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Abstract

The Keisler theorems dealing with the definability in first-order logic of classes of struc-
tures are generalized and adapted to non-classical logics. On the one hand, we generalize
and prove by completely different means an analogue of the Keisler-Shelah isomorphism
theorem for first-order logic and countable languages, where the notion of isomorphism is
replaced in that theorem by a variant of partial isomorphism. On the other hand, we adapt
the Keisler theorems for first-order logics to protologics, i.e. logics such that the truth con-
ditions of their connectives are expressible by first-order formulas. Our results are based
on similar theorems for atomic and molecular logics proved in a companion article [5]. We
indeed show in this present article that first-order logic and protologics are as expressive as
some atomic and molecular logics.

1 Introduction

The model theory of non-classical logics is often developed on a case by case basis by consid-
ering each logic independently, and similar theorems are proved for each non-classical logic by
frequently adapting the same proof method. For example, for modal logic, temporal logic and
XPath, a number of model-theoretical results dealing with the definability of classes of models by
means of a set of formulas or a single formula have been proved [9] 19} [I] by adapting the Keisler
theorems of first-order logic (FOL for short) [I0]. This type of theorems provides conditions of
definability of classes of models in a specific logic. More precisely, they state that a class of
models is definable in a given logic if this class of models and its complement are both closed
under a specific construction called ultraproduct and under a specific notion of bisimulation as-
sociated to the logic. Similar adaptations to other logics have been made for the van Benthem
characterization theorem of modal logic [25] 19, [7) I8, TT]. A natural question that comes up to
mind is to wonder whether the Keisler theorems of FOL transfer to an arbitrary logic. We shall
see in that paper that the Keisler theorems do transfer to any protologic, i.e. any logic such that
the truth conditions of its connectives are expressible by first-order formulas, if these connectives
are so-called ‘normal’.

To prove our results, we will resort to the framework of atomic and molecular logics introduced
in [6]. This framework is based on Dunn’s gaggle theory [12,[13]. Atomic logics generalize “gaggle
logics” by adding types to formulas. Gaggle logics were introduced in [4] where it is also shown
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that a very large number of non-classical logics are actually gaggle logics and therefore also
atomic logics (see Figures 6-11 in that article). Atomic and molecular logics are a generalization
of gaggle logics which behave as ‘normal form’ logics. We will indeed show that every non-
classical logic such that the truth conditions of its connectives are expressible in first-order logic
is as expressive as an atomic or molecular logic.

Moreover, as it turns out, an appropriate notion of bisimulation can be automatically associ-
ated to any atomic or molecular logic from the truth conditions of its connectives [5]. On the one
hand, our embedding of FOL into atomic logics will allow us to automatically derive our notion
of invariance for FOL, that we call ‘predicate bisimulation’ and ‘first-order bisimulation’, and to
obtain our generalization of the Keisler theorems for FOL. Our notion of predicate bisimulation
turns out to be a slight and natural variant of the classical notion of partial isomorphism. On
the other hand, our embedding of protologics into molecular logics will allow us to obtain au-
tomatically invariance notions for any protologic and our generalization of the Keisler theorems
for protologics.

Structure of the article We start in Section [2] by recalling first-order logics and in Section
modal logic. In Section [4] we introduce a specific notion of equi-expressivity for logics which
are not based on the same classes of models. In Section [5| we introduce atomic logics, in Section
[l molecular logics and in Section [7] their Boolean versions with Boolean connectives. In Section
[0 we show how notions of bisimulations can be automatically defined from the truth conditions
of the connectives of atomic and molecular logics, after some formal preliminaries in Section [§]
where we introduce universal and existential connectives. In Section we adapt the notions
of ultraproducts and ultrapowers to atomic and molecular logics. In Section we show that
first-order logics are as expressive as atomic logics. This leads us in Section to apply our
general results for atomic logics to first-order logics. In doing so, we generalize and (re)discover
an analogue of the Keisler theorems. Likewise, in Section, [[3] we recall and show how every
protologic is as expressive as some molecular logic. This leads us in Section [I4] to prove similar
results for protologics. Finally, we show in Section [I5] that bisimulations of schematically equally
expressive logics are equivalent. We conclude in Section Unless otherwise stated, all the
proofs of this paper are in this appendix or in the appendix of the companion article [5].

2 First-Order Logics

In this section, we recall FOL. In the sequel, all logics will always be semantically presented by
following a tri-partite representation: language, class of models, satisfaction relation.

The set P 2 {Ry,...,R,,...} is a set of predicate symbols of arity ki, ..., ky,... respectively
(one of them can be the identity predicate = of arity 2), F = {f1,...,f,,...} is a set of function
symbols, V = {v1,...,v,,...} is a set of variables and C = {cy,...,cp,...} is a set of constants.
Each of these sets can be finite or infinite. v, v, vs, ... are the names of the variables and we use
the expressions x, x1,T2,...,Y, Y1, Y2, ..., 2, 21, 22, . . . to refer to arbitrary variables or constants,
which can be for example v49, vs5, c101, €21, - . . Arity(P, F) is the set of all arities of predicate and
function symbols. The first-order language E?C{TL is defined inductively by the following grammars
in BNF:

T: t == x | c | ft...t
LI ¢ == Rt...t | L | (p—=¢) | Voo

where x € V, ce C,fe€ F,t €T and R € P. Elements of T are called terms and elements of
E,?OFL are called first—order formulas. Formulas of the form Rt; ...t are called atomic formulas



and first—order formulas without function symbols are called pure predicate formulas.

If p € £,7:DO]]-_, the Boolean negation of ¢, denoted =, is defined by the abbreviation —p £
(¢ — 1). We also use the abbreviations T £ =1, (¢ V) £ (mp = 1), (9 AY) £ =(—p V =)
and (p <> ) 2 (¢ = Y) A (P — @) as well as the abbreviations Jzp £ —“Vo—p, Vo1 ... 2,0 =
Vay...Ve,p, 3ry ... 200 2 2y .. Tz and VZp 2 Vo, ... 2,0 if T = (21,...,2,) is a tuple of
variables.

Let ¢ € LEJ . An occurrence of a variable = in ¢ is free (in ) if, and only if, 2 is not within
the scope of a quantifier of ¢. We say that a formula of LE3| is a sentence (or is closed) when it
contains no free variable. We denote by ¢(x1,..., ;) a formula of £E3, whose free variables or
constants coincide ezactly with x1, ..., x;. We assume that these variables and constants are all
distinct. In doing so, we depart from the literature in which this notation means that the free
variables of ¢ are included in {x1,...,zx}.

We denote by LI, the fragment of £F3] whose formulas do not contain function symbols.
We denote by LE (Z) (resp. LI (T)) the fragment of LFy, (resp. L£E3) whose formulas all
contain at least one free variable or constant. For all k € N* and Z = (z1,...,zx) € (VUC)F, we
denote by Lo, (T, k) the fragment of LF;, whose formulas all contain ezactly k free variables or
constants and these variables or constants are Z. If X C V UC is a non-empty set, we denote by
LI (X) (resp. LE (X)) the fragment of LFy, (resp. L) whose formulas are such that their
free variables and constants are all contained in X. We denote by LE () (resp. LEg (0)) the
set of sentences of Lo, (resp. LE3|) without constants. A language LroL C LE3, is countable if
its set of predicate symbols, function symbols, variables and constants is countable.

A structure is a tuple M 2 (W, {Ry,...,Ru,...s f1,-s fay---sCly-v-1Cn,...}) Where:

e W is a non-empty set called the domain;

e Ry,...,R,,... are relations over W with the same arity as Ry,...,R,, ... respectively;
e fi,..., fn,...are functions over W with the same arity as f1,...,f,,... respectively;
® Ci,...,Cpn,... € W are elements of the domain called distinguished elements.

An assignment over M is a mapping s : YV UC — W such that for all ¢; € C, s(¢;) = ¢;. If
s is an assignment, s[z := w] is the same assignment as s except that the value of the variable
x €V is assigned to w. A pair of structure and assignement (M, s) is called a pointed structure.
The class of all pointed structures (M, s) is denoted MgoL. If K is a class of pointed structures,
K is MgoL — K.

If (M, s) is a pointed structure, we extend the assignment s from variables and constants to
terms and define the extended assignment 5:T — W as follows:

5(c) s(c)
5(fty.. . tg) F(5(t), ..., 3(tk))-

The satisfaction relation = ror C MpoL X Efgf_ is defined inductively as follows. Below, we
write (M, s) = ¢ for (M, s),¢) € = FoL.

> 1> 1>

(M,s) = L never;

<M7S> ): Rity ...t iff (E(tl),...,g@k)) € R;;

(M5 () iff it (M,s) & then (M, s) b=
M, s) = Vap iff (M, s[z:=w]) ¢ for all w e W.

In the literature [10], (M, s) = (21, . . ., 2x) is sometimes denoted M = (1, . .., xx)[w1, . . ., wi],
M = plwy /21, ..., wg/zk] or simply M = @[ws, ..., wg], with wy = s(x1),..., wx = s(zk). Some



other times [14], it is denoted M |= ¢ (z1, ..., z,)[s], M, s|= ¢(z1,. .., 2,) or simply M = ¢[s]. In
that case, we say that (M, s) makes ¢ true. We depart from the literature by treating constants
on a par with variables: the denotation of constants is usually not dealt with by means of
assignments.

We say that the formula ¢ € £7FDOF|_ is realized in M when there is an assignment s such that
(M, s) = .

A triple of the form (Lror, EFoL, = FoL) is called the first—order logic associated to Lro, and
EroL. If LroL = L?OL, the triple (,C,?:DOL, EroL, = FOL) is called pure predicate logic (associated to
EroL), if LroL = LI (T), the triple (LE (T),EFoL, | FoL) is called pure predicate logic with
free variables and constants (associated to Eror). When EroL is MpoL, they are simply called
respectively pure predicate logic and pure predicate logic with free variables and constants.

3 Modal Logic

In this section, A is a set of propositional letters which can be finite or infinite. The set I is a set
of indices which can be finite or infinite. The multi-modal language Ly is defined inductively
by the following grammar in BNF:

LuL: ¢ == p | = | (eAp) | (pVe) | OO0 | Ojp

where p € A and j € L.

We present the so-called possible world semantics of modal logic. A Kripke model M is a
tuple M 2 (W,{Ry,...,Rpn,...,P1,...,P,,...}) where

e W is a non-empty set whose elements are called possible worlds;
e Ri,....Rpy,... CW x W, m €I are binary relations over W called accessibility relations;
e P,...,P,,... C W are unary relations interpreting the propositional letters of A.

We write w € M for w € W by abuse and the pair (M, w) is called a pointed Kripke model. The
class of all pointed Kripke models is denoted Eyy .

We define the satisfaction relation =y C EmL X LmL inductively by the following truth
conditions. Below, we write (M,w) = ¢ for (M,w),p) € = mL. For all (M,w) € Eur, all
o, € Ly, all p; € A and all j €1,

(M,w) = p; iff  P;(w) holds;

(M, w) = —p; iff P;(w) does not hold;

(M) (oA ) it (M,w) b= o and (M, w) = o

(M) (V) i (Mow) = or (M,w) = v

(M,w) = <j0 iff there exists v € W such that R;wv and (M,v) = ¢;
(M,w) = Oj¢ iff for all v € W such that Rjwv, (M,v) |= .

The triple (Lmi, EmL, = mL) forms a logic, that we call modal logic. Bisimulations for modal
logic can be found in [9].

3.1 Common Logical Notions

In the present section, we define a number of notions which are common to all logics and in
particular to the logics introduced beforehand. The way we define logics is different from many
proposals considered in universal logic [§] such as pairs of Suzsko’s abstract logics, Tarski’s



consequence operators or logical structures. Often a logic is viewed as a pair of a language
together with a consequence relation on this language. Our approach to defining logics is somehow
more ‘semantic’ in that respect than the usual proposals. It corresponds in fact to the “abstract
logics” of Garcia-Matos & Véédnénen [I5] or to the “rooms” of Mossakowski et al. [23].

A logic is a triple L £ (£, €, =) where

e L is a logical language defined as a set of well-formed expressions built from a set of
connectives C and a set of propositional letters A,

e & is a class of pointed models;

e = is a satisfaction relation which relates in a compositional manner elements of £ to
models of £ by means of so-called truth conditions.

Let L = (L£,&, =) be alogic and let ' C L, p € L and M € £. We write M |= T when for
all » € T, we have M |= 1. Then, we say that

e o is true (satisfied) at M or M is a model of ¢ when M |= p;

e o is a logical consequence of T, written I' = |, when for all M € &, if M =T then M = ¢;
e ¢ is valid, written = |, when for all models M € &, we have M = ;

e ¢ is satisfiable when there is a model M € € such that M = .

If T is a singleton I' = {1}, we also write by abuse 9 = ¢ for {1} = .

A set of formulas of L is called a theory. A set A of formulas of L is said to be a set of
axioms for a theory I' iff I" and A have the same logical consequences. A theory is called finitely
aziomatizable iff it has a finite set of axioms. A logic L is aziomatizable if its set of validities is
finitely axiomatizable.

4 On the Relative Expressivity of Logics

When two logics Ly = (£1,&1, = 1) and Ly = (L2, &2, k= 2) are interpreted over different classes
of models & and &, there is no canonical way to compare their relative expressiveness, even if
some proposals have already been made [I5] 23]. We are now going to propose some new notions
to deal with that issue.

Given a logic (£,&, | ), for all ¢, € L, we write ¢ = 1) when for all M € &, it holds that
M |= ¢ iff M =1 and for all M, N € &, we write M = N when for all ¢ € £, it holds M = ¢ iff
NE . If M\N C &, we write M = N when for all M € M there is N € N such that M = N,

and vice versa.

Definition 1 (Equi-expressivity). A logic Ly = (£1,&1, = 1) is as expressive as a logic Ly =
(L2,E, = 2), written Ly = Ly, when the following hold:

1. there is a mapping 7Y : £1 — L2 and a mapping TlM : &1 — & such that for all 1 € L4
and all M; € &, it holds that M; | ¢ iff TM (M) = TY (01);

2. there is a mapping Tf : Lo — L4 and a mapping T2M : & — &1 such that for all vy € Lo
and all My € &, it holds that M, |= @ iff T (My) = T (02);

3. for all M; € & and all My € &, it holds that T3 (TM (My)) = My and TM (T (My)) =
M.



Let IL; and Ly be two classes of logics. We say that IL; is as expressive as Ly, written IL; = Lo,
when for all L; € IL; there is Ly € Ly such that Ly = Ly, and vice versa. O

Our third condition states that T4 and T are inverse bijections of each other (modulo
some natural congruence). Hence, our definition is set in such a way that we compare the
relative expressivity of each logic by comparing them over their whole class of models, taking
into account the specificities of all the models of each logic in the comparison.

Our proposal is different from the one of Garcia-Matos & Véaananen [I5]. However, they deal
with a more general notion of embedding between logics based on different classes of models,
that is an embedding in only one direction, of one logic into another. If two logics L; and Lg
are essentially equally expressive in our sense then there exist two “model-expansive corridors”
from Ly to Ly and from Lo to Ly in the sense of Mossakowski et al. [23] (with the proviso that
the surjection holds modulo the congruence =). Thus, our notion of equi-expressivity is more
demanding and stronger than the one of Mossakowski et al. [23]. On the other hand, our “logics”
can in fact be seen as institutions [23]. In that case, one can prove that two logics are “equally
expressive” in our sense if, and only if, they are “equivalent” in the sense of institutions [24]
Definition 35]E|

5 Atomic Logics

Atomic logics are logics such that the truth conditions of their connectives are defined
by first-order formulas of the form Vzp...x,(£1Qiz1 V ...V £,Quz, V £Rzy...2,2) or
Jzq .2 (£1Q1x1 A oo A £,Quan A £Rzq ... x,x) where the +;s and £ are either empty or
. Likewise, propositional letters are defined by first-order formulas of the form +Rxz. We will
represent the structure of these formulas by means of so—called skeletons whose various argu-
ments capture the different features and patterns from which they can be redefined completely.
Atomic logics are also generalizations of our gaggle logics [4] with types associated to formulas.

We recall that N* denotes the set of natural numbers without 0 and that for all n € N*, &,
denotes the group of permutations over the set {1,...,n}. Permutations are generally denoted
o, T, the identity permutation Id is sometimes denoted 1 as the neutral element of every permu-
tation group and o~ stands for the inverse permutation of the permutation o. For example, the
permutation o = (3,1, 2) is the permutation that maps 1 to 3, 2 to 1 and 3 to 2 (see for instance
[26] for more details).

Definition 2 (Atomic skeletons and connectives). The sets of atomic skeletons P and C are
defined as follows:

P2£&; x {+,—} x {V,3} x N*
c2pu | {6n+1 % {4, =} % {v,3} x N1 {+,—}"}.

neN*

P is called the set of propositional letter skeletons and C is called the set of connective skele-
tons. They can be represented by tuples (o, +, B, k, ;) or (o,+, B, k) if it is a proposi-
tional letter skeleton, where & € {V,3} is called the quantification signature of the skeleton,
k= (kki,...,k,) € N*"*! is called the type signature of the skeleton and +;=(£1,...,%) €
{+,—1}" is called the tonicity signature of the skeleton; (&, k, £;) is called the signature of the
skeleton. The arity of a propositional letter skeleton is 0 and its type is k. The arity of a skeleton
* € C is n, its input types are kq, ..., k, and its output type is k.

T thank Peter Arndt for proving that result.



A (atomic) connective or propositional letter is a symbol generally denoted x or p to which
is associated a (atomic) skeleton. Its arity, signature, quantification signature, type signature,
tonicity signature, input and output types are the same as its skeleton. By abuse, we sometimes
identify a connective with its skeleton. If C is a set of atomic connectives, its set of propositional
letters is denoted P(C).

Propositional letters are denoted p, p1, p2, etc. and connectives are denoted x, 1, x2, etc. [

We need to distinguish between connectives and skeletons because in general we need a
countable number of propositional letters or connectives of the same skeleton, like in some modal
logics, where we need multiple modalities of the same similarity type/skeleton.

Definition 3 (Atomic language). Let C be a set of atomic connectives. The (typed) atomic
language L¢ associated to C is the smallest set that contains the propositional letters and that
is closed under the atomic connectives. That is,

] P(C) g Ec;

e for all x € C of arity n > 0 and of type signature (k, k1, ..., k,) and for all p1,..., ¢, € Lc
of types ki,...,k, respectively, we have that x(¢1,...,¢n) € Lc and *(p1,...,¢y) is of
type k.

Elements of L¢ are called atomic formulas and are denoted ¢, ), o, ... The type of a formula
© € L¢ is denoted k().

The skeleton syntactic tree of a formula ¢ € Lc¢ is the syntactic tree of the formula ¢ in
which the nodes labeled with subformulas of ¢ are replaced by the skeleton of their outermost
connective.

A set of atomic connectives C is plain if for all x € C of skeleton
(o,%, B, (k,k1,...,kn),(£1,...,£5)) there are atoms pi,...,p, € P of types ki,...,k,
respectively. In the sequel, we assume that all sets of connectives C are plain. O

Our assumption that all sets of connectives C considered are plain makes sense. Indeed, we
want all connectives of C to appear in some formula of L¢. If C was not plain then there would
be a connective of C (with input type k) which would be necessarily composed with another
connective of C (of output type k), if we want such a connective to appear in a formula of Lc.
Yet, in that case, we should instead view C as a set of molecular connectives (introduced in the
next section).

Definition 4 (C-models). Let C be a set of atomic connectives. A C-model is a tuple M =
(W, R) where W is a non-empty set and R is a set of relations over W such that each n-ary
connective x € C of type signature (k, k1, ..., k,) is associated to a k1 + ...+ k, + k-ary relation
R, e R.

An assignment is a tuple (w1, ..., w;) € W¥ for some k € N*, generally denoted @. The set
of assignments of a C—model M is denoted wW(M, C). A pointed C-model (M, w) is a C—model M
together with an assignment w. In that case, we say that (M, w) is of type k. The class of all
pointed C—models is denoted Mc. ]

Note that a C—model can be canonically seen as a (first-order) structure, for some appropriate
set of predicates P associated to the relations of R.

Definition 5 (Atomic logics). Let C be a set of atomic connectives and let M = (W, R) be

a C-model. We define the interpretation function of Lc in M, denoted []M : Lc — U Wk,
keN~



‘ Permutations of &g H unary signatures

= (1,2) t1=(3,(1,1),+)
7 =(2,1) to = (V,(1,1),+)
t3 = (vv (1’ 1)7 _)

ty = (Elv (L 1)7 7)
binary signatures |

‘ Permutations of G3 ‘

o1 = (172a3) 51 = (Ela (1’ 1, 1)v (+7+))
[ (3,2,1) SS9 = (V,(l,l,l),(—‘r,—))
g3 = (3,1,2) S3 = (V,(Ll,l),(—,‘i‘))
o4 =(2,1,3) sqa=(V,(1,1,1),(+,4))
o5 =(2,3,1) s5 = (3,(1,1,1),(+,-))
06 = (173a2) 56 = (Ha (17 1, 1)v (77+))

57 = (Ela (17 1, 1)1 (_7 _))

ss = (V, (1,1,1),(—,—))

Figure 1: Permutations of G5 and &3 and ‘families’ of unary and binary signatures

inductively as follows: for all propositional letters p € C of type k, all connectives x € C of
skeleton (o, &, &, (k, k1, ..., k,), (£1,...,%£5)) of arity n > 0, for all ¢1,...,¢, € Lc,

" R, if + =+
[#] WF-R, ift=-—
(er,. o)™ 2 el Tea]™)

where the function f, is defined as follows: for all Wy € P(W"),...,W, € P(W"),
FeW1, o W) 2 W1 € WH | CH (W, ..., Wy, Wyt1)} where C*(Wy, ..., W, Wp1) is called
the truth condition of x and is defined as follows:

(1>

o if E=V: “vw; € Wh ...w, € Wh (W ty Wi V...V @, thy W, VRETW ... W0, Wn11) s

o if E=3: “Jw; € W ...w, € Wh (Wt Wi A... AW, thy, W A RETW1 ... W0, W011) s

ﬁj S Wj if ij =+
wy ¢ W; if +;,=-

Rf”@l -+ Wpy1 holds iff TR W,—(1) ... Ws- (n41) holds, with the notations +R, £ R, and
—R, 2 WhthkitFhn R Tf & is a class of pointed C-models, the satisfaction relation |- C
Ec x Lc is defined as follows: for all ¢ € Lc and all (M, @) € &, (M, @), ¢) € |- iff w € [p]™.
We usually write (M, w) |- ¢ instead of ((M,w), ) € | and we say that ¢ is true in (M,w).

The logic (Lc,&c, |- ) is the atomic logic associated to Ec and C. The logics of the form
(Lc, Mc, |- ) are called basic atomic logics. O

where, for all j € [1;n], w; h; W; Y { and

We stress that the + sign in RZ7 is the + sign in (o, &, &8, (k, k1, ..., kn), (£1 ,..., %))

Example 1 (Modal logic). An example of atomic logic is modal logic where C =
{p, T, L,A,V,<;,0; | j €I} is such that

e T, L are connectives of skeletons (Id,+,3,1) and (Id, —,V, 1) respectively;



e A,V,<;,0; are connectives of skeletons (o1, +,51), (01, —,84), (T2,+,t1) and (72, —, t2)
respectively;

e the C-models M = (W, R) € &c are such that Ry = Ry = {(w,w,w) | w € W}, Ro, = Ry,
and RT = Rl =W.

With these conditions on the C-models of Ec, for all (M, w) € &,

we [O;0]M iff  Ju(v € [¢]™ A Ro,wv)

we [o;e]M iff  Vo(ve [¢] vV —Rg,wv)

we [Ae, )] iff Jou(v € [e]M Au e []M A Ryvuw)
iff  we [p]M Aw e [W]M

we Ve, )M iff Vou(v € [¢]M Vue []M Vv —Ryvuw)
iff  we [p]M vwe [W]M

Other examples are given in Figure [2 as well as in [4] [6] [5]. O

6 Molecular Logics

Molecular logics are basically logics whose primitive connectives are compositions of atomic con-
nectives in which it is possible to repeat the same argument at different places in the connective.
That is why we call them ‘molecular’, just as molecules are compositions of atoms in chemistry.

Definition 6 (Molecular skeleton and connective). The class C* of molecular skeletons is the
smallest set such that:

e P C C* and C* contains as well, for each k,I € N*, a symbol id., of type signature (k,k),
output type k and arity 1;

e for all atomic skeleton x € C of type signature (k,k?,..., k%) and all ¢;,...,c, € C*
of output types or types (if they are propositional letters) k%...,kg respectively, ¢ £
*(c1,...,¢y) is a molecular skeleton of C* of output type k.

If ¢ € C*, we define its decomposition tree as follows. If ¢ = p € P or ¢ = idﬁc, then its
decomposition tree T is the tree consisting of a single node labeled with p or idfC respectively. If
¢ =x(cy,...,¢,) € C* then its decomposition tree T, is the tree defined inductively as follows:
the root of T; is ¢ and it is labeled with x and one sets edges between that root and the roots
C1,...,Cn of the decomposition trees T, ,...,T., respectively.

If ¢ £ x(cy,...,c,) is a molecular skeleton with output type & and ki,...,k,, are the ks of
the different id%cs which appear in ci,...,¢, (in an order which follows the first appearance of
the idfcs in the inorder traversal of the decomposition trees of ¢y, ..., ¢y,), then the type signature
of ¢is (k,k1,...,kn) and its arity is m. We also define the quantification signature H(c) of
c=x(c1,...,cn) by B(c) £ E(x).

A molecular connective is a symbol to which is associated a molecular skeleton. Its arity,
type signature, output type, quantification signature and decomposition tree are the same as its
skeleton.

The set of atomic connectives associated to a set C of molecular connectives is the set of labels
different from id}, of the decomposition trees of the molecular connectives of C. O



Atomic connective

Truth condition

Connective
in the literature

The conjunction orbit

@ (o1,+,51) ¢ Jvu (v € [p] Au € [Y] A Rouw) | poyp [20], ¢ @5 ¢ [3]
¢ (02,—,82) ¢ Vou (v € [¢] Vu ¢ [¢] V —Rwuv)
¢ (03,—,52) ¥ Vou (v € [p] Vu ¢ [¥] vV —Ruwv) | /201, ¢ C, ¢ [3]
© (04,4, 81) ¥ Fou (v € [p] Au € [¢] A Ruvw)
=1 (01, +,81) ¢
wgzr)(,—ds)d; Vou (v ¢ [p] Vu €[] V—Rwou) | \ 20], ¢ D. ¢ [3]
= 02,—,82) ¢
¢ (06, —,83) P Vou (v ¢ [¢] Vu € [¢] V —Rvwu)
=1 (03,—,82) ¢
The but—not orbit
@ (01,4, 85) VP Jou (v € [p] Au ¢ [Y] A Roww) | o <51 [3]
© (02, —, 84) ¢ You (v € [¢] Vu € [¢] V—Rwuwv)
© (03,+,56) ¥ Jou (v & [p] ANu € [Y] A Ruwv) | @51 [3]
¢ (04,+,56) ¥ Fou (v ¢ [p] Au € [¢] A Ruvw) © oY [17, 22
= 1/) (Ula+’85) ¥
¢ (05, —,84) P Vou (v € [p] Vu €[] V —Rwou) | ¢ @y [17,22]
:¢(U2,—784)<P 90@11/1[5“
¢ (06,4, 85) ¥ FJvu (v € [p] ANu ¢ [Y] A Rowu) | @1 [I7, 22]
=1 (03,+,56) ¢
The stroke orbit
o (o1, +,57) ¥ FJou (v ¢ [p] Au ¢ [Y] A Roww) | ¢ |51 [2[16]
@ (02, +,57) ¥ Jvu (v ¢ [p] Au ¢ [¥] A Rwww)
¢ (03,4, 57) ¥ Jvu (v ¢ [p] Au ¢ [Y] A Ruwv)
@ (04,4, 87) P Jvu (v ¢ o] Au ¢ [¥] A Ruvw)
= 'l/) (013+757) 2
¢ (05, +,57) ¥ Fou (v ¢ [p] Au ¢ [Y] A Rwvu) | ¢ |y o [2,116]
=1 (02, +,87) ¢
¢ (06,4, 57) Jvu (v ¢ [e] Au ¢ [Y] A Rowu) | ¢ |, ¢ [2 18]
=1 (03, +,87) ¢

Figure 2: Some binary connectives of atomic logics of type (1,1,1)
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Note that the same label (atomic connective) may appear several times in a decomposition
tree. Note also that the vertices of a decomposition tree are molecular connectives.

Every atomic connective x of type signature (k,ki,...,k,) can be seen as the (specific)
molecular connectives ¢ £ *(id,lﬂ, ...,idy ). One needs to introduce the connective idl, in order
to deal with molecular connectives whose skeletons are for example of the form (p, id.,) where
p € P or with molecular connectives in which the same argument(s) appear at different places,
like for example in %(id},, . . . ,idy) which is of arity 1.

Definition 7 (Molecular language). Let C be a set of molecular connectives. The (typed)
molecular language Lc associated to C is the smallest set that contains the propositional letters
and that is closed under the molecular connectives while respecting the type constraints. That
is,

e the propositional letters of C belong to Lc;

e for all ¢ € C of type signature (k, k1, ..., ky) and for all 1, ..., 0, € Lc of types k1,..., kn
respectively, we have that ¢(p1,...,0m) € Lc and c(p1, ..., ¢m) is of type k.

Elements of L¢ are called molecular formulas and are denoted ¢,,«,... The type of a
formula ¢ € L¢ is denoted k(p). We use the same abbreviations as for the atomic language. O

Definition 8 (Molecular logic). If C is a set of molecular connectives, then a C-model M is
a C'~model M where C’ is the set of atomic connectives associated to C. The truth conditions
for molecular connectives are defined naturally from the truth conditions of atomic connectives.
We define the interpretation function of Lc in M, denoted [-JM : Lc — U W*, inductively

keN*
as follows: for all propositional letters p € C of skeleton (o, £, /&, k), all molecular connectives

x(c1,...,¢cn) € Cof arity m > 0 and all k,1 € N*, for all ¢, p1,...,0m € Lc,

HpﬂMéiRp
lidi ()] 2]
[[*(017 s 7Cﬂ) (9017 LR Spm)ﬂMéf* ([[01((,0%, R (p}l)ﬂM, ce [[Cn(@?v cey %T'Ln)]]]v[)

where for all j € {1,...,n}, the formulas @{, ce @{j are those ¢1, ..., for which there is a
corresponding idfC in ¢; (the gog s appear in the same order as their corresponding z'dfcs in ¢;).

If & is a class of pointed C-models, the triple (Lc,&c, |- ) is a logic called the molecular
logic associated to Ec and C. O

As one can easily notice, every atomic logic can be canonically mapped to an equi-expressive
molecular logic: each atomic connective * of type signature (k, k1,...,k,) of the given atomic
logic has to be transformed into the molecular connective of skeleton *(idllﬂ,...,id}jn). Note
that the id%C are in fact specific atomic connectives whose associated relations are the identity
relations.

Examples of specific molecular logics can be found in [6] [].

7 Boolean Atomic and Molecular Logics

Atomic and molecular logics do not include Boolean connectives as primitive connectives. In
fact, they can be defined in terms of specific atomic connectives, as follows.
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Definition 9 (Boolean connectives). The Boolean connectives called conjunctions, disjunctions,
negations and Boolean constants (of type k) are the atomic connectives denoted, respectively:

B £ {Ak, Vi, 7 Thy Li | k € N*}

The skeleton of Ay is (Id, +,3, (k, k, k), (+,+)), the skeleton of Vy is (Id, —,V, (k, k, k), (+,+)),
the skeleton of — is (Id, +, 3, (k, k), —), the skeleton of Ty is (Id,+, 3, k) and the skeleton of L
is (Id, —, ¥, k).

In any C-model M = (W, R) containing Boolean connectives, the associated relation of any
Vi or Ay is Ry, = Ry, £ {(W,w,w) | @ € W"}, the associated relation of any — is R, £
{(w,w) | w € W*} and the associated relation of any Ty or Ly is R,, = Rt, £ WF.

Atomic or molecular logics containing Boolean connectives are called Boolean atomic or
molecular logics. We say that a set of atomic connectives C is complete for conjunctions and
disjunctions when it contains all conjunctions, disjunctions and constants Ay, Vg, Tk, Lg, for &k
ranging over all input types and output types of the atomic connectives of C. We say that a set
of atomic connectives C is complete for Boolean connectives when it contains all conjunctions,
disjunctions, constants as well as negations A, Vg, Tk, Lk, 7k, for k ranging over all input types
and output types of the atomic connectives of C. O

Proposition 1. Let C be a set of atomic connectives containing Boolean connectives. and let
M = (W,R) be a C-model. Then, for all k € N*, all p,¢ € Lc, if k(¢) = k(¢) =k, then

[T & wk
[Le]Y £ 0
[re]™ & W* =[]V
[ Ae )] & [el™ N [w]™
[eVew)]™ £ [e]™uw]™.

It turns out that Boolean negation can also be simulated systematically at the level of atomic
connectives by applying a transformation on them. The Boolean negation of a formula then
boils down to taking the Boolean negation of the outermost connective of the formula. This
transformation is defined as follows.

Definition 10 (Boolean negation). Let x be a n-ary connective of skeleton

(0,4,8,k,+1,...,%,). The Boolean negation of » is the connective —x of skeleton
(0, —+,—E, k,—=+1,...,—=+,) where —E £ Jif £ = V and —F 2 V otherwise, which is
associated in any C—model to the same relation as x. If ¢ = x(¢1,...,¢y,) is an atomic formula,
the Boolean negation of ¢ is the formula —p = — % (@1, ..., ¢n). O

Proposition 2 ([6]). Let C be a set of atomic connectives such that —x € C for all x € C. Let
© € L¢ of type k and let M = (W,R) be a C-model. Then, for allw € W*, @ € [—¢]™ iff
w ¢ [o]".

8 Universal and Existential Molecular Connectives
Universal and existential molecular connectives are essentially molecular connectives such that
the quantification patterns of the quantification signatures of their successive atomic connectives

are of the form V...V or 3...3 respectively. So, they essentially behave as ‘macroscopic’ atomic
connectives of quantification signatures V or 3.
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Definition 11 (Universal and existential molecular connective). A universal (resp. existential)
molecular skeleton is a molecular skeleton ¢ different from any id}, for any k,I € N* such that
E(c) =V (resp. A(c) = 3J) and such that for each node of its decomposition tree labeled with
x = (0,+, B, k,(+1,...,+,)) and each of its jth children labeled with some x; € C such that
the subtree generated by this 7% children contains at least one z'd%c, we have that E(x;) = £, &E.
A universal (resp. existential) molecular connective is a molecular connective with a universal

(resp. existential) skeleton. O

Example 2. On the one hand, the molecular connective x(p, id} ) is a universal (resp. existential)
molecular connective if B(x) =V (resp. B(x) = 3). Likewise, D (id}, 0id?) and @(<id], p) are
universal and existential molecular connectives respectively. On the other hand, the molecular
connectives O "id} and D (Oid}, 0id3) are neither universal nor existential molecular connec-
tives. O

Just as we have tonicity signatures for atomic connectives, we can also define an adaptation
of this notion for universal and existential molecular connectives, which, we repeat, are some
sort of ‘macroscopic’ atomic connectives.

Definition 12 (Tonicity signature of a molecular connective). Let ¢ be a molecular connective
and let ¢’ be a molecular subconnective of c. We define the tonicity of ¢ w.r.t. ¢, denoted
tn(c’, ¢) inductively as follows. If ¢ = ¢ then tn(c’,c) = +. Otherwise, if ¢ = x(c1,...,c,) with
*x = (0,4, B, k, (£1,...,%,)) and ¢ appears in ¢; then tn(c/,c) = £;tn(c,c;). The tonicity
signature of a molecular connective is the tuple (41,...,4;) of the tonicities tn(idj,c) of the
connectives labeling the leafs of the decomposition tree of ¢ of the form idj (possibly with
repetition). O

A molecular connective c is generally represented as *(ci, ..., c¢,) where * is an atomic con-
nective, but it can also be represented as co(cy, ..., c,) where ¢q is a molecular connective such
that the id,s which appear in cq are all distincts. This representation and decomposition in
terms of molecular connectives is equivalent to the original one. For example the modal connec-
tive of weakly agregative modal logic *(id%, . ,idi) can be represented in terms of molecular
connectives with distinct idis as follows: x(idj,...,id})(id} ™, ... id?""). We now formalize
this idea of decomposition into molecular connectives.

Definition 13 (Decomposition of a molecular connective). Let ¢ be a molecular connective and
let T, be its decomposition tree. A decomposition of ¢ is an expression of the form co(cy,...,c,)
where ¢( is a molecular connective whose decomposition tree is a subtree of T, with root ¢ and
whose leafs, corresponding to the nodes cq,...,c, of T, have been replaced by distinct id};s
and where cq, ..., ¢, are molecular connectives whose decomposition trees are the subtrees of T,
generated by the nodes ¢y, ..., ¢, of T,. O

Example 3. For any molecular connective x(id}, ..., id}) corresponding to an atomic connective
* of arity n, a decomposition is *(id?“, oid?(idy, . .. id}). Likewise, a decomposition of
*(p,ids) is *(id},id3)(p,idL) (if p is of type 1). O

Based on this observation, we can decompose molecular connectives into an alternation of
universal and existential molecular subconnectives. That is what the following definition cap-
tures, at least at the first level of alternation depth. In that definition, if ¢ is universal and the
tonicity of the j** molecular connective c; is positive for example, then c¢; will have an existential
quantification signature (and its ‘head’ will behave as an existential molecular connective).

Definition 14 (Maximal decomposition). A decomposition ¢ = c¢y(cy,...,c,) of a molecular
connective c¢ is maxzimal when ¢y is a universal or existential molecular connective of tonicity
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signature (£1,...,4,) with the ids all distinct, and we have that /£(c;) = — £; £(co) for all
j € [1;n] such that ¢; is not of the form id}, for some k,l € N*. O

Example 4. The decomposition of x(p, id}) in *(id3, id2)(p, id.,) (if p is of type 1) is not maximal
because x(p, id}) is already a universal or existential molecular connective. On the other hand,
the decomposition of x(p, id}) in x(p, zd%)(zdg) is maximal. O

The alternation of universal and existential molecular subconnectives inherent to any molec-
ular connective is fully captured by the following notion of quantified decomposition tree. It is
an abstraction of the notion of decomposition tree of Definition [6] which considers as first-class
citizens universal and existential molecular (sub)connectives.

Definition 15 (Quantified decomposition tree). If ¢ € C* is a molecular skeleton, we define
its quantified decomposition tree T. inductively as follows. If ¢ is a propositional letter or id%C
for some k,l € N* then its quantified decomposition tree T is the tree consisting of a single
node labeled with ¢. Otherwise, ¢ admits a maximal decomposition ¢ = ¢g(cq,...,¢,). Then,
its quantified decomposition tree 77, is the tree defined inductively as follows: the root of T, is
c and it is labeled with ¢y and one sets edges between that root and the roots ¢y, ..., c, of the
quantified decomposition trees Tcll, ..., T' respectively. The quantified decomposition tree of a

Cn
molecular connective is the quantified decomposition tree of its skeleton. O

Note that a propositional letter p can occur as the label of a node only if the quantified
decomposition tree in which it appears consists of this single node only (Example 4] illustrates
this phenomenon).

Definition 16 (Relation associated to a molecular connective). Let C be a set of molecu-
lar connectives and let ¢ = x(c1,...,¢,) € C be a molecular connective with x of skeleton
(0,4, B, (K", ky,..., k), (£],...,£})). Assume that the decomposition tree of ¢ has [ different
leaves labeled with zdLb of output types ki, ..., k;, in that order. Then, the arity of ¢ is [.

Let M = (W,R) be a C-model. We define the relation R, inductively as follows. First, we
set R_, = R, if x is an atomic connective and if + € {+, -},

if += .oy Cn if +=
+p & b 1 + and £« (c1,...,¢,) = *(e s en) l +.
—p if+=-— —*(C1y...,0) ifE=—

e If the arity [ of ¢ is 0 then R, = [¢]™;

e If the arity [ of cis greater than 0 and & = 3 then for allw € Wk w e Wh, .. w, e Wh,
we set

* *

Raw, ... wwiff Iv, e Wh ... 5, € Wka
to— o 11— —n o

(R* V1. TW A Ryre,wy...w v Ao A Ri:., w7 . ..w?nvn)

J

where, for all j € [1;n], the tuples @{, ..., W5 are those associated to the leafs of the

decomposition tree of ¢ which are also leafs in the decomposition (sub)tree of ¢; (the E{ S
appear in the same order as their corresponding leafs in the decomposition tree of ¢;).
Moreover, we set Ridim iff R,id;-cW iff v =w.

e If the arity [ of ¢ is greater than 0 and /£ = V then for allw € W* w, e Wk ... 7w, € Wh,
we set
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Ry ... ww iff Vo, € W, ... 5, € Wk

to— = —1 —1 = —n —n —
(R* V1. 0pWV Rize,Wy ... W; U1 V...V Ry, WY .winvn)

where, for all j € [1;n], the tuples @, ... ,E{j are defined as above. However, for that

universal case, we set R, vw ift R_;q; vw iff v # . O

Unsurprisingly, the semantics of universal and existential molecular connectives is similar
to the semantics of atomic connectives of quantification signature V and 3 respectively. That is
what the following proposition shows. In this proposition and the definition above, the molecular
connective ¢ = *(c1,...,¢,) yields three different values: n,m and I. They can be all different
in general. The value m is the arity of ¢, n is the arity of x and [ is the number of leaves of
the decomposition tree T, of c¢. The value m is also the number of different labels id} of the
leafs of the decomposition tree T,.. Hence, the size [ of the tuple of the tonicity signature of a
molecular connective ¢ is larger than the arity m of ¢ because in the former case we take into
account repetitions of the same id.s.

Proposition 3. Let C be a set of molecular connectives and let ¢ = x(c1,...,¢,) € C be a
molecular connective of type signature (k,ki,...,kn) and tonicity signature (+1,...,%;) with
*x = (0,4, B, k, (£5,...,£%)). Assume that the decomposition tree of ¢ has | > 0 different leaves
labeled by some idi,. Let M = (W, R) be a C-model and let w € W*.

o If ¢ is an existential molecular connective then

W € [e(pr,- . om) M iff FO1 ... w0 (W1 M [0, M A ATy [0, )Y A R .. wy0)

e If ¢ is a universal molecular connective then

w e [[C((pl,. . .,(pm)]]M iff Vi ... w; (wl My [[gpil]]M V...V My [[QO,'Z]]M V Ry .. .@l@)

where the R.s are defined in Definition[16] and for all j € [1;1],
_ M .
€ les, 4=
w; My [ M 2 f] [[%’]]M Z,f i=" and i1,...,4; € [1;m] are those indices corre-
w; ¢ [pi, " if £ =—
sponding to the m different idy s appearing in c (we basically map the l leafs of the decomposition
tree of ¢ to their labels idj,s in this tree).

9 Automatic Bisimulations for Atomic and Molecular Log-
ics

In this section, we are going to see that notions of bisimulations can be automatically defined

for atomic and molecular logics on the basis of the definition of the truth conditions of their

connectives, not only for plain atomic logics but also for molecular logics. These notions are such
that they preserve the truth of the formulas of the atomic logic considered between models.

9.1 Atomic Logics

Definition 17 (C-bisimulation for atomic connectives). Let C be a set of atomic connectives,
let x € C and let M7 = (W1, R1) and My = (W3, R2) be two C—models. A binary relation

15



Z C U (WF x WEYU (WE x WF) is a C-bisimulation between M; and M, when it is non-
keEN*

empty and for all x € C, if {M, M’} = {M;, My}, then for all Wy, ..., Wy, w',..., W'y, W,w" €

w(M,C) Uw(M',C),

1. if x is a propositional letter p then, if wWZw’ and w € [p] then w’ € [p];

2. if » has skeleton (o, +,3,k, (£1,...,4,)) and we have WZw’ and RE°®w, ... w,w, then

_ _ _ _ _ R
Fw'y, .. w (W W'y AWy Wy AL AW, KW, A R*i"w’l coow ')
_ _ P
3. if  has skeleton (0, +,V, &, (£1, . .., +,)) and we have WZw’ and —R,*w’; ... w',w’, then
W, ..., Wn (W, W AWy X Wy A ... AWy, XKWy A —REW, ... 0,W);

w;Zw'; if £5 =+
w'jZw; if £5=—

When such a C-bisimulation Z exists and wZw’, we say that (M,w) and (M’ ,w’) are C-
bisimilar and we write it (M, w) —c (M’ w’). O

where, for all j € [1;n], we define w; > w'; = {

Note that case 1. is a particular instance of cases 2. and 3. with n = 0. Importantly, note

also that the clause(s) defining a C-bisimulation allow us to define back the atomic connective(s)
that led to their definition(s): we can recover the skeleton of the connectives considered (tonicity
signature, quantification signature, type signature, etc) from the mere expression of the clauses
of a given C-bisimulation. Hence, in that sense, a C-bisimulation completely characterizes a
given (atomic) logic.
Example 5 (Modal logic). Let us consider the connectives of modal logic: C = {p, —p, A, V, <, 0}
where p has skeleton (Id, +,3,1), —p has skeleton (Id, —, V¥, 1), < has skeleton (72,+,t;) and O
has skeleton (72, —,t2) . Let My = (W1, {R1, P1}) and My = (Wa, {Ra, P2}) be two Kripke mod-
els (they are also C-models). A binary relation Z between M; and Ms is a C-bisimulation between
M; and My when for all M, M" € {M;, M5} with M = (W,{R,P}) and M’ = (W' ,{R', P'}),
all w,v € M and all w’,v’ € M’,

e if wZw' and w € [p] then w’ € [p] (condition for p);
o if wZw' and w’ € [p] then w € [p] (condition for —p);

e if wZw' and Rwwv then there is v € W' such that vZv' and R'w'v’ (condition for
o= (T2a+7t1) )7

o if wZw' and R'w'v' then there is v € W such that vZv' and Rwv (condition for
o= (7_23 _7t2) )

Note that every C—bisimulation can be canonically extended into a symmetric C—bisimulation:

one sets w' Zw when wZw’ already holds. O

Proposition 4. Let C= {p,—p,A\,V,<,0} be the connectives of Example@ and let M and M’
be two C-models. Then, a C-bisimulation between M and M’ is a modal bisimulation between
M and M’ and vice versa.

Definition 18. Let C be a set of atomic connectives. Let (M, w) and (M’,w’) be two pointed C-
models. We write (M, w) ~c (M',w’) when for all ¢ € Lc, (M,w) |- ¢ implies (M',w’) |- ¢. O

Proposition 5 (Truth preservation of C-bisimilar pointed C-models). Let C be a set of atomic
connectives and let My = (W1, R1) and My = (W, Ra) be two C-models. Let Z be a C-
bisimulation between My and My. Then, if {M, M'} = {My, My} then for all w € w(M, C), all

w ew(M',C), ifwZw then (M,w) ~c (M',w').
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9.2 Molecular Logics

Definition 19 (C-bisimulation for molecular connectives). Let C be a set of molecular connec-
tives and let My = (W1, R1) and My = (W3, Rs2) be two C—models. For all ¢g € C, let Vc'0 be the
vertices of the quantified decomposition tree of ¢y. We associate to each vertex ¢ € VC’O of output

type or type (if it is a propositional letter) k a relation Z, C (WF x W¥)U (W¥ x W) such that

iz {Zidi

ii. for all w, w’ of size k such that WZw’, we also have that for all ¢ € C of output type or type
(if it is a propositional letter) k that wWZ.w'.

idi, appears in some ¢ € C} is non-empty;

We say that this set of relations {ZC |ce VZO, co € C} is a C-bisimulation between M7 and My
when for all ¢y € C, all vertice ¢ € V whose label is different from any idk, if {M,M'} =
{My, My} then for all Wy, ..., Wy, w's, ..., w,,w,w € w(M,C)Uw(M’,C),

1. if ¢ is of arity 0 then, WZ.w’ and W € [c] imply w’ € [c];

2. if ¢ is of arity greater than 0 and is maximally decomposed into ¢ = ¢g(cq, ..., ¢y), with

co an existential molecular connective of tonicity signature (£1,..., inLand we have that
wZ.w' and Re,w; ... wyw, then there are w'jw’s ... w'y, such that R w'y ... w'pw' and

i. for all j € [1;n] such that &; = +, there is i € [1;n] such that ¢; = ¢; and EichWj;

ii. for all j € [1;n] such that +; = —, there is ¢ € [1;n] such that ¢; = ¢; and w'; Z,,w;.
3. if ¢ is of arity greater than 0 and is maximally decomposed into ¢ = ¢g(cq, ..., ¢p), With
¢o a universal molecular connective of tonicity signature (+1,...,+,), and we have that

wZ.w' and —Re,w'y ... w',w', then there are w1 Ws . .. W, such that —R. w1 ... w,w and
i. for all j € [1;n] such that &; = +, there is ¢ € [1;n] such that ¢; = ¢; and wW; Z,, w's;
ii. for all j € [1;n] such that £; = —, there is ¢ € [1;n] such that ¢; = ¢; and WichEj.

When we have that wZw’, we say that (M,w) and (M’,w’) are C-bisimilar and we write it
(Ma@) —C (M/7w/)' L]

Note that if we consider molecular connectives of the form ¢ = *(id,ﬁl,...,idzn), rep-
resenting the atomic connective * of type signature (k,k1,...,k,), then the definition of a
C—bisimulation for these kind of molecular connectives is identical to the definition of a C-
bisimulation for the associated atomic connectives. Hence, our definition of C—bisimulation for
molecular connectives is a genuine generalization of our definition of C-bisimulation for atomic
connectives. The bisimulation relation Z in the atomic case corresponds in the molecular case

to U {Zid;c | id}, appears in some ¢ € C}.

Definition 20. Let C be a set of molecular connectives. For all ¢y € C and all vertex ¢ of the
quantified decomposition tree T¢,, we define the language L.c as follows:

Lot {c(e1,--s0n) | @1, on € L} if ¢ is of arity n > 0
¢ {c} if ¢ is of arity 0

Let (M,w) and (M’,w’) be two pointed C-models. We write (M, W) ~.c (M’,w’) when for all
w

¢ € Lec, (M, W) | ¢ implies (MLW) - . We also write (M,w) ~c (M’,w’) when for all
¢ € Lc, (M, @) |- ¢ implies (M',w’) ||~ ¢. O
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Proposition 6 (Truth preservation of C-bisimilar pointed C-models). Let C be a set of molecular
connectives and let Mh = (W1, R1) and My = (W, Ra) be two C-models. Let Cy C C and for all
c € Cy, let D, be the vertices of the quantified decomposition tree T,. Let {ZC |ce VC'O,CO S Co}
be a Co-bisimulation between My and My. If {M, M’} = {My, M2} then for all cg € Co and all
ce V., forallw € w(M,C) and all w' € W(M', C), if WZw' then (M, W) ~cc, (M',w'). In

particular, if WZw' then (M, W) ~¢, (M',w').

Definition 21 (Normal connectives). A molecular connective is normal when its molecular

skeleton can be decomposed maximally into a molecular skeleton cq(cy, ..., c,) such that for all
i € [1;n],
1. ¢; is either id or ¢;(idL, ... ,id}) with ¢} either universal or existential,

and in that case we note id(c;) the unique id}; appearing in ¢;;
2. if id(c;) = id(c;) then ¢; = ¢;. O

In the above definition, since the decomposition cy(cy, ..., ¢,) is maximal, we have in partic-
ular, by definition, that if ¢y is of tonicity signature (£1,...,=%,), then &E(c¢;) = — £, E(cp).

Example 6. The molecular connectives of modal intuitionistic logic, weakly aggregative modal
logic and temporal logic [6, [5] are normal. O

10 Ultrafilters, Ultraproducts and Ultrapowers

In this section, we are going to recall and generalize to molecular logics a number of key notions
and results of model theory, such as ultrafilters and ultraproducts. Our definitions are basically
the same as those of FOL [10].

Definition 22 (Filter and ultrafilter). Let I be a non—empty set. A filter F' over I is a set
FCP()suchthat T € F;if X)Y € Fthen XNY e F;if X € Fand X CZ C [ then Z € F.
A filter is called proper if it is distinct from P(I). An wltrafilter over I is a proper filter U such
that for all X e P(I), X e U iff I — X ¢ U. A countably incomplete ultrafilter is an ultrafilter
which is not closed under countable intersections. O

In the rest of this section, I is a non-empty set and U is an ultrafilter over I.

Definition 23 (Ultraproduct of sets). For each i € I, let W; be a non-empty set. For all
(wi)ier, (Vi)icr € HWi’ we say that (w;);cr and (v;);er are U-equivalent, written (w;);er ~u
i€l
(vi)ier, if {i € I | w; =v;} € U. Note that ~y is an equivalence relation on H W;. The equiva-
el
lence class of (w;);c; under ~y is denoted Hwi £ {(vi)ig € HWZ' | (vi)ier ~u (wl)lel}
U il

The ultraproduct of (W;)ier modulo U is HVV, £ {le | (w;)ier € HW,} When W; =
U U il
W for all i € I, the ultraproduct is called the ultrapower of W modulo U, written H w. O
U
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Definition 24 (Ultraproduct and ultrapower). Let C be a set of molecular connectives and let
(M;,w;);cr be a family of pointed C—models. The ultraproduct H(Mi,@i) of (M;,w;) modulo
U

U is the pointed C—model (H M;, Huh) where H M; = (Wy,Ry) and H@i are defined by:
U U U U

o Wy =]]W;
U

e for all n + l-ary relations R’ of M;, the n + 1-ary relation H R, € Ry is defined for all
U

Hw,},...,Hw;Hl € Wy by HR*lel lem_l iff {Z 6[|Riwil...w?+1} cU;
U U U U U

° H@l £ (Hw},,wa) if (@i)iej = (wil,...,wf)ig.
U U U
If (M;, s;)ier is a family of pointed structures, the wltraproduct H(Mi’ s;) is the pointed
U

structure (H M;, H sz> where H M; is defined as above (the M; are viewed as C—models) and
U U U

H 5V — H W; is the assignment such that for all x € V, (H si> (x) = H si(z).
U U

U U
If for all ¢ € I, (M;,w;) = (M, w) (and (M;, s;) = (M, s)) then H(MZ,EL) is also called an
U
ultrapower of (M, w) (resp. (M, s)) modulo U, also denoted H(M, w) (resp. I_I(M7 s)). O
U U

11 First-Order Logics in Atomic Logics

In this section, we introduce predicate atomic logics, which are, as we will show, as expressive
as the predicate atomic logics introduced in [6]. That is why we call both of them with the same
name.

Definition 25 (Predicate atomic connectives). Let P be a set of predicate symbols. The set of
predicate atomic connectives associated to P is C7 £ PU{L,U} U {0k, Drl k € N*}U{[f}] |
k,l € N* and fi : [1;1] — [1;k] is a mapping} where, for all k,1 € N*,

e R has skeleton (Id, +,V, k) if R € P is of arity k;
e | has skeleton (Id,—,V, 1);
e U has skeleton (Id,—,V, (1,1),+);

O has skeleton (Id, —,V, (k,k + 1), +);

Dy has skeleton (Id, —,V, (k, k, k), (—, +));

[f}] has skeleton (Id, —,V, (k,1),+). =
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Definition 26 (Predicate atomic logic). Let P be a set of predicate symbols. A predicate
C” ~model is a C”-model M = (W, R) such that:

e for all £ € N*, the connectives R of type k are associated to k—ary relations R over W;
e the connective L is associated to the 1-ary relation R, £ W;

e for all k,1 € N* and all mappings fi : [1;I] — [1;k], the connective [fi] is associated
to the k + [—ary relation R[f;i] such that for all wy,...,wg,v1,...,v; € W, we have that
R[f,i]vl vy . .owy iff for all ¢ € [1;1], vy = Wyt (5);

e for all k € N*, the connectives Dy, are associated to the 3k—ary relation Ry C W3* such that
for allw, € W*, all W, € W* and all ws € W, we have that Ry,w,w.ws iff Wy = Wy = Ws;

e for all k € N*, the connectives Oy are associated to the 2k + 1-ary relation Ry, C W2k+l
such that for all T € W**! and all @ € W*, we have that Ry, ow iff T = (w,u) for some
u e W;

e U is associated to the 2-ary relation Ry = W?2.

The class of all pointed predicate CP-models is denoted Mcr. The satisfaction relation
|- € Mcr x Lcr is then defined following Definition |5} If Ec» is a specific class of pointed
C”-model, the triple (Lcr,Ecr, |- ) is called the predicate atomic logic associated to Ecr and
P. We also define Lcr (k) = {¢ € Lcr | k(p) = k}. A predicate atomic logic of type k is a triple
(Lcr (), Ecr (K), |- ) such that all pointed C”~models of Ec» (k) are of type k. O

Our connectives [f}] are a generalization of the connectives @, of multi-dimensional modal
logics [21]. In fact, if & = I then [fF] is exactly Ok

Definition 27 (Translation from FOL to predicate atomic logics). Let P be a set of predicate
symbols.

Syntaz. For all k € N and all T = (z1,...,2;) € (VUC)*, we define the mappings Ty :
LI (@ k) — Ler (k) and Ty : LI () — Ler (1) inductively on the formula o(zy,...,z) €
Lo, (with or without free variables) as follows.

e if o = | then we define Ty(L) = L;

o if o = R, ... 2, with k <1 (some variables or constants can be the same and variables and

constants may be in a different order than (z1,...,xy)) then there is a unique (surjective)
mapping f}. : [1;1] — [1; k] such that for all j € [1;1], we have that fi(j) = i;. Finally, we
define

T=(Ryr ---y1) = [fi] R
o if o = (1 — ¢2) where @1 and @9 are both sentences, then we define

Ty() 221 (To(1), To(2))
if o = (p1 — pa(x)) where ¢; is a sentence, then we define

Ty () 221 (To(1), Tia) (92()))
if o = (¢1(x) = @2) where @9 is a sentence, then we define

T(m)(‘)o) é:)1 (T(ZL’) (()01 (x))7T@(¢2))
if o = (¢1 = @2(x1,...,x)) where 7 is a sentence and k > 1 , then we define
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Ts(e) 20k (fA1T0(01): Tiay,..on) (P2(@1, .. 1))

where fi : {1} — [1;£] is defined by fi(1) =1;

if o = (p1(z1,...,2%) = p2) where @9 is a sentence and k > 1, then we define
T5(¢) 2% (Tas,..on) (1(21,- - 21)), [Fi] T (02))

where f{ is defined as above;

if o = (p1(Tiy,-- - Tiy,) = P2(Yjr» - - Y, ) then we define

Tf(‘ﬁ) é:)k (EXp§<¢1 (xil y ooy Ligyy ))’ EXPE((P2(xj1’ s ’xj@)))

where

T(371,.--,xk)(301(xi1""7xik1)) if kl =k

Expz iy Ty, ) =
sz(wl(l' 1 x kl)) {[ :1} T(ﬂ?il »---,Iz‘kl)(spl(xiw' .. ’xih)) if ki <k

where for all j € [1;k1], we have that ff'(j) = 4;. The definition is similar for
Expz(p2(zj,,- .-, 2j,,)), one only needs to replace i by j and k1 by k2.

e if ¢ = Vai)(z) where @ is a sentence, then we define

Ty(p) £ UT () (v ());
if ¢ =Va(ay,...,xE, ) with k > 1, then we define

TE(SO) = DkT(:cl,...,a:k,m) (1/}(3717 vy Ty (E))

Semantics. Let M = (W, {Ry,...,Rpn,...,C1,...,Cn,...}) be a structure without functions. We
define the C”~model T(M) = (W, R) by adding to the relations of M the relations defined in
Definition If T = (x1,...,7;) is a tuple of k variables then we define Tx(M,s) = (T(M),
(s(wy),...,s(wy))) and Ty(M, s) £ (T(M), (s(xg))) for an arbitrary z € V. O

Lemma 1. Let p € £7I?OL7 let T be the tuple of free variables and constants of ¢ (possibly empty)
and let (M, s) be a pointed structure. Then, we have that

(M,S) ): % Zﬁ TE(MﬂS) ‘P TE((P)'

Definition 28 (Translation from predicate atomic logics to FOL).

Syntaz. For all k € N* and all tuples T = (z1,...,2k) of variables or constants, we define the
mappings ST% : Eé’p — Efop where /Jf:p is the set of formulas of Lc» of type k, inductively as
follows:

ST:(R) £ Rz
ST=(L) & 1L
STe(file) = STy gy 1) (9)
STz(Dk (¢1,92)) = (STx(p1) = STx(2))
STx(Orp) = VST (z,q2) ()
STy (Up) & VaST((p)

where ¢ is an arbitrary term of L£F,, (we recall that \ is here an abbreviation).

Semantics. Let (M, (w1, ..., wg)) be a pointed CP-model of type k and let 7 = (1,...,21) be
a tuple of free variables or constants of size k. The (pointed) structure associated to (M, W),
denoted STy(M,w) = (ST (M), s%), is defined as follows. The assignment s is such that for all
ie{l,...,k}, s(z;) =w;and for all z € V—{x1,..., 21}, s(x) = wy and ST(M) is the structure
ST(M) = (W,ST(R)) where ST(R) is the set R to which we remove the relations stemming
from Definition 26l O
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Lemma 2. Let (M,w) be a pointed predicate C” —model of type k, let ¢ € Lcr of type k and let
7€ (VUC)¥. Then,

(M,E) Hﬁ 4 ZﬁSTE(MvE) }: STE(QP)'

Moreover, for all pointed structures (M,s) without distinguished elements, we have that
STy (T5(M,s)) =z (M,s) and for all pointed predicate C”-model (M,w), we have that

Proposition 7. Let P be a set of predicate symbols and k € N*. If E-» is a class of pointed
Cpfmodel, the predicate atomic logic (of type k) associated to Ecr and P is as expressive as a
predicate atomic logic (of type k) as defined in [6, Definition 18], and vice versa.

Therefore, [6, Theorem 1] and [6, Corollary 1] hold as well for the versions of predicate atomic
logics introduced in the present article.

12 Generalized Keisler Theorems for First-Order Logics

In that section, we assume that the first—order languages are countable.

12.1 Bisimulations for Pure Predicate Logic
Applying our Definition [I7] to our predicate atomic logics of Section [II] we obtain the following
conditions: for all M,M" € {M;, My} with M = (W,R) and M’ = (W', R’), all w,v,u €

w(M,C), all w,v € W and all w’,v',u/ € w(M’',C), all w’,v" € W allR € P,

e condition for R: if WZw’ and Rw then R'w’, for all relations R and R’ both associated to
R (in the associated structure);

e condition for 1: if wZw’ and R/, (w’) then R (w), this condition always holds;

e condition for [f,lc] for all k,I € N* and all mappings f,lc, if wZw’ and R[fl]w’v’ then there
— k

is v € w(M, C) such that vZv’ and Rypywv,
that is, if wWZw’ then fL(W)ZfL(w'), where for all @ = (wi,...,wy), fi(w) =
(wf}c(l)v e 7wf}€(l))§

e condition for Dy: for all k € N, if wZw' and Rv'u/w’ then there are 7,u € w(M, C) such
that v/ Zv, uZv' and Rivuw,
that is, if WZw’ then w’ Zw;

e condition for Oy: for all k € N*, if wZw’ and R{;, v'w’ then there is v € w(M, C) such that
vZv' and Rg, vw,
that is, if wZw’ then for all v" € W’ there is v € W such that (w,v)Z(w’,v');

e condition for U: if wZw' and v’ € W' then there is v € W such that vZv’,
that is, for all w’ € W’ there is w € W such that wZw'.

If we combine the conditions above, we obtain the following definition.
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Definition 29 (Predicate bisimulation). A predicate bisimulation between two structures M;
and Ms is a non—empty relation Z between finite sequences of the same length of M; and M
or My and M such that for all M, M’ € {My, My} with M = (W,R) and M’ = (W', R’), all
m,n € N*, all wy,...,w, € W, all wy,...,w, € W,

1. if (wq, ..., wp)Z(wy,. .., w,) then for all n—ary relations R € R and R’ € R’ associated to
the same predicate R, if Rw ... w, then R'w} ... w);

n

/

2. if (w,...,wp)Z(w,.. wn) then for all w € M there is w' € M’ such that

(Wi, oy W, w) Z (WY, wh,w');

3. if (wl,.. wy)Z(wh, ..., w,) then for all mappings f : [1;m] — [1;n], we have that
(W, - wf(m))Z(wf 1),...,w}(m));

4. if (wy,...,wp)Z(wi,...,w)) then (wi,...,w))Z(w1,...,wy). O

Let X C YV UC be a non-empty set. An X —compatible predicate bisimulation Z between two
pointed structures (M, s) and (M’,s’) is a predicate bisimulation between M and M’ such that

5. for all 1,...,2, € X, it holds that (s(z1),...,s(x,)) Z (s'(z1),...,5 (zn)).

A C-compatible predicate bisimulation between two pointed structures is often abusively
called a predicate bisimulation. O

Now, we recall the usual notion of partial isomorphism.

Definition 30 (Partial isomorphism). A partial isomorphism between two structures M; and
M is a relation Z on the set of pairs of finite sequences (wy, ..., wy), (v1,..., v,) of elements of
My and Ms of the same length such that:

1. if (wy, ..., wy)Z(v1, ..., v,) then (M, s1) and (Ms, s3) make true the same atomic formulas
o(x1,...,2,) € LES, where s; and sy are such that for all i € {1,...,n}, s1(2;) = w; and
s2(xi) = vs;

2.if (wy,...,wn)Z(v1,...,v,) then for all w € M; there is v € My such that
(Wi, ..., wp,w)Z(v1,..., Un,v), and vice versa;

3. for all w € M; there is v € My such that (w)Z(v), and vice versa. O

Condition 3 could be equivalently replaced by the condition @Z@, like in [I0]. Predicate
bisimulations are basically partial isomorphisms as one can easily notice:

Proposition 8. A predicate bisimulation between pointed structures without functions is a partial
isomorphism.

Proposition 9. Let X C YV UC be a non-empty set. If there is an X -compatible predicate
bisimulation between two pointed structures then they make true the same formulas of Lro; (X).

The analogue of the Keisler-Shelah theorem below generalizes it in the sense that it applies
to larger classes of first-order formulas than the class of sentences only.

Theorem 1. Let X C V UC be non-empty and assume that Lo, (X) is countable. Let (M, s)
and (M',s") be two pointed structures. Then the following are equivalent:

1. (M,s) and (M',s") make true the same formulas of LEg (X);

23



2. there exists an ultrafilter U and a X —compatible predicate bisimulation between H(M,s)
U
and H(M’, ).
U
The following corollary with sentences only is an analogue of the Keisler-Shelah isomorphism

theorem [I0, Theorem 6.1.15] in which isomorphisms are replaced by predicate bisimulations.

Corollary 1. Assume that Lo, is countable and let (M, s) and (M’,s") be two pointed structures.
Then the following are equivalent:

1. (M,s) and (M',s") make true the same sentences of Lo, ;

2. there exists an ultrafilter U and a predicate bisimulation between H(M, s) and H(M’, ).
U U

Theorem 2. Let X C VUC be non-empty and assume that Lo, (X) is countable. Let K and
K’ be classes of pointed structures such that K’ is closed under ultraproduct. Then, the following
are equivalent:

1. K is definable in K' by a set of formulas of L, (X);

2. K is closed under X —compatible predicate bisimulations in K' and closed under ultraprod-
ucts, and K' — K 1is closed under ultrapowers.

Corollary 2. Let K be a class of pointed structures. Then, the following are equivalent:
1. K is definable by a set of sentences of L?OL;

2. K is closed under predicate bisimulations and ultraproducts, and K is closed under ultra-
Ppowers.

A result similar to Corollary [2| was already proved by van Benthem & Doets [27], p. 285]. In
their result, isomorphisms are replaced by partial isomorphisms.

Theorem 3. Let X C VUC be non-empty and assume that Lro; (X) is countable. Let K and K’
be classes of pointed structures such that K' is closed under ultraproducts. Then, the following
are equivalent:

1. K is definable in K' by means of a single formula ¢ € LE, (X);

2. Both K and K'— K are closed under X —compatible predicate bisimulations in K' and closed
under ultraproducts.

Corollary 3. Let K be a class of pointed structures. Then, the following are equivalent:
1. K is definable by means of a sentence of E7FDOL;

2. Both K and K are closed under predicate bisimulations and ultraproducts.
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12.2 Bisimulations for First—order Logic

The results of the previous section hold for pure predicate logic, that is first—order logic without
functions. In this section, we are going to extend them to first—order logic (with functions).

Definition 31 (First—order bisimulation). A first—order bisimulation between two structures
M; and Ms is a pair of non—empty relations (Z, Zy) between finite sequences of M; and My of
the same length such that for all M, M’ € {My, My} with M = (W,R) and M’ = (W', R'),
all m,n € N*, all wy,...,w, € W, all wi,...,w,, € W', all functions f1,...,f, of M and
corresponding functions fi,..., f, of M’, all tuples vy, ...,0, of W and v'y,...,v", of W/,

1. if (w1, ..., wy)Zo(wh, ... ,w)) then for all n—ary relations R € R and R’ € R’ associated

to the same predicate R, if Rw; ... w, then R'w] ... w);

2. if (wi,...,wp)Zo(wh,...,wy,) and f1(v'1) = wy,..., fa(v/n) = w,, then there are finite
sequences U1, ...,T, of M such that 71 Zpv'y,...,0, 200", and f1(v1) = w1,..., fu(0n) =
Wn,;

3. if (wi,...,wn)Zo(w],...,w)) then for all mappings f : [1;m] — [1;n], we have that
(s, -y Wpm) Zo(Whrys - Wmy)i

4. if (wy,...,wy)Z(wi,...,w,) then (wy,...,w,)Zo(wy,...,w);
5. if (w1,...,wp)Z(wy,...,w,,) then for all w € M there is w’ € M’ such that
(Wi, Wy w)Z (WY, ... wh,w');

6. if (w1,...,wp)Z(w},...,w)) then for all mappings f : [1;m] — [1;n], we have that

7. 0f (w1, ..., wp)Z(wy, ..., wl) then (w),...,wh)Z(wy,...,w,).

Let X C VUC be a non-empty set. An X —compatible first-order bisimulation Z between two
pointed structures (M, s) and (M’, s") is a first-order bisimulation between M and M’ such that

8. for all 1,...,x, € X, it holds that (s(z1),...,s(zn)) Z (s'(z1),...,5 (zn))-

A C-compatible first-order bisimulation between two pointed structures is often abusively
called a first-order bisimulation. O

The bisimulation notion that we obtain in this extended setting with functions is again
different from the usual notion of (partial) isomorphism, but the difference, which concerns the
atomic base, is more visible in that case than for pure predicate logics. Basically, condition 1 of
a (partial) isomorphism is replaced by a set of back and forth semantic conditions dealing with
the functions, but without any reference to, or evaluation of, first-order (atomic) formulas, like
for our predicate bisimulations.

Theorem 4. Theorems [1, [3 [J and Corollaries [1, [3 [3 hold if we replace at the same time
the term “predicate bisimulation” with “first-order bisimulation” and the languages Lo, and
LE, (X) with the languages with function symbols LE3, and LE3 (X) respectively.

The invariance notions of pure predicate logic and first—order logic with equality are also
predicate bisimulation and first—order bisimulation because the equality predicate is consid-
ered on a par with the other predicates, it is just like any other predicate. In that case, the
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corresponding condition 1. of Definitions and for the equality predicate is the follow-
ing: if (w,w)Zo(w},wh) then wj = wj. With the other conditions, this condition is equiva-

lent to: (wy,...,Wi,..., Wi,...,wn)Zo(wy ..., wj,..., w5, ..., wy,) implies w; = w’;. This condi-
tion does not follow from the other conditions of a first-order or a predicate bisimulation. On
the other hand, it holds for these notions that if (wy,...,w;,...,wy)Z(w},. .., w;, ..., w!) then
(Wi ey Wiy ooy Wiy ey wy) Z (W, Wy wh o wh).

Proposition 10. If there is a first—order bisimulation between two pointed structures then there
is a predicate bisimulation and a partial isomorphism between them. Any two finite or countable
structures such that there is a predicate or (if they contain functions) a first-order bisimulation
between them are isomorphic.

13 Protologics in Molecular Logics

Protologics, introduced in [6], are logics such that the truth conditions of their connectives can
be expressed by means of first-order formulas. Hence, protologics represent and correspond to a
very large fragment of non-classical logics. We show that every protologic is as expressive as a
molecular logic. The proofs are essentially the same as in [6]. In this section, Q and P are sets
of predicates such that @ C P.

Definition 32 (Translation from protologics to molecular logics). Let C* be a set of abstract
connectives.

Syntaz. We define the mapping ¢ from the abstract connectives of C* to molecular connectives
as follows:

e t(Q) = Q for all predicate Q € Q;

e For abstract connectives of the form (x(Z), (Q1,...,Qn)), we proceed as follows. We first
translate x(Z) into predicate atomic logic using the translation 7% of Definition We
obtain a formula ¥’ = Tz(x(Z)) of predicate atomic logic. That transformation is injective.
That formula X’ is then transformed into a molecular connective c. The skeleton decompo-
sition tree of that molecular connective is the skeleton syntactic tree of X’ where the leafs
labeled with the skeleton of a predicate Q; are all replaced by the same skeleton symbol zd%C
where k; is the arity of each Q; and [ is a natural number which allows to distinguish zd%c

from the other symbols of the form id%i appearing in the skeleton. The resulting molecular
connective ¢ of arity n and type signature (k, k1,...,k,) is denoted t(x(Z), (Q1, ..., Qpn))-

The resulting set of molecular connectives is denoted ¢(C®). Then, this translation t is ex-
tended to the whole language as follows: for all x € C* and all ¢1,...,¢, € Lca of appropriate
types, t(x(©1,-.-,¢n)) = t(*)(t(p1),...,t(¢n)). By construction, this transformation ¢ is injec-
tive.

Semantics. Let (M,w) be a pointed C*—model with M = (W, R). The pointed ¢(C*)-model
t(M,w) is the ¢t(C*)-model ((W,R'),w) where R’ is R together with the relations of Definition
O

Lemma 3. Let C* be a set of abstract connectives, let ¢ € Lco and let (M, w) be a pointed
C*—model where W is of size the type of ¢. Then, we have that

(M, W) | ¢ iff t(M, ) |- t(p)

Proof: Tt is the same as [6, Lemma 3]. O
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Definition 33 (Translation from molecular logics to protologics). Let C be a set of molecular
connectives.

Syntaz. We define the mapping st from molecular connectives to abstract connectives inductively
as follows:

e st(p) £ p for all propositional letters p of C.

e For all molecular connectives of the form ¢ = *(cy, ..., ¢, ) we proceed as follows. First, we
replace all symbols idf,C appearing in ¢ by fresh and distinct propositional letters (p1, ..., pn)-
This yields a formula ¢ € Lc of some type k. Then, we pick a tuple of free variables T
of size k and we define the first-order formula stz(p) inductively as follows. If ¢ is a
propositional letter p then stz(p) = QT, where Q is a predicate symbol of Q. If ¢ is of the
form x(p1,...,¢m) then

— if x = (0,4,Y, k, (£1,...,%,,)) then
stz(x(©1, ..., om)) = Vyl T (F18tg, (1) V..V Epsty (0m) V ERTY, ... 7,T);
— if x = (0, +,3,k, (:I:l, +,,)) then
stz(x(01, .y om)) = Ely1 T (F15t5, (01) Ao A Epsty (om) AERY) LT, T);
where 7, ...,7, are fresh tuples of free variables and R is a predicate symbol of P — Q.
We recall that for all formulas v, 41 stands for ¢ if +; = + and for = if +; = —, and

that R7G - G 1 2 Rg— (1) - - To- (m) o (ms1)-

Finally, we define the abstract connective st(c) £ (stz(¢),(Q1,..., Qn)) where for all
i € [1;n], Q; = st(pi).

The resulting set of abstract connectives is denoted st(C). Then, this translation st is ex-
tended to the whole language as follows: for all x € C and all ¢1,...,¢, € Lc of appropriate
types, st(x(¢1,...,¢n)) = st(x)(st(p1),..., st(pn)). By construction, this transformation st is
injective. O

Lemma 4. Let C be a set of molecular connectives, let ¢ € L¢ and let (M,w) be a pointed
C—model where w is of size the type of p. Then, we have that

(M, ) |= o iff (M, ) |- st(p)
Proof: It is the same as [0, Lemma 4]. O
Theorem 5. The class of protologics is as expressive as the class of molecular logics.
Proof: It is the same as [6, Theorem 2]. O

Definition 34 (Predicate molecular logic). A predicate molecular logic is a molecular logic whose
molecular connectives are built up from the predicate atomic connectives {J_ Uyu{og, Dkl k €
N*}U{[f}] | k,1 € N* and fi : [1;1] — [1;k] is a mapping} of Definitions [25 25 and together
with some set of propositional letters (possibly empty).

Theorem 6. The class of predicate molecular logics is as expressive as the class of molecular
logics and therefore also as expressive as the class of protologics.

Proof: It is the same as [6, Theorem 3]. O
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14 Generalized Keisler Theorems for Protologics

Our ultimate objective in this article is to provide an appropriate notion of bisimulation for any
protologic, together with Keisler type theorems, when this is possible. This is what we are going
to achieve in this section thanks to the translation from protologics to (predicate) molecular
logics which was defined in the previous sections. Our method is the following:

1. Translate the given protologic L into a predicate molecular logic L” (thanks to the translation
t of Definition ;

2. Define the notion of C%bisimulation associated to L via the notion of C-bisimulation
associated to L" (thanks to Definition [35));

3. State Keisler type characterization theorems for L if its connectives are normal (our The-

orem .

Every protologic (Lca,Ece, |- ) is as expressive as the predicate molecular logic
(t(Lce),t(Ece), |- ) (see Definition which is itself based on a set of molecular connectives
t(C*) defined by the translation ¢ of Definition The notion of ¢(C*)-bisimulation canonically
induces a notion of bisimulation for the protologic (Lca,Eca, | ), as follows.

Definition 35 (C*—bisimulation for abstract connectives). Let C” be a set of abstract connectives
and let (Lce,&ca, |- ) be a protologic (defined in [6], Sect. 4.1]). Let (M,w), (M’,w’) € Eca be
two pointed C*~models. We say that (M, w) and (M’,w’) are C*~bisimilar, written (M, W) —ca
(M',w'), when t(M,w) and t(M’,w’) (defined in Definition are t(C*)-bisimilar, that is
t(M, W) —y(cay t(M',w"). We also say that the set of abstract connectives C* is normal when
the set of molecular connectives ¢(C®) is itself normal. O

This is well-defined because for any pointed C*~model (M, W), we have by definition of ¢ that
(M, w) and t(M,w) are based on the same set of worlds W.

Theorem 7 (Keisler theorems for protologics). Let C* be a set of normal abstract connectives
complete for conjunction and disjunction. Then, theorems [1 [3 [3 hold if we replace “pointed
structures” by “pointed C*~models”, the language “Lro;(X)” by the language “Lca” and “X —
compatible predicate bisimulation” by “C*—bisimulation’.

Atomic and molecular connectives C can be equivalently seen as abstract connectives C%, in
the sense that one can find abstract connectives which have the same truth conditions as any given
atomic or molecular connectiveﬂ For example, the connective of tense logic of skeleton (71, —, t2)
has the same truth conditions as the abstract connective (x(z), Q), where x(z) = Vy(Ryxz — Qy).
Theorems [7] suggests that the notion of C-bisimulation for atomic and molecular connectives C
and the notion of C*~bisimulation for the corresponding abstract connectives should be the same.
We can indeed check on the example of tense logic that they do coincide.

Example 7 (Tense logic). Let us consider the translation by t¢ of the abstract connective
(x(z),Q), where x(z) £ Vy(Ryzr — Q). This connective corresponds to the box modality
O~ of tense logic. We obtain that ¢ 2 ¢(x(z),Q) = 01 D2 ([f3]R, [f2]id]) is a universal molec-
ular connective, where R is a propositional letter of skeleton (Id,+,3,2), f5 : [1;2] — [1;2] is
defined by f2(1) £ 2 and f2(2) =1 and f} : {1} — [1;2] is defined by £} (1) = 2.

According to the definition of C-bisimulation, the clause for this molecular connective is the
following:

2See [6], Definition 3] for a precise definition of abstract connectives.
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if wZ.w' and —R.v'w’ then there is v such that —R.vw and vZv'.

(We recall that Z;;1 = Z in that case.)
The C-bisimulation clause for the atomic connective O~ of skeleton (71, —, t2) is the following:

if wZ.w' and —R_ ™v'w’ then there is v such that —R; ™v'w’ and vZv', that is,
if wZ.w' and Rv'w’ then there is v such that R{v'w’ and vZv'.

So, if we prove that for all w,v we have that R.vw iff —Rgyvw, then we will have proved
that the two definitions of bisimulation are equivalent (at least for this bisimulation clause, but
the other clause for the & modality is proved similarly). This is what the following proposition
proves.

Proposition 11. Let P = {R} and let M = (W,R) be a predicate C" ~model such that the
predicate symbol R is associated to the relation Ry. Let ¢ be the universal molecular connective
01 D2 ([f2]R, [f2]id}). Then, for all w,v € W, we have that Rovw iff —Rpvw. (We recall that
R, is defined in Definition ) O

This leads us to a more general problem, to determine whether two equally expressive logics
have the same notion of bisimulation.

15 Bisimulations of Equally Expressive Logics are Equiv-
alent

Our definitions of C-bisimulation are defined from the truth conditions of atomic or molecular
conectives. However, these truth conditions may take many equivalent forms, in particular if
we take two logics which are equally expressive but are not defined on the basis of the same
connectives. In that case, we would nevertheless want to obtain the same notion of bisimulation
or at least equivalent definitions. That is, we would want that when we consider two equally
expressive molecular logics, their notions of bisimulations coincide. To be more precise, we would
want that, in that case, if we take two bisimilar models in one logic then the translations of these
two models in the second equally expressive logic are also bisimilar. That is what we are going
to prove in that section. We first spell out what we mean by “schematically equally expressive”
logics.

Definition 36 (Schematic equi-expressivity). Let Ly = (£1,&1, |- 1) and Ly = (L2, &, |- 2)
be two molecular logics such that £ and L, are built up from the sets of molecular connectives
C; and Co. We say that Ly is schematically as expressive as Lo when they are equally expressive
and, moreover, if {i,5} = {1,2}, the mappings 77 and T} are such that:

i. The mapping T is induced from a translation of the connectives of C; which respects the
quantified decomposition of the connectives. That is, for all molecular connectives ¢ € C;
and all vertices ¢y of the quantified decomposition tree of ¢, the mapping T, defines a
molecular connective T} (co) built up from the molecular connectives of C; which is existential
(resp. universal) if ¢ is existential (resp. universal) and which has the same arity, tonicity
signature and idjs as co (which can be equal to some idy). We extend this definition
inductively to molecular connectives of C; as follows: if ¢ € C; is maximally decomposed
into ¢ = ¢o(cq,. .., cp) then

T7(c) & T (co)(T7 (c1), - - T7 (cn))-

K3 K2
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Then, we extend inductively the translation to the whole language £; as follows. For all
ce C;and all pq,..., 0, € L;, we define

TE(e(prs-- - om)) = TP (T (1), T (0m)

ii. The mapping T is induced from a translation of the relations of the C;~models. That is, for
all M;, M € & such that M; = (M, w;) and M = (M,w,), we have that T (M;) = (N, ws)
and TM (M]) = (N,w,), i.e. they are also based on the same C;~model. In that case, we
write them T (w;) and TM (@)). Then for all M; € &, all @y, ..., W,,w € W(M;,C;), all

co € C; and all vertices ¢ € VC’0 of the quantified decomposition tree of cg,

R () ... TM (w,) T} (W) iff Rye oy ... w,w O

Our notion of schematic equi—expressivity is a refinement of the notion of equi-expressivity

of Definition [l

Proposition 12. Let L1 = (£1,&1, |- 1) and Ly = (L2,&s, |- 2) be two molecular logics such
that £ and Lo are built up from the sets of molecular connectives C; and Cy. If Ly and Ly are
schematically equally expressive (via some mappings TlM, Tf,TQM,Tf) then for all My, M € &
which are Cy-bisimilar, TM (M) and TM (M) are also Cy-bisimilar.

16 Conclusion

We have introduced a generic method which allows us to find out an appropriate notion of bisim-
ulation for an arbitrary logic whose truth conditions are defined by first—order formulas. This
bisimulation notion comes as well with a number of associated model-theoretical results of the
logic considered. In doing so, we have discovered new invariance notions for first—order logic.
Compared to the original Keisler theorems, our results replace isomorphisms by predicate bisim-
ulations and first-order bisimulations and we generalize existing results and consider arbitrary
sets of first-order formulas, and not only the set of all sentences. On countable structures, the
notions of isomorphism, partial isomorphism, predicate bisimulation and first—order bisimulation
coincide. We expect that our notions of predicate and first—order bisimulation differ from isomor-
phisms on uncountable structures. By the (upward) Lowenheim—Skolem theorem and because
our results hold for countable languages, they open new perspectives for the study of uncountable
structures such as the non-standard models of arithmetic.

These generalizations and new versions of existing theorems confirm, together with the re-
discovery of numerous existing results [5], the soundness and generic character of our overall
approach. We do not claim to have introduced brand new notions of invariance for first-order
logic, they are in fact natural and intuitive variants of the usual notions of (partial) isomorphism.
Instead, we claim to have introduced a generic notion of C-bisimulation which is somehow ‘deeper’
and more basic than the usual notion of bisimulation for modal logic or even the usual notion
of (partial) isomorphism for first-order logic. Indeed, all invariance notions introduced in the

literature (including those) can all be seen as instances of our general notions of C-bisimulation
of Definitions [[7 and [[9l
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Proofs of Lemmas 1], 2, Theorems 1}, [2], 3] and Corollaries
T 2} B

Lemma 1. Let p € .C;.—DOL, let T be the tuple of free variables and constants of ¢ (possibly empty)
and let (M, s) be a pointed structure. Then, we have that

(M, s) = ¢ iff Ts(M, 5) |- Ts(e).

Proof: (sketch) Similar to the proof of [6, Lemma 1], by induction on ¢. We only prove some of

the

cases which differ significantly. Let ¢(x1,...,z%) € Ll (T, k).
e If o = Ra;, ... x; with k <[ then there is a unique (surjective) mapping f}, : [1;1] — [1; k]
such that for all j € [1;1], we have that f}(j) = ;. Then, Tx(M, s) |- Tx(p)
iff (T(M), (s(21),-.., s(zx)) |- [fi]R
ift (T'(M), (s(xf}i(l)), cee S(mf,i(l)))) |- R by definition of [fi]
iff (T(M), (s(2i), - -, s(xi,))) [- R
iff Rs(x;,)...s(x;,) holds
iff (M, s) =Rz, ... x;
iff (M, s) = ¢

1
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o If o =Vap(xq,..., 2, 2) with k > 1, then Tx(M, s) |- Tz(p)
iff (T(M), (s(21), ... s(xx))) = Dszl ..... . m)(w(mh co Tk, T))
iff for all w € W, (T'(M), (s(x1), ..., \#T ’’’’’ onn) (@1, 2, T))

iff for all w € W, T(zl,m,xk,m)<M75[x = w)) \# Tior,....on0) (@1, . . ., xk, @) by definition
of T(zl,...,zk,x)

iff for all w € W, (M, s[z := w]) = ¥ (z1, ..., 2k, x) by Induction Hypothesis
iff (M, s) = Va(zy,. ..,z x) by definition of Vx
iff (M, s) = .
([

Lemma 2. Let (M, W) be a pointed predicate C” -model of type k, let o € L» of type k and let
Te (VUC)k. Then,

(M,@) Hﬁ ¥ ZﬁSTf(Maw) }: STE(@)

Moreover, for all pointed structures (M,s) without distinguished elements, we have that
ST (T (M 5)) =z (M,s) and for all pointed predicate C” -model (M, W), we have that
Tz (ST(M,w)) = (M, w).

Proof: (sketch) Similar to the proof of [6, Lemma 2], by induction on ¢. We only prove two cases
which differ significantly. Let ¢ € L of type k and let T = (z1,...,x;) € (VUC)E.

fi] then STx(M, W) = STx(e
iff STx(M,w) = STx([fL])

o If p=]
(

ff (ST(M),s%) =S (zfl(l),._.,wf’i(L))(ill) by definition of STy
(

STM }:ST Wherey:(xfz(l),,xfi(l)) and§:(wflz€(1),,wf£(l))
M, ) \F w by Induction Hypothesis

M, @) |- [f}]1) because we have that Rypow

M, w

) |- .
o If ¢ = Oxy then STx(M,w) = STx(p)
iff STE(M w) % STo(050)
iff (ST(M),s%) b VaSTz,4) (1) by definition
iff for all w € W, (ST(M), sZ[z = w]) b ST(z.4)(¥)
iff for all w € W, (ST(M), s %)) = STiz.0)(¥) by definition

ff (
ff (
ff (
ff (

e 37)
iff for all w € W, (M, (w,w)) | ¢ by Induction Hypothesis
iff (M, w) |- ¢.

O

Lemma 5. Let C” be the set of predicate atomic connectives (introduced in Definition .
A CP -bisimulation between two CT ~models is a predicate bisimulation between their associated
structures (defined in Definition @), but which does not necessarily fulfill condition 5 of Defini-
tion [29.
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Proof: Let us consider the predicate atomic connectives C” = P U {L,U} U {||x, Dk, O | k €
N*}U{[fL] | k,1 € N* and f} : [1;1] — [1;k] is surjective} (defined in Definition . Let M,
and M be two C”—models and let Z be a non-empt binary relation between finite sequences of
My and Ms of the same length. Then, by Deﬁnition Z is a CP-bisimulation between M 1 and
My when for all M, M' € {My, My} with M = (W, R) and M’ = (W', R’), all w,v,u € w(M, C),
all w,v € W and all w’,v’,u/ € w(M’,C), all w',v" € W', all R € P, it holds that

e condition for R: if WZw’ and Rw then R'w’, for all relations R and R’ both associated to
R (in the associated structure);

e condition for L: if wZw’ and R (w’) then R, (w), this condition always holds;

e condition for [f}]: for all k,I € N* and all surjections f}, if WZw’ and RWW then there
is 7 € w(M, C) such that 7Zv" and Ry,
that is, if WZw' then fL(W)ZfL(w'), where for all @ = (wi,...,wy), fi(w) £
Wiy

e condition for Dy: for all k € N*, if wZw" and Ryv'u/w’ then there are 7,w € w(M, C) such
that v/ Zv, uZv' and Rivuw,
that is, if WZw’ then w’ Zw;

e condition for Oy: for all k € N*, if WZw’ and Rj_;w'v'u’ then there are v,u € wW(M, C)
such that vZv" and uZv’ and Ry 1wva,
that is, if wZw’ then for all v’ € W’ there is v € W such that vZv" and (w,v)Z (w’,v');

e condition for U: if wZw’ and v € W’ then there is v € W such that vZv’,
that is, for all w’ € W’ there is w € W such that wZw’'.

Now, if we combine the conditions above, we obtain the definition of a predicate bisimulation
on the structures associated to M; and My without condition 5. O

Theorem 1. Let X C V UC be non-empty and assume that Lo, (X) is countable. Let (M, s)
and (M’,s") be two pointed structures. Then the following are equivalent:

1. (M,s) and (M',s") make true the same formulas of LEq (X);

2. there exists an ultrafilter U and a X —compatible predicate bisimulation between H(M7s)
U
and H(M’, s').
U

Proof: The proof follows the same reasoning as the proof of [5, Theorem 1], using [5, Lemma 1]
and [B, Proposition 9, Appendix] and [5, Proposition 11] as well as the ‘translation’ Lemmas
and 2
First, we prove that 2. implies 1. By [3, Proposition 9, Appendix], for all formulas ¢ €
Lo (X), we have that (M, s) |- o iff H (M, s) | ¢. By assumption and Proposition (9} this
U
implies that H (M',s") |- ¢ and, again by [5, Proposition 9, Appendix], the latter is equivalent

U
to (M',s") |- ¢
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Now, we prove that 1. implies 2. Let U be a countably incomplete ultrafilter over N
(it exists by [9, Example 2.72]). By [B, Proposition 11], the ultrapowers HM and HM'

are w-saturated and therefore T’ <H M ) and T (H M '> are w-saturated as well (for the
U U
first-order language Llo, ). Now, for all formula p(7) € Ly (X), H(M,s) - ¢(@) im-
U
plies H(M’,s/) |- ©(Z) because of 1. and [5, Proposition 9, Appendix]. That is, for all
U

formula p(Z) € LI (X (HM Hs) - ¢(Z) implies (H M’,Hs’) |- ©(Z). There-
U U

U

fore, by Lemma for all formula ¢(%) € LF (X), we have that Ty (H M, Hs) - T=(p)

U U
. . / / . . . .
implies T% HM ,Hs - Tz(¢) (if ¢ is a sentence without constant, we take in

U U
Definition of Tp a variable zp such that zy € X). That is, for all formula

¢ € LE(X), we have that (T (HM),(Hs(ml),...,Hs(xk)>> - Tz(p) implies
U U

U

<T <H M’> : (H s'(z1), .. .,Hs'(xk)>> |- T%(¢) (*). Then, using Lemmas and we

U
can prove the following:

Claim 1. For all z,...,72, € X, <T<HM>,<HS($1),,HS($k)>> ~ P
U U U
<T <HM’> , (Hs'(ml),...,Hs'(xk)>>

Proof: (of the Claim) Let ¢ € L7 of type k € N* and let z1,...,z; € X. Assume that

({31 ([ ) oo
Then, by Lemma

o (M) (f ]
S
1<)

That is,

So, by Lemma

) |- Tz (ST=()) -



That is, again by Lemma

<T (HM) , <H8($1)7--~7H5($k)>> = Tz (STx()) -

U
So, by (), we have that

(T (H Ml) ; (H s’(xl),...,Hs’(xk)>> = Tz (STx(y)) -
U U

U
That is, again by Lemma 2]

L)
)

e e

Thus, by Lemma [2]

(1) g Q) o

and we have proved the claim. O
Hence, by [B, Lemma 1] and Lemma [5 there is a X—compatible predicate bisimulation be-

tween the structures associated to <T (H M ) , H s) and (T (H M’ ) ,H s) and therefore
U U

U U

, (H s (1), .., Hs/(xk)>> - T5 (ST5(¢)) .
U

U

> ,SEHU s'(@1)] 1 SI(“”) = STx(p).

between (H M, Hs) and <H M, H s), that is, between H (M, s) and H (M’ s"). O
U U U U U U

Corollary 1. Assume that Lo, is countable and let (M, s) and (M’,s") be two pointed structures.
Then the following are equivalent:

1. (M,s) and (M',s") make true the same sentences of Lo, ;

2. there exists an ultrafilter U and a predicate bisimulation between H(M, s) and H(M’, s').
U U

Proof: The set of sentences is Lo, (C). The result follows by a direct application of Theorem
O

Theorem 2. Let X C VUC be non-empty and assume that Lo, (X) is countable. Let K and
K’ be classes of pointed structures such that K’ is closed under ultraproduct. Then, the following
are equivalent:

1. K is definable in K' by a set of formulas of Ly, (X);

2. K is closed under X —compatible predicate bisimulations in K' and closed under ultraprod-
ucts, and K' — K 1is closed under ultrapowers.
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Proof: The proof follows the same reasoning as the proof of [5, Theorem 2]. The notion of X—
compatibility is used in the direction from 1. to 2. As for the direction from 2. to 1., we consider
the following set of pure predicate formulas:

T2 {pe Ll (X)]| forall (M,s) e K,(M,s) ¢}

Let (My,so) € K' be a pointed structure of K’ such that (Mo, so) |- 7. We are going to
prove that (Mp, so) € K. Let us consider the following set of formulas:

%2 {p e LEL(X) | (Mo, 50) = ¢}

Y is finitely satisfiable in K. Indeed, assume that the finite set {¢1,...,1,} C ¥ is not
satisfiable in K. Then, =1 V...V—1, is true on all pointed structures of K. So, =91 V...V—, €
T. However, it would be false on (M, sg), which is impossible. But then, [5, Proposition 10]
shows that X is satisfiable in an ultraproduct H(N“ s;) of pointed structures (N;,s;) € K. Let

U
us take (N, s) = H(Nz,sl) Then, (N,s) € K by closure of K under ultraproduct. Moreover,
U
(N,s) = . So, for all ¢ € LE (X), (My,s0) E ¢ implies (N,s) = . Thus, by closure of
L5 (X) under Boolean negation, for all ¢ € LEy (X), (Mo, s0) = ¢ iff (N,s) E . Thus, by
Theorem [T} there exists an ultrafilter U over a non-empty set I and a X—compatible predicate
bisimulation between H(Mg,so) and H(N, s). Now, H(N, s) € K because (N,s) € K and
U U U

closure of K under ultraproduct. But H(MO’ s0) € K' by closure of K" under ultraproducts. So,

U
H(MO, s9) € K by closure of K under X—compatible bisimulation in K’. Finally, since K’ — K
U
is closed under ultrapower, (M, sp) must belong to K, since otherwise H(MO’ s0) would not be
U
in K. This completes the proof of the theorem. [l

Corollary 2. Let K be a class of pointed structures. Then, the following are equivalent:
1. K is definable by a set of sentences of E?OL;

2. K is closed under predicate bisimulations and ultraproducts, and K is closed under ultra-
powers.

Proof: The set of sentences is LF, (C). The result follows from a direct application of Theorem
2l with X = C and K’ = Mgor. O

Theorem 3. Let X C VUC be non-empty and assume that Lo, (X) is countable. Let K and K’
be classes of pointed structures such that K' is closed under ultraproducts. Then, the following
are equivalent:

1. K is definable in K' by means of a single formula ¢ € LE, (X);

2. Both K and K'— K are closed under X —compatible predicate bisimulations in K' and closed
under ultraproducts.

Proof: 1t is similar to the proof of [5 Theorem 3]. The direction from 1. to 2. is easy. For
the converse, we assume that K and K’ — K satisfy the stated closure conditions. Hence by
Theorem there are sets of formulas of LFg, (X), Ty and Ty, defining K and K’ — K respectively.
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Obviously, their union is inconsistent in the sense that there is no pointed structure (M, s) of
K’ such that (M,s) |~ Ty U Te. So then, by [5, Proposition 10], there exist ¢1,...0, € Th
and 1, ...,%, € Ty such that for all pointed structures (M, s) of K’', it is not the case that
(M,s) |- o1 Ao Ao A1 A oo Apy, (). To complete the proof, we show that K is in fact
defined in K’ by the conjunction ¢1 A ... A ¢,. By definition, for any (M,s) in K we have
(M,s) |- @1 A ... Ao, Conversely, for all (M,s) of K', if (M,s) |- ¢1 A... A ¢, then there
must be i € [1;m] such that (M, s) |- 1; does not hold. Indeed, otherwise, we would have that
(M,s) -1 A.o. Apn Ath1 A ... Athy,, which is impossible by (). Hence, it is not the case that
(M, s) |- Ty. Therefore, (M, s) does not belong to K’ — K, whence (M, s) belongs to K. O

Corollary 3. Let K be a class of pointed structures. Then, the following are equivalent:
1. K is definable by means of a sentence of Loy ;
2. Both K and K are closed (in Mgor) under predicate bisimulations and ultraproducts.

Proof: The set of sentences is L, (C). The result follows from a direct application of Theorem
Bl with X = C and K’ = MgoL. O

B Proof of Theorem 4

We recall that P is a set of predicate symbols, F is a set of function symbols, V is a set of variables
and C is a set of constants (see Section [2). We also define the head h(t) and the body b(t) of a
term ¢ € T inductively as follows: if t = x or t = ¢ then h(t) = b(t) =t; if t = f(t1,...,tn) then
h(t) = f and b(t) = (t1,...,tm).

Definition 37 (First—order atomic connectives). The set of propositional letter atomic connec-
tivesis C7 2 {pr | R € P}U{[h1,...,hm] | k € Arity(P,F) and hy,..., hy € VUCU FYU{[f!] |
k,l € N* and fi : [1;1] — [1;k] is a surjection} where:

e pr has skeleton (Id, +,V, k) with k the arity of R € P;

e [h1,...,hy] has skeleton (Id,—,V¥,(n1 + ... + nym,m),+) in which n; is the arity of the
function h; (it is 1 if h; € VUC);

e [f/] has skeleton (Id, —,V, (k,1), +), for all k,1 € N* (such that I > k).

The set of first-order atomic connectives C*7 is C7 to which we add C* and the propositional
letters {p, | x € Lc7} of skeletons (1,+,V, k), where k is the type of x € L¢=.

Definition 38 (First-order atomic logic). A first-order C"7 ~model is a C*" ~model M = (W, R)
such that:

e the relations associated to the connectives of C” satisfy the conditions of Definition
o for all R € P of arity n, the connectives pr are associated to n—ary relations R,;

e each connective [hy,..., h,;,] is associated to a relation R, .....n, OVer W' where | = m +
ny + ...+ ny, with n; the arity of the function h; (it is 1 if n; € VUC);

e for all k,1 € N*, the connective [f,lc] is associated to a k + [—ary relation RWJ such that for
all wy,...,wg,v1,...,v; € W, it holds that R[f]zc]vl...vlwl .owg iff for all § € [1;1], we
have that v; = We' ()3

38



e for all x € Lc7, the connectives p, are associated to k—ary relations R, , where k is the
type of x.

The class of all pointed first—order C”*~models is denoted Mcr=. We define the two-tiered
language Lcrr as follows:

Ler: x w= pr | [ hmlx | [fl)x
Lerr: o u= py | *(p,...,9)

where R € P, [hy,...,hm],[f] € ' xe cP” (different from propositional letters) and x
is of type m in the expression [h1,...,hn,]x. The satisfaction relation |- C Mcpr X Lcerpr
is then defined following Definition If Ecrr is a specific class of abstract C”7—models, the
triple (Lcrr,Ecrr, |- ) is called the first-order atomic logic associated to Ecrr. The triple
(Lerr,Mcerr, |-) is called first-order atomic logic.

We also define Lcrr(k) £ {¢ € Lerr | k(p) =k} and for all (M,®), (N,7) € Mcrr, we
write (M, w) =7 (N,v) when for all p € Lcr#(k) it holds that (M, w) |- ¢ iff (N,9) |- .

Definition 39 (Translation from FOL to first-order atomic logic).
Syntaz. For all T = (v1,...,21) € (VUC)*, we define the mapping T : LE (T, k) — Lcrr
inductively on the formula ¢ € L5 (7, k) as follows.

o if ¢ = R(t1,...,tm) and ¢ contains k different variables or constants Z which occur at [
different places in ¢ then we define T (¢) £ [f]T5 (1, ..., tm)pr Where [fi] is defined as
follows:

— if (24,,...,2;) is the tuple of size | made up of the k variables or constants T =
(21,...,x) which occur in (¢1,...,%,) in that order (and possibly with repetition)
then f} : [1;1] — [1;&] is defined for all j € [1;1] by fi(4) = i;.

and where T2 (t1, ..., t,,) is defined inductively as follows:
—if (¢1,...,tm) is a tuple of only variables and constants then Tg‘ (try.. o tm) =
[tl, N ,tm];
— otherwise, if one of the terms ¢; contains a function symbol f;, then Tg(tl, R —

T (b(t1)y -y b(tm)) [R(t1)s -« oy B(tm)].
Note that 72 () belongs to L.

o if ¢ is of one of the other forms then the translation Tg is the same as T%.

Semantics. Let M = (W, {R1,...,Rny---, f1,--+, fns---}), S) be a pointed structure. We define
the C”7-model T+ (M) £ (W, R) as follows:

e the n-ary relation R, is the n—-ary relation R associated to R € P;

e for all hy,... h,, € VUCUF, the connectives [h,...,hpy] € C” are associated to the re-
lation R, po) = {(v1,. .., 0, W1,..., Wy) | forallie [1;k], if h; = f; then f;(w;) =
v;, if h; € Y UC then w; = Ui};

o the other relations of R for the other connectives are defined like in Definition BS

If 7 = (z1,...,7;) € (VUC)" then we define T (M, s) £ (TT(M), (s(z1),...,s(zx))).

39



Lemma 6. Let k € N*, let o = (x1,...,x1) € LE3, and let (M, s) be a pointed structure. Then
we have that

(M, 8) b= iff T (M, 8) |- T ()-

Proof: The proof follows the same reasoning as the proof of Lemma [[I The only real new
case is for ¢ = R(ty1,...,t,). It follows from the truth condition for that formula: we have
that (M,s) = R(tq,...,t,) iff R(wy,...,w,) and w; = 5(t1),...,w, = 5(t,). The condition
R(w1,...,wy) is captured by pr and the condition wy = 3(¢1), ..., w, = 3(t,) is captured by the
composition of appropriate connectives [hq, ..., hy]. O

Definition 40 (Translation from first-order atomic logic to FOL).

Syntax. For all n € N* and all tuples t = (f1,...,%,) of tuples of terms such that each tuple
of terms #; is of size n;, we define the mappings ST; : E’éf — E?g]—_, where ,Céf is the set of
formulas of L= of type k, inductively as follows. For all [hq,. .., hy] of type (n1 + ... 4+ np,, m),
where nq,...,n,, are the arities of hq, ..., h,,, we define

ST;(pR) é Ri
+ A +
ST (-5 hm]X) = ST ey oy OO

Then, we define the mapping STZ‘Ir cLepr — £|7:)O]i_ inductively as follows.
STF(py) 2 ST (x).

where 7 is an appropriate tuple of tuples of terms. The clauses for the other connectives of C77
are defined like in [6] Definition 20], tuples of variables T only have to be replaced by tuples of
terms .

Semantics. Let (M,w) be a pointed C77
ables or constants of size k. The pointed structure associated to (M,w), denoted ST (M, w)
(ST (M), sZ), is defined as follows. The assignment sZ is defined like in [6, Definition 20] and
STt (M) is M to which we remove the relations of the form Ry, Ry, Ro, and Ry, and we
replace relations of the form Ry, . p,; with functions f defined as follows: f(wi,...,w) = w
iff R[f]wwl, oW

—model of type k and let T be a tuple of free vari-
2

Lemma 7. Let (M, W) be a pointed first-order C"7 “model, let ¢ € Lcrr of type k and let T be
a tuple of k variables. Then, we have that

(M, w) |- ¢ iff ST (M, ) |- ST ()

Moreover, for all pointed structures (M,s), we have that ST (T (M, s)) =rz (M, s) and
for all pointed C"7 ~model (M, @) of type k, we have that T (STS (M, w)) =5, (M, W).

Proof: (Sketch) By induction on ¢. The tricky case is when ¢ is of the form [hy, ..., h,] x. This
is where we need to index the translation by a tuple of terms. These terms keep track of the
terms or subterms of the formula which is being translated. ([l

Lemma 8. Let CT7 be the set of first-order atomic connectives and let My = (W1, R1) and
My = (Wa, R2) be two w—saturated CP% ~models. We define the binary relation Zy C (W x W)U
(Wy x W1) as follows: if {M,M'} = {My, My} then for all w € w(M, C), all w' € w(M', C),
wZow' iff (M, W) ~cr (M',w'). We also define the binary relation Z between finite sequences
of My and My of the same length by wWZw' iff (M, W) ~crr (M',w'). Then, the pair of binary
relations (Z, Zy) is a first-order bisimulation between My and Ms.
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Proof: Applying [5, Lemma 1] to C”, from the definition of a C*—bisimulation, we obtain con-
ditions 1. — 2. of a first—order bisimulation. Likewise, by [0, Lemma 1] and Lemma [5| Z is a
predicate bisimulation. Hence, conditions 4. — 7. of a first—order bisimulation are fulfilled. More-
over, we also have the condition that if (w1,...,w,)Z(w],...,w)) then for all n—ary relations
R, € R and R;X € R’ associated to the same propositional letter p,, if Ry wi ... wy, then

R, w) ... wy,. This last condition reformulates as if wZw’ then (M, @) ~»cx (M',w’). That is,

if wZw' then WZyw’, which is condition 3. Hence, (Z, Zy) is a first-order bisimulation between
M1 and Mg. O

Theorem 4. Theorems [1], [3 [J and Corollaries [1, [3 [3 hold if we replace at the same time
the term “predicate bisimulation” with “first-order bisimulation” and the languages Lo, and
LE, (X) with the languages with function symbols LE3, and LE3,(X) respectively.

Proof: Tt is the same as the proofs of Theorems and 3| and Corollaries [I{and [2 Only the [6]
Lemmas 1 & 2] have to be replaced by the ‘translation’ Lemmas |§| and |7 and [B, Lemma 1] and
Lemma, [5] have to be replaced by Lemma, O

C Proof of Theorem [Tl

Lemma 9. Let C* be a set of abstract connectives, let (M,w) be a pointed C*—model and let

U be an ultrafilter over a non-empty set I. Then, Ht(M, w) is isomorphic to t <H(M, w))

U U
(where t is defined in Definition @)

Proof: The translation ¢ of (M, w) adds relations R[fzi]’ Ry, Ry, , Ry, Ry to (M, w). We are going

to prove that the (ultraproduct) relations H R[fzi]’ H Ry, H RDk,H Ry, H R in I_It(M7 )
U U U U U U

are the same as the relations R[fzi]’ Ry, Rn,, Ry, R, int (H(M, w)) .
U

e Let k,1 € N* and let f} : [1;1] — [1; %] be a mapping.
1_[1’:5[')216]1_[1111'...1_[11;1_[11)%...I_Iw}'C
U U v U U
iff {z el Rffilvi...vliwi...wi} eU
iff {z eI|vje[L],vi= w;}c(j)} cU
iff for all j € [1;1], {z el v;» = w}}i(j)} € U by properties of ultrafilters
iff for all j € [1;1], Hv; = ij‘i(j)' So, the relation HRU";U in Ht(M, w) is the same
U U U U

as the relation Ry in ¢ (H(M, w))

U
o [[Re]]w [[wi]]wh iff E £ {icI|w)=w)=wh} € U. We have to show that
U U U U
= =[]m:=]]m5 ie. A2 {icI|w, =w)} cUand B£ {icl|w)=mws}cU.
U U U
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However, E C Aand E C B,so A€ U and B € U. So, the relation HR’“ in Ht(M, w)
U U

is the same as the relation Ry in ¢ <H(M, w))

U
o [[Ra [[7' [ ®
U U v
iff {iel|Ryvw'}eU
iff {i € I |thereis u’ € W such that v’ = (w',u’)} €U
iff there is (u');c; such that Hﬁi = H(wﬁ u')
U U

iff there is :l_[uZ such that H@i = (H wi,HuZ) by definition of H(@z,uz) So, the
U U U U U

relation H Rp, in Ht(M, w) is the same as the relation Ry, in ¢ H(M, w) |.
U U U
. HRU Hwﬁ H@ZQ iff £ = {z el RU@W;} € U. However, Ryw.w, always holds, for
U U U
any E’i,@é. So, E = I which does belong to U.

e The same reasoning as in the previous case applies to H R;.
U
O
Theorem 7 (Keisler theorems for protologics). Let C* be a set of normal abstract connectives
complete for conjunction and disjunction. Then, theorems [1} [3 [3 hold if we replace “pointed

structures” by “pointed C*~models”, the language “Lro;(X)” by the language “Lca” and “X —
compatible predicate bisimulation” by “C*-bisimulation’.

Proof: Let C* be a set of normal abstract connectives complete for conjunction and disjunction.
Then, the set t(C*) of molecular connectives are also normal and complete for conjunction and
disjunction. Then, applying Theoremto t(C%), we obtain that for all pointed C*~models (M, w)

and (M’',w’), the following are equivalent:
1. t(M,w) ~4(Ce) t(M’,W);
2. there exists a countably incomplete ultrafilter U over N such that Ht(M W) —ry(Ca)
U
[Tt (A, wh).
U
So, if we prove that (a) t(M,w) ~+ycey t(M' ') iff (M,w) ~+co (M',w’) and (b)
Ht (M, W) —(ce) Ht (M’ w') iff H (M, W) —ca H (M’,w’) then we will have proved Theo-
U U U U
rem |1 for protologics. Expression (a) follows directly from Lemma 3] Expression (b) is proved
if we prove that ¢ H (M, w) | is isomorphic to Ht (M, w), for all pointed C*~models (M, w).

U U
This is Lemma [0l
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The proofs of Theorems |2 and [3| for protologics are the same as the proofs of [3, Theorem 2]
and [0, Theorem 3] for molecular logics. The only difference is that in the proof we use the
version of Theorem [I] for protologics that we have just proved. O

D Proofs of Propositions (7], [§], [9], 10}, [11],
The proofs of Propositions |§| are in the appendix of the companion article [5].

Proposition 7. Let P be a set of predicate symbols and k € N*. If Ec» is a specific class of
pointed C* ~model, the predicate atomic logic (of type k) associated to Ecr and P is as expressive
as a predicate atomic logic (of type k) in the sense of [6, Definition 18].

Proof: We fix a tuple of k variables and constants 7 € (V UC)*. We denote by T% and ST the
translations Tz and STz of [6, Definition 19] and [6) Definition 20] respectively, both for formulas
and models. Then, we define the predicate atomic logic (of type k) ( v, |- ) in the sense
of [6, Definition 18] by Lir = {ST2T5(¢) | ¢ € L} and Egp = {STETH(M, W) | (M, W) € Ecr }
Then, using Lemmas [1] and [2 I as well as [6, Lemma 1] and [6, Lemma 2], we can easily prove that
(Ler,Ecr, =) and (Ler,ECr, |- ') are equally expressive. The translations are ST4T% from
the former to the latter and ST5T% from the latter to the former. Reciprocally, the proof that
every predicate atomic logic (of type k) in the sense of [6, Definition 18] is as expressive as a
predicate atomic logic (of type k) in the sense of this article is similar, one only needs to swap
the ’s. O

Proposition 8. A predicate bisimulation between structures without functions is a partial iso-
morphism.

Proof: Condition 1. of a partial isomorphism follows from conditions 1. and 5. of a predicate
bisimulation. Condition 2. is the same. The “back” condition of a partial isomorphism is obtained
by condition 2 and 4 of a predicate bisimulation. We have to show that condition 3 of Definition
of a partial isomorphism is deducible from the definition of a predicate bisimulation. Let Z
be a predicate bisimulation between the pointed structures (M, s) and (M’,s"). Let w € M* and
w € M'* with k > 0 and assume that EZE (such a pair exists since a predicate bisimulation
is non empty). For all v € M, there is v € M’ such that (w,v)Z(w’,v"). Then, we have that
(v)Z(v'") by condition 3 of a predicate bisimulation. Hence, we have proved condition 3 of a
partial isomorphism. ([

Proposition 9. Let X C YV UC be a non-empty set. If there is an X —compatible predicate
bisimulation between two pointed structures then they make true the same formulas of Lo (X).

Proof: This follows from Proposition [8] and the corresponding proposition for partial isomor-
phisms [I0, Proposition 2.4.4] together with Condition 5 of Definition O

Proposition 10. If there is a first—order bisimulation between two pointed structures then there
is a predicate bisimulation and a partial isomorphism between them. Any two finite or countable
structures such that there is a predicate or (if they contain functions) a first—order bisimulation
between them are isomorphic.

Proof: The first part follows from the fact that conditions 1.-3. of first-order bisimulations imply
conditions 1. of predicate bisimulations and partial isomorphisms (see Definition [30)): one can

easily prove by induction on formulas ¢ that if (wy,...,w,)Zo(v1,...,v,) then (M, s1) and
(Ms, s5) make true the same formulas p(z1,...,2,) € LE3, where (My,s;) and (Ma, s9) are
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defined like in Definition The other conditions of a partial isomorphism are fulfilled by
the remaining conditions of a predicate or first—order bisimulation. Because we proved that
a predicate bisimulation is a partial isomorphism (without function), the second part of the
proposition follows from [I0, Proposition 2.4.4]. O

Proposition 11. Let P = {R} and let M = (W,R) be a predicate C" ~model such that the
predicate symbol R is associated to the relation Ry. Let ¢ be the universal molecular connective
01 D2 ([f2]R, [f2]id}). Then, for all w,v € W, we have that Rovw iff —Rovw. (We recall that
R, is defined in Definition [16])

Proof: We define the following molecular subconnectives of ¢:

c£oi(a) 1 £ (2, ¢3) e = [f3]R c3 £ [f3](idy)

Let w,v € W. Then, we have that R.vw

iff Wo(Ralﬂo’w V Rcl ’Uﬂo)

iff Woﬂlﬂg (Ralﬂow V (Rgzﬂlﬁgﬂo \Y Rfczﬂl \Y ch’l}ﬂg))

iff Woﬂlﬂg?ﬁg (Ralﬂow V (RSQﬂlﬂgﬂg V Rf[fg]Rﬂl V (R[_f21]11,3ﬂ2 V dei ’L}Ug)))
iff Woﬁlﬂg?,Lg(RDlﬂgw — (RSQﬂlﬂgﬂo V Rf[fg]Rﬂl V (R[_f%]u:;ﬂg vV Rid%l}u;g)))
iff Vuoﬂlﬂgu;;(ﬁ(ﬂ1 = Uy = (w, Uo)) \Y R—[fg]Rﬂl V ﬁR[f%]u;),ﬂQ \ ﬁ(U = ’LLg))
iff VuOﬂlﬂgu;),(ﬂl = Uy = (w,uo) NV =us — (R[le]u:;ﬂg — Rf[fg]Rﬂl))

iff VUOU3(U = usz — (U3 = Uy — R,[fzz]R(w,’UJo)))

iff Ri[fg]R(U}, U)

iff (w,v) € [~[f3]R] because —[f3]R is of arity 0

iff HH(RU;]H(U}, U) N _‘Rgﬂ)

iff “Rpvw (I

Proposition 12. Let Ly = (£1,&1, |- 1) and Ly = (L2,&s, |- 2) be two molecular logics such
that £, and Lo are built up from the sets of molecular connectives C; and Cy. If Ly and Ly are
schematically equally expressive (via some mappings TlM, TﬂTQM,TQ“") then for all My, M; € &
which are C,~bisimilar, TM (My) and TM (M]) are also Cy-bisimilar.

Proof: Let {Z lce V. e € Cl} be a C;—bisimulation between M; and M. We define the Co—
bisimulation {Z. | ¢ € V! ,co € C2} between TM (M) and TM(M]) as follows. Let ¢y € Cy and
c € V.. For all w; € wW(My,Cy) and all w'y € W(M{,Cy), we set TM (w1) Z.T1 (w'y) iff w1 Zw';
(we recall that Z = U {Zid;c | id}, appears in some c¢; € Cl}). Now, we prove the conditions
i., il. and 1.-3. of Definition [I9] Conditions i., ii. trivially hold by definition of Z. Likewise,
condition 1. trivially holds by definition of equi-expressivity. Now, we prove condition 2. Assume
that ¢ is maximally decomposed into ¢ = ¢g(cq,...,c,) where ¢ is an existential molecular
connective with n distinct idis. Assume moreover that we have that TM (w)Z.TM (W) and
R, TM (w1) ... TM (w,)TM (w ) Then, by definition of Z., we have wWZw’ and by application of
condition iii. of Definition we have that Rrg (., w1 ... w,w. Now, by condition i. of Definition

C()’

6}, Tt (co) is an existential molecular connective which is of the same arity and tonicity signature
as cg and with n distinct zd s, like cp. So, by condition 2 of Definition there are w’q,...,w',
such that Rpe(c, yw'y ... w'pw’ and for all j € [[1 n] such that +; = +, we have ijw ; and

for all j € [1; n]] such that £; = —, we have w';Zw;. This implies that there are w'y, .. sy,
such that RCOT1 (W) ... TM(w’,)TM (") and for all j € [[1,nﬂ such that ii— +, we have
T (w;)Z:, T (w';) and for all j € [1;n] such that +; = —, we have T (v’ )ZLJTlM(Ej).

This implies in turn that there are w’y,...,w’, such that RCOTlM(u) ). TM (W', TM (w') and
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for all j € [1;n] such that +; = +, there is ¢ € [1;n] (take ¢ = j) such that ¢; = ¢; and
T (w;) Z:, T (w';) and for all j € [1;n] such that +; = —, there is i € [1;n] (take i = j) such
that ¢; = ¢; and TV (w'5)Ze, TM (w;). This proves condition 2 in that case. The case where c is
itself an existential molecular connective is proved similarly. Likewise, the proof of condition 3
is similar, with universal molecular connectives instead of existential molecular connectives. [
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