possibly over y € B"~*»  of nested integrals with respect to 7y, .. ,Tj that are

of the form

1 1 1
1 / —t / 0 T 15
— — q4<;j,95+1 4<5-,95+1
Tt Ty 2 7. O f (y)e's (1,y,y)drj---dmadr  (64)
te/2 Vi 7\_/1? _Vt J ngv,l\.(ij ng’rl\(i'j e

with £ = Q7+ and ¢, = Q7 + 1 fori=1,...,j
In the absence of nilpotentizability, such integrals (64) are challenging to estimate in small
time ¢, because not only we have to estimate, for any j € N*| the (blowing-up) asymptotics of

€S (1,y,y) as 1 - — 0, but we also have to parametrlze the manifold S"k-1—1 N (S5 in

T<

an adequate way in order to estimate its asymptotics as 71 - - - 7; — 0, as discussed hereafter. '
Before coming to that point, similarly as in Remark 6.4 in Section 6.3.2, we can already observe
that, since the heat kernel function inside the nested integral (64) is always greater than a positive
constant (on the domain of integration), it follows that I(t¢) is always greater than (63), ie than
the trace asymptotics given by Theorem 8.1. Taking f = 1, this already shows that v > QS and

that if y = 1 5Q°% then k > mgs — 1, in the statement of Theorem 9.1.
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Loss of smoothness of the heat kernel. The conclusion of Lemma 6.1 (and Remark 6.7)
in Section 6.4.2 fails if D is not .“-nilpotentizable: given any j € N* it is not true anymore
that e7s?(1,y,y) can be extended to a smooth function of 7<; € [—1,1]9, equal to €%/ (1,y,y)
(nilpotentized heat kernel) at 7<; = (0,...,0). Therefore, the functions G defined by (43), Gy
defined by (60), G2 defined by (61), and G; in (63), may fail to have a smooth extension, and thus
Propositions D.1 or D.2 in Appendix D cannot be applied directly to estimate the integrals (64).

We recall that, by definition, ezg is the heat kernel generated by the sR Laplacian corresponding
to the m-tuple of vector fields X757 =7 ---7;(09 0 --- 008 )*X (see (39) in Section 6.4.2). In the
absence of nilpotentizability, Xgij does not depend smoothly on its arguments.

Actually, as alluded above, we are going to show that, in the non-nilpotentizable case, e?ijﬁ (1L,y,9)
may blow up as 71 ---7; — 0, with an asymptotics that is given “piecewise” as a fractional mono-
mial in the 7; (see Lemma 9.1 in the next section). Knowing this asymptotics will enable us to
estimate the integral (64).

q<j

Problem of smooth parametrization. The manifold S"~*i-171 0 (%)%

induction on j € {2,...,p+ 1}. Recall that, by definition,

is constructed by

, . -1 , -1
(F3)iss = ()% = (6871) " ((F)Ernti2) = (§8 o 0d871) " ()
with 6% = (%)~! 0 §;,), where 1% is a chart of privileged coordinates at g;.

For j = 2, we consider X192 = (042)* X4 = (68 0 622)*X for 7,7 € (0,1], ¢1 € 1 and
g2 € S""M~1N ()4 . Extending the m-tuple X122 at 71 = 0 requires to find a parametrization

of the manifold S"~k1~1 N(1)% that can be extended at 71 = 0 and that depends at least piecewise
smoothly on 7 € [0,1] and ¢; € .#4. But, when nilpotentizability fails, it is not true anymore that

(1)% is diffeomorphic to 5/’?1(11, uniformly with respect to 7 € (0,1]: in Example 6.1 (given at
the beginning of Section 6.4), we have .72 = {(0,0)} for every 7 > 0 but % = {z; = 0}. Let us

I~

give another example where, in contrast, we have .#% = () while ()% # () for 7 > 0.

Example 9.1. Following [40, Example 6.5], consider the sR case in R® generated by
X :aaclu Xy :aacg + aacg +$% 6m5a X3:6m4+($]f+xl2€)aisv

for k > 2. We have .¥ = {z; = 2o = 0} (equisingular), @7 = 6 and QM\ = 7. Taking
@ = (0,0,0,0,0), for every 7 # 0 we have (X1)2 = X, (X2)# = X, and (X3)% = 0, +
7E=2(2% + 25) 0., hence ()8 = ¥ = {21 = 22 = 0}. However, for 7 = 0 we find X" =Xy,
Xo" = Xo and X3 =0y, if k >3 (while X3 = 0y, + (22 + 23) 0y, if k = 2), hence .0 = ) if
k > 3, meaning that the nilpotentization at ¢; is equiregular.

Moreover, once an adequate parametrization of S*~¥1=1' N (.#1)% in function of 7 € [0,1]
(giving a sense to the limit at 71 = 0) and ¢; € .1 has been found, in order to define X% 2
and compute an expansion of it for small 71 and 72, we have to define 62 = (%)~ 0 §,,, which
requires to construct a chart of privileged coordinates 1% at any g2 € S"~*1 71N ()% that does
not degenerate as 7 — 0, i.e., such that its Jacobian remains positive and bounded.

Finally, once all these problems have been solved, one has to estimate, by induction, the
asymptotics of the heat kernel egig (1,y,y) as 7y - - - 7; — 0 and infer the small-time asymptotics of
the integrals (64).

9.2.3 The key lemma

The lemma hereafter is the key result to establish Theorem 9.1. A mapping I’ defined on a smooth
finite-dimensional manifold P is said to be piecewise smooth if P is Whitney stratified and F is
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smooth on every stratum of maximal dimension (up to the boundary), i.e., P is the closure of the
finite union of disjoint open smooth submanifolds of P and F' is has a smooth extension on an
open set containing the closure of every such submanifold.

Lemma 9.1. We set Ny = S, 61 = 1, 7 = (11,...,7p) and 6 = (01,...,0,). For every
j€{2,...,p+ 1}, there exists a piecewise smooth parametrization of S*~Fi-1=1n (F)1=2 given
as follows: there exists a smooth compact manifold N; of dimension k; —k;—1 — 1 and a piecewise

smooth mapping (1<j,0<,0;) — q;(1<;,0<;,05) on [0,11971 x N.; x N; such that
q]'(T<j,6‘<j,Nj):Sn_kjfl_lﬂ(ﬁﬂj)qzj: VT<j S (O, 1]j_1 V6‘<j €N<j.

T

For every j € {1,...,p}, we define

Djp1 = {(t,7<;) € (0,1 | Vi< 775 <1} (65)
Denoting for short q; = q;(7<;,0<;), we consider the function
S (Ly.y) (66)

<G

of (t,7<;) € Djt1, of O<j+1 € Ngjy1 and of y € W where W is a relatively compact open
neighborhood of 0 in R"™. The set Djy1 X Ngjy1 X W is the closure of the finite union of disjoint
open smooth submanifolds, the projection onto (0,119FY of each of them having the (cylindrical)
form

ao(O<jv1,y) < t < bo(O<jt1,9),
a/i(tuT<i79<j+17y) <7< bi(t7T<i79§j+l7y)7 i:]w"wju

for some smooth functions a; and b; such that 0 < a;(+) < b;i(+) < 1 for every i € {0,...,j}, with
either a;(-) > 0 or a;(-) = 0, having a Puiseuz expansion with respect to t near t = 0 at any
order with coefficients that are smooth functions of (T<i,0<j+1,v), and in each such submanifold
the function (66) can be written as

—0'/2 ! a; 1/¢ ai(t, T<i, 0<j+1,Y) e Ti He
t HTi F|t s . bz( 59<j+17y (67)

2
i1 1<i<y tu7-<i76‘<j+17y) 1<i<y

for some 0! € N, an,...,a; € Q, £,¢1,...,¢; € N*, and some positive C*> function F defined on
an open set containing [0,1]'7% x N¢ji1 x W.

What is important in this lemma is that, in each submanifold of the partition, the function F
is smooth up to the boundary of the submanifold and is bounded below and above by a positive
constant. Note that, when ¢t — 0 and 7<; — 0, the limit value of F'(x) in (67) depends on those
of the ratios a;(t, 7<;, 0<;+1,y)/7i and 7;/b;(t, T<i, O0<j+1,y). Hence, the term F(x) in (67) is not
a piecewise smooth function of (¢, 7<;, < +1,y) in the closure of the submanifold. In some sense,
F(x) plays the role of an angle in polar coordinates, and for each fixed “angle” the asymptotics of
ezgj’qu/lf (1,y,y) as t = 0 and 7<; — 0 is the fractional monomial ¢~¢/2 [[7_, 72

7Ty
a posiltivé constant. Lemma 9.1 thus provides a kind of desingularization of the heat kernel.

Lemma 9.1 is proved in Section 9.3, where we establish more precise results, based on sub-
analytic geometry and in particular on subanalytic cell preparation theorems (see Appendix E),
showing that any subanalytic function can be written as a locally fractional normal crossings form
in adequate cells partitioning the manifold, i.e., in each cell, as the product of a fractional mono-
mial with a unit analytic function. The prepared form (67) is a bit technical (anyway, this is the
nature of things) but is adequately devised to infer the small-time asymptotics of the integrals
(64), as shown hereafter.

multiplied by
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9.2.4 End of the proof of Theorem 9.1

Thanks to Lemma 9.1, we can establish Theorem 9.1.
For p = 1, it follows from Lemma 9.1 that K (t) (given by (42)) is a finite sum of integrals over
submanifolds of .#; x 8"~%1~1 of integrals of the form

" 1/¢ 1/¢
ot /”1“’“’ L (g (e n N
QM +0) /2 a1 (t,q1,0) ! ' 1 , bl(t’ql’a) Y

for some ¢ € N, 1 € Q and some smooth function F. Using that a; and b; have Puiseux
expansions with respect to ¢ at t = 0, with coefficients that are smooth functions of ¢; and o,
by an easy adaptation of the proof of Proposition D.1 in Appendix D, such integrals have an
infinite-order asymptotic expansion as t — 0 of the form

+oo
1 , ,
=" (eilan, o)t | Int| + dy (1, 00" ) + O(+)
j=1
for some v € Q and some smooth functions ¢; and d;. The result follows.
For p > 2, we have to estimate integrals (64), which are finite sums of integrals of the form

1 1 1 1 5,
m/ﬂfl/ﬂgz'”/ s T FG)dr--dndn
1

P TIT 1

T

for some ¢ € N, 5; € Q, where F(x) is like in (67). Integrating iteratively as in the proof of
Proposition D.2 in Appendix D.2, we obtain the result. A new occurence of | Int| may (only) occur
each time we integrate with respect to a parameter 7;, whence k < pmax in the theorem.

Remark 9.2. The above argument of proof is close to that done in [59, Théoreme 1], in [27,
Theorem 1.3 and Section 8] or in [73, Corollary 6.4], where it is shown that parametric integrals
of globally subanalytic functions are log-analytic functions of order at most 1 (see [58]), meaning
that they can always be written, piecewise, as sums of products of globally subanalytic functions
and their logarithms and thus can be expanded exactly like in the theorem.

9.3 Proof of Lemma 9.1

As alluded above, the proof of Lemma 9.1 uses some results of subanalytic geometry that are
recalled in Appendix E. The reader is thus invited to read this appendix before going through the
details of the present section. Since the proof of Lemma 9.1 also provides an algorithmic way to
compute the trace asymptotics, we also give, along the steps of the proof, a number of examples.
As a remark, we will also see in Section 9.3.5 that Lemma 9.1 allows us to recover the exponential
estimates (88) (see Appendix A.8.3) for the sR heat kernel.

The strategy is in three steps. We first show how to parametrize the manifold S*~*i-1=1 N
()33 for j € {2,...,p+1}, in a subanalytic way. Second, we prove that there exists a “uniform”
chart of privileged coordinates at any point ¢; € S"~*i-171n (5’])32, “uniform” in the sense
that its Jacobian does not tend to 0 nor blow up as the 7; converge to 0, in which the m-tuple
of vector fields Xg;]f depends subanalytically on its parameters: in other words, we perform a
desingularization of Xgi; , in each cell of a subanalytic cell decomposition. Finally, in each cell, we

infer the asymptotics of the heat kernel e7<’ (1,y,y) as 7 -+ 7; — 0.
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9.3.1 Subanalytic parametrization of S"~%-171n (%)%

T<j

Since . is a globally subanalytic and analytic submanifold of M (with dim.”; = k;) whose

closure contains the lower dimensional strata .73, ...,.%j_1, for all (11,...,7j-1) € (0,177 the set
Snki-1=1n ()17 is a globally subanalytic and analytic submanifold of S"~*i-1~1 of topological

dimension kj — kj,1 — 1.

Lemma 9.2. We set Ny = S, 01 = 1, 7 = (11,...,7p) and 0 = (01,...,0,). For every
jeA{l,....,p+ 1}, there exist a real analytic compact manifold N; of dimension k; —kj_1 —1 and
a bounded globally subanalytic mapping (7<j,0<;,0;) — qj(7<j,0<;,0;) on [0,11771 x N.; x N;
such that

Qj(T<j,9<j,Nj):Snikjflilﬁ(%)(kj VT<J' S (0, 1]j71 V9<j €N<j.

T<j

Proof. For j =1 there is nothing to prove. For j = 2, let us prove that there exist a real analytic
compact manifold Na of dimension ko — k1 — 1 and a bounded globally subanalytic mapping
(Tl,ql,eg) — QQ(Tl,ql,eg) on [0, 1] x A x Na such that QQ(Tl,ql,Ng) = Sn—ki-1n (yg)gi for all
71 € (0,1] and ¢; € .%1. We consider the globally subanalytic compact subset X of [0,1] x .4 x R™
defined as the closure of the set of all (71, q1,z) € (0,1] x % x R" such that z € "M =1 (7)1,
Given any 7 € (0,1] and ¢1 € .7, the fiber X, 4, = {z € R" | (m,q,z) € X} is exactly
Srhi-ln (#2)%. Applying Lemma E.1 in Appendix E.2 with P = [0,1] x .1, p = 1 + k; and
k = ka — k1 — 1, the claim follows. A straightforward induction, using the same argument, gives
the lemma. O

Taking j = 2 to simplify, it is interesting to note that the mapping (71, ¢1,602) — ¢2(71, q1, 62)
may fail to be analytic in 71 at 71 = 0. Anyway, it follows from the subanalytic preparation theorem
recalled in Appendix E that there exists a subanalytic cell decomposition of [0,1] X .4 X N3 such

that, in each cell of maximal dimension, we can write ga(71,q1,62) = >, ai(q1, 92)75/21 for some
¢, € N*, ie., ¢ q1,02) can be expanded as a convergent Puiseux series in 7 with analytic
coefficients (see also [741]). Here, a nontrivial integer ¢; comes into the picture and cannot in
general be avoided, as shown in Example 9.2 below. This is in contrast with the nilpotentizable
case where the dependence in 7 was smooth at 71 = 0. Note also that, due to analyticity, this
is a rational power of 7y, and not, for instance, a flat term in 77 as this could be in non-analytic
non-nilpotentizable cases (see Section 9.4).

Example 9.2. Consider the Baouendi-Grushin case with a tangency point (see Section 7.5), whose
local model in privileged coordinates (z1,22) at ¢ = (0,0) € R? is given by X; = 0y, and X =
(22 — 29) Oy, We have .Y = .7 U % with 7 = {1} and S5 = {2y = 23,21 # 0} (equisingular
smooth strata), and the sR weights along these strata are w?" (D) = 1 and wi" (D) = 3, w;?(D) = 1
and wy2(D) = 2, while outside of .# the sR structure is Riemannian. For every 7, # 0, we have
(X1)2 = 9,, and (X2)2 = (2] — T122) Oy,, hence S = ()8 U ()2 with ()2 = {(0,0)}
and ()1 = {2} = 7yx2, 21 # 0}. For 71 = 0, we have X" = 0z, and X" = 22 0., and thus
S = {z1 = 0} (equisingular submanifold).

Here, "1 71 N ()% is reduced to the single point g2(71) = (1(71), #2(71)), and an obvious
argument shows that z;(-) and x2(-) are analytic functions of \/71, near 71 = 0 and for 7; > 0, and
we have z1(m1) ~ /71 and z2(m1) ~ 1 as 71 — 07. Hence, here, {; = 2.

More generally, according to Lemma 9.2, the picture is the following: given any fixed f¢; €

Ngj, the curve 7<; — q;j(1<;,0<;) on S""Fi—171 N (F)7=? (for 71 ---7;_1 > 0) has an extension

at 7 ---7j—1 = 0, which is globally subanalytic. In particular, there exists a subanalytic cell
decomposition of [0,1)771 x Ng; such that, in each cell of maximal dimension, we can write

q;(7<j,0<;) as the product of [[/Z} 7

" with a unit function (i.e., not vanishing), for some «a; € Q.
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9.3.2 Desingularization of Xgij in subanalytic cells

4<j

In this section, we are going to define X7/ by induction on j € {2,...,p + 1} and show how it
can be desingularized in each cell of a subanalytic cell decomposition.

Preliminary remark. In particular, we are going to construct, by induction on j, a system
of privileged coordinates at g; = g;(7<j,0<;), depending subanalytically on (7<;,f<;) and not
degenerating as 71 ---7; — 0. Starting with j = 2, the first (naive) guess is to take exponential
coordinates of the first or second kind (see Appendix A.5.2) with an adapted frame consisting of
iterated Lie brackets of X2, but this may fail because the resulting system of coordinates may
degenerate as 71 — 0, as shown in the following example.

Example 9.3. Consider again Example 9.2 (Baouendi-Grushin case with a tangency point), with
g2 = q2(m1) = (y/71, 1) to simplify. We have [(X1)%, (X2)%](x) = 221 Op,, whose value at go is
2,/T1 Op,. For every 71 > 0, the frame ((X1)%), [(X1)%, (X2)9!]) is adapted to the sR flag of D!
at g2 but the corresponding change of privileged exponential coordinates

z = exp(y1(X1)) o exp(y2[(X1)7, (X2)% 1) (g2)

degenerates when 71 — 0 in the sense that its Jacobian tends to 0.

Here, instead, we can choose another adapted frame yielding a system of privileged coordinates
at g2 that depends smoothly on /71 as 71 — 0: we simply take the adapted frame (0,,,0,,),
noticing that d,, = ﬁ[(Xl)‘h (X2)2](g2(7)) for 71 > 0. The resulting privileged coordinates

10
are then y; = x1 — /71, y2 = 22 — 1, and we have (X1)% (y) = 9y, and (X2)% (y) = 2y/T1y1 +
Yy} — T1y2) Oy,. For 71 > 0, the sR structure generated by X is of Baouendi-Grushin type, hence
the sR weights at (0,0) are w1 = 1, wp = 2 and thus (X)%%(y) = 0,, and (X2)I%(y) =

(2/T1y1 + T2y — T1T2y2) Oy, We observe that, in the privileged coordinates y, X122 depends
analytically on /7 and on 7o.

Volume of Xgij . As the m-tuple Xgij will be constructed by induction, we will consider its
“yolume” VZE;, defined as follows.

In Appendix A.6, it is recalled how to associate to any m-tuple Y = (Y7,...,Y},) of vector
fields on R™ endowed with its Lebesgue measure m, the function v%(Y3,...,Y,,) of x € R"
and of p > 0, defined by (82), that is bounded above and below, up to scaling, by the volume
m(Bsr(x, p)) of the sR ball of center x and radius p, uniformly with respect to = in a compact
subset of R and to p € (0,1] (see (83)). Considering the sR heat kernel e associated with the
sR Laplacian corresponding to Y, the latter fact, combined with the exponential estimate (88)
recalled in Appendix A.8.3, implies that vfn"/ﬁ(Xl, ooy X)) e(p, x, x) is bounded above and below
by positive constants on any compact, uniformly with respect to p € (0, 1]. Here, p plays the role
of a small parameter.

Let us apply this fact to Y = Xgi; (constructed by induction in what follows) with z = 0
and p = 1. Following Appendix A.6, given any ordered set I = (i1, ...,4,) of p indices taken in
{1,...,m}, we consider the vector field (X7<7); defined as the Lie bracket of vector fields (X;,)7<’

of length p = |I| according to I. Finally, we define
Vi = () )

for all 74,...,7; € (0,1], 1 € 4 and ¢; € S*Fi-1=1 N ()i for i € {2,...,5}. Now, in (68),
each 7; plays the role of a small parameter.
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Lemma 9.3. For every j € {1,...,p+1}, there exist relatively compact open neighborhoods V; and
W; of 0 in R™ and a chart v% : V; — W; of privileged coordinates at q; = ¢;(7<;,0<;), depending
subanalytically on (1<;,0<;) € [0,11971 x N¢;, whose Jacobian is uniformly bounded above and
below by positive constants on [0,11971 x N¢; x V;. In the chart 1%, the function VZZ and all
coefficients of the m-tuple of vector fields Xgij have an extension at T ---1; = 0, and are bounded

globally subanalytic functions of (1<;,0<;,y) € [0,1)7 x N<; x W;.

By subanalyticity, there exists a subanalytic cell decomposition of [0, 1]7 x N¢; x W; such that,
in each cell, the m-tuple Xgij depends analytically on (7<;,0<;,y).

Proof. The proof is done by induction on j. There is nothing to prove for j = 1. Let us assume
that the result is true until the step j — 1 and let us establish it at the step j.

Since M is compact, let Quax be the maximum of @ (q) over all ¢ € M. Using the notations

of Appendix A.6, we consider the finite set %T‘fjj of all n-tuples
XZZ = ((Xg;])hv R (Xg;])fn)
such that X727 | = >0 |L] < Omax-

Using the induction assumption, let F be the finite set of globally subanalytic functions of
(T<j,0<j,y) € 0,171 x Noj x W,_1, consisting of the function V#<? (which does not depend on y)
and of all coefficients of all vector fields of the frames XZZ S %Tlfjj . We consider all these functions
in a neighborhood W of the point ¢; = ¢;(7<;,0<;,0;), with 6; € N;, given by Lemma 9.2. The
elements of F are then globally subanalytic functions of (7<;,0<;,y) € [0,1)77! x N¢; x W;.
By the subanalytic cell preparation theorem (see Appendix E), there exists a subanalytic cell
decomposition of [0,1]77! x N¢; x W; such that, in each cell, each f € F can be prepared with
respect to 7<; (we can choose (; = 0 as a center, for every ¢ € {1,...,j}) and written as the product
of a fractional monomial H“Z;ll 7, for some g, ..., € Q, with a unit (i.e., not vanishing in the
cell) globally analytic and analytic function.

We remove from 27 all elements X7=7 such that det(X?<)) = 0 (they are the same for all
T1,...,Tj—1 > 0) so that, now, every Xzzj € %T‘fjj is a frame at ¢;, anyway not necessarily adapted
to the sR flag.

In each cell, by definition of the volume, there exists a n-tuple (Y7,...,Y,,) € %Tqéj that is an
adapted frame at g;, whose determinant at 0 is equivalent to VIsi as T<; — 0. This means that

T<j
7j—1
_ Br.i : _
Yi=][[r""2 with  Zy=Zy+0(1) as 7<; =0, (69)
=1
Br,i

and the product of all 7;"", for 1 <i < j—1and 1 < k < n, is equivalent to ngj as 7<; — 0.

Moreover, any coefficient of any vector field Z; can be written as the product of a monomial

Hf;ll 7, for some aq,...,a; € QN [0,400), with a unit (i.e., not vanishing in the cell) globally
analytic and analytic function. Note that Y3 = (X k)Zj; if 1 < k < m. Since the m-tuple of vector
fields Xg:j satisfies the Hérmander condition for all 7q,...,7;_1 > 0, with a uniform degree of

nonholonomy, it follows that the m-tuple of vector fields Z = (Z1, .. ., Z,,) satisfies the Hormander

condition with a uniform degree of nonholonomy. In this way, (69) provides a desingularization of
X?jj in each cell of a subanalytic cell decomposition.

Now, in the cell, we define the privileged change of coordinates y = ¥% (z) = exp(z172;) o

- 0 exp(,Z,)(0). By construction, the Jacobian of ¢% at 0 is positive. Setting (X)7s) =

7;(62)*(X)7<?, the lemma follows. O

Let us give several examples.
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Example 9.4. In Example 9.3 (Baouendi-Grushin case with a tangency point), we have V-9 =

2\/T1 + 272, (X2)2% converges to 0, but we see here that the set of all (71,72) € (0,1]* has a

T1,T:

partition in two cells, delimited by the (globally subanalytic) curve 7 = |/71:
o If /71 > 7 then (X2)2%(y) = /71 (251 + \;—i—ly% — /T1T2y2) Oy,: the asymptotics is given by
a smooth perturbation of a sR structure of Baouendi-Grushin type where the second vector
field is multiplied by /71.

o If » > /71 then (X2)1%(y) = 7 (y% + 2\4—7_213;1 - :—;yg) Oy,: the asymptotics is given by a
smooth perturbation of a sR structure of 2-Baouendi-Grushin type where the second vector
field is multiplied by 5.

In each cell, the sR structure “resembles” either to a Baouendi-Grushin or to a 2-Baouendi-Grushin

sR structure, multiplied by a rational power of 7;.

Example 9.5. Consider the sR structure of Example 6.1, and set ¢; = (0,0) and ¢ = (0,1).
We have .7 = {q1} and % = R?\ .. We obtain (X;)9%(y) = §,, and (X2)®2(y) =

T1,T: T1,T:
(r2y? + 71 + 21imye + TiT2Y2) 0y,- We have Vi1-92 ~ T+ 7';2 gs (11,72) — (0,0). Tlhe2 set of
parameters (71, 72) € (0,1]? is decomposed in two cells, delimited by the (analytic) curve 5 = 7¢:
o If 7{ > 75 then (X3)2%(y) is a smooth perturbation of 7 9, (more precisely, the coefficient
is written as the product of 7{ with a unit analytic function of (71,72, :—lé,y)), i.e., the sR
structure is a smooth perturbation of a Riemannian structure where the second vector field
is multiplied by 7{.
o If 75 > 77 then (X32)%%(y) is a smooth perturbation of 7347 8y,, i.c., the sR structure is a
smooth perturbation of a 2-Baouendi-Grushin type where the second vector field is multiplied
by 73; similarly, we can factorize by 73.

Example 9.6. Let us consider a “tower” of intricated Baouendi-Grushin cases with tangency

points, with two “floors™: we set X1 = 0,,, X2 = (2% — 22) 0, and X3 = (23 — 23) 9»,. The

singular set . = {2? = 12} U {23 = 23} consists of 7 equisingular strata. Setting q; = (0,0,0)
_3/4 _1)2

and g2 = (17'7,7,'7, 1), we find

3/4
(X1)2% (y) = 0y, (Xo)I%2 (y) = (27’1/ Y1 + T2yt — T1T2y2) Oy,
1/2
(X3)20% (y) = (21, %2 + 7243 — TiT2y3) Dy

We have Vib2 ~ 77 + 7'11/27'22 + 74 as (11,72) — (0,0). The set of parameters (11, 72) € [0, 1]? is

decomposed in three cells, delimited by the globally subanalytic curves 7 = Tll /* and To = 713 /4,

o If m, < 73/4 then (X3)2%(y) (resp., (X3)2-2(y)) is a smooth perturbation of 27'3/4341 Oy

T1,T2 T1,T2

(resp., of 2711/2y2 Oys)-
o If 73/4 < T K 7'11/4 then (X3)2%2(y) (resp. (X3)2%2(y)) is a smooth perturbation of

T1,T2 T1,T2
T2y$ Oy, (resp., of 27'11/2y2 Oys)-
o If 7'11/4 < 73 then (X2)2%(y) (resp., (X3)2:%2(y)) is a smooth perturbation of oyf d,,
(resp., of T3y3 Dy, ).
Note that, here, we have /1 = 4. Taking a tower with more floors, the integer /1 could be arbitrarily
large.

Example 9.7. Consider the sR structure generated in R? by X; = 0,, and X» = (2] + 2323 +
23%) 9., where k > 3 (this is the case 6 of the table of examples given in Section 9.1). The singular
set is . = {(0,0)} and we have w; =1 and we =5 at ¢z = (0,0). We have

(X% =05y, (X2)2 = (af + 7fafas + 1% 1a3") On,.
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Hence )?\1(11 = 0,, and X\qu = 21 0,, and thus Fn = {z1 =0}. Wet set ¢o = (0,1), 21 = y1 and
r9 = 1+ yo. We find

(X)L (y) = Oy, (X2)2%2(y) = (rayt + i3 s (1 + 1292)® + 71711 + 7ay2) %) 0y,

We have V41092 ~ 7/ 4 7872 4 74 as (11, 72) — (0,0). Here, we have ¢; = 1, and the “compe-
tition” is between the three monomials 7% 7873 and 74, yielding as well an appropriate cell

decomposition.

9.3.3 Desingularization of the heat kernel

a<;

The volume function V7=’ defined by (68) is the good quantity in order to desingularize the heat ker-
nel egzj: (1,y,y). This is not surprising, because we already know that the product V?-§§ 632 (L,y,v)
is bounded above and below by positive constants on any compact set of y. Actually, by extend-
ing the uniform ball-box theorem and in particular the estimate (83) of Appendix A.6 and the
exponential estimates (88) of Appendix A.8.3 to parameter-dependent vector fields (framework of
Appendix B), it can even be proved that these bounds are uniform with respect to the 7;. But the

following lemma, which can be seen as a counterpart to Lemma 6.1, is much more precise.

Lemma 9.4. Let V be a relatively compact open neighborhood of 0 in R™. For every j € {1,...,p},
denoting for short q; = q;(7<;,0<;) as before, the function VZZ egzj(l,y,y) has an extension at
71 ---7; = 0 that is a bounded positive function of (1<;,0<;,y) € [0,1]7 x N¢; x V. More precisely,
there exists a subanalytic cell decomposition of [0,1)7 x N<; x V' such that the projection onto [0,1]7

of each cell of mazimal dimension has the (cylindrical) form
ai(T<i79<j7y) <T <bi(7-<i79<j7y)7 i:17"'7j7

for some analytic and globally subanalytic functions a; and b; such that 0 < a;(-) < b;(-) < 1 for
every i € {0,...,7}, with either a;(-) > 0 or a;(-) =0, and such that in each such cell, we have

J
ngj = te /2 HTiai U(h(’?’gj, egja y)) and ngi eg’ii(la yvy) = F(h(nga egjvy))
1=1

where

ai(t<i,0<5,9)\ " T e
st - (0 () ()

2
Ti 1<i<y T<i76‘<juy) 1<

for some ¢/ € N, ai1,...,a; € Q, N, l1,...,¢; € N*, for some analytic and globally subanalytic
functions c1,...,cn taking their values in [0,1], and for some analytic unit (i.e., not vanishing)
function U and some positive C> function F defined on an open set containing [0, 1]N+27.

Remark 9.3. Lemma 9.4 shows that the function VZE; egij(l,y,y) is smooth on each cell of
maximal dimension of a subanalytic cell decomposition of [0, 1]7 x N¢; x V. Such cells are analytic
manifolds and are also globally subanalytic sets. Anyway, Vzg ezg(l,y,y) is not a piecewise
smooth function of (7<;,0<;,y) € [0,1)7 x N¢; x V in the sense used in Lemma 9.1, i.e., it is not
smooth up to the boundary of each cell: in particular, its limits as 7<; — 0 depend of those of the
ratios a;(7<i, 0<;,y)/7 and 7;/b;(7<i, 0<;,v).

Remark 9.4. Note that, in Lemma 9.4, the function U is analytic, while the function F is only
smooth and actually may fail to be analytic. Indeed, the heat kernel e?ijﬁ (1,y,y) is not, in general,
a subanalytic function of its arguments.
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Proof. We use the same notations as in the proof of Lemma 9.3: in particular, we consider the
finite set %qujj, from which we remove all elements X?E; such that det(XgE) = 0, so that every
XZZ € %Tiij is a frame at g;, anyway not necessarily adapted to the sR flag.

By Lemma 9.3, there exists a subanalytic cell decomposition of [0,1])7 x N¢; x W; such that,
in each cell, the m-tuple Xg;? depends analytically on (7<;,f<;,y). Each cell can be written in a
cylindrical form as in the statement of the lemma.

Like in the proof of Lemma 9.3, in each cell, by definition, there exists a n-tuple (Y7,...,Y,) €
%Tiij that is an adapted frame at ¢;, whose determinant at 0 is equivalent to V?E; as 7<; — 0.
Then, in the cell, we define the change of coordinates y = ¢;(z) = exp(z1Y7) o - - 0 exp(2,Y5,)(0).
By construction, the Jacobian of ¢; at 0 is equal to V?éj: multiplied by a unit globally subanalytic
function of (7¢;,0<;).

a<j

Hence, the pullback m-tuple ng = ¢;X$§j and its corresponding volume V757 (as defined in

Appendix A.6) depend globally subanalytically on (7<;,f<;,2). Moreover, defining F = @i F, in
the cell, each function of F can be written as

i (wlrante )\ BN
F(0<j7Z)U (Ci(egjvz))léiSN » T1 L ()(7

Ti 2<i<) , T<is0<j, 2) 2<i<]
for some N, ¢q,...,¢; € N*, some analytic and globally subanalytic functions F, ci,...,cn, with
1,...,cn taking their values in [0, 1], and some unit (i.e., not vanishing) analytic function U

defined on an open subset of R¥+2/=1 containing [0, 1]V +2/~1.

In particular, all possible limits of ng as T<; — 0 in the cell satisfy the Héormander condition
with a uniform degree of nonholonomy and depend smoothly in the cell on the variables that are
inside the above function U, up to the boundary of the cell. Therefore, denoting by égi; the
heat kernel generated by ng , it follows from Theorem B.2 in Appendix B and Theorem C.1 in
Appendix C (in particular, the end of Theorem C.1) that éZ§§(1, z,z) depends smoothly on the
same variables in the cell.

To end the proof, it suffices to note that, applying the first formula of (85) in Appendix
A.8 (change of variable in a heat kernel), we have é757(1,2,2) = Vic’ e75?(1,y,y). The lemma

<J

follows. O

9.3.4 End of the proof of Lemma 9.1

In order to end the proof Lemma 9.1, this is not exactly the functions Vzg and egig (1,y,y) studied
in Lemma 9.4 that we need to consider, but rather the functions
fl(t57<j59<j+1vy) = ngjﬁqu/lf and fQ(taT<j59<j+17y) = qujﬁqu/li (Lyvy)

T<ir Ty T<ir T

(f1 does not depend on y), which are globally subanalytic functions on Dj11 X N¢ji1 X W (recall
that Dj44 is defined by (65)), where W is a relatively compact open neighborhood of 0 in R”.
Moreover, f; and f1 fo are bounded. We have anyway chosen to present Lemma 9.4 and its proof
in order to keep a better readability.

Now, to obtain Lemma 9.1, we proceed similarly as in the proof of Lemma 9.4, but instead of
preparing the functions f € F with respect to 7<; € [0,1]7, we now prepare them with respect to
(t,7<;) € Djt1: there exists a subanalytic cell decomposition of D1 x N¢ji1 x W, the projection
onto (0,1]9+1 of each cell of maximal dimension having the (cylindrical) form

ao(f<jv1,y) < t < bo(O<jt1,9),
a/i(tuT<i79<j+17y) <7< bi(t7T<i79§j+l7y)7 i:]w"wju
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J
such that in each such cell the function f; can be written as ¢//2 H U (h(t, 7<j,0<j11,y)) and
i=1
the product function fifo as F(h(t, 7<;,0<j+1,y)) with h(t, 7<;, 0<;+1,y) equal to

¢ (@it T<is 0<iv1,Y) Ti
<(Ci(9<j+1’y))1<i<N’ £ ( i : "\ bi(

1<y taT<i79<j+1ay) 1<i<j

for some ¢/ € N, f1,...,6; € Q, N,{,q,...,¢; € N*, for some analytic and globally subanalytic
functions ai,...,a;, bi,...,b;, c1,...,cn, with 0 < a;(+) < b;i(-) < 1 for every ¢ € {1,...,5},
with either a;(-) > 0 or a;(-) = 0, and with ¢1,...,cn taking their values in [0, 1], and for some
unit analytic function U and some positive C* function F' defined on an open subset of RV +27+!
containing [0, 1]V *2/+1. Lemma 9.1 follows.

9.3.5 Further comments

v and k depend only on D, and not on the metric g. Indeed, if two horizontal distributions
D, and D5 are diffeomorphic, i.e., there exists a diffecomorphism ¢ such that ¢,.D; = Do (this is
weaker than the concept of sR isometry defined in Appendix A.4), then the corresponding sR
distances d; and dy are equivalent in the sense that d; is bounded above and below, up to scaling,
by ds on any compact; therefore the same is true for the volumes of the corresponding sR balls,
and the claim follows from the Fefferman-Phong estimate (3).

Recovering the exponential estimates for the heat kernel. In this section, we show how
to recover the exponential estimates (88) for sR heat kernels, or equivalently (90) (see Appendix
A.8.3), for real analytic sR structures, thanks to Lemma 9.4 and to the uniform ball-box theorem.
As a preliminary remark, by Lemma 9.4, there exist C; > 0 and C3 > 0 such that
Cy < Vgizgg 62_1:%(1, 0, 0) < 0Oy V(Tl,Tg) S (0, 1]2 Vql €. VO € Ny (70)
(recall that g2 = ga2(71,q1,02)). Denoting by (Bsr)#:92(0,1) the unit sR ball for the sR structure
generated by X122 we have

691 0 6% (Ber)2:22(0,1)) = 62 ((Bsr)% (g2, 72)) = Ber (6% (g2), 172),

hence M M
U(Bsr (6% (g2), mim2)) = 72 W i ((Byr) 2% (0,1))

T1,T2

for all 71,7 > 0, where m is the Lebesgue measure. By the uniform ball-box theorem (see Ap-
pendix A.6), the ratio m((Bsgr)2:2(0,1))/Vi2 is bounded above and below by positive constants,

T1,7T2 T1,7T2

uniformly with respect to (71, 72) € (0, 1]%. Therefore, using (70), the quantity

1(Bsr (02 (q2), 172))
H(BSR(agi (qQ)v 7-17-2) 6(7-127225 631 (qQ)v 521 (q2)) = TQM (ql)TQM (g2) eg’i:% (1’ O’ O)
1 2

is bounded above and below by positive constants, uniformly with respect to (71, 72) € (0,1]2.
Taking 72 = v/t/71 and ¢ = 69! (gz), we infer that the product 1(Bsr(g,vt))e(t,q,q) is bounded
above and below by positive constants, uniformly with respect to ¢ in the compact manifold M

and with respect to ¢ € (0,1]. This gives (90).
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9.4 Examples of non-analytic sR structures

In this section, we give classes of examples where the vector fields defining the sR structure are not
analytic, i.e., may involve flat terms (however, . is stratified by equisingular smooth submanifolds,
as in Section 8). Such examples have more exotic Weyl laws.

Proposition 9.1. Consider in R? the sR structure generated by the two vector fields X1 = 01 and

Xo = (2% + g(x2)) D2, where g is a continous function such that g(0) = 0 and g(s) > 0 if s # 0,

and satisfying g(s) = o(s?) as s — 0. Then, for any f € C°(R?) such that £(0,0) > 0, we have
t}] 1

1
g < +Cst—/ L s
t<g(s)<1 \/g(s)

t3/2 t
as t — 0T, where |{g < t}| is the Lebesque measure of the set of all s € (0,1) such that g(s) < t.
Moreover, the Weyl measure is the Dirac at (0,0).

Tr(Mye®) ~ Cst

1

If g(s) = s2* with k > 1 then Tr(Me'®) ~ Cst/t2 2.

Denoting by ¢* the nondecreasing rearrangement of g on [0, 1], we have, by equimeasurability,
Hg <t} = {g* < t}| and ft<g(s)<1g(s)’1/2 ds = ft<g*(s)<1 g*(s)~Y/2 ds. Hence, without loss of
generality, we can take g nondecreasing on [0, 1].

Note that, if g is increasing on [0, 1], then

(t)

—1
g
Tr(Myel®) ~ Cst 373

1t 1
+Cst¥/tmds.

It is easy to see that ftl W ds = O(L\ﬁ(t)) if % = o(ﬁ) and if the integral diverges

s) g’
(this latter property is satisfied if ¢’(s) = o(1/g(s))); in this case, Tr(Me!®) ~ Cst g;;/(;).

We obtain interesting examples by taking g flat at 0 (see Table 2).

Table 2: Examples with ¢ flat at 0.

9(s) Tr(Mye'®) N
1 0 1 /\3/2
o/l X7 372 In t] 1/ (I N)®
! 8>0 L X7
VSV « «
efer/ £3/2 (In|Ine/8) " (InlnA/8)"
T 1 1 EPRE
expl*l [s| e 3/2 Ip/*] 1 nF )y In---In\
2. In? | Int| PREITEI )
e s [ _—
3/2] In t| In A

Proof. We have . = {q} with ¢ = (0,0) and w; = 1, wy = 3 at q. We compute (X1)? = 9,, and
(X2)? = (22 + 77 2g(732)) Oa,. The nilpotentization is X7 = d,, and X = 22 d,,. Outside of
21 = 0, the sR case is nilpotentizable. We thus focus on the point ¢2(7) = g2 = (0,1). Setting
x1 =y1 and y1 = 1+ y», we obtain (X)9,:% = 9,, and (X2)9:% = (%23 + 7 2g(7° 4+ 3cy2)) By,
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Therefore, if e < \/g(73)/7 (vesp., € > \/g(73)/7) then the asymptotics of 2% (1, (u,0), (u,0))

7_2

is 5y (resp., Z) times a smooth function of u. This leads to split the integral defining K (t),

which is an integral over 7 € [/, 1], in two integrals performed on the intersection of [v/%, 1] with
either g(73) <t or g(73) > t. The formula now follows from computations. O

Another example, not coming from Proposition 9.1, is the following.

Example 9.8. Consider in R® the sR structure generated by X; = 01, Xy = 0y + 21 03 + 22 05,
X3 = 04 + e~ Y/ (@+23) 9. Then, for any f € C°°(R?) such that f > 0 along z1 = x5 = 0, we have

4
Cst NO) ~ Cst

150+ 4] Int] Moo o InA

Tr(M;el®)

The computations, which are quite lengthy, are not reported.

As a final comment, we may wonder whether there exists a class € of functions such that, if M
is stratified by equisingular smooth submanifolds and all singularities of the sR flag restricted to
each stratum are in €, then the function ¢ — Tr(M e!) has a small-time asymptotic expansion in
a well-identified asymptotic scale. Candidates for € might be provided by some specific o-minimal
classes which are stable under integration, as the class of log-analytic functions (see [27]).

Part 111
Appendix

In this part, we gather all reminders and results that are useful for our study. Appendix A gathers
some (well known and less known) definitions and facts in sub-Riemannian geometry. In Appendix
B, we recall two useful statements : a hypoelliptic version of Kac’s principle, stating the local
nature of the small-time asymptotics of heat kernels; a result on continuity of heat kernels with
respect to parameters. In Appendix C, we give the complete small-time asymptotic expansion
of heat kernels. Finally, in Appendix D, we establish a lemma on asymptotic expansion of some
integrals.

A Sub-Riemannian geometry

In this section (that one can also find in [32]), we recall well known definitions and facts in sub-
Riemannian geometry (see the textbooks [3, 12, 44, 52, 57, 68, 76]). Throughout, “sR” means
“sub-Riemannian”.

A.1 Definition

Let n € N* and let M be a smooth connected manifold of dimension n. Let m € N* and let
X = (X1,...,Xm) be a m-tuple of smooth vector fields on M. We set D = Span(X) (called
horizontal distribution). The sR metric g associated with the m-tuple X is defined as follows:
given any ¢ € M and any v € D(q) = Span(X1(q),..., Xm(q)), we define the positive definite
quadratic form g, on D(q) by

gq(v) = inf {Z u? ‘ v = ZuiXi(q)} . (71)



The pair (M, X) (or the triple (M, D, g)) is called the sub-Riemannian structure on M generated
by X. When D has constant rank m on M with m < n, D is a subbundle of TM, g is a Riemannian
metric on D and the frame X = (X1,...,X,,) of D is g-orthonormal. But the rank of D may vary
(i.e., D is a subsheaf of T M) and the above definition encompasses the so-called almost-Riemannian
case, for which m > n and rank(D) < n at some singular points.

More formally, a sR structure on M can be defined by giving an Fuclidean vector bundle F
over M and a smooth vector bundle morphism o : E — T'M such that D(q) = o(E(q)) for every
q € M, and then

94(V) = nf{[|ull%,) | u€ Eg), o(u) =V}

When E = M x R™ and o(z,u) = Y ., u;X;(x), we recover the definition of a sR structure
attached with the m vector fields X1,..., X,,.

A horizontal path is, by definition, an absolutely continuous path ¢(-) : [0,1] — M for which
there exist m functions u; € L'(0,1) such that ¢(t) = Y%, ui(¢)X;(¢(t)) for almost every ¢ € [0,1].
The metric g induces a length on the set of horizontal paths, and thus a distance dsg on M that
is called the sR distance. Given any ¢ € M and any R > 0, the sR ball Bsr(q, R) centered at ¢ of
radius R is the set of all ¢ € M such that dsg(q,q’) < R.

The cometric g* associated with X is the nonnegative quadratic form on 7* M defined as follows:
given any g € M, g} is the nonnegative quadratic form defined on T M by g(&) = >, (€, Xi(q))>.
Note that £ gq(v) = SUPgers s ((¢,v) — 595 (v)) (Legendre transform). The cometric g* completely
determines the horizontal distribution D and the sR metric g.

Given any smooth function f on M, the horizontal gradient V4 f of f is the smooth section of
D defined by ¢g(V,f,Y) = df.Y for every smooth section Y of D. We have V,f =>1" (X, f)X;.

Let 1 be an arbitrary smooth (Borel) measure on M.

A.2 Sub-Riemannian Laplacian

Let L?(M, i) be the set of complex-valued functions u such that |u|? is p-integrable over M. We
define —A as the nonnegative selfadjoint operator on L?(M, i) that is the Friedrichs extension of
the Dirichlet integral

Qo) = /M ldol2 du V€ C(M)

where the norm of d¢ is calculated with respect to the (degenerate) dual metric g* (also called
co-metric) on T*M associated with g. The sR Laplacian A depends on g and u.

We denote by div,, the divergence operator associated with the measure p, defined by Ly p =
div,,(Y') p for any vector field Y on M. Hence A¢ = div,(V4¢) for every ¢ € C2°(M) and, since

Ve =3 (Xi¢)X; and Q(¢) = fM S (Xi¢)? dp, it follows that
A== "XIX;=> (X7 +divu(X;)X;) (72)
i=1 i=1
where the transpose is taken in L?(M, ). Under the Hérmander condition

Lie(D) = Lie(X1, ..., Xp) = TM, (73)

A is subelliptic (see [49]), and thus, if M is compact, has a compact resolvent and a discrete
spectrum. Note that if M is compact then A is essentially selfadjoint.
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A.3 Sub-Riemannian flag

We define the sequence of subsheafs D* of TM by D° = {0}, D! = D = Span(Xy, ..., X,,) and
D*+1 = Dk 4+ [D, D¥] for k > 1. Under the Hérmander condition (73), given any point ¢ € M, we
consider the sR flag of D

{0} = D°(q) C D(q) = D*(q) C D*(¢q) C --- C D" D=1 (q) C D"V (q) = T,M

where r(q) is called the degree of nonholonomy at q. We set n;(q) = dim D*(q). The r(q)-tuple of
integers (n1(q), ... ,Nr(q)(q)) is called the growth vector at g, and we have n,;)(q) = n = dim M.
By convention, we set ng(q) = 0.

We define the nondecreasing sequence of sR weights w;(q) (also denoted w{ (D) when one wants

to underline that they refer to the horizontal distribution D) as follows: given any i € {1,...,n},
there exists a unique j € {1,...,7(q)} such that n;_1(¢) +1 < i < n;(q), and we set w;(q) = j.
By definition, we have wi(q) = -+ = wy,(¢) = 1, and wy; ,11(q) = -+ = wy,(q) = j when
n;(q) > nj-1(q). We also have wy, _,41(q) =+ = wn,(q) =r(q).

Given any q € M, we set
K

QY(q) = ilnila) — ni-1(a) = D wila): (74)

i=1

If q is regular then Q™ (q) is the Hausdorff dimension of a small ball in M containing ¢ for the
induced corresponding sR distance (see [11]). Note that the maps ¢ — QM (q) and ¢ — w;(q), for
it =1,...,n, are upper semi-continuous.

A point ¢ € M is said to be regular if the growth vector is constant in a neighborhood of ¢;
otherwise it is said to be singular. Throughout the paper, the singular set is denoted by .%; it
depends on the horizontal distribution D but not on the metric. The open set M \ .7 is called the
regular region; we have QM (q) = QM (M \ .7) = QM\Y for every ¢ € M \ .7, and QM\ is the
Hausdorff dimension of M \ .. The sR structure is said to be equiregular if all points of M are
regular; in this case, the weights and the Hausdorff dimension are constant as well on M.

At a regular point g, A is locally subelliptic with a gain of regularity 2/7(¢), meaning that
if Au = v with v of Sobolev class H*® locally at ¢ then u is (at least) of Sobolev class H**2/7(a)
locally at g (see [19]).

We also define %' = (D%)* € T*M (annihilator of D) fori = 1,...,r. Fori=1,% = %! = D+
is called the characteristic manifold of the sR structure, and we also have ¥ = (g*)~1(0).

Sub-Riemannian flag restricted to a submanifold. Let N be a smooth submanifold of M.
Given any ¢ € N, we consider the sR flag of D at ¢ restricted to N (also called the sR flag of
DNTN)

{0} (DY () NTN) C -+ C (DT(‘Z)_l(q) ﬁTqN) c (DT@ () ﬁTqN) =T,N  (75)
and we set nl¥ (¢) = dim (D*(¢q) N T,N) and
r(q)

Q) = i(n) (g) — Y1 (q)). (76)

i—1

~

The 7(q)-tuple of integers (nd¥(q),... 7”%1) (q)) is called the growth vector at g restricted to N.

Following [10, 44], we say that N is equisingular if all integers n;(q) and n¥(q) remain constant
as ¢ € N, i.e., if the growth vector and the growth vector restricted to N are constant on V.
In this case, QV is the Hausdorff dimension of N (see [10, Theorem 5.3]). Note that a smooth
submanifold of an equisingular smooth submanifold may fail to be equisingular.
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A.4 Sub-Riemannian isometries

Given two sR structures (My, D1, ¢g1) and (Ma, D2, g2), of respective cometrics g; and g3, a (local)
sR isometry ¢ : My — My is a (local) smooth diffeomorphism mapping g7 to g5. This is stronger
than requiring that D; = Span(X) and Dy = Span(Y') are diffeomorphic which means that we
have only ¢.D; = D2 (see Appendix A.5.7).

A.5 Nilpotentization
A.5.1 Definition

Let ¢ € M be arbitrary. The nilpotentization of the sR structure (M, D, g) at ¢ is the sR structure
(1\7 4. D, g?) defined as the metric tangent space of M (endowed with its sR distance) in the sense
of Gromov-Hausdorff (see [12, 44]).5 In this triple, M is a smooth connected manifold of dimension
n (the vector space ToM? is canonically identified with T, M) which is identified to R™ thanks to
the privileged coordinates defined hereafter, the horizontal distribution is D7 = Span()/f U X%)

with smooth vector fields X 1. ,X,‘{l on M1 (given hereafter) called nilpotentizations at ¢ of the
vector fields X1, ..., X,, at ¢, and the sR metric g7 is defined accordingly as in (71). The metric

g7 induces a distance dZ; on MY,

A.5.2 Privileged coordinates

We first recall the notion of nonholonomic order (see [12, 52, 68] for details). Given a germ f
of a real-valued smooth function at ¢, given k € N and integers ji,...,j; in {1,...,m}, the Lie
derivative (X, --- Xj, f)(¢) is called a nonholonomic derivative of order k. By definition, the
nonholonomic order of f at g, denoted by ordy(f), is the smallest integer k for which at least
one nonholonomic derivative of f of order k at ¢ is not equal to zero. Given a germ Y of a
smooth vector field at ¢, the nonholonomic order of Y at ¢ is the largest integer k such that
ordy (Y f) = k + ordy(f), for every germ f at g.

The nonholonomic length at q of a vector field Z on M is defined by ¢,(Z) = min{j € N| Z(q) €
Di(q)}. A family (Z1,...,Z,) of n vector fields is said to be adapted to the sR flag of D at q if
DY (q) = Span{Z(q) | 1 <i <, £y(Z;) < j} for every j € {1,...,7(q)}.

Given any chart at ¢, i.e., given any smooth diffeomorphism ¢? : U — V, where U is a
neighborhood of ¢ in M and V is a neighborhood of 0 in R", with ¢9(q) = 0, inducing local
coordinates = (z1,...,2,), we have

ordy(z) = Zordq(:rj) <Q(q) = ij (q)-

We say that ¥? is a chart of privileged coordinates at ¢ if it is “maximal”, in the sense that
ordy(z) = Q(q), i.e., {ordy(z1),...,ordg(zn)} = {wilq), ..., wn(q)}

The sR weights w;(g), defined in Appendix A.3, are a nondecreasing sequence. Anyway, it may
be convenient to relabel the weights so that w;(¢) = ordy(z;): in this case, following [40], we say
that the weights are labeled according to the coordinates x. Note that, then, da;(D"i(?(g)) # 0 and

6This means that (6¢)~"(Bsr(¢,¢€)) — Egl’{ (0, 1) for the Gromov-Hausdorff topology in the privileged coordinates

introduced hereafter, where IAB;IR(O, 1) is the sR unit ball for the sR structure (1/\4\‘1, D1,g9).
7A usual way to construct an adapted local frame (Z1, ..., Zy) of Ty M at q is the following: choose vector fields
Zi,s. s Zn,(q) € D whose values at ¢ form a basis of D(q); complete them to vector fields Z1, ..., Zny(q) € D?

whose values at g form a basis of D?(q); etc. With such a choice, we have Z;(q) € Dwila) (q) for every i € {1,...,n};
but in the definition of adapted frame that we adopt, we can consider as well a permutation of (Z1,...,Zn).
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dx; (D" (0=1(g)) = 0, meaning that 8,, € D¥(9(g) \ D¥(D~1(q) at ¢, i.e., privileged coordinates
are always adapted to the sR flag.

Classical examples of charts of privileged coordinates at ¢ are given by the coordinates of the
first kind

W) N, ..., xn) =exp (2121 + -+ 20 Zn) (q)

and by the coordinates of the second kind exp (x1Z71) o -+ 0 exp (25, Z,) (¢) where (Z;)1<i<n 1S a
frame of vector fields that is adapted to the sR flag at ¢q. Privileged coordinates can be obtained
from adapted coordinates by a triangular change of variables (see [52]).

Privileged coordinates straightening an equisingular smooth submanifold. Let N be
an equisingular smooth submanifold of M (see Appendix A.3 for the definition) of topological
dimension k. Let ¢ € N and let U be a neighborhood of ¢ in M. At each point ¢ € NNU,
assuming that U is sufficiently small, there exist local privileged coordinates z = (z1,...,zy),
depending smoothly on ¢ € NNU, in which N = {1 = -+ =z, = 0}.

The existence of such coordinates is proved in [40, Lemma 4.3], thanks to the following argu-
ment: since all integers n; = dim(D?) and n)¥ = dim(D? NT'N) are constant along N, assuming U
small enough, we can choose a local frame (71, ..., Z,) of n vector fields that is adapted to the sR
flag of D on U such that, moreover, the family (Z1, ..., Zy) is adapted to the sR flag of D N TN
(defined by (75)) on N NU.® Then, it suffices to take exponential privileged coordinates (of the
first or second kind) associated with the vector fields 71, ..., Z,.

Assuming that the sR weights are labeled according to the coordinates z, for every j €
{1,...,n}, wi(q) = w}(D) = ordy(z;) does not depend on ¢ € N and we denote it by w}' (D).
Hence, to the equisingular submanifold N are attached the two integers QM (N) = ord,(z) =

> w (D) (see (74)) and QN = ordy(z1,..., 1) = Z?Zl wl (D) (see (76)), the latter being
the Hausdorff dimension of N. By convention, when N is a single point, we set k = 0 and Q" = 0.

Remark A.1. The above straightening procedure cannot be iterated on strata when N = [J;_, N;
is (Whitney) stratified by equisingular smooth submanifolds, for some s € N*| where Ny, ..., Ny
are (disjoint) equisingular smooth submanifolds of M such that N; C N;4q fori =1,...,s — 1.
More precisely, let ¢ € N;. We set k; = dim(N;). There exist privileged coordinates in a (small
enough) neighborhood U in N of ¢ € Ny, straightening N7, depending smoothly on ¢ € Ny, in which
Ny = {2k, +1 = - = 2, = 0}. But, in general, it is not possible to construct privileged coordinates
such that N; = {xp,41 = -+ = x, = 0} for every ¢ € {1,...,s} when s > 1: a counterexample
is given by the Baouendi-Grushin case with a tangency point; the same counterexample shows
that it is not possible in general to construct privileged coordinates at ¢ € N; that would depend
smoothly on ¢; € N; for i > 1 with ¢; converging to ¢.

Lemma A.1. Let Ny be an equisingular smooth submanifold of M of topological dimension ko €
N*. Let Py be an equisingular submanifold of No of topological dimension ko — k1 — 1 for some
integer 0 < k1 < ko. For any q € Py, locally around q there exists a smooth submanifold P of M
(not equisingular) of topological dimension n— ki — 1, satisfying PN Ny = Py and intersecting N
transversally at q (i.e., TyM = Ty P + TqN>), such that

QP(PQNQ) o QPﬁNg — QM(NQ) _ QNz.

Proof. For any g € P;, we claim that there exist privileged coordinates y = (y1,y2,¥3) at g,
depending smoothly on ¢ € Pj, straightening P; and Ny so that P, = {y2 = y3 = 0} and

8Indeed, take n{v vector fields Z1,...,Z, n € DNTN whose values at any point ¢’ € N N U form a basis of
1

D(q") NTy N; complete them to vector fields Z1,..., Zn; € D whose values at any point ¢' € NN U form a basis
of D(q’); then iterate this construction along the flag. Finally, re-index the vector fields by a permutation.
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Ny = {ys = 0}: indeed, since P; and N» are equisingular, in a neighborhood U of ¢, we can choose
a local frame (Z1,...,Z,) of n vector fields that is adapted to the sR flag of D on U such that,
moreover, the family (Z1,..., Zg,—k,—1) is adapted to the sR flag of DNT P, on P, N U, and the
family (Z1, ..., Zx,) is adapted to the sR flag of DNT N3 on NoNU. We have then Q' = ord,(y1),
ON2(Py) = QN2 = ord,(y1,y2) and QM (Ny) = ord,(y). We define P as the bundle over P; whose
fiber over each ¢ € P; is the submanifold {y; = y2 = 0} (of topological dimension n — k2). Then
QF (PN Ny) = QP (Py) = ord,(y1,y3) and the lemma follows. O

Remark A.2. The conclusion of Lemma A.1 is not valid in general for any smooth local subman-
ifold P of M containing P; and transverse to Ny at ¢.

Remark A.3. Lemma A.l is obviously extended to the case where Na(k) and P;(k) depend
smoothly on a parameter x (belonging to some smooth manifold), and yields P(x) depending as
well smoothly on x.

Another useful extension of the lemma is when P is stratified by equisingular submanifolds of
Ns: in this case, P is a stratified bundle over P; and the conclusion of the lemma is satisfied for
any stratum of P.

A.5.3 Dilations and nilpotentization of smooth sections of D

We consider a chart 19 of privileged coordinates at ¢q. Given any ¢ € R, the dilation ¢ at g,
according to the flag at ¢, and the dilation d. in R"™, are defined by

62 = (1) o 6, 0 () = (awl(‘nxl, . ,51“7‘(‘1):10") Vo = (z1,...,2,) € R" (77)

where the sR weights are labeled according to the coordinates x. Note that, denoting by m the
Lebesgue measure on R™ (given by dm = dxy - - - dx,,), we have §*m = |5|QM(‘1)m for every € # 0.
Given any vector field Y on M that is a smooth section” of D (i.e., Y(q) = >, ai(q)X;(q)

at any ¢ € M, with smooth functions a;), the nilpotentization Y4 at q of X is the (nilpotent and
complete) vector field on R™ defined by

Y7=1lmY? where YI=¢c(08)"Y =ediply.

e#0

Actually this convergence is valid in C* topology (uniform convergence of all derivatives on com-
pact subsets of R™); we also refer to [32, Section 6.1.1] for stronger results. Note that Y is
homogeneous of degree —1 with respect to dilations, i.e., Ad03Y? = Y7 for every A # 0, and that

the nonholonomic order of Y — Y7 at q is nonnegative. Actually, writing in C'*° topology the Taylor
expansion Y =YD 4 YO 41y ... around 0, where Y(*) is polynomial and homogeneous of
degree k (with respect to dilations), we get that Y2 has a Taylor expansion at any order N with
respect to €, in C*° topology:

Yaq — g(5g)*y — }7‘1 + 5}/(0) 4 52y(1) R &—NY(N—l) + O(lglN)

with Y7 =y (-D (see also [8, Lemma 1]), i.e., setting Yy = Y4 fore = 0, Y7 depends smoothly on
¢ in C*° topology. We also have Y2 = Y? 4 ¢Z? for every € € R with |¢] small enough so that we
are in the chart, where Z¢ is a smooth vector field depending smoothly on € in C'*° topology.

9Note that we consider a smooth section of the subsheaf D, otherwise there are some difficulties: take M = R2,
D spanned by X1 = 9, and X5 = x0 Oy, and the vector field Y = z2 Oy.
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A.5.4 Nilpotentization of the sR structure

In the above chart, we have M7 ~ R", endowed with the sR structure (denoted by (1\7‘1, ﬁq,ﬁq))
induced by the vector fields )A(f , i =1,...,m. This definition does not depend on the choice
of privileged coordinates at ¢ because two sets of such coordinates produce two sR-isometric sR
structures. This is due to the fact that, since transition maps of charts of privileged coordinates are
triangular with respect to the flag, the nilpotentization of any transition map is a sR isometry (see
[12, Proposition 5.20]). Note that the nilpotent sR structure (]\/Zq,ﬁq,’\q) is homogeneous with
respect to the above dilations and that the corresponding sR distance is homogeneous of degree
1. Moreover, the growth vector of DY coincides with that of D at q, and Lie()?f, e ,)A(%) is a
nilpotent Lie algebra of step r(g). Setting
g9 =1limg?  where gI=e"%(60)"g
e#£0

we have §4(X?(z),Y(z)) = 94(X(q),Y (q)) for every z € R™, for all vector fields X and Y on M
that are smooth sections of D. L

Another geometric identification of (M9, D9,¢7) is the following. Let G, be the (nilpotent) Lie
group of diffeomorphims of R™ generated by exp(t)A(f), fort e Randi=1,...,m. Its Lie algebra
: R R e ,

.= Lie(X{,....X%) =D (D7) /(D7)
i=1

it is nilpotent, graded, and generated by its first component D4, In other words, G, is a Carnot
group (see [68]). Under the Hérmander condition Lie(D) = TM, G, acts transitively on R”".
Defining the isotropy group H, = {¢ € G, | ¢(0) = 0}, of Lie algebra h, = {Y € g, | Y (0) =0},
we identify M7 to the homogeneous (coset) space G,/H,. If q is regular then H, = {0} and thus
M ~ G, is a Carnot group endowed with a left-invariant sR structure.

Remark A.4. Carnot groups are to sub-Riemannian geometry as Euclidean spaces are to Rieman-
nian geometry. However, there is a major difference, which is of particular importance here. In Rie-
mannian geometry, all tangent spaces are isometric, but this is not the case in sub-Riemannian ge-
ometry: given two points g; and g2 of M, the nilpotentizations (M @ pao ,g7) and (M @ D , %)
of the sR structure respectively at ¢; and ¢o may not be SR—lsometmc, even though the growth
vectors at q; and go coincide.!” There are many algebraically non-isomorphic (and thus non-
isometric) n-dimensional Carnot groups, and even uncountably many for n > 5 (due to moduli in
their classification). We refer to [7, 62] for a complete classification of rigid and semi-rigid Carnot
algebras.

Note that, in dimension three, if the growth vector is (2,3) then we have a unique model that
is the Heisenberg flat case in the equivalence class of sR-isometric Carnot groups.

A.5.5 Nilpotentized sR Laplacian

Let ¢ € M be arbitrary. Associated with the sR structure (1\7‘1, D1, 97), we define on C'* (1\7‘1) the
differential operator

At=3 (K1) (78)

Under the Hérmander condition (73), we have as well Lie(f)q) = TM? and thus A9 is subelliptic.

10 Actually, the flags of two sR structures coincide at any point if and only if the sR structures are locally Lipschitz
equivalent, meaning that the corresponding sR distances satisfy c1d2(g,q") < di(q,¢’) < cad2(q, ¢") for some uniform
constants ¢; > 0 and c2 > 0.
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A.5.6 Nilpotentization of measures

The nilpotentization of measures is defined by duality of the nilpotentization of functions. Let u
be a smooth measure on M and let ¢ € M. Using a chart 97 of privileged coordinates at g, the
measure ¢ on M? ~ R"™ (nilpotentization of the measure p at ¢) is given by

At =limp?  where  pf =|e[~®" @ (50)
o
with convergence in the vague topology (i.e., the weak star topology of C.(M)’, where C.(M) is

the set of continuous functions on M of compact support). Note that, since (§¢)~(Bsr(g,€)) —
BZ;(0,1) for the Gromov-Hausdorff topology, we have

1(Bsr(g,€)) ~ 2" @Wpt(B% (0,1)) (79)

as e — 07 (see also [11, Remark 3.6]). According to the above definition of the nilpotentization of
a measure, if y and v are two smooth measures on M, with u = hv, where h is a positive smooth
function on M, then 19 = h(q)P?. Equivalently, this means that

du pl
h(g) = —(a) = = (80)
In particular, the nilpotentizations at ¢ of all smooth measures are proportional to the Lebesgue
measure m on M9 >~ R". If q is regular, then 17 is a left-invariant measure on the Carnot group
M?; in this case, M7 is a nilpotent Lie group and thus is unimodular, and hence 119 coincides with
the Haar measure, up to scaling. If ¢ is singular, MY is a homogeneous (quotient) space and 17 is
a left-invariant measure on it.
In passing, note that, applying (80) to the measure v = Hg that is the spherical Hausdorff
measure and using the fact (proved in [2]) that Hs' (EZR(O, 1) = 29"(@  we obtain that the
density at g of p with respect to the spherical Hausdorff measure is

) _ ﬁq (E(szR(Ov 1))
- 2QM (q) ’

Remark A.5. Let ¢ € M be arbitrary, and let p be an arbitrary smooth measure on M. Endowing
M7 with the lest-invariant measure 19, we have

divp(X9) =0  Vie{l,...,m}. (81)

Indeed, ¢ is invariant and the vector fields )?lq are the generators of the group action and thus
must have a zero divergence. As a consequence of (81), we have (X/)* = — X/, where the transpose
is considered in L2(M9,i?). Tt follows that

m

A1 = S(RIE =3 (R

i=1 i=1
Due to the cancellation of the divergence term, there are no terms of order one (compare with the
general formula for a sR Laplacian, given, e.g., in [30]).

A.5.7 Nilpotentization of diffeomorphisms

Let M; and My be two manifolds of same dimension, and let D; = Span(X) (resp., Dy =
Span(Y’)) be a horizontal distribution on M; (resp., on M), with X = (Xi,...,X,,) (resp.,
Y =(Y1,...,Y,)). Let g € M.
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We assume that the horizontal distributions D; and Dy are locally diffeomorphic around g,
i.e., there exists a germ of smooth diffeomorphism ¢ : M; — M, around ¢ such that ¢.D; =
Dy. This means that, for every j € {1,...,m}, ¢.X; = Z;n:l a;;Y; for some germs at ¢(q) of
smooth functions a;; on M. Then, B‘f and lA)g’(Q) are diffeomorphic, i.e., (Eﬂf)‘f = ﬁg(‘n, with a
diffeomorphism ¢7 : M{ — M satisfying &Z)?Jq = Z;n:l a;j (¢(q))17i¢(q) for every i € {1,...,m}.

Actually, the diffeomorphism &1 is the limit as ¢ — 0 of ¢, where

91 = (320) 0 go 6l =51y 0t P 0o () 04
for every € > 0, where 9] (resp., f (q)) is a local chart of privileged coordinates at g (resp., at
@(q)). To see that &1, defined as this limit, is indeed a diffeomorphism, it suffices to choose the
local charts of privileged coordinates so that ¢ is the identity in those coordinates.

Moreover, if ¢ is regular, i.e., if ¢ € M \ .7, then the diffeomorphism ¢? depends smoothly (in
C* topology) on ¢ in M \ .. More generally, if M is Whitney stratified by equisingular smooth
strata then the latter property is satisfied along strata.

A.6 Uniform ball-box theorem

We follow [52, Chap. 2, Sec. 2.2.2] (see also [71]). Considering the m-tuple X = (X1,...,X,,) of
vector fields, given an ordered set I = (i1,...,4p) of p indices taken in {1,...,m}, we define the
vector field X as the Lie bracket of length p = |I| given by

X1 = [ t [[Xileiz]aXi3]v . -aXip]'

Let K be a compact subset of M and let QX be the maximum of QM (q) over all ¢ € K. Let 2

max

be the (finite) set of all n-tuples X = (Xp,,..., Xy, ) such that |[X| = >0 |;| < QF,.. Note that

a n-tuple X € 2 of rank n at ¢ is adapted to the sR flag of D at ¢ if and only if |[X| = QM (q).
Given any g € K and any p > 0, we define

viP(X) = Y pM |det, (X(q))] - (82)

Xex

The function g — vi* (X) is continuous, and for every ¢ fixed, v{?(X) is polynomial in p, of
valuation @M (q) and of degree not greater than Q. Actually, following [10, 41] and defining

max*

wi(X) = > |det,, (X(q))]

Xe X, |X[=QM(q)

we have v{*(X) ~ p (@ wi(X) as p — 0, but this limit is not uniform with respect to ¢ near
singular points. The function ¢ — w{,(X) is positive on K (because there always exists an adapted
frame at any point ¢, consisting of Lie brackets), is smooth in the regular region K \ ., and is not
continuous at singular points (if a singular point ¢ is the limit of regular points g then Wik (X)—=0
while wf, (X) > 0).

Given any ¢ € K, any X € 2" and any p > 0, we define the X-box

Boxx(q, p) = {exp(z1X,) o oexp(z, X1, )(q) | |z:i| < puil, i=1,...,n}.

By the uniform ball-box theorem (see [51] or [52, Theorem 2.4], see also [40, Proposition A.1]), there
exist C' > 0 and pg > 0 (depending on K) such that, for every ¢ € K and every p € (0, pg], for
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every X € 2 (depending on ¢ and p) achieving the maximum of pl*! |det,, (X(¢))| over all X € 2,
we have

Boxx(q, p/C) C Bsr(g p) C Boxx(q, pC).
As a consequence, there exists C' > 0 (depending on K) such that

v (Xe, o Xm) S pBsr(g, ) S CviP(Xy, .., Xm)  Vge K Vpe(0,p0].  (83)

The above double inequality is the main result of [71], from which the authors infer the volume
doubling property. Note that, using (79), we easily infer (see also [410, Remark 5.8]) that there
exists C' > 0 (depending on K) such that

1 o~
V(X)) < (BIx(0,1)) < Cwi(X)  VgeK. (84)
In passing, one can note that, applying (83) to the m-tuple X9 = ()?f, . ,)?gl) of vector fields,
we obtain that w?(X) is bounded above and below on K by constant multiples of v%’ql (X9).

A.7 The Popp measure

Similarly to the fact that any Riemannian manifold has a canonical smooth measure associated
with the metric, any sR structure has canonical (intrinsic) measures, i.e., measures that depend
only on the sR structure and not on the choice of a system of coordinates or of a local frame.
This question has been addressed in [2, 68]. The n-dimensional Hausdorff measure and the n-
dimensional spherical Hausdorff measure are of course intrinsic measures on a sR structure, because
a sR manifold is a metric space for the corresponding sR distance. The Popp measure, introduced in
[68], is another canonical measure, associated with the sR metric and with the flag structure, in the
equiregular case. It is even “doubly intrinsic”, in the sense that it commutes with nilpotentization,
as recalled below.

In M\ .7, the Popp volume is defined as the inverse image of |v; A-- - Av,| under the canonical
isomorphism!!

r(q)

AN (T3 M) = A" ( D D’f@)/D’f-l(q)) |
k=1

where v, is the canonical volume form on D(q)*/D(¢)*~! induced by the Euclidean structure
coming from the surjection D(q)®* — D(q)*/D(q)¥~! defined with Lie brackets modulo D(q).
The corresponding measure P, smooth M \ .7, is called the Popp measure.

By construction, the Popp measure is invariant under local sR isometries. Actually, if the group
of sR isometries acts transitively on M, then the Popp measure is the unique invariant measure,
up to scaling (see [9]). If M is a Lie group equipped with a left-invariant sR structure (and thus in
particular if M is a Carnot group), then, since the left action is an isometry, the Popp measure is
left-invariant. In this case, by uniqueness (up to scaling) of the Haar measure on a locally compact
topological group, the Popp measure is therefore a constant multiple of the Haar measure. In
particular, this is the case on the nilpotentization of the sR structure at some given point.

Moreover, the construction of the Popp measure commutes with nilpotentization, in the fol-
lowing sense. Let ¢ € M \ . be arbitrary. We denote temporarily by Pys the Popp measure on

M associated with the sR structure (M, D, g), and by Pz, the Popp measure on M? associated

Hndeed, following [5], considering a basis (e1,...,en) of TyM that is adapted to the flag, that is, such that

e; € Dwi(q)(q), the wedge product e; A --- A e depends only on e; mod DZ}U"(Q)fl. This induces the canonical
isomorphism.
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with the sR structure (]\/Zq,ﬁq,ﬁq). Note that, since the sR structure (]\/Zq,ﬁq,ﬁq) is a class of
equivalence under sR isometries and that the Popp measure is invariant under sR isometries, it

follows that Py, is an intrinsic measure on MY. Let 1) be a chart of local privileged coordinates

at ¢ (note that this is as well a local sR isometry), and let l/DEq be the nilpotentization of Py; at
q in this chart. Then mq = Pg;,- Since it is an intrinsic object, we simply denote it by pa.

When the singular set . is stratified by equisingular smooth submanifolds, the Popp measure
can also be defined along each stratum . of . (see [11]): the construction is the same as above,
considering the sR flags of D N7T.¥;, and gives a smooth measure on each stratum.

As noticed in [41, Corollary 4.5], it is remarkable that, given any compact subset K of M,
there exists C' > 0 (depending on K) such that & < P1(B9(0,1)) < C for every g € M\ .# (even
near ). Indeed, it follows from the explicit expression of the Popp measure given in [9] that, in
M\ .7, the Radon-Nikodym derivative ‘2—5 is bounded above and below, up to scaling, by % The

claim then follows from (80) and (84).
In Section 2, we introduce a new canonical sR measure, that we call the Weyl measure, which
is of a spectral nature, in contrast to the Popp measure that is of algebraic nature.

A.8 Schwartz kernels, heat kernels

We set P(M) = C°(M) and we denote by /(M) the space of distributions on M, i.e., the
topological dual of (M) endowed with the weak topology. Let u be a smooth measure on M.

A.8.1 Schwartz kernels

According to the Schwartz kernel theorem, there is a linear bijection between 2'(M x M) and
the set of bilinear continuous functionals on Z(M) x Z2(M). Given a linear continuous mapping
A:P(M) — D' (M), the Schwartz kernel of A is the unique distribution [A] € 2/(M x M) defined
by

(Af, 9o ny,o0m) = ([Al,g@ f) Vg€ 2(M)

where (-, -) is the duality bracket.
When [A] € C°(M x M), identifying the distribution bracket by an integral with respect to the
measure p ® p and denoting by [A],, the density function, we have the familiar formula

Af(q) = /M[A]u(q,q’)f(q’)du(q’) VaeM  Yf e 2(M).

We stress that, although the density function [A], depends on pu, given any ¢ € M, the absolutely
continuous measure [A],(q, -) du(-) depends only on A: it does not depend on the smooth measure

1, in the sense that
(Al (g, ) du(-) = [Alu(q, ) dv ()

for any other smooth measure v on M.

Actually, in geometric terms, [A] is a continuous section of the bundle 75 (Q7) on M x M,
where Q) is the line bundle of smooth measures (densities) on M and w5 : M x M — M is the
projection defined by m2(q,q’) = ¢'.

Similarly, the diagonal part [A],(q,q)du(g) is an absolutely continuous measure, which does
not depend on p. Denoting by M the operator of multiplication by f, we have

Te(AM;) = /M[Amq, Of@)dule) Ve D).
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A.8.2 Heat kernels

Let A : D(A) — L*(M,u) be a densely defined operator on L?(M, 1), generating a strongly
continuous semigroup (e*4);>o. For every ¢ > 0, the heat kernel e4(t) associated with A is the
measure on M defined as the Schwartz kernel of ¢4 i.e., ea(t) = [e!4]. Of course, it does not
depend on p.

When this measure has a density [e**] » With respect to p which is locally integrable, we define
the heat kernel e ,,(t, -, -) associated with A and with the measure u by ea (¢, ¢,q") = [e!],(q,¢')-
This means that

ult,q) = (@ f)(q) = / ean(t. 0, ) F(d) du(e)
M

is the unique solution to dyu — Au = 0 for ¢t > 0, u(0,-) = f(-), for every f € Z(M). In other
words, we have

ea()(q,q) = [e"N(a,¢") = eanlt,q,d)dplq’) V>0 Vg, € M.
As said above, this expression depends only on A, not on the smooth measure .

Extending e4,, by 0 for ¢t < 0, for any fixed ¢' € M the mapping (t,q) — ea,.(t,q,¢") is also
solution of (0; — A)ea (-, q") = 60,4y in the sense of distributions, where the distribution pairing
is considered with respect to the measure dt x du(q) on R x M.

We gather hereafter some useful facts.

e Let ¢ : M — M be a diffeomorphism, representing a change of variable in the manifold M. We
have o* 1 = |J, ()|, where J, () is the Jacobian of ¢ with respect to x, and where ¢* 1 is the
pullback of p under ¢. Then

ep g u(t;,4") = |Ju(0) (@) ea u(t, 9(a), 9(q'))
no_ 1 e ’
eapnl(t,q,q) = T @ Au(t q,q) (85)
e«p*Atp*,sa*u(tu q, q/) = eA,M(tu @(Q)v (P(q/))

for every t > 0 and all ¢q,¢' € M. Note that the last one follows from the two first ones, in
which we have replaced A with ¢*Ap. in the second one. The two first formulas in (85) are
not symmetric, but there is no contradiction there: indeed if A is selfadjoint in L?(M, p1) then
€4, is symmetric, but A need not be selfadjoint in L?(M, * 1) and thus €A, o+ need not be
symmetric. Actually, given any other smooth measure v on M, we have

ega*Aga*,u(ta q, q/) d(SD*M) (ql) = eQO*AQO*,V(t7 q, ql) dl/(ql)

e As a particular case, given any A > 0, we have Aea r, = €4 -
e Given any ¢ > 0, the kernel associated with ¢2A and with the measure v is

ec2a,(t,q,q) =ean(et,q,q) Vt>0  Vq,q € M.

e We assume that p = hr with h a positive smooth function on M (density of p with respect to
v). Then h(q)ea(t,q,q') = ea(t,q,q") for all (t,q,q") € (0,400) x M x M, or equivalently,

ean(t,q,q')du(q’) = eau(t,q,q")dv(q).

e Let (Mj, 1) and (Ma, p2) be smooth manifolds with smooth measures. For i = 1,2, let A; :
D(A;) — L*(M;, ;) be a densely defined operator on L?(M;, u;), assumed to generate a heat
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kernel that has a density ea, ., = e, (£, ¢, q;) with respect to p; which is locally integrable.
We define M = M; x Ms and g = p1 ® po and we consider on M the operator

A= (A1)g + (A2)g, = A1 @ idpg, +idar, ® As.

We have
eA,H(t7 (QIa Q2)= (qi, (Jé)) = CAy,m (tv q1, Qi) €Az, pz (tv q2, qg) (86)

for every ¢t > 0, all ¢1,¢] € My and all ¢o, ¢} € Mo.

A.8.3 Sub-Riemannian heat kernels

In this paper, the above facts facts are applied to the nonpositive selfadjoint operator A : D(A) —
L?(M, ,u) (defined by (72)) or to the operator / At (nilpotentization of A, defined by (78)) defined
on D(Aq) ={fe€ LQ(M‘? a) | Adf € L2(M9,[i%)}. Note that, according to Remark A.5, the
operator IXE (Aq) — L2 (M 9, 09) is essentlally selfadjoint, and since M4 is complete (mdeed
sR balls of small radius are compact, and M? is invariant by dilatations) A is selfadjoint (see
[33]). Therefore, both operators generate strongly continuous contraction semigroups.

Under the Hérmander condition Lie(D) = T'M, the operators d;— A and Bt—ﬁq are hypoelliptic
and therefore the corresponding heat kernels have smooth densities: we denote by e = ea , the
density of the heat kernel of A with respect to u, defined on (0, 4+00) x M x M, and by €% = €Ra g

the density of the heat kernel of A with respect to 19, defined on (0, +00) x Ma x Ma. By the
maximum principle for hypoelliptic operators (see [17]), the smooth functions e and €? are positive
symmetric (see [33]).

Note that the nilpotentized heat kernel €7 satisfies the homogeneity property

6@ &9(e%, 5. (), 6. (2')) = &9(t, z, ) (87)

for every £ € R\ {0} and for all (¢,z,2’) € (0,4+00) x R™ x R".

Exponential estimates for sR heat kernels. It is well known that, for every compact subset
K of M, for every ¢ € (0, 1] and for every T > 0, there exist C7,Cy > 0 such that

C'1 ox - dsR(Qv q/)2 e / CZ ex - dsR(Qa q/)2
11(Ber (¢, V1) p< 4 —o)t )< (0. 0) S S VD) p< (d+ et > (88)
and
- 1 C. dsr(q,q')?
108 Xielts 0, | < i s V) <‘ A+ o) ) (89)

for all ¢,¢' € K, for every ¢t € (0,T), for all 41,...,is € {1,...,m} and for every s € N*, where
X' =Xy, -+ X, I = (i1,...,is) and |I| = s. Here, X! means that the derivation X' is applied
with respect to the variable ¢. In particular,

& - Co
X
/L(BSR(qv \/E)) IU(BSR(qv \/E))
These exponential estimates have been established, e.g., in [33, 53, 56, 78, 79, 88] (see also [32,

Appendix C] for a survey and more results on this issue). Actually, the estimates (90) along the
diagonal imply the general estimates (88) by standard considerations.

e(t,q,q) < Vge K Vte (0,T). (90)
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B Parameter-dependent sR heat kernels

We recall here results that have been established in [32] in the more general framework of Hérmander
operators. Hereafter, to avoid technicalities, we specify the statements to sR Laplacians.

Let M be a smooth connected manifold and let 2 be an open subset of M. Let m € N* and
let IC be a compact set. For every 7 € K, let u” be a smooth density on M, let X7,..., X be
smooth vector fields on M, all of them depending continuously on 7 in C*° topology. We denote
by ¢7 the corresponding sR metric. We consider the sR Laplacian

m m

AT =Dy e == > (X])XT =D (X])? + divyr (X])X])

=1 i=1

where the star is the transpose in L?(M,u7). We assume that the Lie algebra Lie(X7,..., X))
generated by the vector fields is equal to T, M at any point ¢ € M, with a degree of nonholonomy
that is uniform with respect to 7 € KC (uniform Hérmander condition).

We still denote by u” the volume induced on Q. Let D(AT) be a subset of {f € L*(Q,u") |
(AT f)jo € L*(Q,pu")}, standing for a domain of AT for which (A7, D(AT)) is selfadjoint and
generates a strongly continuous contraction semigroup on L?(€, u7) and thus a smooth positive
symmetric heat kernel e7(t,q,q’) = ear i~ (t,q,¢") on (0,400) x Q x Q.

B.1 Hypoelliptic Kac’s principle

Let ; be another arbitrary open subset of M. We define the operator AT on L?(, u7) exactly
as we did above on €, so that the selfadjoint operator (A, D(AT)) generates another smooth
positive symmetric heat kernel €] (¢, q,¢") = ear u(t,¢,q") on (0,+00) x Qy x Q1.

Theorem B.1 ([32, Theorem 3.1]). For all (k,c,3) € N x N? x N9, we have
(OF050,e7)(t a,4) = (0705 0e])(tq,4') + O(™)
as t — 0T, uniformly with respect to 7 € K and to q,q’ varying in any compact subset of QN Q.

Theorem B.1 reflects Kac’s principle of “not feeling the boundary”, showing that the small-time
asymptotic behavior of the heat kernel is purely local. The above version is moreover uniform with
respect to parameters.

This result, which follows from uniform local subellipticity estimates, is particularly useful to
develop local arguments using the heat kernel in small time.

B.2 Continuity with respect to parameters

Theorem B.2 ([32, Theorem 3.2]). The heat kernel €™ is smooth on (0,400) x Q x Q, for every
T € K, and depends continuously on 7 € K in C°°((0,+00) x  x Q) topology.

Theorem B.2 is obtained, first, by applying the Trotter-Kato theorem in general semigroup
theory (see, e.g., [34, Chapter III]), which gives dependence in C'~>° for the weak-star topology;
second, dependence in C'*° topology is obtained by using the Heine-Borel property, because, by
uniform subellipticity, the family (e”),ex is bounded.

This result can be applied to singular perturbations A7 of A, It generalizes to hypoelliptic
operators well known results established for elliptic operators (see, e.g., [60]).
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C Small-time asymptotic expansion of sR heat kernels near
the diagonal

Using the notations and assumptions made in Appendix A, let ¢ € M be arbitrary (regular or not)
and let U be a relatively compact open connected neighborhood of ¢ in M. Recall that e = ea
is the sR heat kernel associated with the sR Laplacian A defined by (72) (see Appendix A.8.3).

Hereafter, we identify M9 ~R" (with a sR isometry).

Let 7 : U — V C R™ be a chart of privileged coordinates at ¢, such that 1¥?(¢) = 0, where
U is a neighborhood of ¢ in M and V is a neighborhood of 0 in R™. Let ¢y > 0 be small
enough such that 02(V) C U (and 6.(V) C V) for every ¢ € (—eg,€0), where the dilations are
defined by (77). By definition of the nilpotentization, for every i € {1,...,m}, the vector field
(X:)1 = 5(5‘1) X, converges to qu in C* topology as € — 0 (see Section A.5.3). Also, the metric
g? = £72(62)*g converges to the nilpotentized metric g? (see Section A.5.4), and the smooth
measure pud = |a|_QM(‘J) (02)*p converges to the nilpotentized measure f? (see Section A.5.6).
Hence the operator

28 = 20 6. = 3 (X027 +divya ((5)2) (X))

i=1

converges to AT = POy ()’5;1)2 in C* topology (use Remark A.5).

Extending the vector fields (X;)? (and thus the differential operator A?) and the measure p?
by 0 outside of the neighborhood V', we obtain a selfadjoint operator (AZ, D(AZ)) on L?(R™, ug),
which generates a strongly continuous contraction semigroup. Its Schwartz kernel restricted to
(0,400) x V x V has a smooth density, which is the smooth positive symmetric heat kernel denoted
by el = eas 9. The subscript ¢ underlines that the nilpotentization is performed at the point
g. Tt follows from Theorem B.1 (in Appendix B.1) that the way we extend has no impact on the
small-time asymptotics of the heat kernel. Therefore we have

el(s,z,7') = [g]2" @ e(2s,89(x), 64(2")) + O(|e]®) (91)

as € — 0, in C'*° topology. Besides, by Theorem B.2 (in Appendix B.2), eZ converges to €? in C'*°
topology as € — 0. Hence, at this step, we have obtained that

lim el(s,z,a') = lim 1e]2" @ e(e25,62(x), 59(a')) = &(s, x,2') (92)
e—

uniformly with respect to (s,z,2’) on every compact subset of (0,400) x R™ x R™. Moreover,
when ¢ is regular, taking smaller neighborhoods U and V if necessary so that every point of U
is regular, all operators and functions above depend smoothly on ¢ and the convergence (92) is
uniform with respect to g. When ¢ is singular and when the singular set is Whitney stratified, the
same conclusion is true along each stratum along which the sR welghts remain constant. In other
words, setting X = Xq g* =799, u =p, A0 = A7 and e =¢?, we have the following result.

Lemma C.1. The family (e2)oc[—z, .z, depends continuously on e in C*((0,+00)xV xV') topology.
If the singular set (set of singular points) is Whitney stratified by equisingular smooth strata, then
the family depends continuously on (e,q) along each stratum.

Remark C.1. In particular, the function ¢ — e%(1,0,0) (resp., the function (e,q) — €%(1,0,0)
along strata of the singular set) is continuous, and its value at £ = 0 is €%(1,0,0).

These facts are developed in detail in [32, Part I]. In particular, (92) gives the first term of
the small-time asymptotic expansion of the heat kernel. Smoothness with respect to ¢ and the
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complete expansion, which are much more difficult to obtain, are given in the next theorem, which
is the main result of [32].

Theorem C.1 ([32]). The family (e).c[—c,,co) depends smoothly on e in C*°((0,+00) x V x V)
topology. Given any N € N*, we have the asymptotic expansion in C*°((0,4+00) X V x V)

ed(s,a ') = || 2" @ e(s,89(x), 64(a")) + O(||™)
N (93)

=e(s,z,2')+ > e fi(s,x,2") + oY)
=1

as € — 0, where the functions f{ are smooth and satisfy the homogeneity property
[, ,a") = 716|215, 6e(), 8:(a) (94)

for all (s,z,2') € (0,+00) x R" x R"™ and for every ¢ # 0. In particular, f{(s,0,0) =0 ifi is odd.
Taking s = 1, e = \/t and setting al(z,2") = f1(1,2,2'), it follows that, given any N € N, we
have the asymptotic expansion in C*°(V x V)

N
M .
12 ¢ (1,67 (2), 80, (a)) = @1(1,2,0) + 3 720l (w, ') + o(t/?) (95)

=1

as t — 0T, where the functions af are smooth and satisfy a5; ,(0,0) =0 for every j € N*.

Moreover, if q is reqular, then the above convergence and asymptotic expansion are locally
uniform with respect to q, and the functions €7, fI and a! depend smoothly (in C*° topology)
on q in any open neighborhood of q consisting of reqular points. If the manifold M is Whitney
stratified by equisingular smooth strata (i.e., the sR weights wi(q), ..., wy(q) are constant along
each stratum) then the latter property is satisfied along strata.

Remark C.2. As a particular case, take z = 2’ = 0 in (95) and set ¢;(q) = a5;(0,0). Since
agjfl(O, 0) = 0, it follows that, given any N € N, for every ¢ € M,

12" @D/2 et g, q) = 2(1,0,0) + e (q)t + - - + en (@)t + o(tY) (96)

as t — 0T. Moreover if ¢ is regular then the functions ¢; are smooth locally around g. This
small-time expansion of the heat kernel along the diagonal was already known (see [13], see also
[66]). The equivalent tQM(q)/Qe(t, q,q) ~ €%(1,0,0) gives the main term in the local Weyl law in
the equiregular case.

The expansion (93) is more general because, in addition to have identified the main coefficients
in terms of the nilpotentization, the expansion is valid in an asymptotic neighborhood of the diag-
onal, which is instrumental to derive the microlocal Weyl law and to treat the case of singular sR.
structures, as done in the present paper.

D Asymptotic expansions of some integrals

D.1 Integrals with a single layer
In the following, given any G' € C°°(R?), any k € Z and any j € N, we define
7(G)(x) :/ e (rn D) Dar vee 00).
T

P T
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Proposition D.1. We have

J+1
G (z) = a™nOAD By () 4 max0k+1>ZF ln —  VYze(0,1) (97)
for some Fy, ..., Fj11 € C*(R), and more precisely,
Jj+1
ZZ'/ LG (7, 0) In? —dT—I—kaZF 1n— if keN,
1
G(S_’ (1)) In/ ™t — —I—/ G0,¢) — G(0,0) In’ —ds
. J R € 5
HIG) ) = 1 o
G(r,0) —G(0,0), . T ~ i1
: —1In’ —d Fi(z)In" = k=-1
—I—/O = nxT—l—xZ (x)nxzf ,
2 ki 1 o 1 J+1 1
2 7 /0 e VT O1G(0, ) In? gds—l—%ﬂ(m)lnp; if k<-—

for every x € (0,1), for some Fy,...,Fjy1 € C°(R). The function I}[G](x) can be written as a
sum (over p) of formal series as x — 0%, multiplied by In’ %, where the coefficients are distributions.
When G is only continuous, we get only the first term in the asymptotics as x — 07. When G
is only of class C* and k = —1, we get only the three first terms (i.e., we replace the sum involving
the F;’s with a remainder term).
Moreover, for every i € N, we have

A L (FHLH20 gigsrivico, 0) if keN,
Fi(0) = (98)
s ! ! TR pkigi(0,0) if ke —N
1 — .
1 (—k—1+ 20) i 2

Remark D.1. If G is even with respect to its second variable (i.e., if G(7, ¢) is a function of (7, £?2)),
then 05G(7,0) = 0 for every i € N odd and hence many terms vanish in the above expansion; in
particular, (98) implies that Fj; has the parity of k+ 1 if £ € N and is even if k € —N*.

Remark D.2. If G does not depend on 7 then 01G(7,e) = 0 for every i € N*, and, by (98),
Fi1(x) = Fj41(0) + O(a>) with Fj41(0) = 547 (k+1)‘ak+1G(0 0) if k > —1 and Fy1(0) = 0 if
k < —2. Moreover, for k = —1, the functions F;, i =0,...,j + 1, are even.

Proof. We define
1
_ 1
Ji[G)(z) = / rkG(T,f) Ind — dr.

T T
Using the change of variable u = Z, we have IG)(z) = 2107, [G)(z) where G(r,e) = G(e, 7).
Actually, we are going to prove that, given any G € C°°(R?), Ji [G](z) has the same expansion
as I][G](z), except that In’ T is changed to In’ 4 . and In/ L is changed to In’ £. This gives the
proposition. Let us then establish the result for JJ [G](x).

Using the change of variable u = Z, we first note that

RIGIa) = Y1y ()bt L (G,
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and thus it suffices to prove the statement for k& € N.
Second, since J[G] is continuous and

JG) () = —a* I é Gla,1) + 2 Ji_[0:G)(x),

it follows that Jg [G] is at least of class C* when k € N.
Now, if G(1,&) = O(72Y +&2V) for some N € N*, then G(r,¢) = 7V G1(1,¢) + eNGa(r, ) for
some G1,Go € C*°(R?), and it follows that

J .
j j i—i (J il i s
RIGI) = Honlenle) + Y1 (1)at e L lelie)
i=0
and thus J/[G] is at least of class CN—F=2,
Therefore, taking N sufficiently large, it suffices to check the result on monomials G(7,¢) = 7Pe?

with p,q € N: we have JZ [G](z) = a1 f; ThtP=a]ns 1 dr and the result is then easily established.
The case k = —1 is treated separately, writing G(7,u) = G(0,u) + 7G1 (7, u) with G; continuous.
O

Remark D.3. When k= —1 and j = 0, assuming that G is only of class C2, we have

14 1 1 _ 1 _
26 = [ 16(n L) i = ooy [ LOIZC0D ., [ERDZCR0
z T T x 0 e 0 T
1 — j—
+(91(92G(O,0)xlnl + (_ 21G(0,0) — 9:G(0,0) +/ A G(0,¢) 51G(2,20) £010:G(0,0) de
x 0
1 — —
+/ 826'(7,0) 62G(0,20) 78182(?(0,0) dT)LL‘-i—O(,T)
0 T

as z — 0%, i.e., we have identified the four first terms of the expansion.

D.2 Nested integrals
Let p € N* be arbitrary. Given any G € C*°(RP™!) and any (ki,...,k,) € ZP, we define

1 1 1 1
k k k k €z
Iy, ... kp[G](x):/ 7'11/ 7'22/ 7'33---/ TP G T, Ty, dry - --dm
x x x T Tl"'Tp
71 T1T2 CTp—1

T1-

for every z € (0,1). Setting kp+1 = —1, we define s € N* and (j1,...,Js) € Z° so that {j1,...,js} =
{k1,.. . kpt1} and j1 = min(ky,..., kpp1) < jo < --+ < js = max(k1,...,kpy1). For every i €
{1,..., s}, we denote by m; the “multiplicity” of j;, that is, the number of integers ! € {1,...,p+1}
such that k; = j;. In particular, my = #argmin(k1,...,kp41) € {1,...,s+ 1} is the number of
elements k; reaching the minimum j;.
Proposition D.2. We have
S
Iy, [Gl(2) = ZE(:C):E”JFW Inz/™ =1 Vze(0,1), (99)
i=1
i.e., the function Iy, .. ,[G](x) can be written as a sum of s formal series multiplied by In’ 1. where
the coefficients are distributions (thus, depending on integrals and derivatives of G). Moreover,

Ikl.,...,kp [G](a:) _ C(G) xj1+1| 1na:|m1_1 +o (xj1+1| lnx|m1_1)
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as x — 07, for some C(G) € R. Actually, C is a Radon measure.

Concentration properties. Denoting G(11,...,7p,£), we say that we have “c-concentration”
whenever C(G) depends only on G restricted to e = 0. We say that we have “r-concentration” if
there exist at least one index i € {1,...,p} such that we have concentration on 7, =0, i.e., C(Q)
depends only on G restricted to T; = 0 (in other words, C is Dirac in its i'"* variable). In this case,
we say that we have T-concentration at minimal index i € {1,...,p} if we have concentration on
7 = 0 but not on 7; =0 for any j < i, i.e., C is absolutely continuous with respect to its (i — 1)
first variables and is Dirac in its i one.

We have e-concentration if and only if k; > —1 for everyi € {1,...,p}. We have T-concentration
if and only if j1 < 0 (i.e., at least one of the integers ki, ..., ky is negative); in this case, we have
concentration on 7; = 0 at least for all indices i € {1,...,p} such that k; = j1 = min(kq, ..., kpi1)

and, denoting i1 the minimal index of those k;, we do not have concentration on 7, =0 if i < i7.
The explicit expression of C(G) is complicated in general. It is given below for p =1 and p = 2.
In the particular case where ky = --- =k, = j1 <0:

e if j1 < =2 then ms = s and C(G) = ﬁfol e 172G(0,...,0,¢) de;
e if j1 = —1 then my = s+ 1 and C(G) = £G(0,...,0).

To prove Proposition D.2, setting G, (72,...,7p,x1) = G(71,72,...,Tp,x1) for every z1 > 0
(we will take x1 = x/71), we first note that

1
_ k1 z
Iklv"'xkp [G](J:) - /z T Ik2)~~~)kp [Gn] (7_1) dTl-

Then, similarly, we have

1
Z1
Ik27~~')kp[GTl](‘T1) :/ T§2Ik3;~~~7kp[GT17T2]( )dTQ
T 7—2

where G, ,(73, ..., Tp,x2) = G(T1,...,Tp, x2) (we will take xo = x1/72), and so on until we reach

1
_ k Lp—1
Ikp [GT17~~~)TP71:|(:L.Z)_1) - / TpPGTl7~~~;Tp—1 (TP7 ) dTP'
Tp—1 Tp

By applying iteratively (97) in Proposition D.1, we obtain (99). Besides, recalling that kp41 = —1,

setting e, =1 for i =1,...,s, and €41 = —1, we establish by induction on s that

p+1  pt+l
/ / / / mhedr, - -odry = (=1)° > & [[ (ki — k)7t (100)

x 7 et =1 -
for any (k1,...,kp) € RP (not only integer) if k1,...,kpt1 are paiwise distinct; when m of them
are equal, k;, = --- = k;_, the linear combination of z*1 1 .. zFm+1is replaced with the linear
combination z¥1 1 (co 4 c1|In@| + -+ + 1| In 3:|m’1) where the coefficients ¢; can be explicitly
computed by Taylor expansions In particular, if ky = --- =k, = j1 then (100) is equal to —| In x|P

when j; = —1, and to mx A Inz|P~1(1 + o(1)) (as @ — 07) when j; < —2.

The concentration properties are established by Taylor expansions and by considering monomial
functions G as in the proof of Proposition D.1.

Case p = 1. By Proposition D.1, the dominating term of Iy, [G](z) as z — 07T is:

° fo 1G (11,0) dm if k1 > 0 (no 7-concentration, concentration on € = 0);
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e G(0,0)In1 if k; = —1 (concentration on 71 = 0 and on € = 0);

¢ (fol e k=2G(0,¢) da) xR if ky < —2 (concentration on 71 = 0, no e-concentration).

Case p = 2. Starting from Iy, 1, [G](z) = f; ™I, [Gn](%) dry, using Proposition D.1, we
obtain that the dominating term of Iy, ,[G](z) as & — 07 is:

1 1
/ T{“/ T§2G(71,72,0)d72d7'1 if by >0and ks >0
0 0

1
(/ 2G(0,72,0) d72> |lnz|  ifk =—1and ko >0

0

1 1
(/ s_k1_2/ T§2G(O,Tg,£) dm da) xhtl ifk1 <—-2and ko >0
0 5

1
(/ TflG(Tl,O,O)dT1>|1n;E| if ky > 0and ky = —1
0

1
5G(0,0,0)|1nx|2 if by = —1and ky = —1

1 1
1
(/ gh2 / —G(0,75,€) drade ) A1+ i ki < —2 and hp = 1
0 e T2

1 1
(/ Tf17k271 / 5_]”_26'(7'1,0,5) de dn) U if ki1 > ko +1 and ke < —2
0 0

1
(/ e M72G(0,0,2) d€> 2 Ina| ik = ks and by < -2
0

1 1
(/ ukz—k1_2/ E_kQ_QG(O,u,E) de du) xhtl if k1 <ksg—1and ko < -2
0 u

E Subanalytic sets and functions

In this appendix we concisely recall the definitions and main properties of subanalytic sets and
functions, as well as some desingularization and cell preparation theorems for subanalytic functions,
from which we derive some useful results. This section is based on the references [15, 26, 27, 48,
55, 58, 59, 61, 72, 73, 84, 86, 87].

E.1 Reminders on subanalytic geometry

Definitions. Given any n € N* and any real analytic manifold M of dimension n, a subset
X C M is locally semianalytic if for every x € M there exists an open neighborhood U of z in
M such that, in a local analytic chart, X N U can be defined by a finite number of equalities and
inequalities using real analytic functions on U.

The projection of a locally semianalytic set, even compact, may fail to be locally semianalytic
(see [61]), this is what has motivated the definition of subanalytic sets.

The subset X is locally subanalytic if for every x € M there exists an open neighborhood U
of x in M such that, in a local analytic chart, X N U is the projection of a relatively compact
semianalytic set, i.e., there exists a real analytic manifold NV and a relatively compact semianalytic
subset A C M x N such that X NU = w(A) where 7w : M x N — M is the canonical projection

(see [15]).
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Assuming that M is an analytic submanifold of R™, the subset X C M is globally semianalytic

(resp., globally subanalytic) if its image under the natural embedding (x1,...,2,) — (112 1 -+
Z,) from R™ to the projective space P™(R) is a locally semianalytic (resp., locally subanalytic)
subset of the analytic manifold P™(R) (see [27, 55, 58, 86]). Here, (1 : @1 : -+- : x,) is the

equivalence class of the collinearity equivalence relation in R™*1\ {0}. One can equivalently use
other embeddings provided they have a subanalytic graph (see [55]).

Hereafter, when we speak of a globally subanalytic subset X C M, it is understood that M is
an analytic submanifold of R".

Of course, globally semianalytic or subanalytic sets are locally semianalytic or subanalytic.
Any relatively compact subset of M is locally subanalytic if and only if it is globally subanalytic.
For instance, N is analytic but is not globally subanalytic. The graph of the sine function in R? is
locally but not globally subanalytic.

The class of (locally or globally) subanalytic sets is stable under locally finite unions and
intersections, taking complement, interior, closure, product, image under proper analytic mapping,
taking connected components. Moreover, the family of connected components of such a set is locally
finite (see [15, 61]).

Given a real analytic finite-dimensional manifold N, a mapping f : X — N is (locally or
globally) subanalytic if its graph is (locally or globally) subanalytic in M x N. The composition of
two globally subanalytic mappings is globally subanalytic, while the property may fail for locally
subanalytic mappings (unless one adds an adequate properness property, see [55]). A function
f: X — R on a globally subanalytic set X is globally subanalytic if and only if f and 1/f (defined
on X \ f71(0)) are locally subanalytic.

Smoothness and stratification properties. Any (locally or globally) subanalytic subset X of
a real analytic finite-dimensional manifold M is Whitney stratifiable, with a locally finite number of
strata that are connected analytic submanifolds of M and are also (locally or globally) subanalytic
sets (see [15, 84]). The topological dimension dim X of X is defined as the maximal topological
dimension of its strata. The singular set of X, which is a closed (locally or globally) subanalytic
subset of X of codimension at least one, is the union of strata of dimension less than dim X.

We recall that a stratification of M is a locally finite partition in smooth submanifolds (strata),
such that, if the stratum .} has a nonempty intersection with the closure ., of another stratum
S then .7} C .%. The strata are glued one to another, at their boundary, according to some
rules. The most standard ones are the Whitney (A) and (B) conditions: assuming that ., C .75,
(A) if a sequence of ¢ € % converges to ¢ € .¥; then T C limy, T, %2; (B) if two sequences
g € S and ¢, € ) converge to the same ¢ € % then the limit of the chords [gx,q;,] (in
local coordinates) is contained in limy, Ty, . provided that both limits exist. We then speak of a
Whitney stratification.

Finer stratifications concepts and results can be found, e.g., in [61, 72].

Uniformization and rectilinearization. Let X be a closed (locally or globally) subanalytic
subset of a real analytic manifold M of dimension n.

According to the uniformization theorem, there exists a real analytic manifold N of the same
dimension as X and a proper real analytic mapping ¢ : N — M such that X = ¢(N).

According to the rectilinearization theorem, on every compact subset of M there exists a locally
finite covering on each component of which there exists an analytic mapping ¢ : R” — M such
that, locally, =1 (X) is a union of quadrants of R", where a quadrant is a subset of R" defined by
xz;=0o0rx; >0o0rx; <0, forie{l,...,n}.

These theorems have first been proved in [18] by desingularization and resolution of singularities
(following the deep celebrated [17]), and later in [15] by a more direct and elementary approach in
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the context of what is now called subanalytic geometry.

As concerns functions, any bounded globally subanalytic (not necessarily continuous) function
f: X — R can be desingularized as follows: there exists a real analytic manifold N of the same
dimension as X and a proper analytic mapping ¢ : N — M (which is a local diffeomorphism on a
dense subset of N if moreover X = M) such that X = ¢(N) and f o ¢ is locally normal crossings
on the components of N where it does not vanish identically, i.e., f o ¢ can be written in some local
charts as f o ¢(z) = [/, 3" g(x) for some a; € N, for i € {1,...,n}, and some unit subanalytic
function g (i.e., bounded and not vanishing in the chart). Actually, it is always possible to define ¢,
locally and piecewise, as a finite composition of blowings-up, substitutions of powers and shifts (see
[15, 73]). Unfolding such transforms then yields various versions of rectilinearization or preparation
theorems, all of them aiming at writing f, locally, in a “cusp-prepared” (locally fractional normal
crossings) form, as the product of a fractional monomial (i.e., as above but with a; € Q) with a
unit subanalytic function (see [73]), as explained hereafter.

Subanalytic cell decompositions. A subanalytic cell decomposition of R™ is a finite partition
of R™ into so-called subanalytic cells that are disjoint globally subanalytic subsets and analytic
connected submanifolds of R™ having a particular cylindrical form. There exist various possible
cell decompositions (see [27, 58, 72, 86, 87]). Here, we follow [27, 87].

Given any n € N*, we denote by II,, : R"*! — R™ the projection onto the first n coordinates,
i.e., taking coordinates (z,y) € R" = R" x R with x € R” and y € R, we have II,,(z,y) = .

Subanalytic cell decompositions are defined by induction. For n = 1, a subanalytic cell de-
composition C; of R is given by a partition on R in a finite number of singletons {a} and open
intervals (b,¢) with a € R, b € {—oc0} UR and ¢ € RU {+oc0}. Then, by induction, a subanalytic
cell decomposition C, 11 of R™™ is given by a subanalytic cell decomposition C,, of R"™ = II,, (R"*!)
and each subanalytic cell C' € C,, 41 of R"! is such that I1,,(C) € C, (called basis of the cell C)
and either C' is of the form

C={(z,y) e (C) xR | y = a(x)}

called a thin cell in y, where a is an analytic and globally subanalytic function on IL,(C), i.e., C
is the graph of a above the basis IT,,(C), or C is of the form

C={(z,y) € (C) xR | a(z) <y <b(z)}

called a fat cell in y, where a and b are analytic and globally subanalytic functions on IT,(C), with
possibly a = —oco or b = +0o0, i.e., C is a a cylindrical set between a and b above the basis IL, (C).
Moreover, in the fat case, following [26, Definition 3.4] or [27, Definition 3.2 and Definitions 3.4],
it is always possible to write C' in the form

C={(z,y) €My (C) xR | a(x) <§<blx)}  with §=e(y—((x))’

for some €, € {£1} and for some analytic and globally subanalytic functions a, b and ¢ on II,, )
satisfying 0 < a(-) < b(-) < 1, with either a(-) > 0 or a(-) = 0, the graph of ¢ being disjoint from
C. There is an infinite number of possible choices for the function ¢, which is called a center for
C. When 0 < a <b< 1, wecan take ( =0 and ¢ = § = 1 (this is what we use in Section 9.3.3).

Every subanalytic cell of R™ is an analytic connected submanifold of R™ and is also a globally
subanalytic subset of R".

A subanalytic cell decomposition is said to be compatible with a finite number of given globally
subanalytic sets if each of those sets is itself a union of cells. The subanalytic cell decomposition
theorem states that, given a finite number of arbitrary globally subanalytic subsets of R™, there
exists a (finite) subanalytic cell decomposition of R™ compatible with those sets (see [87, Chapter
3, Section 2] or [72, Theorem 1.1] or [36]).
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Subanalytic preparation theorems. Preparation theorems for subanalytic functions are far-
reaching versions of the celebrated Weierstrass and Malgrange preparation theorems. As alluded
above, there are various existing versions in the literature (see [26, 27, 58, 59, 73, 86]), with possible
variants in the reduced normal form or in the definition of the unit functions.

The statement that we give hereafter is based on [27, Theorem 2.4], which extends [58, Théoreme
1] to a finite set of functions, with unit functions defined in [26, Definition 3.8] (this form of unit
function being better suited to our needs; see [26, Proof of Proposition 3.10] to see how it can be
obtained from the more usual unit functions found in [27, 58]).

Given any n € N, we consider R**! = R x R with a system of coordinates (z,y) with z € R®
and y € R. As before, we denote II,,(x,y) = z. Let X be a globally subanalytic subset of R" "1,
let F be a finite set of globally subanalytic functions on X, and let X be a finite set of globally
subanalytic subsets of X. Then, there exists a (finite) subanalytic cell decomposition of R™"*1,
compatible with X, such that, for any subanalytic cell C' C R"*! of that decomposition:

e cither C is thin in y and for every f € F there exists an analytic and globally subanalytic
function @ on the cell IT,,(C') such that f(x,y) = a(z) on C;

e or C is fat in y, of the form C = {(x,y) € I,(C) xR | a(z) < § < b(z)} where §j =
e(y — ¢(z))? and each function f € F can be written in C as

fz,y) = F(z)g*U ((ci(w))lgigN’ (%) w’ (Tga:))lM)

for some o € Q, N, ¢ € N*| £,0 € {£1}, for some analytic and globally subanalytic functions
F,¢ a,b,ci,... cn onthe cell IT, (C), with 0 < a(-) < b(-) < 1 on IL,,(C) and either a(-) > 0
or a(-) = 0, the graph of ¢ being disjoint from C and the functions ¢y, ..., cn taking their
values in [0, 1], and for some unit (i.e., not vanishing) analytic function U on an open subset
of RN¥*+2 containing [0, 1]V+2.

We say that we have prepared the functions f € F with respect to the variable y. Note that, by
permutation, we can prepare f with respect to any of its variables.

Now, the above statement can be iterated, as done in [27, Theorem 3.9], leading to the following
result. Given any n,p € N, we consider R"*? = R" x R? with a system of coordinates (z,y) with
zeR"and y = (y1,...,yp) € RP. For every i € {1,...,p}, we denote I, ;(z,y) = (z,y<;) where
y<i = (Y1,---,¥:), and II,, (x,y) = x. We also use the notation y<; = (y1,...,y;—1) for i > 1.

Let X be a globally subanalytic subset of R"™?_ let F be a finite set of globally subanalytic
functions on X, and let X be a finite set of globally subanalytic subsets of X. Then, there
exists a (finite) subanalytic cell decomposition of R"*P  compatible with X, such that, for any
open subanalytic cell C' C R™? of that decomposition (here, we give the result only for open
cells because this is enough for our needs; for more general results, see [27, Section 3]), for every
1€40,...,p}, we have

L1 (C) = {(z,y<i) € ngi1(C) X R | ai(@,y<i) < Fi < bi(z,y<i)}
where §; = €;(y; — Gi(x,y<;))% and each function f € F can be written in C as
p 1/{1 ~ 1/{1
o ai(T, y<i) Yi
o) = F@) T U (@) cian (H5220) 7 (2 )
};11: e Yi 1<icp \bi(@ <) Jicicy
for some «o; € Q, N, ¢; € N* ¢;,6; € {1} (1 < i < p), for some analytic and globally subanalytic

functions F, c1, ..., cn (defined on I1,,(C)), G, ai, b; (defined on I, 1,1 (C)) satistying 0 < a;(+) <
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bi(-) < 1, the graph of ¢; being disjoint from I, ;(C) and the functions ¢y, ..., ¢y taking their
values in [0, 1], and for some unit (i.e., not vanishing) analytic function U on an open subset of
RN*2P containing [0, 1]V +2P.

E.2 A useful result

The following result'? is, in some sense, a parametric version of Hironaka’s uniformization theorem,

in the spirit of [73, Proof of Theorem 6.1].

Lemma E.1. Let P be a real analytic compact manifold of dimension p and let X be a globally
subanalytic compact subset of P x R™ such that Ip(X) = P, where IIp : P x R™ — P is the
canonical projection. We assume that the fibers X, = {x € R™ | (¢,z) € X} are bounded and
have dimension at most k, for any g € P. Then, there exist a real analytic compact manifold N of
dimension k and a bounded globally subanalytic mapping ® : Px N — R™ such that X = ®(P x N)
and Xy, = ®(q, N) for every q € P.

Proof. By the subanalytic cell decomposition theorem, X is the finite union of (disjoint) relatively
compact cells. Let us first assume that X is a single cell, of dimension p + k. Assuming that X
is sufficiently small (otherwise, do what follows on a finite covering), performing if necessary an
orthogonal change of coordinates and reordering variables, it is always possible to choose a system
of coordinates # = (x1,...,7,) on R™ such that, denoting by II; : P x R® — R’ the projection
defined by II;(¢, ) = (¢, x<;), where g € P and z<; = (21,...,%;):

o for every i € {k+1,...,n} (if £ < n), the subanalytic cell II;(X) is thin and there exists a
bounded analytic and globally subanalytic function a; on IT;_1 (X) such that 2; = a;(¢, x<i—1)
for every (¢,z) € X;

e for every i € {1,...,k}, the subanalytic cell IT;(X) is fat, of dimension p + 4, and there exist
bounded analytic and globally subanalytic functions a; and b; on the subanalytic cell II;(X)
such that a;(q,x<i—1) < x; < bi(q,x<i—1) for every (¢,z) € X (with the agreement that
a1(q) < x1 < bi(q) for i =1).

Now, setting 6§ = (61,...,0x) € [0,1]%, we define the parametrization z1(q,0) = (1 — 61)b1(q) +
01c¢1(q), then x2(q,0) = (1—02)ba(q,x1(q,0))+02c2(q, x1(q, 8)), etc, until xy, and then zg11, ..., 2,
are then defined accordingly in function of (¢, #) by composing with a;. Finally, defining the globally
subanalytic function ¢(q,0) = (z1(q,0),...,2,(q,0)) on P x [0,1]%, we have X = ¢(P x [0,1]%)
and X, = ¢(q x [0,1]¥). The lemma is thus obtained when X is a cell. In the general case, X is a
finite union of cells and to obtain the global statement of lemma, it suffices to proceed for example
as in the proof of [15, Corollary 4.9 or Theorem 5.1] by “pasting” copies of [0, 1]*. O
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