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Abstract

We consider the Euler-Poisson equations describing the motion of a heavy rigid body about a
fixed point with all six parameters in a complex domain. These equations always admit three
functionally independent first integrals Hi, H2, Hs, that is kinetic moment, geometrical and
conservation of energy integral respectively. In four cases (Euler, Lagrange, Kovalevskaya and
kinetic symmetry case) a fourth functionally independent first integral appears. In all these four
cases this fourth integral can be found among polynomials that do not depend on all variables.

We produce a careful study when outside of the above four cases, the Euler-Poisson equations
restricted to the level manifolds of Hy, Hs and Hj3 as well as of all their mutual intersections
admit a new first integral which does not depend on all involved variables. In such a way we cover
the well known Goryachev-Chaplygin case of partial integrability and discover in the complex
domain a new partially integrable case on level manifold {H; = 0, Hs = 0}.

We provide a general method for finding all these cases of partial integrability and of cor-
responding partial first integrals. By the meticulous and detailed analysis, we show that except
perhaps two very marginal cases, these two cases are unique when such an additional partial
first integral exists. The use of computer algebra is unavoidable to carry out our investigations.

As another application of the method we used, we cover also the Sretenskii case of partial
integrability of equations of gyrostat and we describe their new integrable case in complex
domain.

The method we used is of general interest and is undoubtedly the most interesting point of
the present paper.
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5]



Hatez-vous lentement, et sans perdre courage,
Vingt fois sur le métier remettez votre ouvrage,
Polissez-le sans cesse, et le repolissez,

Ajoutez quelquefois, et souvent effacez.

Nicolas Boileau, Art poétique (1674) @

In memory of our dear friend Andrzej Nowicki
who passed away while we were finishing our work.

1. Introduction

This paper is a one more contribution to the study of classical problem of Euler-Poisson
equations describing the motion of a heavy rigid body about a fixed point. It can be
considered as a natural continuation of paper [59] but it can be read completely indepen-
dently.

1.1. The problem. Let us briefly describe the content of [59] which is devoted to the
search of the so called fourth integral of Euler-Poisson equations (see below), but only
when this integral does not depend on all the variables. Let us recall some basic facts
about the Euler-Poisson equations. We send back to Sec. 1 of [59] for more information,
the details on applied method and its history, that will be also described below.

The Euler-Poisson equations are given by the following system

11% = (I2 — I3)waws + Mg(c3y2 — c273),
12% = (I3 — I)wiws + Mg(c1ys — c3m),
13% = (I) — I)wiws + Mg(cay1 — c172),
i (1.1)
E = W32 — W23,
% = w173 — W31,
% = w271 — Wi172.

(*) In classical English translation of John Dryden (1683):

Gently make haste, of Labour not afraid;

A hundred times consider what you’ve said:
Polish, repolish, every Colour lay,

And sometimes add; but oft’ner take away.

6]



The Euler-Poisson equations; partial integrability 7

Studying the Euler-Poisson equations (1.1)) from a mechanical point of view, one
considers only the real case with Hy = 2 + 35 +~3 = 1, as well as with the inequalities

L >0,1b>0,1I3>0,11+1s> 13,1+ 13> 1, and I3+ I; > I5.

Let us note that the Euler-Poisson equations with non-zero real parameters I7, I and I3
of different signs appear in the theory of equilibria of elastic rods [33] [39].

Equations describe the motion of a heavy rigid body of mass M about a fixed
point O. We consider a body fixed frame Ozyz with origin in point O and axes coinciding
with the principal axes of inertia through O. Here I, I, I3 are the principal moments
of inertia about point O, ¢y, co, c3 the coordinates of the body mass center, g is the
acceleration of gravity, g # 0, w = (w1, ws,ws) is the angular velocity of the body and
v = (71,72,73) is the unit vector directed upwards.

It is well known that without any loss of generality one can suppose that Mg = 1
and further on we admit that it is so. Indeed, instead of system with principal
moments of inertia Iy, Is, I3, it suffices to consider such a system but with I, /(Mg),
I,/(Mg), Is/(Mg) as new principal moments of inertia. As we study the totality of the
Euler-Poisson equations , such a rescaling does not change anything. For shortness
we introduce the notation Zec = (Iy, I, I3, ¢1, ca, c3).

Like in [59], in the present paper we study these equations as a purely mathematical
problem considering the general complex case Zc € C8, without any restrictions on the
parameters except I; # 0, Iy # 0, I3 # 0 which will always be assumed.

Equations always have three functionally independent first integrals:

Hy = Liwiyt + Lawaye + [3wsys,
Hy =i + 73 +73, (1.2)
H3 = Ilwf + Igwg + Igwg + 2(61’)/1 + CQ’)/Q + 63’73).
In the real case these are the kinetic moment, geometrical and conservation of energy
first integrals of system .

In real case to be integrable [l Sec. 28], system needs a supplementary fourth first

integral H,4, functionally independent of Hy, Ho, Hs, called shortly a fourth integral. The

only known cases when such fourth integral exists as well in the real case as in complex
case are the following four cases: Fuler case, defined by the condition

Cl = Cy = C3 — 0, (13)

as well as the following two cases, that up to appropriate numeration of principal moments
of inertia are: Lagrange case, defined by the conditions

11112, 01162:0,63#0 (14)
and Kovalevskaya case, defined by the conditions
Il = IQ = 2[3, (61,62) 7é (0,0), C3 = 0. (15)

Let us note that in the real case, in the Kovalevskaya case we can always take co = 0
which is reached by an appropriate rotation of the frame of principal axes of inertia
around the axis z. In this case we suppose ¢; # 0. Let us stress that in the complex case
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the reduction to co = 0 by a linear change of variables is not always possible. The fourth
case is the kinetic symmetry case, defined by

L=I5=I. (1.6)

We denote sets of parameters satisfying cases (1.3) by £ and (1.4) and (1.5) (up to
appropriate numeration of principal moments of inertia) by £ and K, respectively.

The fourth integral in cases ([L.3)—(L.6) is given as follows:
Hy = Iw? 4 1302 + 2032 - when Tc € &,
Hy = w3 - when Zc € L,

2 2
<wf —ws - 61%130272> + <2w1w2 — W) - when Zc € K,

H, = ciw1 + cows + c3ws - in kinetic symmetry case.

(1.7)

H,

For Zc € K, when ¢ = 0, we recover

2 2
c c
Hy = (w% —wi — 1_171> + <2w1w2 - Ilfyg)
3 3

that is the standard form of fourth integral in the real Kovalevskaya case where co = 0
(1B, 16, [10, 12, 201, 221, 4], 36, 37, 54]).

These four cases are called classical cases of integrability of the Euler-Poisson equa-
tions.

One sees that for the above four cases the fourth integral does not depend on all
variables. So that the question whether there is another case when the fourth integral
does not depend on all variables is natural. In [59] for Zc € C5, I; # 0, I, # 0, I3 # 0,
we answered this question negatively.

Usually one cites also the so called Goryachev-Chaplygin case that up to appropriate
enumeration of principal moments of inertia is the following one. Let Iy = I, = 413,
(c1,¢2) # (0,0), c3 = 0. In this case the restriction of the Euler-Poisson equations to the
five-dimensional level manifold { H; = 0}, admits a supplementary first integral function-
ally independent of first integrals Hy and Hs. It is given by the formula:

H4 = Ig&]g(w% + w%) - (clwl + CQWQ)’)/g. (18)

Like in the above four cases, first integral depends on number of variables strictly
smaller than the dimension of manifold {H; = 0}.

The first integral like Hy in Goryachev-Chaplygin case is an example of the so called
partial first integral. More precisely, when a smooth dynamical system defined on manifold
M, restricted to an invariant submanifold N & M, admits a first integral ¢ that is not the
restriction to N of some first integral defined on M and ¢ is functionally independent of
restriction to IV of all first integrals defined on M, then ¢ is called a partial first integral.

Thus the following problems become natural. Let us consider the complex manifolds
of complex dimension five:

{H, =U1}, {Hy;=Us}, {Hs=Us},

where Uy, Uy, Us are arbitrary complex numbers. These level manifolds are always in-
variant manifolds for the Euler-Poisson equations.
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Let 1 <i,j,k < 3.

a) When on the complex five-dimensional level manifold {H; = U;} there exists a
partial first integral of the Euler-Poisson equations restricted to this manifold, that
depends on at most four variables and that is functionally independent of H; and
Hy j#i, k#i,j#k

b) When on the complex four-dimensional level manifold {H; = U;, H; = U;}, i #
J, there exists a partial first integral of the Euler-Poisson equations restricted to
this manifold, that depends on at most three variables and that is functionally
independent of Hy, k # i, .

¢) When on the complex three-dimensional level manifold {H; = Uy, Hy = Uy, Hz =
Us}, there exists a partial first integral of the Euler-Poisson equations restricted to
this manifold, that depends on at most two variables.

In the present paper we give a complete answer for all these questions. Indeed, in (a)
we recover the Goryachev-Chaplygin case and in (b) we find a supplementary partial first
integral on level manifold {H; = 0, H, = 0}. By a meticulous and detailed analysis, we
show that these two cases are unique for (a), (b) and (c), when an additional partial first
integral which does not depend on all variables exists, except perhaps two very marginal
cases in (b) where our approach does not seem to work (see the end of Sec. .

Let us underline that in paper [25] by D. N. Goryachev from 1900 where the case of
Goryachev-Chaplygin appears for the first time, as well as in S. A. Chaplygin paper [14]
from 1901, there is no explanation how this case was found. To the best of our knowledge
no such explanation was published until 1983, when S. L. Ziglin in [79] published it for the
first time. See also 2005 paper [43] where A. J. Maciejewski and M. Przybylska present
such a deduction in a very clever and clear manner. Nevertheless these deductions are
trying and in no way can be considered as simple or elementary.

On the contrary, the deduction of the Goryachev-Chaplygin case from the general
principles that we present in Sec. is short and simple. It uses only the facts that were
already well known in 1900. Formerly tedious computations are now easy thanks to the
use of elementary computer algebra.

The Euler-Poisson equations have many modifications which describe the different
mathematical models related to the movements of rigid bodies with a fixed point [0
111, 27, B0, B1l, [45] [46]. One of the simplest among them are the equations describing
the motion of so called gyrostat, whose equations in the simplest case are only slightly
modified Euler-Poisson equations . Indeed, the gyrostat equations differ from Euler-
Poisson equations only in first three equations, where linear terms bzws — bows, biws —
bswi, bowy — biwa, b1,ba, b3 € C, are respectively added to the first three Euler-Poisson
equations . When by = by = b3 = 0 we recover the Euler-Poisson equations .
The gyrostat equations are explicitly written in [21 [24] and in [62] 63] (see also Sec. 2.7
in [I2] and for more details [36] [37, 38, 44| [72]). The four classical integrable cases of
Euler-Poisson equations admit their natural extensions to gyrostat equations. As proved
by L. N. Sretenskii in [62], 63], the same concerns the Goryachev-Chaplygin case of partial
integrability. Its gyrostatic analogue is named the Sretenskii case. By applying the method
of Sec. [5.2] which leads to the Goryachev-Chaplygin case, in Sec. [6.2] we recover the
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Sretenskii case. We find also a new case of integrability of gyrostat equations in the
complex domain.

As it will be proved in Sec. in complex domain the gyrostat equations can have
a fourth integral outside four classical cases.

Let us note that this kind of deduction of Goryachev-Chaplygin and Sretenskii cases
appeared for the first time in [16], but our approach is more general.

Summarizing, our problem is how having a multiparameter family of ordinary differ-
ential equations find those values of parameters that the supplementary first integral (i.e.
either not evident or not yet known) that does not depend on all variables appears.

Below, when speaking about smooth functions we always understand functions of class
C' in the real case and analytic functions in the complex one. Indeed, in complex case any
function having a complex derivative at any point of some open subset of C" is analytic
on it (see [51]).

Let us stress that we require only C! differentiability of the searched first integral.
Although in complex domain C! differentiability implies analyticity, we shall never ex-
plicitly use this fact. Moreover, all the considerations are local. We never use the fact
that such first integral is globally defined. We require only that it is defined on an open
subset of phase space and non-constant on any open subset of it. But the obtained results
in all known examples are global because the explicit formulas that we obtain for them,
are globally defined. Let us note that in complex case multivalued analytic functions can
appear.

The important open question is if in studied examples there are cases with supple-
mentary global partial first integral depending on all variables when a supplementary
local partial first integral which does not depend on all variables does not exists.

Let us stress that there is a substantial difference between [42] [59] and the present
paper. In both cited papers the use of computer algebra could be in principle avoided by
cumbersome at hand computations. This is not the case here, where the huge systems
of polynomial equations in many variables that arise, cannot be even written down and
solved without use of computer algebra.

1.2. The method. Following [59] let us explain the used approach, which is general and
can be applied to many frequently encountered systems of ordinary differential equations.
We describe it in the real case but it works also in the complex one.

Let

dx

be an autonomous system of ordinary differential equations defined on R™ (or on its open
connected subset), © = (z1,...,2,), G = (G1,...,G,), G is of class C*°. Let us note
that G =" | Gia%i is the vector field that defines the system and for a smooth
function f = f(z), G(f) = Y, GigL.

Function F' € CY(U), where U C R™ is an open subset is a first integral of system
if F is constant along the orbits of system (L.9), that is G(F) = 0, and F is not
constant on any open subset of U.
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We are interested here by the first integrals that do not depend of all variables.

1.2.1. Part one. Let us search a first integral F' of system that does not depend
on x1, that means F' = F(Z), where T = (z3,...,,), or equivalently g—fl = 0 identically.
Here we have privileged z1, but similar conditions can be written for every index r,
1 <r < n. Then for every z:

G(F(z)) =) Gi(x) gfi (7) = 0.

=2

As F does not depend on 1, then for every k > 1 one has

" 0*G;, OF __
2 G @)y @ =0
1 i

=2

In other words, if one notes by Y the vector fields

Y=Y "G (z) 0 (1.10)

k o
— Oxy ox;

then for every k > 0 one has Yj(F') = 0, where Y, = G, that is F' is a first integral of all
these vector fields. All these vector fields are defined on n-dimensional space R™(x).

If among the vector fields {Y% }x>0 one can find (n — 1) of them that are linearly inde-
pendent at some point a € R™(z), then by continuity they are also linearly independent
on some open neighborhood of a. As Y (F) = 0 for all k& > 0, one deduces that grad F
vanishes identically on U and consequently F'|; = const. Then F is not a first integral
of system because by definition a first integral is non constant on any open subset
of its domain of definition. The same argument works also when arbitrary n — 1 vector
fields {Z;}1<i<n—1 such that Z;(F) =0, 1 <4 <n — 1, are given. Such criterion of non
existence of the first integral will be frequently used in future.

Let us suppose now that the vector field G is of the form

G(z) =Y 1Y, i(@) = hYo() + ... + 21Y,1(2) + Y, (3) (1.11)
1=0

for some smooth vector fields {ﬁ}ogigp defined on R"~1(Z) (or on some open subset of
R”~1(Z)). Then as F does not depend on z1, one has

0=G(F)(z) = XY (F)(Z) + ... + 21Y,_1(F)(Z) + Y, (F)(Z).
As Y,(Z) does not depend on z, one deduces that Y,(F) = 0. Thus G(z) = 271G ()
where the smooth vector field G is
Gi(z) = 22 Yo (@) + ... + 1Y, 2(@) + Y, 1 (3).

As above, one deduces that ﬁ,_l(F) = 0, etc. Finally one deduces that Y;(F) = 0 for all
0 < i < p. Thus all vector fields }71 defined on R"~!(Z) have a common first integral F
that does not depend on x.

What follows is completely independent of condition (L.11). Like in [59] the main
tools used to decide if two smooth vector fields could have a common first integral are
the simplest facts from linear algebra and the following well known fact. If F' is a first
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integral common for two vector fields X and Y defined on some open subset U of RP,
p > 2, then F is also a first integral of their Lie bracket (also known as Jacobi-Lie bracket)
or the commutator of vector fields) [X,Y], defined by [X,Y](f) = X(Y(f)) — Y(X(f))
for all twice differentiable functions f. Indeed, if X(F) = Y(F) = 0, then evidently
X, Y](F) = X(Y(F)) ~ Y(X(F)) = 0.

For vector fields X = >""_| X, Ow and Y =0 simple computations give

18w’
P aY; 0X; 9
-3 2 (0 Ya) o

Consequently if X and Y are C*°, then [X,Y] is also C*°.

For x € U, let us denote by D(x) the two-dimensional vector subspace of RP spanned
by vectors X (z) and Y (z). Let us note Dy = {D(x),x € U}. Let us note D1 = Dy +
[Do, Do] = Do+{[A, B]; A, B € Dy}, where [A, B] = AB— BA is the Lie bracket of vector
fields A and B. Let us note Dy = Dy + [D1,D1] = D1 + {[A, B]; A, B € D, }, etc, where
A+ B ={a+b; a € A; b€ B}. Thus Dy C D; C Dy C .... For some k, necessarily
[Di, Di] = Dy. Dy is nothing but the smallest Lie algebra generated by vector fields X
and Y.

Let now a € U, X(a) # 0 and Y (a) # 0. The Frobenius Integrability Theorem [34] [51]
implies that in some neighborhood of point a € U there exists a function ® such that
X(®) =Y(®) =0, if an only if dimDy(a) < p, where D(x) is the vector space of the
vector bundle Dy over x. The number of functionally independent solutions of equations
X(F) =Y (F) =0 defined in some neighborhood of a is equal to p — dim Dy (a).

The equation X(F)(z) = 0, z € U, can be considered as a linear homogeneous

equations with unknowns %(9:) . The same is true for equations Y (F)(x) = 0

1<i<
and [X,Y](F)(x) = 0. More generaﬁy_tphis is true for all vector fields from Dj. Then
if dimDg(a) = p, by continuity dim D (z) = p for x belonging to some neighborhood
V' C U of a. Choosing an arbitrary basis vy, ..., v, of vector bundle Dy(V') = J,cy Dr()
and writing the corresponding linear homogeneous equations with in general variable
coefficients and unknowns {gai (a:)}KKp, as dim Dy (z) = p for x € V, one deduces that

OF
ox;
that F'is a first integral.

(x) = 0 for z € V, and finally that F|y = const. This contradicts the assumption

Thus the condition dim Dy (a) < p is necessary for the existence of first integral. In this
case the corresponding system of linear equations has infinitely many non-zero solutions.
From Frobenius Integrability Theorem we know that now first integrals exist in some
neighborhood of point a. But we do not know if these first integrals are the restrictions
of first integrals defined on whole phase space: R™ for system .

Let us return to system and let us suppose that dimDg(a) = n — 2 for some
a € R™ and thus dim Dy (z) = n — 2 for  from some neighborhood W of a.

In this case, for z € W, {

o (x)} satisfy some system of n — 2 linearly indepen-
i 2<i<n

dent linear homogeneous equations. Let {¢;(z)},<;<, be a fixed solution of this system.
Any other solution is of the form {x(z)p;(2)},<,<,, for some smooth function p.
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If F is a first integral, then for some smooth function p, g—i(x) = p(z)p;(x), which
means that p is an integral factor of differential form Y ., ¢;(x)dz;. From Frobenius
Integrability Theorem we know that such an integral factor exists because first integral
exists. Surprisingly, in this work in all cases when this situation arises, that is when
dimD; = n — 2 and n < 6, MAPLE is able to compute ezplicitly the first integral F,
globally defined. This is precisely in this way we compute all unknown first integrals.

1.2.2. Part two. Let us consider now the systems of ordinary differential equations like
(1.9) but depending on parameters A = (A1,...,Ag)

= G(z, \), (1.12)
where G € C°(R"** R¥) and for smooth function f = f(z),

i=1 v
All the content of Sec. without parameters remains valid also with parameters.
So, like ((1.10) we have the vector fields Yy (x,\), k > 0, etc.
As an example, let us consider the simple case when all functions G; = G;(z, A),
1 <i < n, are of the form

Gi(w, A) = 219i(Z, A) + ha(T, ), 1<i<mn.

Let us search a first integral F'(z, A) of system (1.12)) that does not depend on z;. We
repeat the whole Sec. but for now the new data depending on \ appear.
This leads us to the identity

0=G(F(Z,\),\) = 1Y1(F(Z,\),\) 4+ Y2(F(Z,\), \),

where

BN = L@ Vg BEN =D hE g
etc.

In particular for every A = (A1,..., A\;) and 2 € R™, starting from vector fields Y: (Z,\)
and 172(55, A), computing their commutator and commutators of higher orders we define
Lie algebra Dy (x) (7, A) like Lie algebra Dy (Z) in Sec. m

We search the smooth function F'(x, A) such that for any fixed A, F is a first integral
of system . This leads to the necessary condition

for the existence of such first integral.
As in all examples treated below, n < 6, without difficulty we compute explicitly a

base of vector space Dy (x)(7,A). Let M (7, \) be a matrix whose rows are coordinates of
vectors of above base. The condition ([1.13)) is nothing else but

rank M(Z,\) <n —2 (1.14)
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for all z € R"~!. Using MAPLE and the method described in Sec. [3} in all our examples
we arrive to determine all parameters A such that holds, and thus also that ,
is satisfied for all # € R*~1.

Having a concrete example to examine, we compute the associated vector fields and
their commutators. After, using computer algebra we determine the parameters A\ that
answer the posed problem; existence or nonexistence of supplementary first integral. For
details, see Sec. [5] and

All that, with evident changes, remains valid in complex case with G = (Gy,...,G,)
analytic in some open, connected subset of C™, because Frobenius integrability theorem
can be also formulated in complex framework ([34] [51]).

1.3. History. Today, the standard approach for the detection of integrable versus non-
integrable cases of ordinary differential equations of quite general nature follows mainly
the ideas that begun with S. V. Kovalevskaya (1889) and A. M. Lyapunov (1894) from
one side and those of J. Liouville (around 1840), E. Picard (1883-1896) and E. Vessiot
(1892) from the other and culminate in the so-called Morales-Ramis theory. The history
of this subject, as well as some of its applications, can be found in [47, 48], [49] 23| [2]. See
also [66)], 67, [70L [71], [69, [0, [7].

The method of compatible vector fields that is used in this paper was initiated inde-
pendently by three persons: Anatolij Dokshevich [I6], Vladimir Bogaevskii [8] and Stefan
Rauch-Wojciechowski (in the past Wojciechowski) [75].

Let us make a digression on the problem of priority between A. Dokshevich and V.
Bogaevskii. The book where A. Dokshevich paper is published was sent to the print June
30, 1964. The paper of V. Bogaevskii was received by the editor October 20, 1964. In
footnote of page 93 of [8] he says that the paper was submitted to the editor before the
publication of [I6]. Let us stress also that [8] was published in largely known mathe-
matical journal published in Moscow and that [I6] was published in proceedings of some
conference in Tashkent, at the time the capital of Soviet Uzbekistan. There is no doubt
that the two authors independently each other have discovered and applied the method
of compatible vector fields.

Let us give a very short review of these papers. Both papers are devoted to the study
real Euler-Poisson equations having supplementary first integral that does not depend on
all variables. In both papers the condition 7% + 43 + 3 = 1 is assumed.

In Dokshevich paper [I6], using method of compatible vector fields one proves that if
the supplementary first integral is of the form F' = F(wy,wa,¥1,72) then this occurs only
in Kovalevskaya case and when ¢y = 0, the explicit formula for Kovalevskaya first integral
is deduced. The remaining cases studied in [I6] concern the supplementary first integrals
of the form F = F(ws), F = F(w1,wa), F = F(w1,w2,71,72), F = F(w1,ws2,ws,y3) that
allows to the integrability cases of Lagrange and Euler, to invariant relation of Hess (if
Li(Is — I3)c? = Iy(I; — I3)c, c3 = 0 then I1ciw; + Iacows = 0 is an invariant manifold
for the Euler-Poisson equations) and to partial integrability case of Goryachev-Chaplygin
respectively. The author notes also that Sretenskii case of partial integrability of gyrostat
equations can be found among the same lines as Goryachev-Chaplygin case.
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Let us quote the last paragraph of [I6], where the principle of the method of compatible
vector fields is clearly stated.

“From a more general point of view, the idea of the presented technique is as follows.
It is required to solve some first order partial differential equation

n

oF _,
Z X' (x1,...,2n) =0.
i=1

8%—
We add to it also partial differential equations of the simplest form, for example
or
8xk o

Then it will be required that the built system is compatible. If the compatibility conditions

0, 1<k<s, s<n.

are satisfied, then the solution of the system will be at the same time some solution of
the original equation.”

In Bogaevskii paper [§] one considers the supplementary first integral of the form
F = F(w1,w2,71,72,73) for the Euler-Poisson equations of motion of a rigid body with
a fixed point in the potential force field U = U(y1,72,73). When U = ¢171 + caye +
¢33, we recover the standard Euler-Poisson equations . Applying the method of
compatible vector fields one identifies the classical cases of integrability: Euler, Lagrange
and Kovalevskaya.

After one considers the problem of finding the general form of the potential U =
U(y1,72,73) when there exists supplementary first integral F' = F(w1,ws,71,72,73). A
new generalization of the Kovalevskaya case appears.

At difference of [59] and of the present paper where we sweep up all possible cases of
first integrals that do not depend on all variables, in [I6] and [8], they only focus on a
few concrete cases that allow them to catch integrable cases.

This line of research was pursued by Yu. A. Arkhangelskii [3| 4] directly inspired by
[16] and [8] and also by S. I. Popov [55] 56, [57]. For further development see [568, [42] [59)
and the present paper.

Around twenty years later, around 1986, Stefan Rauch-Wojciechowski motivated by
[73) [74], where implicitly the Euler equations on the dual of Lie algebras appear [52], Ch.
6] and also [10], 12| [19] [36] 65] (53], discovered independently the method of compatible
vector fields (the name coined by him) advocating their application to three-dimensional
systems [64], [75], [76] 26] [77]. For further development see [50, 28] [35].

The method of compatible vector fields uses exclusively notions and facts already
well known by Jacobi even if their formal settings were not perfect. Jacobi and some of
his contemporaries already knew and understood vector fields, Jacobi-Lie bracket and
the link between compatible vector fields and existence of the common first integrals for
them, i.e. Frobenius theorem ([I3] Ch. Groupes de Lie et algebres de Lie, p. 310], [29]
Sec. 2.5], [0, [71]). We cannot therefore exclude that the method of compatible vector
fields appeared in certain works now forgotten, in the period going from the second half
of the nineteen century, or even before, until the publication of [16] §].

The paper is organized as follows. In Sec. 2] an important technical tool, the so called
permutational symmetries are shortly described. Sec. [3]is devoted to the use of Grébner
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basis to obtain by MAPLE the solutions of enormous systems of polynomial equations
which arise in this article. The direct approach used in [59] is totally inappropriate here.
This is one of the pivotal point of the paper.

Sec. || is devoted to the study of five-dimensional invariant manifolds {H; = U,},
1 <4 < 3, that is the problem (a) formulated before. This leads us to recover in a natural
way the Goryachev-Chaplygin case. This is the content of Sec. In Sec. [6] we sketch
the study of gyrostat equations and of derivation of Sretenskii case. In Secs. and
without giving the tedious and long proofs, we shortly report what happens on manifolds
{H3 = Us} and {H; = 0}, respectively. The case of manifolds {Hy = Uy # 0} was
completely elucidated in Sec. 5 of [59]. In Sec. [] we determine the so called domain of the
Goryachev-Chaplygin partial first integral. In Secs. [§] and [9] we study what happens on
four and three-dimensional invariant manifolds {H; = U;, H; =U;}, 1 <4i,j < 3,1 # j,
and {H; = Uy, Hy = Uy, H3 = Us}, respectively.

2. Permutational symmetries

The Euler-Poisson equations ((1.1)) possess invariant property which we called permuta-
tional symmetry. The permutational symmetries can be described in a general frame-
work as follows. Let © = (z1,...,2,) € C", A = (A1,...,\p) € C", and let V(z,\) =
(Vi(z, A), ..., Va(x,\)) depends smoothly on . Let us consider the following system of
differential equations

dx

— =V(x, M. 2.1

= V() (2.1)
Let o be an element of the symmetric group S,, i.e., the group of all permutations of
{1,...,n}. For a = (ai,...,a,) € C" we will note o(a) = (as(1), - -, Go(n))-

The permutation o € S,, will be called a permutational symmetry of system (2.1)) if

for all x € C™, A € C™, one has

Vi(o(x),0(N)) = Vo (k) (z,N), 1<k <n, (2.2)

where ¢ = +1 is a constant depending on k but independent of x and A. It is obvious
that all permutational symmetries of given equation form a group.

Let us recall that the subset M C C™ is an invariant subset of system (2.1)) if M is
formed by the entire orbits of it. That means that if for some to € C, z(tg) € M, then
x(t) € M for all t € C such that z(t) is well defined.

Let us formulate the following theorem, already proved in [42] and [59] respectively.
We formulated it in the complex setting, but it remains valid also in the real framework
as well. For the sake of complicity we report also its proof.

THEOREM 2.1. The permutational symmetries of the Euler-Poisson equations are
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the following:
={(1,2,3),(1,2,3)}, e=1,
={(1,3,2),(1,3,2)}, e=-1,
={(2,3,1),(2,3,1)}, e=1,
o1 =1{(2,1,3),(2,1,3)}, e=-1,
={(3,1,2),(3,1,2)},
o = {(3,2,1>,<3,2,1>}, S
where o{(i1,12,13), (J1,J2,73)}, 1 < ip,jr < 3, 1 <1 < 3, is the permutation

™
—

0(51,32,53,161,152,2%3) = (Siy» Sin» Sigs Ljss Ljas js)-
Proof. The permutation o7 with ¢ = 1 is evidently a permutational symmetry for the
Euler-Poisson equations. One can see from these equations that oo with e = —1 is a
permutational symmetry too. The same is true for o3 with ¢ = 1.
Taking into account the equalities

04 = 02003, 05:U§a 06 = 03002

we deduce that o4 with ¢ = —1, o5 with ¢ = 1 and og with ¢ = —1 are permutational
symmetries for the Euler-Poisson equations.
To complete the proof of the theorem it remains only to note that if the permutation

0(17 27 374u 576) = (lla l27 l3u l47 l57 16)

is a permutational symmetry for the Euler-Poisson equations then I, 12,13 € {1,2,3} and
la,ls,l6 € {4,5,6}. Thus 0 = {(liy, by, lis), (L1 5 1y, Lis) }. Now, from the Euler-Poisson

219 Y129 Y13

equations one deduces easily that i = ji, 1 <k <3. nm

It is interesting to observe that the three sets £, £ and K are invariant with respect
to the permutational symmetries. The same concerns the kinetic symmetry case.

In other words, all permutational symmetries of Euler-Poisson equations coincide
with symmetric group S3, where the same permutation is simultaneously applied to
variables {w1,ws,ws} and {v1,72,v3} and to parameters {I1, I, I3} and {c1,c2,c3}.

It is also important to note that the first integrals Hy, Hy and Hj3 are invariant with
respect to all permutational symmetries of Euler-Poisson equations. This means that for
any such permutational symmetry ¢ one has:

H;(I,c,w,y)=H;i(c(I),0(c),0(w),o(y)), 1<i<3,

where for permutation o € S3, 0(a1,a2,a3) = (ay(1); Ar(2), Go(3))-

This leads to the following general statement that will be frequently used in the future.

Let us define the function ®g, ®o(xz,A\) = 1 for all z € C™ and A € C". Let Uy = 1
and let us note M (Up, A) = {x € C™; ®p(x,A) =1} =C™.

Let A € C" be fixed. Let ®; = ®;(x,A), 1 < i < k < n, be a finite number of
first integrals of system , that are all invariant with respect to all permutational
symmetries o of the system , that is

D;(x,\) = P;(0(x),0(N), 1<i<k. (2.4)
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For Uy,..., U, € C" and k > 0 let us note:
MUy, ..., U, N) ={x € C"; O;(x,\) =U;, 0<i<k}. (2.5)

In the future, without repeating it each time, we will only consider the cases where
MUy, ...,Ug, A) is either C" (when k = 0) or it is a non-empty submanifold (perhaps
with singularities) of C" (when &k > 1).

All these submanifolds of C™ are invariant manifolds of the system and from
it follows that they are all invariant with respect to all permutational symmetries

of system (2.1)).

THEOREM 2.2. Let k > 0. Let o be some permutational symmetry of system . Let
us consider the system restricted to the invariant manifold M (Uy,...,Ug, \) and
its local first integral F' = F(x) defined on some open subset Wr C M (U, ..., Uk, \).
Then the function G = F oo~ 1, i.e. G(z) = F(o~Y(x)), defined on the open subset
o(Wr) = {z € M(Uy,...,Ug,N\); 0 (x) € Wg} of M(Up,...,Ux,\) is a local first
integral of the system

d

= =V(&,o0) (2.6)
restricted to M (Uy, ..., Uk, A).
Proof. As F is a first integral of system (2.1]), restricted to Wy then for every x € Wg

;Vk(x,)\) (gi) (z) =0.

As o is a permutation of {1,...,n}, the last equality is equivalent to

= OF
ZVJ(]C)({E,A) <8$ > (1’) = 0
k=1 o(k)

Taking into account (2.2), we can write this as:

- OF
kZ:le(J(x),a()\)) <8x0(k)) (z) = 0.

The last equality is satisfied for every & € Wp. Then putting instead of z, o~ !(z) we
obtain that for every x € o(Wp)

n OF » B
> Wl (o) (7w =0

On the other hand a function G = G(z) is a first integral of system (2.6]) if

zn:Vk(x,a()\)) (gi) (z) = 0.

k=1

Thus to finish the proof it remains to prove that for G = Foo~! and 1 < k < n one has

(525 o) = (29) o)

but this is obvious. m
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For k = 0, Theorem coincides with Theorem 2.1 from [42] and also from [59].

Theorem shows that from the point of view of integrability /non-integrability the
systems (2.1) and (2.6, both restricted to M (Up,...,Uk, A) are exactly of the same
nature.

In future when considering the local first integrals, the word “local” will be frequently
omitted.

Thereafter, we will always have ®; = H;, 1 <i < 3.

3. Solving some systems of polynomial equations

The method applied to solve all systems of polynomial equations encountered in this
paper uses the theory of Grobner bases of polynomial rings ([I5] 18], [60]).

Let us recall some basic facts concerning them and their MAPLE implementations.
For all computations we use exclusively the monomial order

tdeg(Uy,Us,Us, 11,12, I3, ¢1, c2, C3)

with ordering Ui >U; >Us>11 > 15 > 13 > ¢ > co > c3.
https://www.maplesoft.com/support /help/Maple/view.aspx?path=Groebner/MonomialOrders

For a fixed monomial order a Grobner basis of an ideal of polynomial ring Q[U, I, ]
is characterized by the property that the leading monomial of every polynomial in the
ideal is divisible by the leading monomial of some polynomial in the Grébner basis.

A Maple reduced Grébner basis is such a Grobner basis that if we remove a polyno-
mial from it, the remaining polynomials no longer form a Grobner basis and it has the
additional property that no monomial of any polynomial in the basis is divisible by any of
the leading monomials (other than possibly itself). If all polynomials in a Maple reduced
Grobner basis have leading coefficient 1, then this basis is unique up to permutation of
its elements and is called reduced Grobner basis. Let us stress that the reduced Grébner
basis always exists.

As proved by the following simple example, in general, Maple reduced Grébner basis
is not the reduced Grébner basis.

The MAPLE command Groebner [Basis]
https://www.maplesoft.com/support/help/Maple/view.aspx?path=Groebner/Basis

computes Maple reduced Grobner bases for ideals of polynomial rings.
Let us consider the polynomial ring C[z,y, 2] where z > y > z and its ideal L
generated by polynomials

{3y? — 82%, xy® + y23, 2% — 222 + 5}.

With monomial order tdeg(z,y, z), the command Groebner [Basis] gives the follow-
ing Maple reduced Grobner basis of L:

[ — 222 + 5,82 — 392, 8zy? + 31>, 9y* + 48y°2 + 32047

with leading coefficients [1, 8, 8, 9]. With monomial order plex(z, y, z) we obtain the Maple


https://www.maplesoft.com/support/help/Maple/view.aspx?path=Groebner/MonomialOrders
https://www.maplesoft.com/support/help/Maple/view.aspx?path=Groebner/Basis
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reduced basis
[16002° — 962° + 2402° 4 927, —402° 4 3227 — 32 4 80y23,
3y? — 823,1202° — 9627 4 92° + 640223, 2% — 222 + 5]
with leading coefficients [9, 80, 3, 640, 1].

We observe that the obtained Maple reduced Grobner bases consist of polynomials,
each with integer coprime coefficients and positive leading coefficient.

The reason that MAPLE in its definition of the reduced Grébner bases does not require
that the leading coefficients are 1 is due to avoidance of use of rational non-integer
numbers.

All factorizations are over QQ, that is in the polynomial ring

QU, I, c] = Q[U1, Uz, Us, I, Iz, I3, c1, ca, c3].

Let us consider polynomials P; = P;(U,I,¢) = Pi(U1,Us,Us, I1, I3, I5,¢1,c2,c3) €
Q[U,I,c], 1 <4 < n. We want to find all complex solutions of the system P;(U,I,c) =
0, 1 <4 < n,suchthat I; #0, 1 < j < 3. Such solutions will be called good solutions. To
find them we proceed as follows (steps A.1-A.3) and in all cases encountered we achieve
a success.

Let us note (Cg ={(U,I,c) € C% I; #0, 1 <i < 3}. The good solutions are in (Cg.

A.1. With MAPLE command factor, we factorize over Q all polynomials P;(U, I, ¢),
1<1<n,

P, = Iféil IQCHngéiS H D;:B]éka
k=1
where B, € N=1{1,2,...}, a1, a2, a3 € NU{0}, Dy € Q[U, I, c]. Moreover, for k # I,
polynomials D;; and D;; are relatively prime and irreducible in Q[U, I, ¢|, 1 < k,1 < ry,
1<i<n.
Then
{(U,I,c) € (Cg; P,(U,I,c)=0,1<i<n}=

. 3.1
{(U,I,c) €C); P(UIc)=0, 1<i<n}, ®.1)

where ﬁz = HZ:1 D is a square-free factorization of H2:1 kak Let us stress that in
(3.1) we have identity of zeros but perhaps not of their multiplicities.
It is clear that the following inclusion of ideals in the ring Q[U, I, ¢] takes place:
(Py,...,P.yc{P,..., P}, (3.2)
where {Ry, ..., R,} denotes the ideal in Q[U, I, ¢] generated by the polynomials
Ri,...,R, €QU,I,d.

A.2. Using MAPLE command Groebner [Basis] we compute in the ring Q[U, I, ]
a Maple reduced Grobner basis {Q1,...,Qn} of ideal {Pi,...,P,} C Q[U,I,c]. The
polynomials @1, ..., Q. can have multiple factors in Q[U, I, c].

Formulas (3.1)) and (3.2) imply respectively that
{(U.I,c)eC); P(UIc)=0, 1<i<n}=
(U 1,0) € €% Q;(U,1,¢) =0, 1< j <m}
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and
{Pl,...,Pn} C {Qla---7Qm}-
As {Ry,...,R,} C{Ry,...,R,} we have

{P,....P,} C{Q1....,Qm}. (3.3)
and
{(U,I,c) €C); P(UI,c)=0,1<i<n}=

R (3.4)
{(UI,c) €C); Q;(UI,c)=0,1<j<m}

The passage from the system P; = 0,..., P, = 0 to the system @1 =0,..., @m =0
will be called a simplification.

According to the system obtained by simplification has the same good solutions
that the source system and in all encountered cases the obtained system of equations is
simpler than the source one.

As the ring Q[U, I, ¢] is Noetherian, then after a finite number of consecutive simpli-
fications, we will arrive (see ) to the system S; = 0,...,5; = 0, that will not be
modified by another simplification, that is, every polynomial S;, 1 <14 < ¢, is square-free,
without factors of the form I7' I35 and the polynomials {S;}1<;<; form a Maple
reduced Grébner basis of the ideal {S1, ..., S:}.

We call the system of equations S; = 0,...,5; = 0 reduced system or reduction of
the source system P, = 0,..., P, = 0. The reduced system {S; = 0} has the same set
of good solutions as the source system {P; = 0}. The simplest MAPLE computational
criterion that the system S; = 0,...,5; = 0 is a reduction of the source system is that
its simplification coincides with it. This criterion will be constantly used by us.

A.3. The final step is then to describe the set of all complex solutions of the reduced
system {S; =0}, 1 <j <t.

It is clear that when ¢ = 1 and S; = 1, then the source system does not admit any
good solution.

Fortunately, in an unexplained and unexpected way, in all other cases encountered
below, the reduced systems are simple, of low degrees and all {S;}1<;<; are factorized in
product of factors that depend on only one kind of unknowns {Uy, Us, Us}, {c1,c2,c3} or
{I1, I, I5}. Moreover every factor belong to the following short list of possibilities:

Ui, Uy, Us, aily +agls +asls, c1, c2, c3 and b16%+b263+b303, (35)

where a; and b;, 1 < i < 3, are some integers. There is only one exception in Sec.
where in one of the equations of the reduced system a factor appears that depends
simultaneously on I; and ¢;, 1 <4 <3, and it is (Iz — I3)c? + (I1 — I3)c3 + (I — I1)c3.

In many cases the situation is even simpler because some of polynomials S;, 1 < j <,
merely coincide with some of the possibilities from list . For example, in Sec. [7| (see
formula ) polynomial S7 = c3.

Thus, without any difficulty, all the good solutions can be found either by hand or by
applications of elementary computer algebra, MAPLE for example.
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4. Some algebra

The following two simple Propositions will be used repeatedly until the end of the article.
The first one is well known and follows from the well known elementary properties of
resultant ([I5, Chap. 3, §6] and [I§]).

Let K be a field of characteristic 0 and K[x] be as usual the ring of polynomials of
one variable x with coefficients in K.

PROPOSITION 4.1. Let g € K[z] be a polynomial and h(z) = g—g. Let p be the resultant of
g and h and p # 0. Let T be some root of g, g(T) = 0. Then

(i) h(z) # 0,

(i1) g has no multiple roots.
Proof. (i) It follows immediately from the well known fact. If f,g € K[z]| then f and
g have a common factor in K[z] if and only if their resultant is 0 or equivalently if f
and g have a common root (perhaps in algebraic closure of the field K if this field is not
algebraically closed).

(ii) It follows from the evident fact that if g has a multiple root, then h(z) = g—g has

the same root and thus g and h has a common factor. m

The second Proposition is completely evident but for convenience it is called Propo-
sition.

Let K be a field of characteristic 0. Let f, g € K[z] are polynomials of one variable x
and g # 0. By Euclidean division we know that for some polynomials ¢, r € K[z] one has
f(z) = q(z)g(z) +r(z), degr <degy.

PROPOSITION 4.2. Let

(i) all roots of g are simple and are in K,
(ii) all roots of g are also roots of f.

Then g divides f in K[z], that means that the remainder r (which is in K[z]) vanishes
identically.

In the following, for fixed n > 1, let K,, = Alg(sy,...,s,) be the field of algebraic
functions of complex variables (s1,...,s,) € C™ ([1], [61], [68]). The field K,, is of char-
acteristic 0.

Let us explain this more in details. Following [1], let Py,..., Py € Clzy,...,z,] be
complex polynomials of variables x1,...,x,, and with Pg(z1,...,2,) Z 0. A function
y =y(x1,...,2,) of the variables x1,...,x, is called complex algebraic function if

Pk(ml,...,:vn)yk —&-Pk,l(xl,...,xn)yk_l + 4+ Po(zr,...,xn) =0 (4.1)

for all (x1,...,2,) € C™ and if the above polynomial of y is irreducible in C[zy,...,x,].
The number k is called degree of algebraic function y. If £ = 1, an algebraic function
is a rational function y = —Py(x1,...,x,)/Pi(x1,...,2,). For k = 2,3,4, an algebraic
function can be expressed by square and cube roots of rational functions in the variables
Z1,...,%n. If k> 5, this is impossible in general ([I8]).



The Euler-Poisson equations; partial integrability 23

If & > 2 an algebraic function is multivalued (like for example y = y/z) and in an
open dense subset of C™, it locally admits holomorphic (analytic) determinations called
also branches. This follows from complex implicit function theorem ([34], [51]).

Let us note also that any non-zero complex polynomial can be factorized in
irreducible factors ([I8]). Thus, the equation defines algebraic functions even if the
polynomial is not irreducible.

Jy

Let us note for short # = (x1,...,7,). Let us compute the partial derivatives 52 (),
1 < i < n, for an algebraic function of degree k. By deriving the formula (4.1) with

respect to x;, 1 < i < n, one easily deduces that

9Pk (2)yb + 2L (2)yh =t 4+ B0 (a)

kPy(z)y*1 + (k — 1) Pe_1(z)yF 2+ -+ Pi(x)’

The partial derivatives of higher order of the algebraic function y = y(z) can be
computed by consecutive derivations of the formula .

As the degree of algebraic function y = y(x) is k, the denominator of which
is a non-vanishing algebraic function is non-zero on open dense subset of C", where
the formula gives the searched derivative, that is also an algebraic function of
x=(21,...,Zn).

dy
aLL'Z‘

(z) =

(4.2)

Now, let us consider on some open subset U of C", some holomorphic determination
of multivalued algebraic function y = y(z), that we shall note f = f(x). Then, if in
formula instead of y one takes the function f, the formula remains valid.

Consequently, instead of analyzing separately all holomorphic determinations of an
algebraic function y = y(x), it suffices to consider the multivalued algebraic function
y = y(x) as a whole, the derivatives of which are given by the formula .

We shall also apply the following well known and easy to prove Proposition.

PROPOSITION 4.3. Let n > 2 and let V € Clzy,...,x,] be a polynomial that is not a
square of another polynomial. Then V'V ¢ C(z1,...,x,) that means that \/V is not a
rational function of x1,...,T,.

5. Five-dimensional invariant manifolds {H,;=U;}, 1 <i < 3.
Goryachev-Chaplygin and Sretenskii cases

5.1. Extraction procedure. In this section we study the existence of a local first
integral of the Euler-Poisson equations restricted to the invariant complex five-
dimensional manifolds {H; = Uy} and {H3 = Us}. We study when on each of them
there exists a local first integral that depends on at most four variables and such that on
{H; = U} it is functionally independent of Hy and Hs and on {Hz = Us} of Hy and Hs
respectively. The same problem can be stated also for manifold {Hy = Us}. For Uy = 1
this case has been considered in Sec. 5 of [59] and the general case of Uz # 0 can be easily
reduced to the case Uz = 1. Thus it remains to study only the case {Hz = 0}.
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Let us fix 4, 1 <14 < 3. According to ([2.5))
M(U()a UZ‘,IC) = {93 € CGv HZ((W7’Y)7IC) = Ut}a

where (w,7) = (w1, wa,ws,V1,7Y2,73) and dim M (Uy, U;, Zc) = 5.

We search all functions F' of four variables F' = F(s1, o, S3, 84) where (s1, Sa, S3,84) €
(w,7), of class C!, such that grad F' does not vanish identically on each open subset of
MUy, U;, Zc), which are local first integrals of the Euler-Poisson equations restricted
to ]\4(U07 U,’,IC).

Let i = 1. The unique intrinsic property of C! function F that is a local first integral
is that grad F' does not vanish identically on any open subset of its domain of definition,
that in this case is equal to M (Uy, U, Zc). This implies that the identical vanishing of
some of partial derivatives of F' is not excluded. Thus the results of Sec. remain valid
also for the functions of four variables at most.

As gﬁ dor gsb; dsp gf; dss gi dss =, where ”f;i, 1 <4 < 4, are given by the
right hand sides of the equations of Euler-Poisson , then the order of variables s;,
1<i<4,in F(s1,82,83,84) is irrelevant for F' to be a ﬁrst integral.

We have exactly 15 different four elements subsets of (w,v) and thus 15 cases of
functions of four elements to examine. We will describe now an extraction procedure
based on permutational symmetries which reduces the above 15 cases to only four.

These 15 functions of four variables (up to the order of variables) are shown in the
table below.

Table 5.1

’ Functions ‘ Case ‘
| F(wi,wo,ws,7i), 1<i<3 | () ]
F(wi,ws,v1,73), F(wi,wa,71,72), F(wa,ws,72,73) ‘ (ii) ‘
F(wi,w2,71,73), F(wi,ws, v1,72), Fwa, w3, 71,72), (iii)
F(wi,w2,72,73), F(wi,ws,v2,73), F(wa,ws;71,73)

(

’ r wia’Yl?fYQa’yl})a 1< <i< 3 ‘ (IV) ‘

It is easy to see that under the group of permutational symmetries of the Euler-
Poisson equations for every case (i)—(iv) from Table each function from the case is
consequently transformed into all remaining functions from the same case.

Thus in virtue of Theorem we can restrict ourselves to the study of only four
functions where every one belongs to a different case from Table[5.1Jand is chosen arbitrary
from the functions of this case.

We will call such four functions F;, 1 <i <4, (up to the order of variables) a basis.

As Table shows, the functions

F(W17W27W37’73)a F(W17w3>’71a’}’3)7 F(W17w2a71773)5 F(w1771a72773) (51)

form a basis.
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To be a local first integral of some vector field, first integral defined in some open
subset of some manifold, is an intrinsic property, that is independent of the system
of coordinates used. Thus in M (Uy,U;,Zc) instead of coordinates (w1,ws,ws,¥1,7%2,73)
inherited from the Euler-Poisson equations, we can consider for example the system
of coordinates (w1,ws,ws,v1,73), where the coordinate (variable) vo can be eliminated
thanks to identity H; = U;. The same concerns all remaining coordinates.

Using coordinates (w1, ws,ws,v1,73) on M (Uy,U;,Zc) we can verify if the first three
functions of the basis are first integrals or not. For the last function of basis
we will use the coordinates (w1,ws, v1,72,73)-

The following general remark concerns also Sec. [§ and Sec. 0] If we are interested in
first integrals that depend on at most three variables, say for instance F'(ws,ws,"s3), we
can consider it as a particular case of F(wy,wa,ws,3) (case (i), of F(wa,ws,¥2,73) (case
(ii)) and of F(ws,ws,1,73) (case (iii)). From the study of each of these functions, we
can conclude about the existence of the sought first integral F(ws,ws,¥3).

5.2. Invariant manifold {H;=U; }. Determination of the Goryachev-Chaplygin
case. Here we show the method we use on the example {H; = Uj}. This invariant
manifold gives not only results for non-existing of the sought first integrals at Uy # 0 but
when U; = 0 it gives also a nice derivation of the Goryachev-Chaplygin case.

5.2.1. Elimination of ;. Let us express 7, from the equation Hy; = U;. We have
_ Ui = Lwim — I3wsys

I2OJ2 ’
We put the expression for y5 from (5.2)) in the Euler-Poisson equations (|1.1)) and remove
the fifth equation. In this way we obtain

V2 (5.2)

dwy  c3Uy + I (I — Is) wiws — Iicswiys — Ipcowsys — Iscswsys

dt I I, ’

dwy (I3 — L) wiws + 193 — csm

dt Iy ’

@ _ —c1Uy + Ir (I1 — L) wiw3 + Iicywiyi + Iacowayr + Isciwsys (5.3)
dt IrI5ws ’

dyi _ —hwiwsy — Dwiys — Iswiys +wsUs

dt IQCUQ ’

dys _ Lw?y + Lwiy + Izwiwsys —wilh

dt Irwo '

Looking for a first integral of system ({5.3)) which depends on four variables indicated
in brackets, we come to the following five possible cases:

F(wl,WQ,W?,,'Yl , (case (1))

) (
F(w1,wa,ws3,73), (case (i)
F(wi,wa,71,73), (case (ii)
F(wi,ws,71,73), (case (ii))
F(wa,ws3,71,73), (case (iii))

111

)

CU W
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where “case(*)” indicates in which case of Table the corresponding first integral

appears.
The functions of types 2, 3 and 4 belong to the basis (5.1]). We should study all of
them. We start with a first integral of type 2.

Type 2. Let us look for a first integral of system (5.3]) that does not depend on 1,
i.e. of type 2. Moreover we want that this integral be functionally independent of Hs and
Hs. Let us suppose that the function

F(wy,w2,ws,73) (5.4)
is such a first integral of (5.3)). It satisfies the following identity
dF _ c3Us + I (I — I3) wiws — Liczwny1 — Iacownys — Izcawsys OF

E o 11[2L,L}2 Bwl
(I3 — I) wiws 4 c1y3 — c3y1 OF
_l’_ -
12 8WQ
L atith (I = L) wiws + Liciwiy + Dreowan + Ieiwsys OF
IQIg(Ug 6W3
" Lwiy + hwin + Buwsys —wiUy OF 0
Tows s ’
or equivalently
dF
Ilfzfngﬁ = ImY1(F) + Yo(F) =0, (5.5)
where Y] and Y, are the following vector fields defined in C* = C*(wy, wo, w3, 73)
0 0 0 1o}
Y = —Ignglaiwl - 13030.)287(02 + (Ilclwl + 1262‘*‘)2)67("}3 + -[3([1"‘)% + 12["'}3)67%7
0
Yy = Is[Ir(I5 — Is)wiws — Iacoways — Izcswsys + csUn] Por
— I Iswy [(I1 — I3)wiws — c17y3] 0
8w2
, B )
— Il [12(12 — Il)wle — Igclw;g’)/g + C1U1] — + 11]3(4]1 (Igw:;’}/g — Ul) —_—.
aw?, 873

As (5.5)) is an identity with respect to all the variables and as Y;(F') and Y2(F') do not
depend on 7; we have
Yi(F) = Y2(F) = 0. (5.6)

We compute the Lie brackets Y3 = [Y1,Y2]/I3 and Yy = [Y1, Y3] and obtain

Y; = — —_— — —
3 = Mm31 Doy + m32 e + ms3 Dos + may o
Y. + 9 + 9 + 0
=My =—— + Myo—— +My3—— + Mgg——,
4 41 B 42 Do 43 Dos 44 s
where
ma1 = —I1 I Izcowiws — 1 I5cswiws — I3 Iscswiws + I1 1o (1o — I3)ciwiwy

— Illgclcgwlvg + 122(12 — 2[3)62(4)3 — 121362830.12’73 — I§C§W3’Y3 + IgC%Ul,
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maz = Lws [loIzciws — I (I — 2I3)ciwi — (11 — I3)cowiwa + I3(1h — I3)cswiws)
mas = I [Ilfgclw%wg + I w3 + Iacicowyys — In(Ia — 213)cywiws
+ I(I1 — Is)cownwaws — 3I5(I1 — I)cswiws + Iscicswsys — eresUi ],
mgy = L I3[ 1 Iiwiws + Lieiwivys — 2Ihc1w373 + 3Lacowiways
+ I (21, — 2@ + I3)wiwaws + I3czwiwsys — 03U1w1],
mq1 = I3co [ — 217 I3c1w3 — [ 15(315 — I3)ciwiwi — I Iscicowrys — 312 (I — I3)cows
— IyIzcocaways + InIs(Ir — I3)eawiws — I3 chwsys + Ur s3],
Maa = Lwalscs [ — 20 I3c1w3 + (31 — 513) 1 cyw?
+ 3(I1 — I3)lacowiwe — (I1 — Ig)Ignglwg},
mas = I [217 Iye1 cawiws + 217 Izciw? + I Izcicswiys — 215 (I — 213)c1cows
+ IyIzcicacswarys + 31 I3(Io — I3)cicswiws — 3Io13(I1 — I3)cocswiwaws
+ IZciciwsys — Lwwi (211 Ired — 211 Il — AL I3¢3 — 911 T3¢ + 215 3¢5
+ 91513¢3) — IgclcgUl],
mas = L113[217 Izeiw] + 611 I Izcowiws — 4153 Izciw) + 211 15(21 — 215 — I3)ciwiws
+ L1 I3c1 3wy + 202 (21, — 215 + 313)cowws + 415 I3¢1 c3way3
— 31xI5¢coc3wiways — 81xI5(1 — 12)03w1w§o.)3 + I§C§W1W3'yg — I3C§U1w1].
Equations imply that
Y3(F) = Ya(F) = 0. (5.7)
Equations and can be considered as a system of four homogeneous linear
algebraic equations with unknowns grad F' = (88—51, g—i, g—j;, %), which do not vanish
identically on any open subset of domain of definition of F', because F' is non-constant
on any such open subset.

If a new integral F exists, system (5.6)—(5.7) has at least one non-zero solution. Let
us consider the 4 x 4 matrix A whose rows are the coefficients of vector fields Y7, Y5, Y3
and Ys. The condition under which system (5.6)—(5.7) has at least one non-zero solution
is

rank A < 3.

We equate to zero the determinant D of the 4 x 4 matrix A of the coefficients of

system ([5.6)—(5.7) and study when identity

D =det(4)=0 (5.8)
is fulfilled. We compute D and obtain

D = PI313w3D,
where the expression for Disa polynomial in variables wy, we, w3 and 73 having 72
monomials and thus with 72 coefficients depending on Zc¢ and U; . It is clear that to solve
(5.8) is equivalent of finding all values of the parameters Z¢ and U; for which the 72

coefficients of D are zeros. The expression for D is too long and that is why we do not
write it here. To solve this system of 72 equations we proceed as described in Sec. [3]
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After four consecutive simplifications of the source system of 72 equations we obtain
the reduced system having only nine equations:
(IQ — I3)CQCg = 0, (Il - IB)CQCB = 07
(Ip = I3)cic3 =0,  (I) — I3)cics =0,  ([y — I)cica = 0,
(12—413)(11 —13)62 :07 (Il —Ig)([l —4]3)02 :07
(12713)(12 74[3)01 :O, (127I3>([1 74]3)61 :O
We solve these nine equations by the MAPLE command solve and obtain five solu-
tions. Two of them lead to the Lagrange case and one - to the kinetic symmetry case. In
this way we come to the following two cases that should be studied separately:
1. Iy = I, =415, ¢ = 0, (c1,¢2) # (0,0) and Uy are arbitrary,
2. c1=c3=0,¢c3#0, I; #0, I #0, I3 # 0 and U; are arbitrary.
Let us study these cases.
Case 1. I} = I, =413, ¢35 =0, (c1,¢2) # (0,0) and U; are arbitrary. At this condition
we have D = 0 and therefore the vector fields Y;, 1 < i < 4, are linearly dependent.
Let us note by D, the determinant of 3 x 3 matrix obtained from 4 x 4 matrix
A by canceling row a and column b. Elementary MAPLE computations show that the
determinant Dys:
Dyz = T68I5w; (Wi + w3)(—cowr + crwz) (I3wiws + wiws — crwiys — cawas)

never vanishes identically unless ¢; = ¢3 = 0, i.e. the Euler case. Thus the vector fields Y;,
1 < i < 3, are linearly independent on open dense subset of the space C*(w1, wa,ws,73)
for every U; € C, in particular for U; = 0.
We compute the Lie bracket Y5 = [Y2, Y3] and obtain
Ys =ms15— + 77152i + 77153i +m54i7
Owy Ows Ows 073
where
ms1 = I3wo [9]3010.)%0.)2(4}3 — 9]gclwgw3 — 4[3020.)%0.)3 + 141302w1w§w3
+ 2¢1cowiyz + crcoways — (3¢ + 2c§)w1w273],
mgo = Isws [ — QIgclwi’wg + 16]361w1w§W3 — 15[302wfw2w3 + 3[302w§’cu3
— 2ciwivs — crcowiways + (—4c} — 3c3)wivs],
mss = I2ciwiws — 1TI2ciwiwiws + 912 cowiwows — 92 cowsw?
+ 4I3¢1 cowrwawzyz + Cw1Ya + cieaways — (3 — 3¢3) [z3wiwsys
+ QCfUlwf — ZCfUlwg + 4c1cUrwiwa,
mss = I3 [Igw‘fwg — 2T2wiwiw? — 3I2w5w3 — 2013¢iwiwiwsys
+ 14]302w%w2w3fy3 — 6]302w§’w373 + C%w%’yg + 201U1w:f
— deyUywwi + deaUrwiws — 2coUrw) + (4ef + 3¢3)w3r3].
Equations 7 imply that Y5(F) = 0. In this way we obtain the following four
equations
Yi(F) = Ya(F) = Y3(F) = Y3(F) = 0. (5.9)
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If a supplementary first integral F' exists, system (5.9) has at least one non-zero
solution. We consider the 4 x 4 matrix B of the coefficients of this system and look for
such values of the parameters for which

rank B < 3. (5.10)
We have
det(B) = —3840[;&13(]1 (CQ(.L)l — ClCUQ)B(I:;(JJ%wg — C1W173 + Igwgw;g — CQWQ’}/g).

Thus will be fulfilled if and only if U; = 0, because (¢, c2) # (0, 0).

Let Uy = 0. Thus is fulfilled. As Y7, Y5, Y3 are linearly independent, then Yj is
linearly dependent on them. Moreover, as we have already mentioned, Y; is also linearly
dependent on Y;, 1 <i < 3 (see ) Thus equations

Yi(F)=0, 1<i<3, (5.11)

are in involution. They give a system of three first order linear homogeneous partial dif-
ferential equations for determining the function F'. We note here that the local solvability
of system (5.11) around any point (w;,ws,ws,y3) where vector fields Y7, Y5 and Y3 are
linearly independent, follows from the Frobenius Integrability Theorem (see [51], 52]).
Hence equations have, at least locally, a non-trivial solution. We shall now present
two ways, (a) and (b), to identify F'.
(a) We solve system by the MAPLE command pdsolve. In this way we obtain
the solution
F = G [Iws(wi +w3) — (crwr + cowa)ys) (5.12)

where G is an arbitrary smooth function. By direct computations one can verify that
function Izws(w? + w3?) — (c1wi + caws)ys that corresponds to G(z) = z is really a first
integral of system at the conditions Iy = I, = 413, ¢c3 = 0, U; = 0, which is
functionally independent of first integrals Hy and Hjz both restricted to {H; = 0}. In
this way, by our approach we recover the Goryachev—Chaplygin partially integrable case
[T3).

(b) Although the use of the MAPLE command pdsolve immediately gives a solution
of system , it is not difficult to solve it by hand starting from the following simple
remark.

Let us consider the following linear partial differential equation with constant coeffi-

cients o7 of

Pos +4q o =
where p # 0, ¢ are constants and f = f(x,y) is a smooth function defined on some open
subset of C2.

A linear change of variables u = qx — py, v = x transforms equation (|5.13) into
W = 0, where f(x,y) = f(v, qu—u) = ¢(u,v). Equation 1) is then transformed
: dp(u,v)
into v

0, (5.13)

= 0. The general solution of this equation is ¢(u,v) = ®(u), where ® is an
arbitrary smooth function. Consequently, the general solution of (5.13)) is

f(z,y) = ®(qz — py). (5.14)
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Let us return to system . When Iy = Iy = 413, ¢c3 = 0 and U; = 0, one has

I3weY1 = Z, where

0
O3
Y1 (F) = 0 if and only if Z(F) = 0. The equation Z(F) = 0 is of type (5.13)), with = ws,
Yy =73, p = ciw + cawy and q = I3(w? + w3). Thus by the general solution of
equation Z(F) = 0 is given by formula . Now, all the rest is exactly the same as in
(a).

Let us stress that in fact we never used the Frobenius theorem. Indeed, the desired
first integral was obtained by direct computation.

Case 2. ci=c3=0,c3#0, I #0, I #0, I3 # 0 and U; are arbitrary. Now the
first integral Hj is of type . If a new integral F of this type exists, system 7
has at least two non-zero solutions. The condition under which system f has at
least two linearly independent solutions is

rank A < 2. (5.15)

0
Z = (crwy + 62w2)87 + I3(w? + w?)
3

We compute the determinant D4y of the matrix obtained from A by scratching its
last row and last column and obtain

D44 = 7]1]2[32(11 — IQ)nglwg)w:; [I1(211 — 3[3)(4)% —+ 12(212 — 3[3)&)% — 4[303’)/3)] .

Condition ([5.15)) implies that Dy is identically equal to zero. One easily sees that as
c3 # 0, the last is possible only when Iy = I, i.e. Zc € L. Thus a new first integral of
the studied type does not exist for system (5.3)).

Type 3. Here we look for a first integral of system (5.3)) of type 3 F(w1,w2,71,73), i.€.
a first integral that does not depend on ws requiring that it is functionally independent
of Hy and Hj. It satisfies the following identity

dF c3Uy + Iy (I — Is) wiws — Iicswiys — Iacoways — Iscawsys OF

E I Ihwo 87@1
(I3 — I1)Ld1(.d3 + c173 — 371 oOF
_|_ R
I2 8w2
—Lwiwsyr — w3z — Isw3vys + Uyws OF
_|_ -
IQwQ 8’)/1
4 Lwiy + hwiy + Bwiwgys — Uy OF 0
Tzwo 073 '
or equivalently
dF
I Lwy—— = w3V (F) 4 w3Ya(F) + Y3(F) = 0, (5.16)

dt
where Y7, Y5 and Y3 are the following vector fields defined in C* = C*(wy, wa, v1,73)

0
Y| = —11[3’7387%7

0
— Lwywe(—Is + Ih)

)/2 - (w%[% — IQW§I3 — 0313’}/3) 870‘;2

Oy
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0
+wilzysli —

+ (Uy — Liwim) 93

om

0 0
Ys = (e3Uy — cglhwiyn — szzw2’73)aTJ1 + Liwa(c1ys — 0371)8712

0 0
- Ilwg%hafv1 + (Iowiy — Uhwy + IMf%)haf%.

As (5.16) is an identity with respect to all the variables and as Y7 (F'), Y2(F) and Y3(F)
do not depend on w3 we have

Yi(F) = Ya(F) = Y3(F) = 0. (5.17)
We compute the Lie brackets Yy = [Y2,Y3]/I1 and obtain
Yy = [Ieswiyy + L1 + I3)eswivi — 201z — I3)ewiys

-‘1-[2([1 — 2]3)02w1w273 =+ 1303’)/1’)/3 — (Il =+ 13)U1C3w1} %
1

+ [IiIzciwiwoys + I Izcswiway + I (Is — It )cawsys — IzcsUrws) s
2

+ [~ Ifeswig — Iiheawanys + LIz (I — 313)wiwsys + TicsUry ]

o
— (I + I3) Fwiy 4+ (3L — 21 + I3) 1 Lwywiyi + I Iscswimvs
—I2I3CQWQ’Y§ — 11(11 + Ig)Uﬂ,d% - IQ(Il —Ir + 13)U1w§] W
3
Equations (5.17)) imply that
Yi(F) =0. (5.18)

Equations (5.17) and (5.18) can be considered as a system of four homogeneous linear

algebraic equations with unknowns grad F' = g—i, g—i, %7 %i), which do not vanish
identically on any open subset of domain of definition of F', because F' is non-constant
on any such open subset.

If a new integral F exists then system 7 has at least one non-zero solution.
Let us consider the 4 x 4 matrix A whose rows are the coefficients of vector fields Y7, Y,
Y5 and Y. We know that the condition under which system f has at least

one non-zero solution is
D =det(4) =0. (5.19)

We compute D and obtain
D = I*I2I5w3ysD.

The expression for Dis long and we do not show it here. This expression is a poly-
nomial in variables wy, wa, 71 and 3 having 26 monomials and thus with 26 coefficients
depending on Zc and U;. It is clear that to solve is equivalent of finding all values
of the parameters Zc¢ and U; for which the 26 coefficients of D are zeros. To solve this
system of 26 equations we proceed as described in Sec. [3|
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After three consecutive simplifications of the source system we obtain the reduced
system consisting of the following five equations:

CoC3 — O7 Ci1C3 = 0, (Il — 12)63 = O, (Il — 13)02 = O, (IQ — 13)81 =0.

We solve these five equations by the MAPLE command solve and obtain five solutions.
Three of them give the Lagrange case, one - the Euler case and one - the kinetic symmetry
case.

Thus a new first integral of type 3 does not exist.

Type 4. Now let us study the existence of a first integral of system (5.3)) of type 4,
ie. F(w1,ws,¥1,73) requiring that it is functionally independent of Hy and Hsz. We have
the following identity

dr U+ 1y (Iz — I3) wiws — I1czwim — Iacoways — Izcawsys OF

dt 11[2(,U2 8&]1
n L(I — L)wiw? + Licywim + Tacaweyr + Izsciwsys — Uy OF
IrI3wo Ows

n —Lwiwyn — w3z — Iwiys + Uiws OF

Trws o

Lwiy + Lwiy + Izwiwsys —wiUy OF
+ _— =
IQ&)Q 8’}/3

or equivalently
dF
.[1[2[3(4]2% = Igngl(F) + IQ(A)Q}/Q(F) + (U1 - Ilwnl — IgWg’yd)Yg(F) = 0, (520)

where Y7, Y5 and Y3 are the following vector fields defined in C* = C*(wy, w3, v1,73):

0 0 0
Y =wsl3(ly — I3)— + 1 L — ) — — 31 L1
1 =wsl3(Iz 3)8w1+ 1w (L 2)8 ’731387 +’Y1138%
0 0
Yo = I I
2 02( 3738 + 1718 3)
0 0 0
Yy =1 -1 I I —
3 3C3aw 1C1a + I 3w38’y 1 3w18"}’3

As (5.20) is an identity with respect to all the variables and as Yi(F'), Y2(F) and
Y3(F) do not depend on wy we have

Yi(F) =Y (F) =Y3(F) =0. (5.21)
We compute the Lie brackets Yy = [Y7, Ya]|/I1 1213 and obtain
0 0
Y =
4 (71 Doy + 35— Dios >

Equations (5.21) imply that
Yi(F) = 0. (5.22)
Equations (5.21)) and (5.22) can be considered as a system of four homogeneous linear

algebraic equations with unknowns grad F = (2, 2E 9F 0F ) " which do not vanish
0wy’ Owz’ Ov1’ vz )’
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identically on any open subset of domain of definition of F', because F' is non-constant
on any such open subset.

If a new integral I’ exists then system 7 has at least one non-zero solution.
Let us consider the 4 x 4 matrix A whose rows are the coefficients of vector fields Y7, Y5,
Y3 and Y;. We know that the condition under which system f has at least
one non-zero solution is

D =det(4) =0.

We compute D and obtain
D = —IFIicGyswi (i + I373).

This determinant is not zero if co # 0. Thus in this case a new first integral cannot
exist. We should consider the case co = 0.

Therefore let co = 0. We compute the Lie brackets Y5 = [Y1,Y3]/(I1]3) and Y5 =
[Y1, Y5]. We have

0 0
Ys = (—72 - 13)018701 - (Il - 12)038703

0 0
+ (L — I, — I3)w187’y1 —Is(I1 + I, — Is)w?,ai%,

0
Yo =Is(lo — Is)([1 — 12)6387.21 — LI — )2 — 13)0187%

)
_Hmﬁ—hb+ﬂ@+bh—ﬂ@m5?
1

9
—hh@ﬁ—hb—2h&—@+4ﬂ@m5?
3

We consider the system
Yi(F) =0, Y3(F)=0, Y5(F)=0, Y§(F)=0.
As we know its determinant § should be zero. We compute d and obtain
§ = I2125,
where
6 =131 — L)(I) — I — I3) (2L, — 21 — I3)csw?
— LI3(Iy — I3)(312 — I Iy — 31113 — 212 + 21513)ciwiws
— LI3(I — )20 1o — 31115 — 213 — Io13 + 312)c3w w?
+ 1,21 — 21y — L)(I1 Ioc} — L1 I3¢3 — I 1363 + Ia3c3)wiys
+ I3(Is — I)(I1 + Ir — I3) (11 + 21> — 2I3)ciw}
+ I3(I + 21 — 213) (11 ot — I I3c} — I I3ch + IoI3c3)wsy:.
It is clear /t\hat the equation § = 0 is equivalent to 5 = 0. As it is seen from the
expression for § it is a polynomial in variables w1, w3, 71 and 3 having six monomials and

thus with six coefficients depending on Zc. Thus we should solve a system of six equations
with respect to the parameters Ze. To solve this system we apply a simplification. After
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four consecutive simplifications we obtain the reduced system consisting of the following
five equations:

(I1 = I3)cies =0, (I1 — I)(21s — Is)es =0, (217 + 215 — 313)(1; — Ix)es = 0,
(I = I3)(2I; — I3)e; =0, (I — I3)(I2 — I3)e; = 0.
We solve these five equations by the MAPLE command solve and obtain the following
six solutions:
{Lh=h, =10, Is=13, ¢, =0, ¢c3 =0}
{h=h, =1, Is=13, ¢ =0, ¢3 =c3}
{1 =2, Iy =15, I5=2I5, ¢y =0, ¢c3 =c3}
{Lh=1,I,=1I313=1I3¢ =c,c3 =0}
{[ =21, =1, Is=20, ¢y =¢1, c3 =c3}
{Lh =13, Lh=1I3 Is5=13, ¢y =¢1, ¢c3 =c3}.
Taking into account that we consider now the case co = 0 we see that the first solution
leads to the Euler case, the second and fourth ones - to the Lagrange case. The third and

fifth solutions give the Kovalevskaya case and the last one - the kinetic symmetry case.
Thus a new first integral of type 4 does not exist.

5.2.2. Elimination of w,. Let us express wo from the equation H; = U;. We have
Uy — Lwim — Izw
Wy = 1 1W171 3 373. (5.23)
Iorys
We put the expression for ws from (|5.23)) in the Euler-Poisson equations (1.1)) and remove

the secon equation. In this way we obtain

dwy (I — Is)ws [ — hwim — Tawsys + Ur] + eslan — 621272’?3

dt I1I2"}/2

dws (I1 — Ix)w: [ — hLwiy — Iwsys + Ul] + c2lomye — e1lzv3

dt 1213’)/2 ’

dn _ hwimys + bwsys + Iwsyi — Uiy (5.24)
dt 12’}/2 ’

D2 s — wyy

at 173 3715

dys _ —hwiyi — Lwiyd — Iswsmys + Uin

dt 12’}/2 '

Looking for a first integral of system (5.24]) which depends on four variables indicated
in brackets, we come to the following five possible cases:

L. F(wi,ws,71,72]), (case (iii))
2. F(w1,ws3,71,73), (case (ii))
3. F(w1,ws3,72,73), (case (iii))
4. F(w1,71,72,73), (case (iv))
5. F(ws,v1,72,73)- (case (iv))
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In Sec. we have already studied cases (i), (ii) and (iii) from Table[5.1] It remains
only case (iv). The functions of types 4 and 5 belong to this not yet studied case. We
should examine one of these two first integrals, it does not matter which. We choose type
4, because their study is exactly of the same nature.

Type 4. Let us study the existence of a first integral of system (5.24) of type 4, i.e.
F(w1,71,72,73) requiring that it is functionally independent of Hs and Hj. We have

dF (I = Iy)ws | — hwim — Lwsys + Uh] + eslond — calayes OF

E L 1oy, 0wy
I I 241 2-U oF oF
4 hemas + lowsyy + f3w3y3 — Uiys OF + (w173 — wy1) o
Ia7yo omn 92
n —Lwi1} — hwiys — Iswsyys + Ui OF 0
I>ys O3 ’
or equivalently
dF
L ye— = wiYi(F) + wsYa(F) + Y3(F) = 0, (5.25)

dt
where Y7, Y3 and Y3 are the following vector fields defined in C* = C*(wy, 71, v2,73):

0
Vi = —Iy(Is — I3)ys——
1 3(12 3)’Y36w17

0 0
Y, = (I2U1 - IQIlwl’Yl + I3-71w1’71 - IgUl)@Tul + 11(1273 + 13’73)8771

0 0
—mleyvehh— — Ismvslhi—,
02 073

0 0
Ys = —Irya(—csye + 6273)(’)7% — s3Iy (—wiyr + Ul)aTl

0 0
+ 12’7211011738772 + (=L} — Lwivs + U1’Yl)118773

As (5.25)) is an identity with respect to all the variables and as Yi(F), Ya(F') and
Y3(F) do not depend on ws we have

Y1(F) = Ya(F) = Y3(F) = 0. (5.26)

Equations can be considered as a system of three homogeneous linear algebraic
OF OF 9F OF
Owy? 0717 0727 Ovs
on any open subset of domain of definition of F', because F' is non-constant on any such
open subset.

equations with unknowns grad F' = ), which do not vanish identically

It is clear that the first integral Hs is of type 4 and therefore grad Hs is a solution
of system ([5.26)). If a new integral F' exists then system ([5.26)) has at least two non-zero
solutions. This is possible if and only if

rank A < 2, (5.27)

where A is the 3 x 4 matrix whose rows are the coefficients of vector fields Y7, Y5 and Y3.
Let us consider the 3 x 3 matrix Ajo3 obtained from A by crossing out it last column.
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A necessary condition for the fulfillment of is
D133 = det(A123) = 0.
We compute D123 and obtain
Dias = I I3(Is — I3)v2v3 (i — Lwivs — Iswiys + Uim).

It is easily seen that Dyo3 = 0 is possible if and only if I, = I3. At this last condition
we compute the Lie bracket Yy = [Y3,Y3]/(I115) and obtain

_ 9 2, 2, .2 0
Yy = 2I3(—c3v2 + c273) 1172 o + 113 [11001(71 +75 +73) — Ul’}/l] o
+ I1y2y3 [Wl’h([l —1I3) — Ul} o
02

0
+ 1 {(13 — 2wy — hwm(F +93) + Ui(F + VS)} F

Now Y7 = 0 and we consider the following system:
Ya(F) = Y3(F) = Y4(F) = 0.
By the same reason as above we should require that
rank B < 2, (5.28)

where B is the 3 x 4 matrix whose rows are the coefficients of vector fields Y5, Y3 and Yj.
We consider the 3 x 3 matrix Bjs3 obtained from B by crossing out it last column.

Condition implies
Dia3 = det(Bias) = 0. (5.29)

Computing 5123 we obtain
D272 2 3 2, .2 2, .2, .2
Digs = ITI5(csy2 — c2v3) 373 [ — 3hwiy? — (21 + I3)wini (5 +73) + Ui (375 +13 +13)]-

One immediately sees that the condition leads to ¢ = ¢3 = 0 which together
with Iy = I3 leads to the Lagrange case. Thus a new first integral of type 4 does not
exist,.

The results from Secs. and show that we have completely studied all the
four cases of the basis . Now from Theorem we conclude that outside of the four
integrable cases of the Euler-Poisson equations , outside of the Goryachev-Chaplygin
case (Il = IQ = 4]3, (01702) 7& (0,0), C3 = 0 or Il = 13 = 4]2, (61,63) 75 (0,0), Co = 0
or Iy = I3 =413, (co,c3) # (0,0), ¢; = 0), the Euler-Poisson equations restricted to the
invariant manifold {H; = Uy} never have a local first integral depending on at most four
variables and functionally independent of Hy and Hj.

5.3. Invariant manifold {H.= 0}. We will now study what happens on submanifold
{Hz = 0}. Here we proceed as in Sec. We should stress the following easily seen but
important fact that now a first integral belonging to case (iv) from Table does not
exist because all possible eliminations from the equation Hy = 0 are eliminations of some
i, 1 <1 < 3. We consider here the elimination of 3. The completely analogous results
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concerning the elimination of 41 or v follows from Theorem But they can also be
obtained by exactly the same way as the elimination of 3 that we describe below.

Let us express 3 from the equation Hy = 0. We obtain

Y3 =1/—7% — 73 (5.30)

s is now considered as an algebraic function (see Sec. ) of variables (71, v2).
Putting the expression for vz from (5.30) in the Euler-Poisson equations (|1.1)) and
removing the sixth equation we have

dwi (I — I3) waws + c372 — can/—7% — 73

dt I

dwy (I3 — L) wiws +c1v/ =71 =7 —em

dt I ’

dws (I — L) wiwz + oy — a2 (5.31)
dt I3 ’

dm
= w2 —way/—7E =3,
dv2
vy =7 =75 —ws.

Looking for a first integral of system (5.31) which depends on at most four variables
we come to the following five possible cases:

1. F(wi,ws2,ws,71), (case (i)
2. F(wi,ws2,ws,72), (case (i))
3. F(w1,w2,71,72), (case (ii))
4. F(w1,ws,71,72), (case (iii))
5. F(wz,ws,v1,72). (case (iii))

Then it suffices to examine here the functions of types 1, 3 and 5.

Type 1. Here we use the idea from [59] applied there for the proof of Theorem 1.1.B.
Let us look for a first integral of system that is of type 1, F(wy,ws,ws, 1), i.e.
which does not depend on 7, and which is functionally independent of H; and Hs. Thus
F satisfies the following identity

dF . (_[2 — Ig)WQWg + c3v2 — C2\/ﬂai

dt I Owy
n (I3 — I)wiws + c1v/ =77 — 73 — esm OF
12 (9002

I, —1I - oF OF
L (i — L)wiwz + oy — c1ye OF + (wsys — wQ\/ﬂ o,
I3 aw:g 6’71

or equivalently

dF
=) + /=9 =23 Va(F) + Ya(F) = 0, (532)
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where Y7, Y3 and Y3 are the following vector fields defined in C* = C*(wy,wa, w3, Y1)

C3 0 C1 0 0
Y=o — —— —

! Il &ul Ig 8w3 +W36’Yl7
Co 0 C1 0 0
L~ - —wy—
Il &,ul IQ 8w2 8'}/1
Vo = (I2 - IS)W2W3 i + (I3 - 11)w1w3 —c3y1 0 + (11 - Iz)wlwz + com i
3 Il 8&.}1 IQ ao.)g Ig 6w3'

Let us write (5.32)) in the following way

V2Y1(F) + Y3(F) = =/ =97 — 73 Y2(F).

Raising the last equation to the second degree we obtain
75 [Y1(F)? + Y2 (F)?] 4+ 292Y1(F)Y3(F) + 17 Y2 (F)* + Y3(F)* = 0, (5.34)

where Y71 (F), Y2(F) and Y5(F) depend only on (w1, ws,ws,1)-

As is an identity with respect to all the variables wy, ws, w3, v1 and 2 the
same concerns (5.34). Moreover is a polynomial with respect to v2 because the
coeflicients of the powers of v do not depend on 5.

Yy = , (5.33)

Let us fix wi, we, wy and v; # 0. We prove that
Yi(F) = Ya(F) = Ya(F) = 0. (5.35)

For the aim we examine the polynomial (5.34]) studying separately two cases.
A) The first two coefficients of (5.34)) vanish. That means that

Yi(F)? + Y2(F)? =0, Yi(F)Y3(F) =0. (5.36)
Thus either Y1 (F) = 0 or Y3(F') = 0. If Y1 (F) = 0, then from first equation of (5.36) one
obtains Y5(F) = 0 and thus from (5.34), Y3(F) = 0. If Y3(F) = 0, then from (5.34) one
has 72Y5(F)? = 0. As 47 # 0, Y2(F) = 0 and thus also Y (F) = 0. Thus in case(A) (5.35)

holds.

B) At least one of the first two coefficients of is non-vanishing. In this case ([5.34))
is a first or second order non-zero polynomial in 7,. For fixed (w, 1) such a polynomial
admits at most two roots. But this contradicts the fact that for these (w,v1), is
identically satisfied for all ,.

This proves that case (B) cannot occur and consequently that (5.34)) implies (5.35).
Let us compute the Lie bracket Yy = [Y3, Y3]. We obtain

(IQ — 13)(}10.)3 0 (Il — 13)62603 + Iicawe O

Y = -— _—
4 I1[2 8w1 + 11]2 80.)2
n L — Iy)erws + (o — 2L )cows O n (Is — Ihwiws — sy 9
11]213 8(,«)3 12 8’}/1 '
Equations (5.35]) imply that Y;(F) = 0 so that we have the following system
Yi(F) = Ya(F) = Y3(F) = Ya(F) = 0. (5.37)

Equations (5.37) can be considered as a system of four homogeneous linear algebraic

equations with unknowns grad F' = ( g fl , g—:;, g—i, g—fl), which do not vanish identically.
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As in Sec. we should equate to zero the determinant D of the 4 x 4 matrix A of
the coefficients of system ([5.37)). We compute D and obtain

D= [11[2 (Il — .[2) c%wlwg’ — Ilfz (2[1 — IQ — Ig) CQCgUle%w;),

R
+ L1y (I — Is) cgwlwgwg + L1y (I — I3) clcgwgwg

+ I (I} — I3) (Is — I3) crcowiws + I (I — I3) creaczwiwsy

— Iy (Iy — I3) (I} — I + I3) ccowsws — Iy (I — Iy) caciwim

+ I (211 — Ir — I3) c3eswawsyr — (Iidac} + L1 Iach — I T3¢} — Inl3c3) cowi |

It is identically equal to zero and therefore all of its coefficients should be zeros. D is
a polynomial in variables wi, ws, wy and 7; having ten monomials and thus with ten
coefficients depending on Zc. It is clear that to solve equation D = 0 is equivalent of
finding all values of the parameters Zc for which the ten coefficients of D are zeros. To
solve this system of ten equations we proceed as in Sec.

After three consecutive simplifications of the source system we obtain the reduced
system having five equations:

(I —I)es =0, (I1 —I3)ca =0, (Ia—I3)coc3 =0,
(IQ — 13)0163 = 0, (IQ — 13)0162 =0.

We solve these five equations by the MAPLE command solve and obtain the following
four solutions:

1. 11212, 01202207
2. 11213, 01203207
3. =1 =1,
4. 02203:0.

The first three of them lead to the Lagrange and kinetic symmetry cases. We should
study only the fourth solution.

Let co = ¢3 = 0. In this case Yy is dependent on Y;, Y5 and Y3 and system
has a solution grad H3. However, H3 is not a fourth integral. Thus, if a fourth integral
F exists, system has at least two linearly independent solutions. We consider the
3 x4 matrix A of the coefficients of this system. It is clear that our problem has a solution
if and only if

rank A < 2. (5.38)

Now we are going to study when is fulfilled. For this purpose we calculate all
possible determinants of order three which can be obtained from the matrix A. For
1 <i <4, by D;, we denote the determinant obtained from matrix A by crossing out its
i-th column. We have

(12—13)61 (12—13) C1 2
Dy =2 91 Dy =237
1 1,2],3 Wiwows, 2 Il_[3 Wows,
(12—13)61 2 (12—13) C%
Dy=—-2_2/"1 Dy =2 1w,
3 LI w2ts) 4 111515 w2t
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It is easily seen that the equations D; = 0, 1 < ¢ < 4, are satisfied only if either ¢; =0
that together with the condition ¢y = c¢3 = 0 leads to the Euler case or I = I3 that leads
to the Lagrange case.

Thus a new first integral of type 1, i.e. F(w1,wa,ws,~1) does not exist.

Type 3. Let us look for a first integral of the system (5.31) that is of type 3,
F(w1,ws2,71,72), i.e. which does not depend on ws and which is functionally indepen-
dent of H; and Hs. Thus F' satisfies the following identity

dF (I — Iy) wows — cay/ =7 — 73 + 372 OF

dt I Owy
" (Is — I) wiws + c1/ =73 — 73 — s OF
12 6(4}3

5 5\ OF 5 2 oF
+ | w3y2 — w2/ = — V3 57%‘5‘ Wi/ =1 =2 —wWsn %20,

which can be presented in the following way

dF
where Y7 and Y5 are the following vector fields defined in Ct=c* (w1, w2,71,72)
I, — I 0 Is—1T 0 0 0
Yl — wi + wi +727 - M=,
Il 8&)1 IQ 8&.}2 871 8’}/2
v, — G2V —i - -y O ERY —i—v—cm 0
2 I Owr Iy Ows

1
0 0
— w2y /=71 7738771 +wiy/ =i *73%-

As (5.39)) is an identity with respect to all the variables and as Y7 (F') and Y2(F) do
not depend on w3 we have
Yi(F) = Ya(F) = 0. (5.40)

We compute the Lie brackets Y3 = [Y7, Yg] and Y, = [Y1, Y3] and obtain

Y, = (Is — Iy)ein/ =3 — 73 — Isesm (L= I3)ea/ =7 — 5 + Isesye

I 1, 5'0-)1 LI, sy
n (11—12—13)0.)1\/—’}/%—’)/% 0 _ (Il IQ"’I?, w2/ — ")/2 8
I, 371 L o2’
v, — I3cs (Ip — Iy — I3) 2 + (Iy — I3) ( 2V —5 0
4 1, Owy
Ises (o — L+ I3)y — (I — I3) (12 — I3) ¢ m 9
+ 2
11[2 Owsa
N (2115 + Il — 215 + I3 — 11 I3) w2\/ﬂi
I1I2 871

y R =25 — - s + bl ory/ =7 =38 0

I I, 072’
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Equations (5.40)) imply that
Y3(F) = Yi(F) = 0. (5.41)
Equations (5.40) and (5.41) can be considered as a system of four homogeneous linear

algebraic equations with unknowns grad F' = (gTF, g—F, g—F, g—F), which do not vanish
1 w2 71 Y2
identically, because F' is non-constant on any open subset of its domain of definition.
If a new integral F' exists, system (|5.40)—(5.41)) has at least one non-zero solution. As
in Sec. we consider the 4 x 4 matrix A of the coefficients of this system. The condition
under which system (5.40)—(5.41)) has at least one non-zero solution is rank A < 3.

Therefore we equate to zero the determinant D = det(A) and study when identity

D=0 (5.42)
is fulfilled. We compute D and obtain
7+ A
D= JETE D,

where

D =Di\/-} -3+ Da.

The expressions for D1 and Dy are polynomials in variables wy, ws, 71 and 7.

It is clear that (5.42) is equivalent to D = 0, that is Dy\/—7% — 72 + Dy = 0. If
D; = 0 identically, Dy = 0 identically too. Let us suppose that D; # 0. Then we have

D
[—~2 — 42 = ,D;;‘_ (5.43)

Applying Propositionto V = —9?—~2 one sees that (5.43]) can never occur because
VV ¢ C(v1,7v2). Consequently D1 = Dy = 0. Thus we require that all the coefficients of

Dy and D5 be zero. First we consider polynomial D;. It has six monomials and thus six
coefficients depending on Zc. We want to find all values of the parameters Zc¢ for which
the six coefficients of D, are zeros, i.e.

(I — I3) (21 — Iy — 2I3) (I, — I — I3)co = 0,

LIy(Iy — I3) (317 — 311 Iy — I I3 + 21503 — 213)c; =0

LIo(I) — I3) (31, Iy — 21113 — 313 + Iy I3 4+ 2I3)c2 = 0

— L2 1563 + 217 Iyes — 2171363 — L1 I3¢t — L1 I3c3 — I I 3¢t

— 4 I Izc3 + 2L 1o I3c3 + 211 I5¢5 + I3 13¢5 — 213 15c5 + 21215¢3) = 0,

— I5(Ia — I3)(Iy — Iy + Is)(Iy — 215 + 2I3)cy =0,

— L(I}1xc} + If1ac — IR 1363 + 217 I3c5 — 211 I5¢} — 211 I5¢3

+ L IoI3¢3 — 21 IoI3¢% + AL Iy I3¢3 — 21 I3¢3 + 213 13¢3 — 21,13¢3) = 0.
After five consecutive simplifications we obtain the reduced system that consists of

seven equations, that is

(I = I)es =0, (I} — I)eica =0, (I — I3)(Iy — 2I3)ca = 0,
(I — I)(I, — 2I3)cy = 0, (I — I3)(Iy — 2I3)c; = 0, (Iy — I3)(I; — 2I3)c; = 0,
(I — I3)(Iy — 2I3)cocs = 0.
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Solving this system by the MAPLE command solve we obtain six solutions. Removing
the solutions that lead to the Euler, Lagrange, Kovalevskaya and kinetic symmetry cases
it remains only one solution

I, =215, I =213, I3, c1, ca, cg are arbitrary.
Thus we should consider only the case
I, =1, =2I;. (5.44)

At the condition (5.44)) we have also Dy = 0 and therefore vector fields Y;, 1 <1 < 4,
are linearly dependent (they satisfy equation 4Y; + Y5> = 0). That is why we compute the
Lie bracket Y5 = [Y2, Y3] and obtain

wi (c271 + c172) + 2c3w2/ —’Y% - 7% +wy (cay2 —c1m1) 0

Y5 = i
5 413 Ow
~wi (e — e272) + 2c3w1y/ —% — 73 +wa (cam + €172) 0
4[3 a(4’-}2
Lw? + Lws — c3/ =73 — 72 < 0 0 )
+ YVem T —Ma
215 oM 972
and consider the following four equations:
Yi(F) =0, 1<i<3, Y5(F)=0. (5.45)

As above we equate to zero the determinant A = det(B), where B is the matrix of
the coefficients of system ([5.45)) and study when identity
A=0
is fulfilled. We compute A and obtain
A Vi-ig
- Qr2 =
813
where
A = c3 (cawiv} + cawivine + coawin Vs + awiys — 2ciwiwa; + 2c0w1wa Vi Y2
- 201w1w2717§ + 202w1w2’7§ - Czw%ﬁ’ - Clw§71272 - C2w§’71’¥§ - Clwg’@) .

It is clear that the equation A = 0 is equivalent to A=0. Tt is easily seen from the
expression for A that A vanishes only if ¢ = 0 or if ¢; = ¢ = 0. Taking into account the
condition ([5.44)) we see that if ¢c3 = 0 we come to the Kovalevskaya case and if ¢; = ¢o = 0
- to the Lagrange case.

Thus a new first integral of type 3, i.e. F(w1,ws,v1,7v2) may exist only in the above
two known cases.

Type 5. Let us look for a first integral of the system (5.31) that is of type 5,
F(ws,ws,71,72), i.e. which does not depend on w; and which is functionally indepen-
dent of H; and Hs. Thus F satisfies the following identity

dF (I3 — L) wiws + 1y i =15 —esm OF
dt I Ows
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(i — L) wiws + cam1 — 172 OF
I3 8w3

5 5\ OF 5 5 oF
+ | way2 — w2/ =71 — 73 8—%—&- Wiy =71 — 72 — Wi 8772:0’

which can be presented in the following way

dF

where Y; and Y, are the following vector fields defined in C* = C* ((AJQ,(Ug,")/l, v¥2)

(13 — Il)CU3 3 (Il IQ w2
y, =2 U5 — +1/—7 —
! _[2 an L ,72 8’7
y, = SV —i =75 —amn i L em-ar 0

IQ 8&}2 13 aw3

5 5\ O 0
| w3r2 — w2/ =1 — V3 afm—wwlaf%-

As (5.46) is an identity with respect to all the variables and as Y7 (F') and Y2(F) do
not depend on w; we have

_|_

Yi(F) = Ya(F) = 0. (5.47)
We compute the Lie brackets Y3 = [¥7, Y32] and Yy = [Y7, Y3] and obtain
Y, = (I —I3) oy — hierye 9 n (I =) ey — Liaiy/—f =73 0

I3 8&12 1713 8w3
n I (It — Iy + I3) worys + I (It + Iy — I3) wa/ =77 — 73 0
13 om
LD+ w9
I3 0o’
v D) —Besn —hi (it~ I)eny/ =97 =23 9
4 ,[22[3 an
(L= DL)(Lh—I)en —L(L—L+13)ay 0
IZI§ ach3
L (I — Is + I3) + 215 (I — I3)
w372
15
L(h+1—13)-2L(I,—13) [ 5 5] 0
13 R e omn
LIy — L+ 1I3) + 213 (I, — I3) 0
+ w31 -
II3 072
Equations (5.47) imply that
Yi(F) = Ya(F) = 0. (5.45)

Equations (5.47) and ([5.48) can be considered as a system of four homogeneous linear

algebraic equations with unknowns grad F = (25 2E OF "OF ) "which do not vanish
Owz? Qwz’ Ov1’ Ov2 )7’

identically, because F' is non-constant on any open subset of its domain of definition.
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If a new integral F' exists, system (5.47)—(5.48)) has at least one non-zero solution. As
in Sec. we consider the 4 X 4 matrix A of the coefficients of this system. The condition
under which system ([5.47)—(5.48)) has at least one non-zero solution is rank A < 3.

Therefore we equate to zero the determinant D = det(A) and study when identity
D=0 (5.49)
is fulfilled. We compute D and obtain

p_ Wi

LI ’

ﬁ:Dlﬂ—’y%—’yg—l—Dg.

The expressions for D1 and Dy are polynomials in variables ws, w3, 71 and 7.
It is clear that (5.49) is equivalent to D = 0, that is Diy/—72 —72 + Dy = 0. If
D; = 0 identically, Dy = 0 identically too. Let us suppose that D; # 0. Then we have

Doy
\/ﬂ -5 (5.50)

Applying Propositionto V = —4?—~2 one sees that can never occur because
VV ¢ C(v1,72). Consequently D; = Dy = 0. Thus we require that all the coefficients of
Dy and D5 be zero. First we consider polynomial Ds. It has 11 monomials and thus 11
coefficients depending on Zc. We want to find all values of the parameters Zc¢ for which
the 11 coefficients of Dy are zeros, i.e.

(I — I)(2I; — 215 + I3)(I; — I + I3)c3 = 0,

2051315 — I3) (I — L) (I + I — I3)c; = 0,

2021, — I3)(I) — I3) (I + I — I3)c; = 0, IpI3(Io — I3)(I1 — I3)cicy = 0,
LI3(Iy — I3) (1) — Ib)eies = 0, I2(I — I3)(I + Iy — I3) (211 + I — 2I3)co = 0,
I I3(21% — AL 15 + 31,13 + 2127 — 21513)cic3 = 0,

I3(2I7 Iyes — AL IoI3c5 — 211 I5c5 + 211 IoI3c3 + 217 I3c3 + 21513 c5—

2L 1363 + I 13¢5 — I313¢5 — I3 13¢5 + 21515¢3 — I Io13¢3) = 0,

II3(2 — I3)(Ih + Io — Is)cica = 0,

LIs(I) — L) (217 — 21115 + I Is + 3115 — 313)c3 = 0,

LI(I, — I3) (217 4+ I I — 211 I — 312 + 31513)cy = 0.

where

After six consecutive simplifications we obtain the reduced system that consists of
eight equations, that is

(12 — 13)01 = O7 (IQ — 13)6302 = O7 (2[1 — 13)63(31 = O,
(IQ - Ig)(]l - Ig)Cg = 0, (Il - .[2)(211 + 2[2 - 3_[3)03 = 0, (2[1 - 13)0102 = 0,
(Ig — Ig)([l — 13)62 = 0, (2]1 — Ig)([l — 13)62 = 0

Solving this system by the MAPLE command solve we obtain seven solutions. Remov-
ing the solutions that lead to the Euler, Lagrange, Kovalevskaya and kinetic symmetry
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cases we obtain only one solution
I, =20, I3 =2I, I, c1, c3, cg are arbitrary.
Thus we should consider only the case
I, =15 =2I. (5.51)

At the condition (5.51]) we have also D; = 0 and therefore vector fields Y;, 1 <i <4,
are linearly dependent (they satisfy equation 4Y; +Ys = 0). That is why we compose the
Lie bracket Y5 = [Y3, Y3] and obtain

cwaya + w3 (2c171 — €272) + (Cows + csws) v/ —E — 73 O

Y =
5 4.[1 aW2
 wa (2e171 + c272) + cawsye — (cawa — cows) V1 — 5 O
4.[1 awS
11w2 + Ilw2 —cm 0
phastheizam [Famg 0
2[1 8'}/2
and consider the following four equations:
Yi(F)=0,1<i<3, Ys(F)=0, (5.52)

As above we equate to zero the determinant A = det(B), where B is the matrix of
the coefficients of system (5.52)) and study when identity

A=0
is fulfilled. We compute A and obtain
2
1A
A=—-——5A
12

where
A= Ay \/ﬂ + As.
The expressions for A; and Ay are the following polynomials in variables ws, w3, 71 and
Y2-
A1 = 172 (—c3ws + 2cawaws + c3w3), Ay = c1(7} +72)(caws + 2c3wawz — cow3).
As A = 0, by Proposition we have Ay = Ay = 0. As it is easily seen the last
equations can be satisfied only in two cases: when ¢; = 0 which together with condition

(5.51)) leads to the Kovalevskaya case and when ¢; = ¢3 = 0 that leads to the Lagrange
case. The conclusion is that a first integral of type 5 may exist only in some known cases.

5.4. Invariant manifold { H3=Us}. Here we proceed as in Sec. We first eliminate
ws from the equation
Hs = Us. (5.53)

Then we study the elimination of 3 from (5.53)). The results of these investigations are
presented in the next two subsections.
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5.4.1. Elimination of w3. We express w3 from (5.53)) and obtain

. \/U3 — Lw? — Lw? — 2171 — 2¢272 — 2373
3= .
I3

(5.54)

w3 is now considered as an algebraic function of all its variables.
To shorten the formulas, we denote the square root from (5.54) by Q23 so that we have

w3 = Qg. (555)

Now we insert this form of w3 in the Euler-Poisson equations (|1.1)) and remove the
third equation. In this way we obtain the following system of five differential equations:

dwy (12 = I3)wyfd3 + c372 — Ca73
dt I ’
dwy (I3 — I)wifd3 + 173 — e3m

dt I ’

dy

— Qarey — (5.56)
a 372 — W23,

dy2

—= = -

dt w173 371

DB oy —

a 271 172-

There are five possible types of first integrals of this system which depend on at most
four variables. They are:

1. F(wi,wa,71,72), (case (ii))
F(w1,w2,71,73), (case (iii))
F(wy,w2,72,73), (case (iii))
F(wi,71,72,73), (case (iv))
F(w2,71,72,73)- (case (iv))

AR

Then it suffices to examine here the functions of type 1, 2 and 4. After, eliminating -3,
we will be able to study the functions belonging to case (i), the function F(wq,wa, w3, 1)
in occurrence.

Type 1. Let us look for a first integral of system that does not depend on
vs, i.e. of type 1. Moreover we want that this integral be functionally independent of H
and Hj restricted to the invariant manifold { Hs = Us}. Let us suppose that the function
F(w1,ws,71,72) is such a first integral. Then we have

dF oF
LIy— = L [(I2 — I3)wafds + c372 — cay3] m—
dt Ow
oF
+ 1 [(I3 — I )w1923 + c193 — ¢371) =— D
oF OF
+ I1[2 (9372 - (J.)Q’}/g) — + I1[2 (wl’}/g — 9371) - = Yl(F) = 0, (557)
om 02

where Y7 is the corresponding vector field, defined on C3(wy,ws, 1,72, 73)-
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Equation (5.57)) is an identity with respect to all the five variables. F' does not depend
on 3. Thus if we differentiate this identity with respect to 3 we again obtain a linear
partial differential equation for F'. Let us note that from (5.54) and (5.55) it follows that

2 _
03 I3Q3
In this way we obtain from (5.57))
oY1 (F OF
IgQg 1( ) = _IQ(ISCQQB + IQCngQ — I3C3w2)7
5’73 Owq
oF OF
+ I (Iycswy — Izcawy + I3¢1803) m— — 1 1a(c3ve + I3wafd3) -—
Owo o
OF
+ .[1]2(]3&)193 + 03’)/1)8772 = Y&(F) =0, (558)
where Y5 is the corresponding vector field, defined on C®(wy, wa, Y1, V2,73)-
We differentiate (5.58)) and obtain
OYs(F) OF oF OF oF
Q = Ioeo— — ey — + I lowo— — I1 lowy — | = Y3(F) =0, (5.59
3 93 c3 | L2¢2 oy 1€1 Do + I3 2w2871 14201 97 3(F) ( )

where Y3 is the corresponding vector field, defined on C3(wy,ws, 1,72, 73)-

When c3 = 0, Y5 vanishes identically. That is why we consider separately two cases:
c3 # 0 and c3 = 0.

Let first c3 # 0. Then we compute the Lie bracket Yy = [Ya, Y3]/(I112¢3) and obtain

oF oF
Yy(F) = —c1(lr — 13)8701 —co(ly — 13)8702
oF
+.[1LJJ1(I1—.[2_13)67’71—[2&)2([1—IQ+I3):0. (560)

Equations f can be considered as a system of three homogeneous linear
algebraic equations with unknowns grad F' = (é%i’ g—i, g—ﬁ, %)’ which do not vanish
identically, because F' is non-constant on any open subset of its domain of definition.

Thus, if a new first integral F' exists, system f has a non-zero solution
grad F'. This is possible if and only if the determinant D of the coefficients of equations
7 is identically equal to zero. We compute this determinant and obtain

D = I?12éD,
where
D =L — I3)(I — I = Ig)w}ys = LIy — I3) (I — I — Is)wiways
— L(I; = I3)(Iy — Iz + I3)wiw3ye + Lica(ly — I — I3)wi i
— Ly (I = 2I3)wimye — Taca (I — I3)wn s + Lo(Ip — Is)(Iy — Iz + I3)wim
+ Liey (I — Is)wai + Lea(Iz — 2Is)wayive + Tacr (It — o + Is)was.
It is clear that the equation D = 0 is equivalent to D =0. D = 0 has ten coefficients.

Let ¢3 # 0. The annulation of D = 0 means that all of its coefficients should be zeros. In
this way we obtain a system of ten equations for the parameters Zc.
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After three consecutive simplifications we come to the reduced system:
01:0, CQZO, .[2—13:0, 11—13:0,

which obviously leads to a particular case of the kinetic symmetry case. Thus a new first
integral of type 1 does not exist when c3 # 0.
Let ¢5 = 0. Now Q3 does not depend on 3 and Y;(F') is of the form (see (5.57)))

Yi(F) = Z1(F)vs + Z2(F)s, (5.61)

where the vector fields Z; and Z,, defined on C*(wy,ws,71,72), are given as follows:

0 0 0 0
Zy = —Ieo— + Lici 57— — I1 Iawo— + I1 [owi; —,

Ow1 Owo omn 072
0 0 0 0
Zo=1Iy(Iy — I — + I (I3—1 — + L1 Isoyo— — 1 1oy —.
2 2(12 3)w28w1 + 11 (I3 — I)w; D + 11 272(%1 1dem1 s
Equation (5.61]) implies that
Z\(F) = Zs(F) = 0. (5.62)

We compute the Lie brackets Zs = [Z1, Zo]/(I112) and Zy = [Z3, Z3] and obtain

0 0
Z3 = (IQ — 13)0187601 + (I1 — 13)0287

W2

0 0
— L —I,— I — + (I — I+ I —
1(IL 2 3)0-)1871—*‘ 2(I1 2+ 3)w2672,

0
Z4 = —IQCQ(IQ — 13)(11 — Ig)aiwl + 1101(_[2 - .[3)([1 - 13)
— L L2, — I I3 — 212 + I,15 + Ig)wzai
Y1
9
Oy’

9
8(,«)2

— L1217 — 2111y — L1 I3 + Io 13 — I3)w,

Equations (5.62)) imply that
Zy(F) = Zy(F) = 0. (5.63)
As in the case ¢3 # 0, the system of equations (5.62)) and (5.63)) is a linear homogeneous

system that has a non-zero solution. Thus the determinant § of its coefficients should
vanish identically. We compute § and obtain

§ = 17139,
where
6 =121y — I3) (2, — I — 2I3) (I — I — I3)cow?

+ L I(Iy — I3) (2131, — 311 Iy + 317 — Is1) — 213)ciwiw,

+ LIo(I) — I3) (31 Iy — 211 I3 + Io I3 — 313 + 212) cow w3

— 121 — Iy — 2I3) (11 Isc? + I ey — I T3¢} — Inl3c3)wiye
— I3(Iy — I3) (I — 21 + 213) (11 — Iy + I3)ciws

— Iy(I; — 20, + 2I3) (I, 12 + I Iocs — I I3 — I I3¢2)wyyy.
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Equation § = 0 is equivalent to the equation 5 = 0. Thus the six coefficients of &
which should be zeros. In this way we have obtained a system of six equations for the
parameters Zc. We subject it to simplification and after five consecutive simplifications
we come to the reduced system consisting of the following five equations:

(I1 — I)ciea =0, (Iy — I3)(Ia — 2I3)ce =0, (I; — I3) (11 — 213)ce = 0,
(Is — I3)(Is — 2I3)c; =0,  (Ix — I3)(I1 — 2I3)c; = 0.
We solve them by the MAPLE command solve and obtain five solutions:
{Lh=hL, =10, Is=13, ¢, =0, co =0}
{h=13 =1, I3=13, ¢ =0, ¢ca =ca}
{Lh=h, Lh=1I3 I3=13, ¢y =c¢, c2 =0}
{H =213, I =2I3, Is=1I3, ¢c1 = ¢1, ¢ca = Ca}
{Lh =1, h=1I3 I3=13, ¢ =c1, c2 = ca}.
Taking into account that now c¢3 = 0 we see that the first of these solutions leads to
the Euler case, the second and third ones - to the Lagrange case, the fourth solution leads

to the Kovalevskaya case and the last one - to the kinetic symmetry case.
Thus a new first integral of type 1 does not exist also when ¢z = 0.

Type 2. Let us study now a first integral of type 2, i.e. F(wi,ws,v1,73). We have

dF oF
1112% = Iy [(Iz — I3)wafd3 + c3772 — c273] Do
oF
+ I [(I3 — I )wifs + c193 — c371] Ton
w2
oF oF
+ I 15 (372 — way3) o T II3 (way1 —wi1y2) m— =Y1(F) =0, (5.64)
71 03

where Y7 is the corresponding vector field, defined on C®(wy, wa, Y1, V2,73)-

Equation is an identity with respect to all the five variables. F' does not depend
on 7. Thus if we differentiate this identity with respect to 72 we again obtain a linear
partial differential equation for F'. Let us note that

693 o C2
o2 IsQs

In this way we have
OY1(F)
0

V2

oF oF
1303 = I5(I3¢33 — Ircows + 1302w2)87 + (L — 13)0260187
1 2

OF oF
+ L Iy(—coye + I303) —— — [ Is 3w, Q3 — = Y5(F) = 0, (5.65)
om 03
where Y3 is the corresponding vector field, defined on C?(wy,ws, Y1, 72,73)-
We differentiate (5.65)) with respect to 7, and obtain
Q3 Y5 (F) OF oF OF
— =— — +3L Q33— —Lwi— | =Y3(F)=0 5.66
I 0y 2\ % 0w o Som e 03 3(F) =0, (5.66)

where Y3 is the corresponding vector field, defined on C3(wy,ws, 1,72, 73)-
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When ¢y = 0, Y3 vanishes identically. That is why we consider separately two cases:
co # 0 and co = 0.
Let first co # 0. Then we differentiate with respect to 7o and obtain
I3Q3 0Y3(F)  OF
3L Dy Om

= Yi(F) = 0. (5.67)

Equations (5.64)—(5.67) can be considered as a system of four homogeneous linear

OF OF OF OF
0wy’ Owz? Oy1’ Ov3

identically, because F' is non-constant on any open subset of its domain of definition.

Thus, if a fourth integral F' exists, system ([5.64] - 5.67)) has a non-zero solution grad F'.
This is possible if and only if the determinant D of the coefficients of equations ((5.64)—
is identically equal to zero. We compute this determinant and obtain

D = I*I,c3w, D,

algebraic equations with unknowns grad F' = ( ), which do not vanish

where
D = ¢ey(Iy — I3)wrys — e3(Iy — Io)ways — e1(Iy — I3)ways.

The equation D = 0 is equivalent to D=0. Thus, as ¢g # 0, the first coefficient of D
vanishes if and only if I; = I3. At this condition the two remaining terms vanish either
if Is = I3 or if ¢; = ¢3 = 0. The first possibility leads to the kinetic symmetry case and
the second one - to the Lagrange case.

Thus a new first integral of type 2 does not exist when ¢ # 0.

Let ¢; = 0. Now Q3 does not depend on 2 and Y;(F') is of the form (see (5.64]))

Yi(F) = Z1(F)y2 + Z2(F)$s, (5.68)

where the vector fields Z; and Zs, defined on C*(wy,wa,v1,73), are given as follows:

0 0 0
71 = Iscs—— + 111,02 — LI
1 2633w1+12 357 12w183
Zy = Ir(I —I)in—&—I[(I —L)wniQ3 +ciyz —c ]i
2 = 12({12 3 )W2 3(%}1 1 ({43 1)W1di3 173 371 D
0 0
— I I I I .
1 2</J2738 + I loway1 75— s
Equation (5.68)) implies that
Z\(F) = Zy(F) = 0. (5.69)
We compute the Lie brackets Z3 = [Z71, Zs]/(I112) and Zy = [Z5, Z3]/I> and obtain
0 0
g = —15(I5 — I + [I53¢392 — 21 I I — 21
3 2(I> 3)01W28w1 [I3¢33(13 1) + Liciwi (I 3)] 57— Devg
0 0
— LIy — Iz — Is)wiwo=— + IoI3(I7 + Iy — I3)weds—,
o 03
0 0 0

0
Zy=a15—taz5— —a35— — Q47—
8&11 (9LU2 8’)’1 6'72

where

a; = (IQ — 13)[—11(211 — 13)6360% + [1I3c1w01823 — 12(311 — Iy — 13)03(.4}%
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— (311 — 2I3)cie3yy — (Iicd + 4Ich — 213¢3)ys + (211 — I3)csUs],
ag = —lwo|I1(21; — 215 — I3)cswy + I3(I1 + 21 — 215)c1 Q3]
az = L[I(I1 — I3)(Iy — Iy — I3)wiQs + I (I1 — Iy — I3)cawiyr + I (T2 — I3)ciwiys

— Iy(I1 1y — 211 I3 — I3 — I3 + 212)w3Qs — I3(21) — I3)c3y39s)],
ay = L[L (I — I3) (I + I — I3)w} + (317 — 41 I3 — I3 + I3)w w)

+ (I 4+ 21 Iy — 211 I3 — 21513 + 213)cywiyy + 2(11 — I3) (11 + Is — I3)cawiys

— (I = ) (11 + Iy — I3)Uswy + I3(1y — I2)c3y193 + I3(11 + Iz — I3)e1y3823).
Equations imply that

Z3(F) = Zy(F) = 0. (5.70)

Asin the case ¢y # 0, the system of equations and is a linear homogeneous

system that has a non-zero solution. Thus the determinant § of its coefficients should
vanish identically. We compute § and obtain

§ = IPI3w3s30,
where the expression for 8 has the following form:
/5\: I3Q3b1 + [{wbs.

b1 and by are polynomials of the variables w1, ws, 71 and -3 with coefficients that depend
on the parameters Zc and Us. They are given by the following formulas:
b1 = —2[161(]2 - 13)(11 - 13)(211 + 12 - Ig)w%
— IQ(IQ — .[3)([1 + .[2 — Ig)(Il + 2[2 — 2[3)01(4)%
— (Iy + 21y — 213)(I1 Io¢3 — L1 3¢S 4 I Izc + 213¢1 — ALy D3¢t — Iolzch + 215¢3)y,
— 20301(12 — I3)(I1 + IQ — Ig)(]l + 2[2 — 2]3)’73
+ (12 - Ig)([l + I2 - Ig)(]l + 2[2 - 2[3)01U3,
b2 = 2[1([1 — 13)(11 — 12)(11 — IQ — 2[3)03&}%
+ Io(I) — L) (21 I — 31,13 — 213 — Io15 + 313)caws
+2(I) — L) (=311 I3 + 211 I + 313 — IyI3 — 213)ciesm
+ [(2I712(cF + 2¢3) — 217 I3(c] + 4c3) — 21115 (cT + 4c3) + I 1o I3(cT + 8¢3)
+ LIZ(c3 +7c3) +ALycs — T I3c3)]ys
— (I = I)(2I1 Iy — 31113 — 213 — I I3 + 312)c3Us.

The equation § = 0 is equivalent to 6=0.0 depends on function 23 and it is easy
to see that Q3 ¢ C(w,ws,71,73). Then according to Proposition the coefficients by
and by of d should be zeros. In this way we obtain a system of ten equations for the
parameters Zc¢ and Us. After four consecutive simplifications we come to the reduced
system consisting of the following five equations:

(Il — ]3)0103 = 0, (2[2 — Ig)([l — 12)03 = 0, (Il — IQ)(QIl — 3[3 + 2[2)03 = 0,

(2]27[3)([27[3)61 :0, (IQ 7]3)([1 7[3)61 :O
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We solve them by the MAPLE command solve and obtain six solutions:

{Lh=hL, =1, Is=13, ¢4 =0, c3 =0}
{h=1 Ih=1, Is=13, ¢ =0, ¢c3 =c3}
{Lh=h, h=1I3 I3=13, ¢y =c¢1, c3 =0}
{1 =2, b =1, I35=2I5, ¢y =0, ¢c3 =c3}

I
{h=13 I = 53» Is=1I3, c1 =c1, c3 =c3}

{11 =13, Iy =13, I3 =13, ci = ¢, c3 = 03}.

Taking into account that now co = 0 we see that the first solution leads to the Euler
case, the second and third solutions lead to the Lagrange case, the fourth and fifth ones
- to the Kovalevskaya case and the last one - to the kinetic symmetry case.

Thus a new first integral of type 2 does not exist also when ¢y = 0.

Type 4. Let F(w1,71,72,73) be a new first integral of type 4. Thus we have

dF oF oF
115 = [(I2 — I3)w2Q3 + 372 — c2773] Do + I (372 — wa3) "
oF oF
— I (71 —w173) 57— + L1 (w21 —wiy2) 5— = Yi(F) =0, (5.71)
5’72 3’Y3

where Y} is the corresponding vector field, defined on C3(wy,ws, 1,72, 73)-

Equation is an identity with respect to all the five variables. F' does not depend
on wo. Thus if we differentiate this identity with respect to wo we again obtain a linear
partial differential equation for F'. Let us note that

03 Dhw
By Qs

In this way we have

aY:1 (F) , L OF OF
130 = (I, — I3) (13035 — I — — I; (I I3v3Q3) —
B (I — I3) (1593 2w2>8w1 1(Taway2 + I3y3 3)871
oF oF
LI — + [1 137103 — = Y5(F) = 72
+ l1lowey1 s + 11d3m 3673 2(F) =0, (5.72)

where Y3 is the corresponding vector field, defined on C®(w1,ws, Y1, V2,73)-
We differentiate (5.72)) with respect to ws and obtain

0Ys(F oF oF
Q3 82652 ) = —4h (I, — Is)wzQsaTJl — L1 I5(72923 — wﬂ?’)@i'yl
oF oF
+ 111271938772 - 1112602’718773 =Y3(F) =0, (5.73)

where Y3 is the corresponding vector field, defined on C®(wy,wa,v1,v2,73)-

Let us note that the first integral Hs is of type 4, i.e. it satisfies system ([5.71])—
(5.73)). Thus if a new first integral exists, then this system will have two non-zero linearly
independent solutions grad Hy and grad F'. This is possible if and only if the 3 x 4 matrix
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M of the coefficients of system (5.71)—(5.73)) satisfies the condition

rank M < 2. (5.74)

We compute the determinant Mjs4 obtained from matrix M by scratching its third
column and obtain

Mgy = I{Iyyo M4,

where

Myoq = Q3by + ba.
Here the coefficients b; and by are polynomials given by the formulas:

b = (I — I3)(—Liwivs + 3Lwiwem + 2lwiwiye — 201017172 — 2626175 — 203017273
+ Uswiya + 6c1wpyi + 6eawsy1yz + 6eswayiys — 3Uswam),
by = =311 (I — I3)wiways — icswimiye + Licawinys — 202 (12 — Is)wiwdys
—6(I — I3)crwiway1ys — 6(I2 — I3)cowiwayays — 6(I2 — I3)cawiways
+ 3(I — I3)Uswiways — 2c1c37iye + 2c1627373 — 2¢2¢37178 + 2(¢3 — ¢3)717273
+ csUsmye + 2c2c3m173 — c2Usv17s.

Taking into account Z/\4\124 should vanish identically. According to Proposition
the coefficients b; and by should be zeros because Q3 ¢ C(wq, wa, V1, Y2, ¥3). Polynomial
b1 has 11 coefficients and by - 15. We use only by = 0. In this way we obtain a system
of 15 equations for the parameters Zc and Us. After two consecutive simplifications we
come to the reduced system

62:0, 63:0, 12713:0.

It leads to the Lagrange case, and therefore a new first integral of type 4 does not
exist.

5.4.2. Elimination of v3. We study now the elimination of 3 from the equation (5.53).
In this section we suppose that c3 # 0 because otherwise the elimination under consider-
ation is not possible. We obtain:

o U5 - Ilw% - IQOJ% - Ig(,d% - 201’}/1 — 202’}’2

s = (5.75)

263

To shorten the formulas, we denote the right-side of (5.75)) by I's so that we have v3 = I's.
Now we put this value of 3 in the Euler-Poisson equations (1.1]) and remove the sixth
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equation. In this way we obtain the following system of five differential equations:

dwi _ (I2 — Iz)wows + c372 — col's

dt I ’
@ _ (13 — 11)w1(U3 + 81F3 — C371
dt I ’
dws _ (I — L)wiws + a7 — c172
dt I3 ’
d

% = w372 — wal’s,

d

% = wil'3 — w371,

(5.76)

There are five possible types of first integrals of this system which depend on at most

four variables. They are:

F(wl,WQ,LU3,’Yl) (case
F(wl,WQ,W3,’Yg), (

F(w17w2771772)’ (
F(w17w3771772)’ (
F(wa,ws,71,72)-

BN

(case (iii))

Considering the fact that the functions belonging to cases (ii) and (iii) have already

been examined, it only remains to study a function belonging to case (i).

Type 1. Let us look for a first integral of system (5.76) of type 1, i.e. Fl(wy,ws,ws,¥1).
Moreover we want that this integral be functionally independent of H; and Hs restricted
to the invariant manifold {H3 = Us}, but this condition will play no role here. Then we

have
dF oOF
11[213E = 1213 [(12 — I3)UJQW3 + C37Y2 — Cgrg} 87

oF
+ I3 [(Is — I1)wiws + 1T — e3y1] 5—

80.)2

oF

+ I Iz (I — Ia)wiws + coy1 — c12] 7— s
oF

+I1I2[3 (W3’}/2 _WQFB) = Z(F) :0,

m

where Z is the corresponding vector field, defined on C®(wy,ws, w3, ¥1,72)-

(5.77)

Vector field Z is of the form Z = 2Y77, 4+ Y5, where the polynomial vector fields Y;

and Yy are defined on C*(wy,ws,ws, 1) as follows:

0 0 7]
Yl = 1213(03 + Cg)aiw1 — 1’1136102870\}2 — 11]2010387&}3 + 11]213(02(,02 + 03(,03)7

omn ’

0
Y2 = 1213[62(11(41% + Igwg + 13w§ + 201’}/1 — Ug) + 2([2 — 13)03(4]2&)3]87“1

0
— L I3[ci (Lwi + Iw) + Izw] 4 2c171 — Us) + 2(11 — I3)cswiws + 2¢371] =—

aOJQ
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0
+ 201 Ires[(1y — I2)wiws + 02’}’1]87)3

7]
+ Illglg(llw% + Igwg + Igwg + 261"}/1 - Ug)wgg.
1

Taking into account that (5.77)) should be an identity with respect to all the variables
and that F does not depend on 75, we conclude that
Yi(F)=Y3(F)=0. (5.78)

We compute the Lie bracket Y3 = [Y1,Ya]/(2]11213) and obtain
}/3 = [121362(63 + C%)Oﬂ — IQ(IQ — 13)6105012 — 13(12 — 13)610263(,03]87
1

=+ [1101(1163 — 13(33 — 2[36%)0)1 — IlI3CQC§W2

0
- 13([103 + 2[16% - IgC% - IgC%)CgU)g]ai
wo

0
— C3 [Il (Il — 12)01620.)1 — 12(211(3% + Ilcg - IQC% — IQC%)(.UQ — 11[26302(.4.)3]87&)3

— Il [IQ(IIC% — IQC?)) — 1303 — I3C§)LU1W2

0
oy
Then we compute Yy = [Ya,Y3]. Unfortunately the expression for Yy is too long to be
shown here.

Equations (5.78) imply that

— Ig([l — 13)6263&)1&]3 + (IQ — Ig)CQC%’yﬂ

Y3(F) = Y4(F) = 0. (5.79)

System (5.78])—(5.79)) can be considered as a homogeneous linear algebraic system with

_ (OF OF OF OF

unknowns grad F = Doy’ Owsz’ Ows’ 67’71
non-constant on any open subset of its domain of definition.

Thus, if a fourth integral F' exists, system (5.78)—(5.79)) has a non-zero solution grad F'.

This is possible if and only if the determinant D of the coeflicients of this system is

identically equal to zero. We compute this determinant and obtain

D =I?IZI2ED,

, which do not vanish identically, because F' is

where D is a very long expression and we cannot show it here. This expression is a
polynomial of the variables wy, we, ws and y; with 79 coefficients, which are polynomials
of the parameters Zc and Us. As c3 # 0 the equation D = 0 is equivalent to D = 0. Thus
all the coefficients of D should be zeros and we have to solve the corresponding system
of 79 equations.

After three consecutive simplifications we come to the reduced system consisting of
the following six equations:

(IQ — 13)02 = O, (11 — 13)62 = 0, (Il — 13)01 = O7 (2[2 — 13)(11 — ]2) = 07
(Il — IQ)(QIl —+ 2]2 — 3]3) = 0, (2[2 — .[3)(.[2 — 13)01 = 0
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Solving these equations by the MAPLE command solve we obtain four solutions

{Us=Us, =1, Iy =1, I3 =13, ¢ =0, cg =0, ¢35 =c3},

{Us =Us, Iy =13, I =13, I3 = I3, ¢; = ¢y, c2 = 2, C3 = C3},
{Us=Us, I =205, Iy =15, I3 =213, ¢; =0, ¢ =0, ¢3 =c3},
I3
5

The first solution lead to the Lagrange case, the second one - to the kinetic symmetry
case and the remaining two solutions - to the Kovalevskaya case.

{Us=Us, 1 =13, I = Is=13, ¢y =c1, ca =0, c3 =c3}.

Thus a new first integral of type 1 does not exist.

6. The gyrostat

6.1. The gyrostat equations. These equations (6.1) are only slightly modified Euler-
Poisson equations (|1.1])

Ilﬂ = (I2 — I3)waws + bawy — baws + Mg(czy2 — c273),
[2% = (I3 — I )wiws + byws — bgwi + Mg(c1vs — c371),
13% = (I — Iy)wiwa + bawy — biws + Mg(cays — c172),
i (6.1)
E = W37Y2 — w273,
% = W17Y3 — W31,
% = W21 — w172

As for the Euler-Poisson equations, we study them in complex domain and without any
restriction of generality, we admit that Mg = 1.

Like for the Euler-Poisson equations, Hy and Hj3 defined by continue to be first
integrals of equations of gyrostat . This is no more true for H, defined by . The
kinetic moment first integral for gyrostat is

Hy = Liwiy1 + Iawayz + Iswszys — biyr — baya — bays. (6.2)

Up to the end of Sec. |§|, H; is defined by and such H; is a first integral of gyrostat’s
equations . The first integrals Hy, Hy and H3 are always functionally independent.

Formally the definition of permutational symmetries cannot be applied to the gyrostat
equations because the number of variables and of parameters does not coincide. But in
fact it is easy to see that all permutational symmetries of gyrostat equations, like for
Euler-Poisson equations, coincide with symmetric group S3, where the same permutation
is simultaneously applied to variables {wi,ws,w3} and {v1,72,73} and to parameters
{I, 5,13}, {b1,b2,b3} and {c1,ca,c3}. It is easy to verify that property remains
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true. That is:

Vk(g(w)’ U(’Y)v U(I)v O'(b)’ U(C)) = EVU(k)(w’ v, 1, b, C),
Wi(o(w),o(7)) =W (w,7),  1<k<3.

Here {Vi }1<k<3 are the right sides of the first three gyrostat equations , {Witi<k<s
are the remaining three equations and ¢ = +1 depends only on the choice of
permutation o € S3. The same concerns the analogue of the Theorem [2:2] We leave
the details to the reader.

The known integrable cases for the real gyrostat equations are the same as for
the Euler-Poisson equations but with some additional restrictions on the constants
bi, 1 < i < 3. Up to permutational symmetry they are the following ones. These cases
remains valid also for complex gyrostat equations.

The Zhukovskii case which is an extension of the Euler case [21], [24]. It is defined by
the condition without additional restrictions on b;, 1 < ¢ < 3. The fourth integral is

Hy = IFw? + Tws + 202 — 2(11byw + Ipbows + I3bzws).

When b; = by = b3 = 0 we recover the fourth integral of Euler case.

The Lagrange case for gyrostat [21] [24] is defined by the conditions (1.4) and b; =
ba = 0. The fourth integral in this case is the same as for the Euler-Poisson equations,
i.e.

H4 = ws3.

The Yehia case [211 [78] which is an extension of the Kovalevskaya case is defined by
the conditions (1.5 and b, = ba = 0. The fourth integral in this case is

2
Hy = [I3(w} —w3) — c1m + c22]” + (2Lswiws — c172 — cam)?
+ 4bgys(c1w1 + cow) — 2b3(wi + w3) (Taws + bs). (6.3)

When b3 = 0 we recover Kovalevskaya fourth integral (|1.7]).
The kinetic symmetry case for gyrostat is defined by the conditions (|1.6)) together
with condition that the vectors (c1, ca, c3) and (by, ba, b3) are proportional, i.e.:

bics = bzcr,  bacg = bsca,  bacy = bic,
and the fourth integral is the same as for the Euler-Poisson equations, i.e.
Hy = ciwy + cows + c3ws.

Let us note that except the Yehia case, in all remaining three cases, the fourth integral
can be found along the same lines as in [59], where fourth integrals are computed for
integrable cases of the Euler-Poisson equations.

This is not so for the Yehia fourth integral because even if co = 0, it depends on all
variables. When ¢y = 0, this fourth integral can be found in [2I] and in [78]. Comparing
formula of fourth integral in Kovalevskaya case when ¢o # 0 and when ¢y = 0 with
formula when ¢y = 0, it is natural to conjecture that formula with an arbitrary
¢y defines a fourth integral in the general Yehia case. Simple MAPLE computation confirms
this.
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Like for the Euler-Poisson equations, we will call these four cases classical integrable
cases.

6.2. The Sretenskii case. In 1963 L. N. Sretenskii discovered an extension of the
Goryachev-Chaplygin partial first integral of the Euler-Poisson equations to the
gyrostat case [62], 63].

Now we apply the method used in Sec. that led to the successful derivation of
the Goryachev-Chaplygin case for the Euler-Poisson equations to the gyrostat equations
(6.1). The computations are almost the same, bigger but not so much. That is why we
do not give details here.

We express v from equation Hy = Uy, where H; is the function given by and

obtain
_ (hwi = b)) + (Isws —b3)ys + Us

IQwQ — b2

Y2 =

We put this expression for v, in the gyrostat equations (6.1) and remove the fifth
equation. We study the obtained system of five equations for the existence of a new first
integral F'(wy,ws,ws,73), i.e. which does not depend on ~;. For this purpose we compute

4E and take only its numerator. It is easily seen that the obtained expression can be

dt
represented in the following way:
dF
a =mY1(F) + Y2(F) =0, (6.4)

where Y] and Y5 are vector fields defined in C* = C*(wy, wa, w3, v3). As (6.4) is an identity
with respect to all the variables and as Y1 (F') and Y5(F') do not depend on 7y, we have

Yi(F) =Y3(F) = 0. (6.5)

We compute the Lie brackets Y3 = [¥1,Y2] and Yy = [Y1, Y3]. Taking into account equa-
tions (6.5)) we have that
Y3(F) = Y(F) = 0. (6.6)

Equations (6.5) and can be considered as a system of four homogeneous linear

algebraic equations with unknowns grad F' = (gTF, g—F, g—F, g—F), which do not vanish
1 w2 w3 3

identically on any open subset of domain of definition of F', because F' is non-constant

on any such open subset.

If a new integral F' exists, system 1) has at least one non-zero solution. Let
us consider the 4 x 4 matrix A whose columns are the coefficients of vector fields Y7,
Ys, Y3 and Y. The condition under which system ij has at least one non-zero
solution is

rank A < 3.

We equate to zero the determinant D of matrix A and study when it is identically
equal to zero.

D is a polynomial of the variables w1, wy, wg and 3. We consider the system consisting
of the coefficients of polynomial D equated to zero. This system has 226 equations in
unknowns Uy, I;, by, ¢;, 1 < i < 3. After four consecutive simplifications we obtain the
reduced system of 28 equations. Solving these equations by the MAPLE command solve
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we obtain nine solutions. Two of them contain zero values of the moments of inertia, two
lead to the Lagrange case and three lead to the kinetic symmetry case. Thus only two
essential solutions remain. They are:

1.1y =413, I, =4I3, by =0, by=0, c3=0;

2.c1=cy=0.

Studying them exactly as in Sec. we find that the first solution leads to a first
integral at additional restriction U; = 0, that is

Hy = (Izws + bs) (W} + w?) — (1w + cowa)7s,

which is the Sretenskii partial first integral of the equations of gyrostat . When
bs = 0 we recover the Goryachev-Chaplygin partial first integral. As noted in Sec.
this result was announced already in [16].

The second solution, during the investigations, imposes additional restrictions I; = I
and by = by = 0, i.e. leads to the Lagrange case.

6.3. The new complex integrable cases. If we restrict ourselves to the real case, then
1906 E. Husson theorem [32] asserts that for the Euler-Poisson equations only in four
classical cases the fourth integral is an algebraic function [3 [I7, 20] 54]. The completely
analogous assertion for real gyrostat equations was proved in 1992 by L. Gavrilov [21].

The main result of [59] can be formulated as follows. For complex Euler-Poisson
equations, the fourth integral that does not depend on all variables, exists only in the
four classical cases.

The theorem below proves that for complex gyrostat equations the analog of
main result of [59] is not true. As consequence, it proves that in complex setting the
analog of Gavrilov theorem fails. Indeed, in the proof of this theorem we find two new
cases of integrability with not only algebraic but polynomial fourth integrals.

THEOREM 6.1. Up to permutational symmetry the complex gyrostat equations admit
exactly two new (non-classical) integrable cases with a fourth integral which does not
depend on all variables. These cases are

11 = IQ = 2]3, b1 = —’L'Ebz, b3 = O, C1 = iECQ, C3 = 0, (67)
where € = £1. In both cases, the fourth integral can be found as a quadratic polynomial.

Proof. Let us look for example for a fourth integral F' of the gyrostat equations (6.1])
that does not depend on ws, i.e. F = F(wy,ws,v1,72,73)-
We compute the derivative of F' with respect to the gyrostat equations and obtain

dF OF
11127 = IQ |:(IQ - Ig)WgWg + b3¢d2 — bQ(Ug + C3%Y2 — Cg’yg:| -
dt 6&)1

oF

+ 1 {(13 — I)wiws + biws — bawy + 173 — 0371} %o

oF oF OF
+ L1 {(WWZ - WZ’YB)TW + (w13 — WSVI)% + (woy1 — w172)8773 = 0.
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It is easily seen that

dF
III2E :UJ3Y1(F) +Y2(F) = O, (68)
where Y; and Y; are the following not depending on ws vector fields, defined on C° =

Cs(wlaw27’)’17’72a73)1

0 0 0 0

Yi=01|(I:— I —by| m—+ 1 |(Is— 1T bi| =— + hilayo— — I1 Ioy1 —,

1 2[( 2 — I3)ws 2} Boon + 1[( 3 — I )wr + 1} Do + 1 2%371 1lam s

0 0
Yo=1 (bswz + 372 — 0273) Foor + I ( —bsw1 + 173 — C371> Pon
+ LI |—w ﬁ—kw i—|—(cu —w )i
142 273 o 173 7o 271 172 s |
As Y1(F) and Y3(F) do not depend on w3 then identity implies that
Yi(F) = Y2(F) = 0. (6.9)

We consider the Lie brackets Y3 = [Y1,Y32]/(I112) and Yy = [Y1, Y3] and obtain

0
Y; = [(12 — I)bswi — Iscay + (I3 — Iz)crys + 5153)} —

8&)1

0
+ {(Il — I2)bswy — I3c3yo + (I3 — I1)cays + bzb:s)] N

w2

0 1o}
+ I3 [(Il — I — I3)wy — bl} o + Ioys [(12 — I — I3)ws — b2} B
1o}

+ [* LI — Iy — I3)wiyn — Io(le — Iy — I3)waye + Iibiyn + I2b272] 8773’

Y4 = 7.[2 |:2(12 — Ig)([l — IQ)bgWQ —+ 13(712 —+ I1 + .[3)63")/2

0
— (Iy = I3)(I1 — I3)coys — (I — 212 + Is)bzbs} o

-1 [2(11 — I3)(I1 — I2)bswy + I3(Iy — Is — I3)csm
0

(I = I3) (I~ T)erys = (21 — I = Iy)babs | 5

0
+ 11]2 {’}/3 [(2]2]1 + 1213 — 2[22 + 132 — Illg)LUQ — (Il — 2]2 — I3)b2] ﬁ
1

0
+ Y3 [(1213 —|— 2[12 — 2[2[1 — Ig — Illg)wl — (2[1 — IQ —|— I3)b1:| W
2

— [(1213 +2IF — 201 Iy — I3 — 1 I3)wiye + (211 Iy + Inl3 — 213 + 12 — I, I3)wamy
(I — 215 — I3)boys — (211 — In + Ig)bm] 8‘33} .
Equations imply that
Y3(F) = Y4 (F) = 0. (6.10)
The system — is a linear homogeneous system in unknowns grad FF =
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(g—i, g—i, %’ g—f; %)’ which do not vanish identically on any open subset of domain
of definition of F', because F' is non-constant on any such open subset.

As Hs is a first integral of the sought type, i.e. it does not depend on w3, then if a new
integral F' exists, system 7 should have at least two non-zero solutions. Let us
consider the 4 x 5 matrix A whose rows are the coefficients of vector fields Y7, Y5, Y3 and

Y,. The condition under which system 1) has at least two non-zero solutions is
rank A < 3.

We compute all the five 4 x 4 minors of matrix A and require that they be identically
equal to zero. Denoting them by D;j;, where the index contains the numbers of the
included columns of matrix A, we see that D345 = Da3q5 = 0. Thus it remains to study
when minors D234, D1235 and Dqs45 vanish identically. These three minors are polyno-
mials of wy, wa, 1, 72 and 73 with coefficients that are polynomials of the parameters I,
b; and ¢;, 1 < i < 3. We cannot write here the expressions for D134, D1235 and Diass
because they are too long. They have non-zero factors which we remove denoting
D234 _ Daags _ Dags
7112[2273, 1235 = 7112[2272, 1245 = 7112[22%~

After this canceling of the non-zero factors it turns out that

d1234 =

dy234 = —di1235 = dy245.

Thus we can restrict ourselves with considering only the identity di234 = 0.

The polynomial dj234 has 83 monomials and therefore 83 coefficients which should
vanish. We consider the system consisting of the coefficients of di234 equated to zero, i.e.
the system of 83 equations in unknowns I;, b; and ¢;, 1 < ¢ < 3. After six consecutive
simplifications we obtain the reduced system consisting of 29 equations. Solving that
system by the MAPLE command solve we obtain the following ten solutions:

1{lh =13, Iy =1, Iy =13, by =0, by =by, b3 =0, ¢; =0, ca =ca, c3 =0}

2{hL =1, Ir=1y, Is=1I3, by =by, by =bo, b3=0, ¢ =0, co =0, c3 =0}

3{h=h, L=1I3 I3=1I3, by =b1, bo=0, b3=0, ¢c; =c¢1, c2 =0, c3 =0}

4{, =0, I, =0, I3 =0, by =by, by =by, b3 =0, ¢; =c1, c2 = ca, ¢c3 =0}
c1bo

S5{h =13, Iy =13, I3=1I3, by = ——, by =ba, b3 =0, c1 = ¢y, c2 =2, c3 =0}
C2

6.{ =2I5, I, =2I3, I3 = I3, by = —icby, ba =ba, b3 =0, ¢; =icca, ca =ca, c3 =0}
T{h =13 Io=13, Is=13, by =0, by =0, by =bs, c1 =c1, ca =2, c3 =0}
8{h =—-I3, L=—1I3, Is=1I35, by =by, bg=ba, b3=0, ¢; =0, ca =0, ¢c3 =c3}
9 =215, L =2I3, I3=1I3, by =0, by =0, b3 =0, ¢; =c¢1, ¢ =2, c3 =3}
10{L =10, b=1I, I3=13, by =0, by =0, b3 =b3, ¢ =0, coa =0, c3 = c3},
where € = +1.

A careful study of this list shows that only three solutions are essential. They are

the sixth, seventh and eighth solutions. All other solutions lead to some of the classical
cases of integrability of gyrostat equations. Let us stress that the ninth solution implies
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b1 = ba = bz = 0 and therefore the gyrostat equations become the Euler-Poisson equations
whose fourth integrals not depending on all variables have been studied in [59]. Note that
the sixth solution leads to the condition . Below we examine these three essential
solutions.

Solution 6+4: Iy = Iy = 213, by = —ieby, b3 =0, ¢; = ieca, c3 =0, ¢ = 1.

At these conditions Y;, 1 < i < 4, are linearly dependent as dy234 = 0. More precisely
we have

(I3w1 — 7:]30.}2 — lbg)Y4 + I§(I3w1 - i]gb.)g - 42()2)}/2 + 6]§b2Y3 = 0.
We compute Y5 = [Ya, Y3]/[412 (I3w; — il3wq — iby)] and obtain

0 0

0 0
Ys = — ive) [ =— —i— | —2I ' — — .
5 62(71 + Z’}/Q) (aw1 ZBOJQ> 3(&11 + Z(.dg) (’}/2 871 Y1 aﬂﬁ)

Like Yy, Y5 is also linearly dependent on Y5 and Y3. Indeed, we have

2I3(Iswy — il3we — iba)ysYs — (Isw1y1 + Isways — ibayi + bay2) Yo
+215(wiv2 — way1)Y3 = 0.

Moreover, easy computations show that vector fields Y;, 1 < i < 3, are linearly indepen-
dent. Thus system Y;(F) =0, 1 < i < 3, is in involution and according to the Frobenius
Integrability Theorem should have two functionally independent solutions. The first one
is function Hs. Finding another one, functionally independent of Hs is not feasible with
crude use of the MAPLE command pdsolve. To overcome this difficulty we add the fourth
equation Yy(F') = 0, where Yy = 8%3. We choose such Y because Yy(Hz) # 0. The MAPLE
command pdsolve applied to the system of four equations Y;(F) = 0, 0 < ¢ < 3, gives
as an answer the solution:

(Igw% + 2il3wiwo — [3&)% — 2icoy1 + 202’72)(13601 — il3wy + 2ib2)2

F=G|-
262

)

where G is an arbitrary smooth function. As a second solution of system Y;(F) = 0,
1 < i < 3, we take the function

H4+ = (Igw% + 2il3wiwe — 130.}3 — 2icomy + 202’72)(]3&)1 — il3wse + 2ib2)27
that corresponds to G(z) = —2cax.

Solution 6-: I; = I, = 2I3, by = —ieby, b3 =0, ¢; =ieco, c3 =0, e = —1.
In this case in a completely analogous way we find

Hy_ = (I3w% — 2tl3wiwy — I3w§ + 2icoy1 + 20272)([3&11 + il3wy — 2ib2)2.

It is easy to verify at the hand that Hy, and Hy_ are functionally independent of the
first integrals H; (see (6.2)), Hz and Hj (see (1.2)) and thus they are fourth integrals of
gyrostat equations , for e = 1 and € = —1 respectively.

Solution 7: Il = I2 = Ig, bl = bQ = 0, C3 — 0.

As in the previous case due to the equality diszq = 0 Y;, 1 < i < 4, are linearly
dependent. Indeed, we have

(Wit 4 w2y2)Ya — I3 (wi + w3)y3Y1 — I3 (w1y2 — way1)Ys = 0.
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We compute Y5 = [Ya, Y3]/I3 and obtain

0 0 0
— Cl) + [Ig(wg + w%)’}/z — (b3bd2 — 6273)’}/3] 87’}/1

Y = -
5 = (w171 + waye) (02 Do s

— [I3(wf + wi)m — (bswr — c1v3)7s] I

0
Y2
0
— [(bsw:1 — c173)72 — (bswz — c2y3)71] e
3
As Hs is a first integral of the sought type then the existence of a fourth integral of
the gyrostat equations requires that the vector fields Y;, 1 < i < 3, and Y5 be linearly
dependent. We compute the determinant V3234 consisting of the first four columns of the
matrix of the coefficients of these vector fields and obtain

Vigss = 1553’73(601’71 + w272)2(02w1 - C1w2)~

If the vector fields Y;, 1 < i < 3, and Y5 are linearly dependent then Vjs34 should be
identically zero. It is clear that this happens either if b5 = 0 which leads to the Euler-
Poisson equations or if ¢; = ¢ = 0 which leads to the Zhukovskii case. Thus a new
integral for Solution 7 does not exists.

Solution 8: I = I, = —1I3, b3 =0, ¢y =co = 0.

In this case Y; = —Y3. We compute Y5 = [Ya, Y3]/I3 and obtain

0 0
Y5 = c373(2[3w2 + bz)aTul — c373(203w1 + 51)87“2

9 9
— Ii(Iw? 4+ T3w2 + b b 2 — .
3(I3wi + I3w; + biwy + baws + 2¢373) (726% 71372>

Like in Solution 7 we compute the determinant Wiss34 consisting of the first four
columns of the matrix of the coefficients of vector fields Y;, 1 <7 < 3, and Y5 and obtain

W1234 = I§03(13w§ + Igw% + b1w1 + 363’}/3 + bz(-dg)’}/g’w,
where

w = I3(bowr7i — 2b1w1v1Y2 — bow17s + biwayi + 2bawayiye — biways)
+ bab1yg — (b7 — b3)7172 — bibays.

If a new first integral exists then Wy234 = 0 should be fulfilled. To avoid the Zhukovskii
case we consider that c3 # 0. In such a case it is clear that Wis34 = 0 is equivalent to
w = 0. The last is possible if and only if b5 = by = 0 which leads to the Euler-Poisson
equations. Thus a new first integral of the sought type does not exist for Solution 8 too.

All the above considerations lead to the conclusion that the gyrostat equations (6.1))
admit a local fourth integral which does not depend on ws either in certain classical cases
or else only when the conditions are fulfilled.

Now let us look for a fourth integral F' of the gyrostat equations that does not
depend on 73, i.e. F = F(wy,ws,ws,Y1,72)-

We compute the derivative of F' with respect to the gyrostat equations and obtain

dF’ oF
Il[QI?’E =113 {(12 — I3)wows + bywa — bows + 372 — 6273} o
1
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F
Ouws,

oF
Ows

+ 1113 {(13 — I1)wiws + biws — bawy + c1y73 — 0371}
+ 11 {([1 — Iy)wiwa + bowr — biwa + (c2y1 — 01’72)]

oF oF
+ L3 [(W?ﬁz - wﬂg)afyl + (w1 — wgvl)aw] =0.

It is easily seen that

LI dr
ol
where Z; and Z, are the following not depending on 73 vector fields, defined on C® =

Cs(W1,W27W3a71772)5

9 i)
o 1572 '
Zoy = I3 [(12 — I3)wows + byws — baws + 6372]

0 0
Zl = _1262 —|—IlCl —11]2((,02
8 W1 80.)2

£
0

+ 1113 [(13 — I)wiws + biws — baw — 0371} 5o

0
+ 111, [(11 — I)wiwa + bowy — biwa + coy1 — 0172] —

80.)3
0 0
+ 11 IrI3ws ( — 1) .

" om - 972
As Z,(F) and Z5(F) do not depend on 73 then identity (6.11) implies that
Z1(F) = Zy(F) = 0. (6.12)

We consider the Lie brackets Z3 = [Z1, ZQ]/(Illg), Z4 = [Zl, Zg] and Z5 = [ZQ, Zg]/[g
and obtain

0 0
Z3 =13 [(12 - -[3)010‘)3 + Irezwr + Clb3} Twl + 13 [(I1 - 13)020.)3 + licgwo + Cgbg} 87(,4}2

|:Il(11 — 2]2)010.)1 + (IQ — 2]1)[202(4]2 — IQbQCQ — Ilblcl] aw?)

— 113 [(Il — Iy — Ig)w1w3 + bgwi — biws + 6371}

om
0
+ I3l [(11 I + I3)wows — bawa + baws — 6372} 3’
0
Ly = 121362038 + 11]3(}163872 — 3[1]2(]1 12)0261870.}3
0
+ 111515 [(2[1 I, — 2[3)CQW3 + 211 c3ws + 2b302} a
Y1
0
VLI [(11 — 2Ly + 2I3)crws — 2Lacswy — 2b3c1} 5
’72
Zs g +a + 0 + 0 +a 4
F=aqQ Qa a 548
Yow, 0wy Pows T Moy P o
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a = I [11[2(12 — L)eywwy + I (I — Iy — I3)bycrwy + Io(Io — I3) (211 — Io)cow?
— I3(215 05 — I I3 — 212 + 211 Iy cawows
— (211 Iybaco o Isboco + Iy Isbgcs — 215I3bscs — 2I2baco)ws
— I3(Iy — I3)(I1 — I3)cowi — I3(I1bzca — 2I3bzco + 2Iobacs + Iabzca)ws
+ 11 (1o — I3)cicom + (2121563 — I Ioci + L1563 )2 — baliciby — Isbies — Iaeab3),
az = L [L1(I1 — I3) (I — 2L2)cwi — 1o (Ih — I3)cowiwa
— I3(2I7 — 21 Iy — 21, I3 + Io13)cawws
— (2I?bycy — 211 I3bycy — I I3bicy + 211 Isbses — IoIsbsces)wr
+ Io(I) — Iy + I3)bycows + I3(Iz — I3) (1) — I3)ciws
+ I3(211byc3 + Iibsey + Ipbzey — 2I3bzer )ws + (I Iocs — 211 I3cs — Iolzca)m
—I(I — 13)6162’72 + Ilblcl + Iobabico + I3b361]

as = 11]2[

(Il + IQ)C3(U10J2 + I1 (2.[1 12 — 2[3)02(4)10.)3 + (2I1b302 — IQbQCg)wl

+ 12(11 - 212 + 2I3)crwaws + (I1bicz — 202bzct )wr
+ (I3b201 — 2I1b1co + Iobico — I1bocy — Isbics + 2]2[)201)(4}3 + 63(311 - 12)62’71
+ (11 — 3[2)6163’}/2 =+ bg(blcg — bgcl)],

as = —I1 [ (I

— 12)(11 — IQ — Ig)w%wg —|— Il(ll — IQ — Ig)bgw%

— (21 — I3 — 2D3)bywiws + L1 (11 — Iy — I3)cowry1 — 11 ({2 — I3)ciwiye

— Libobywy + I3(I3 4 Iols — I I3 + 211 Iy — 213)wowi + I3(I; — Iy — 213)bwaws
— L(21 — I)cawya + (Ib] + I3b3)ws — Is(Ih — 215 — I)byws3

+ 13 2Il - 212 — I3)cswsys — Isbabsws — Inbicayi + (Isbses — Iabaca)2],

as = 11]2 I

11 I, + 13)0.)10.12 + 12(211 — 215 + I3)b2&)10.)2

+ Il Il — 2]2)clw171 —|— (Ing —|— I3b3)w1 12(11 — 12 —|— Ig)blwg — 0212(11 — Ig)bdg’)/l
— 12 Il I2 + 13)61(4}2’)/2 — IlebQCdQ + 13(211 + I2I3)b1w3
— I3(2I1 — 215 + Is)cswsyr — Isbibsws — (I1bier — Isbges)yr — Izcibae].

(
7[3(2 72[1[2 7[1]34’[2]3 7]3)601(4)3 Ig([l IQ+213)b3W1W3
(
(
(

Equations (6.12)) imply that

6.12) and (6.13

T'his is possible 1
identically.

Z3(F) = Zy(F) = Zs(F) = 0. (6.13)

If a first integral F = F(wq,ws,ws,v1,72) exists then the system of five equations

Owi ? OQwsz? Qws? Oy1? 872
and only if the determinant D of the coefficients of that system vanishes

should have a non-zero solution grad F = (a—F O OF OF B—F).

We compute D and obtain a very long polynomial whose presentation here is impos-
sible. But D has a multiplier I$I312c3. Thus we should consider two cases: ¢z # 0 and

6320.
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Let us start with c3 £ 0. We remove the non-zero multiplier of D and note

~ D
R Ty

The equation D = 0 is equivalent to D =o. Polynomial D has 253 coefficients
depending on the parameters I;, b; and ¢;, 1 < i < 3. To satisfy the equation D=0
we should consider the system consisting of the coefficients of D equated to zero, i.e.
the system of 253 equations for the parameters. After three consecutive simplifications
we obtain the reduced system consisting of seven equations. Solving that system by the
MAPLE command solve we obtain the following two solutions:

{lh =1, Iy =1, I3 =13, by = by, by = by, by =b3, c1 =0, co =0, c3 =c3}
b b
{Ih =13, Iy = I3, I3 = I3, by = b1, by = by, b3 = b3, 6121702, ¢y = cy, 63:3702 .
bQ b2
The second solution leads to the kinetic symmetry case. Thus only the first solution
should be studied. So that let Iy = Is, ¢y = ¢co = 0. At this conditions we have that
Zy + 2I513¢37Z, = 0. We compute Zg = [Z3, Z5|/(I313c3) and the determinant M of the
coefficients of the vector fields Z;, 1 <1 < 3, Z5 and Zg. We know that if the sought first
integral exists then M = 0. We have

—

M = —I5I5c3(bowy — biws)* M,
where
M = —3I3(I, — 3I3)whws — 9Isbsw? — 2(Ip — 1115)bywdws — 151530y, — Thybsw?
— 613(Iy — 3I3)wiwiws — 18I3bswiws — 2(Iy — 1113)bowiwows — 15I3c3wiwaye
— 7b2b3w%w2 + 12b?w%w3 — 12b103wf71 —2(Iy — 1113)b1w1w§w3 — 151303w1w§'yl
— Thibswiw? + 24b1bowiwows — 12bycswiwayr — 12b1cswiways — 3I3(Io — 313)wiws

— 9]3()3&)3 — 2([2 — 11[3)[)20.}3(,03 — 15[3030.}5”72 - 7b2b3w§ + 12[)3&)5&)3 — 121)203&)3’}/2.

Let us consider, for example, the coefficient of M in front of w31, that is —15I3¢3. We
see that it never vanishes and therefore M never vanishes too. Thus the only possibility
to satisfy the equation M = 0 is to put by = by = 0. Taking into account that now
I, = Iz, ¢c1 = co = 0 we come to the Lagrange case. Thus a new first integral F' =
F(wy,ws,ws,v1,72) does not exist when ¢z # 0.

Now we study the case c3 = 0. At this condition the first integral Hs does not depend
on s, i.e. it is of the sought type. If a fourth integral F' = F'(wq, wa,ws, y1,Y2) exists then
system f should have at least two non-zero solutions. This is possible if and
only if the matrix B of its coefficients satisfies the condition rank B < 3. This condition
means that every four equations of system 7 should be linearly dependent.
We chose to consider the system

Zi(F)=0,1<i<3, Zs(F)=0. (6.14)

This choice is appropriate because if we choose, for example, Z;(F) =0, 1 <i < 4, then
we come to a great number of cases which should be studied.
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We compute all the five 4 x 4 minors of the 4 x 5 matrix consisting of the coefficients
of system and require that they be identically equal to zero. These five minors
are polynomials of wi, ws, 71, 72 and y3 with coefficients that are polynomials of the
parameters I;, b;, 1 < i < 3, ¢; and co. Like before we note them by A;j;r; and see
that they have some non-zero factors. To remove these factors we introduce the following

notations:
01234 = 7%1234 , 01235 = Kot ] ;01245 = D ;
2121, 2121, 1212w
01345 = Bz ,  O2345 = Dz :
I%I§I3w2 1%122]3(,01

Let us note that d1234 has a multiplier ¢; and d1235 has a multiplier ¢;. We have left
them intentionally at the above canceling because we do not know whether ¢; or cs is
zero. But, as we consider now the case ¢z = 0, we know that (c1,c2) # (0,0) because
otherwise we come to the Zhukovskii case.

It turns out that

01245 = —01345 = 02345. (6.15)
Moreover if ¢; # 0
)
1255 1045, (6.16)
C1
independently of the value of cy. If co # 0
d12s4 _ 01245, (6.17)
C2
independently of the value of ¢;. If ¢; # 0 and ¢o # 0 we have
019 0
1234 01235 (6.18)
C2 C1

Thus if the identity d1245 = O is satisfied equations will be linearly dependent.
Indeed, from it follows that §1345 = 2345 = 0 independently of the values of ¢;
and cs.

Let ¢; # 0 and ¢ = 0. Then d1234 = 0 because it has a multiplier ¢y and §1235 = 0
follows from .

Let ¢1 # 0 and ¢ # 0. Then 1235 = 0 follows from and 1234 = 0 - from .

Let ¢; = 0 and ¢y # 0. Then d1235 = 0 because it has a multiplier ¢; and §1234 = 0
follows from .

The polynomial 1245 has 84 monomials and therefore 84 coefficients which should
vanish. We consider the system consisting of the coefficients of §1245 equated to zero, i.e.
the system of 84 equations in unknowns I;, b;, 1 < i < 3, ¢; and cg. After eight consecutive
simplifications we obtain the reduced system consisting of 15 equations. Solving that
system by the MAPLE command solve we obtain the following seven solutions:

{lh =213, [, =2I3, Is=13, by =0, by =0, b3 =0, c1 =c1, coa =2}
{Lh =1 L=1, Is=13, by =0, bo =bg, b3=0, c1 =0, c2 = ca}
{L =L, =10, Is=13, by =by, bo =bg, b3=0, ¢c; =0, ¢co =0}
{Lh=0hL, Ib=1I3, Is=13, by =by, bo=0, b3 =0, ¢; = ¢y, ¢ =0}
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{I1 =0, I, =0, I3=0, by =by, by =by, b3 =0, ¢y =c1, c2 = ca}
b

{h =1, =15, I3 =15, 512761 2 by =Dy, b3 =0, ¢1 =c1, 3 = o}
C2

{Il = 2[3, 12 = 2[3, 13 = 13, b1 = —ie’:‘bg, bg = bg, b3 = O7 C1 = iECQ, Co = CQ},

where € = £1.

Examining this list we see that only the last solution is essential. All other solu-
tions leads either to the classical cases of gyrostat equations, either to the Euler-Poisson
equations or to the excluded cases with zero values of the moments of inertia.

Taking into account that now c3 = 0 we see that this last solution determines the
conditions (6.7).

At these conditions the vector field Z, vanishes identically and Zj is linearly dependent
on Z;, 1 <14 < 3. Moreover the vector fields Z;, 1 < i < 3, are linearly independent. Thus
system Z;(F') =0, 1 < ¢ < 3, is in involution and according to the Frobenius Integrability
Theorem it has two functionally independent solutions. The first one is H3 and the second
one is the fourth integral we look for. But it is not necessary to look for this fourth integral.
We should only notice that the fourth integrals Hy, from Case 6+ and Hy_ from Case
6- not only do not depend of w3, they do not depend on 73 too. =

Thus the problem of characterization of all cases when complex gyrostat equations
have a fourth integral that does not depend on all variables is solved.

7. Domain of the Sretenskii partial first integral

7.1. Definition of the domain. Taking into account the fact that the gyrostat equa-
tions are polynomial with polynomial first integrals, in this section we will restrict
exclusively to polynomial systems of ordinary differential equations and to their polyno-
mial first integrals, although this is not necessary.

Let us consider a polynomial system of ordinary differential equations

d; .
T ), 1<i<n, (7.1)
dt
x = (x1,...,2,) € C", f1,..., fn € Clz]. To consider system (7.1) and its solutions is
equivalent to consider the associate polynomial vector field V(z) = (f1,..., fn) and its

orbits.

A subset of C™ is V-invariant if it is filled with whole orbits of vector field V.

A differentiable function ® such that the set {z; ®(x) = 0} is filled by the whole
orbits of system is called invariant relation ([20], [38, Chapt. X, §4]).

Let F' € Clz]\C be some non-constant polynomial that is not a first integral of system
(7.1), or equivalently that is not V-invariant. Let M C C™ be a V-invariant subset such
that F|p (F restricted to M) is non-constant on any open subset of M. When F|y is a
local first integral of system (or vector field V') restricted to M?
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For this aim let us compute

dr . " 9F  _dx; B " oF o def
&0 =2 g @G @ = X g @) ¥ A

A(x) is a polynomial, because F' and {f;}1<i<n are polynomials. F' is not a first integral
of system on C”, then A does not vanishes identically, but A(z) =0 for € M.

Let us note A = {z € C"; A(z) = 0}, A ¢ C". Thus M C A and the problem is
reduced to the study of V-invariant subsets of the algebraic subset A of C™.

Let M C A be a V-invariant smooth submanifold such that F |ar is a first integral of
system restricted to M. Any such submanifold will be called a domain of F'. In what
follows we will consider exclusively the case when submanifold M is of codimension one.
Nevertheless the case of smaller codimension also deserves the study. In what follows we
will be interested of the identification of maximal domains of F.

7.2. Determination of the maximal domain. Now we shall determine codimension
one maximal domains of the Sretenskii partial first integral
F = (Ig(dg + bg)(w% + wg) — (clwl + CQ&JQ)"Yg. (72)
To avoid the Zhukovskii and Lagrange cases, we will suppose that (¢1,¢2) # (0,0).
Let U € C® be an open subset. We want to find all invariant manifolds
S ={(w,7) € U;S(w,v) =0}, (7.3)

where S is a C' smooth function definen on U, such that on S , F' is a first integral of

equations (6.1).
We will consider five distinct cases.

1) Let us suppose that g—i # 0 in some point of U, and by continuity also in some
open subset of U. We express 71 from equation (7.3)) and obtain that locally

1 = Ti(w1,we, w3, 72,73)- (7.4)
We compute % and replace y; with I'; everywhere.

dF _ [2(Isws + bg)wr — c1ys] (T2 — I3)waws + baws — baws + c372 — €273

di 7

[2(I3ws + b3)ws — cay3] [(I3 — 1 )wiws — bzwy + biws + c173 — c3T'1]
P

+ (Wi +w3) [(J1 — I )wiws + bowy — biwy + c2T'1 — c172]

— (clwl + CQWQ)(LOQFl — wl"}/Q).

+

As we suppose that F' is a first integral on invariant manifold ([7.3) we have

dF
— =0. 7.5
o (7.5)
We solve equation ((7.5) with respect to I'y and obtain a rational function depending on
w1, w2, w3, 2 and ys:
1

F =
! Il(_IQCQUJ% + Igclwlwg + 2b303&)2 + 2]3030.)2&}3 — 6203’73)

LIy(I — Iy)wiw,
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+ I Ipbow? — I Inbywiws + I I (I — Io)wiws + I Inbowiws
—2I3(I, — L) (I1 + Iy — I3)wiwaws — 2(IF — I3)bgwiwaws + I1 Ircawiwaye
—2(L — Ig)b3w1w2 — 2]2[3b2w1w3 + 215 I3c3w1W3Y2
+ (I = I1I3 — 2L513) cawiwsys — 2Iababzwiws + 2I2bsczwiyo
+ (I — 215)bscowrys — I Ipbyws — I Ipciwirys + 2]1]3b1w2w3
+ (211 I3 — IZ + I I3)ciwawsys + 211 by bswaws + (211 — Ip)bsciways
-

b162 — Igbgcl)W3’)/3 — 120103’)/2’)/3 — (Il 12)6162’}/3 . (76)

As Ty =~ then

'y dm
= _ "2 _. 7.7
dt dt (7.7)

Function W depends on 7 linearly. Indeed, as the expression for I'y from ([7.6]) does

not depend on 7; then its derivative dd% is a linear function of 7; which is easily seen

taking into account that the right-hand sides of Euler-Poisson equations (|1.1)) are linear
with respect to ;. It may happen that the coefficient of v; in dFl be 1dent1cally equal to

zero. This arises only in the following three cases:

Case 1.
LI, — I
R=BE 0 =0 w=0 =0
Case 2.
L =213, Iy=4I3, by=0, c2=0, ¢3=0,
Case 3.

I} = 4RootOf(82% + 78 — 512)I5 — 1213, I, = RootOf(8Z* + 78 — 51Z)I3,
b1:0, b2:0, b3:0, 01:0, 63:0.

In the last case the gyrostat equations are reduced to the Euler-Poisson equations
[T1).

The two values of RootOf(822 + 78 —51Z) are %‘éﬁ. In fact Case 3 presents two
different solutions, where in I; and Is the same sign + or - appears and so it will be in
what follows.

Let F be the Sretenskii first integral (7.2)).

Let us compute dt along the orbits of gyrostst equations (|6 . In above three cases
we obtain:

Case 1.
dF 3[2[3(,0%&)2 2 12[3%([2 + Ig)wlwzwg
et -t St R _
dt T+ 2l Wi awient
3.[2]3(4)10.) 2[3b10.)2(4)2
— TH: - bl‘*’% - leﬂ%’h + Tg — C1WaW373,
Case 2.
dF 51 2 b2
r — —213w§’w2 — b1wfw2 — 2Igw1w§ + % + 3bswiwows + 3;;w2
3
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biw UJ2 b1 bawow:-
— CclwiwoeY — blwg’ — clwgw 4 23 Crwawsys + w7
2 213
Case 3.
dF 51 + 105 51 + /105 )
— =3 —— —14 Igw%w2+02w%71+3 7\/774 Igwle
dt 16 6
Tywiwaw?
+ cowiways + %

aF
Y dt

the domain of the Sretenskii partial first integral and we will ignore them.

In all these cases does not vanish identically and thus these cases are outside of
Outside of these three cases the MAPLE command degree gives that the degree of W
with respect to 7 is 1.
We solve equation (|7.7) with respect to 77 and obtain

" = fl(w17w2,w3,72,73)-

The expression for T4 is too long to be written here and we omit it. Let us note however
that W is a rational function of all variables (w,~), whose numerator has 296 monomials
and its denominator is

112[3(1262(40% — IQCloJ1WQ — 2b36 — 30J2 — 2[303LU20J3 + 0263’73)2.

Thus I'7 — fl = 0. Function I'; — fl is a rational function of variables wy, wa, w3, Y2
and 3. We take only its numerator which denote by D. We want to know when D is
identically equal to zero with respect to all the variables wi, wa, w3, v2 and ~3. For the
purpose we compute the coefficients of polynomial D. They are 513. We should find the
conditions on the parameters Zc at which all of these 513 coefficients are zeros.

We apply simplification to the obtained system of 513 equations. After three consec-
utive simplifications we come to the reduced system consisting of nine equations:

C3 = O, bQCQ = 0, b102 = O, (IQ — 4]3)82 = 0, (I1 — 4[3)62 = O,

(7.8)
b201 = 0, b101 = 0, (IQ — 4]3)61 = 07 (Il — 4]3)01 =0.

We solve it by the MAPLE command solve and obtain two solutions. The first one
is ¢1 = co = c¢3 = 0 and we remove it because leads to the Zhukovskii case. The second
solution is

Il = IQ = 4]3, b1 = b2 = O7 C3 — 0. (79)

Now D vanishes identically. Taking into account (7.4) we compute ~; from (7.6]) at
condition (7.9) and obtain
 Alzwey2 + Iswsys — b3ys

"= 4]3(,01 3

that is
4l3u1 71 + 4lzwaye + I3wzys — byys = 0.
Let us note that the last equation is in fact nothing else but H; = 0 (see (6.2))) when

I = I, = 413, by = by = 0. {H; = 0} is an invariant manifold. Finally we conclude that
when 5% # 0 in some point of U, when I} = Iy = 413, by = by = 0, (c¢1,¢2) # (0,0),
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cs = 0, {H; = 0} is the searched maximal invariant manifold. Thus we remain in the
framework of the Sretenskii case.
The gyrostat equations ([6.1) admit permutational symmetry (see Sec.

oy =1(2,1,3),(2,1,3)}.

Function F' (see (7.2))) and also first integral Hy are o4 invariant. Thus the solution of
the problem about maximal invariant manifold S when g—i # 0 in some point is exactly
the same as in the just studied case when g—i # 0 in some point of U.

oS

2) Let us suppose now that oy and g—i vanish identically on U that means that S

does not depend on ~; and 7». Thus
S = S(w17w2;w3373)'

Let us suppose that %93 # 0 in some point of U, and by continuity also in some open

subset of U. Like before we express 73 from equation ([7.3) and obtain
73 = [3(w1, wa, w3).
We compute %, replace 73 with I's everywhere and obtain

dF _ [2(I3ws + bg)wr — 1] [(Tp — Is)wows + baws — baws + ¢392 — ol
dt I
+ [2(13ws3 + b3)wa — col'3] [(I3 — [1)wiws — bswy + biws + c11'3 — c371]
I

+ (Wi + w3) [(I1 — L)wiws + bowr — biws + cay1 — €172)]

— (c1wr + caws) (wan1 — wi172)-
As we suppose that F is a first integral on invariant manifold {S = 0} we have %€ = 0.

Let us denote the numerator of % by J. In this way we obtain the following equation

for I's
J=—(I1 — L)eyeols + [(I7 — I1 15 — 2L 13)cowiws + (I — 215)bscown
+ (2115 — I2 + LI3)ciwows + (211 — Ip)bsciws + (Inciby — Iibicy)ws
+ Liesesyt — Leresye|Ts + L (I — L)wiws + L Ipbow? — I Iobywiw,
+ I Leow?yy + L (I — Iy)wyws 4 I Lbow w3
—2I3(I — L) (11 + Iy — I3)wiwows — 2(I7 — I3)bzwiwoews + I Iscowiwaye
+ (=L Iyeiyy + 2603 — 21103 wiwy — 215 I3bowiwi 4 215 I3c3w1wWsY0
— 2I5bobswyws + 2I5b3cowrye — 11[2b1w§ - Ilfgclwgﬂyg + 2[1[3b1w2w§
— 211 (I3c371 — bibs)wows — 2I1bzczwayr = 0.

As I's = I's(w1, w2, ws), after differentiation of J with respect to ; and -2 we have

aJ
87 = 11]202&.}% — 11]201w1w2 — 2[1]303M2W3 — 2[11)303&.12 + 11C2C3F3 = O7
87]1 (7.10)

({97 = I1 Iscowqwy + 21915c3w w3 + 219bscawi — 11[2(31(4)% — Ireiesl's = 0.
Y2



The Euler-Poisson equations; partial integrability 73

Let us first suppose that ¢;, co and c3 are all different from zero. Then excluding I's
from ((7.10) we obtain
(Cl(.OQ — ngl)(Igclwl + IlcQan + 2[363(.03 + 2b363) = O,

which is obviously impossible.
Let now ¢; = 0. Then from second equation (7.10) we have the following identity

I Iscowiwe + 215 I3c3w w3 + 215b3c3wy = 0,
which is possible only when ¢y = c¢3 = 0. But this is the Zhukovskii case.
Let now ¢y = 0. From first equation ([7.10) we have
—Illgclwlwg — 2[1[3030.}2(,03 — 2[1()303&)2 = 0,
which is possible only when ¢; = ¢3 = 0, i.e. again we are in the Zhukovskii case.
Finally let ¢3 = 0. Equations ([7.10) give
.[1[2(02(4)1 — ClchQ)OJl = 0, Ilfg(CQCdl — .[1.[2010.)2)(4]2 = 0
The above two conditions can be fulfilled only when ¢; = ¢o = 0, i.e. only in the Zhukovskii
case.
The conclusion is that the sought function S(w,ws,ws,v3) does not exist.
3) Let us suppose now that all g—i, 1 = 1,2, 3, vanish identically on U, that means
that .S does not depend on 71, 2 and ~y3. Thus
S = S(wl,WQ,CU3).
Let us suppose that 8‘3—53 = 0 in some point of U, and thus also in some open subset
of U. We express w3 from equation ([7.3]) and obtain
w3 = Qg(wl,WQ). (711)
We compute ‘Z—f and replace ws with 23 everywhere.
dF o [2([393 + bg)wl — Cl")/g] [(12 — Ig)LUQQg + bgwg — b3 + c37v2 — 6273]

dt L
n [2(13Q3 4 b3)wa — coy3] [(I3 — I1)wid3 — bswi + 01823 + c173 — c371]
I
+ (wf + wg) [(Il — Ig)wlwg + bzwl — b1w2 + Co2Y1 — 01’72]

— (w1 + cow2) (wayr — wiya).

As above ‘Z—f = 0. Denote the numerator of ‘Z—If by K. In this way we obtain the

following equation for §23

K =[=2L(5 — L)(I1 + I — I3)wiws — 2L I3bowy + 211 I3bywo | Q3
+ [ = 2b3(1F — I3)wiws + 2Lz 5c3w172 + (17 — I1 13 — 20513)cowr s — 2Iabobswy
— 2@ Izcswayy + (21115 — I3 + Lo I3)ciways + 211 bibswa + (Iabacy — Iibica)ys] Qs
+ (I — Ip)wiws + Dibie} — Libbiwiws + hilscowin + Lilo(I = Io)wiws
+ I Ipbowyws — I Iscywiwayy + I Ipcawiwarys — 2(Ih — Io)bawiwa + 2Ibzczws Yo
+ (I — 2L5)bscowrys — I1Iabywl — Iy Ircywiye — 2L1bscswayy + (211 — Io)bsciways
+ Licacsyrys — Lcresyays — (It — Io)ereavs = 0.
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As Q3 = Q3(w1,wa), then after differentiation of K with respect to 71 and v2 we have

0K
87 = 11]202(,0% — 11]2010.}1(,02 — 2[1()3630.)2 + 1102(23’}/3 — 2[1]303(,0293 = O7
6% (7.12)
W = I1 Ircowwo — 11]2010.}% + 2I3b3c3wi — Isciesys + 215 13¢3w1 023 = 0.
2

If we suppose that cg # 0 then we come to the Lagrange case. Indeed, as €23 depends
only on wy and ws, then from first equation of it follows that ¢, = 0. This is so
because otherwise 23 would depend on -3 too. By the same reason second equation of
(7.12)) gives that ¢; = 0. However at the condition ¢; = ¢ = 0 and c3 # 0 both first
and second equations of lead to the conclusion that Q3 = —b3 /I3, i.e., according
to 7 ws = —bs/I3. In such a case we obtain from the third equation of the gyrostat
equations that I1 = Is, by = by = 0 and ¢; = ¢3 = 0. Thus we come to the Lagrange
case.

Let now ¢3 = 0. Then first and second equations of become:

11]2(62001 — clwg)wl = 0, 11[2(82001 — Clwg)WQ =0.

The above two equations should be identities which is possible only when ¢; = ¢; = 0,
i.e. we come to the Zhukovskii case.

The conclusion is that the sought function S(ws,ws,ws) does not exist.

4) Now let function S be

S = S(wl, wz)
and 75 0 in some point of U and therefore in some open subset of U. We express wo
from equatlon and obtain

Wy = Qz(wl). (713)

We compute dt , replace wy with Q5 everywhere and obtain
dF _ [2(I3ws + bg)wr — 1] [(T2 — 13)Qws + b3Qs — bows + c372 — 73]
dt I
+ [2(]30.)3 + bg)QQ — CQ’Yg] [(Ig — Il)wlwg — b3w1 —+ b1W3 + 61’73 — 03’71]
I
+ (wf +Q3) [(I1 — I2)w1 Q2 + bawy — b1Qs + com1 — €172]
— (1w + c2Q2) (271 — w172)-

As above % = 0. Denote the numerator of £ by L. In this way we obtain the

following equation for €2,
L =NL1I[(I1 — I)wy — b1 Q3 + L1 I5(bawy — c172)$25
+ [ (I — L)w} — L1 bbiwi — 2I3(11 — L) (11 + I — I3)wiw; — 2(17 — I3)bswiws
— LiLeywim + Lizcowry, — 2(I1 — L)bjwy + 21 Isbiwi — 211 Iscswsm
+ (21113 — I + L I3)ciwsys + 211 bsbyws — 201 bsesy + (21 — IQ)bgCl’)/g]QQ
+ Illgbgw:f + 11[202(,«}%’}/1 — 2[2[3b2w1w§ + 215 I3c3w1W37Y2

+ (.[12 - .[1[3 - 2[2[3)02&]10.)3’)/3 - 2[262b3w1w3 + 2]2[)3630.)1’72 + (Il — 2[2)b302w173
+ (Izbgcy — Iibica)wsys + Iicacsy1vs — Iacicayoys — (I — Iz)cicays = 0.
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As Qg = Qa(w1), then after differentiation of L with respect to 1, 72 and 3 we have

oL
oy = Lica(Iw? + c3y3) — L1 (Iaciwr + 2I3c3ws + 2bscs ) = 0,
1
oL ,
W = [203(2]30010.)3 + 2bswy — 6173) + I113¢c0w01 29 — 11[20192 =0,
2
oL 9 (7.14)
W = (Il — ,[1[3 — 2]2[3)02&)1&)3 + (Il — 2]2)b362w1 — Ilcgblw;g
3

+ Iacibaws + Iicaczyr — Iaciczye — 2(11 — I2)cicas
+ [(2I1 13 — I3 + Iy I3)ciws + (211 — I2)bs] Q2 = 0.

From the first equation of it follows that co # 0. Indeed, if co = 0 then either
c1 = c3 = 0 that is the Zhukovskii case or {25 vanishes identically, that contradicts (|7.13]).
From the same equation it is seen that c3 = 0 because if c3 # 0 then this equation contains
only one monomial depending on <3 which cannot be canceled because €25 depends on
w1 only. Thus c3 = 0.

In such a case the first equation of is rewritten as follows:

11[2(,«11(02&}1 — 0192) =0. (715)

Equation (7.15)) imposes the restriction ¢; # 0 because otherwise I Izcow? = 0 which is

impossible. We solve ([7.15)) with respect to {25 and obtain

Q2 = QQ(wl) = CZCW1 .
1

At this condition the second equation of ((7.14]) is satisfied and the third one becomes
(I = I2) (I + I3+ ) cowrws +3(11 — Ia)bgcawr + (Labacr — I1bico)ws —2(11 — I2)cicays = 0.

Taking into account that ¢; # 0 and ¢ # 0, the last item of the above equation leads to
Il = 12. Thus

I5(baey — bico)ws = 0.
In this way we come to the case
Li=1, c¢1#0, c3#0, c3=0, bycy —bicy=0.
In this case L vanishes identically and therefore we can take as function S the following
function
S = ciwg — cowi.

So far we have not yet examined when {S = 0} = {cjws — cow; = 0} is invariant
manifold. To do this we compute % and obtain

s _ (aiwr + cows) [(Is — I5)caws — baca] + (¢ + ¢3)(baws + c273)

dt IQCQ
It is seen that in generic case {S = 0} is not an invariant manifold. But let us put

2 2
ci+c53=0,
i.e. either ¢; = icg or ¢; = —icy. Let us first consider the case ¢; = ica. We have

S = 0251, Sl = iLUQ — W1
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and

dSl (t) Z[(IQ - Ig)bdg (t) + bg] (iUJQ (t) — W1 (t)) Z[(IQ — Ig)bdg(t) + bg]

= = S1(¢) .
dt I I
This equation admits the zero solution Si(t) = 0 for all . Thus from the unicity of
solutions for this equation one obtains that if Sy (to) = 0 for some tg, then Sy (t) = 0 for
all ¢. In other words, if for some tg, iwa(tg) — w1 (to) = 0, then iws(t) — wi(t) = 0 for all
t. But this is precisely the invariance of manifold S; = {S; = 0}. In this way we come to
the conclusion that when

Il = IQ, C1 = iCQ 75 0, C3 — O7 b201 — b162 =0.

the gyrostat equations have an invariant manifold {iws — w; = 0}.

The case ¢; = —ics is considered in the same way. The difference is that now S = ¢2.53,
where Sy = —iwy — w; and the invariant manifold is {iws + wy }.

But F is not a first integral of the gyrostat equations on the invariant manifolds
Sy = {8, =0} and S, = {S, = 0}. In fact it is easy to see that on them F vanishes
identically.

Finally, we conclude that the codimension one maximal domain of the Sretenskii
partial first integral coincides with the manifold {H; = 0} under the conditions

L=1,=4I3, b =0b=0, (c1,¢2)# (0,0), ¢3=0.
In addition, when
I =1, byci —biea=0, ¢;+c3=0, c3=0,
we found two invariant relations for gyrostat equations :
S1 = iwy — w1 when ¢; = ico and Sy = —iwy — w; when ¢; = —ics.

We will prove that S7 is functionally independent of first integrals Hy, Ho and Hs.
For this purpose we consider the Jacobi’s matrix J of functions Hy, Hs, Hz and S;. We
prove that rank J = 4. Indeed, computing the determinant J14 composed from matrix J
by crossing out its first and fourth columns we obtain

Jia = —4il3(Iowswsys — I3wiya — coy3 — bawsys + bawsya).

It is clearly seen that Jy4 never vanishes identically. Thus functions Hy, Hs, Hs and
S1 are functionally independent.

The study of the functional independence of Hy, Ho, H3 and S is the same. The only
difference is that now the value of the determinant is —J4.

5) Finally let S = S(w,~y) = S(w1), where S does not vanish identically. It is easy to
see that then S = {(w,7) € U; S(w;) = 0} is a five-dimensional submanifold if and only
if § = {(w,v) € U; w1 € 1}, where Q; is a set of zeros of S. In complex case §2; is at
most countable. In real case 2; is a subset of R that does not contains an open interval.

In both cases d(;‘? = 0 and from the first of the gyrostat equations 1} one obtains that

(Is — I3)waws + bswe — baws + c3y2 — c2y3 =0

for all wsy, ws, v2 v3 € C. Thus I, = I3, by = bg = 0 and ¢z = ¢3 = 0 and we recover the
Lagrange case. Thus in both cases, complex and real, the sought function S(w;) does not
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exist,.

Let us recall that when in gyrostat equations b1 = by = b3 = 0, we recover the
Euler-Poisson equations . The Sretenskii case of partial integrability becomes the
Goryachev-Chaplygin case of partial integrability and the Sretenskii partial first integral
becomes the Goryachev-Chaplygin partial first integral .

Consequently, from the above, one deduces immediately that the maximal domain of
the Goryachev-Chaplygin partial first integral is

{Hy = hwim + Lweye + T3wsys = 0},
where 11 = IQ = 4[3, (61762) 75 (0,0), C3 = 0.
Finally let us note that the invariant relations are the same in Sretenskii and in
Goryachev-Chaplygin cases.

8. Four-dimensional invariant manifolds. New integrals on

{Hz:Uza Hj:Uj}, ]. S 1 < j S 3

8.1. Extraction procedure. In this section we study the existence of a local first
integral of the Euler-Poisson equations restricted to the invariant complex four-
dimensional level manifold {H; = U;, H; = U}, 1 <i < j < 3. We study when on each
of them there exists a local first integral that depends on at most three variables and
such that on {H; = U;, H; = U;} it is functionally independent of Hy, k # 1, j.

Let us fix i and j, 1 <i < j < 3. According to (2.5))

M(UOa Uiv U]?IC) = {J? S CG’ Hi((w77)’zc) = Uiv Hy((W,’Y),IC) = UJ}a

where (w,7) = (w1, w2, ws,Y1,Y2,73)-

We search all functions F' of three variables F' = F(s1, sq,s3) where (s1,s2,53) €
(w,7), of class C', such that grad F' does not vanish identically on each open subset
of M(Uy,U;,Uj;,Zc), which are local first integrals of the Euler-Poisson equations (1.1
restricted to M (Uy, U;,U;, Zc).

We follow the same way as in Sec. Asin Sec. the order of variables s;, 1 <17 < 3,
in F(s1,82,s3) is irrelevant for F to be a first integral.

We have exactly 20 different three elements subsets of (w,~y) and thus 20 cases of
functions of three elements to examine. We will describe now an extraction procedure
based on permutational symmetries which reduces the above 20 cases to only six.

These 20 functions of three variables (up to the order of variables) are shown in Table
B

It is easy to see that under the group of permutational symmetries of the Euler-
Poisson equations for every case (i)—(vi) from Table[8.1] each function from the fixed case
is consequently transformed into all remaining functions from the same case.

Thus in virtue of Theorem [2:2] we can restrict ourselves to the study of only six
functions where every one belongs to a different case from Table[8.I]and is chosen arbitrary
from the functions of this case.

We will call such six functions F;, 1 <4 < 6, (up to the order of variables) a basis.
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Table 8.1

Functions ‘ Case

F(w17w27w3) ‘

le,CUQ,")/3),le,CU3,")/2),FWQ7W3,’}/1

( ( )
F(wi,w2,m), F(wi,ws,71), Fws2,ws,¥2), (i)

( ) )

( )

!

w:[,UJQ,’YQ), F W1,wWs, V3 aF w2, W3, V3

(

(

( (
(Wi,71,72), Fwi,71,73), Fw2,72,73
(

(

(

Rl

) ) T (iv)
wa, 71,72)s F(ws, 71,73), F(ws, 72,73)
w3, 71,72), Fw2,71,73), F(wi,y2,73) ‘ v) ‘
) | (vD) ]

| F
| F

V1572573

8.2. Invariant manifold {H,=U;, Hy=U}. Here we continue the study of the ex-
istence of a first integral of the Euler-Poisson equations (|1.1)) restricted to the complex
four-dimensional level manifold

{H, = U1, Hs =Us}, (8.1)

supposing that this first integral depends on at most three variables and that is function-
ally independent of Hs. For this aim we shall use the same approach as in Sec.

In the future when speaking about “some suitable open set” in space C*(ay, ag, ag, aug)
in Sec. Where {ag, a9, a3, a4} € {w1,wa,ws,71,72,73} or in space C3(ay, az, a3) in Sec.
|§| where {a1, a2, a3} € {wi,ws2,ws,71,72,73}, we understand such an open set that all
functions of the above variables never vanish on it when this is necessary for a proof.
For example if such a function appears in some denominator or when we need to have
a holomorphic branch of roots of some of these functions. In the future, we will use this
terminology without any further discussion.

8.2.1. Elimination of +» and 3. Using the MAPLE command solve we express 7o

and 3 from the equations H; = U; and Hy = U; and obtain the following solution:
Ly + LwsR—Uy
- Irws

) V3 = R7 (82)

where R is a root of equation

Q(x) = Ax® + Bz +C =0,
that is

Q(R) = AR*+ BR+C =0 (8.3)
and A = A(ws,ws3), B = B(wy,ws, 1) and C = C(wy,ws,71) are the following polynomi-

als:
A= %w% —|—I (U3, B = 2[3&13([1(,01’}/1 — U1)7

(8.4)
C = IPwiy? — 2L Uy — 13003 + 130342 + UL
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Here the MAPLE does not give an explicit formula for R but expresses R as a root of
the following quadratic polynomial:

ROOtOf(( 30.)3 I )22 + 2[3(4)3([10.)1’)/1 - Ul)Z
+ 2022 — 2 Uy vy — T2Uw32 + 120242 + UR)
= RootOf(AZ* + BZ + C),

Thus we can say that R is a root of equation where the coefficients A, B and C
are defined by .

Let us consider the four-dimensional vector space C* = C* (w1, ws,ws,y1) and a point
(w1, w2, ws3,71) € C* with w; #0,i=1,2,3, v #0.

All our considerations are local. Thus from the beginning we can restrict ourselves to
some suitable open set 2 in the space C* = C*(wy, wa, w3, 71)-

By their very definition the first integrals are not constant on any open subset of their
domain of definition. As we consider C' first integrals, this means that their gradients
are non-zero on any open subset of their domain of definition.

We put the values of v and 3 from in the Euler-Poisson equations and
remove the fifth and sixth equations. In this way we have the following system of four
equations in unknowns wi, we, ws and ~1:

dw 1
7; " LiLws [I2(Iy — I3)wiws — Licawiyi — (Tacaws + Izcaws) R+ c3Un],
dw 1
CT; =% (I3 — I)wiws 4+ c1 R — esm],
(8.5)
dw 1
7; - I5I5ws [12(11 — L)wws + Lieywrm + Lrcowayt + Isciws R — ClUl]’
dn _ 1

dt ~ Tws [ — hwwwsm — (1203 + Lw3) R + w3l ]

Here we study whether system has a first integral that depends on at most three
variables among the variables (w1, ws,ws,71) and that is functionally independent of Hj
restricted to invariant manifold . Thus we should investigate the following four types
of a new first integral:

1. F(wi,ws,ws), (case (i))
2. F(w1,ws2,7), (case (iii))
3. F(wi,ws,71), (case (iii))
4. F(we,ws,¥1). (case (ii))

Then, like in Sec. [5]it suffices to examine the functions of types 1, 2 and 4 respectively.

Type 1. Let us suppose that the sought first integral F is of type 1, i.e. F =
F(wy,ws,ws). As F' is a first integral of system (8.5)) we have

dF 1 oF
E = 1112w2 [IQ(IQ — Ig)wgc% — Ilcgwl'yl (IQCQCL)Q + 13C3W3)R + CSUl] a
1 oF
— ;-1 R— c3m ] —
+ A [(Is — I)wiws + &1 371 D
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oF _
80)3 a

[Io(I — L)wiw] + Liciwiy + Iacowoyt + Isciws R — ¢1 Uy | 0,

IQI:),WQ

or equivalently
dF
I]IQI3UJ2E = Yl(F) = 0, (86)

where Y7 is the corresponding vector field defined on 2.

Equation should be an identity with respect to all the four variables wy, wa, w3
and ;. As function F' does not depend on v then its partial derivatives will not depend
on 71 too. Thus if we differentiate identity with respect to 7, we shall obtain again
a linear partial differential equation for function F'. We obtain

dY1(F) [ OR} oF ( OR >8F
= —I3|Iic3wi + (Lacows + I3caws) — | =— + [1l3ws | c1=— —¢c3 | —
o 3 [ T1cawi + (Tacaws 333)5”71 B 113W2 13% 33w2
OR\ OF
+ I | I1ciwy + Iscows + Isciws— | =— =0,
071 ) Ows
i.e. ( )
oY 1(F
=Y. (F)=0 8.7
o >(F) =0, (8.7)

where Y5 is the corresponding vector field defined on (2.
We differentiate one time more identity (8.7) with respect to v; and obtain

Y3 (F) 0’R oF OF OF
=1 — (I I — + I —+ 1 — | =
o 3 072 (I2cows + Sc3w3)8w1 + lac1we Do + l1c1ws Dos 0,
i.e. ()
1 0Ys(F
- =Y(F)=0 8.8
F o —vi(F) =, (58)

where Y3 is the corresponding vector field defined on ).
Let us suppose first that
0’R
—5 # 0. 8.9

Equations 1) can be considered as a system of three homogeneous linear alge-

braic equations with unknowns grad F' = ( or OF 8—F) , which do not vanish identically,

Ow1? Owa’ dws
because F' is non-constant on any open subset of ).

Thus, if a fourth integral F' exists, system f has a non-zero solution grad F.
This is possible if and only if the determinant D of the coefficients of this system is
identically equal to zero. We compute this determinant and obtain

9?R
D = I?’I,I3w? —= D1 D>,
! 2 0n?

where

D = (Iycywy + Iacaws + I3c3ws), (8.10)
Dy = (12 — 11)03(4)1&)2 =+ (11 — 13)020.)1&}3 =+ (13 — 12)010.)2&)3. '

Note that D depends neither on R nor on g—ﬁ. Taking into account it is clear

that D = 0 if and only if at least one of the expressions (8.10) is identically equal to zero.
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It is easily seen that this happens only in the Euler, Lagrange and kinetic symmetry
cases.
Thus the restriction leads to nothing new and we suppose now that
0’R B
N
In such a case only equations and (8.7) remain because Y3 = 0.
Let us study whether there are such values of parameters Zc¢, U; and Us at which

(8.11)) is fulfilled. For the purpose we differentiate (8.3)) two times with respect to ;.
Taking into account that polynomial A from (8.4]) does not depend on ~; we have

9Q _ 0B, 9C dQOR _

0. (8.11)

- = i T S inh i 8.12
on On On1 dROm (8.12)
and
0’Q 0°B OB OR 0°*C 0 [dQ\ OR dQO°R
5= o o o (an) ot im0 )

First we prove that if R is a root of equation 1) then % = 0. For the purpose we
apply Proposition to polynomial (). We consider the resultant p of polynomials Q(R)
and % and prove that p # 0. Indeed, we have

p = A(4AC — B?).

As we are interesting in cases when p vanishes identically with respect to w1, we, ws and
~1 only and as A never vanishes identically we do not consider p but p = 4AC — B?
instead. Putting in p the expressions for A, B and C (see (8.4])) we obtain

= 4]22w§(112wfﬁ + Igwg’yf + Igwgﬁ — 2wy Uy — I%ngQ — §w§U2 + U12)7 (8.14)

which, as it is easily seen, never vanishes identically. Thus we can express g—ﬁ from
2°R
i

0°R 12025

_ , 8.15
97 " [(Be + Bad)R + Lsws(hiorys — UD)° (8.15)

equation (8.12) and then determine from ([8.13)) as follows:

where
S = —(I3w3 + Iw3) (IFw? + Iws + I2w3) R?

+ 2[w3(I{w] + w3 + Iw3)(Ur — [iwim)R

— Hwing + 2Bwinl — 2 Bwiw3yi — I wiwiy? — [uiUf

+ 2L Buiwsm Uy + 2L wiwin1Un — Lwyys — I3 wsw3ni — I3w3iUY.

Equations and imply that S = 0. Taking into account that @ = 0 (see

(8.3)) we can assert that

(FFwi + w3 + Iw3)Q + 8 = I3wi[UF = Us(Ifwf + 303 + I3w3)]
is also zero. This is possible if and only if

Uy =U, =0. (8.16)
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Let us consider the case defined by (8.16|). In this case R can be presented in the form
R = P~4, where P is a root of equation

(I3w3 + I3w3)P? + 211 I3w w3 P + IFw? + Tws = (8.17)

This fact is obtained very easily from (8.3) if we take into account condition .
Indeed, it suffices to divide equation 1) by 7% and denote ,% by P. Moreover, being a
root of equation , P is a homogeneous function of degree zero and depends only on
w1, we and ws.
Thus vector field Y7 (see (8.6)) is linear with respect to v, and can be presented as
follows
Y1 = Kim + Ko,

where K7 and K» are vector fields defined on 2 by the formulas
0

0
K, = —I3(I103w1 + Iscows P + IgC3w3P) Do

Do, +I1I3W2(61P—Cg)

—+ I1(1101w1 —+ IQCQC{JQ -+ IgClw:gP) O
3

0
— Iizwiws ([ — Is)

0
Ky = ws [1213w2w3(12 —I3)— o

60.)1
0
+ I Iwywa (I — 12)87} .
3

Equation and the fact that first integral F' does not depend on 7; imply
K, (F)=Ky(F)=0. (8.18)

Function I?w? + I2w3 + I3w3 is non-constant on all open subsets of C4(wy,ws, w3, Y1)
Thus without any restriction of generality one can suppose that on our suitable open set
the function I2w? + I3w3 + I3w3 # 0.

In order to simplify the formulas let us put

o= I2w2 + 1363, = TRl - T3} — 32, Re(B) > 0. (8.19)
Equation (8.17) has two roots
—11[3W1W3 + E[Q(}JQ/B

P= :
o
where € = +1. Substituting this value of P in the expression for K; we obtain
aK 0
! = —1213 |:I1(JJ1 (IQCgWQ - 1302003) + 55(.[262&)2 + I363Ld3):| -
w2 8&11
+ 11[3 |: — Illgclwlwg — c3a+ 6ﬁ]201&)2:| —_—
8w2
0
+ I1Is | 1 Ircqwiws + coar + efB13c1ws 87
3

As we are interested in equations (8.18]) we remove all the non-zero factors from K; and
K>, i.e. we shall work with the vector fields

K K.
Zy =280 and z, = 22
w2 w?
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Therefore instead of (8.18]) we consider the following equations:
Z1(F) = Zy(F) = 0. (8.20)
We compute the commutator K3 = [Z;, Z»] and obtain

K3
I s

|: (Il IQ) 11]2136260%602 — (Il — Ig) Ilfglgcgw%w:g

(IQ —[3)]1]2610}10.)2 (Ig Ig) 11[3261(.01005
+ef (1) — 1) InIsczwiwe — B (11 — I3) IaI3cowiws

0
(IQ — I3) 12 ng2 —|— 265 (12 — 13) IQIsCl(JJQ(U3 — (Ig — 13) I3C3Cd3 87

+ | = (IQ — 13) If’clw%wg — (Il — 13) 1112282(4110)%
— (11[2 — 2[1]3 + 1213) 11[3630.)10.)20.)3 -2 (Il — Id) I1]§02w1w§
—+ (IQ — [3) Ilfgclwzwg + Eﬂ (Il — Ig) 121362602(.4)3

0
+ef (I - 13)—7:3030032,}%
(I2 — Ig) If’clw%wg -2 (Il — IQ) 11]22630.)1(4)%
+ (2 11]2 — 11[3 — 1213) 11[202{.4}1(,020}3 — (Il — Ig) 11]§C3w1w§
0
- (IQ - Ig) Ilfgclwgwg - 65 (Il - IQ) 122020.)% - 65 (Il - 12) IQIgCg(UgWg %

We consider vector field
K3

I 1513

Zy =

instead of K3.
Equations (8.20) imply that Z3(F) = 0. In this way we obtain the following three
equations for determining function F

Zy(F) = Zy(F) = Z3(F) = 0. (8.21)

Equations (8.21)) can be considered as a system of three homogeneous linear algebraic

OF OF OF
Owi? Ows’ Ows

because F' is non-constant on any open subset of its domain of definition.

Thus, if a fourth integral F exists, system has a non-zero solution grad F'. We
know that this is possible if and only if the determinant D of the coefficients of equations
is identically equal to zero. We compute this determinant and obtain that on

equations with unknowns grad F' = ), which do not vanish identically,

D = L 1LI3(f18+ f2), (8.22)
where f; and f5 are the following polynomials in wy, we and ws:
fl = ( )(11 —13) 11[20162w1w2 (Il —12) (Il —13) 112122130103w§w§LU3
( ) (11 13) Il 12138102(4)%(4)2(4]3 (Il — Ig) (11 — 13) 112];0163())%0.13

+ Il IQ) [(IQ — .[3 .[161 (Il — .[3) .[262 — (Il Ig) 1363} 11I2w1w2

—2(IL1 - L) (I, —1I3) I 12130263w1w§’w3
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+ Ilfgfg [(IQ — Ig) Il Cl (Il — 13) (11[2 — 3[1[3 + 2]2[3) IQC%
- (Il - 12) (3 11]2 - 11[3 - 2[2[3) Igcg] wfwgwg

+2 (11 — I3) (I — I3) IF I I3 coczwiwows

— (I = I3) [(Ia — I3) [1c} + (I — I3) Irc3 + (11 — 1) Isc3| [ T3wiws

+ (I — L) (Iy — I3) 1 Iy ey cowws 4 (I — 1) (I — I3) I I3 T3¢ cowrwiw?
— (I} — I3) (Iy — I3) L I3 T2 ¢ cswnwiws — (I — I3) (I — I3) 1 3¢ cawiwi
— (I; — I) (I — I3) I Iscacswiws

+ (I — I3) [(Is = I3) [y} + (I — I3) Iach — (I — I3) I3c3] I3 Tswyws

+ (Iy — I3)* [ I2 2 cycawiw

+ (I — I3) [(Is — I3) [1el + (I — I3) Irc3 — (I1 — o) Isc3] I I5wiws

+ (I) — I3) (Iy — I3) I 13 caczwaws,

% = —(I — L)GLicser (I3 + [ I + 211 I3 — 2 I3)wiws

+&2(I; — L)(—-I3 + Il)Illgzlgcgclwwawg
—e2(I) — IL)(I) — I3) 1 I I3 czciwiwaws
+ (I — L)W I3 — I ]y + 2L 1, — 2 I I3) [ I3 cpcywiws
— (I} = I)(I — I3) [ I3 cocswiwy
—2(I) — L) (I — )1 I3 T3(%¢3 + 2wy wiws
+ 1 (Iy — I3)(I1 Is + I I — 21513) Iy I3cac3wiwaws
—2(Iy — I3)(I1) — I3)[1 I I2 (23 + ¢3)wywaws
— (1 = B)(Iy — I3) 1 I cscauwnwy — e2(I — L) (I — I3) I3 I3caciwiws
— (Iy — BY(I1 Iy — I I3 + 211 I3 — €2 I513) I2 I3c1 cawiws
— (I — Y1113 — L1 Iy + 211 Iy — 2 1,13) [ I3 ¢ cowsws
—e2(I) — I3)(I2 — I3) I I3 ¢  cawaws.
As I; # 0,1 < i < 3, then from one deduces that f18 + fo = 0. If f{ =0
identically, fo = 0 identically too. Let us suppose that f; # 0. is then equivalent

to F
B=—22 8.23
I (8.23)
Applying Proposition |4.3[to 82 = —I?w? — [3w3 — [3w3 one sees that (8.23) can never

occur because f ¢ C(w1,ws,ws). Consequently

fi=fa=0.

Note that ¢ appears in f; as a multiplier and in f» only as £2. We replace €2 with 1
everywhere in fy. As 82 can never be identically equal to zero, we require that all the 18
coefficients of f1/e and all the 13 coefficients of fy//3% be zero, i.e. we obtain a system of
31 equations for the parameters Zc.

After three consecutive simplifications we obtain the reduced system that contains
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eight equations:

(I = Is)(Io — I3)(c} + c3) = 0.

We solve these eight equations by the MAPLE command solve and obtain a set of
eight solutions. We remove the solutions that lead to the Euler, Lagrange and kinetic
symmetry cases and obtain only three new solutions. They are:

I Il 212, C1 :iiCQ,CZJ,:O,
1I. Il = 13, Cc1 = ing, Coy = O,
II1. 12 = Ig, c1 = 0, Cy = iiC3.

We describe here only solution I because solutions IT and III are obtained from it by
permutational symmetries o3 and o3, respectively.
We consider separately two cases:

1. ¢ = icy with e =1 and with e = —1.
2. ¢1 = —ico with e = 1 and with e = —1.

Let us remark that the above situation is exactly the one we met in Sec. when
finding invariant manifolds.

Case 1. Let I} = I5, ¢; = ico, c3 = 0 and € = 1. Now vector field Z3 is linearly
dependent on Z; and Z5 and therefore the local solvability of system around any
point (w1, ws,ws) # (0,0, 0) follows from the Frobenius Integrability Theorem. Moreover,
system is quasi-homogeneous (we recall that R = Py, and P is a homogeneous
function of degree zero). Thus from [41] it follows that the searched first integral F' can be
chosen as a homogeneous function of variables (w1, ws,ws). But in fact we shall compute
F by a crude computation, without any use of the Frobenius Integrability Theorem nor
the results of [41]. Nevertheless the above facts guide our approach to the problem.

Let us add to equations (8.20)) the Euler “homogeneity equation”

oF oF oF

— — —=F 8.24

w &ug T s 8w3 ( )
Dividing equations (8.20) and (8.24]) by F' we obtain a system of three linear partial

differential equations for determining function V' = log F'. We solve this system as a linear

inhomogeneous algebraic system with respect to partial derivatives of V' and obtain

ov (I3wiws — il3ws — il3w] + Izwsf3) wy

Oy (I3wPwy + I3w3 + I3wow3 + IswiwsfB) (w1 — iws)’
ov (I3wiwa — il3ws — il3w3 + Izwsf) wo

By (I3W2wq + I3w3 + I3wow?3 + IzwiwsfB) (w1 — iws)’
oV il3 (Iswiws — waf)

Ows Bwiws + I3w3 + [Bwow3 + IzwiwsfB’
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Now, by the standard procedure, we find function V.
We integrate gT;Vi’ 1 <4 < 3, with respect to w; and in this way we obtain three
expressions for function V.
v / (I%wlwg —il2w3 — iI§w§ + Igwgﬁ) w1
(IBwiws + I3w3 + IZwow3 + IzwiwsfB) (w1 — iws)
v / (IBwiws — il3w] — il3w] + Tzwsf) wo
(I3wiws + I3w3 + IRwow3 + IzwiwsfB) (w1 — iws)
V:/ i3 (Iswiws — waf3)
Iwiws + Iwi + Iwsw3 4 Izwiwsf3
where GG, G2 and G35 are arbitrary functions of the corresponding variables.
The first two expressions for V' are too complicated and we do not use them. We use

dwy + G4 (WQ, wg),

dws + G2 (w1, ws),

dW3 + Gg(wl, CUQ),

only the third expression which is rewritten as follows:
CSgH(Ig)Igw:g,
B

where the function csgn(z) is used to determine in which half-plane (“left” or “right”)

V = csgn(I3)iarctan + G3(wy,wo),

the complex-valued number z lies. It is defined by

1 if Re(z) > 0,
csgn(z) =¢ —1 if Re(z) < 0,
sgn(Im(z)) if Re(z) =0.

As arctan is an odd function we can write

I
V = {arctan 37% + G3(wy,wa). (8.25)

In order to determine function G3(wy,ws) we differentiate (8.25) with respect to w;,
1 < ¢ < 3, and obtain

o 13w ws 0G5
w4 wd)B T dwr
o 113wows 0G5
owy (Wi +wl)B ' Ows’
oV il

dws B

We know that function V satisfies system so that we have
Z1(V) = Zy(V) =0. (8.26)

System (8.26)) is a system of two linear partial differential equations with respect to

function G3(w1,ws). We solve it as a linear inhomogeneous algebraic system in unknowns
9Gs and 295 and obtain
Ow1 Owo

0G5 w1 0G3 w2

PR T 22
Oowi  wi+w; Owy Wi+ w;

After integration these expressions lead to

1
G3(wi,wz) = §1Og (wi +wd) + C,
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where C is a constant which can be considered as a zero because it is added to a first
integral. Thus from (8.25)) we have

I 1
V = jarctan 37603 +3 log (W} + w3).

As V =log F' we have
—Ig(dg + 25

+1 '

We remove the constant denominator and change the sign of the function. Let us note
the obtained function by F}. We have

F=expV =

F1 = Ig(d3 - Z,B
Fy satisfies equations (8.20) that means that in Case 1 with ¢ = 1, F} is a first integral
of system (8.5)).
Let now € = —1. The considerations are exactly the same as above however now
I3w3

1
V = —jarctan 5 + B log (w? 4 w3)
and F=expV is

_ I(wi +wi)

Tyws —if3
Function F' can be simplified. Indeed, as according to (8.19)
B = —I3(wi +wj) — 3w,
then
o o Bwit B (Lws +iB)(Lws —ifB)
w] twy; =— 2 = - 2 .
2 2
We put the obtained value for w? + w3 in the above expression for F' and obtain
F—_ IgOJ?, + ’LB .
I

Removing the constant denominator I and changing the sign of F' we obtain a new
function that denote by Fy

F2 = Ig(d3 + Z,B

F; satisfies equations . Thus in Case 1 with e = —1, Fy is a first integral of
system .

Case 2. Let I} = I, ¢c; = —icy, c3 = 0. The only difference in this case in comparison
with Case 1 is that when € = 1, F; is a first integral of system and when € = —1
the first integral is F7.

The functional independence of these first integrals with H3 follows from the fact that
they do not depend on v; while H3 depends.

Let us note that the partial first integrals F} and F, are algebraic without being
rational. This is a new fact. Up to now, the known first integrals or partial first integrals
not depending on all variables, have been polynomials.
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Type 2. Let us study the existence of first integral of type 2, i.e. F = F(wy,wa,71).
Now we have

dF 1 OF
— = Iy(Iy — I3)wiws — I — (I I R+ c3Uy]| —
dt ~ Tilyws [Io(I2 — Is)wiws — Iieswim — (Tacaws + I3csws) R+ csU] o
1 OF
[ A R— =
+ i (I3 — I1)wiws + 1 3 | O
1 OF
+ [ — Lwiwsy — (.[20&}2 + IgOJ3)R + WSUI} =0,
IQCUQ (9
or equivalently
dF
11]2(4}2E = Yl(F) = 0, (827)

where Y7 is the corresponding vector field defined on Q.

Equation should be an identity with respect to all four variables (w,ws,ws, 1).
Similarly to the consideration of a first integral of type 1 if we differentiate identity
with respect to ws we shall obtain again a linear partial differential equation for function
F. We obtain

8Y1(F) OR | OF
I(Is— 1 — I3c3R — ([ 1.
Bos 2(I2 — I3)ws — Iscs (Izcawa + 3(33&)3)8 Doy
OR | OF
-1 L -1 —
1w2 {( 1= 3w —c15— Beos | Don
OR oF
_y [Ilwm + 2I3ws R + (Iow3 + I3w3) —— o U} o =0,
ie. )
oY1 (F
———==Y5(F)=0 8.28
o = Yal(F) =, (3.25)
where Y5 is the corresponding vector field defined on €.
After differentiating identity (8.28)) with respect to w3 we obtain
6Y2(F) OR 0’R) OF 0’R OF
—|2l3c3— + (I I 1 —
D3 3 g T (2022 ¥ Basws) oy | 50 + hewn g o
OR 0’R] OF
— I |2I3R + 41 I I
1{ 3R+ 3w38w3 (Iowj + 3“3)8 }871
ie. ()
Y (F
=Y3(F)=0 8.29
) = Yal(F) =, (3.29)

where Y3 is the corresponding vector field defined on €.

We already know that if a fourth integral F' exists, system 7 has a non-
zero solution grad F' and it is possible if and only if the determinant D of the coefficients
of this system is identically equal to zero.

We compute D and obtain a long expression which we do not write here. Let us note
that D has a non-zero multiplier /2w, and we note

112(4)2 ’
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It is clear that the equation D(R) = 0 is equivalent to D(R) = 0.

Derivatives gR and ngg
(8.3) with respect to wz two times. Taking into account that polynomial C' from
does not depend on w3z we obtain

0Q 9A ., OB dQ OR

D(R). To determine them we differentiate equation

Dos = st omsB Tt AR O (8.30)
and

0°Q _ A, . 0A OR OB OB OR

TC _ A pg0A 0N O Bp 08 O

0l O Buos O3 T 0wZ T Bus O

9 (dQ\ OR QR

i 31
Aws ( ) Auws TR Ow3 (8:31)

Like in the investigation for a first integral of type 1, by Proposition we prove that
if R is a root of equation , then % = 0. Of course, the resultant p of polynomials
Q(R) and @ is the same and we make the conclusion that d% # 0 (see formula (8.14)).

Thus we can correctly determine aR from equation @ and put its value in 1}

2 . .
o 2 from (8.31)). This determination is also correct because

the coefficient in front of 2 B s also 94,
dw2 dR

Then we easily determine 2

Then we put the obtained values for the derivatives of R in the exprebsion for D(R)
and obtain that D(R) has a non-zero multiplier 8/3R and denominator (ﬁ) We note
()" 5
L2 D(R

where §(R) is a polynomial of R of degree five with coefficients which are polynomials of
w1, wa, wz and ~;. It is clear that the equation D(R) = 0 is equivalent to 6(R) = 0.

5(R) =

We know that if Q(R) = 0, then if in addition some supplementary first integral
F(wy,wsz,71) of system exists, then also 6(R) = 0. Thus all assumptions of Proposi-
tion are fulfilled. Consequently in polynomial ring K[z], where K = Alg(w, wa, w3, 71),
the polynomial Q(z) divides the polynomial §(x).

Using MAPLE command rem we divide § by @ and obtain a reminder which is a
polynomial r of the form:

3w
r(z) = m(aox +ay),
where ap and a; are polynomials of wi, wy, wsg and ;.

According to Proposition we know that if R is a root of equation , then ag
and a; should be identically equal to zero. We use ag only because it turns out enough
for our purposes.

Polynomial ay has 81 coefficients. Thus we should equate to zero all of them. In
this way we obtain a system of 81 equations for parameters Zc, U; and Us. After two
consecutive simplifications we obtain the reduced system which is very simple:

C3 = 0, (Il — 13)82 = 0, (12 — 13)81 =0.
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The solutions are obvious:
{c1 =0, c2 =0, ¢3 =0}, Uy, U, I1, I and I3 are parameters,
{Is =13, cg =0, ¢ =0}, Uy, U, I, I3 and ¢; are parameters,
{lL =13, ¢1 =0, ¢c3 =0}, Uy, Us, I5, I3 and ¢ are parameters,
{1 =I5, Iy = I3, ¢c3 =0}, Uy, Us, I3, c; and ¢y are parameters.

It is easily seen that these solutions lead to the Euler, Lagrange and kinetic symmetry
cases, respectively. Thus the sought first integral of type 2 cannot exist.

Type 4. Finally let us investigate the possibilities for the existence of a first integral
of type 4, F(wsz,ws, 1), i.e. when it does not depend on wy.
As F is a first integral of system (8.5 we have

ar 1 OF
I3 — 1T R—
i I2 [( 3 1)wiws + ¢1 0371] D
[L(I — L)wws + Liciwi i + Treow —|—IcwR—cU]aF
I213w22 2 )Wi1Wsy 1C1W171 2C2W27Y1 3C1W3 1183
1 OF
t7 [ — hwiwsy — (Taws + Tsw3) R + wslUy ] 2— =0,
2W2 o
or equivalently
dF
IQIBWQE = Yl(F) O, (832)

where Y7 is the corresponding vector field defined on 2.

Equation should be an identity with respect to all four variables (w1, ws, w3, 71).
As in the previous considerations taking into account that F’ does not depend on w1, dif-
ferentiating identity with respect to w; we obtain again a linear partial differential
equation for function F’

Y1 (F)

5‘w1

OR | OF
= I3wo [(13 —I)ws + C1y- ]

8(,02

OR| OF
+ [1—2(1—1 Iz)wz +Iiciy + -73610-)58 } Dos
OR | OF
+ I3 {Iwm — (Iw? + Igwg)awl] 5 = Y5 (F) =0, (8.33)

where Y5 is the corresponding vector field defined on ).
We differentiate identity (8.33|) with respect to wy and obtain
1 0Ya(F) O0°R oF oF
— = 5 |[clwa 57— —
13 8w1 &ul 8LU2 8w3

where Y3 is the corresponding vector field defined on €.
6 R

OF
+ ciws — (Iow3 + Igwg)a%} =Y3(F) =0, (8.34)

Let us first suppose that # 0. In such a case if first integral F' exists then system

(8-32)—(8.34) has a non-zero solutlon grad F. This is possible if and only if the determinant
D of the coefficients of this system is identically equal to zero.



The Euler-Poisson equations; partial integrability 91
Let us compute D. We have
O’R ~
D = LIws——D
213Wo aw% )
where

ﬁ = IQ(Il — [2)63003’)/1 — IQ(Il — Ig)Czwgw:;’Yl + 13(11 — IQ)C3W2W§’Y1

+ (I — I3)c1Urwows + Iicresway? — Is(I — I3)eawiys — Iicieaviws.

As Iglgwgg% # 0 we use D instead D.

Polynomial D has 7 coefficients. Equating to zero all of them we obtain a system of 7
equations for parameters Zc and U;. After two consecutive simplifications we obtain the
reduction (see Sec. |3]) of this system that consists of 6 equations as follows:

cicg=0, (I1 —I2)c3 =0, cico=0, (I1—1I3)c2 =0,

8.35
(.[2 - Ig)CQCg = 0, (.[2 - Ig)ClUl =0. ( )

A simple case analysis leads to a set of six solutions that the MAPLE command solve
gives in the following way:

{Uh1=0, 1 =9, L=1, I3=13, ¢y =c¢1, c2 =0, ¢c3 =0},

{Ur=Uy, =5, Ih=1I3, Is=135, ¢y =c1, ca =0, ¢c3 =0},

{Uh=Uy, =13, =135, I3y =13, ¢ =0, ¢cg = o, c3 =c3},

{Ur=U, =I5, b =15, Is=135, c1 =0, ¢ca = ¢a, c3 =0},

{Uh=Uy, =5, =1, Is=1I3, c; =0, cg =0, ¢3 =cs3},

{Uh=Uy, =11, Ih=15, I3=13, c; =0, cg =0, c5 =0}
This list should be understood as follows. If an equation U; = U; or I; = I; or ¢; = ¢;,
1 < 4 < 3, appears we should consider the corresponding parameter as an arbitrary
complex number. For example, let us consider the third row. There Uy, I3, co and c3 are
arbitrary complex numbers but I7, I and ¢; have fixed values. Some of these fixed values

can depend on the chosen value of some arbitrary parameter like in this example I; and
I depend on the arbitrary fixed value of I3.

We remove the solutions that lead to the Euler, Lagrange and kinetic symmetry cases
and obtain only one new solution

{U1=0, =1, =15, I3y =13, ¢y =c¢1, c2 =0, c3 =0}

Let us study this solution. Therefore we have U; = 0, ¢ = ¢3 = 0 and I; # 0,
1 <4 < 3, and ¢; are arbitrary parameters. In this case D = 0. Thus vector fields
Y; #£0,1 <i <3, (see (8.32)—(8.34)) are linearly dependent. More precisely the following
equation

OR
Yl = wle + Ig (R_wlawl> Yg

holds.
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We remove vector field Y7 because it is a linear combination of Y5 and Y3 and compute
the Lie bracket Z = [Ya, Y3]

O’R 0’R 0’R 0
Z=1 Iow? + I3w?) ——— — Tt wa— (L — T 7
31wz |:( 242 + 3w3)3W1871 1wz 8w1&u2 “ws (9(4)18(.03 +( ! 3)&)3} 80)2
0’R 0’R 0’R
I Lw? + w2 ——— — g _oi
+Cl{ s (R + ) G Bior 01“3&01&03}
2,2 2 a
+IQW2 + .[1130.}3 +IlC171}au}3
O’R 0’R 0’R
— I3{ (Iow3 + I3w3) | (Tow + [3w?) ——— — —
3{( 202 * 30.)3) [( 242 + 3WS)(9W18’)/1 ez 8w18w2 cws 80.)1(9(,;13}

0
+ IQ(Il — 2]2 + 2]3)&)%&)3 + .[1]3(,0;) + Ilclwgfyl } W
1
As we have already known if a first integral F' of the sought type exists, then it should
satisfy the following system

Ya(F) = Ya(F) = Z(F) = 0

and the determinant of the coefficients of that system should be identically equal to zero.
We compute the determinant and obtain the following expression

—1213(12 — 13)01WSW3 [Igwg(?)ll — 2]2) + 13w§(311 — 2[3) + 4[101’}/1} .

It is easily seen that this expression can be identically equal to zero only if Iy = I3
or if ¢; = 0. The first possibility leads to the Lagrange case and the second one - to the

Euler case.

Thus if we suppose that 2215‘ # 0, then a first integral of type 4, i.e. F(wq,ws, 1) does
1

not exist.

2
gw{f = 0. In such a case we have
1

Let us suppose now that

R = f(w2,ws,y1)w1 + g(w2,ws, 71), (8.36)

where f and g are arbitrary smooth functions not depending on ws.
We put the value of R from (8.36) in ) and obtain

Q = [(I3w) + 3w3)f2 + 21113w3’y1f + Iyt |wi
+2[(I3w3 + Lw3)gf — IUiws f + 1 Iswsyrg — LU ws
+ (1202 + Igw3)g + I3w3y} — Ugwi — 213U wsg + I3UE = 0,

that is @ is a polynomial of second degree of w; with coefficients depending on ws, w3
and ;. As @ = 0, then its three coefficients should be zeros.

We equate to zero the coefficient of @ in front of w? and determine f from the obtained
equation. We have
I (ielowa — I3w3)m1

'~ " Rana

)

where € = +1.
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With this value of f we equate to zero the coefficient of @ in front of wy and determine
g as follows
iUl(IQWQ + iIgEWg)’yl
 e(I3wl + I3wd)

Using these values of f and ¢ and having in mind that €2 = 1, we equate to zero the

constant term of polynomial @) developed in powers of wy, that is the value of polynomial
@@ when wy = 0 and obtain
Bw3 (3w} + I3w3) (4] — Us)

=0.
w3 + I3w3

Taking into account that I3w3, I3w? + I3w? and 7% — Us never vanish identically, we
conclude that the last equality cannot be fulfilled.
Thus a first integral of type 4, i.e. F(wa,ws,y1) does not exist also in the case when

’R _
8&)% - 0.

8.2.2. Elimination of w; and 7;. We eliminate variables w; and 7; from equations
H, =U;, Hy = U, and obtain the following solution:

Towaya + Izwsys — U
o= Temathens U ey, (3.37)
Liv/=2 =3+ U2

Further to simplify the formulas we note

I'=1/=% - + U2

As all our considerations are local we can restrict ourselves to some suitable open set
Q Q ((24((4)2,(4}3,’}/2,’}/3).

We put the values of wy and v, from in the Euler-Poisson equations and
remove the first and fourth equations. In this way we obtain the following system of four
equations in unknowns ws, ws, y2 and vs:

dwy (11 — I3)(laway2 + f3wsys — Ur)ws — LicsT? + IicyysT

dt L I,T ’
dws _ (I1 — Iy)(Iawaye + Izswsys — Ur)wa — [1cal'? + I1c1y2l

it LT (5.38)
dya _ (Tawpys + Iswsys — Ur)ys + hiwsT

dt nLr ’

dys _ (Iawzye + Tswsys — Ui)ya + TiwsI™

dt Lr ’

Here we study whether system has a first integral that depends on at most
three variables among the variables (wq,ws,¥2,73) and that is functionally independent
of Hj restricted to invariant manifold . Thus we should investigate the following four
types of a new first integral:

1. F((,UQ,(,U?,,’)/Q), (case (111)
. Fwe,ws,3), (case (iii)

2. F( )
3. F(wa,v2,73), (case (iv)
4. F(ws,v2,73)- (case (iv)

)
)
)
)
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As local first integrals belonging to case (iii) were already excluded in Sec. we
will now study if the function of type 3, belonging to case (iv) can be a local first integral
of the Euler-Poisson equations (1.1).

Type 3. Let us study the existence of a first integral F of type 3, i.e. F = F(w2,v2,73)-
F being a first integral of system (8.38]) satisfies the following equation

dF' (I — I3)ws(low2ye + Izwsys — Ur) — LicsT? + Licyysl' OF

dt - 11[2F 8&12
V3(Tawzye + [wsys — Ur) + LiwsT? OF
nr 072
Y2(lawzye + Iwsys — Ur) + LiwoI? OF =0
IlF 673 7
or equivalently
dr
I1I2FE =Y(F)=0, (8.39)

where Y is the corresponding vector field defined on €.
The left hand side of equation (8.39)), i.e. Y(F), is a polynomial of w3 of degree two
with coefficients depending on parameters Ze, Uy, Uy and variables (w2, v2,73)-
Let us write Y (F) as follows
Y(F) =Y (F)w3 + Yao(F)ws + Y3(F),
where Y;, 1 <1 < 3, are the following vector fields:

0
Y1 = I3ya(l — 13)6w2

0
Yy = (11 — I3)(laway2 — Ur) 55—

0 0
9o + L | Ly + (I — - IlU2:|67’y2 + Iy I3yoy3 +—

O3 ’

0 0
Y3 = Ii(c373 + c373 + c1vsl — 030'2)67‘)2 — Iys(laway2 — Ul)ai72
0
— 12 [(Il — IQ)WQ'Y% + Ilw2’y§ — IlUQLUQ + Ul’)/z] 67’}/37
defined on €.

Y (F') should be identically equal to zero with respect to all four variables wa, w3, Vo
and 73. As Y;(F), 1 < i < 3, do not depend on w3 we have the following three equations:

Yi(F) = Ya(F) = Y3(F) = 0. (8.40)

If a first integral F' = F'(wa,y2,7y3) exists then system (8.40) has a non-zero solution
grad F. We know that this is possible if and only if the determinant D of system (8.40)
is identically equal to zero. We compute D and obtain

D = LB I(I — I |(I — B)wsyd + (I = Iy)wd — hUzws + 7201 | = 0.
One can easily see that D = 0 if and only if
I =I5 (8.41)
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Let us study this case. Now Y; = 0 but simple computations show that vector fields
Y2 and Y3 are always linearly independent. We compute Lie bracket Z = [Ya, Y3]/(I2135)

and obtain
7 = 2039 (e1ys — esT) = + Lp(IaUstos — Usra)ys——
= 41372 173 3 Do 2(L2U2Ww2 172)73 I
2 2 0
+ 12{ [(13 — IQ)F — IQUQ](,«)2’YQ - Ul’Yg + U1U2:| }87
3

Second and third equations (8.40)) imply that Z(F') = 0 and we come to the following
system for first integral F’:
Y2(F) =Y3(F)=Z(F)=0. (8.42)
As above we should study when determinant D of system 1} is identically equal
to zero. We compute D and obtain D = djdads, where
dy = I3I3T?,
d2 = (Cl’}/g - C3F)F,
ds = (I3 — Iy)wavs — (215 + I3)Uswaya + 2U175 + UrUs.
It is clear that d; never vanishes identically. If dy vanishes then it follows that ¢; = ¢z =
0 which together with condition (8.41) leads to the Lagrange case. The third multiplier
ds = 0 if and only if I = I3 and U; = Uy = 0. But taking into account (8.41)) this is
a particular case of the kinetic symmetry case. Thus a first integral of type 3 does not

exist.
It only remains to study the functions belonging to the cases (v) or (vi).

8.2.3. Elimination of w; and ~. Solving equations Hy = Uy, Hs = Uy with respect
to wy and 72 we obtain:

I2w2 7)/% 7’732’+1/2+13W3 Y3 71)1 2 2
= — =/ =] — + Us. 8.43
w1 Iim ) 1=\ "71 73 2 ( )

To simplify the formulas we note

I'=1/—%—12+4Us.

As till now we restrict ourselves to some suitable open set  C C*(ws,ws, v1,73).

We put the values of w; and v, from in the Euler-Poisson equations and
remove the first and fifth equations. In this way we obtain the following system of four
equations in unknowns ws, ws, ¥; and vs:

dwa (I1 - 13)(-7300373 + IawoI' — U1)W3 - (110371 - -710173)71

dt I Iom ’
% _ (Il - Ig)([3(,d3’}/3 + lowsl' — Ul)w2 - (11(22’}/1 — Ilch)yl

dt hilsm ’ (8.44)
an =wsl' —w

dt 3 2735

% (11712 —|— I2F2)w2 —|— I3UJ3’}/3F — UlF

dt Iim
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Here we look for first integrals of system (8.44]) of the following four types:
ii)

iii)

F(wa,ws,y1), case(
F(wa,ws,v3), case(
F(w2,71,73), case(v)
F(ws,v1,73), case(iv)

requiring in addition that they are functionally independent of Hj restricted to invariant
manifold (8.1). The functions from cases (ii), (iii) and (iv) was already examined. There
remains only to examine case (v).

-

Type 3. Let us study the existence of a first integral of type 3 F(w2,71,73) belonging
to case (v). Then we have

dF' (L1 — Is)(Iswsys + Tawel" — Ur)ws — (licsyn — licays)ya OF
dt 11]2’)/1 80.)2
oF (Il’}/% + IQF2)OJ2 + I30J3’)/3F - U1F 8i o

+ (w3l —w — + =
(s 272) om I 0v3

0,

or equivalently

dF
Ly~ =Y(F)=0
12'71dt () )

where Y is the corresponding vector field defined on 2.

Y (F) is a polynomial of w3 of degree two with coefficients depending on parameters
Zc, Uy, Uy and variables wy, 71 and 7s.

Let us write Y(F) in the following way

Y(F) = Yi(F)wi + Ya(Fws + Y3(F),

where Y;, 1 <1 < 3, are:

0
Yi=1I3(11 — I3)y35—

an’
Yo=(I —I)(IwF—U)i—i-II T + I 1. 1“i
2 1 3)({2w2 1 D 14271 871 21373 873’
0 0
Yy =1 — — — L, I . I |(I.T?% + [ wy — Ui T | —.
3 =Iiv(c173 0371)8w2 1 200271%(%1 + I | (I2T% + Iy w2 R o

Y (F') should be identically equal to zero with respect to all four variables wa, w3, Vo
and v3. As Y;(F), 1 <14 < 3, do not depend on w3 we have

Yi(F) = Ya(F) = Ya(F) = 0. (8.45)

If a first integral F = F'(wso, v2,73) exists then the determinant D of system ({8.45)) is
identically equal to zero. We compute D and obtain

D= LI2I;(I, — I3)7173F{w2[(11 L) 4 (Is — I)2 + LUs] — UlF} = 0.
It is easily seen that D vanishes identically if

L=1I (8.46)
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and if the expression in the curly brackets vanishes. This expression is a linear function
of wy and we should require that its two coefficients vanish. But this leads to the kinetic
symmetry case with the additional restriction U; = U; = 0.

Thus we study only the case . Now Y; = 0 but simple computations show that
outside of the particular case (U; = Uy = 0) of the kinetic symmetry vector fields Ya and
Y3 are always linearly independent. We compute Lie bracket Z = [Y3, Y3] and obtain

% =237 (c1ys — 03’71)F23iw2 + Ly [(Iz — I3)wol — Uy %
+ LT [wol(Is77 — I27] — IUz) — Ury3 + UrUs] Bi%
Second and third equations imply that Z(F) =0 and thus
= zZl
Z(F) = oL
In this way we come to the following system for first integral F:
Ya(F) = Y3(F) = Z(F) = 0. (8.47)

As above we should find the cases when determinant D of system 1' is identically
equal to zero. We compute D and obtain D = d;ds, where

di = 131573 (c1vs — esm)I2,
do = [(I3 — I)y? + (I3 — Io)v3 + 3LUs|wo T — Uy (212 + Us).

It is clear that d; vanishes only when ¢; = ¢3 = 0 which together with condition
leads to the Lagrange case. As ds is a linear function of ws equation ds = 0 is fulfilled if
and only if its two coefficients with respect to ws vanish. Thus Iy = I3 and U; = Uy = 0.
Taking into account this is a particular case of the kinetic symmetry case. Thus a
first integral of type 3 does not exist.

8.3. Invariant manifold {H,=U;, H3=Us}. Here we study the existence of a first
integral of the Euler-Poisson equations restricted to the complex four-dimensional
level manifold

{H, = Uy, Hs ="Us}, (8.48)

supposing that this first integral depends on at most three variables and that is function-
ally independent of Hs.

8.3.1. Elimination of w; and wy. In the same way as in Sec. we express wy and

wsy from the equations H; = U; and H3 = Us and obtain the following solution:

_ DIhyRy + Iswsys — Uy
I

w1 = 5 Wy = R, (849)

where R is a root of equation
Q(x) = Ax® + Bz +C =0,

that is
Q(R) = AR* + BR+C =0. (8.50)
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Here the functions A = A(v1,72), B = B(ws,¥2,73) and C = C(ws,y1,72,73) are the
following polynomials:

A=IDL(hni+ 1),  B=2Dy(lwsys —U),
C = L 3w3y? + Iwivys — 213U wsy3 + 211y + 2L ca?ys (8.51)
+ 21 e372 3 — LLUsY? + U2
We put the values of w; and wy from in the Euler-Poisson equations and

remove the first and second equations. In this way we have the following system of four
equations in unknowns ws, 1, Y2 and vs:

dws (L1 — D)(lay2 R+ Iwsys — U R — Li(yica — civ2)m

dt I 137 '
d
% = wsy2 — 3R,
8.52
dy _ (IsRv2 + Iswsys — Ur)ys + Liwsy? (8.52)
dt Iim 7
dvs _ (I7: 4 Iy3) R+ (Iswsys — Ur)ye
dt Il'}/l '

Now we study the existence of a first integral of system that depends on at most
three variables among the variables (ws,y1,72,7v3) and that is functionally independent
of Hy restricted to invariant manifold . Thus we should investigate the following
four types of a first integral:

1. F(ws,71,72), (case (iv))
2. F(ws,v1,73), (case (iv))
3. F(ws,72,73), (case (iv))
4. F(v1,72,73). (case (vi))

Then, like in Sec. [5]it suffices to examine the functions of types 1 and 4 respectively.

Type 1. Let us consider the existence of a first integral F' of system (8.52)) which is
of type 1, i.e. F' = F(ws,71,72). Thus

dF (I — L)(I272 R+ Izwsys — Un)R — Ii(y1c2 — c1ye) s OF

dt L I3m Ows
oF LR 1. - U 1 2 OF
+ (w32 —13R) 5 — — 2Bz + Iswsys — Ur)ys + hiwsi OF 0.
om Im V2
We rewrite the above equation as follows
dF
I I3y —— = Y1(F) =0, (8.53)

dt
where Y7 is the corresponding vector field defined on some suitable open set  C
(C4(UJ3, V1,72, ’73)
We differentiate identity with respect to v3 and obtain a linear partial differ-
ential equation for function F'

8Y1(F) OR OR| OF
——= = (I; — I1) | -2l R— — IswsR — (I —U))— | —
s ( 1 2) 272 9 3W3 ( 3W373 1) 973 | Ows
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OR\ OF
_IL.I or
13m (R+V3 873) o
OR oF
— I3 [213w3’73 + Ioyo (R + Rl ) - U1:| — =Y5(F) =0, (8.54)
V3 072

where Y5 is the corresponding vector field defined on (2.
After differentiating identity (8.54) with respect to v3 we obtain

8}(;27(5) = (I 12)[ 2[27232271; ol <gz>z
- 2[30033752 — (J3wsys — Ul)?;y } gj;
2
i (2 58) 2
- (21272§f e giR § ”3‘“3> o =YalF)=0,  (859)

where Y3 is the corresponding vector field defined on Q
If a first integral F exists, then the linear system (8.53] - has a non-zero solution

grad F' = (8%2,’ g—f;, %) , which is possible if and only if the determinant D of the

coefficients of this system is identically equal to zero.
We compute D. It has a non-zero multiplier I; /3y, and that is why we work with

~ D
D=_-"_.
Ilfg"}/l
The expression for Dis
OR O’R OR\? OR
D=aR® + aaR*—— + a3R?*—— + a4R* + asR () +agR—
O3 3 03 03
R OR\® OR OR O’R
R—~ R —_— 8.56
+ a7 072 + agii + ag (3%) + aio (373) +a 1187 +a128’y§’ ( )

where
ay = =20 13(11 — I)wsys, ag = —2I3(I1 — Is)v2(Ur — 315ws73),
as = —Ir(Iy — Iy)v2(—2wsyi Ty — 2wsy3 o +73U1),  as = 2Is(11 — Ir)Uyws,
=2(I1 — Ib) bya (w3l — w3vsIo — 3I3wsy; + 2y3U1),

ag = 2(I1 — I3)(—2I5I3w3v3 — 213U w33 + U?),

ar = (I — I)(—Uws i1y — 3wsy3 Uy — Iswsy3Us + Upys + 4l3w3v3vs12),
as = —2I3w3(—Isw3 oy + Iswi1ye — [17ice + c1yelim),

ag = —2I5(I — Iy)yays(—wsni h — w3 Ta — Tsws s + v3Uh),
a1p = —2(I1 — I)(—Uws i 1 — 2Lsw3ysys o — Isws3Us + Utns),

a1 = 2(—Iiealsysws + [ I3wiysye — c1ve i Us + crve iy I3ysws

+ LyieoUs — LI3w3ysye),
a1z = (Ur — 2I3w37v3)(— Ui Iawsye + Urliwsye — c1v2 L1713 — Iswi1v37y2
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+ Livieays + Iwioysye).

OR

To determine the derivatives s and 8 R

8.50)) with respect

to 3 two times. Taking into account that polynomlal A from (8.51]) does not depend on
~v3 we obtain

0Q _ 0B 9B oC dQ OR

oc | dQOR _ 8.57
D5 O oy, | dR s (8.57)
and
3262 0%B OB OR  9%C 0 ( Q) dQ 0%R
_OBp 0BOR O°C 0 Iy, 8.58
92 = 92 9007 T 902 o 9y T dR 573 (8.58)

By Proposition we prove that if R is a root of equation (8 , then ¢ 5 7& 0 For
the purpose we consider the resultant p = A(4AC — B?) of polynomlals Q(R) and ¢ 7= 9 and

prove that p # 0. As A never vanishes identically we do not consider p but p = 4AC — B2.
Putting in p the expressions for A, B and C (see (8.51)) we obtain

p = ALY [Iwi (Iiv: + Y3 + Isvs) + 2(1i7F + 1273) (c1m1 + ez + e373)
— 23U w3y — Usliyf — LUsy; + Ut

which never vanishes identically at least because contains a monomial 477 I5I3w3~}.

Thus % % 0 and g—i can be correctly determined from equation 1) Then by
9°R
o2

in the expression for D (see (8.56)). In this way we obtain
~ 156
DR = 32 (R)

()

where 0(R) is a polynomial of R of degree six with coefficients depending on ws, 71, 72

equation (|8.58|) we determine and put the obtained values for the derivatives of R

and ~s.

It is clear that the equation D(R) = 0 is equivalent to 8(R) = 0. We know that if
Q(R) = 0, then if in addition some supplementary first integral F'(ws,~1,72) of system
exists, then also §(R) = 0. Thus all assumptions of Proposition .2] are fulfilled.
Consequently in polynomial ring K[z|, where K = Alg(ws, v1,7v2,73), the polynomial Q(x)
divides the polynomial §(x).

By the MAPLE command rem we compute reminder r from the division of polynomial
0(z) by polynomial Q(z). The reminder is of the form:

r(R) = — 111
I + 1273
where ag and a; are polynomials of ws, 1, 72 and ~3.

According to Proposition if R is a root of equation , then ag and a; should
be identically equal to zero. We shall use a; only.

Polynomial a; has 210 coefficients. Thus we should equate to zero all of them. In this
way we obtain a system of 210 equations for parameters Z¢, U; and Us. The reduced

(aoz + aq),

system (see Sec. [3)) that is obtained after two consecutive simplifications is very simple:

6120, 62:0, 11—1220.
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These equations lead to the Lagrange case. Thus the sought first integral of type 1
does not exist.

Type 4. The study of the existence of a first integral of type 4 is considerably different.
Indeed, let us suppose that F = F(v1,72,73) is a first integral of system (8.52). Then we
have

dF OF  (IoRys + Izwsys — Ur)vys + Liwsyi OF
— = (w372 —13R) =— — a0
dt o I 02
n (117% + Iy3) R+ (Iswsys — Ur)ye OF 0
I 073 '
which we rewrite as follows
dF
Liyi— o =Y (F) =0, (8.59)

where Y7 is the corresponding vector field defined on €.
After differentiation identity (8.59) with respect to ws one obtains again a linear
partial differential equation for function F’

Y1 (F) _ 7 OR di
Ows A2 = 350, Ows ) O

OR oF
- (IQ’YQ’Y:;M + I3 + 11712) s

or
+ 137273} +— = Ya(F) =0, (8.60)

OR
+ [(11712 +Iv3) 2 — s

Ows
where Y5 is deﬁned on (.

System (8.59 - ) has one solution. This is first integral Hs. In order to have one
more solutlon thls system should consist of dependent equations. Let us study when this
is possible.

We compute determinant Dag corresponding to the square matrix obtained from the
2 x 3 matrix of the coefficients of system (8.59 - 8.60)) by crossing out its first column.
The result is

OR OR
Dos =L (1P + 172 + 372 [R—ws— | = U —vs— 1.
23 171 (1’71 + loyy + 3’73) w33w3 1172 ’Ysawg

The expressmn for Dy3 depends on derivative BR We determine it by dlfferentlatlng

equation (8.50) with respect to w3. Polynomial A does not depend on ws (see (8.51)) and

therefore
0Q 0B oC  dQ OR

Qug  Owy | Ows | dROws
As in the studying of a first integral of type 1, using Proposition [{.1] we prove that if
R is a root of equation 1) then % # 0 and obtain from the above equation
OR I3 [v3(IaRv2 — Uh) + ws (17 + I373)]

8w3 N Ig [R(Iyy% + 12722) + 72([3&)3’)/3 — Ul)] .

We put this value of g—i in the expression for D3 and obtain

L~

BZB?
L[R(IA] + 1273) + va2(Tzwsys — U]

Dy3 =
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where 1323 is
Doy = (1173 + Io73 + I73) (I3 + Ion2) R? + 272 (Iwsys — Un)R]
+ (LA + I3 + I393) (1] + I303)ws — 2U1msws] + U (Iovs + I373).-
It is clear that Dy3 = 0 is equivalent to
Dy3 = 0. (8.61)

If first integral F' = F(v1,72,73) exists then equation is fulfilled. Thus R
is simultaneously a root of equations and . In such a case 1323 and @ as
polynomials of R should have a zero resultant.

Let us denote the resultant with p and compute it. We obtain

p = I3AH(IivE + I43) 5%,
where
P = (2c17m1 + 2272 + 2¢37v3 + Us) (1177 + Io3 + I373) + UT.

Equation p = 0 implies p = 0. It is easily seen that this happens only if ¢; = ¢y =
c3 =0 and U; = Uz = 0, i.e. a particular case of the Euler case. Thus a new first integral
of type 4 does not exist.

8.3.2. Elimination of w; and 7;. Here we should study two cases: when ¢; # 0 and
when ¢; = 0. This is necessary because when we express 7; from equation H; = U; we

obtain
_ Tawyys + Tzwsys — Un

L
independently of ¢1. But putting v from (8.62)) in equation Hs = Us, two different case
for determining wy arises. When ¢; # 0 the equation for w; is of degree three while when
c1 = 0 it is of degree two. That is why, to avoid any confusion, we consider separately

" = (862)

two cases.
Case A. ¢; # 0. In the same way as in Sec. taking into account the value of v,
from (8.62) we solve equation Hs = Us with respect to w; and obtain

w1 = R7
where R is a root of equation
Q(z) = I{2® + Az + B =0,

that is
QR)=I}R*+ AR+ B =0 (8.63)

and A = A(ws,ws,¥2,73) and B = B(ws,ws, ¥2,73) are the following polynomials:
A = $(Iwi + I3w3 + 2¢972 + 2¢373 — Us),

(8.64)
B = —c1(2Ihwayz + 2[3w3y3 — 2U7).
In this way we come to the following values of the eliminated variables:
I I -U
w1 = R, Y1 =— W22 + 3W373 ! . (865)

LR
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We put the values of w; and 1 from (8.65) in the Euler-Poisson equations (1.1),
remove the first and fourth equations and obtain the following system of four equations
in unknowns ws, ws, 2 and ys3:

dwy  L(I = I3)w3R* — Lic1y3R — c3(Tawayz + Iaways — Un)

dt LLR ’
dws _ L(I = I)weR? — Liciye R — ca(Toways + Tzwyys — Un)

dt LIsR ’ (8.66)
dye _ LR + ws(lowaye + wsys — Uh)

dt LR ’

dys LR + wo(lwoye + Lwsys — Uh)

dt LR '

Case B. ¢; = 0. We solve equation Hz = U3 with respect to w; at the value of v
given from (8.62)) and obtain w; = R, where R is a root of equation

Q(z) = 12> + B,
that is
Q(R)=1LR*+ B, (8.67)
and B(ws,ws,¥2,73) is the following polynomial:
B = Lyw3 + Iz3w3 + 2c37ys + 2c37y3 — Us.

In fact the values of the eliminated variables are determined as in Case A, i.e. by
formula (8.65) but R is a root of different equation.
The restricted Euler-Poisson equations are

dwy (L - I3)ws R? — c3(Tawayz + Izwsys — Ur)

dt LR ’

dwg  L(I = )waR? — ca(lhwaye + Twsys — U)

dt LI3R ’ (8.68)
dys L3 R? + w3 (loways + Izwsys — Un)

dt LR ’

dys LR + wo(lwoys + Lawsys — Uh)

dt LR '

To study the existence of a first integrals of systems and that depend on
at most three variables among the variables wy, w3, 72 and 3 and that are functionally
independent of Hy restricted to invariant manifold we should consider the following
four types of a first integral:

F(wa,ws,72), (case (iii
F(wa,ws,73), ( (i
F(wa2,7y2,73), (case (iv)
F(ws,y2,73)- (case (iv)

)
case (iii)

e

Thus we should study the first integral of type 1 only.
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Case A.1. We consider a first integral of type 1, i.e. F = F(wa,ws,72). Thus
dF  L(L = B)wsR® — Lieiys R — e3(lwaye + [wsys — Ur) OF

dt LiILR aWQ
n (I = I)wa R? — Ticina R — ca(lawoye + Tawsys — Un) OF
LiIsR Ows

Ing + w3 (lawzy2 + Iswsys — Uy) OF _0

IlR (9’72 ’

which is equivalent to
dF

Y: from is the corresponding vector field defined on some suitable open set 2 C
C*(wa, w3, Y2, 73)-
We differentiate identity with respect to 3 and obtain again a linear partial
differential equation for function F
dYi(F)
973

OR OR oF
=13 |:—2[1(Il — )wsR— 4+ LR+ Lieyys— + 13030.}3:| —
Ov3 03 Ows

OR OR oF
+ 1 |:2—71(Il - I2)WQR87’}/3 - 1161723773 - 1362403} (97(,03
OR oF
+ 1213 <IlR + 2]1’)/3R67 + 13w3> a’y YQ(F) = O, (870)
2

where Y5 is the corresponding vector field defined on 2.
After differentiating identity (8.70) with respect to v3 we obtain

dYs(F) R OR\?
=NL1I3| —2(I; — I- — —2(I; — I3)ws | =—
97 1 3[ (I1 — Is)wsR 92 (I — I3)ws 97
+ 2¢ OR +c IR Bi
167 173 5 5 873? Do

2

9°R OR\? 9’R) OF
i1, |2(1; — I 2(1; — I —_—
+1I 2[ (I Q)OJQR@V +2( 2)ws (87;:,) Y25 92 ] s

0’R OR OR | OF
2011 R— 2R Y3(F) =0 8.71
+20L 1 3{73 072 3 T3 (873) + 873}872 3(F) ) (8.71)
where Y3 is the corresponding vector ﬁeld deﬁned on €.

If a first integral F' exists, system - has a non-zero solution grad F' =

(gTF, g—F, g—F) , which is possible if and only if the determinant D of its coefficients is
2 w3 2

identically equal to zero.
We compute D. It has a non-zero multiplier 171312 and that is why we note

~ D
D=—=.
RI3I3
The expression for Dis
~ OR 0’R OR OR 0’R
D=aR*— + aR* R? RP— +asR*—
T T g T oy o 0 0
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2 2
+ a6R2 <8R) R2 OR + 8R28 R agR ( 8R> + Ch()RaiR
3

93 o0 3 0 § oy 03
+a R827R +a aiR 7R
U003 T\ 0 I3

where

ay = —2Lciwe (I — I2), az = Lici[(—11 + I2)ways + (11 — I3)wsel,
az = —2Lie1[(—11 + Ia)ways + (11 — I3)ws2],
ag = 2[2I3(I — I})cawows + 2I3(I1 — I3)caws + I3 ya),
as = —2I(I1 — I)csw3vys + 2L (—1I3 + I1) cowowsye — 203(I1 — Io)cswowsys
+2(Iy — Iy)esUrwa + 2I3(—Is + I ) cawiys — 2(—Is + 1) coUrws + T1¢iy273,
ag = 6[(I2 — I1)cswa + (I — I3)cows|(—Iaways — Iswsys + Uy),
a7 = —2¢1 (= I3(I) — L)waw; — calawpys — 2¢3l3wsy2 + c2Uh),
ag = —c1[—2I(I) — Iy)wiwsys — I3(1) — I2)wawdyz + 2(1) — I2)Uywows
— Lyeswyys — Iacawayays — Is(—Is + I )wina — 2I3cawsyays + c3Uryz + c2Uis),
ag = 2¢1[—Ix(I1 — I)wiwsye — 2I3(11 — Iz)waw3ys + Uy (11 — Iz)waws — 2¢3lowas
+ Iyeawayays + I3(—Is + I )wiva — Iacawsyays + 2¢3U172 — U],
a0 = —2I3ciw3v2, a11 = Gwsy2(—Lwaye — Iswsys + Uy),
a1z = 2c1[(Iz — )wowsys + (=I5 + I1)w3ya + 37273 — c273) (—lowaye — Iswsys + Un),
a13 = —2ciwsya(—Ioways — Iawsys + Ur).
The first and second derivatives of R with respect to 3 appear in D. To determine
them we differentiate equation with respect to 3 two times and obtain
2Q — 9A o4 . OB  dQ OR

OB dQOR _ 8.72
s O3 v dROvs (8.72)
and
0?Q 9%’A 0A OR  0°B 0 ( Q) dQ 0’R
— R+ —— "4 - — 4 ~ — —=0. 8.73
Oz O3 Ov3 0vs Oy Ovs dvs  dR Ov3 (873)

We prove that if R is a root of equation , then % # 0. For the purpose we
consider the resultant p = I{(4A3 + 2717 B?) of polynomials Q(R) and dQ =3IFR*+ A
and prove that p # 0. Indeed, putting in p the expressions for A and B from we
obtain a polynomial which we do not give here but it never vanishes identically as it has
a monomial 4[{’[5%03

Thus, by Proposition % # 0 and 5%2 can be correctly determined from equa-

tion (8.72f). Then by equation (8.73|) we determine gR

derivatives of R in the expression for D(R) and obtain
~ L(R)
D(R) = ——3,
()
dR
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where L = 4(I1c3 R—I3c1ws) and 6(R) is a polynomial of R of degree eight with coefficients
depending on wsy, w3, y2 and 3.

We prove that expression L does not vanish identically provided that R is a root of
(8-63). Indeed, if c3 = 0 then L = —4I3c w; and as ¢; # 0 L could not vanish identically. If
¢z # 0 and we suppose that L = 0 then we have R = I3ciws/(I1¢3). Simple computations
show that this value of R cannot be a root of . Thus we can work with D instead
of D because L and % are NON-zeros.

Thus the equation D(R) = 0 is equivalent to 6(R) = 0. We know that if Q(R) = 0,
then if in addition some supplementary first integral F'(wa,ws, y2) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K[z], where K = Alg(wa, w3, ¥y2,73), the polynomial Q(z) divides the
polynomial §(z).

By the MAPLE command rem we compute reminder r from the division of polynomial
4(z) by polynomial Q(z). The reminder is of the form:

r(z) = 21 crapr? + arz + dc1 (—Tawoyy — Izwsys + Up)ag,

where the coefficients ag, a1 and as are polynomials of wy, w3, 72 and 3.

According to Proposition if R is a root of equation , then, as 2Iy¢; and
41 (—ITawoys — I3wsys + Uy) do not vanish, we have ag = a1 = as = 0 identically. We use
only the last equation ay = 0.

ag is a polynomial with 51 monomials and therefore with 51 coefficients. We equate
them to zeros and apply simplification on the obtained system. After three consecutive
simplifications we come to the reduced system that consists of only one equation 1=0.
Thus a first integral of type 1, F = F(ws,ws,v2) does not exist when ¢; # 0.

Case B.1. Here we consider Case B, i.e. ¢; = 0 and study the existence of a first
integral of system (8.68)) which is of type 1, F(w2,ws,¥2).

In the same way as in Case A we obtain a system
Yi(F)=Y3(F) =Y3(F) =0, (8.74)

where vector fields Y;, 1 < i < 3, are defined on €.

System (8.74]) coincides with system (8.69)—(8.71]) if we substitute in the last one

c1 = 0. As we know the existence of the sought first integral is possible if and only if the
determinant D of the coefficients of system ({8.74]) is identically equal to zero.
Let us compute this determinant. We obtain

D(R) = 2I3 ZI3R?[(I> — It)cswz + (I — I3)caws | D(R), (8.75)
where
. R OR\? OR
D(R) = (Iaways + Iswsys — Uy) Rai’}/% -3 (673) + 2[3w3Ra—%,

Taking into account that now R = 0 cannot be a root of equation and that
c¢1 = 0 we easily see that the multiplier before lA)(R) in can vanish only in the
Euler, Lagrange and kinetic symmetry cases. Thus the equation D(R) = 0 is equivalent
to the equation D(R) = 0.
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We compute the derivatives of R (see (8.67))) with respect to 3 and obtain
OR cs 0’R 3

b LR 9¢ T
and determine E(R) as follows

e I Izws R? + 2c3(Taways + Izwsys — Ut)

D(R) = —2 i

Let us suppose that c3 # 0. It is clear that now ﬁ(R) never vanishes and consequently
the sought first integral does not exist.

Let ¢3 = 0. In such a case D = 0 and therefore equations li are linearly dependent.
More precisely Y3 = 0 because when ¢z = 0 then R does not depend on 3 but every item

of Y3 contains either 2& or 228 (see (8.71) under condition ¢; = 0).

973 o3
Thus we have only two partial differential equations for first integral F'. They are

Yi(F) =0, Yy(F)=0. (8.76)

Easy computations show that these equations are independent unless co = 0 which
leads to the Euler case or Iy = I3 - Lagrange case.

We compose the Lie bracket Z = [Y7, Ya]. Equations (8.76]) imply that

oF

Z(F) = 3(I1 — I3) Iy 15 caws (Iow3 + I3w}; + 2272 — U3)8Tug

— 122[362 [Igflwg + .[3([1 — IQ)UJQOJ:?

oF
+ 62(211 — 12)0.)2’}/2 — I1Usws + CgUl] ((97(.(}3

+ Ig[gwg [ - 12<211 - IQ - 2[3)&}% - 2[3([1 - Ig)bugwg

OF
— ca(4ly — Iy — Al3)wyye + (211 — Iz — 213)Usws + c2Us | 5y 0. (8.77)

Determinant ¢ composed from the coefficients of equations (8.76)) and (8.77) should
be identically equal to zero. We compute it and obtain

6 = 6162,
where
51 = 123133(.[1 — 13)020.)3(.[2&)% + Igwg + 202’}/2 — U3)2,
52 = —12(211 — 3]2)&):23 — 2]3([1 — I3)w2w§ — 262(2]1 — IQ)QJQ")/Q
+ U3(2Il — 3[2)w2 + 4coUs .
It is easily seen that d; can vanish only in the Euler and Lagrange cases. The expression
for d2 contains a monomial 2/5(I; — I3)wow3 and therefore the minimal requirement for

vanishing of §5 is I; = I3 - the Lagrange case.

Thus a new first integral of type 1 does not exist also when ¢; = 0.
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8.3.3. Elimination of w; and ;. In the same way as in Sec. we solve equations
H, = U; and H3 = U3 with respect to wy and - and obtain

IR+ 1 -U
wi=R,  p=-"1 +I aatill - B (8.78)
2W2

where R is a root of equation
Q(z)=Az> + Bz +C =0,
that is
Q(R)=AR*+ BR+C =0. (8.79)
Functions A = A(w3), B = B(v1) and C = C(wa,ws,v1,73) are given by the following
polynomials:
A =1 Ihws, B = —2I1¢com1,
C = I3ws + Ly Izwsw3 + 2Ihc1way1 + 2Iac3w27y3 (8.80)
— IbUswy — 213¢cows7y3 + 2¢c2U7.
We put the values of wy; and v, from in the Euler-Poisson equations and

remove its first and fifth equations. In this way we obtain the following system of four
equations in unknowns ws, ws, 71 and ~3:

dwy (I — Is)wsR — c1y3 + esm

dt Iz

dws (I = I)w3 R+ Tacowami + ci(Iim R + Tzwsys — Un)

dt Iy Isw; ’ (8.81)
dyi _ hwsnmR+ Lw3vys — Uws + Lw3ys

dt TIrw, ’

dys _ Dwivi + (LR + Lwsys — Un)R

dt Irwe

We consider the following four possible types of a first integral of system (8.81)) that
depends on at most three variables among the variables wo, w3, 71 and ~3:

1. F(ws2,ws,v1), (case (ii))
2. F(wz,ws,7s), (case (iii))
3. F(w2,71,73), (case (v))
4. F(ws,71,73)- (case (iv))

As we have already studied cases (iii) and (iv) now we should consider the first
integrals of types 1 and 3.

We suppose that the studied first integral is functionally independent of Hs restricted
to invariant manifold .

Type 1. Let us start with a first integral of type 1, F = F(wa,ws,y1). We have
dF' (L —L)wsR —c1vz +e3m OF

dt I Ows
+ IQ(Il — IQ)QJ%R + IQngg’yl + Cl(Il’le + Igw:;’}/g — Ul) 8i

IQI;),LUQ 3(,03
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~ LhwsmR+ Izw?ys — Uws + Lwiys oF _
Iows omn

which is equivalent to
dF
IQIgCUQE = Yl( ) 0. (882)
Y1 from the above equation is the corresponding vector field defined on some suitable
open set Q C C*(wa,ws3,71,73)-
We differentiate identity (8.82)) with respect to v3 and obtain again a linear partial
differential equation for function F
oY1 (F)

93

oF
3w2

OR
= Ig, |:(Ig — I1)UJ20J37

073 * Clw2]

5 OR OR
+ {12(11 — I )wQa +Ilclfyla

oF
+ Izciws 9o

oF

5, = a(F) =0. (8.83)

OR
— 13 <11W3’)/1 (9'}/ + IQCL)Q + 13W3)

We differentiate Yo(F') with respect to v3 and obtain

oY, (F 0’R oF oF
827(3 ) - =02 {13(13 - Il)w2w387 + (Ilaw; — T3ws + 116171)8703
OF
- 11]30.)3’718] = }/3(F) = 0, (884)
gs!

where Y5 and Y3 are the corresponding vector fields defined on €.

If a first integral F' = F(wq,ws, 1) exists, system (8.82)—(8.84) has a non-zero solu-

oOF OF OF
3002 ? 3003 ’ 8’71

coeflicients is identically equal to zero.
We compute D and obtain

tion grad F' = ( . This is possible if and only if the determinant D of its

82
D(R) = —LI3wi— o A,

where
A = (I — I3)c Uywows + Iic17? (caws — cows)
+ (Iaw2 + I3w2)[(I1 — I)csws — (I1 — I3)cows]y1.
Let us first suppose that

82 7A 0. (8.85)

In such a case D(R) = 0 if and only if A = 0. Polynomial A has seven coefficients and
they should be zeros, i.e. we have a system of seven equations for the parameters Zc and
U;.
After two consecutive simplifications we come to the reduced system that consists of
the following six equations:
czer =0, (I1—1Ix)e3=0, cica=0, ([1—1I3)ca=0,
(IQ - 13)0263 = 0, (IQ - Ig)clUl =0.
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The system obtained coincides with system (8.35) and therefore has the same six
solutions. After removing the solutions that lead to the Euler, Lagrange and kinetic
symmetry cases we obtain only one new solution

{Ulzov Il :Ila 122127 13:I3a 1 = (1, 02207 C3:0}7

which is impossible because the condition co = c¢3 = 0 contradicts to . Indeed,
equation has no root that depends on 73 because the three its coefficients A, B
and C (see ) do not depend on 3 when ¢z = c3 = 0 and therefore R does not
depend too.
Thus a first integral of type 1 does not exist when condition is fulfilled.
Let us study what happens when
0’R B
877% =
Equation implies that R = M (w2, ws,71)7v3 + N(w2,ws,71), where M and N
are some functions not depending on 3. Now equation gives

Q = AM?~3 + M~3(2AN 4+ B) + AN? + BN +C = 0.

0. (8.86)

Thus @Q is a polynomial of 3 of degree two. The coefficient of 73 is AM?2. As Q = 0 then
AM? = 0. As A cannot be zero (see (8.80) it remains the only possibility M = 0 and
equation (8.79) is transform in the form

Q= AN?+ BN +C =0,

i.e. Q is already a polynomial of v3 of degree one. Its leading coefficient is 2(Izczws —
Iscows) (see the expression for C' in (8.80). This coefficient should be identically equal
to zero. Thus ¢y = ¢35 = 0.

As function B vanishes at this condition then R takes the following simple form

R: \/Il(ffgw% 7]:}&)%7261714’0'3). (887)
1

Now Y3(F) = 0 and equations Y;(F) = 0, 1 < i < 2, are obtained from (8.82)) and
1) where we put ¢ = c3 =0 and g—f; =0, i.e.

OF
Yi(F) = —Iws [(I; — I3)wsR — c1y3] —

&ug
9 oF
+ [Io(I1 — L)ws R+ e1(Iii R + Iswsys — Uy)] s
9 9 OF
— 13 [(12(0'2 + I3OJ3)’}/3 + (Il’)/lR - Ul)w:),} W =0,
1
OF oF OF
Yo(F) = 1T — +1 —— — I3 (w3 + I3w3) — =0
2(F) 3(31w2(%}2 + I3ciws Bon 3 (Tows + I3w3) o7 )
where R is taken from (8.87)).
Further we work with vector fields
[217 ZQ]

Z1=Y1—3Ys, Zy=Ys Z3= .
3
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We compute Z3

0 0
J3 = Ig([l — Ig)clwgng— +c [(122(,0% + 11[3w§ + [101’71)R — ClUl] —_—
8w2 aw:),

o)
+ Iyws [(215w3 — 21 I3w3 — I1 Ihw; — 1 Is3w§ — Lieyyi)R + e Uy v

In this way we obtain the following system of three equations for function F"
Zi(F)=0,1<:<3,
and we know that determinant § of the coefficients of this system should vanish identically
with respect to we, ws and ;. We compute é and obtain
I26 = 6105,

where

61 = LILIZ(I5 — I3)ciwiws

by = [I(2L5 — 311w} + I3(213 — 311)wj — 4Lic1m | (—Tow3 — Tsw] — 2¢17v1 + Us)

e Us Ty (~ Lo} — Iy} — 217 + Us)

01 vanishes if Is = I3 which leads to the Lagrange case or if ¢; = 0 which leads to the
Euler case. Thus we suppose that I # I3 and ¢; # 0 and should study when J> vanishes.

According to Propositionapplied to V = I (—Iow3 —I3w3 —2¢17y1+Us) we conclude
that U; = 0. Thus

52 = [12(212 - 3[1)&)3 + 13(213 - 3]1)&)% - 4_[161’)/1] (_IQC(J% - Igwg - 201’}/1 + Ug)

and it is easily seen that if ¢; # 0 then neither the first multiplier in the square brackets
nor the second one vanishes independently of the values of the moments of inertia.
Thus a new first integral of type 1, F(w2,ws,~1) does not exist.

Type 3. We go to the consideration of a first integral of type 3, F(wa,v1,73). Thus
dF (I — I3)wsR — c1y3 + esm OF

dt I Ows

~ Twsn R+ Lw3vs + Iswiys — Uyws or
Tows o

n Lwim + (IR + Iwsys — U1 R OF 0
Tows 03 )

which is equivalent to
dF
I2UJ2E = Yl(F) =0, (8-88)

where Y7 is the corresponding vector field defined on a .
We differentiate (8.88)) with respect to w3 two times and obtain

vy (F) OR OF
3w3 -2 (13 B Il) <W3 aw;g + ) 80.)2
OR oF
- [1171 (w?’ﬁwg + R) + 2I3w37y3 — U1] oy
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T =Ya(F)=0 (8.89)

OR OR JOR | OF
+ |:13’yg (wgaw + R> + 2[1’71R :|
3

dws ' Ows] O
and
_ [Im ( sl +2§R> +213y3} STF
+ | Isvs ( 22 5 +2gﬂ;) +2Iim (gi)g
+ (2R - Uh) gij g—i = Y3(F) =0, (8.90)

where Y5 and Y3 are the corresponding vector fields defined on Q.

If a first integral F(wa,y1,73) exists, system (8.88)—(8.90) has a non-zero solution
grad I = (gi, gﬁ, gi) . This is possible if and only if the determinant D(R) of its
coefficients is identically equal to zero.

D(R) has a multiplier wy and we note

~ D
By - D)
w2
The expression for D(R) is
~ OR R OR\> R
D _ 3 2 2 2
(R) alR +CL2R 7({9 s + 3R 8 ) +CL4R —|—a5R <8w3> +a]6R78w§
82R R \* R\’ OR R
+ CL7F£a 2 + CLSR + ag <aw3) + a0 <8w3) + allw + a19——5 Ow 2 y (891)

where

ay = 20 I3(I; — I3)113, az = 21, (I — I3)(—313w3y3 + Ui)1,
az = Li[—2L (1) — I3)wivs + Ui (11 — Is)ws + 2Ly c377 — 2Licimys)n,
ay = —2I3(Iy — I3)Urvs
as = 2 [Io(I1 — Is)w3ys + 3I3(1y — I3)w3ys — 2U (It — Is)ws — Iiesvs + Lieimaiys)n
ag = 4I3(Iy — I3)Urwsys — 41 Iscsyivs + 41 Iscimys — 2(1 — I3)U7,
a7 = Iy(Iy — I)Uywiys + I3(1y — I3)Uyw3ys + 41 Izcswsyiys — 41 Izciwsyiv3
— (I, — I3)Ufws — 3L1c3U17; + 3Lic1Urnys,
as = 2I3y3[L2(I1 — Is)wiv — Iscsmys + Ise13),
ag = 2Lwsm [~ L (I — I3)wiys — Is(ly — I3)wiys
+ (It = I3)Urws + Liesyi — Tieimavs),
aro = —2I(I) — I3)Urw3ys — 213(11 — I3)Uywivys + 413 Iscawsyivs
— 4L Izciwsmns + 2(0h — I3)Utws,
ay = —2L13(I — I3)wswsy1ys + 21 (11 — I3)Uywiyr + 215 cawsy1vs — 215 ¢1w373,
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a1z = (Ur — 2Lw3v3)[I2(I1 — I3)wiwsy1 — Izcawsyivs + Isciwsys + esUiya — e Urys).

E(R) contains g—i and gi};ﬂ We determine them by the same method we used for a

first integral of type 2 and obtain
OR 13 (IQWQQJ;J, — 0273)

87’}/1 - Il(IQUJQR — 02’71) ’
82R _ .[2]3(,02
6’712 112 (IQUJQR - Cg’yl)

— 211 Ireowoni R + Nc3ni + Isc3n3 ).

- (I3 Lwiws — 21 Iscowowsys + I1 13 R?w3

We put these values of the derivatives of R in the expression (8.91)) and obtain

. I
D<R) - I%(IQU)QR . 62,71)36<R)7

where §(R) is a polynomial of R of degree six with coefficients that are polynomials of

wa, w3, Y1, v3 and parameters Zc¢ and U;.

It is clear that the equation D(R) = 0 is equivalent to 8(R) = 0. We know that if
Q(R) = 0, then if in addition some supplementary first integral F'(ws,71,73) of system
(8.81)) exists, then also 6(R) = 0. Thus all assumptions of Proposition are fulfilled.
Consequently in polynomial ring K[z], where K = Alg(ws,ws,v1,73), the polynomial
Q(z) divides the polynomial é(x).

By the MAPLE command rem we compute reminder r(z) from the division of polyno-
mial é(z) by polynomial Q(z). It is of the form:

1
r(xz) = @(aox +ay),

where the coefficients ag and a; are polynomials of ws, w3, 1 and 73 and parameters Zc,
U, and Us.

According to Propositionif R is aroot of equation , then we have ag = a; =0
identically. Although polynomial ag has 84 coefficients we use a; which has 160 ones. This
is because if we use ag = 0 then the reduced system has one solution Uy = 0, co = 0
which should be studied separately whereas only two consecutive simplifications on the
system with 160 equations coming from a; = 0 lead to the reduced system

61:0, 63:0, 11—13207

which immediately implies the Lagrange case and leads to the conclusion that a new first
integral of type 3 does not exist.

8.3.4. Elimination of v, and ~3. Like in Sec. we solve equations H; = U; and
Hs = Us with respect to 75 and 3 and obtain

I3U.)3(Ilw% + IQUJ% + Igw§ + 2c1v1 — Ug) — 2L c3wiy1 4 2¢e3Uy
Y2 = ’
2(12(:3w2 — IgCQOJg)
7[2002([1&]% -+ [ng + Igw§ -+ 261’}/1 — Ug) — 2[102(4]1"}’1 -+ 2CQU1
2([2030.}2 — I3CQW3) ’

(8.92)

V3=
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Let us note that the elimination of 75 and -3 from equations H; = U; and H3z = Us

is possible only if
(c2,c3) # (0,0). (8.93)
Further we suppose that this condition is fulfilled.

We put the values of 72 and 73 from in the Euler-Poisson equations and
remove its fifth and sixth equations. In this way we obtain the following system of four
equations in unknowns wi, we, ws and ~;:

dwy 1
dt 20 (Ircaws — Izcows) [
+ I§C3w§’ + 2hhc1cowayy + 1o (205 — I3)cswiws + 2I3¢1 cawsy

2 2 2 3
11[262(4)1(.02 + 11I303W1W3 + IQ CoWy

—Is(Iy — 2[3)02w2w§ — IscoUswsy — I3c3Usws
= 20(c5 + )i +2(c + &)Uh]
dwy 1
dt 215 (Iscgwy — I3cows)
+ 2@ c1couwryr — 202 (11 — I3)cswiwows + 215¢oc3w371
+ 2I3(I) — I3)cowwi + IociUswy — 2I5(c3 4 ¢3)wayr — 20102U1], (8.94)
dws 1
dt 215(Izcswe — Tzcows)
+ 2L c1cswit + 2aeacswayt + 20(1 — Ir)cswiwi
—2I3(1) — I)cowwows + I3, Usws — 213(cf + c3)wsy1 — 2c1e3U1],
% - 2(Izcswo 1* I5cows) [11[260%‘}% - 11[3w%w§ - Izzwg " 212]3w§w§
+ Iws — 2L cowywayr — 2L cawiwsyr + 2Iaciwiy + 2I3c1wim
— LUswj — I3Usw; + 2coUrws + 2c3U w3
We consider the following four possible types of a first integral of system that
depends on at most three variables among the variables wy, ws, w3 and ~1:

2 2 3 2
[ — 11I201w1WQ — .[2 Clwy — I2I301(.OQOJ3

2 2 2 3
[ — 11[361(,01603 — Ig[gclw2w3 — 1301(.4)3

[t

F(wy,ws,ws), (case (i)
2. F(wy,wa,71), (case (iii))
3. F(wi,ws,71), (case (iii))
The only not yet studied case for the invariant manifold is case (i). Thus here
we should study the existence of a first integral of type 1 only.
We suppose that the studied first integral is functionally independent of Hs restricted
to invariant manifold .

)
1
w2, w3, 'Yl) case (11 )

Type 1. Let us consider a first integral of type 1, F(w;,ws,ws). Thus

dF
2[1[2[3([203&)2 - 13020.)3)% = Z(F) = O7 (895)

where Z is the corresponding vector field defined on some suitable open set Q C

C4(w1,w2,wsﬁl)-
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Note that the right-hand sides of equations (8.94]) are linear functions of ;. Thus, as F
does not depend on 71, Z(F) is also a linear function of v, i.e. Z(F) = 71 Y1(F)+Ya(F).
Equation (8.95) which is an identity with respect to variables wi, ws, w3 and 1 implies
that coefficients Y1(F) and Y3(F) should vanish. The vector fields Y7 and Y, are given
by the following expressions:

0
Y, =215 [126102002 + I3cic3wz — It (C% + cg)wﬂ (97
1
0
+ 21115 [Ilclcgwl + I3coc3ws — IQ(C? =+ c%)wﬂ 87
2
0
+ 21115 [2[10103(U1 + 215coc3w9 — 2[3(0% + C%)w;g] %,
3
Y2 = 1213 I:IQCQUJQ(IIW% + IQOJS) + .[3630.)3([1(4)% + 130.)%) + I2(2.[2 — 13)630.)50.)3
0
— 13(12 — 2]3)CQW2W§ — IgCQUgwg — [3C3U3W3 + 2(0% + C%)Ul] ({97
1
+ I 15 [ - 12010.}2(11(,0% + Igwg + Igwg) — 2[2([1 — ]3)03&)1&)2&)3
0
+ 2[3([1 — Ig)Clewg + IsciUswy — 26102(]1] 87
2
+ 111> [ — 1361(,03(11(4)% + Igwg =+ 130.}32)) + 2]2([1 — IQ)C3w1w§
0
— 2]3([1 IQ)CQCUlCL}ng + IgClUgw;g — 20163U1] 6

w3

We compose the Lie bracket Y3 = —[Y7,Y3]/(2I11213). The expression for Y3 is long
and we do not write it here.

We consider equations

Yi(F)=0,1<i<3. (8.96)

If a first integral F(wq,ws,ws) exists, system (8.96) has a non-zero solution grad F =

(gTF, g—F, g—F . This is possible if and only if the determinant D of its coefficients is
1 w2 w3
identically equal to zero.

The expression for D is very long to be given here but our computations show that
D= 4[1[2[3([203002 — 1362(4)3)25.

As the multiplier in front of D never vanishes because of the condition (8 , equation
D = 0 is equivalent to D=0.Disa polynomial of wy, we and ws with 37 coefficients
depending on parameters Zc, U; and Us.

Thus we should solve the system obtained by equating to zero the 37 coefficients of
D. After four consecutive simplifications we obtain the following simple reduced system:

03(11 —12) :0, CQ(Il —13) :O, 01(12—13) ZO, 6203(12—13) = 0.

We solve this system by the MAPLE command solve and obtain the following five
solutions with arbitrary values of U; and Us:

{h="5,L=1I),I3=1I3 ¢ =0, cg=0, c3 =0}
{hh=15, Iy=1I3 I3=13, ¢1 =c1, c2=0, c3 =0}
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{Li=1y Ia=15, I3 =13, c1 =0, ca =0, c3 = c3}
=13 =1 I3=1I3, c1 =0, ca =cg, c3 =0}
(=13 Ia=13, I3=1I3, c1 = c1, c2 = ca, C3 = cC3}.
Taking into account condition (8.93)), we remove the first and second solutions. The

remaining three solutions lead either to the Lagrange case or to the kinetic symmetry.

Thus the sought first integral of type 1 does not exist.

8.4. Invariant manifold {Hy=U,, H3=Us}. Here we study the existence of a first
integral of the Euler-Poisson equations (|1.1)) restricted to the complex four-dimensional
level manifold

{Hz = Us, Hz ="Us}, (8.97)
supposing that this first integral depends on at most three variables and that is function-

ally independent of H;. Uy and Us are arbitrary complex numbers, fixed once and for
all.

Let us stress that the elimination of w; and ws is impossible on invariant manifold
(18.97)).

8.4.1. Elimination of w; and ;. We express y; from the equation Ho = U, and obtain

n=1/-13 -3+ (8.98)

Then we put v; from (8.98) in the equation Hz = Us and like in Sec. solve it by the
MAPLE command solve. In this way we obtain

wi =R, (8.99)
where R is a root of equation
Q(x) = Lz + B =0, (8.100)
that is
QR)=LR*+B=0, (8.101)

where B = B(ws,ws,¥2,73) is the following function:

B = IQ(A)% + Igwg + 261\/ —’}/3 - ’)’g + U2 + 262’)/2 + 263’}/3 - Ug (8102)

R and B are algebraic functions defined on C*(wsq,ws,72,73). The equation (8.100)) has
only simple roots because the function B does not vanish identically.

Further, to simplify the notations, we put

I'=1/— -3+ Us.

We put the values of 1 and wy from (8.98)) and (8.99) in the Euler-Poisson equations
(1.1), remove the first and fourth equations and obtain the following system of four
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differential equations in unknowns ws, wsz, 2 and y;3:

dwa drya

dt = 12 [(I?) - I1)UJ3R +c1ys — CBF] W = vy3R — w3l
A [(I1 — I2)wa R — c172 + coI7, = = —79R + wol.

We want to study the existence of a first integral of system that depends on
at most three variables among the variables wo, w3, 72 and 3 and that is functionally
independent of H; restricted to invariant manifold . The following four types of a
first integral are possible:

F(wa,ws,72), (case (iii))
F (w2, ws,73), (case (iii))
F(wa2,72,73), (case (iv))
F(ws,7y2,73)- (case (iv))

:“.O-".Mt—‘

Like in Sec. [p| we consider here only types 1 and 3.
Type 1. Let us suppose that there exists a first integral of type 1, F (w2, ws,¥2). Then

dF

I
237

=Y1(F)=0, (8.104)
where Y7 is the vector field

Yl = 13 [(.[3 - Il)ng + C17Y3 — 03F] aw

0
+ IQ [(Il — IQ)(UQR — C172 + CQF} 67(,«}3

0
+ I3 [y3R — w3l oy

defined on C*(wy, w3, Y2,73)-
As function F' does not depend on <3, then if we differentiate identity (8.104)) with
respect to 3 we obtain again a linear partial differential equation for function F’

PN {8]%

oF
(13 — Il)wgr + ch + 03’}/3:| e

073 0 Ows
OR OF
I | —(I; — I T — —_—
+ 12 {873( 1 2)wa 6273] s
OR oF
+ I3 [’}/3F + RI' + W373:| _— = YQ(F) =0, (8.105)
073 02

where Y5 is the corresponding vector field defined on C*(wa, w3, Y2,73)-
After differentiating identity (8.105) with respect to 3 we obtain

LO%(F) _ [°R , OR oF
oys I [8’73? (I3 — I )wsl™= — 97 (I3 — I)wsys — c1y3 + 3T Pos
%R OR OF
+ 1 [8'@(11 — I)wo[? — 8773(11 I)wayz — Czr] D005
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9’R OR 0
+ 1213 [8 3 ’73F2 8’}/ (2F2 - 'Ys) Ry3 +wsl 8772
=Y;(F) =0, (8.106)

where Y3 is the corresponding vector field defined on C*(ws,ws, 2, 73).
If a first integral F' exists, linear system (8.104)—(8.106) has a non-zero solution

grad F' = <g—52, g—j;, %) . This is possible if and only if the determinant D(R) of its

coefficients is identically equal to zero on C*(ws, w3, ¥2,73)-
The expression for D(R) is too long to be shown here. D(R) has a non-zero multiplier
1313 so we remove it and note

ﬁ(R) contains the partial derivatives g—f; and ?;1; as well. To determine them we use
3

equation (8.101)) which we differentiate with respect to 73 two times and obtain two
equations for the derivatives of R:

0Q(R) OR 0B
=2LHR—+ — =0,
03 O0yz  Ovs
82Q(R) OR 0°R  0°B
3’}/?% =20 <673> + 2IIR(973 + 6’Y§ =0.

The determination of
if 2I1R # 0. It is clear that this is aslways so because R = 0 is not a root of equation
(8.101)). Thus the derivatives of R can be found. We obtain the following expressions

8R o C173 — CgF

dvs  LRD
62R _ (C%’}/g + C§F2)F — 20163’)/3].—‘ =+ IlclR ( Uz)
oz IZR3T3

We put the obtained values for the derivatives of R in the expression for determinant

D(R) and obtain

S 5(R)

DR) = i
where 6 is a huge polynomial of R of degree five, whose coefficients are algebraic functions
of (OJQ, w3, Y2, ’)/3).

It is clear that D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then
if in addition some supplementary first integral F(ws,ws,7y2) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K[z], where K = Alg(wa, ws,¥2,73), the polynomial Q(z) divides the
polynomial §(x).

Using the MAPLE command rem we compute the remainder r from the division of
polynomial §(x) by polynomial Q(x). We obtain

r(z) = apx + a1,

where a; = a;(w2,ws,¥2,73), ¢ =0, 1, depend linearly on T
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According to Proposition ap and a1 should vanish identically with respect to wa,
w3, 72 and 3. We use only ag which suffices for our aims. We have

ag = b0F+b1,

where by and b; are polynomials of variables wso, w3, 72 and ~s.

According to Proposition the coefficients by and b; should vanish identically be-
cause I' ¢ C(72,73). Polynomial by has 30 coefficients and b; has 68. Equating to zero all
of them we obtain 98 equations for the parameters Z¢, Us and Us.

After three consecutive simplifications we come to the reduced system that consists
of the following four equations:

C1 = O7 63(I1 — IQ) = 0, 02(11 — 13) = 0, 6203(12 — 13) = 0

We solve this system by the MAPLE command solve and obtain four solutions all of
them with arbitrary values of Us and Us:

L=05L,1,=1 I3=13, c1 =0, co =0, c3 =0;

Li=5L, Ih=1, Is=1I3, ¢ =0, co =0, c3 =cs;
L =13, Ib =15, I3=13, c1 =0, ¢y = ca, c3 =0;
=13, Ib=13, I3=13, c1 =0, cg =cy, c3 =cs.

The first solution is the Euler case, the second and third ones are the Lagrange case
and the fourth solution is a particular cases of the kinetic symmetry case.
Thus a sought first integral of type 1 F(ws,ws,y2) does not exist.

Type 3. The study of a new first integral of type 3, F (w2, 2, y3) follows the algorithm
already described in the considerations concerning a first integral of type 1. There are
some differences of course. For example, the computations of vector fields Y5 and Y3
require differentiation with respect to w3 instead of 3. By the way, as it is seen below,
this considerably simplifies the computations because the differentiation does not affect
the function T'.

Let us suppose that there exists a first integral of type 3, F'(wa,¥2,73). Then we have

dF
where Y7 is the vector field

0
— 12 (’}/QR — LUQF) )

0
Y1 = [(I3s — I1)wsR + c17y3 — ¢sT] =— + Ix (73R — w3l) 37

0

8w2 (97’72
defined on C*(wy, w3, Y2,73)-

As in the study of a first integral of type 1, we differentiate identity with

respect to w3 and obtain

aY: (F) OR OF OR OF
aw;), (13 Il) (awg ws + R) 60.)2 +h <8LU3 3 ) 8’72
OR OF
— R — _— = Y F = .1
I2 aws 72 8’)/3 2( ) 07 (8 08)

where Y5 is the corresponding vector field defined on C*(ws, w3, Y2,73)-
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After differentiating identity (8.108)) with respect to w3 we obtain

OYa(F) 9°R OR1 OF R OF
D = (I3 - 1) {MW3+2&03 87(.02—'_ 2@’)’3%
0°R OF
2 p) 3 ’726 = Yg(F) = 07 (8109)
3 3

where Y3 is the corresponding vector field defined on C*(ws,ws, y2,73).

As in the investigation of a first integral of type 1, we require that the determinant
D(R) of the coefficients of system (8.107] m ) be identically equal to zero. Computing
it we see that it has a non-zero multlpher I2T'. We remove it and note

D(R) = 122?).

In this way we obtain
2

0°R OR 2
D(R) = {[(Il I3)wows + c372] ) + 2w (I — 13)8 }F+C172’73

w3 w3
OR 0’R

2| — | — =R
(80.13) 8w§

gf 8.101)) to deter-

mine them. For this aim we differentiate (8.101)) Wlth respect to w3 two times and obtain
two equations for the sought derivatives of R:

OR
+ 2% (11 — I3)R8T13 + (woys — w3y2) (L1 — I3)

D(R) contains the partial derivatives

0Q OR 0B

= — 9 R— 4 — =

awd lRa(/J3 8&)3 07

0%Q OR 82R 82

As we have mentioned studying the first integral of type 1, R = 0 cannot be a root of
equation and therefore the partial derivatives of R can be correctly determined
from the above equations. We put the value of B taken from in these equations
and solve them. The solution is

OR . I3ws 0’R . 13(13())% + IlRQ)

dws LR 0wl I2R3
We put the above values of 3 aR and aw{f in the expression for determinant D(R) and
3
obtain 1SR
B(r) = 1000

R
where §(R) is the following polynomial of R of degree three:
§(R) = —I,(I; — I3)(3wsyz — way3)R® + I [3(11 — I3)wawsT + (c3T — ¢1v3)y2] R?
—3I3(I1 — I3)w3(wsy2 — ways) R + Isw? [(I1 — I3)wowsl + (c3T — c1793)72] -
It is clear that D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then

if in addition some supplementary first integral F(ws,v2,73) of system (8.103)) exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
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in polynomial ring K[z], where K = Alg(wa, ws,Y2,73), the polynomial Q(z) divides the
polynomial §(x).
Using the MAPLE command rem we compute the remainder r from the division of
polynomial §(x) by polynomial Q(x). We obtain
r(z) = (ap + boD)z + a1 + 01T,

where

ap = (I3 — I) (Iow3ys — 3Lwiwsye — 2I3waw3ys + 2caway32 + 2c3w2Y3 — Usways
— 6eawsys — bwscsyays + 3Uswsya),

bo = 2(I5 — I1)c1(w2ys — 3ws2),

a1 = c1[Lwiyays — 6¢1(11 — Is)wowsD? + 2¢373 + 2¢27373 + 4c37273

— Usv2ys — 2¢3U272],

—Iheswivye — (I1 — I3) (3aw3 + 2I3w; + 6272 + 6e3ys — 3Us)waws

by
— 2coc373 + 2(2 — 3)Y2y3 + c3Use.

According to Proposition all the coefficients of the reminder r should vanish
identically with respect to ws, ws, v2 and 3. We use only the coefficient a; + b;1" which
is sufficient for our aims.

According to Proposition the coefficients a; and b; should vanish identically

because T' ¢ C(72,73). We use only by. It has nine coefficients. Equating to zero all of
them we obtain nine equations for the parameters Zc, Us and Us as follows:

2I5(Is —11) =0, 3Iy(Is—1;) =0, —Ie3=0, 3(I1—1I3)Us, c3Us=0,
2c0c3 =0, 2(ci—c3) =0, 6(I3—1I1)ca=0, 6(I3—I1)cz=0.
It is very easy to see that this equations imply that
=0, ¢c3=0, I —I3=0,

which obviously leads to the Lagrange case.
Thus a sought first integral of type 3 does not exist.

8.4.2. Elimination of w; and 7. Like in Sec. we express Yo from the equations

Hs = U and obtain
Y2 =/ =7 =3 + Ve (8.110)

Then we put 72 from (8.110)) in the equation Hs = Us and like in Sec. solve it by
the MAPLE command solve. In this way we obtain

wi; = R, (8.111)
where R is a root of equation
Q(z) = L2*+ B =0, (8.112)

that is
QR)=LR*+B=0, (8.113)
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and B = B(wa,ws,71,73) is the following function:

B = IQW% + Igwg + 261’}/1 + 202\/ —’}/% — ’}g + U2 + 263’}/3 — U3.

R and B are algebraic functions defined on C*(ws,ws,v1,73). The equation (8.112) has
only simple roots because the function B does not vanish identically.
Further, to simplify the notations, we put

I'=1\/-% -7 + U2

We put the values of 75 and w; from (8.110]) and (8.111)) in the FEuler-Poisson equa-
tions (|1.1), remove the first and fifth equations and obtain the following system of four
differential equations in unknowns ws, ws, 1 and ~3:

dw 1 d

—2=— (I3 — I1)ws R+ c1y3 — 3], o w3l — ways,

dt Iy dt

dws 1 d'73 (8114)
P 73[(11 — I)wa R+ 1" — com], = e — RI.

We want to study the existence of a first integral of system that depends on
at most three variables among the variables ws, w3, 71 and «3 and that is functionally
independent of H; restricted to invariant manifold . The following four types of a
first integral are possible:

L. F(ws,ws, ), (case (ii))
2. F(wz,ws,7s), (case (iii))
3. F(w2,71,73), (case (v))
4. F(ws,v1,73)- (case (iv))

As the cases (iii) and (iv) were already examined, there remains only to examine cases
(ii) and (v).

Type 1. Let us suppose that there exists a first integral of type 1, F(w2,ws,¥1). Then

dF
where Y] is the vector field

0
Y1 = I3[(I3 — I)wsR + c1y3 — c371] Do

0
+ I [(Iy — I)wa R+ 1T — comi] m— + Lo13 (w3l — ways)

80)3 87’}/17

defined on C*(ws,ws,v1,73)-
As function F' does not depend on <3, then if we differentiate identity (8.115]) with
respect to 3 we obtain again a linear partial differential equation for function F

8Y1(F) OR } oF [aR oF
r =3 |—U3—L)ws+c | T— 4+ 1L | —(I1 — Iy)w '+ c1v3| —
D73 3 873( 3 1) 3 1 D 2 873( 1 2) 2 173 R
OF
— I3 [OJQF + OJ3’73] _— = YQ(F) =0, (8.116)

om

where Y5 is the corresponding vector field defined on C*(wa, w3, v1,73)-
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After differentiating identity (8.116|) with respect to -y3 we obtain

Y (F) O°R 5 OR oF
T =1 I3 —1T I'“—— (U351 — —
s 3 873?( 3 1)w3 873( 3 1)w3Y3 — €173 Do
9’R OR oF
—(I1 — I | Akl § S ' —
+ I [87% (I — Iy)wa 873( 1 — I2)wayz + 1 } o
oF
+ 1213 (wg’}/3 — W3F) W = Yg(F) = 0, (8117)
1

where Y3 is the corresponding vector field defined on C*(wa,ws,¥1,73)-
If a first integral F' exists, linear system (8.115)—(8.117)) has a non-zero solution

grad F' = (g—ui, g—i, %)' This is possible if and only if the determinant D(R) of its

coefficients is identically equal to zero on C*(wa, w3, ¥1,73)-
The expression for D(R) has a non-zero multiplier /313 so we remove it and note

D(R) = ?22(22).

In this way we obtain

~ 9%R
D(R) = _877?3[

— co(Iy — I3)wows i T + (Iz — I3)e1 Uswows — ca(Ih — Is)wiyrys| T

es(Iy — L)wsnT — e1(Is — Is)wawsyi + c3(Ih — In)wawsy1ys

R
T 9, [e3(Ta — I)waeys — e1 (I — I3)ways + ca(Ih — Is)wsy1 | (Uz — A7)
3
— o1 [R(I — I3)wows + cawayr — cows V1] (Uz — 77)

E(R) contains the partial derivatives g R and . To determine them we use equation

(8.113) which we differentiate with respect to ’)/3 two times and in the same way as in
Sec. R4.1] obtain
OR - C27Y3 — CgF

8R

dvs LR
PR (37 + )T — 2c0c373% + Lia R* (77 Uz)
oz IZR3T3

We put the obtained values for the derivatives of R in the expression for determinant
D(R) and obtain

DUR) = P

where ¢ is a long polynomial of R of degree four, whose coeflicients are algebraic functions
of (wa, ws,¥1,73)-

The identity D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then
if in addition some supplementary first integral F(wo,ws, 1) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K[z], where K = Alg(wa,ws,Y1,73), the polynomial Q(z) divides the
polynomial §(x).
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Using the MAPLE command rem we compute the reminder r from the division of
polynomial §(x) by polynomial Q(x). We obtain:

r(r) = apz + a1, (8.118)

where a; = a;(w2,ws,71,73), ¢ = 0,1, depend linearly on T.
According to Proposition [£.2] ag and a; should vanish identically with respect to wa,
w3, v1 and 3. We use only a; which suffices for our aims. We have

ay = bol" + b1,

where by and b; are polynomials of variables wq, w3, 71 and ~s.

According to Proposition the coefficients by and b, should vanish identically be-
cause I' ¢ C(y1,73).

We use only polynomial b;. It has 48 coefficients. Equating to zero all of them we
obtain a system of 48 equations for the parameters Zc¢, Uy and Us.

After four consecutive simplifications we come to the reduced system that consists of
the following four equations:

01(127]3) :0, 62(117[3) :O Cg([lffg) :O, C263(12713) :O

We solve this system by the MAPLE command solve and obtain five solutions all of
them with arbitrary values of Uy and Us:

L=5L, =1, I3=13,¢0=0, cg=0, c3=0;
L=05, Ih=13 I3=13, ¢t =c1, ca =0, c3 =0;
LIi=15, Ih=1, Is=1I3, c; =0, ca =0, c3 = cs;
L=1s5, Ib=1, Is=1I3, ¢ =0, cg =c3, c3=0;
L=13, Ib =13, I3=13, c1 =c1, C3 = Co, C3 =C3.
The first solution is the Euler case, the next three are the Lagrange case and the last

one is the kinetic symmetry case.
Thus a first integral of type 1 F(wa,ws,y1) does not exist.

Type 3. Let us suppose that there exists a first integral of type 3, F(wa,71,73). The
independence of the first integral of w3 considerably simplifies the computations because
there is not need of differentiation of the function I'.

So, let F(wa2,71,73) be a first integral of system . Then we have

dF
Iy = YA(F) =0, (8.119)

where Y7 is the vector field
Y1 = [(I3 — [1)wsR + c1y3 — c3m1] h + Iz (w3l — wa3) 2 + Iz (w2y1 — RI) i7
Owo o O3
defined on C*(wg, ws3,7v1,73)-
We differentiate identity with respect to w3 and obtain

Y1 (F) OR OF OF OR _OF
— =31 — —F+ Ll — —L—TI'— =Y3(F) = 12
5‘w3 ( 3 1) (8w3w3 + R) 6‘w2 +1h 871 28&)3 873 2( ) 0’ (8 0)
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where Y5 is the corresponding vector field defined on C*(wa,ws,¥1,73)-
After differentiating identity (8.120)) with respect to w3 we obtain

Y3 (F) 0’R OR\ OF 0’R_ OF
_ _ ) = T = 121
Ows (I3 = 1) 8w3 2 Owsz ) Ouws L Ow? I 073 =%s(F) =0, (8.121)

where Y3 is the corresponding vector field defined on C*(wa,ws,¥1,73)-
The existence of a first integral F(wa,~1,73) implies that the determinant D(R) o

f
the coeflicients of system (8.119)—(8.121) is identically equal to zero. Computing D(R)
we see that it has a non-zero multiplier I3T'. We remove it and note

5y _ D(R)
D(R) = BT
In this way we obtain
~ 82
D(R) = — {[(11 — I3)ws R — e3m1 + c17s) Dz
w3
OR OR
— 2ws3(I; — I3) (&ug,) +2(I — Ig)Rag}

O°R OR\? OR
I -1 -2 29 ——
+ wa(Iy 3) [(W?ﬁl +73R)5. 2 Y3 <8w3) + 27 Drs

E(R) contains the partial derivatives g R and 8 R . We use equation (8.113)) to deter-

mine them. We differentiate (8.113)) with respect to w3 two times and in the same way
as in Sec. 841l obtain

OR Ig&)g 0’R . 13(13w§ +11R2)

6&)3 11R7 8&]% - I%R'?’
We put the above values of and 8 R (R) and
obtain
~ I36(R)
D(R) =
( ) IIQRg ’

where 4 is the following polynomial of R of degree three

§(R) = I1(I1 — I3)(3wsT — woys) R® + I1 [3(I3 — I1)wawsy1 — (e3y1 — c173)T] R?
+ 3I3(I1 — I3)w; (w3l — ways) R + Iswi [(I3 — It)wawsyr — Tesyr — c173)]

whose coeflicients are algebraic functions of (wa, ws,v1,73)-

The identity D(R) = 0 is equivalent to §(R) = 0. We know that if Q(R) = 0, then
if in addition some supplementary first integral F'(wq,v1,73) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K[z], where K = Alg(ws, w3, 7v1,73), the polynomial Q(z) divides the
polynomial §(z).

Using MAPLE we divide § by @) and obtain a reminder which is a polynomial r of the
form and coefficients a; = a;(wa, w3, 71,73), ¢ = 0,1, which depend linearly on T
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According to Proposition ap and a1 should vanish identically with respect to wa,
w3, 71 and 3. We use only a; which suffices for our aims. We have

ay = bol' + by,
where by and b; are polynomials of variables wy, w3, 71 and 3.
According to Proposition [£-3] the coefficients by and by should vanish identically be-

cause I' ¢ C(y1,73).

We use only polynomial by. It has eight coefficients. Equating to zero all of them
we obtain a system of eight equations for the parameters Z¢, Uy and Us. These eight
equations are:

t—c2=0, ILes=0, Ic; =0 (I} —1I3)co =0,
c3U3 =0, c3c0=0, qU3=0, cic3=0.
After two consecutive simplifications we come to the reduced system that is
c1=0, ¢3=0, (I1—1I3)c2=0

and leads either to the Euler case or the Lagrange case.
Thus a first integral of type 3, F'(w2,71,v3) does not exist.

8.4.3. Elimination of v, and 3. Let us note that the elimination of v, and 73 from
equations Ho = U and H3 = Us is possible only if

(ca,c3) # (0,0). (8.122)

Further we suppose that this condition is always fulfilled.
We start with the case co # 0 and c3 is arbitrary. The elimination is made in a similar
way like in Sec. [8:4.1] First we express v, from equation Hs = Us and put the obtained

value of 75 in equation Hy = Us from where we find 3. In this way we have:
Lw? + Lws + I3w3 + 2c171 — Us + 2c3R

= =R 8.123
Y2 262 ) 3 ) ( )

where, if ¢3 + ¢3 # 0, R is a root of equation
Q(x) = 4(c3 + c2)a® + Bz + C =0,
that is
Q(R) = 4(c3 + ¢3)R* + BR+C = 0. (8.124)

If ¢3 + ¢ = 0 R is a root of equation

Q(z) = Bz + C =0,

that is
Q(R)=BR+C =0. (8.125)
Functions B = B(ws,ws,71,73) and C' = C(wa,ws,71,73) are the following polyno-
mials:
B = 4c3(1w? + Lw? + Lws + 21y — Us)
C = (Lw? 4 w3 + I3w3)? + dey (Lw? 4 Lws + Iz3wi)m (8.126)

— 2U5(110J% + Igwg + 13(1.)3) + 4(0? + cg)wf — 401U3’}/1 — 4C§U2 + Ug?
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Let us note that if ¢3 + 3 = 0 then c3 # 0 because if c3 = 0 the condition will
not be satisfied. Consequently B # 0 and therefore is well defined.

We put the values of 75 and 3 from in the Euler-Poisson equations and
remove its fifth and sixth equations. In this way we obtain the following system of four
equations in unknowns wi, ws, ws and ~;:

dw1 1
W = 57,5 [— Cg(]lw% + Igwg =+ 13(.03) + 2([2 — I3)CQW2LU3
—2c1c3y1 — 2(c3 + cg)R + 63U3],
dw 1
=2 = — [(Ig — Il)wlwg + ClR — 03"}/1],
dt Iz (8.127)
dws

1
= = acy [Cl(IWJ% + Lws + I3w3) 4+ 2(1) — Iz)cowiwe

+c1(2e3R — Us) +2(c2 + c%)’yl],

d 1
% = % [(7[1(,0% — IQCU% - Igwg - 201’)/1 - 203R + Ug)&)g - 202W2R] .
2

We consider the following four possible types of a first integral of system (8.127) that
depends on at most three variables among the variables wy, wo, ws and ~;:

1. F(wy,ws,ws), (case(i)
2. F(wy,ws,71), (case(ii
3. F( )

1 F(

(
w1, ws,71), (case(iii
. Fwa,ws,v1). (case(iii))

We suppose that the sought first integral is functionally independent of H; restricted
to invariant manifold (8.97). As the case (iii) was already examined, there remains only
to examine case (i).

Type 1. Let us consider a first integral of type 1, i.e. F(w1,ws,ws3). We have
dF
2]1]2[362@ = Yl(F) = 0, (8128)

where the vector field Y7, defined on C*(wy,ws,ws, 1), is:

Y1 = L3 [ — c3(1w? + Lwi + Iw3) + 2(Iy — I3)cawawsz — 2c16371

0 0]
— 2(6% + C%)R + C3U3] (970.)1 + 2[1[362 {(13 — Il)wlw;g + ClR — C371 (97(,02

+ 1115 [61 (Ilwf + Izwg + I3w§) + 2([1 — 12)02w1w2
0
+ 01(203R — U3> + 2(0? + cg)'yl} -
8w3
We differentiate identity (8.128]) with respect to «; and obtain again a linear partial
differential equation for function F
10%(F)

OR oF OR oF
5 o =—I13 [(Cg +c3)— + 6103} — + I113¢9 (Cl((m - C3> .

8’}/1 Owr Ows
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F
+ L1 | crez— o +ci+ch or _ Y2(F) =0, (8.129)
(9 Y1 8&)3

where Y3 is the corresponding vector field defined on C*(wy,ws,ws,¥1).
2
The derivative of Y5(F') with respect to 1 has a multiplier ‘gﬁ' . Crude computations
1

show that for the two roots of equation (8.124)), i.e. when ¢ + ¢ # 0, and also for the
single root of equation (8.125)), i.e. when ¢ + ¢3 = 0, one has

0’R
— 7 0.
27

In this way differentiating identity (8.129)) with respect to v; we obtain

R\ "' 0Yy(F) OF oF OF
= —LI3(c3 LI LI
(87%) o 2 3(C2+03)8 +1 s1c2 +hilxercs 5 o
=Y3(F) =0, (8.130)

where Y3 is the corresponding vector field defined on C*(wy,ws,ws,¥1).
Instead of vector field Y7 we consider Yy = Y7 — 2RY3 which implies that Y, (F) = 0.
We obtain

oF
Y4(F) = 1213 |: — 03(Ilwf + Igwg + Igwg) + 2(]2 — 13)62(4)2&}3 — 26163’}/1 + CgUg] 87
8F 2 2 2
+ 21113¢o [(13 — I1)w1w3 — 6371] 870.)2 + 1115 [Cl(Ilwl + Igw2 + 13w3)
oF
+ 2([1 — IQ)nglwz —cUs + 2(01 + 02)’}/1:| s =0. (8.131)

Note that Y does not depend on R.

Instead of vector field Y5 we consider Y5 = Y5 — Yg% which also does not depend on
R. We have

Y5(F) = —121361038i — ,[1[30263 oF + 11]2(6% + C%)ai =0. (8132)
6 W1 8 Wo 8&13

We compute the Lie bracket Y5 = [Y3,Ya]/(2111213). We know that Y5(F) = 0 so we
have
oF

)/G(F) = [1213(6?5 + 03)03(4)1 + 12(12 — 2[3)616203&)2 + 13(1203 - 1302 1203)01(.4]3 (9 o

OF
— (11 — 13)02 {1101(33(,01 — I3(C§ + C%)w3:| 87
w2

OF
LA+ L — L2+ I — L) cows + Ig[lclc;),wg} =0 (3133
w3

Thus we have obtained four linear homogeneous equations in unknowns grad F' =

83—51, 88—52, g—i), that is system (8.130)—(8.133]). If a first integral F' exists, system (|8.130])—
(8.133) has a non-zero solution. This is possible if and only if

+ [Il(Ilcg — 2[263 — Igc?),)clwl

rank M < 3, (8.134)

where M is the (4 x 3) matrix composed from the coefficients of system (8.130)—(8.133)).
Let us compute the determinant Dsy45 that consists of the coefficients of Y3, Y, and
Y5. It should be identically zero because of requirement (|8.134]).
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We compute D345 and obtain
D345 = —2[12]22[3?63 [Cg([l — Ig)w1w2 + 62(13 — Il)UJ1LU3 + C1 (IQ — Ig)(.dzbd3] 5345,
where
O345 = €3 4¢3 + 2.

The expression in the square brackets vanishes identically only in the kinetic symmetry
case and in the Lagrange case Iy = I3, ¢; = c3 = 0. The multiplier —2I71313¢3 # 0.
Thus D345 = 0 is equivalent to d345 = 0.

Now we compute the determinant D346 that consists of the coefficients of Y3, Y, and

Ys. It should be identically equal to zero too (see (8.134)). We have D3y = I1 151330346,
where

0346 = —I3c3caes(Io — I3)w?

— Lizeies[(Iy — I)(21 — 313)(c5 + ¢3) — L1 (I — I3)ci | wiws
+ I Isciep [(I — I3) (211 — 3L)(c3+c2) + I(I, — Ig)C%]OJ%OJ;;
+ L1 Iycieges(I1 Iy — 31113 — 215 + AL I3)ww)
+ 20 LI [(— 1y + 20 — I3)c3 + (11 + I — 213)c3 | wiwaws
+ L I3c3coe3 (31 1o — I I3 — 41513 + 212w w?
—2I7cicacs(ch + c3 + ) (Ia — I3)wiyy + I (1o — I3)cicacsUswy
— LZeies[I3(1 — L) (3 + c3) — [1 (1> — I3)cf]ws
— DIscica[(=311 0 + 211 I3 + 215 — ILI3)(c3 + ¢3) + I (I — Is)cf |wsws
— LIscics |31 — 211 1o + I I3 — 2I35) (5 + ¢3) + L1 (I — I3)c} | wiws
—2Iye3(c3 + ] + B3) [I3(1 — L) (3 + c3) — Li(Iz — I3)ci jwam
+ LeiesUs [I3(11 — L) (3 + 3) — 1 (1o — I3)c}]wa
+ Leieo (I — I3)(c3 + ¢3) + I (I — I3)c} | wi
+ 2I3¢o(ct 4 &5 + &3) [Io(I1 — I3) (5 + 3) + L1 (1> — I3)ci]wsm
— Iye1c0Us (I (I — Is) (3 + ¢3) + L1 (I — I3)cf]ws.

As I11513¢3 # 0 then D3y = 0 is equivalent to d346 = 0.

Thus we should find the conditions at which polynomials d345 and 346 vanish iden-
tically with respect to variables (w1, ws,ws,y1). This means to find the values of the
parameters Zc¢ and Us at which all the coefficients of d345 and 0346 are zeros.

Polynomial d345 has only one coefficient and d34¢ has 16 coefficients. In this way we

obtain a system of 17 equations. To solve it we apply a simplification. At the fourth
consecutive simplification we obtain the reduced system:

A+ci+e3=0, (Iy—1I3)e; =0, (I} —1I3)e; =0,
(Is— L) (2 +c2) =0, (I —DB)(¢E+cd)=0.
The MAPLE command solve gives two solutions at an arbitrary value of Us:
(=0, L=1I, I3=13, ¢, =0, cy = ca, c3 = RootOf(Z* +1)ca}
(=10 L=1I3 I3=1I3, c¢1 = RootOf(Z* + c3 + c3), c2 = ca, c3 = c3)}.
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The second solution is a particular case of the kinetic symmetry case so we remove
it. We have to consider the first solution. Thus

cp =0, c3=c¢icoy,

where ¢ = +1. We consider here only the case € = 1 because the final result is the same
also when ¢ = —1.

Let us study this case. Now Y3(F) and Yg(F) are identically zeros and therefore
condition is fulfilled. Y4 (F) and Y;5(F) are:

. ) oF
Y;;(F) = —ily13co [Ilwf + Igwg + I3(JJ§ + 22([2 — Ig)LUQOJg — U3:| 87
1
. OF OF
— 211 I3¢co [(11 — I3)wiws + 26271} = + 20112 [(11 — Iy)wiws + 0271} >
8w2 ach3
. OF oF
Y5(F) = 7[10% <1138u}2 — IQaw?)> .
We compute
[Ya(F), Y5 (F)] . OF
Yo (F)= ————F—2 = | I3y — 2I: —115(I3 — 21I. —_—
"(F) o0 InI5C3 [ 22 = 2l3)wr —il3(Is 2)“’3] dn
oF . oF
_ II(II — IS)WlTWQ + ZIl(Il - Iz)wlaiwg.

We compute the determinant A of the coefficients of equations Yy(F), Y5(F) and
Y7(F) and obtain A = I?I5I3c3w; A where

A = il}(Iy — I3)w? + il (212 — 41,15 — I Iy + 31311 w3
— 20513211 — I — I3)wows — il3(212 — ALy I3 — I3I; + 311 I5)w3 — ily (Iy — I3)Us.

As the multiplier I2I5I5c¢3w; # 0, we require that A = 0. Looking at the coefficient
of w% in the expression for A we see that Iy = I3 should be fulfilled. At this condition we
obtain

& = 2]3([1 — Ig)(CUQ + ’iOJ3)2.

Thus A = 0 only if Iy = I, = I3, i.e. we come to the kinetic symmetry case. Consequently
the sought integral of type 1 does not exist when co # 0.

Let us consider the case co = 0. In this case, according to condition , cs # 0.
First we express 73 from equation Hs = Us and put the obtained value of 75 in equation
Hy = Us from where we find 7,. In this way we have:

~

R Lt 4 Dwd + Lws +2¢71 — Us

= — = 8.135
12 263 ’ 3 263 ( )
where R is a root of equation
Qx)=2>+C =0,
that is
QR)=R*+C=0. (8.136)

Function C = a(wg, ws3,Y1,73) is the following polynomial:

C = (Lw?+ Lw? + L3w3)? 4 4y (Lw? + Lws + Iwi)n
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— 2U3(Nw? + Lws + I3w3) 4+ 4(c3 4 c3)7? — 4c1Usyy — 43U + U3,

We put the values of 72 and ~3 from (8.135)) in the Euler-Poisson equations (|1.1)) and
remove its fifth and sixth equations. In this way we obtain the following system of four
equations in unknowns wi, we, ws and ~;:

dw1 _ 2([2 — I3)wows + E

dt 21,
dUJQ 1
H — —m [cl(Ilw% + IQ(A}% =+ Igwg) + 2([1 — I3)03W1W3
+2(c} + )1 — a1Us), (8.137)
% o 2([1 — IQ)nglu)Q — Clﬁ
dt o 2.[303 ’
d’}/l 1 Fay
E = 2 o [(Ilwl + Ing + Igw3 + 2c1v1 — Ug)WQ + (U3R].
Let ¢o = 0 and function F'(wy,ws,ws) be a first integral of type 1. We have
dF
2]1[2[363@ = Yl(F) = 07 (8138)
where the vector field Y7, defined on C*(wy,wa,ws,y1), is:
0
Y1 = 121303|: ([2 — ]3)W2W3 + Ri|
ﬁwl

0
—+ .[1[3 |: — cl(Ilwf =+ IQOJ% + Igwg) + 203([3 — Il)wlw;g — 2(0% + C?:,)’Yl + ClUg %
2
+I1I2 |:2(Il IQ)CgQJlLUQ 761Ri|
8&)3
We differentiate identity (8.138|) with respect to 71 and obtain again a linear partial
differential equation for function F’

6137(1}7) = %gti 21, I3(c] + 03):312 — 111201%% =Y5(F) =0,
where Y5 is the correspondlng vector field defined on C* (wl, wg, w3, ’yl)

The derivative of Y5(F) 8 R . We have verified
that for the two roots of equation (8.136|) this derivative is not zero. Thus differentiating

identity (8.129) with respect to vy, we obtain

~\ -1
1 (0°R Y (F) OF OF
— =1 —Le— =Y3(F) =0, 8.139
(3’7% ) o 3638 w1 e Ows 5(F) ( )
where Y3 is the corresponding vector field defined on C*(wy,wo,ws,71).
Instead of vector field Y; we consider Yy = Y7 — I, RY3 which implies that Y;(F) = 0.
We obtain
oF
Y4(F) = 2[2[3([2 — 13)03(.02&}3% — 11]3 |:Cl (Ilw% + Igwg + Igw?z))
1
oF

+ 2([1 13)03W1W3 + 2(01 + 63) 01U3:| 0w
w2
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oF
+ 2[1[2([1 - 12)630.)1&)27 = 0. (8140)
8w3

Note that Y, does not depend on R.
Instead of vector field Y5 we consider
OR
y,  PHEL -V
21113

which also does not depend on R. We have

or
Y5(F) = (¢} +¢3)— = 0. (8.141)
8w2
We compute the Lie bracket Y5 = % We know that Y5(F') = 0 so we have
F
Yo(F) = —Ia(12 — 13)0103w2§7w1
2 2 2 or
+ |:11(Il — 2]3)6163wl + 13(1161 — 1163 + 1363)(.4}3 %
2
oF
+ 12(11 - IQ)C%OJQ* =0. (8142)
aw,?,

Thus we have obtained four linear homogeneous equations in unknowns grad F' =

g—fl, g—fz, g—i), that is system (8.139)—(8.142). If a first integral F' exists, system (|8.139))—
(8.142)) has a non-zero solution. This is possible if and only if

rank M < 3, (8.143)
where M is the (4 x 3) matrix composed from the coefficients of system (8.139)—(8.142)).

Let us compute the determinant Ds45 that consists of the coefficients of Y3, Y, and
Y5. It should be identically zero because of requirement (8.143]).

We compute D345 and obtain

Dsas = =211 I Izcsws [e3(I1 — I)wy + c1(Iz — I3)ws ] 545,
where
0345 = C% + Cg.
As now ¢y = 0 then according to (8.122)), c3 # 0. Thus the expression in the square
brackets vanishes identically only in the kinetic symmetry case and in the Lagrange case
I, = I3, ¢y = co = 0. The multiplier —211IsI3¢c3w2 # 0. Thus D3y = 0 is equivalent to
0345 = 0.

We compute also the determinant Ds4g that consists of the coefficients of Y3, Y, and
Ys. It should be identically equal to zero too (see (8.134))). We have D3y = I1 IoI5c3w20346,
where

5346 = Il [11(12 - Ig)C? — (2[1 — 3[3)([1 — 12)03] clwf — 2_[1.[3(.[1 + I3 — 2[2)0%030.)1&)3
+ L[I3(I — )3 + I (I — Is)ci | erws — Is[I (12 — I3)ei + Is(31y — 2I5)c3
+ [2([3 - 2[1)0?}} clwg + 2(0? + Cg) [11(12 - 13)0? + Ig(]g - 11)012),}’71
— C1 [Il(.[g — 13)0% —+ Ig(IQ — Il)Cg} U3.
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As I1IsI3c3ws # 0 then D3y = 0 is equivalent to d346 = 0.

Thus we should find the conditions at which polynomials d345 and d34¢ vanish iden-
tically with respect to variables (wi,ws,ws,y1). This means to find the values of the
parameters Zc¢ and Us at which all the coefficients of d345 and d34¢ are zeros.

Polynomial d345 has only one coefficient and d34¢ has six coefficients. In this way we
obtain a system of seven equations. To solve it we apply a simplification. At the third
consecutive simplification we obtain the reduced system:

Iy —I3=0, I —I3=0 ¢ +c5=0.

This system obviously lead to the kinetic symmetry case. Thus the sought integral of
type 1 does not exist also when co = 0.

Finally it remains to study the existence of the first integral F(y1, 2, 73), that cannot
be studied by elimination of variables like above. For the moment the existence of first
integrals F(71,72,73), on submanifolds {Hl =U,,Hy, = UQ} and {H2 =Uy, H3 = Ug} is
an open problem.

This concludes the description of the four-dimensional invariant manifolds.

9. Three-dimensional invariant manifold {H,=U;, Hy=U,, H3=Us}

9.1. Extraction procedure. In this section we study the existence of a local first
integral of the Euler-Poisson equations ([1.1)) restricted to the invariant complex three-
dimensional level manifold

{H, =U,, Hy =U,, H3 = Us},

which depends on at most two variables.

According to ([2.5)
M(UO7U17U27U3aIC) =
= {1’ € (CG; Hl((W,’Y),IC) = U17 HQ((wv’Y)»IC) = U27 H3((w77)7IC) = U3}7

where (w,7) = (w1, w2, w3, V1,72, 73)-

We search all functions F' of two variables F' = F(s1, s2) where (s1,82) € (w,7), of
class C!, such that grad F does not vanish identically on each open subset of the manifold
M (Uy,Uy,Us, Us, Zc), which are local first integrals of the Euler-Poisson equations (1.1)
restricted to this manifold.

As in Sec. the order of variables s;, 1 < i < 2, in F(sy, $2) is irrelevant for F to
be a first integral.

We have exactly 15 different two elements subsets of (w,7) and thus 15 cases of
functions of two elements to examine. We will describe now an extraction procedure
based on permutational symmetries which reduces the above 15 cases to only four.

These 15 functions of two variables (up to the order of variables) are shown in Table
[0:1] This Table can be easily obtained directly like Table But it can be also easily
deduced from Table [5.1] and reciprocally.
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Table 9.1

’ Functions ‘ Case ‘
| F(1i,7), 1<i<j<3 | () ]
| F(wi,m), Flws,72), Flws,ys) | () |
F(ws,y2), F(wa,73), F(wi,73), (i)
Fws; 1), F(w2,71) F(wi,72)

’ F(wj,wj), 1<i<j<3 ‘ (iv) ‘

Like in Sec. let us stress that the permutational symmetries act on variables
(w,v) and parameters Zc but not on the constants Uy, Us, Us that define the mani-
fold M(UQ, Ul, [jg7 U3,IC).

It is easy to see that under the group of permutational symmetries of the Euler-
Poisson equations for every case (i)—(iv) from Table the first function from the case
is consequently transformed into all remaining functions from the same case.

Thus in virtue of Theorem we can restrict ourselves to the study of only four
functions where every one belongs to a different case from Table[0.T]and is chosen arbitrary
from the functions of this case.

Like in Secs. [5| and |8} we will call such four functions F;, 1 <1i < 4, (up to the order
of variables) a basis.

9.2. Elimination of wj,ws,v;. Here we study the existence of a first integral of the
Euler-Poisson equations (1.1]) after expressing variables wq, we and ~; from equations

H;=U;, 1<i<3. (9.1)

First we express 1 from second equation of (9.1]) and obtain

Y1 =1/—7 — 73+ Ua. (9.2)

Further, to simplify the notations, we put

I'=1/-7 = + U
Then, using the MAPLE command solve, we express wy and ws from first and third
equations of (9.1) and obtain the following solution:
DL RT + Izwsys — U1
Iyy2

w1 = R, Wo = (93)

where R = R(w3,72,73) is a root of equation
Q(z) = Az + Bz +C =0,

that is
Q(R)=AR*+ BR+C =0. (9.4)
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Here A = A(vy2,73), B = B(ws,v2,73) and C = C(ws,y2,73) are the following functions:

A=1[(I> - L)y — L1y + LU,
B = 2LT(I3wsys — Uy),
C = w3 (173 + I3v3) — 2L3w373Uh
+ I3 (2c27y2 + 2¢373 + 2610 — Us) + U3,

(9.5)

R, A, B and C are algebraic functions defined on C3(w3, 2, 73).

We put the values of 1, wi and ws from and in the Euler-Poisson equations
and remove the first, second and fourth equations. In this way we have the following
system of three equations in unknowns ws, v2 and ~s:

dw 1

dTS = L {11(12 — I)TR? + (I — I)(Iswsys — Un) R + Ioya(col — cm)]’

d

% =3R — wsl, (9.6)
dry 1

7; = ?72 |:(I1")/22 — 12722 -+ Il")/g — [1U2)R — F(Igbdg"}/g — Ul)] .

Now we study whether system has a first integral that depends on at most two
variables among the variables (w3, v2,v3). Thus we should investigate the following three
types of a first integral:

L. F(y2,73), (case (i)
2. F(ws,v3), (case (ii))
3. F(ws,2). (case (iii))

Then, like in Secs. [f] and [§] we should examine the three types given above because
they belong to different cases (see Table .

Let us fix Uy € C. Let us consider some suitable open set Q C C3(ws, v2,73) belonging
to the domain of definition of F'.

From the now we consider system and the first integral F' only on ). System
restricted to € has C' right-hand sides.

We always suppose that the considered first integrals are not constant on any open
subset of their domain of definition. As we consider C' first integrals, this means that
their gradients do not vanish identically on any open subset of their domain of definition.

Type 1. Let us consider the existence of a first integral F' of system which is of
type 1, i.e. F' = F(72,73). Thus we have
dF _ dys OF  dyz OF
dt dt 0y dt Ovs
where Y; is the corresponding vector field defined on ).

Equation (9.7) should be an identity with respect to all the three variables (w3, v2,73)-
As function F' does not depend on w3 then its partial derivatives will not depend on w3
too. Thus if we differentiate identity (9.7) with respect to w3 we shall obtain again a

Y1 (F) =0, (9.7)
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linear partial differential equation for function F'.

OYi(F) 0 <d72> oF +a(dy3> OF

awg 80.}3 67’}/2 8w3 8’}/3

= Y»(F) = 0, (9.8)

where Y5 is the corresponding vector field defined on Q.

Equations (9.7) and can be considered as a system of two homogeneous linear

OF OF
Ov2 7 Ov3

because F' is non-constant on any open subset of its domain of definition.

Thus, if first integral F' exists, system . ) has a non-zero solution grad F'.
This is possible if and only if determinant A Of this linear system satisfies identity A =0
provided that R is a root of equation .

We compute this determinant and obtain

dyp 8 (dys\ _dyz 8 (dy
AlR) = dt dws ( dt ) dt Ows \ dt
T OR OR
= —— S| —L)y2+ (I — L)y —1T —_— —
s {[( 1= D)y + (I — I3)y; 1U2} (R W ) + U1738 o u,r }

As we are interested in case A = 0 we remove the denominator I57y, and the non-zero

algebraic equations with unknowns grad F' = ( ), which do not vanish identically,

multiplier I' and note

where

OR OR
I(R) = [(Il—1—2)7§+(11—13)7§—11U2} (R wap— 3) U17367+U1 (9.9)
oR

As 0(R) contains 5 - we should determine this derivative. For the purpose we use
equation . We differentiate it with respect to ws and, as A does not depend on w3
(see (9.5)), obtain

0Q OR OB oC

24 B — + — — =0. 1
= (2AR + )63+8w3R+8w3 0 (9.10)

The determination of SB; from the last equation is possible only 1f =2AR+B #

0. Using Proposition [4.1 we prove that if R is a root of equation (9.4] then 2AR+B =0
only in a very particular case

11212213, 6120220320, U1=U2:U3:0. (9.11)

Indeed, let us compute the resultant p of Q(R) and 2AR + B with respect to R. We
obtain

80.}3

p = A(4AC — B?).

As we are interesting only in the cases when p vanishes identically with respect to ws,
72 and 73 and as A never vanishes we consider p = 4AC — B? instead of p. We compute
p with values of A, B and C from (9.5)) and obtain

ﬁ: 4[1.[2’73 (aoI‘ + (11) s
where

apg = 2C1(Ig’722 — 11722 — Il’yg + IlUQ),
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a; = —13(11 — Ig)w§7§ — 13(11 — I3)w?2)7§ + 11]3U2w§ — 213U w373
—2(I1 — Iy)eavs — 2(I — I)esvivs + (I — 12)Usvs — 2Lhcov273
=+ 2[182(]2’)/2 — 2[183’)/3 + IlUg’yg + 2[163U2’)/3 + U12 — 11U, Us.

According to Proposition if p =0 then ag = a3 = 0 because I ¢ C(y2,73). ag =0
is possible if and only if ¢; = 0. One immediately sees that a; = 0 will be true if and
only if I = Iy = I3, co = c3 =0 and U; = Uy = U3z = 0, i.e. we come to condition (9.11)).
Thus out of this case equations Q(R) = 0 and 2AR + B = 0 have no common roots, i.e.
if Q(R) = 0 then 2AR+B;£O

Thus the determination of from is possible and we obtain

OR 6w3 SR+ (90-’3

dws  24AR+ B
and put it in the expression for 6(R). The non-zero expression 2AR + B appears as
a denominator of §(R) and we note

_ (R
) =5ar+ B
where
~ ) ) OB  oC
§(R) = [(I — I2)73 + (I — I3)73 — [Us] |(2AR 4+ B)R 4 ws Ra P
OB  oC

After substituting A, B and C Wlth their values from ({9.5) we obtain

5(R) = 2{ (I1 — I)73 + (I — I3)73 — L Us] {h(Ile + Iy — Ivs — [1v3)R?

+ 21 (Izwsys — U1)RF} + LIy(I — L)wiys + (LI + L3 — 21 13)w3vs7;

— L L I3Usw3s + I3 (I — I3)w3ys — I115Uswing — 215(1 — L) Uyws 3

= 2I3(11 — I;)Uhwyn§ + 20 13U Uawsys + LUTS + (I — 1)U — 11U§U2}.
Let us note the following observation. The expression in square brackets above, i.e.

I(IU; + Iy3 — 173 — [1v3)R? + 211 (Iswsys — Uy)RT = AR?* + BR = Q(R) —

and, as Q(R) = 0 (cf. (9.4)), we replace this expression with —C. In this way we obtain
¢ as a function that does not depend on R as follows:

5 = bol + by,
where
by = —4lrc173 [(11 — L)y + (I — I3)73 — [Us|,
by = 21573 [202(-72 — )y + 2c3(Ia — [1)V3ys + 2c2(Is — 1) y273 + 2c3(Is — I1)y3

+ (I = I2)Us; + (I — I3)Us%3 + 2I1coUsys + 2I1c3Usvys + Ut — I1U2U3]
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According to Proposition if & = 0 then bp = by = 0 because I' ¢ C(y2,73). bp =0
is possible either if I; = I = I3 and Uy = 0 which is a particular case of the kinetic
symmetry or when ¢; = 0.

Let ¢; = 0. We consider by = 0. As ¢; = 0 we should have (c2,c3) # (0,0) to avoid
the Euler case. First let us suppose that co # 0. Then the annulment of the coefficients
of 73 and 273 of by leads to the kinetic symmetry case. Let us suppose now that cz # 0.
Then the coefficients of 73 and 7273 lead to the same case. Consequently the sought first
integral of type 1 does not exist.

Type 2. Let us study the existence of a first integral of type 2. That means to look
for a first integral of system which does not depend on s, i.e. F(ws,3).
In fact the investigations go along the same lines but, of course, the expressions are
different. Now we have
dF dws OF  dvy3 OF

= P YV (F)=0 9.12
dt — dt Ows = dt Ovs () =0, (9.12)
where Y7 is the corresponding vector field defined on Q.

Equation should be an identity with respect to all three variables (w3, v, v3).
As function F' does not depend on - then its partial derivatives will not depend on ~yo
too. Thus if we differentiate identity with respect to 72 we shall obtain again a
linear partial differential equation for function F.

ON(F) _ 0 (dws) OF 0 (dys) OF _
8’)’2 n (9’72 dt ng 3’72 dt 8’73 -

Ya(F) =0, (9.13)

where Y5 is the corresponding vector field defined on €.

Equations and can be considered as a system of two homogeneous linear
because F' is non-constant on any open subset of its domain of definition.

Thus, if integral F' exists, system f has a non-zero solution grad F'. This
is possible if and only if determinant A(R) composed of the coefficients of this system
satisfies identity A(R) = 0 provided that R is a root of equation .

We compute this determinant and obtain a long expression which we do not show
here. We only mention that A(R) has a non-zero denominator I2I375I" and we note

algebraic equations with unknowns grad F' = ( ), which do not vanish identically,

A(R)

A(R) = —=—.
B = Fr3r

Thus A(R) = 0 is equivalent to A(R) = 0.
K(R) depends on g—i. To determine this derivative we use the same steps as in the
case of the first integral of type 1 and obtain

A P2 OB oC

By, 2AR + B

We put it in the expression for A(R). After this substitution the non-zero expression
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2AR + B appears as a denominator of A(R) and we note

Ao L AR
AR = 5 1R + B
The identity A(R) = 0 is equivalent to A(R) = 0 but A(R) depends on the functions A,

B and C from ({9.5) and their derivatives with respect to 2. We put these functions in
the expression for A(R) and obtain that A(R) has a denominator T'. We note

The identity A(R) = 0 is equivalent to 6(R) = 0. We know that if Q(R) = 0,
then if in addition some supplementary first integral F'(ws,ys) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K|z], where K = Alg(ws,~2,73), the polynomial Q(x) divides the
polynomial §(x).

Using MAPLE we divide § by @ and obtain a reminder which is a polynomial r of the

form
rox + 11

(I = [1)v3 — 173 + U]

r =

where

ro =ro1l + ro2 and r1 = 11T + ri10,

Here 791, o2, 711 and 715 are polynomials of variables ws, 72, 73 and parameters Zc and
U;, 1 <3 <3.

According to Propositions we have rp = r; = 0. Then by Propositions we
conclude that rg; = 192 = r11 = 112 = 0 because I' ¢ C(v2,73). It turns out that for
our aims equation r1; = 0 is sufficient. Equation r1; = 0 will be identically satisfied if
and only if all the coefficients of polynomial ry; are zeros. The coefficients of r1; are
109. We should find all values of the parameters Zc and U;, 1 < i < 3, for which the
109 coefficients are zeros. At the fourth consecutive simplification we obtain the reduced
system of only three very simple equations:

Il—IQZO, 01:0, 02:0

and the values of U;, 1 < i < 3, Iz, I35 and c3 are arbitrary. It is clear that this is the
Lagrange case.
Thus the sought first integral of type 2, F(ws,73) does not exist.

Type 3. Let us consider the existence of a first integral of type 3, i.e. F(ws,2). Now
we have

dF dws OF  dvyy OF
At dt Ows | dt 02
where Y7 is the corresponding vector field defined on €.
Equation should be an identity with respect to all three variables (w3, ¥2,73).

As function F' does not depend on 3 then its partial derivatives will not depend on ~3
too. Thus if we differentiate identity (9.14]) with respect to 3 we shall obtain again a

Yi(F) =0, (9.14)
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linear partial differential equation for function F'.
o1 (F) 0 (dU.J3> oF n 0 (d72> oF
972 3 8w3 3 02
where Y5 is the corresponding vector field defined on ).

Equations and can be considered as a system of two homogeneous linear
because F' is non-constant on any open subset of its domain of definition.

Thus, if integral F' exists, system (9.14 - ) has a non-zero solution grad F'. This
is possible if and only if determinant A(R) composed of the coefficients of this system
satisfies identity A(R) = 0 provided that R is a root of equation .

We compute this determinant and obtain

— Ya(F) =0, (9.15)

algebraic equations with unknowns grad F' = ( ), which do not vanish identically,

_Am
AlR) = EYERTIN

where

~ OR OR
A(R) = —2[1 (Il — Ig)wg,inR — Igcl'ygfyg,— + (Il — Ig)UlRQ — [201’7§R I
3 03

OR OR
+ I (I — L)ysT? 5—R* + T2 [I3(Iy — I)wiys + (It — I2)Urws + Leayays] -—
03 s
+ [I3(h = L)wiyg — I(I — I2)Uswi + (I — L) Urwsys + Tacaya(—3 + Us)] R
— Ii(I1 — I)(—73 + Us) R* — Ireiwsyavys.
Thus A(R) = 0 is equivalent to A(R) = 0.
A(R) depends on g—,i. To determine this derivative we use the same steps as in the
case of the first integral of type 1 and obtain

0A B
OR s R? + R + 373 .

oy 2AR+B

We put it in the expression for A(R) After this substitution the non-zero expression
2AR + B appears as a denominator of A(R) and we note

AR~ _A@)
AR = 3R + B’
The identity K(R) = 0 is equivalent to A(R) = 0 but A(R) depends on the functions A,

B and C from ) and their derivatives with respect to 3. We put these functions in
the expression for A( ) and obtain that A(R) has a denominator I'. We note

where §(R) is a polynomial of R of degree four.

The identity A(R) = 0 is equivalent to 6(R) = 0. We know that if Q(R) = 0,
then if in addition some supplementary first integral F'(ws,73) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K|z], where K = Alg(ws,2,73), the polynomial Q(x) divides the
polynomial §(x).
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Using MAPLE we divide § by @ and obtain a reminder which is a polynomial r of the

form
rox + 11

(I — I1)vs — Iivs + LU

T =

where
ro =ro1l + ro2 and r1 = r11I" + r10,

Here rg1, ro2, 711 and r12 are polynomials of variables ws, 72, v3 and parameters Zc¢ and
U;, 1 <i<3.

According to Propositions we have rp = r; = 0. Then by Propositions we
conclude that ro; = rg2 = 711 = 112 = 0 because I' ¢ C(~2,73). It turns out that for
our aims equation r1; = 0 is sufficient. Equation r1; = 0 will be identically satisfied if
and only if all the coefficients of polynomial ry; are zeros. The coefficients of r1; are
179. We should find all values of the parameters Zc and U;, 1 < i < 3, for which the
179 coefficients are zeros. At the three consecutive simplification we obtain the reduced
system of seven equations:

.[1 — IQ = 0, CoC3 — 0, (.[2 — Ig)CQ = 0, CQU3 = 0,
CQUQ ZO, 62U1 ZO7 C%—FQCg =0.

We solve this system by the MAPLE command solve and obtain two solutions. The
first of them gives the Lagrange case Iy = I, ¢ = 0, co = 0 and the second - a particular
case of the kinetic symmetry case.

Thus the sought first integral of type 3, F/(ws,72) does not exist.

9.3. Elimination of v;,72,73. Using the MAPLE command solve we determine vari-
ables 1 and 7, from equations H; = U; and Hs = Us (see ) Then we put the
obtained values of 7; and 7, in the equation Hy = Us from where we determine ~3. In
this way we obtain the following solution:

_ IQ(UQ(Ilw% + IQ(U% + Igwg — Ug) + 262U1 + 2([263(4}2 — IgCQUJg)R

n= 2([102&)1 — 12C1WQ) ’
Lwi (hw? + w3 + I3w? — Us) +2c1U; + 2(Licawr — Izciws) R (9.16)
T2 == ’
2([162&)1 — IQClWQ)
V3 = R7

where R = R(w1,ws,ws) is a root of equation
Q(x) = Ax®> + Bz +C =0,
that is
Q(R) = AR*+ BR+C =0, (9.17)
and A = A(wy,ws,ws3), B = B(wi,ws,ws) and C = C(w1,ws,ws) are the following
polynomials:
A= 4[12(05 + c%)wf — 8I1Izcicowiwe — 81113¢1 cawiws
+ 4I2(2 + 2)w? — 81 [3cacawows + 412 (c2 + c2)w3,

B =4I} csw] — 41 Isc wiws + 41 I (1) + Ip)cswiwi — 411 I Izcawiwaws
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+ 4If1303wfw§ - 4[1]213c1w1w§w;>, — 4]1[§clw1w§ + 4[303(»‘21
— 4I2 1302w2w3 + 412 13030.)20.13 41213 02w2w3 4[1 03U3w1
+ 461 13c1Uswiws — 4]2 C3U3w2 + 41513co0Uswaws
+ 8I1c1e3Urwy + 8Ixcac3Uqwo — 8[3(0% + C%)Ulw;;,
C = I}WS + BL21 + L)wiw? + 2 wiw? + LI2(1 + 21)wiw) (9.18)

+ 2L L I3(I) + L)wiwiws 4+ [P 1203wy + I3wS + 213 Iswiws + T2 13wiws
— 23 Usw} — 20 Iy (1) + Io)Uswiw? — 217 [3Uswiw? — 213Uswy
— 2[2 13U3w2w3 + 4]1 clUlwl + 4]1[202U1w1w2 + 4]1[201U1w1w2
+ 4I1I301U1w1w3 + 412 coUywi + 4121302U1w2w3 I (43U, — Us)
+ 811 Ircy coUswrwy — I3 (4ciUs — UZ)ws
— 46 e U Uswy — 4lacoUy Uswy + 4(¢3 + c2)UR.

Putting the values of 71, 72 and 73 from in the Euler-Poisson equations (|1.1])

and removing the last three equations we obtain the following system of three equations

in unknowns wq, ws and ws:
dwi Mi .
= 1<:<3 9.19
dt 2_[7;(]102&)1 — I261w2)7 =%=% ( )
where M, M, and M3 are polynomials of wj, v;, I;, ¢;, U;, 1 <7 < 3, and of R. The

system ((9.19) is correctly defined only if
(c1,c2) # (0,0). (9.20)

Let us suppose first that the condition is satisfied.

As we are going to study the first integrals of system we can multiply its right-
hand sides by the non-zero multiplier 211 I5I5(I1cowt — Iaciws). In this way we come to
the following system:

% = —1213{2[11@3 + cg)wl — Ireicown — Igclcgwg]R
+ Ifc;;wi)’ + 11]203w1w§ — 211 (I3 — I3)cowiwaws + 11[303w1w§
+ 2Ih(I5 — I3)ciwiws — Iy csUswy + 26163U1},
2 {2[[0 cowr — Ir(c] + ¢3)wa + Icacsws| R
7t 113 1c1cowr — La(c] + c5)wz + I3cacsws
— 11[203w%w2 —20(I — Ig)ng%wz», + 20 (11 — I3)ciwiwaws (9.21)
— 1263w2 IgIg,ngng + Isc3Uswy — 26203U1}
%:II {2[[0 cswy + Ireacsws — I3(c] + c3)ws| R
7t 112 1€1C3w1 + lacaczwa — I3(c + ¢3)ws

+ 11261(,0% + I (2[1 — IQ)CQW%WQ — 12(11 — 2]2)61(4}10.)% + Illgclwlwg,
+I2(:2w2 +121302w2w3 IlclUgwl IQCQUgW2+2(C%+Cg)U1}.

We study the existence of a first integral of system (9.21) that depends on at most
two variables among the variables (wy,ws,ws). There are three possible types of such a
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first integral:

1. F(wi,ws), (case(iv))
2. F(w1,ws), (case(iv))
3. F(wa,ws). (case(iv))

As all the three types of first integrals belong to case (iv) it suffices to study only the
first type.

Type 1. We consider a first integral F' of system (9.21]) of type 1, i.e. F(w1,ws). We

have
dF - dwl 6i d(UQ ai o

E_Wﬁwl W@wg_

where % and dd% are taken from and Y7 is the corresponding vector field defined
on C3(wy,ws,ws).

This equation should be identically equal to zero with respect to variables wy, ws and
ws. As function F' does not depend on ws then its partial derivatives will not depend on
ws too. Thus if we differentiate identity with respect to ws we obtain again a linear
partial differential equation for F

85/1(}7) - 8 dw1 6F 8 dWQ 6F -
= s (o) s s () s~

where Y5 is the corresponding vector field defined on C3(wq,ws,ws).

Equations (9.22)) and ((9.23]) can be considered as a system of two homogeneous linear

OF OF
Owr ? Ows

non-zero solution if and only if its determinant A(R) vanishes identically with respect to
variables w1, wy and ws provided that R is a root of equation (9.17).

We compute A(R), remove its non-zero multiplier 21; I 13 (I;caw; — Izc1ws) and obtain
A(R)

A(R) = pt e
(R) 21 I, 12 (I cowy — Iacyws) 3c3(c2 + 2+ ¢2)

- [11(213c§ LR — 21,62 4 3I3A)w? + 2211 Is — L1 15 — II3)ercawiws

Yi(F) =0, (9.22)

Y52(F) =0, (9.23)

algebraic equations with unknowns grad F' = ( ) This linear system admits a

— 21 I5¢ i cawiws + I2(2130f - 2[203 — 2[20% + 3Igc§)w§

— 25 13¢coc3wows — I§c§w§ — 130§U3] R

— [1120103(,0% + 11]202030.}%&}2 + 11(21103 — 2[303 + 2[105 — Igcg)w%wg

+ I Leycswiws — 221115 — I I3 — IoI3)cicowiwows

— I3(I1 — 2I3)ci cawiwi + T3cacsws (9.24)
+ 12(21263 — 2130? + 212052)) — Igcg)wgwg

+ 13(213 — 12)62030.120.)5 + Igcgwg — Iicics3Uswy — IscaczUsws

OR
_ IgC%Ungg + 203(0% + cg + cg)Ul} ng

+ c3 |:I12(Il — Ig)wil + 11[2(11 + IQ — 2]3)(&)%(4)5 — Il.[g([l — Ig)wfwg
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+ I3(Iy — I3)wh — I I3(Is — I3)wiws — I, (I — I3)Usw?
— IQ(IQ — 13)U3w2 —+ 2([1 — Ig)ClUlwl —+ 2([2 — Ig)CQUluJQ — 21303U1w3} .

Like in Sec. we should obtain K(R) as a polynomial of R that is we should deter-
mine g—R as a function of R. For the purpose we use equation 1-) where polynomials
A(wy, w2, ws), B(wy,ws,ws) and C(wy,ws,ws) are taken from (9.18]). We differentiate
(9.17) with respect to w3 and obtain

0Q(R) 0A , OB d@ OR
=—R+—R+— =0. 9.25
8w3 6(.03 + 6(.03 + 80)3 iR dR 8W3 ( )

The determination of g—i from 1} is possible if and only if % =2AR+ B is not
zero when R is a root of polynomial ). Then we obtain

OR 6AR2 BR+60J3

— 60.}3
6w3 2AR+ B
Let us prove that % is not zero. We use Propositdion Let R be a root of equation
Q(R) = 0. We consider the resultant p of @ and % and prove that it can never be
identically zero with respect to w1, wo and ws. We have

p = A(4AC — B?)

and as A never vanishes identically we do not consider p but p = 4AC — B? instead.
Putting in p the expressions for A, B and C from ((9.18) we obtain

~

p = 16([162(4)1 - IQCl(JJQ)Qﬁ.
As we consider the case , then the first multiplier never vanishes. The second one,
i.e. pis a long polynomial of wl, wy and w3 that has a monomial I}w§ and therefore never

vanishes. Consequently p never vanishes too.
We put the value of obtamed from equatlon in and find A (R). After

this substitution the non-zero expression 2AR + B appears as a denommator of K(R)
and we note

-~ 0(R)
AlR) = 2AR+ B’
where §(R) is a polynomial of R of degree three.

It is clear that A(R) = 0 is equivalent to (R) = 0. We know that if Q(R) = 0,
then if in addition some supplementary first integral F(wq,ws) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K[z], where K = Alg(wy,ws,ws), the polynomial Q(z) divides the
polynomial §(x).

Using the MAPLE command rem we compute the remainder of the division of poly-
nomial § by @ and obtain a remainder r of the form:

4([102&)1 — IQClchQ)
(Ilcgwl — IQClUJQ)Q + (Ilcgwl - 1301W3)2 + (IQCgWQ — ]302&)3)2
where rg and 71 are polynomials of wy, we and ws.

It is easily seen that when (c1, ¢2) # (0,0) the fraction in the above equality is non-zero
on open dense subset of C3(wy,wa,ws).

r(z) = (rox +11),
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Thus rg = r1 = 0 identically with respect to wi, we and ws. Below we consider only
ro = 0 which turns out sufficient for our needs.

As rg has a non-zero factor I3 we remove it. The obtained polynomial has 74 co-
efficients. To find all values of the parameters Zc and U;, 1 < i < 3, for which these
coefficients are zeros we apply simplification and after four consecutive simplifications we
obtain the reduced system of five equations:

cac3 =0, c1e3=0, (I1—1I2)e3 =0, ([ —1I3)c2=0, (I2—I3)c1r =0.
Solving it by the MAPLE command solve we obtain the following five solutions:
c1 =0, co =0, cg =0 with arbitrary I, I, I3, Uy, Us, Us,
I =I5, ¢ =0, co =0 with arbitrary Is, I3, cs, U1, Us, Us,
I, = I3, co =0, c3 = 0 with arbitrary I, I3, c¢1, Uy, Us, Us,
I, =13, c; =0, c3 =0 with arbitrary Iy, I3, co, Uy, Us, Us,
I, =13, Iy = I3, c3 = 0 with arbitrary I3, c¢1, ¢, Uy, Us, Us.
As (c1,c2) # (0,0) we remove the first and second solutions. Third and fourth solutions

give the Lagrange case and fifth one — the kinetic symmetry case. Thus the sought first
integral of type 1, i.e. F(wy,ws) does not exist when (c1, ¢ca) # (0,0).

Let us suppose now that (9.20) is not fulfilled, i.e. (¢1,¢2) = (0,0). To avoid the Euler
case we suppose that cg # 0. Solving equations (9.1) with respect to v1, 2 and 73 by
the MAPLE command solve we obtain

_ Illgw%u)g + Igfgw%w:g + 1320.}2 I3Usws + 2¢3U7 — 2[2w2R

ne 21 c3w
) 1o (9.26)
R Ilwl -|—.[2w2 +13w3 —U3
2= V3= )
C3 2c3
where R = R(w1,ws,ws) is a root of equation
Q(x) = Ax® + Bz +C =0,
that is
Q(R) = AR* + BR+C =0. (9.27)

Here A = A(w1,ws), B = B(wy,ws,ws) and C = C(w1,ws,ws) are the following polyno-
mials:
A = AIFw? + 13w3),
B = —4Lwo (I Izwiws + I Izwiws + Isws — I3Usws + 2c3U7),
C = I} + 2 Lwiws + IE13(210 + I3)wiw? + [P T3wiw)
+ 2L L I3(1 + I3)wiwiw: + L2 (1 + 213)wiws + I3 [3wiws (9.28)
+ 2L I3wiws + Ijws — 203 Usw! — 213 LUsw?w? — 21 I3(1) + I3)Uswiw?
— 2[213 U3w2w3 213U3w3 + 4]1[303U1w1w3 + 4[2[303U1W1W3
+ 4z c3Usws — I3 (4c3Uy — Uz)wi + I3U3w3 — 413¢3U Usws + AUEC.
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After substitution of v, 72 and 73 from (9.26]) in the first three Euler-Poisson equa-
tions (1.1) we obtain the following system for wy, ws and ws:

@ . R+ (Ig — Ig)WQWg

dt I

dwy _ 2lwo R — I (211 — I3)w?ws — Iy [3wiws — I3wi + I3Usws — 23U (9.29)
dt 211 Iowy ’ ’
dws (I — Iz)wiwy

dt Is '

Like in case (9.20) we examine only the type 1 of first integrals of system ((9.29)).

Type 1 As in the case when (cl, c2) # (0,0) we deﬁne the vector fields Y7 and Y3 by
Yi(F) = ﬂ (see ) and Yo (F M (see ) but now dtl and d“’2 are taken

from
Determinant A(R) of linear system (9.22)) and (9.23) should vanish identically with
respect to variables wi, wy and w3 provided that R is a root of equation (9.27)).

We compute A(R). It has a non-zero denominator 217 Iow;. We note

A(R) = 212w A(R) = — [11(211 — )wi + (21 — I3)w3 + 313w3 — IgUg} R

OR
T [11(211 — I)wlws + (21 — I)wiws + I2wd — LUsws + 2U103] -
3

—2(Iy — I3)(I3w3 — Uycz)ws. (9.30)

In order to obtain 3( R) as a polynomial of R we determine 88 f using equation ||

where polynomials A(wq,ws), B(wy,ws,ws) and C(wy,ws,ws) are taken from (9.28)). After
differentiating (9.27]) with respect to w3 we obtain

0Q 9B, 9C  dQ OR

% 7 I T A 31
(9(.«)3 aQJ3 awg dR 8w3 (9 3 )

In the same way as in the case (¢1,c2) # (0,0) we prove by Proposition that % is
not zero and determine g—i from 1' Then we put it in 1) and find A(R). After

this substitution the non-zero expression 2AR + B appears as a denominator of E(R)
and we note 5(R)

~ R

AR = 23R + B’
where §(R) is a polynomial of R of degree two.

It is clear that A(R) = 0 is equivalent to 6(R) = 0. We know that if Q(R) = 0,
then if in addition some supplementary first integral F(w;,ws) of system exists,
then also §(R) = 0. Thus all assumptions of Proposition are fulfilled. Consequently
in polynomial ring K[z], where K = Alg(w;,ws,ws), the polynomial Q(z) divides the
polynomial §(z).

The remainder r(x) of the division of polynomial §(z) by polynomial Q(z) is a poly-
nomial of x of degree one

r(z) = rox + ry,
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where 79 and 71 are polynomials of wi, we and w3 which, by Proposition should be
identically equal to zero. We consider only the leading coefficient of r(x)

ro = 78[1[3([1 — IQ)W%WQ(I%W% — CgUl) = 0

It is easily seen that ry vanish identically if and only if I; = Io which together with
restriction ¢; = ¢ = 0 considered now leads to the Lagrange case. Thus the sought first
integral of type 1, F(wy,ws) does not exist.

This concludes our study.
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