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AN ACOUSTIC-TRANSPORT SPLITTING METHOD FOR THE BAROTROPIC
BAER-NUNZIATO TWO-PHASE FLOW MODEL *

KATIA AIT-AMEUR!, SAMUEL KoKH?, MARC MASsSOT!, MARICA PELANTI® AND TEDDY
PICHARD!

Abstract. This work focuses on the numerical approximation of the barotropic Baer-Nunziato two-
phase flow model. We propose a numerical scheme that relies on an operator splitting method cor-
responding to a separate treatment of the acoustic and the material transport phenomena. In the
subsonic case, this also corresponds to a separate treatment of the fast and the slow propagation phe-
nomena. This approach follows the lines of the implicit-explicit schemes developed in [8]. The operator
splitting enable the use of time steps that are no longer constrained by the sound velocity thanks to an
implicit treatment of the acoustic waves, while maintaining accuracy in the subsonic regime thanks to
an explicit treatment of the material waves. In the present setting, a particular attention will be also
given to the discretization of the non-conservative terms that figure in the two-phase model. We prove
that the proposed numerical strategy is positivity preserving for the volume fractions and the par-
tial masses. The scheme is tested against several one-dimensional test cases including flows featuring
vanishing phases.

Résumé. Ce travail porte sur I'approximation numérique du modele de Baer-Nunziato barotrope.
Le schéma se base sur une méthode de splitting correspondant a un traitement séparé des ondes
acoustiques d’une part et des ondes matieres d’autre part. Nous proposons d’étendre les schémas
implicites-explicites développés dans [8]. Ces méthodes permettent d’utiliser des pas de temps qui ne
sont plus contraints par la vitesse du son grace a un traitement implicite des ondes acoustiques, et de
conserver une précision dans le régime subsonique grace a un traitement explicite des ondes matieres.
Dans ce travail, une attention particuliere sera également portée a la discrétisation des termes non
conservatifs dans le modele de Baer-Nunziato. Nous montrons que les méthodes numériques proposées
préservent la positivité des densités et des fractions volumiques et nous illustrons leurs comportements
a l'aide de plusieurs cas tests représentatifs des difficultés numériques liées a ce modele.

1. INTRODUCTION

We are interested in the computation of compressible two-phase flows with a two-velocity two-pressure model
derived after the Baer-Nunziato (BN) model [3]. The (BN) model was initially dedicated to modeling a gas-solid
flow for the simulation of detonation phenomena [3]. Its range of applications has since been extended to a wider
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range of two-material flows like liquid-gas flows (see for example [11,14,18,20,22,23,25]). In the present work,
we adopt a simplified version of the (BN) model that involves only mass and momentum equations equipped
with a barotropic pressure law (as in [15,16]): the pressure pj of each component k = 1,2 is assumed to only
depend on the phasic density pg. A specific feature of this model that is inherited from the full (BN) model lies
in the presence of non-conservative terms that drive the coupling between both fluids. These terms involve so-
called interfacial velocity and interfacial pressure. The definition of these parameters require additional closure
relations. This choice is not straightforward and has important consequences on the mathematical properties
of the model, like the ability to define weak-solutions or to equip the model with an entropy evolution equation
(see for example [19]).

From a numerical point of view, the barotropic (BN) model raises several issues. A first difficulty comes from
the presence of non-conservative terms and how they may interact with conservative fluxes. A second difficulty
occurs when the volume fraction of one of the component tends to zero in some regions of the computational
domain. This situation is referred to as a vanishing phase and may cause severe problem as numerical methods
often fail to compute the phasic quantities associated with the vanishing phase [15].

One may find in the literature several papers devoted to the numerical resolution of two-fluid two-pressure
models and the question of how to discretize the non conservative terms. Most of them deal with the non
barotropic case. The reader is referred to [1,2,26,29] for the numerical methods relying on time-explicit, exact
or approximate Riemann solver and the references therein. We also mention some other finite volume techniques
that have been used. In [19], the authors extend Rusanov’s scheme and the VFRoe method to the context of
non conservative systems. Other schemes rely on relaxation techniques (see for instance [1,15]).

The discretization of the full (BN) model has been investigated by many authors in the literature (see for
example [1,6,14-16,19,25,26,29]) but in most contributions, for stability reasons, the time steps At is subject to a
CFL condition that depends on the material velocity and the sound velocity of each material. For configurations
where the sound velocities are much larger than the material velocities, this can lead to very small time steps
although the acoustic waves are not driving phenomena in the flow. A CFL condition based on the most influent
waves, the contact waves associated to the material velocities would be more adapted. The idea is then to propose
a time-implicit treatment of the acoustic waves, in order to get rid of a too restrictive CFL condition, together
with an explicit treatment of the contact waves in order to preserve accuracy. This strategy has already been
exploited earlier within the framework of Euler equations and Shallow Water equations (see for instance [8,10,17])
using a Lagrange-Projection approach, but also for two-phase flows models (see [6,9,16,24, 28, 30]).

The paper is organized as follows. In Section 2, we present the set of partial differential equations (PDEs) of
barotropic (BN) model, and we recall its main mathematical properties. In Section 3, we propose an operator
splitting method for approximating the solutions of the model. In Section 4, we describe the numerical treatment
of each step. In Section 5, we build explicit and semi-implicit numerical schemes based on this operator splitting
method for the solution of the barotropic (BN) model. Finally, Section 6 is devoted to the numerical experiments,
where one-dimensional test cases are presented.

2. THE BAROTROPIC BAER-NUNZIATO MODEL

Let us consider two compressible materials k = 1,2, equipped with a barotropic Equation Of State (EOS) of
the form py, — ex(pr), where ex and py respectively denote the specific barotropic potential energy and density
of the fluid k. The pressure py, is defined by py(px) = pidey/dp,. We assume the sound velocity ¢, of the fluid
k to be real-valued and defined by c; = p},(px) > 0.
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We denote «y, the volume fraction associated with the component k& and impose that a; + as = 1. If uy is
the velocity of the fluid k = 1,2, for one-dimensional problems the barotropic BN model reads:

Orory + wurdgoaq = 0,
O(c1p1) +  O(arprur) = 0,
d(arprur) + Ou(arpruf +aipr) — prdear = 0, (1)
I (azp2) +  Ou(azpaus) = 0,
di(agpug) + 0Ou(aapaui + agpe) — prdzas = 0,

where u; and p; are the interfacial velocity and pressure for which one must provide closure laws. This system
involves two evolution equations for both the partial mass and momentum of the fluid k£ = 1,2 supplemented
by an equation for the volume fraction a; = 1 — .

The eigenstructure of (1) consists of five real eigenvalues
Sp={ur,u; £ci,us o, }.
The barotropic BN model is hyperbolic under the following conditions:
aray #0,  |ug —ur| #cp, kE=1,2.

When (1) is hyperbolic, one can easily check that similarly to the classical gas dynamics equations, the
characteristic fields associated with the eigenvalues uy + ¢; are genuinely nonlinear.

The choice of the closure law for u; has an important impact on the evolution of «j as it may not be possible
to obtain a maximum principle for a4 if the field associated with wy is not linearly degenerate. Moreover, the
choice of both u; and p; affects the availability of weak solutions and a companion entropy evolution equation
for the system. For these reasons, as in [15,16] we restrict our study to the following closure relations

ur = (1= pur+pue,  p= 52050 x €10, 5,1},
pr = pp1+(1—p)pe,

(2)

that issued from [12,19]. This choice ensures that the field associated with u; is linearly degenerate, it also
provides a complete set of jump relations that enables a full definition of weak solutions and an entropy evolution
equation. As a consequence, smooth solutions of (1) with (2) also verify the following conservation equation

2 2 2 3
u u
Oy {kz_:l akprer(pr) + Olkpk;} + 0y {;akpkek(pk)uk + akpk?’“ + akpk(pk)uk} =0. (3)

Let us underline that for the numerical results presented in the last section, we will restrict our choice to the
case x = 0,u =1 so that

(ur,pr) = (u2,p1). (4)
Finally, we denote U = (a1, a1p1, a1 p1u1, Qapa, aapaus) the unknown vector that is expected to belong to the
set of admissible states:

Q={UeR’, 0<ap<l, pp>0, ke{l,2}, a1+ay=1}. (5)
System (1) takes the following condensed form

0, U+ 0, F(U)+C(0)0,U=0, z€R, ¢t>0, (6)
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where
0 w0y
Q1p1ul 0
F(U) = [ aipruf + capi(p1) |, C(U)0.U = | =p1dzen | . (7)
Q2 P2U2 0
a2 pau3 + aapa(p2) —pr0zaz

3. OPERATOR SPLITTING ACOUSTIC-TRANSPORT

Before going further on, we recall that this idea has already been used earlier within the framework of Euler
equations (see for instance [17]) using a Lagrange-Projection approach, but also for the Baer-Nunziato model
(see [6,16]). In [6], the authors propose an operator splitting with three steps for the Baer Nunziato model with
energy equations. Both first steps correspond to the acoustic and transport parts of the Euler equations for
each phase. The third step gathers the non conservative terms that couple both phases. In [16], the authors
propose an operator splitting in two steps where the coupling terms are distributed in the two subsytems. In
this case, the transport part arises a weakly hyperbolic system and a careful treatment has to be made for the
numerical discretization. In this section, we introduce an operator splitting for the barotropic BN model in two
steps where the two subsystems account for the coupling terms like [16] while preserving the hyperbolicity of
each subsystem as in [6].

The first step corresponds to the propagation of acoustic waves:

atal = O7
at(akpk) + (akpk)amuk = 0, ke {1, 2}, (8)
Oi(arprur) +  (oprur)Opup + Op(arpr) — prozax = 0, k€ {1,2}.

The second step considers the propagation of both material waves and the evolution of ay:

8150[1 + uIazal = 07
at(@kpk) + Ukawakl)k = 0) ke {172}7 (9)
3t(akpkuk) + Ukam(akpkuk) = 0, ke {1, 2}.

3.1. Properties of the acoustic sub-system

If we note 1, = p,?l the specific volume, the acoustic system (8) takes the form

at()él = O7
pkaﬂ‘k — 5‘Tuk = O7 (10)
peOi(agur) +  Ou(arpr) —prozar = 0.

Granted that ¢; # co, the acoustic system (10) is strictly hyperbolic and the eigenstructure of the system
is composed of five fields associated with the eigenvalues {£c1,0,+co}. The waves associated with +c¢, are
genuinely nonlinear. The wave associated with 0 is linearly degenerate.

We propose further approximations for the acoustic system (8) by freezing the time dependence of pj, in front
of pr0:(-) in (10) and by using a Suliciu-type relaxation approximation of (10) (see [7,13,27]). We proceed by
introducing new independent variables 7, and 7 that respectively act as surrogate pressure and densities for
k =1,2. If one considers smooth solutions of (8), the pressure py, verifies

0y (i) + g (cr/Te)* Oy = 0. (11)

The variables 75, are evolved according to their own partial differential equations, whose purpose is to implement
a linearized version of (11). The new variables rj are associated with a stationary wave. Therefore, within the
time interval ¢ € [t",t™ 4+ At[, we propose to consider the following relaxation system
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8ta1 = 07

OsTk = v(pk—7k),

O (11T - Oyuy = 0, (12)
Oi(rragug) + Ox(apmy) = mrozan,

Oy (remr) + aipur = v(pk— )Tk,

where v is a relaxation parameter and aj is a constant approximation of the acoustic impedance of the fluid k.
In the limit regime v — oo, we formally retrieve the solution of (8). In order to provide a stable approximation
of (8), the constants a; must be chosen in agreement with the Whitham subcharacteristic condition

aj, > max (pici(pr)) . k=12, (13)

where the max is taken over all the density values pj, in the solution of (12). We adopt the classic method that

allows to reach the regime v — co: at each time step, we enforce the equilibrium relations (%) = py9° ((ox)}),

(1)} = (px)} and solve (12) with v = 0.
For v = 0, the relaxation system can take the compact form:

3toz1 = 0, (14)
oWy, + aka(Wk) = (W[amak) E, ke {1, 2},

with the unknown Wy, = (rg, 7,7, reQpuk, 757 ), the flux Gp(Wy) = (O, —uk,akﬂk,aiuk) and F = (0,0,1,0).
Let us discuss a few properties of (14). Straightforward computations (see Appendix A) provide the following
property on the characteristic fields of the relaxation system.

Proposition 3.1. For any state vector (a1, W1, Ws), system (14) has the following characteristic speeds:

Sp = {i‘“,o,i@},
1

T2

where 0 is of multiplicity five. Moreover, all the characteristic fields are linearly degenerate and system (14) is
hyperbolic.

3.2. Properties of the transport sub-system

We now consider the time evolution corresponding to the transport step. Starting from the output of the
first step Uf, we want to compute the updated data U1 at time t"+! by approximating the solution of

Oy +  urdzoq = 0,
3t(akpk) + ukaz(akpk) = 0, ke {1,2},
Or(arprur) + upOe(arprur) = 0, ke {l,2}.

The eigenstructure of (9) is derived thanks to straightforward computations.
Proposition 3.2. For any state vector (a1, a1p1,a1p1u1, depa, apots) such that p1 > 0 and ps > 0, system
(9) has the following characteristic speeds:

Sp = {U],’Lbl,’LLQ} .

Assuming that the interfacial velocity uy is defined by the closure law (2) then the characteristic field asso-
ciated to the (simple) eigenvalue uy is linearly degenerate. The characteristic fields associated to the (double)
eigenvalues uy, are genuinely non linear and system (9) is weakly hyperbolic.
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Remark 3.3. Let us emphasize that the nature of the characteristic field associated with the eigenvalue wuy
in (9) depends on the chosen closure law for u; in the complete model (1). For example, assuming a different
closure law as in [21] by setting:

uy = a1u1 + e,

would lead to a genuinely non linear characteristic field associated to the eigenvalue u; in both (1) and (9).

Remark 3.4. The transport system (9) shares a similar structure with the system of pressureless gases (see for
example [4,5]). However, in our case, its sole purpose is to yield a discretization means for the transport terms
of the barotropic BN model (1). Let us underline that in the discretization strategy presented in Section 4.2,
the propagation velocities (9) will be frozen at values uj and u} computed at the acoustic step. This will
enable a discretization of (9) that verifies a local maximum principle for ag, agpr and agprur. Moreover, the
overall discretization is consistent with the barotropic BN model (1). In this sense, possible well-posedness
issues involved with the transport system (9) are not a genuine concern here and will not be investigated.

4. DISCRETIZATION OF THE ACOUSTIC AND TRANSPORT SUB-SYSTEMS

In this section, we use the operator splitting method in order to derive an implicit-explicit numerical scheme,
the aim being to approximate the solutions of the barotropic BN model (6). Let At be the time step and Ax
the space step, which we assume here to be constant for simplicity in the notations. The space is partitioned
into cells C; = [xjfé,xj+%], J € Z where x;, 1 = (j + 3)Az are the cell interfaces. At the discrete times
t"™ = nAt, the cell average of the solution of (6) is approximated on each cell C; by a constant value denoted by

U} = ()}, (a1p1)}, (arprun), (a2p2)}, (aapaus)}) -

In the following two sections, we describe the discretization strategy associated with the operator splitting
method in order to calculate the values (U?H)jez of the approximate solution at time "1 from those at time
t™. Section 4.1 displays the numerical treatment of the Lagrangian step (8) while section 4.2 deals with the
material transport step (9).

4.1. Treatment of the first step

We need to propose a discretization strategy for (14). The solution of a Riemann problem for (14) consists
in six constant states separated by five contact discontinuities. We choose to build an approximate Riemann
solver for the relaxation acoustic system (14). We will use in the sequel a discretization of the non conservative
product that is consistent with the term 7;0,a) to derive an approximate Riemann solver for (14). Let
Axyp > 0,Axgr > 0. We consider a piecewise initial data defined by:

f—0 B (1)L, if x <0,
041(1‘, o ) o (Oél)R, if x> 0, (15)
Wi(z,t=0) — (We)r = ((re), (ri7i) L, (rwowuw) o, (rime)L) if # <0,
i (We)r = ((r&) R, (TkTk) R, (TRORUK) Ry (TETR)R) 5 if z >0,

where the left and right states are defined by:

(m)r =% (o)), (m)r =pE%°%((m)Rr),  (me)r = (pr)r,  (re)r = (pr)R-

Note that (mx)r, (7x)Rr, (k) and (ry)gr are at equilibrium. Let us now build an approximate Riemann solver
for the relaxed acoustic system (14). We look for a function (Wy)gp composed of six states separated by
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discontinuities as follows:

(Wy)r if % <= (T(ZSL’
(We)y if oo <7 <0,
ECUARANES B e
(Wk)R if % > (T’(ch];R'
The function (a)gp is defined as follows:
T _ (Oél)L if % <0,
(1) (t Ho)r, (al)R) N { (a1)r if  F>0. (17)

The intermediate states in (16) are such that the following properties hold:

(1) (Wg)gp is consistent in the integral sense with the barotropic Baer Nunziato model. More specifically
in our context, if At is such that 7H—Af < min(Azy, Azg)/2, then

Gr((Wi)r) — Ge(Wi)L) = 7(7"(21 (Wi)1 — (Wi)z) +
Az + Azxg
S e— {m10zai} E,

on (Wi)r — (Wk)R)
(18)

where {770} is consistent with the non conservative term, in the sense:

lim {m@acak} = ﬁ(azak)(ch) (19)
Azxp,Azr — 0,
(W)L, Wi)r — (0K, T, Uk, T)

(2) We impose that (W) and (W

k)5 (resp. (Wy)r and (Wy)3) verify the Rankine Hugoniot jump
conditions accross (—W)—Wave (resp.

—R)-W&ve):

Tk)
i (P = (Ws) & Gul(W)3) = Gul(Wa) = 0 o)
57 (Wi)r = (Wi)k) + Ge((Wi)r) — Ge((Wr)R) = 0.
(3) Similarly, across the discontinuity of velocity 0 we impose that:
(ue)L = (ur)f = (ue)*,  (am) + (aam2)f = (oam1)k + (02m2)k- (21)

Relations (20) and (21) do not provide enough information to determine the intermediate states (Wy)7 and
(Wg)%. Indeed, they provide only seven independent relations while we need eight quantities, namely (ug)7,
(uk)’é, (akﬂk)z and (Ckkﬂ'k)}%.

We choose to add another jump relation accross the stationary discontinuity of (W )rp, we impose
(ki) r — (k) = M, (22)

where My, is a function to be specified. Relations (18), (20), (21) and (22) lead to:

. 1 M

Qg = QpUr — EA(akﬂ—k) + I:,

71'2 = k — —Auk, (23)
T *x *x _ My

ar(me)y, = (ax)rmy — 55,

ar(m)y = (a)omf+ 2
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We now only need to determine My, such that the conditions 1), 2) and 3) are satisfied. The integral consistency
requirement of Condition 1) imposes

My = {m10,01) %. (24)
A simple mean to comply with (24) is to choose:
M =72 (We)r, (Wi)r) [(aw)r — ()L]
where 78 (W), (Wx)r) is a consistent approximation of 77 in the sense that:
(Wi, We)p) > 71 i (7)e, (71)r = 7.
At last, we choose:
A (W), (W) = v = T, TE T (25)
This yields that
{rrhan ()1, (Wi, A, Aag) = 27 (Wi, (Wi p) e —{an)e (26)

Azy + Axg '

By construction, the approximate Riemann solver defined by (23) and (26) verifies the three conditions 1), 2)
and 3). We end up with the following update at the acoustic step:

(1)) = (@)},

()i = ()],

()i = ()} + mrotye ()1 — ()j_1y2) (27)
()i = (w)} - WM ((@Mk);H/g - (Otkﬂk)j_l/g) + (affi)? {mro.ai}y

() = ()} = mtiyrad (W) — (@)j10)

where (m)7 = pfO%((7e)}),  (re)} = (pr)} and

A(agm
b akj+1/2( )]+1/2 = QpUkjt1/2 — (szkk) + m {Sk}JJ,-l/Qa
. OTij/z(Oékﬂk) 12 = (ak) ()i (T — % Aug) + 28 (S} o,
° {Sk}? =2 {Sk}?+1/2 +3 {Sk}jq/z’ with: {Sk}j+1/2 = Tl j+1/28 (%) 1172,

.7 _ bjt1tb; _
where: bj+1/2 = %, Abj+1/2 = bj+1 — bj

4.2. Treatment of the second step

We now consider the numerical treatment of the time evolution corresponding to the second step. Starting
from the output of the first step Ug-, we want to compute the updated data at time ¢"+!, [U?'H. Denoting
or € {mg, mpug}, we use a standard time-explicit upwind discretization for the transport step by setting

(¢k)?+l = (¢k)§ - ﬁz ((uk)]+1/2(¢k)3+1/2 (Uk);_1/2(¢k)§71/2>
A OE ()70 — (W) 1ys) |
ntl 4 At f « : (28)
()] () = &L (@n)fsyya(@)iry = )iy plan)i )

+ A (O‘l)ﬂ ((ul)j+1/2 = ()19
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where
((bk)ﬁ = (¢k>§7 if (uk);+1/2 Z 0’ (al)ﬁ- _ (al)gv if (’U/I);+1/2 Z 07
J+1/2 (¢,€)j+1, if (uk);ﬂ/2 <0, J+1/2 (o G410 if (UI)§+1/2 <0.
Let us note that the transport update (28) equivalently reads:
(@r)7 ™ = ()5Ls — AL ((wn)5410(08) i1 )n — ()i 0(00)i_y )
()™ = (@)L= AL ((un)ty p(@)f s — )iy ()i, )., (29)

L = 1+ 4t ((uf);+1/2_ (Wr)j_12) -

Let us note that the interface value of the velocity (uk)]* +1/2 coincides with the one proposed in the first step,
which is actually crucial in order for the whole scheme to be conservative.

5. TWO-STEP NUMERICAL METHOD

In this section, we now give the details of the two-step process proposed in Section 3 for solving the barotropic
Baer Nunziato model. Let us briefly recall that this two-step process is defined by

e Update U7} to Ug- by approximating the solution of (8).
e Update Ug to U;H'l by approximating the solution of (9).

We begin with a fully explicit discretization of the Baer Nunziato model, which means that both steps of the
process are solved with a time-explicit procedure, and we will go on with a mixed implicit-explicit strategy for
which the solutions of (8) are solved implicitly in time and the solutions of (9) are solved explicitly. The latter
strategy allows to get rid of the strong CFL restriction coming from the acoustic waves in the subsonic regime
and corresponds to the motivation of the present study.

5.1. Time-explicit discretization

Let us begin with the time-explicit discretization of the acoustic system (8), or equivalently (10). The
acoustic update is achieved thanks to the proposed relaxation approximation and the corresponding approximate
Riemann solver detailed in Section 4.1. More precisely, we propose to simply use a Godunov-type method based
on this approximate Riemann solver. If we focus on the conservative variable: (au, 7k, Pk, Qg prUr, TETE), the
discretization (27) yields the following formula for the acoustic update:

(al)ﬁ- = ()],

(rk)g» (re)3

Lj(akpk)g = (awpr)jy,

Lj(akpkuk)g' = (apprur)? — % ((akﬂ'k);+1/2 - (akﬂk);A/z) + At {Wjazak}? ) (30)
em)i = (e} — A2ed (e — ()]o1ga)

L = 1+ % ((Uk)g*‘+1/2 - (“’“);—1/2 ’
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Overall Discretization After injecting (30) in (29) one obtains the complete update procedure from t" to
t"+1 for the conservative variables:

(an)i*? = (a)iLf — &t (u1)§+1/2(0‘1)§‘+1/2 - (UI)J*"l”(al)g_l/Q) ’

(ki)™ = (onpr)} — &% (Uk);*'+1/2(akpk)§+1/2 - (uk);‘l/Z(akpk)gfl/Q) ’

(awprur)} ™ = (owprur)) — £L <(Uk)§+1/2(mk“k)§‘+1/2 @k .
_ (uk);,l/z(mkuk)g'—lﬂ — (akﬂk);71/2> + At {m10zax}y

L = 1+4% ((Uz)§+1/2 - (“I)J*‘—W) '

The next statement gathers the main properties satisfied by our explicit in time and two-step algorithm.

Proposition 5.1. The fully explicit scheme (27)-(28) satisfies the following:

(1) The discretization of the partial masses aypy is conservative

(2) The discretization of the total momentum aqpiuy + aapausg is conservative.
(3) The constant velocities/pressures profiles are preserved.
(4) Under the Whitham subcharacteristic condition (13) and the CFL conditions
At 1 At
n * + * —
Ay e e (@)} | < 50 Fomax (()foe) T = ()jag)7) <1 (32)

the scheme preserves the mazimum principle for the phase fractions: 0 < ay < 1 and positive values of
the densities p, > 0.

Proof.

(1) This is a straightforward consequence of (31).
(2) Summing the momentum equations in system (31) over k yields:

(cprur + QQPQUQ)?H = (a1prur + 042P2U2)§‘ - % ((0117T1 + 01272);_%_1/2 — (aym + 0527T2);§1/2

+ () pplaprn)iy p = ()i plarprun)i_y

+ (u2);+1/2(o‘2p2u2)§+1/2 - (u2);71/2(042[)2u2)§,1/2) .

As aym1 + agmg is a Riemann invariant of the standing wave for the relaxation acoustic system (12), we
have (aym + a2ﬂ2);i1/2 = (a1m + 0427T2);‘.fl/2, which preserves the conservative form.
(3) Let us consider the state:

()7, (anpr)}s (anprur)]) = (1)} ()] ox(@), (aw)For(B)T) . ()] € (0,1), k=1,2,

with constant velocities u and pressures p. Injecting this state in the two-step numerical method (31),
we obtain:

(@)™ (anpr) ™ (aprun)F ) = (@), ()} ok @), () @)a) . (cn)™ € (0,1), k=12

(4) Thanks to (30), the CFL condition (32) ensures that (py)% > 0 and 0 < (ax)% < 1 for j € Z. The CFL

condition (32) yields that (pk);”l and (0419);”rl are convex combinations of (pk)gi and (04;€)§i respectively
for I = j £ 1,5 and therefore (p;c);-”rl >0and 0 < (ak);-”rl <1

O
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5.2. Semi-implicit discretization

Let us now consider the last algorithm of this paper. It consists in considering a time-implicit scheme for the
acoustic step and keeping unchanged the transport step. This strategy will allow us to obtain a stable algorithm
under a CFL restriction based on the material velocity u; and not on the sound velocity c. In order to derive
a time-implicit scheme for the acoustic step, we follow the following standard approach where the numerical
fluxes are now evaluated at time t* | that gives here the same update formulas as in the explicit case but where
the numerical fluxes now involve quantities at time t* apart from the term consistent with {w70,as}, which
writes:

_ I A(omy)* 1
J Olkj+1/2((uk);+1/2)ﬁ = Oékukg-ﬂ/g - (3;:'“) + 507 1Sk} 4125
_ i . A
o @j/a((mi)f ) = ()i (g (78 = G0 ) + 255 (S}, o
Let us observe that we suggest here to keep on evaluating the interfacial pressure source term at time ¢™. It is
interesting to see that it is equivalent to the following system written in characteristic variables:

(@)f = ()],
(re)f = ()7,
n >\ * *
(Wi = ]+ o (Wi)tss)o = i)y )s)
J
pad p Aag = Aa(ag)j_y = Aag(Aag)j—1/2 %
Wﬁ‘:W'_ Wﬁ‘F%Wﬁ,—%Wﬁ
(W3 (W) (Tk)?( i ()} (@) j—1/2 K Q(Tk)?(ak)j—l/z( ¥i (33)
)\ak n
(Tk)j—l/2(rk)? {S}j71/27
b pom Aag & Aag(ag)iy & Aag(Aak)jriy
Wt = ()= 2 )t A t ZORTRIHLT2 (g,
W = = G T Gp@m g 50 as @),
)\ak n
Il B G S ’
@lyayary O Hee

— — — «—
where the new variables Wy, and Wy, are defined by Wy, = m + apug, Wir = 7 — agu. These quantities are the

Riemann invariants associated with the characteristic speeds +ax7; of the relaxation system (14). We firstly

— —
compute Wy and Wj. Once this is done, 7, variables can be updated explicitly since ((uk);‘ 1 /2)ﬁ is explicitly
— 8 —
known from the knowledge of Wj, and Wy by the formulas

1

() = g (0905 - 07 ) . = 3 (0W03 + 0723

Remark 5.2. In the semi-implicit Lagrange projection, we need to solve a linear system to update the solution

at time tf. .
(Ava.,vvk A@@) (W) _ (%) (31)
Ae & A « <) T \B<e |
We W wewn/) \Wk Wi

where the block matrices A -~ - and A «~ « are bidiagonal and the block matrices A -~ « and A~ - are
Wi , Wi Wi ,Wi Wi Wi Wi, Wi

7 k> 7
diagonal. The implementation of this sparse matrix is made by the use of the Python library ” scipy.sparse”
and we solve the linear system (34) with a direct method from ” scipy. sparse.spsolve”.
Proposition 5.3. The implicit-explicit scheme (33)-(28) satisfies the following:

e The discretization of the partial masses ayppy is conservative
o The discretization of the total momentum aypiul + aapaus is conservative.
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e The constant velocities/pressures profiles are preserved.
Under the Whitham subcharacteristic condition and the CFL conditions,

At

A ()" = ()f100)7) <1 (35)

e [t preserves the maximum principle for the phase fractions: 0 < ai < 1 and positive values of the
densities p, > 0.

Proof. The properties are obtained in the same way as in the explicit case. [l

6. NUMERICAL RESULTS

In this section, we present three test cases that are representative of the numerical challenges of the BN
model: the vanishing phase and the capture of a pure contact discontinuity. Here, we compare the approximate
solution computed with our two-step numerical scheme, with a reference solution. For the first and the second
test cases, the reference solution is computed over a 10° cells mesh with the Rusanov scheme. In the last test
case, the reference solution is the exact solution of the Riemann problem.

These three test cases are Riemann problems defined from the variables V := («aq, p1, u1, p2,u2) by setting

the initial data as:
_ | Vpifz <05,
V(t=0,2)= { Vg ifz > 0.5,

In these cases, the phasic equations of state are given by the following ideal gas pressure laws:

p1(p1) = k1p]', with k1 =1 and 71 = 2, (36)
pa2(p2) = Kapy?, with ko =1 and 9 = 3.

The solutions are computed on the domain [0, 1] of the z-space. For all the test cases, a mesh refinement process
is implemented in order to numerically check the convergence of the method. For this purpose, we compute
the discrete L! error between the approximate solution and a reference solution at the final time 7', normalized
by the discrete L! norm of the reference solution for both tests 1 and 2. For the last test case, the reference

solution is the exact one. .
Zj ‘Vj - Vref('rjv T)|

Zj |Vref(:rjv T)| ’
The calculations have been implemented on several uniform meshes. The coarser mesh is composed of 100 cells

and the more refined one contains 5 x 10* cells. The error (37) is then plotted against Az in a log — log scale
in Figures 3, 6, 9.

error(Ax) = (37)

6.1. Test case 1: a complete Riemann problem

We consider a first test that displays all the waves: acoustic waves and contact discontinuity, with the
following initial data [16],

Vi (0.1, 0.85, 0.4609513139, 0.96, 0.0839315299) if = < 0.5,
Vg = (0.6, 1.2520240113, 0.7170741165, 0.2505659851, —0.3764790609) if x > 0.5.

The exact solution is composed of a (u; — ¢;1)-shock wave, followed by a (ug — cg)-rarefaction wave, followed by
a ug-contact discontinuity, followed by a (ug + ¢2)-shock and finally followed by a (u; + ¢1)-rarefaction wave.
In Figures 1, 2, the approximate solution computed with the explicit and implicit-explicit Lagrange projec-
tion schemes are compared with both a reference solution computed over a 10° cells mesh with the Rusanov
scheme and the approximate solution obtained with Rusanov scheme. We first observe that the implicit scheme
is the most diffusive, which was clearly expected from the implicit treatment of the acoustic step. Note also
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that our Lagrange-Projection schemes correctly capture the intermediate states even for this rather coarse mesh
of 1000 cells. It appears that the contact discontinuity is captured more sharply by the explicit Lagrange
projection method than by Rusanov scheme for which the numerical diffusion is larger. The two Lagrange
projection schemes are comparable to the results given by the relaxation scheme introduced in [15] (see page
34). Nevertheless, we observe that the ImEx method generates an overshoot at the contact discontinuity where
the phase fraction oy jumps. This oscillation is reduced on a finer mesh of 10000 cells in Figure 2 and does not
generate an instability. To have a better understanding of this behavior at the contact discontinuity, we study
a Riemann problem with a stationnary contact discontinuity in the last test case. The appearance of all the
waves in this first test case and of their numerical diffusion can make the interpretation of the results difficult.
Figure 3 also shows that the approximate solution computed thanks to the Lagrange Projection schemes con-
verges towards the reference solution. The errors converge towards zero with a rate between Az'/? and Az.
The expected order of Az'/? could be otained by implementing the calculation on much more refined meshes
in order to recover this asymptotic order of convergence.

Table 1 gives for each test case the number of iterations needed to perform the computations. As expected, the
gain is important when using the proposed implicit-explicit algorithm and the corresponding CFL restriction
based on the material waves (instead of the acoustic waves as for the explicit scheme).

Test 1 | Test 2 | Test 3
Rusanov 808 780 688
LP explicit 616 729 672
LP implicit | 203 214 398
TABLE 1. Number of time-iterations for each test case with 1000 cells

6.2. Test case 2: vanishing phase

We now consider a Riemann problem in which one of the two phases vanishes in one of the initial states.
That means that the corresponding phase fraction a; or aw is equal to zero. This configuration poses a difficulty
in the two-fluid model owing to its independent velocities. The singularity arises when one computes the absent
phase velocity using the conservative variables uy = %’gzk.

For this kind of Riemann problem, the u;-contact separates a mixture region where the two phases coexist from
a single phase region with the remaining phase. Assuming for instance that af = 1 and 0 < of* < 1, the right
state is a mixture of both phases while the left initial state is composed solely of phase 1. We consider the

following initial data [16],

Vi, (1, 1.8, 0.747051068928543, 3.979765198025580, 0.6) if < 0.5,
Ve = (0.4, 2.081142099494683, 0.267119045902047, 5.173694757433254, 1.069067604724276)  if x > 0.5.

The exact solution is composed of a (u; — ¢;)-shock wave in the left-hand side region where only phase 1 is
present. This region is separated by a uj-contact discontinuity from the right-hand side region where the two
phases are mixed. In this RHS region, the solution is composed of a (ug + ¢o)-rarefaction wave followed by a
(u1 + c1)-rarefaction wave. In practice, the numerical method requires values of af and aft that lie strictly in
the interval (0, 1). Therefore, in the numerical implementation, we take af = 1 —107°. The aim here is to give
a qualitative comparison between the numerical approximation and the reference solution. Moreover, there is
theoretically no need to specify left initial values for the phase 2 quantities since this phase is not present in
the LHS region. For the sake of the numerical simulations however, one must provide such values. We choose
to set p& and uZ to the values on the right of the us-contact discontinuity. As for the first test case, we can see
in Figures 4,5 that for the same level of refinement, the explicit Lagrange projection scheme is more accurate
than Rusanov scheme. That can be seen especially for phase 1. As regards the region where phase 2 does
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FI1GURE 1. Test case 1: Space variations of the physical variables at the final time 7' = 0.14.
Mesh size: 1000 cells.
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FIGURE 2. Test case 1: Space variations of the physical variables at the final time 7" = 0.14.

Mesh size: 10000 cells.
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FIGURE 3. Test case 1: Convergence study. Mesh size: 100 to 10* cells.

not exist, we can see that the three numerical schemes develop some oscillations when it comes to divisions by
small values of ag. This behavior is also observed with the relaxation scheme in [15] (see page 37). The ImEx
method also generates an oscillation at the location where the phase fraction oo jumps and is more diffusive for
the capture of the (u; + ¢;)-rarefaction wave (see Phase 1 density in Figure 4). The oscillation and numerical
diffusion are lower on a finer mesh of 10000 cells in Figure 2 and ImEx method converges towards the reference
solution.

Figure 6 also shows that the approximate solution computed thanks to the Lagrange Projection schemes con-
verge towards the reference solution. The errors converge towards zero with a rate between Az'/? and Az.
The expected order of Az'/? could be otained by implementing the calculation on much more refined meshes
in order to recover this asymptotic order of convergence.

6.3. Test case 3: a pure contact discontinuity

In the last test case, we seek to analyze the behavior of the explicit and ImEx Lagrange Projection (LP)
schemes and the Rusanov scheme for the capture of a pure stationnary contact discontinuity. This Riemann
problem is built following the procedure explained in Appendix B. Here, in the exact solution, all the physical
quantities are transported with the constant velocity uy = 0. The initial data is defined as

Vi, = (0.8, 7.0710678118654755, 0.4448746176198241, 3.7907146169832258, 0) if = < 0.5, (38)
Ve = (0.2, 3.1622776601683795, 3.979079545848609, 3.6840314986403864, 0) if = > 0.5.

Figures 7 and 8 gather the curves of (aq, p1,u1, p2,us) as functions of z and Figure 9 gathers the L' relative
error compared to the initial state for the variables (i, p1,u1, p2), and the L! absolute error for uy (as |uz| = 0
everywhere).

The approximation of a pure contact discontinuity represents a challenging test case. Indeed, for all schemes
considered in the present article, including the Rusanov scheme several pathological phenomena can be observed.
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FIGURE 4. Test case 2: Space variations of the physical variables at the final time 7' = 0.1.
Mesh size: 1000 cells.
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FI1GURE 5. Test case 2: Space variations of the physical variables

Mesh size: 10000 cells.

at the final time T = 0.1.
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FIGURE 6. Test case 2: Convergence study. Mesh size: 100 to 10 cells.

First, none of the numerical schemes succeeded in perfectly preserving the zero-velocity u; = ug profile. Such
an error on usy also induces an error on ps as it its profile cannot be kept stationary. Nevertheless, us seems to
converge to zero (in L') with both Acoustic-Transport schemes, but not with the Rusanov scheme.

For the p; profile, both Acoustic-Transport schemes produce an overshoot at the location of the discontinuity.
This results from the computation p; = («1p1)/c. This overshoot reduces when using a finer mesh. It is not
observed with the Rusanov scheme that is more diffusive. Moreover, on the right-side of the contact discontinuity,
p1 seems to evolve as a regular solution over an important part of the computational domain and then finally
reaches a plateau value on the right side of the domain. Even for finer meshes, the solution does not seem to
converge towards the initial state when Az — 0. The same problem appears on the u; profile. Moreover, this
very pathological behavior was also obtained with the relaxation scheme [15] (the simulations with the relaxation
scheme [15] were performed by K. Saleh). Let us mention that the problem of capturing correct profiles for the

coupling wave in BN models has been successfully investigated by [1] by the mean of an approximate Riemann
solver.

7. CONCLUSIONS

We proposed in this work an extension of the Lagrange-Projection decomposition for the barotropic BN
model by means of an operator splitting strategy. We studied both a full explicit time discretization and an
implicit-explicit method that enables the use of time steps constrained by CFL conditions that do not involve the
sound velocity of the fluids. Both the full-explicit and implicit-explicit methods are shown to ensure maximum
principle for the volume fractions aj and positive values of the densities p. Future work include entropy
analysis through the Lagrange projection splitting, extension of the strategy to multi-dimensional problems and

to the full Baer-Nunziato model with energy equations.
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FIGURE 9. Test case 3: Convergence study. Mesh size: 100 to 5 x 10* cells.
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A. EIGENSTRUCTURE OF THE RELAXED ACOUSTIC SYSTEM

Considering smooth solutions, the relaxed acoustic system (14) reads

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
w w0 -0 0o 0 0 0
«aq 1 100
m—m =50 0 o 0 0 0 0
aju a’uq a%
W + AW)o,W =0, A= &11 — 0 o5 0 0 0 0 0 (39)
0 0 0 0 0 0 0 0 0
L2 o 0 0 0o 2 0 -1 90
(e D) T2 roQ2
T — T 0 0 0 0 e 0 0 2
a5uz 0 0 0 0 -%= g @ g
a2 T2 r2Q2
where W = (1,71, 7171, T1Q1U1, T1TT1, T2, T2 T2, ToQaUa, T2T2).
The eigenvalues of the matrix A are {—%7 —9,0,82, 1 } We give a basis of right eigenvectors of A in the

case my = 7 for the sake of simplicity:
e " =(0,0,1,0,0,0,0,0,0)
. (<)2>:(0,7r 0, 22,1,0,0,0,0)

o r¥ (000000100)

(4) _ T2T1 UL 1 mi—mg

* 7 \raug m1— 271'2 0,0, roug ™1 —2ma? O apUg T —27o 0,1,0
(5) 1 asriug 1

¢ T T — 27r2 707_7"2 7r1—27r270’_7r1—27r2’0707 1

o rpm = (o 0,— ,ig—;,l,o,o,o,o)
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o riu = (0,0,0,0,0,0,—%,1%,1)

T2
1 2 3 4 5
()r(()) 3) .4 (5)

where 77, , o, Ty and ry’ are associated with eigenvalue 0 of multiplicity 5. a1 is associated with
1
£ and ry e with £22. The system (39) is thus hyperbolic. All the characteristic fields of (39) are linearly
T2
degenerate.

B. RIEMANN PROBLEM FOR THE STATIONARY CONTACT DISCONTINUITY

In this section, we give a procedure to initialize a test case with a stationary contact discontinuity. We recall
the Riemann invariants associated to the u; contact discontinuity of the barotropic Baer Nunziato model:

_ 2 (ug —uy)? p1
up =uz, mi(ug —u1), mi(ug —u1)” +a1pr +agpy, ——F—— +e1+—, (40)

2 P1

where we recall that e; verifies: dey/dp; = p1/p3.
We denote [X] = Xr — X1, the jump accross an interface where Xg and X, are the right and left states.
Hence we have the following set of jump relations:

[miw] = 0, (41)
[miuf + Z arpe] = 0, (42)
k
U% P,
[[? +e + E]] = 0. (43)

From (41), we denote miyuy such that: myuy = (myu1)r, = (myug)g. From (43), we obtain:

1 D1
mwﬁ[[m}] + [e1 + E]] = 0. (44)

We seek to define a test case where the initial condition is a stationary contact discontinuity. From given jumps

[a1] and [p1], we deduce the jumps Hﬁloﬁﬂ and [ey + ). Assuming miuy is positive, we can compute its

expression from (44). Starting from (42) and a given state (p2)r, we can deduce the left state (p2); with the

following equation:

[maui] + [eapi] + (@2) r(p2) R = (02)L(P2) L
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