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Effective models for generalized Newtonian fluids through a thin
porous media following the Carreau law

Marfa ANGUIANO!, Matthieu BONNIVARD? and Francisco J. SUAREZ-GRAU?

Abstract

We consider the flow of generalized Newtonian fluid through a thin porous media 2. of thickness £ which
is perforated by periodically distribute solid cylinders of size . Generalizing (Anguiano et al., Q. J. Mech.
Math., 75(1), 2022, 1-27) we do a new and complete study on the fluid described by the 3D incompressible
Stokes system with non-linear viscosity, following the Carreau law of flow index 1 < r < 400, which is scaled
by a factor €7, where v € R. Depending of v and the flow index r, using homogenization techniques, we
derive different effective linear and non-linear lower-dimensional Darcy’s laws.

AMS classification numbers: 76-10, 76A05, 76M50, 76A20, 76505, 35B27, 35Q35.

Keywords: Homogenization, non-Newtonian fluid, Carreau law, thin porous media.

1 Introduction

The incompressible generalized Newtonian fluids is a type of non-Newtonian fluids which are characterized by
the viscosity depending on the principal invariants of the symmetric stretching tensor D[u]. If w is the velocity, p
the pressure and Du the gradient velocity tensor, D[u] = (Du + D'u)/2 denotes the symmetric stretching tensor
and o the stress tensor given by ¢ = —pI + 2n,D[u]. The viscosity n, is constant for a Newtonian fluid but
dependent on the shear rate, i.e. 1. = n,(D[u]), for viscous generalized Newtonian fluids. The deviatoric stress
tensor 7, i.e. the part of the total stress tensor that is zero at equilibrium, is then a nonlinear function of the
shear rate D[u], i.e. 7 =n,(D[u])D[u] (see Barnes et al. [19], Bird et al. [20] and Mikeli¢ [32] for more details).

A commonly used viscosity formula 7, used for describing generalized Newtonian fluids is the power law or
Ostwald-de Waele model (Ostwald, 1925; de Waele, 1923), which is defined by

nr(Du]) = p|Du]|""2, 1<r<+oo, u>0, (1)

where p > 0 is the consistency of the fluid and 7 is the flow index. The matrix norm |-| is defined by [£]? = Tr(£€Y)
with £ € R3. We recall that the generalized Newtonian fluids are classified in two main categories (see Saramito
[34, Chapter 2] for more details):

— Pseudoplastic or shear thinning fluids, where the viscosity decreases with the shear rate, which correspond
to the case of flow index 1 < r < 2.

— Dilatant or shear thickening fluids, where the viscosity increases with the shear rate, which correspond to
the case of flow index r > 2.
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We also recall that the case r = 2 corresponds to the case of Newtonian fluids.

Power law model describes correctly the behavior of polymers at high shear rates, offering the advantage
of allowing analytical calculations in simple geometries. However, it has the disadvantage of not describing a
Newtonian plateau and even predicts an infinite viscosity as the shear rate goes to zero and 1 < r < 2 (see
Agassant et al. [2], p. 49), whereas for real fluids it tends to some constant value 7y called the zero-shear-rate
viscosity. For that reason, other viscosity models are used, which describe better the real behavior of the fluids
but are more difficult to analyze mathematically.

An important model among these ones is the well-known Carreau law, which will be considered in this paper
and is defined by

n-(D]) = (70 — 1o0) (1 + AD[U)?)2 " + 10, 1 <7 <+00, 10 >n0e >0, A>0, (2)

where 1), is the high-shear-rate limit of the viscosity, the parameter A is a time constant and r — 1 is describes
the slope in the power law region.

Related to the generalized Newtonian fluids, the interest in their behavior through thin porous media has
been increasing recently, mainly because of its importance in many industrial processes (see Prat and Agaésse [33]
for more details). For instance, we refer to recent studies by Anguiano and Sudrez-Grau [11, 14, 16], Frabricius
et al. [28], Bunoiu and Timofte [24], Jouybari and T. S. Lundstrém [29], and Yeghiazarian et al. [38], where
the behavior of Newtonian or power law fluids through thin porous media has been considered. However, the
literature on Carreau fluid flows in this type of domains is far less complete, although these problems have now
become of great practical relevance to Chemical Industry and Rheology, for instance in injection moulding of
melted polymers, flow of oils, muds, etc.

In this paper, we consider a thin porous media 2. = w. x (0,¢) C R? of small height ¢ which is perforated by
periodically distributed solid cylinders of diameter of size €. Here, the bottom of the domain without perforations
w C R? is made of two parts, the fluid part w. and the solid part w \ w.. Assuming that the flow is sufficiently
slow to neglect inertial effects, we consider the following stationary Stokes system with a non-linear viscosity
following the Carreau law (2) that we scale by a factor €7, where v € R, in the thin porous media:

—ediv (777'(]1)[“6])1[)[“8]) +Vpe =f in £,
divu. =0 in Q., (3)
ue =0 on 09),.

Vey recently, this problem has been considered in Anguiano et al. [8] in the particular case of pseudoplastic
fluids (1 < r < 2) and v = 1. By using homogenization techniques, when ¢ tends to zero, it was proved that the
mean global filtration velocity as a function of the pressure gradient is given by a non-linear 2D Darcy law of

Carreau type
V(@) =U(f'(a") = Vop(@)), Vi(a')=0inw,

divy V'(2") =0 inw, V'(z)-n=0 on dw, (4)

where n is the outward normal to dw, V' = (V, V), 2’ = (1, x2), and the permeability function U : R? — R?
is defined through the solutions of 3D local non-Newtonian Stokes problems with non-linear viscosity following
the Carreau law (2) and posed in a reference cell.

In this paper, we obtain a new and complete study on the asymptotic behavior of Carreau fluids, given by
(3), depending on the type of fluid and the value of y. We generalize the results obtained in [8] by considering
system (3) not only for pseudoplastic fluids, but also for dilatant fluids and Newtonian fluids, and moreover,
we consider the case v € R. Starting from problem (3), by using homogenization techniques when e tends to
zero, we derive different effective problems depending on the type of fluid and the value of 7. To do this, we

use an adaptation of the unfolding method to define the unfolded velocity and pressure (4., P.) which take into
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account the microstructure of the domain. For instance, in the pseudoplastic case, it holds that (., ]55) satisfies
the following variational formulation (see (75) for more details)

(10 = 7o0) / Y(l + 220D [¢]|) 5Dy ] : Dy [ — &7 %a] da'dy
wX
+ Moo / Dy[] : Dyl — &7 2a]da’dy
wXY

- P.divy (¢ — &7 20L) da'dy > / (¢ =& 2al) da' dy + O,

wXY wXY

and that (e7~ 24, 155) converges, as € tends to zero, in appropriate Sobolev spaces to a pair of functions called
(i1, P). Then, we observe that if v < 1, then 2(1 — ) > 0 and so, Ae?(=7)|D, []|? tends to zero, and if v > 1,
then 2(1 — ) < 0 and so, (1 + Ae2(=7|D,[p]|?)2 7! tends to zero. As consequence, the two first terms of the
previous formulation converge to the linear term

0 / D, l¢] : Dyl — alda’dy,
wXY

with n = ng if v < 1 and n = 9 if v > 1. In the case v = 1, the critical case that couples the nonlinear term
and the linear one, they converge to

(10 — 7700)/ Y(l + )‘|Dy[¢]‘2)g_lﬂ)y[@] Dy — 4] dw’dy+noo/ Y]D)y[sp} 1 Dyl — afda’dy.

Thus, we obtain three different asymptotic behaviors depending on whether the value of v is smaller, equal or
greater than 1. For dilatant fluids, there exist three different convergences of the unfolding velocity depending
on the value of v and, as consequence, three different homogenized models are derived. In summary, we have
the following asymptotic behaviors of Carreau fluids depending on the type of fluid and the value of ~:

(i) For pseudoplastic fluids, we obtain the following asymptotic behaviors depending on the value of v:

— If v # 1, then the effective problem is a linear 2D Darcy law
1
V'(2') = EA(f’(:E/) — Vup')), Vz(')=0 inw,
divy V'(#') =0 inw, V(') -n=0 on dw,

where the permeability tensor A € R2*2 is obtained by solving 3D local Newtonian Stokes local
problems posed in a reference cell which contains the information of the geometry of the obstacles.
The viscosity 7 is equal to ng if ¥ < 1 and equal to 1 if v > 1.

— If v = 1, then the effective problem is the non-linear 2D Darcy law of Carreau type (4), which is
obtained in [8].
(ii) For dilatant fluids, we obtain three different asymptotic behaviors depending on the value of ~:

— If v < 1, then the filtration velocity is zero.
— If v > 1, then the effective problem is a non-linear 2D Darcy law of power law type

A7
Vi(z) = ——
( ) o — Moo
div,/ V(') =0 inw, V() n=0 on dw,

U(f'(@) = Vapla)), Vi) =0inw,

where the permeability function U : R? — R? is defined through the solutions of 3D local non-
Newtonian Stokes problems with non-linear viscosity following the power law (1) and posed in a
reference cell.
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— If v = 1, then the effective problem is a non-linear 2D Darcy law of Carreau type as in the case of
pseudoplastic fluids.

(i4i) For Newtonian fluids, we obtain that, for v € R, the effective problem is a linear 2D Darcy law

V@) = A (@) = Vopla)), ale) =0

divy V(') =0 inw, V'(2')-n=0 on dw,

where the permeability tensor A € R2%2 is obtained by solving 3D local Newtonian Stokes local problems
posed in a reference cell which contains the information of the geometry of the obstacles.

In Table 1, we summarize every asymptotic behavior of the Carreau fluid governing by (3) depending on the
type of fluid and the value of ~:

] I l<r<2 \ r=2 \ r>2 \
<1 Linear 2D Darcy’s law (viscosity 7o) Linear Zero filtration velocity
¥ = Non-linear 2D Darcy’s law (Carreau type) | 2D Darcy’s law Non-linear 2D Darcy’s law (Carreau type)
v>1 Linear 2D Darcy’s law (viscosity 7o) (viscosity no) Non-linear 2D Darcy’s law (power law type)

Table 1: Asymptotic behaviors of Carreau fluids depending on the values of r and ~.

We finish the introduction with a list of references of other recent studies concerning thin porous media.
Some stationary models for different fluids are obtained in Anguiano and Sudrez-Grau [12, 13, 15] and Zhengan
and Hongxing [39], and some non-stationary models are developed in Anguiano [3, 4, 5, 6, 7]. The case of a
Bingham flow is considered in Anguiano and Bunoiu [9, 10] and the case of micropolar fluids in Sudrez-Grau
[36, 37]. The two-phase flow problem in thin porous media domains of Brinkman type has been considered in
Armiti-Juber [17] and an approach for effective heat transport in thin porous media has been derived by Scholz
and Bringedal [35].

The structure of the paper is as follows. In Section 2 we introduce the domain, make the statement of the
problem and give the main results (Theorems 2.1, 2.3 and 2.5). The proofs of the main results are provided in
Section 3. We finish the paper with a list of references.

2 Setting of the problem and main result

Geometrical setting. The periodic porous medium is defined by a domain w and an associated microstructure,
or periodic cell Y’ = (—1/2,1/2)2, which is made of two complementary parts: the fluid part Yjﬁ, and the solid
part T (Y;UT' = Y" and Y/ (N T" = ). More precisely, we assume that w is a smooth, bounded, connected set
in R? with smooth enough boundary dw, that n is the outward normal to dw, and that T” is an open connected
subset of Y/ with a smooth boundary 97", such that 7" is strictly included in Y”.

The microscale of a porous medium is a small positive number €. The domain w is covered by a regular mesh
of square of size e: for k' € Z2, each cell Yy . =¢ek’ + Y’ is divided in a fluid part Yfk,,a and a solid part T}, _,
i.e. is similar to the unit cell Y’ rescaled to size e. We define Y = Y’ x (0,1) C R?, which is divided in a fluid
part Yy =Y x (0,1) and a solid part 7' = 7" x (0,1), and consequently Yy . =Y}, . x (0,1) C R3, which is also
divided in a fluid part Yy,, . and a solid part Ty . (see Figures 1 and 2).

We denote by T(T;,ﬁ) the set of all translated images of 72,75. The set T(T;;vs) represents the obstacles in
R2.
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1

Y, . x(0,6)
Ty . % (0,€) €

™

€

Figure 2: View of the 3D reference cells Y} . (left) and the 2D reference cell Y}, _ (right).

The fluid part of the bottom w. C R? of a porous medium is defined by we = w\Up . Tjs ., Where
K. ={K €7?:Y/_ Nw# 0} The whole fluid part Q. C R? in the thin porous medium is defined by (see
Figure 3)

Qe ={(z1,22,23) Cw xR: 0 < z3 < e} (5)

We assume that the obstacles T(T;/,E) do not intersect the boundary 0w and we denote by S the set of the solid
cylinders contained in e, i.e. S = Upcxe. Thr o % (0,€).

SIS N=vdlk
1=
Figure 3: View of the thin porous media Q. (left) and domain without perforations Q. (right).
We define _
Q. =w: x(0,1), Q=wx(0,1), Q:=wx(0,¢). (6)

We observe that (). = N\ Upe K. Ty =, and we define T. = wer. Thr e as the set of the solid cylinders contained
in ﬁa.
To finish, we introduce some notation that will be useful along the paper. The points z € R? will be

decomposed as x = (2, 23) with 2’ = (z1,22) € R?, 23 € R. We also use the notation 2’ to denote a generic
vector of R?. Let C2°(Y') be the space of infinitely differentiable functions in R? that are Y’-periodic. By L% (Y)

(resp. W#q(Y)), 1 < ¢ < 400, we denote its completion in the norm L%(Y) (resp. Wh4(Y)) and by L§ ,(Y)
the space of functions in LY (Y') with zero mean value.

Statement of the problem. Let us consider the following stationary Stokes system with the non-linear
viscosity following the Carreau law (2) in Q., with a Dirichlet boundary condition on the exterior boundary 9Q.
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and the cylinders 95,
—e7div (UT(D[UE])D[UE]) +Vp. =f inQe,
divu. =0 in Q., (7)

u: =0 on Q. UJS,,
where the second member f is of the form

fa) = (f'(2'),0) with f" € L*(w)*. (8)
We remark that the assumptions of neglecting the vertical component of the exterior force and the independence
of the vertical variable are usual when dealing with fluids in through thin domains (see [21] for more details).

Under previous assumptions, the classical theory (see for instance [21, 22, 30]), gives the existence of a unique
weak solution (u., p.) € Hp ()3 x L2(Qe), for 1 < r < 2, and (ue, p.) € Wy ()3 x L (Q.) with 1/r4+1/r =1,
for r > 2, where L3 (respectively Lgl) is the space of functions of L? (respectively LT/) with zero mean value.

Our goal is to study the asymptotic behavior of u. and p. when ¢ tends to zero. For this purpose, we use the

dilatation in the variable x3 as follows -
ys = 9)

in order to have the functions defined in the open set with fixed height Q.. Namely, we define 4. and p. by
ﬂs(‘r/vyfﬁ) = us(xlvgyii)v ﬁe(x/a yS) = ps(xla5y3)a a.ce. (xlvyS) € ﬁe~

Let us introduce some notation which will be useful in the following. For a vectorial function v = (v/,v3) and

a scalar function w, we will denote D,/ [v] = 4(Dyv + DLv) and 9y, [v] = 5(8y,v + 0L, v), where we denote
Oy, = (0,0, E’Z )t. Moreover, associated to the change of variables (9), we introduce the operators: D, D., div.
and Ve, by

De [v] = % (Dev + Dlv),
(Dov)ij = Og,v; for i=1,2,3, j=1,2, (Dev)igz=¢ "y, for i=1,2,3,
divev = divy v’ + e 1903, Vew = (Vyw, e 10y w)t.
Using the transformation (9), system (7) can be rewritten as
&7 dive (1 (De[@])D: [Ge]) + Vepe = f in Qe
dived. =0 in €, (10)
e =0 on OQUIT..

Our goal then is to describe the asymptotic behavior of this new sequence (i, pe). The sequences of solutions
(lie, Pe) is not defined in a fixed domain independent of £ but rather in a varying set Q.. In order to pass the
limit if £ tends to zero, convergences in fixed Sobolev spaces (defined in ) are used which requires first that (4.,

pe) be extended to the whole domain €. Then, an extension (i, P.) € Wy '%(Q)? x Lg/(Q) is defined on 2 and

coincides with (@, pe) on Q. (we will use the same notation, ., for the velocity in . and its continuation in
Q).

Our main results referred to the asymptotic behavior of the solution of (10) is given by the following theorems.

Theorem 2.1 (Pseudoplastic fluids). Consider 1 <r <2 and~y € R. Then, there exist i € Hg(0,1; L*(w)?) with
i3 =0 and P € L3(w), such that the extension (ii., P.) of the solution of (10) satisfies the following convergences

7720, =4 weakly in H(0,1; L*(w)?), P. — P strongly in L*().

Moreover, defining V (x fo @' y3) dys, it holds that (V, P) € L?(w)? x (LE(w)NH(w)) is the unique solution
of a lower-dzmenszonal eﬁectzve Darcy’s law depending on the value of v. More precisely:
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— Ify # 1, then (V, P) is the unique solution of the linear 2D Darcy’s law

V(2" = E.A (f/(m') — Vm/]-:’(x’)) , Vi) =0 inw,
7 (11)
dive V'(2") =0 inw, V(') n=0 ondw,

where '
p=1 ify <1,
and the permeability tensor A € R?*2 is defined by its entries
Aij =/ (W) (y) dy, i,j=1,2, (12)
Yy

with (w, ) € H017#(Yf)3 X L%,#(Yf), i = 1,2, the unique solution of the local Stokes system
—Aywi + Vywi =e; nYy,

divywi =0 Yy,

w'=0 ondT, (13)
y — w', " Y — periodic,
and {e;}i=123 being the canonical basis of R3.
- Ify=1, then (V, 15) is the unique solution of the non-linear 2D Darcy’s law of Carreau type
V() =U (f’(x’) - vgc,ﬁ(x')) . V(@) =0 inw,
(14)
dive V(') =0 inw, V(') -n=0 ondw,
where the permeability function U : R2 — R? is defined by
U= [ wpl)dy, ve R (15)
Yy

with (wer, mer) € H&’#(Yf)3 X La#(Yf), for every &' € R?, the unique solution of the local Stokes system
—divy (1 (Dy[we ) Dy [we']) + Vymer = & in Yy,
divywe =0 in Yy, (16)
Wer = 0 on 8T7

and the nonlinear viscosity n, is given by the Carreau law (2).
Remark 2.2. According to [1, Theorem 1.1], the permeability tensor A is symmetric and definite positive.
Theorem 2.3 (Dilatant fluids). Consider r > 2 and v € R. We divide the theorem depending on the value of 7:

(i) If v < 1, then it holds there exist i € Wy (0,1; L"(w)3) and P € L (w), such that the extension (i, P.)
of the solution of (10) satisfies the following convergences
e O NG, ~ 4@ weakly in WL (0,1; L7 (w)?), P.— P strongly in L" (Q).
Moreover, defining V(a') = fol w(z',ys) dys, it holds that
V(@)=0 in w. (17)
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(i) If v > 1, then there exist @ € Wy (0,1; L™ (w)®) with i3 = 0 and P € LY (), such that the extension
(te, P:) of the solution of (10) satisfies the following convergences

ev i, — 0 weakly in WY(0,1; L7 (w)®), P.— P strongly in L" ().

Moreover, defining V(x fo &' ys) dys, it holds that (V,P) € L™(w)? x (L§ (w) N WL (w)) is the
unique solution of the lower-dzmenszonal effective non-linear Darcy’s law
A7 -
V'(2') = ﬁu (/@) =V P)), Va@)=0 inw,
0 = T/oo

(18)
dive V(') =0 inw, V'(z')-n=0 ondw,

where the permeability function U : R? — R? is defined by (15) with wer, for every & € R?, the unique
solution of the local Stokes system (16) with nonlinear viscosity of type power law given by n,(Dy[we]) =
Dy [we)|7~2.

(i) If v = 1, then there exist U € Wy (0,1; L™ (w)?®) with i3 = 0 and P € LY (w), such that the extension
(Ue, P.) of the solution of (10) satisfies the following convergences
e Y. —~ @ weakly in W(0,1; L"(w)3), P.— P strongly in L" ().

Moreover, defining V(x fo 2’ y3) dys, it holds that (V,P) € L"(w)? x (L (w) N WL (w)) is the
unique solution of the lower dimensional effective non-linear 2D Darcy’s law of Carreau type (14), where
the permeability function U : R? — R? is defined by (15) with (we/,mer) € Wy ’T( )3 x LT 4 (Yy), for every
¢ € R?, the unique solution of the local Stokes system (16) with nonlinear viscosity gwen by the Carreau
law (2).

Remark 2.4. According to [23, Lemma 2], the permeability function U is coercive and strictly monotone.

Theorem 2.5 (Newtonian fluids). Consider r =2 and v € R. Then, there exist i € Hg(0,1; L*(w)?) with Gig = 0
and P € L3(w), such that the extension (i, P.) of the solution of (10) satisfies the following convergences

720, — @ weakly in H*(0,1; L*(w)?), P. — P strongly in L*(Q).

Moreover, defining V (x fo 2’ ys) dys, it holds that (V, P) € L?(w)? x (L& (w)NH(w)) is the unique solution
of the linear 2D Darcy s law

V'(2') = 77—10.,4 (f’(x/) — VI/P(x’)> , Vi) =0 inw,

(19)
divy V(') =0 inw, V'(2')-n=0 ondw,
where the permeability tensor A € R?*2 is defined by its entries
= [ @iy ig=1.2 (20)
Yf'
with (w*,7") € Hy ,(Y)? x L§ ,(Ys), i = 1,2, the unique solution of the local Stokes system
Ay’ + V't =¢; inYy,
divyw’ =0 in Yy,
(21)

w'=0 on dT,

y— w', 1t Y — periodic,

and {e;}i—1 23 being the canonical basis of R3.

Remark 2.6. According to [1, Theorem 1.1], the permeability tensor A is symmetric and definite positive.



Marfa Anguiano, Matthieu Bonnivard and Francisco J. Sudrez-Grau

3 Proof of the main results

In this section we provide the proof of the main results (Theorems 2.1, 2.3 and 2.5). To to this, first we establish
some a priori estimates of the solution of (10) and we define the extension of the solution. Second, we introduce
the version of the unfolding method depending on . Next, a compactness result, which is the main key when
we will pass to the limit later, is addressed and finally, the proofs of Theorems 2.1, 2.3 and 2.5 are given.

3.1 A priori estimates.

In this subsection, we establish sharp a priori estimates of the dilated solution in (NZE. To do this, we first need
the Poincaré and Korn inequalities in ., which can be found in [11].

Lemma 3.1 (Remark 4.3-(i) in [11]). We have the following two estimates in thin domains:

(i) For every v € Wol’q(ﬁs)3, 1 < g < 400, there exists a positive constant C, independent of €, such that

Hf}HL«(sz)f’ < CE||DE1~J||LQ(§E)3X3, (Poincaré’s inequality). (22)

(ii) For every v € Wol’q(ﬁs)?’, 1 < g < 400, there ezists a positive constant C, independent of €, such that

HDe{)HLq(ﬁE)sm < CHDe[f}Hqu(ﬁprsa (Korn’s inequality). (23)

Using the previous estimates, we give a priori estimates for velocity . in §~2€.
Lemma 3.2. Let U the velocity solution of (10). Then, we have the following estimates:

(i) (Pseudoplastic fluid and Newtonian fluid) Consider 1 < r < 2. There exists a positive constant C, inde-
pendent of €, such that, for every value of v, we have

HaEHL?(ﬁEP < CEQ_W, ||Daﬂs||L2(§E)3><s < 051_77 HDa[ﬂamLz(ﬁprs < Ce'™7. (24)

(i) (Dilatant fluid) Consider r > 2. There exists a positive constant C, independent of €, such that estimates
(24) hold and also, depending on the value of v, we have

— Ifv <1, it holds

~ —2(~N— ~ —2(~n— ~ —2(~N—
el @s < Ce7 O IDet ] oy yons < C&7 707 D[]l pons < C7707(25)

— Ifv>1, it holds

=1 ” —x=1 ~ _a=1
L7(9.)3 < 05—%4'17 HDEUE| )3%3 <Ce :_17 HDE[U’EH L7 (.)3%3 <Ce = . (26)

e | Lr(@.

— Ify=1, it holds

”aEHLT(ﬁEP < 057 ”Dsﬂe”[‘r(ﬁs)st < C7 HDe[aeer(QE)e,xs < C. (27)
Proof. Multiplying (10) by @, and integrating over Q., we get

. 1 . . .
€7 (Mo — Noo) /~ (1+ A\D. [us]|2) 2T D[] [P dys + 577700/~ D, [i]|*dz’ dys = /~ f-al da'dys. (28)
Q.

Q. Qe

We divide the proof in two steps. First, we derive estimates (24) for every r > 1 and then, for r > 2 we establish
estimates (25)-(27) depending on the value of .
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Step 1. We consider r > 1. Taking into account that 79 > 7., and A > 0, we have

~ -1 ~
£ (no — 7700)/~ (1 + )‘|D5[u5”2) 27 D, ] |2d’ dys > 0,

€

and then, from Cauchy-Schwarz’s inequality and the assumption on f’ given in (8), we get from (28) that
eI 8 s g s < il e
Applying Poincaré’s inequality (22) and Korn’s inequality (23) in the right-hand side, we have
D2 s < CM Bl oy

which gives (24)3. Finally, applying again (22) and (23), we obtain (24); and (24),.

Step 2. For r > 2, since
e /N I [iiz] [2da’dys > 0,
Qe
from (28) and Cauchy-Schwarz’s inequality, we get

1

& (Mo — ) / (14 M) ) D[P’ dys < Ol o o (20)
Qa

Since it holds

-1

57)\%2(7]0 - noo)/~ IDe[te]|"da'dys < €7 (no — noo)/~ (1+ AID:[a.]*)* " D [ac] *da’ dys,

€ QE
then, applying this and also Poincaré’s inequality (22) and Korn’s inequality (23) in the right-hand side in (29),
we get
[IDe [ ]|

27-(55)3x3 < CEl_’YHDE[ﬂa]||L2(§E)3x3- (30)

On the one hand, applying estimate (24)3, we get

- _2(m_
||DE[U'E]HLT(§E)3><3 < Ce (=D,

On the other hand, from the continuity of embedding L"(.) < L?(£2.) in (30), we also have

IDe[ae]; < Ce'7|IDe [t

T(QE)SXS L'r(ﬁs).’ix37

which gives
—1
IDe (@]l o, y5x0 < Ce™ 1.

Then, we have two estimates of D.[@.] in L"(£2:)**° and we have to compare them in order to consider the more
accurate estimate depending on the value of . Since —%('y— 1) > —Zf_} if v < 1and —%(’y— 1)< —H ify>1,
then we have estimates (25)3 and (26)s. In the case v = 1, both estimates give (27)3. Finally, from Poincaré’s
inequality (22) and Korn’s inequality (23) we derive the rest of estimates in (25), (26) and (27). O

3x3

Remark 3.3. We extend the velocity t. by zero in Q\ §~25 (this is compatible with the homogeneous boundary
condition on 9Q U JT;), and denote the extension by same symbol. Obviously, estimates given in Lemma 3.2
remain valid and the extension u. is divergence free too.

In order to extend the pressure p. to the whole domain €2 and obtain a priori estimates, we recall a result

in which is concerned with the extension of the pressure p. to the whole domain )., which define a restriction
operator R from W, (Q.)? into W, 9(Q.)3, 1 < ¢ < +o0, introduced in [11].

10
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Lemma 3.4 (Lemma 4.5-(i) in [L1]). There exists a (restriction) operator R acting from Wol’q(Qa)S into
Wy'(2)3, 1 < g < +oo, such that

1. Rv=wv,ifve Wyt (2)% (elements of Wy 9(Q.) are extended by 0 to Q. ).

2. divRgv =0 in Qc, if dive =0 on Q..

3. For every v € Wol’q(QE)3, there exists a positive constant C, independent of v and €, such that

||RZ’UHLq(QE)3 +€HDRZ’UHL¢;(QE)3><3 <C (”'UHLq(QE)S +€||DU||L‘1(Q5)3><3) . (31)

In the next result, by using the restriction operator defined in Lemma 3.4, we extend the gradient of the
pressure by duality in W17 (Q.)3 and then, by means of the dilatation, we extend p. to Q. Finally, we derive
estimates of the extension of the pressure.

Lemma 3.5. Let p. the pressure solution of (10). Then:

(i) (Pseudoplastic fluid and Newtonian fluid) Consider 1 < r < 2. There exist an extension P. € L(Q) of
pressure p. and a positive constant C independent of €, such that

1P|z £ Cy | VePellg-1(ay < C. (32)

(ii) (Dilatant fluid) Consider r > 2. There exist an extension P. € L}y (Q) of pressure p. and a positive constant
C independent of €, such that

IPellprry C IVePelly -1 gy < G, (33)

where v’ is the conjugate exponent of r.

Proof. We divide the proof in three steps. First, we extend the pressure in all the cases, next we obtain the
estimates in the case of pseudoplastic fluids and Newtonian fluis, and finally, we get the estimates in the case of
dilatant fluids.

Step 1. Extension of the pressure. Using the restriction operator with ¢ = max{2,r} given in Lemma 3.4, i.e.
R7, we introduce F. in W54 (Q.)3, where ¢’ is the conjugate exponent of ¢, in the following way

<F57U>W,1,q/(QE)31WOI,q(Q€)3 = (Vpe, RZU)WA,Q/(95)37W01,q(96)3 , for any v € Wy 9(Q.)?, (34)

and calculate the right hand side of (34) by using the variational formulation of problem (7), which gives

<F€7U)W—l,q/(Q5)37W01,Q(QE)3 = —E’y(no - ’1700)/ (1 + )\lD[UE]P)%_lD[UE] : DRZU dx

_ , o, (35)
—€MMoo / Dfuc] : DRv dx + /Q [ (Riw) da .

e

Using Lemma 3.2 for fixed ¢, we see that it is a bounded functional on W,9(Q.) (see Steps 2 and 3 below), and
in fact F, € W‘l’q/(Qa)?). Moreover, divv = 0 implies (F.,v) = 0, and the DeRham theorem gives the existence
of P. in L (Q.) with F. = VP..

Next, we get for every o € Wol’q(ﬂ)?’ where 0(2',y3) = v(2’, ey3), using the change of variables (9), that

<VEP€7{)>W*1=‘1/(Q)3,W01’q(ﬂ)3 = — /Q ps div, @d(lﬁldyg =—¢7! / P.divvdzr = 571<VP€7U>W*1=q’(Q€)3,W01’q(Q€)3 .

11
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Using the identification (35) of F, we have

<V5Pe717>w—1,q’(9)37W01:Q(Q)3 = ¢! <_5ﬂy(770 - 7700)/ (14 AD[uc][*)2 ™" Dlu.] : DRy dx
)

=

—577700/9 Dluc] : DRgv dﬂc—l—/Q - (sz)’da:> )

€

and applying the change of variables (9), we obtain

(VePo )y yoyioys = (00 = 7o) /~ (14 AID.[a]?)5 "D, [i] : D.RSo da'dys
Qe

e [
Q

where RED = Rv for any o € W, 9(Q)3.

5 5 (36)
De[t.] : D R0 da'dys +/ﬁ f(&") - (Rgv) da'dys

€

Step 2. Estimates of the extended pressure for pseudoplastic fluids and Newtonian fluids. Applying the
dilatation in (31) for ¢ = 2, we have that R50 satisfies the following estimate

1IR30l 265, y5 + €l De R3Ol 125, y0xs < C (18]l 22(s2)2 + el Detll 12 (yoxs) (37)
and since € < 1, we have
PE ~ PE ~ .
2Vl 203 = HL(Q)3» etV 20, )3x3 = HL(Q)3-
18500 26,0 < CII3] 1D R5l 205 < < (38)
Taking into account that 1 < r < 2, we have that
(1 +AD:fac)?)z ! < 1,

and then, from Cauchy-Schwarz’s inequality, we deduce

| AR s DD o'y,
Qe

g/~ (1 4+ AD. i) 2)3 1 D. ]| : | D BSo] da dys

QE

< [ |De [tc]| = | De ~§1~’| dz'dys < ||Ds[ﬂs]”L2(ﬁs)3x3||D6R§17||L2(§€)3x3-
QE

Using the last estimate in (24) and the last estimate of the dilated restricted operator given in (38), we obtain

57(7]0 - noo)/u (1 + )\|D€[a€]|2>%_1DE[aE] : Deég/& d.”[]ldyg < C'H’EHH[%(Q)3 (39)

Qe

Moreover, from Cauchy-Schwarz’s inequality, the last estimate in (24), the assumption of f’ given in (8) and
estimates of the dilated restricted operator given in (38), we obtain

< Cswnﬂ)s[ﬂs]”p(ﬁs)wsHDE ~gﬁ”p(@)SxS < C||17||Hg(n)37 (40)

€Moo /~ D, [i.] : D-R50 dx'dys
Qs

’/ﬁ f'- (RS0 da'dys| < C| RS0l 6,00 < Cllo e - (1)

12
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Then, taking into account (39)-(41) in (36), we get the second estimate in (32) and finally, using the Necas
inequality, there exists a representative P. € LZ(Q) such that

1P:]l 2 () < CIIVE-|r-1()s < CIVePe| 15

which implies the first estimate in (32).

Step 3. Estimates of the extended pressure for dilatant fluids. Applying the dilatation in (31) for ¢ = r, we
have that R:? satisfies the following estimate

1Rz

L7(Q.)3 —|—€||D5Rf_17||u(§~25)3x3 <C (||77HLT(Q)3 + E||De7~1||L'f(Q)3X3) ) (42)
and since € < 1, we have
L B L C . _
||Ri”HLr(§E)3 < C||v||W01"'(Q)37 ||D8Riv||y(ﬁ£)3x3 < z”v”WOl""(Q)S' (43)

Taking into account that r > 2, we have the continuous embedding L"(€2.) < L%(Q.), and from Hélder’s
inequality, we can deduce

/~ (1 + A\D.[a.]|?)2 ‘D [ie] : D. R0 da’ dys

€

< /~ D.[i.] : Do RS0 da’dys + A5~ ! /~ |De [Ge]|" D[] : D-RED da’ dys

€ €

< IDelae]l 2 g, oo I D= REB oy + CIDL s DS 1y

Lr(Q )3><3

< ||D.[a ]||L2 Q. )sstD REU”LT(Q sxs + ClDe[ae]||” | De REUHU Q.)3x3"

LT(Q )3x3

Observe that if v < 1, taking into account that —2(y —1) > —%, using the last estimates in (24) and (25),

and the last estimate of the dilated restricted operator given in (43), we obtain

=) [ 1+ NBRIP)E B DeRgvdduy

€

1—vy_—1 —2(y=1)(r=1) =1\ ||~
<e"(no — 1) (6 Temh 47N )”“”W&”@)S

—1
< 7 (no — No) (81—w5—1 +€*Zf1(7“71)g—1> ||1~}||W01,r(§£)3

< Cloll @y

If v > 1, using the last estimates in (24), (26) for v > 1 and (27) for v = 1, and the last estimate of the dilated
restricted operator given in (43), we obtain

e¥(no — 7700)/~ (1 + AD.[a]|?)2 ~'D[i.] : Do RED da’ dys

2e
—1
< 57(770 - 7700) (51_’Y5_1 + Eih(ril)€_1> ||1~}||W01”“(§5)3

< C”ﬁHWO“(ﬁE):S-

In summary, we obtain for all v:

=) [+ NBRIPE B DR dg

€

< Clollyrgys- (44)

13
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Moreover, from Cauchy-Schwarz’s inequality, the last estimate in (24), the continuous embedding L" () —

L?(Q.), the assumption of f’ given in (8) and estimates of the dilated restricted operator given in (43), we
obtain

€ Moo /~ D, [i.] : D- R0 da’ dys
QE

S CE’YHDE[’ELE}||L2(ﬁ£)3><3||D€Riﬁ|‘L7‘(§E)3x3 S C”QN)HWOlT(Q)Sa (45)

< OBl g, y0 < ClIRSON 1y < Cllollyypr s - (46)

/~ I (RED) da'dys
QE

Then, taking into account (44)-(46) in (36), we get

‘(vEPE7 ﬂ>w—l,r’(Q)3’W01”‘(Q)3 < CH@”WO“‘(Q)?"

This implies the second estimate in (33) and then, using the Necas inequality, there exists a representative
P. € Ly () such that B ) .
||P€||LT/(Q) < CHVPEHV‘/—M/(Q)3 < CHV8P€||W—1W’(Q)3’

which implies the first estimate in (33).

3.2 Adaptation of the unfolding method.

The change of variables (9) does not provide the information we need about the behavior of @, in the microstruc-
ture associated to Q.. To solve this difficulty, we use an adaptation introduced in [11] of the unfolding method

from [25].

Let us recall that this adaptation of the unfolding method divides the domain ﬁg in cubes of lateral length
e and vertical length 1. Thus, given (@.,¥.) € Wy 9(Q)3 x LY (Q), 1 < ¢ < +oo and 1/¢+1/¢' = 1, we define
(@sa 'Qza) by

/

@=(2'y) = @- <<€I€ (i) +£y’,y3) . (2, y) = 4. (El‘i (i) - 5y’,y3> , ae (2,y)€wxY,  (47)

assuming . and 1/35 are extended by zero outside w, where the function x : R? — Z?2 is defined by
k(@) =k <2 €Y, VK eZ’
Remark 3.6. We make the following comments:

- The function k is well defined up to a set of zero measure in R? (the set Uy cye BY,C’/J). Moreover, for every
e >0, we have

/
T
/{():k’<:)x’€Yk',E.
- :

- For k' € K¢, the restrictions of (e, P:) to Yy, . x Y does not depend on z', whereas as a function of y it
/ !

is obtained from (., I:’E) by using the change of variables y = , which transforms Yy . into Y.
c :

Following the proof of [11, Lemma 4.9], we have the following estimates relating (., 1/}5) and (Qe, 7]15)

14



Marfa Anguiano, Matthieu Bonnivard and Francisco J. Sudrez-Grau

Lemma 3.7. The sequence (., 1.) defined by (47) satisfies the following estimates:
Pl Lawxy)s < ll@ellLacays,
||Dy’95€||L<1(wa)3X2 < 5||Dz’95s||Lq(Q)3X2v ”83;3956HL‘I(wa)3 < ||ay395sHLq(Q)37
1Dy [Pelll Laqwxyyoxz < elDar [@e]llLayzxzs [0yl Lawxy)s < 10ys[Be]ll La)s,
H¢e||Lq’(w><Y) < ||1Z}€||Lq’(Q)'

Definition 3.8 (Unfolded velocity and pressure). Let us define the unfolded velocity and pressure (i, pg) from
(U, P.) depending on the type of fluid:

~ (Pseudoplastic fluids and Newtonian fluids) From (i, P.) € H(Q)? x L2(Q), we define (i, P.) by using
(47) with ¢. = te, Y. = P. and ¢ = 2.

— (Dilatant fluids) From (i, P.) € W™ (Q)3 x Ly (Q), we define (i, P.) by using (47) with ¢. = i, . = P.
and g =r.

Now, from estimates of the extended velocity (24)-(27) and pressure (32)-(33) together with Lemma 3.7, we
have the following estimates for (4., P-).

Lemma 3.9. We have the following estimates for the unfolded functions (i, 135) depending on the type of fluid:

(i) (Pseudoplastic fluids and Newtonian fluids) Consider 1 < r < 2. There exists a constant C > 0 independent
of €, such that, for every value of v, we have

||'115HL2(U.;><Y)3 < 0627"/, ||Dyﬂ5||L2(wa)3x3 < 062_7, ||Dy[’&5]HL2(wa)s><3 < 08277, (49)
1P 2 wxyy < C. (50)
(i1) (Dilatant fluids) Consider r > 2. There exists a constant C > 0 independent of €, such that estimates (49)

hold and also, depending on the value of v, we have

- If v <1, it holds

”aEHLT(WXY)S < Ca_%(ﬁy_l)—‘rl? HDyﬂanL’r(wa)?'X?’ < 05_%(’Y_1)+17
(51)
Dy [tie] || 1w yysxa < Ce™rO=DFL
~ Ify>1, it holds
~ _a=1 N a1
HUEHLT(UJXYP < Ce :71+17 HDyUEHLT(wXY)BX?’ <Ce :71+17
(52)
~ =1
”]D)y[U'E]||L“"(w><Y)3><3 <Ce Tl
~ Ify =1, it holds
H’&EHLT(WXY)s < Ce, | Dyi| Lr(wxY)3x3 < Ce,
(53)
Dy [te] | r(wxy)sxs < Ce.
Moreover, we have the following estimate for the pressure
”pEHLr/(wxy) < C, (54)

where v’ is the conjugate exponent of .
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3.3 Compactness results.
We analyze the asymptotic behavior of sequences of the extension of (., ]55) and (i, 155), when ¢ tends to zero.
Lemma 3.10. We have the following convergences results for the velocity:

(i) (Pseudoplastic fluids and Newtonian fluids) Consider 1 < r < 2. There exist U € Ho( 2(w)3) where

iy = 0, 4 € L*(w; Hy 4 (Y)?), with & = 0 on w x T such that [, u(z',y)dy = f " ys) dys with

Jy (', y) dy = 0, such that, up to a subsequence,
720, — (@,0) weakly in H(0,1; L*(w)?), (55)
7720, — G weakly in L*(w; H (Y)?). (56)

(ii) (Dilatant fluids) Consider v > 2. There exist U € Wol’r(O, 1; L7 (w)3) where @iz = 0, @ € L"(w; W, ()%,

with & =0 on w x T such that [, 0(z',y)dy = fo @', ys) dys with [y, s(z’,y) dy = 0, such that, up to a
subsequence,

—if v < 1, it holds

e 20 Da, — (@, 0) weakly in W5 (0,1; L (w)?), (57)
e 200, — 4 weakly in L (w; WH(Y)?), (58)

- 4if v > 1, it holds
7T, — (@,0) weakly in W5 (0,1; L™ (w)?), (59)
e7 T i, — @ weakly in L" (w; W5 (Y)3). (60)

—if v =1, it holds
e Y. — (@',0) weakly in W (0,1; L™ (w)?), (61)
e Y. — @ weakly in L™ (w; WHT(Y)3). (62)

Moreover, u and G satisfy the following divergence conditions in both cases

1 1
div, </ ' (2, y3) dy3> =0 inw, (/ ' (2, y3) dy3> ‘n=0 in dw, (63)
0 0
divya(z’,y) =0 inwxYy, divy (/ o' (2, y) dy> =0 inw, (/ (2, y) dy) ‘n=0 ondw. (64)
Yy Yy

Proof. Arguing as in [11, Lemma 5.2.-(i)], we obtain convergence (55) (resp. (57), (59) and (61)) and divergence
condition (63). Moreover, proceeding similarly as in [11, Lemma 5.4.-(i)] we deduce convergence (56) (resp. (58),
(60) and (62)) and divergence conditions (64). O

Lemma 3.11. We have the following convergences results for the pressure:

(i) (Pseudoplastic fluids and Newtonian fluids) Consider 1 < r < 2. There exists P € L3(w) such that

P. — P strongly in L*(Q2), (65)

P. — P strongly in L*(w x Y). (66)
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(ii) (Dilatant fluids) Consider r > 2. There exists P € L3(w) such that
P. — P strongly in L" (), (67)
P. — P strongly in L" (w x Y), (68)

where v’ is the conjugate exponent of .

Proof. We give some remarks concerning the case (i) (proceed similarly for the case (ii)). The first estimate in
(32) implies, up to a subsequence, the existence of P € L3({) such that

P. — P weakly in L*(Q). (69)

Also, from the second estimate in (32), by noting that d,,P./e also converges weakly in H~1(Q), we obtain
BySP = 0 and so P is independent of ys. Moreover, if we argue as in [22, Lemma 4.4], we have that the
convergence (69) of the pressure P. is in fact strong. Since P. has null mean value in 2, then P has null mean
value in w, which concludes the proof of (65). Finally, the strong convergence of P. given in (66) follows from
[27, Proposition 1.9-(ii)] and the strong convergence of P given in (65). O

3.4 Proof of Theorems 2.1, 2.3 and 2.5.

By using monotonicity arguments together with Minty’s lemma, let us derive the variational inequality will be
useful in the proofs.

We choose a test function v(z’,y) € D(w;C¥(Y)?) with v(z',y) = 0 in w x T. Multiplying (10) by
v(a’, 2’ Je,y3), integrating by parts, and taking into account the extension of @, and P., we have

€7(10 — Noo) /Q(l + AD:[@:] )2 7' D[]+ (Do [v] + e Dy[v]) da’dys
—l—s”’noo/Q]D)E[ﬂE] t (Dy [v] + £7'Dy [v]) da'dys

7/ P. (divz/v' + Efldivyv) dz'dys = / f o de'dy + O,
Q@ Q

where O, is a generic real sequence depending on € that can change from line to line.

By the change of variables given in Remark 3.6, we obtain

6AY_1(770 - 7700)/ 1+ )‘|5_1Dy[ﬁs]|2)g_l (5_1]]])9[&6]) : Dy[v] dx'dy

wXY

+e7 /w><Y e~ Dy [a.] : Dy [v] do’dy (70)

—/ P, divgv’ da'dy — et / P, divyvda'dy = / v da'dy + O,
wXY wXY

wXY
with |O¢| < Ce for every v € R.
Now, let us define the functional J,. by

aw) =2 [, PPy + 2 [, fPdedy,
TA wXxY 2 Joxy

17
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Observe that J,. is convex and Gateaux differentiable on L7(w; W;&’q(Y)3) with ¢ = max{2,7}, (see [18, Propo-
sition 2.1 and Section 3] for more details) and A, = J. is given by

(14 Dy w])F 'Dyfu] : Dyfolds'dy + o [ Dyful s Dyfolde'dy.

wXY

(Ar(),0) = (10 — 7o) /

wXY

Applying [30, Proposition 1.1., p.158], in particular, we have that A, is monotone, i.e.
(Ar(w) = Ap(v),w —v) >0, Vw,ve LI (w;WL1(Y)%). (71)

On the other hand, for all ¢ € D(w;C;f(YP) with ¢ = 0 in w x T, satisfying the divergence conditions
divey [, ' dy =0 in w, fo p(a',y)dy -n =0 on dw, and divyy =0 in w x Y, we choose v, defined by
1

U&‘:SO_&\_ ﬁ&a

as a test function in (70).
Taking into account that div.u. = 0, we get that 5’1divyﬁ€ = 0, and then we obtain

7N A (e M), ve) — / P. div v do'dy = / Il da'dy + O,
wXY

wXY

which is equivalent to

LA () — Ar(e102),00) — 7N (A (), v2) + /

P. divy v do'dy = —/ I -vlda'dy + Oe.
wXY

wXY

Due to (71), we can deduce

e - [

wXxY

P. divgv! da'dy > / f'-vlda'dy + O,

wXxY
ie.

6771(770 - noo)/ y(l + >\|Dy[<ﬂ]|2)%ilmy[@] : Dy[ve]dfﬂ/dy + 5V7177°°/ YDZI[<P] : ]D)y[ve}dx’dy
w X w X

. (72)
- / P. divy vl do'dy > I vlda'dy + Oe.
wXY

wXY

Here, in the case 1 < r < 2, it holds |O.| < Ce® with a =1if vy <1 and o =2 — v if v > 1. In the case r > 2,
it holds |O.| < Ce® witha =y + 2(1—9)ify<landa=1- 2= ify > 1.

Proof of Theorem 2.1. We recall that 1 < r < 2. The case v = 1 is developed in [8], so we omit it. As con-
sequence, in the rest of the proof we consider that v # 1. The proof will be divided in two steps. In the first
step, we obtain the homogenized behavior given by a coupled system, with a constant macroviscosity, and in the
second step we decouple it to obtain the macroscopic law.

Step 1. From Lemmas 3.10 and 3.11, we prove that the sequence (57_2715,?5) converges to (ﬁ,ﬁ) €
L?(w; Hy(Yy)?) x (Lg(w) N H'(w)), which are the unique solutions of the following two-pressures Newtonian
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Stokes problem with the linear viscosity n equal to ng if v < 1 and 7 if v > 1:
—ndivyD,[a] + V7= f — VP in wxVYy,

divyit =0 in wxYy,

div (/ 1)'dy>=0 in w,
Yy
(/ ﬁ’dy>~n=O on 0w,
Yy

u=0 inwxT,

7 e L2(w; L2 (V7).

Divergence conditions (73)s34 and condition (73)5 follow from Lemma 3.10. To prove that (i, P) satisfies the
momentum equation given in (73), we follows the lines of the proof to obtain (72) but choosing now v, and ¢
such that v. = e!™7¢ — 710, with p € D(w; C’;f(Y)?’) with ¢ = 0 in w x T, satisfying the divergence conditions
divy [, ¢'dy=0inw, [, ¢'dy-n =0 on dw, and divyep =0 in w x Y. Then, we get

S — ) [ (U4, I, o] Dyl - 7] da'dy

wXY

+€17’y77<>o /wxymy[(p] : ]Dy[(p - E’YiQ’ELE]dZZ?/dy (74)

e [ Pdiva( - Sy = S [ -t ardy+ O,
wXY w

XY

where |O.| < Ce?77. Dividing by '77, we have
(110 = 1150) / S APIIDy []P) 51Dy ] : Dyl — 724 da'dy
wX
+ Noo /wa D, [‘P] : Dy[‘ﬁ - E’Y_Qae}dx/dy (75)

- / y P divy (¢ — 7720l da'dy > / f' (¢ =& al) da'dy + O,
wX

wXY
where |O.| < Ce, which tends to zero when ¢ — 0. Now, we can pass to the limit depending on the value of ~:

- If 4 < 1, then 2(1 — ) > 0 and so, Ae2(:=7|D,[p]|? tends to zero. From convergence (56), passing to the
limit when e tends to zero in (75), we have that the first and second terms converge to

770/ Dy ] : Dylp — 4] da'dy.
wXxY
From convergences (56) and (66), the third term converges to
Pdivy (¢ — ') da'dy.
wXxY

Since P does not depend on y, by using the divergences conditions div,: fY ¢ dy =0 and (64)2, we have

Pdivy (¢ — @) da'dy = / P div, </ (o — ﬂ’)dy) dx' = 0.
w Y

wXY
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Thus, we deduce that the variational inequality (75) converges to the following one

o / D,lo] :Dylo—alde'dy> | (¢ — ) de'dy,
wXY

wXY
which by Minty’s lemma, see [30, Chapter 3, Lemma 1.2], is equivalent to
—nodivy (Dyfa]) = f/ in wxY.

- If v > 1, then 2(1—~) < 0 and so, (1+ 207D, [¢]|?)2 ! tends to zero. From convergence (56), passing
to the limit when ¢ tends to zero in (75), we have that the first and second terms converge to

Noo / Dy[e] : Dy[p — 4] dz'dy.
wXY
From convergences (56) and (66), the third term converges to

Pdivy (¢ — @) dx'dy.

wXY

Since P does not depend on y, by using the divergences conditions div,: fY @' dy =0 and (64)2, we have

/ Pdiv, (¢ — ') de'dy = / Pdiv, ( / (¢’ —a')dy) dz' = 0.
wXxY w Y

Thus, we deduce that the variational inequality (75) converges to the following one
me [ Byl Dyp-dldray> [ i) drldy,
wXY wXY

which by Minty’s lemma, see [30, Chapter 3, Lemma 1.2], is equivalent to
—Noo divy (Dyfa]) = f in wxY.

In summary, considering 1 equal to g if v < 1 or 7 of v > 1, we have obtained that by density
77/ Dy (4] : Dy[v] dz'dy = / o0 da'dy, (76)
wXY wXY

holds for every v in the Hilbert space V defined by

v(r',y) € LZ(w;H#(Y)‘g) such that

Y= { divy (/ v(z’,y) dy> =0in w, (/ v(z',y) dy) ‘n=0ondw \ (77)
Y, Yy

/

divyo(e',y) =0inw x Yy, wv(2',y) =0inwxT

Reasoning as in [1, Lemma 1.5], the orthogonal of V, a subset of L?(w; H;l (Y)3), is made of gradients of the form
Vaur#i(z') + Vy7(a',y), with 7(2’) € H'(w)/R and 7 (2',y) € L*(w; L (Y})/R). Thus, integrating by parts, the
variational formulation (76) is equivalent to the two-pressures Newtonian Stokes problem (73). It remains to prove
that 7 coincides with pressure P. This can be easily done passing to the limit similarly as above by considering the

test function ¢, which is divergence-free only in y, and by identifying limits. It holds then that Pe L3(w)NHY (w).
From [1], problem (73) admits a unique solution (4, 7, P) € L?(w; H;ﬁ (Y¢)3) x L? (w; La#(Yf)) x (L3(w)N H (w))
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and then, the entire sequence (i, P.) converges to (i, P).

Step 2. To prove (11), it remains to eliminate the microscopic variable y in the effective problem (73). The
procedure is standard and can be viewed for instance in [14], but for reader’s convenience, we give some details
of the proof. From the first equation of (73), the velocity @ is computed in terms of the macroscopic forces and
the local velocities

(e’ y) = % 22: (fi@') = 0, P(a") ) wily),  #(a'sy) = i (fi(@') = 02, P(a")) mi().
i=1 =1

Integrating this expression on Y and taking into account that V(x fo ' y3)dys = fy (z',y)dy and
fo Ggdy = 0, we get the Darcy relationship (11); because the matnx A € R**? gatisfies (12). Combining the

expresion of V' with the divergence-free condition on V' given by (73)3 yields the lower-dimensional homogenized
Darcy’s law (11)s.

O

Proof of Theorem 2.3. We recall that in this case r > 2. The proof will be divided in four steps. In the first
step, we obtain the homogenized behavior in the case v < 1 and as a result, we obtain that the filtration velocity
V = 0in w. In the second step, we obtain the homogenized behavior for v > 1 giving by a coupled system with a
non-linear macroviscosity of power law type, which will be decoupled to obtain the macroscopic law in the third
step. Finally, in the fourth step, we consider the case v = 1.

Step 1. We consider the case v < 1. We will prove that the filtration velocity V(z') = fol tdys = 0 in w.
To do this, we first prove that 4 does not depend on the variable y and next, taking into account the boundary
conditions on 4 and the relation of & and u, we prove that V = 0.

— We start by proving that 4 does not depend on y. Reasoning similarly to the case 1 < r < 2 and

considering v, = e~V — e~1a, with ¢ € D(w; C;f(Y)?’) with ¢ = 0 in w x T, satisfying only the
divergence condition divyp =0 in w x Y, we get

5(71%)(177)(770 ) / y(l + )\5%(177)|Dy[¢”2)%*1my[¢] Dy — 5%(771)71116] dx'dy
wX
+5(_1+%)(1_7)7700 / Dy ] : Dyl — 5%(7_1)_17:65} da'dy
wXY
_g%””)/ Pedive (¢ — 707D al) da'dy
XY

> g7 (1) F(g — 6%(771)7111’5) da'dy + O,
wXxY

where |0, < Ce7t7 (=7 Dividing by e(~1+5)1-7) we have
(110 = 7o) / S e D, []*)F Dy ] : Dy [ — e7 7V ] da'dy
wX
i [ Bylel Byl - 0D N adda'dy
wXY

_(1=3)(-7) P. divy (¢’ — 5%(7—1)—111'6) da'dy

wXY

> £(1-2)(1-7) fre (¢ —e? 07Oy datdy + O,

B wXY
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with [0, | < Ce'*(0=10-3) which tends to zero when € — 0, because 1+ (1 — 2)(1 — ) > 0.

Since v < 1, then 2(1 — ) > 0 and so, )\5%(1_7)\]1),/[@,0]|2 tends to zero. From convergence (58), passing to
the limit when € tends to zero in (79), we have that the first and second terms converge to

0 / Dy¢] : Dyl — 4] dz’dy.
wXY
Since 7 > 2, then (1 — 2)(1 — ) > 0. This together with convergences (58) and (68), implies that

£1-)01-) / Podivy (¢! =707Vl daldy and R0 / (¢ =PVl da' dy
XY wXY

tend to zero.

Thus, we deduce that the variational inequality (79) converges to the following one
770/ Dy[p] : Dye — 4] da'dy > 0,
wXY
which by Minty’s lemma, see [30, Chapter 3, Lemma 1.2], implies that
770/ Dy [a) : Dy[v] dz'dy = 0, (80)
wXY

holds, by density arguments, for every v in the Banach space V defined by

v(z',y) € L"(w; W;T(Y)?’) such that

divyo(2’,y) =0inw x Yy, v(z',y)=0inwxT
Then, there exists #(z/,y) € L" (w; L;L(Yf) /R) such that, integrating by parts, the variational formulation
(80) is equivalent to the Stokes system with respect to the variable y

—nodivy (Dy[a]) + V,a=0 in wxY.
We immediately find (see the boundary conditions with respect to y) that
Dyi=0 and V,7=0,

i.e. that @ does not depend on y. So, we can not obtain microscopic effects in the limit. Next, we will
derive the macroscopic asymptotic behavior of .

— We prove that the filtration velocity V' = 0 in w. To do this, taking into account that @ only depends
on z’ and from the boundary conditions & = 0 on y3 = {0, 1}, we dedue that 4 =0 in w x Y. Finally,

takmg into account that @ = 0, that the filtration velocity is defined by V' fo x’,y3) dys and that
fo a(z’,y3) dys = [, @(z’,y) dy (see Lemma 3.10), we then deduce that the ﬁltratlon velocity V(z') = 0 in
w, i.e. (17).

Step 2. We consider the case v > 1. From Lemmas 3.10 and 3.11, we prove that the sequence (115,165)
converges to (@, P) € L"(w; W;’T(Yf)g’) x (L (w) N WH™ (w)), which are the unique solutions of the following
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two-pressures non-Newtonian Stokes problem with the non-linear power law viscosity

—(10 — Moo )A = divy (D, [6]|" 2Dy [a]) + V7 = f' = VwP in wx Yy,

divyt =0 in w x Yy,

div, /ﬁ'dy =0 inw,
Yy
/d’dy ‘n=0 on dw,
Yy

=0 inwxT,

i
Fe L7 (Wi Ly, (V).

(81)

Divergence conditions (81)234 and condition (81)s follow from Lemma 3.10. To prove that (i, P) satisfies
the momentum equation given in (81), we follow the lines of the proof of (72) but considering now v. and ¢
1—

as v, = e 1o — e L, with ¢ € D(w;C;f’(Y)3) with ¢ = 0 in w x T, satisfying the divergence conditions
divy [, ¢'dy=0inw, [, ¢'dy-n =0 on dw, and divyep =0 in w x Y. Then, we get

1—o 1—v r_ y=—r .
72 (o — 7o) / Y(l + AT Dy [@]?) 2T Dy o] Dyl — e 7T ] da’dy
w X

1— .
+57—1+2TT¥7700/ D, [¢] :Dy[cp—eljﬁg] dz'dy (82)
wXxY
11—y A ’ y=r ., ’ 1—7y / / 2= .y ’
—er1 P.divy (¢ —em14.)da'dy > em1 f(@ —em1al) de'dy + O,
wXY wXY

where |O,| < Cel T, Dividing by e we deduce that

_1\yr=2 1— r_ a=r o
e (1 — noo)/ (14 A?=T Dy [@]|*)2 "Dy [g] : Dy — e7 1 ] da’dy

wXY

+5('Y_1)%noo / Dy o] : Dylp — s%ﬂg] dx'dy (83)

wXY

*/ y P.divy (¢ —e7ril) da'dy > / fro (¢ —evril) da'dy + O,
wX

wXxY
with |O¢| < Ce, which tends to zero when € — 0.

r—2

Since v > 1 and r > 2, we have that (y —1)7=

> 0, and from

~

—1 r_
T ADy[p]?)>

eCm DT (1 4+ A7 Dy ] 2) 52 = (&2
and convergences (60) and (68), passing to the limit in (83) when ¢ tends to zero, we deduce

r—2

(0= mNT [ DA D] Dyl — i do'dy
wX
) (84)
—/ Pdivy (¢ — 4 dx'dy > frop —a')da'dy.
wXY

wXY
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Since P does not depend on y, by using the divergences conditions div, Jy ¢’ dy =0 and (81)3, we have

/ Pdivy (¢ — ') da'dy = / P div, (/ (¢’ —a’)dy> dz’ = 0.
wXY w Y

Thus, we deduce that the variational inequality (84) reads

(o — 7o) A" / Iy, o] Dyl — ) de'dy > / (o — @) da'dy,
w X

wxY
which by Minty’s lemma, see [30, Chapter 3, Lemma 1.2], is equivalent to
—(10 = o)A Z divy, (IDy[a]]"?Dy[a]) = f in wx Y.
Then, by density we have that

(= mNF [ DD il Dl ey = [ dotay, (55)

wXY

holds for every v in the Banach space V defined by

v(r',y) € L™ (w; W;ﬁ’r(Y)?’) such that

Y =1{ divy (/ v(z',y) dy> =0in w, (/ v(z',y) dy) -n =0 on Jw
Yy Yy

/

divyo(e',y) =0inw x Yy, wv(2/,y) =0inwxT

Reasoning as in [1, Lemma 1.5], the orthogonal of V, a subset of L"(w; W;l’rl (Y)3), is made of gradients
of the form V. 7(z') + V,7(z,y), with #(z') € Wb (w)/R and #(2',y) € L" (w;L;é(Yf)/R). Thus, integra-
ting by parts, the variational formulation (85) is equivalent to the two-pressures non-Newtonian Stokes problem
(81). It remains to prove that 7 coincides with pressure P. This can be easily done passing to the limit
similarly as above by considering the test function ¢, which is divergence-free only in y, and by identifying
limits. It holds then that P € Li (w) N W' (w). From [22, Theorem 2], problem (81) admits a unique solution
(,#, P) € Lr(wiW#r(Yf)?’) X L™ (w; L 4 (Yy)) x (Lg (w) N W (w)) and then, the entire sequence (e, P-)
converges to (4, P).

Step 3. In this step we give an approximation of the model (81), where the macroscopic scale is totally
decoupled from the microscopic one. To do this, we seek a global filtration velocity of the form given in (18), i.e.

)\2;7‘
V(@)= ——
( ) o — Moo

U(f'(z') — Ve Pa')) inw, (86)
where U : R? — R3 is a permeability function, not necessary linear, and V (2') = fol a2’ ys) dys = [y a2, y) dy

with divy'V' =0 inw and V' -n =0 on dw.

Using the idea from [23] to decouple the homogenized problems of power law type, for every ¢ € R? we
consider the function ¢/ : R? — R? given by

ue) = /Y we () dy.
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where wg: denotes the unique solution of the local Stokes problem given by (16), see [22, Theorem 2]. Thus,
(a, 1) takes the form

12(.];/73}) = wf,(z,)fvz,p(z,)(y), ﬁ'(gj/’y) = Wf’(z’)fvzlls(z’)(y) in w X Y,

and then, from the relation V(x fY a(z',y) dy with fY @3(2’,y) dy = 0 given in Lemma 3.10, we deduce the
filtration velocity (86), where Vg, = 0. Moreover, from second and third conditions given in (81) together with
(86), we deduce

divyV' =0 inw, V'-n=0 on dw.

Since V3 = 0, to simplify the notation, we redefine the definition of U by the expression given in (15) and
then, we get U : R? — R?, which concludes the proof of (18) Finally, from [23, Theorem 1], the macroscopic
problem (18) has a unique solution (V, P) € L"(w)? x (L} (w) N W' (w)) and Theorem 2.3 is proved.

Step 4. We consider the case v = 1. Reasoning as in the Step 2 with v = 1 and using convergences (62)
and (68), we deduce that the sequence (i, P.) converges to (i, P) € L"(w; W (Yf) ) % (L (w) N W (w)),
which are the unique solutions of the following two-pressures non—Newtonian Stokes problem with the non-linear
Carreau viscosity (2)

—div, (n,(Dy[a])Dy[a]) + V7 = f' = VuP in wx Yy,

divyi =0 in w x Yy,

div, / "dy| =0 inw,
Yy
/ @'dy| -n=0 on dw,
Yy

4=0 inwxT,

Fe L7 (wi LY (V).

Proceeding as in Step 3, we deduce the non-linear 2D Darcy’s law of Carreau type (14), where the permeability
function U : R? — R? is defined by (15) with (we/,me/) € Wol’;(Yf)?’ x L 4(Yy), for every & € R?, the unique
solution of the local Stokes system (16) with nonlinear viscosity given by the Carreau law (2).

O

Proof of Theorem 2.5. We recall that in this case r = 2, the Carreau law (2) reduces to 19. Thus, by the linearity,
the variational formulation (70) can be written as follows

57_2770/ y Dy [dc] : Dy [p]da’dy — / y P.divy ¢ da'dy = / y e da’dy + O, (87)

for all ¢ € D(w; CF(Y)?) with ¢ = 0 in w x T, satisfying the divergence conditions div,: [}, ¢'dy = 0 in w,
Jy ¢ dy-n =0 on dw, and divyp =0 in w x Y.

Passing to the limit in (87) by using convergences (56) and (66), we take into account that the second term
converges to

/ Pdiv, ¢’ da'dy.
wXY
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Since P does not depend on y, by using the divergences conditions div, fy ¢’ dy = 0, we have

/ Pdivy ¢ da'dy = / Pdiv, </ go’dy) dr’ = 0.
wXxY w Y

Thus, we deduce that the variational inequality (87) converges to the following one

770/ Dy (4] : Dy[¢ldz'dy = [ da'dy,
wxY

wXxXY

which by density arguments it holds for every ¢ € V with V given by (77). Proceeding similarly to the end of
Step 1 of the proof of Theorem 2.1, this variational formulation is equivalent to the system (73) with the linear
viscosity 7o, which admits a unique solution (@, 7, P) € L?(w; H#(Yf):;) x L?(w; L87#(Yf)) x (L3(w) N HY(w)).
Then, the limits do not depend on the subsequence.

Finally, reasoning as in Step 2 of the proof of Theorem 2.1, we get the linear effective 2D Darcy’s law (19),
which concludes the proof of Theorem 2.5.

O
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