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Growth bound and threshold dynamic for nonautonomous
nondensely defined evolution problems

Ramsés Djidjou-Demasse!, Ousmane Seydi?

LMIVEGEC, Univ. Montpellier, CNRS, IRD, Montpellier, France
2 Département Tronc Commun, Ecole Polytechnique de Thiés, Sénégal

Abstract

We propose a general framework for simultaneously calculating the threshold value for popula-
tion growth and determining the sign of the growth bound of the evolution family generated by the
problem below

do(t)
dt

where A : D(A) C X — X is a Hille-Yosida linear operator (possibly unbounded, non-densely
defined) on a Banach space (X, | - ||), and the maps ¢t € R — V(t) € L(Xo,X),t € R F(t) €
L(Xy, X) are p-periodic in time and continuous in the operator norm topology. We give applica-
tions of our approach for two general examples of an age-structured model, and a delay differential
system. Other examples concern the dynamics of a nonlocal problem arising in population genetics
and the dynamics of a structured human-vector malaria model.

= Av(t) + F(t)v(t) — V(t)v(t),

Keywords: Reproduction number; Growth bound; Threshold dynamics; evolutionary systems
Mathematics Subject Classification 34K20; 37B55; 47D62; 47N60; 92D25

1 Introduction

The basic reproductive number (universally denoted by the symbol R) is an important quantity in epi-
demiology and life-history theory. The general definition of the R in life-history theory is the average
lifetime offspring number in a given environment. In epidemiology, the basic reproduction number is an
important quantity defined as the average number of secondary infections produced by a single infected
host in an entirely uninfected host population [22, 10, 1, 2, 8, 8, 16, 9]. Usually, the R allows for expressing
the relatively long-term threshold phenomenon for some epidemic models, i.e. the disease dies out if the
basic reproduction number is less than unity and the disease persists in the population if it is greater
than unity. Within a context of multi-strain interactions, Ry is a function of the pathogen traits or label,
x, and so is denoted by Ro(z). Furthermore, the emphasis on “entirely uninfected host population”,
illustrated by the index "0" in Ry is fundamental because R is not only a function of the pathogen =
but also of the environment E' experienced by the pathogens. Therefore, the basic reproduction number
of a pathogen trait = in the environment E is thus written as R(z, E). In a pathogen-free environment
E = Ey, note that R(z, Ey) = Ro(x). Finally, the quantity R(x, E') measures the pathogen’s "fitness",
i.e. the pathogens’ competitive process in the adaptive dynamics (e.g., see [20]).

The main purpose of this work is to propose a simple and general framework for the calculation of



the threshold value for population growth for the below evolution problem

dz(tt) = Av(t) + F(t)u(t) — V(t)u(t), t > to,

U(to) =x € Xyg= D(A),

(1.1)

where A : D(A) C X — X is a possibly unbounded non-densely defined Hille-Yosida linear operator,
(X, - ||) a Banach space, and the maps t € R — V(t) € L(Xo,X),t € R — F(t) € L(Xo,X) are
p-periodic in time and continuous in the operator norm topology. Here, we recall that A is a Hille-Yosida
operator if there exists wyp € R and My > 1 such that (wp, +00) C p(A) —the resolvent set of A- and
R)(A) = (M — A)~! satisfies

My
()\ — WQ)n

Note that the threshold value we will obtain for System (1.1) does not necessarily match the ba-
sic reproduction number of such a system. However, both quantities will definitely serve as threshold
values for the global extinction of the population of concern. Determining the threshold value for pop-
ulation growth for Problem (1.1) is not an easy task in general, and in particular, not yet addressed in
the literature with only information that A is a Hille-Yosida linear operator on a given Banach space
(X - ).

Indeed, in the context of both finite-dimensional (i.e., A = 0) and autonomous systems (i.e., F and
V are independent of time ¢), general approaches for the calculations of reproduction numbers are well
known (see [8, 30]). Moreover, still being in the context of finite-dimensional systems, but with time-
periodic properties (i.e., F and V are p-periodic in time t), computation formulas of the reproduction num-
ber are well established for a large class of compartmental epidemic models, see for instance [5, 6, 4, 31].
Furthermore, in [18], the author proposed a very general approach for the computation of the repro-
duction number in heterogeneous environments, i.e. for nonautonomous systems. Such an approach is
based on the generation evolution operator, with a clear biological meaning (the GEO approach), and
can be applied to a large class of mathematical models including particular cases of problems of type
(1.1) when the Banach space is X = L'.

The approach proposed in this work does not necessarily require specifying the Banach space X.
Such an approach is based on determining whether the spectral radius of a certain linear operator de-
rived from the evolution family generated by Problem (1.1) is less or greater than the unity. Within this
context of infinite-dimensional population structure and time heterogeneity, we can mention the work
in [29] where the same idea is developed for problems of type (1.1). However, the results presented here
generalized the ones proposed in [29] to the cases where the domain of the operator A is non-dense (i.e.
D(A) # X).

The advantage in emphasizing the spectral radius of a linear operator derived from the evolution
family generated by Problem (1.1) is twice. First, in comparison to results in [18] (when the Banach
space X = L') and in [29] (for any given Banach space X, but with a densely defined operator A), the
approach proposed here will allow determining the threshold value for population growth of a large
class of nonautonomous systems. The second advantage of such an approach consists in showing at
the same time that the sign of the growth bound of the evolution family generated by Problem (1.1) is
equal to the sign of the spectral radius of our linear operator minus the unity. Consequently, this allows
determining the global convergence to zero of the evolution family generated by Problem (1.1). Finally,
we will show that the approach developed here can be applied to time-delay differential systems. Within
this context of time-delay differential equations, note that similar results have been obtained in [32, 19].

HR)\(A)nHE(X) < , Vn>1, A > wp. (1.2)




More precisely, two key assumptions are made to derive our main result. The first assumption con-
cerns the exponential stability of the evolution family {Uy (¢, %) }+>t, C £(Xo) generated by the un-
perturbed Cauchy problem

du(t)
dt

= Au(t) — V(t)u(t), t > to, u(ty) =z € Xo. (1.3)
The existence of such an evolution family follows from the assumption on A and the periodic perturba-

tions (see [23, Proposition 4.1]). Such assumption reads,

Assumption 1.1 The evolution family {Uy (t,t0) }+>1, C L£(Xo) generated by (1.3) is exponentially stable
i.e., there exists My > 1 and wy < 0 such that

| (t, to)x]| < Myev )|zl vt > to, 2 € Xo.

Next, since we are concerned with the threshold for population dynamics models, the second assumption
guarantee that any solution of (1.1) with an initial condition with a nonnegative initial condition remains
nonnegative, in forwarding time. Throughout the paper, if otherwise stated, we assume that the Banach
space X has a positive cone X that is normal and generating. We recall that X is normal if there
exists an equivalent norm || - ||; such that

y -z e Xy =zl <yl

The cone X is called generating if X = X, — X_. Hence, setting Xg = D(A), it is clear that
Xo+ = Xo N Xy is a positive cone of X that is normal and generating. Recall that the exponential
bound of an evolution family {U (¢, t) }+>t, C £(Xo) is defined by

w(U) = inf {w € R : it exits M > 1, such that [|U(t + s, 5)|| £(x,) < M,e®t, vt >0, Vs € R}.

Assumption 1.1 for the exponential stability of the evolution family {Uy (¢, to) }+>1, C £(Xp) is classical
in obtaining a threshold value even in finite dimension autonomous cases, eg., see [29, 32]. Our next
assumption reads as

Assumption 1.2 i) A: D(A) C Xg — X is resolvent positive i.e., there exists \g > wg such that
RA(A) X+ C Xoy forall X > \.

ii) There exists A\; > wq such that \ix — V(t)z € X, forallx € Xoy andt € R, where wy is the
constant stated in (1.2).

iii) For eacht € R and each x € Xo4 we have F(t)r € X .

Before stating our main result, we make a short comment on condition ii) of Assumption 1.2. In fact, it
can be replaced by the following more general condition

1
lim —dist(z — AV(t)z, X4) =0, Vo € Xo4, t € R. (1.4)
h—0+ h

where dist(+) is the distance to a set. We refer to [11, Theorem 4.4] for equivalent characterization of
(1.4). Therefore, the main result of this work is given by the following theorem



Theorem 1.3 Let Assumptions 1.1 and 1.2 be satisfied. Then the linear operator C defined by

Clf(t) = lim /t Uy (t, s)ARA(A)F(s) f(s)ds, t € R, f € Cp(R, Xp), (1.5)

A—400

is bounded and maps Cp(R, Xo) —resp. Cp(R, Xo4)— into Cp(R, Xg) —resp. Cp(R, Xo.). Moreover,
sign (r(C) — 1) = sign (r(Ur(p,0)) — 1),

where {Ug(t, to) }+>t, C L(Xo) is the p-periodic evolution family generates by (1.1), and r(C), r(Ug(p, 0))
are the spectral radius of C and Ug(p,0).

The rest of this work is organized as follows. Section 2 is devoted to preliminary results and some
general remarks. In Section 3, we give detailed proof of our main result (Theorem 1.3) in several steps.
Finally, in Section 4 we give some applications of our main result presented in Theorem 1.3. This includes
two general examples of where our results can be applied. The first example is about an age-structured
model, and the second concerns a delay differential system. The next two examples concern the dynamics
of a nonlocal problem arising in population genetics and the dynamics of a structured human-vector
malaria model.

2 Preliminaries and comments on Theorem 1.3
We recall that the part of A in Xy = D(A) is the linear operator Ay : D(Ag) C Xy — X given by

D(Ao) = {!L‘ S D(A) Az € Xo}, Apr = Ax, Vz € D(Ao)

Since A is a Hille-Yosida linear operator, see (1.2), the resolvent set p(A) of A is such that, p(A) = p(Ao),
D(Ap) = D(A) = Xy and Ay is a Hille-Yosida linear operator with dense domain [23]. Consequently,
Ag generates a Co-semigroup {Ta,(t) }+>0 C L(X)) satisfying

1Tno (8)l| 2(x0) < Moe®", Vt > 0. (2.1)

Furthermore, noting that t € R +— V/(t) is uniformly bounded, the Cauchy problem (1.3) generates an
exponentially bounded evolution family {Uv(¢,%0) }+>1, C £(Xo) [23, Proposition 4.1]. Moreover, for
each x € Xy and ¢y € R, the map defined by

u(t) = Uy(t, to)z, t > to

is the unique mild solution of (1.3) with initial condition x at time ¢t = #y and

¢
Uv(t,to)x = Ta,(t —to)x + )\lim Tp,(t — $)ARA(A)D(s)Uy (s, to)zds, Yz € Xj. (2.2)
—+00 to
In a similar manner, using the fact that t — F(¢) is uniformly bounded in R, one can conclude from [25,
Theorem 1.6] that Problem (1.1) generates an exponentially bounded evolution family {Ug(t, to) }¢+>¢, C
L(Xo). Moreover, using the results in [25, Theorem 1.6] one knows that for each z € X and ¢y € R,
the map
U(t) = UF(t,t(]).%', t> t()
is the unique solution of (1.1) with initial condition z at time ¢ = ¢ with
¢

Ur(t,to)x = Uy(t, to)r + lim Uy (t, s)ARX\(A)F(s)Ug(s, tg)xds, Va € Xj. (2.3)

)\A)JrOO to



Itis now clear from (2.2) and (2.3) that the evolution families { Uy (¢, to) }+>t, C £(Xo) and {Ur(t, to) }e>t, C
L(Xy)) are p-periodic, that is

Uv(t+p,to+p) = Uy(t, tg), Yt > to, and Up(t+ p,to + p) = Ug(t, to), Vt > to.

Remark 2.1 When V(t) = 0 we have Uy(t,tg) = Tp,(t — to) so that Assumption 1.1 is translated to
wo < 0, where wy is the constant stated in (2.1).

The proof of Theorem 1.3 will be given in Section 3. However, we complete this section by adding
some remarks that may be useful for applications of our main result. Let us first note that the linear
operator C in Theorem 1.3 can be expressed as follow

t
Cif](t) = lim lim Uv(t, s)\RA(A)F(s)f(s)ds, t € R, f € Cp(R, Xp),

to——00 A—+oo to

and for the case V(t) = 0, it takes the following form
t

ClAI(t) = lim lim [ Tay(t— s)ARA(A)F(s)f(s)ds, t € R, f € Cp(R, Xo).

to——00 A——+00 to

Since the evolution family {Ug(t, o) }+>¢, is exponentially bounded and periodic, we infer from [17,
Theorem 7.2.2] that the spectrum o (Ug(p + s, 5)), s € R satisfies

o(Ur(p+ s,5)) \ {0} = o(Ur(p,0)) \ {0}, Vs € R
and from [29, Proposition 5.5] that

_ Wn(r(Ur(p+5,9)) _ In [|Uk(t + s,5))|

w(Uf) ’ t_lgrnoo ; , Vs € R.
Moreover, we also have from [29, Theorem 5.7] that
sign (w(Ur)) = sign (r(Ug(s +p,s)) — 1), Vs e R. (2.4)

From where, using Theorem 1.3 together with (2.4) we obtain
sign (w(Ug)) = sign (r(C) — 1) =sign (r(Ug(s +p,s)) — 1), Vs e R.

Finally, by setting

FlfI#) =F@) (), vt € R, f € Cp(R, Xo) (2.5)
and
t
RIfI(t) = )\EI—‘,I-IOO 3 Uv(t,s)ARA(A)f(s)ds, t € R, f e Cp(R,X)
it comes
C=RoF,

and thus r(C) = r(F o R) where

t
(FoR)[f](t) =F(t) lim lim Uv(t,s)ARA(A) f(s)ds,Vt € R, f e Cp(R, X). (2.6)
to——00 A—>—+o0 to
The latter gives an alternative way to compute r(C) and is sometimes easier to handle. In many appli-
cations, the positive perturbation F(¢) maps X into X7, with X a closed subspace of X so that the
linear operator F o R maps Cp(R, X1 ) into Cp(R, X1 ). The following lemma will allow simplifying the
computation of r(C) in our applications.



Lemma 2.2 Let Assumptions 1.1 and 1.2 be satisfied. Assume that there exists a closed subspace X1 C X
such that F(t) Xo C X forallt € R. Thenr(C) = r(F o R) = r(Cy) with Cy the restriction of F o R to
Cp(R, X1).

The lemma can be easily proved by using Gelfand’s formula and is thus omitted.

Remark 2.3 In practice, we may combine the fact that r(C) = r(F o R) together with Lemma 2.2 to
simplify the determination of the linear operator F o R. Indeed, under the condition of Theorem 1.3, and
F(t)Xo C Xy, the map
t
lim lim Uv(t, s)ARA(A)F(s)f(s)ds,Vt € R, f € Cp(R, X1)

to——00 A—=+00 to

is the unique entire solution of

3 Proof of Theorem 1.3

The main point in the proof of our main result lies in the fact that we will be able to go from a nonau-
tonomous problem to an autonomous problem. The results obtained in the autonomous case are then
transferred to the nonautonomous case. Let us mention that such an approach has been used in [15]
in the context of extrapolated semigroup and functional differential equations. In what follows, it is
not necessary that X have a normal and generating cone X nor that the Assumption 1.2 be satisfied.
However the linear operator A : D(A) C X — X is still assumed to be Hille-Yosida while the maps
t — V(t), and t — F(t) are assumed to be p-periodic and continuous in the operator norm topology.

3.1 Step 1: From the nonautonomous to an autonomous problem

We first mention some known results which will be of importance later on. Consider the map
f € Cp(Ra XO) = UV('> T t)f( - t) € CP(R’XO)v (31)
with
(UV('a T t)f( - t))(S) - Uv(S,S - t)f(S - t)a Vs € R.
It is well known that the map (3.1) defines a Cy-semigroup on C,(R, Xy) (see for example [7] and [29,
Appendix B]). We denote its generator by —V, : D(Vy) C Cp(R, Xo) = Cp(R, Xo) and we set
Ty, (O)[f1 =Uv (- =) f(- = 1), Vf € Cp(R, Xo), t 2 0.
Our arguments for the proof of Theorem 1.3 as well as the main result of this section strongly rely on
the linear operator
t

RAlf1(t) :== lim e MUY (8, s)uR,(A) f(s)ds, t €R, f € Cp(R, X), A>wy,  (3.2)

p——+00 oo

for which we will first investigate its properties. Before proceeding, we first recall some results ob-
tained in [25] in the context of the integrated semigroup. A similar result can be found in [14] where
extrapolated semigroups approach is used. Denote by BUC/ (R, X) the Banach space of bounded and



uniformly continuous functions with relatively compact range. Note that we always have the inclusions
Cp(R, Xp) C Cp(R, X) C BUC, (R, X) where all the Banach spaces are endowed with the supremum
norm. For more compactness in the notations, we set

X = Cp(R,X) and &p := Cp(R, Xp)
with the norm in X and Xj defined by

[flloo :=sup [[f(@)]|, Vf € X.
teR

The next result can be obtained from [25, Theorem 1.11].
Lemma 3.1 Let Assumption 1.1 be satisfied. Then the following properties hold true:
i) Foreach f € BUC, (R, X) there exists a unique entire mild solution uy € C'(R, Xo) of

du(t)
dt

= Au(t) — V(t)u(t) + f(t), t > to, u(to) =29 € X,

given by
t

uf(t) = lim Uv(t, s)A\Rx(A) f(s)ds, Vt € R, (3.3)

A—+o00 J_ o

where the limit is uniform with respect to t in R. Moreover, for each f € Xj, the above limit (3.3)
takes the form

t

up(t) = / Uv(t,s)f(s)ds, Vt € R.

it) There exists a constant Cp > 0 such that for each f € BUC, (R, X) the solution uy € C(R, Xo)
satisfies

||ufHoo < Cpl| floo-

The Lemma 3.1 ensures that the linear operator R defined in (3.2) is continuous from & into A with
RaX C Xy. However, to be able to perform our study, we need to obtain a more refined estimate on the
operator norm of R . It reads as

Lemma 3.2 Let Assumption 1.1 be satisfied. For each A > wy, the linear operator f € X — Ry[f] is
continuous in X with .
My

Ralfllle < 3=

[ flloos Vf € X, (3.4)
with MV = MyMy.

Proof. Let f € X be given and fixed. Note that for each ¢ > max(wyg, wy ), the linear operator

t
RA[FI() = / e MUY (8, s)uR,(A) f(s)ds, t R, f e X

—o0
satisfies My Mo

IREL e < e E2 s YA > i 65)
and the result follows by taking the limit when y — 400 in (3.5). ]



Theorem 3.3 Let Assumption 1.1 be satisfied. There exists a Hille-Yosida linear operator =V : D(V) C
X — X on X such that —V) is the part of —V in Xy. Moreover, (wy, +00) C p(—V) and for each \ > wy
we have

A+ V)Hf] = BA(-V)[f] = Ralf], Vf € X,

and

—

M,
© | flloos ¥n > 1,

HR,\(—V)"[f]HOO < m

with ]/\4\0 = Mv.]/w\v.
Proof. Thanks to Lemma 3.1, f — R,[f] maps X into X i.e.,
RAf] € Cp(R, Xo), Vf € Cp(R, X) (3.6)

and

RaAlf] = 0 < f =0. (3.7)

Moreover, using Lemma 3.1 (with A replaced respectively by A — A and A — §) and (3.6) it follows that
for each f € Cp(R, X), A > wy and § > wy we have

R o Rs[f](t) := / t e MU (L, s)Rs[f](s)ds, Vit € R. (3.8)

— 00

We claim that for eachn > 2 and f € Cp(R, X)

t t _ n—2
R0 = [ S eI s RAlS ), v € R (5.9
oo (m—=2)!
To prove the above claim, we argue by recurrence in n > 2. From (3.8), one can see that the property
is clearly satisfied when n = 2. Assume that (3.9) is satisfied for some n > 2. Note that for each n > 2
andt € R

RIFfI() = / ey (1, 5YRE[f(5)ds

N A g v
_/ / B2 " 20 (1, DR (1) dlds

—o0 J —00 (TL - 2)'
2

_ 0 M= e s
- [ 555 Ut [YRA[f] (1) sl

— / MQ—W—Z)U (t, )RALF](D)dl
oo (n=1)! VAR HITEA
which proves the claim. Therefore, using the above formula with n instead of n + 1 combined with (3.4)

we obtain "
My My My
WHRAWHOO < meHom YA > wy.

Next, we prove that R satisfies the resolvent identity. Let A > wy and § > wy be given and fixed such
that A # 9. Then using (3.8) one has

IRA oo <

t

R o Rslf](t) = / e MUy (8, s) lim < /_ t e—5<s—l>Uv(s,Z)MRM(A)f(Z)dz> ds.

—00 pu——+00



Since f € X = C,(R, X)), and § > wy it follows that the limit

Jim < / t e‘é(s_l)UV(s,l)uRﬂ(A)f(s)> ds

H—>—+00 — oo

exists uniformly for ¢t € R (see Lemma 3.1 with A replaced by A — ¢). From where we obtain

Ry o Rslf](t) = Jim _t ( / t e“s(s_l)e_A(t_s)Uv(t,Z)MR”(A)f(l)dl> ds
tOO — 00

t
= lim ( / e‘é(s_l)e_)‘(t_s)Uv(t,l),uRu(A)f(l)ds> di
l

p—too [ o
which gives after integration

1

R o Rs[f](t) = m(

Rslf1(t) — RAlfI(})), Yt € R.

Because R, A > wy is a family of bounded linear operators that satisfies (3.7) and the resolvent formula
in (wy, +00) we deduce from [3, Proposition B.6] there exists a closed linear operator —V such that
R = RA(—V).

To complete the proof, it remains to prove that —V is the part of —V in Xy = C},(R, Xp). To do so, let
f € Xy be given. Then for each ¢ € R we have

RA(-V)[f](t) = lim e MUY (8, s)uR,(A) f(s)ds

H—>—+00 oo

= /t e MU (¢, 5) f(s)ds

providing that
RA(=V)[f] = BA(=Yo)[f], Y € X. (3.10)

The equality (3.10) has the following immediate consequence
D(W) € D(V) and —W[f] = =V[f], Vf € D(V).

Let f € D(V) be given such that —V[f] € A). Note that (3.6) ensures that D()) C Xp. Then using the
equality (3.10) we have

f=Ra(=V)A+V)f] = ARA(V0)[f] + Ba(=Wo)VIf] € DOVo).

The proof is completed. ]

Noting that the linear operator F defined in (2.5) is continuous from Xj to X', Theorem 3.3 ensures
that the part (=) + F)o of —V + F generates a strongly continuous Co-semigroup {7T(_y 7), (t) }:>0
on Xjy. Moreover, it is uniquely determined by

t
Tevsy O] = T O] + Jim | Tyt~ DABAVFT oy (DI, V820, 9 € X,

(3.11)



Consider the Cy-semigroup on Xy defined by
To(®)[f1(s) =Ur(s,s —t)f(s—t), Vs e R, t > 0.

In the following, we will prove that the semigroups {7(_y.; 7, (t)}+>0 and {7o(t) }¢>0 coincides in Xp.
To do so, we will prove that {7o(t) }+>0 satisfies (3.11) and conclude by the uniqueness of the solution
to (3.11). The following result will be crucial in our arguments.

Proposition 3.4 Let Assumption 1.1 be satisfied. Then for each f € X and eacht € R, the map s —
g(t, s) defined by
t

g(t,s) = HEIEOO ; Uv(s,s =t +DuR,(A)F(s =t +D)To(D)[f](s —t+1)dl, Vs € R

satisfies g(t,-) € Xy and

ARN(=V)g(t,)I(s) = /0 Ty (t = DARN(=V)FTo(D[f](s)dl, Vs € R, (3.12)

as well as the identity
t

o(t,9) = Jim | T (¢ = DARAV)FTo(DIF)(), Vs € R. (3.13)

Proof. By definition, the map g(t, -) belongs in Xjy. Thanks to Lemma 3.1 with A replaced with A — ), all
the limits below exist uniformly for ¢ € R. Since g(¢, -) belongs in Xy we have

Z7 = Rx(—V)[g(t,")](s) = /S e AUy (s, r)g(t, r)dr, Vs € R,

so that
VAR uEToo/ / =1y (s (5,7 =t +DpuRL(A)F(r —t + 1) To(D)[f](r —t + 1)dldr
_ METOO/ / = Uy (s, — t + DuRu(AF(r — t + D)To(D)f)(r — ¢ + drdl
) s— t+l (s—t+1r)
= i / / Uy (s, PR (AF(r) To (1) [/)(r)drd]
s—t+l1
= lim Uv(s,s — t—i—l)/ " e AT (s — ¢+ 1) R, (A F(r) To (1) £] () drdl
#—;“‘00 0 —00
- /0 Uy (5,5 — t + DRA(V)(FT ML) (s — £+ Dl

- /0 Ty, (t = DRA(=V)(FTo(1)[£]) (s)dl.

Since —V is a Hille-Yosida linear operator on X, the limit (3.13) follows from (3.12) (See for example
[24, 28]). m

Proposition 3.5 Let Assumption 1.1 be satisfied. The Cy-semigroups {T(_y ), (t)}i>0 and {To(t) }1>0
coincide in Xy that is for allt > 0 and f € Xy we have

To()[f1(s) = Ti—v+7), (O1f1(s) = Ur(s,s — 1) f(s — 1), Vs € R.
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Proof. Let f € &) be given and fixed. Recall that for each ¢ > 0, z € X, and s € R we have from (2.3)

S

Ue(s,s —t)x = Uy(s,s —t)xr + lim Uv(s, )uR, (A)F()UE(l, s — t)xdl. (3.14)
t

p—too fo_

In particular for each f € Xy = Cp(R, Xy), replacing x by f(s — t) in (3.14) gives for each t > 0 and
seR

s

HOUIE) = T @)+ lim_ [ Ouls, Dk, (AFOTe(L s — 0.1 —
= Tl
+ lirf Uv(s,s =t +1)uR, (A)F(s =t +)Ur(s =t +1,5s —t)f(s —t)dl
p—r+o0 fo

= T v, (O)[f](s) + NETOO ; Uv(s,s =t +1)uR,(A)F(s =t +1)To(D)[f](s — t + 1)dl.

Thus, using (3.13) we obtain for each ¢ > 0

To(t)[f1(s) = Ty, (B)[f](s) +  lim Ot Ty (t = DARA(=V)FTo (D[] (s)dl, Vs € R.

A——+o00

The proof is completed since the semigroup satisfying (3.11) is uniquely determined. ]

3.2 Step 2: proof of Theorem 1.3

By making an autonomous reformulation of the problem (1.1) in terms of evolution semigroups in Section
3.1, we now have all the elements necessary for the proof of Theorem 1.3. In this section, we will always
assume that Assumption 1.2 and Assumption 1.1 are satisfied. The Banach space X has a positive cone
that is normal and generating. Using Theorem 3.3, one knows that there exists a Hille-Yosida linear
operator —V : D(V) C Cyp(R, Xo) — C,(R, X) such that the semigroup {7(_y . r),(t)} generated by

(=V + F)o, the part of =V + F in D(V) = Cp(R, X)) is given by
Tv+r),®[f(s) = Ur(s,s —=t)f(s =), Vs € R, t > 0, f € Cp(R, Xo). (3.15)

Using [29, Lemma 5.8], it follows that the spectral bound of (—V + F)y that is s((—V + F)o) and the
growth bound w((—=V + F)o) of {T(_y4r),(t) }1>0 are equal ie.,

s((=V + Fo) = w((=V + Fo)-

Moreover, using the equality

A——+o00

Rx(=V)[f](t) = lim /t Uy (t, s)A\RA(A) f(s)ds, t € R, A > wy

it is clear that —V is resolvent positive and Theorem 3.3 implies s(—V) < wy < 0. Since F is a positive
operator, the positive cone C),(R, X1 ) is normal and generating, we deduce from [29, Lemma 5.8] that

sign (r(V"'F) — 1) =sign(s(-V + F)).

Recalling that (—V + F)p and (—V + F) have the same spectrum (see [23, Lemma 2.1 and Lemma 2.2])
we deduce that s((—V + F)o) = s(—V + F) thatis

sign (r(V_l]:) - 1) = sign (s((=V + F)o)) = sign (w((=V + F)o)) -
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By [29, Lemma B.1, Proposition 5.6] and (3.15) we have w((—=V + F)o) = w(Ur) and hence
sign (r(Vﬁl}") — 1) = sign (w(Ug)) <= sign (r(Vﬁl}“) — 1) = sign (r(Ur(p,0)) — 1).

The other properties of Theorem 1.3 are now completed by noting that

VIFIf(t) = Ro(=V)F[f](t) = lim t Uy (t, s)A\R)\(A)F(s)f(s)ds, t € R.

A—=+o0 J_ o

To complete the proof, we show that formula (1.5) takes the form (2.6). To this end, we note that for each
to < t and each f € C,(R, X) we have

to t
Clyl®) = |lim [ Uv(ts)ARA(A)f(s)ds + lim ) Uv(t,s)ARA(A) f(s)ds
to 0 t
= UV(t’tO))\ETOO/_ Uv(to,s))\R)\(A)f(s)ds—l—)\El}rloo t Tpa,(t — s)ARA(A) f(s)ds

U )CI(t) + Tim [ Ty(t ) ARA(A)f(s)ds

A——+o00 to
Recalling that w(Uy) < 0 and t — C[f](t) is uniformly bounded, it follows that

lim  Uvy(t, to)CLf](to) = 0.

to——o0

Hence, taking the limit when ¢y — —o0 it comes

R[f](t) = lim lim tUV(t, S)ARN(A) f(s)ds, Vt € R,

to——00 A—+oo to

and the result follows using the equality C = R o F.

4 Applications of Theorem 1.3

In this section, we introduce some applications of our main result presented in Theorem 1.3. We start
by introducing two general examples of where our results can be applied. The first example is about an
age-structured model, and the second concerns a delay differential system. The next two examples are
devoted to the dynamics of a nonlocal problem arising in population genetics, and the dynamics of a
structured human-vector malaria model.

4.1 Application to an age-structured model

Let us consider the following age-structured model describing the dynamics of a structured population
u(t, a) at time ¢, and with a structural variable a:

(&s + 3 o )n(t, ) = (Mo +d(t,a))n(t,a)
fo n(t,a)da, (4.1)
(to, ) =ng € L1 ((0 +00),R),

and po > 0, the maps (¢,a) — d(t,a) and (t,a) — (B(t, a) are p-periodic in time with

d(t,), B(t,") € L((0,+00), R), ¥t € R
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and are continuous from R into L*°((0, +00), R). To apply our results to (4.1), we first bring the system
in our abstract framework. To do this, we introduce the Banach spaces

X :=R x L'((0, +00),R), X := {Or} x L*((0, +o0),R) and X; :=R x {0;1}.

Consider the linear operator A : D(A) C Xy — X defined by

A <0> = < —~9(0) ) with D(A) = {0} x WH((0, 4+00),R).

@ —¢' — po¢
We also define for each t € R, the linear operators V(¢) : Xo — X and F(¢) : Xo — X by
0\ 0 0\ ([ 7Bt a)p(a)da
V(t) <¢> = <d(t, )¢> and F(¢) <¢) = < 0 0,1 ) . (4.2)

Thus, making the identification v(t) := (n ((t) )> and vg := (7”(5) > the system (4.1) can be rewritten as
)’ 0
the following abstract Cauchy problem

du(t)
dt

= Av(t) — V(t)v(t) + F(t)v(t), t > to, v(to) = vo € Xo. (4.3)

The Cauchy problem (4.3) is associated with the following unperturbed inhomogeneous system

du(t)
dt

= Au(t) — V(tu(t) + f(t), t > to, ulto) = ug € Xo (4.4)

with f € Cp(R, X). To determine the threshold for the age-structured model (4.3), we will make use of
Theorem 1.3, Lemma 2.2 and Remark 2.3. It is of course classical to show that Assumptions 1.2 is satisfied.
We refer to [24] and the references therein where such verification is done in many different situations.
In what follows, we only give the steps for deriving the linear operator that gives the threshold dynamics
of (4.1). Note that by definition, we have F(¢) Xo C X;. Thanks to Remark 2.3 and Lemma 2.2, this can
be done by determining firstly the entire solution of (4.4) and secondly using the explicit form of the

m) € Cp(R, X1) be given. Thus the abstract

linear operator F(¢) for ¢ € R. To this end, let f = <0

Cauchy problem (4.4) is given explicitly by

(Or + Og)n(t,a) = —d(t,a)n(t, a)
n(t,0) = m(t), (4.5)
nlto,) = 6 € L((0, +00), ).

Next, solving (4.27) along the characteristics gives the following formula

(4.6)

n(t,a) = e—Ho(t—t0) o~ Ja—i14o A—a+todl Sla—t+ty) if 0<ti—to<a
) - e Mot~ fo“ d(H—t—a,l)dlm(t _ a) T to > a.

From where we deduce that the evolution family generated by (4.4) is given by

w0 (2) =i ) o2
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with

~ { e*#o(tfto)e* faaft+t0 d(lfa+to,l)dl¢(a . t—i—to) if 0<t—ty<a (4 7)

(UV(t7t0)¢)(a) - 0 if t—tyg>a.

From (4.7), it easily follows that the evolution family {Uy (¢, o) }+>+, is exponentially stable with
10Vt t0) gy < 70110, e = to,
Next, we infer from (4.6) that letting ¢ goes to —oo, the entire solution of (4.27) is given by
n(t,a) = e H0% "~ Jo di+t=aldl,y (t —q), Vt € R, a > 0.

Therefore, recalling the definition of the linear operator F(¢) in (4.2), we deduce that

+oo
0 _ B(t,a)n(t,a)da
F(?) =
<”( ) ’ 0p1
+oo

—poa,— [y d(l+t—a,l)dl B
_ ; B(t,a)e Ho%e™ Jo m(t —a)da V>t

Or1
As a consequence, the threshold dynamics of the age-structured model is given by the spectral radius of
the following linear operator
+o0

Clm)(t) := B(t,a)e rote Jo ditt=aDdl ¢ g)da, Vt € R.
0

4.2 Application to a delay differential equation

We will show that our result can be applied to derive the threshold value for population growth (or
equivalently the basic reproductive number) for a system of delay differential equations. A similar result
can be also found in [19, 32]. Let 7 > 0 be given and fixed and set £ = C([-7,0],R"). LetV : R —
M,(R) and F : R — L(E,R"™) be p-periodic continuous maps. For any given ¢y € R and a function
function « € C([tg — 7,0),R™), with 6 > 0, we define for t € [ty — 7,0) the map z; € E by setting

z(0) == z(t +6), VO € [—7,0].
Consider the following system of delay differential equation

dfgit) = F(t)x, — V(t)z(t), t > to

x(ty) = ¢ € C([—1,0],R™).

(4.8)

Denote by {®(t, to) }+>1, the evolution family generated by

dfi(tt) — _Ut)qb), t > to

q(to) =qp € R™.

Let £, and R’} denote the positive cones of ' and R", respectively. As in [32] we make the following
assumption
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(DH1) For each t € R, we have F(¢)E, C R}
(DH2) For each ¢ € R, the matrix —V/(t) is quasi-positive and w(®) < 0.

Let us note that condition (DH2) ensures that for each a € (0, —w(®)) there exists My > 1 such that
H(I)(tato)q()” < Moeia(titO)HQ()”? vt > to, Qo € R™.

In order to apply our result to (4.8) we reformulate it first as a partial differential equation and secondly
as an abstract Cauchy problem. To this end, we proceed formally by setting

2(t,0) = z(t + 0)

so that when z is C'! we obtain
0z(t,0) 0z(t,0)

=0
¢ 00 ’
8z§50, 0) _ F()[2(t, )] — V(t)2(t,0) (49)

Z(th') = E:C([—T,O],Rn).

Next, we reformulate (4.9) as an Abstract non-densely defined Cauchy problem. Consider the Banach
space X = R" x E. Let A : D(A) C X — X be the linear operator

A <0§”) _ (_‘i,(o)> R (0§"> € D(A) = {0gn} x CY([—7, 0], R™).

Define for each ¢ € R, the linear operators F(¢) : X — X and V(¢) : X — X by
0=} _ (F(1) [¢]> (ORn> _ <\7<t>¢<0>>
F(t) < é > ( 0p and V(t) & 0p .

o(t) = (z??)) ,t >ty and v(ty) = (%‘2")

Therefore, setting

system (4.9) becomes

do(t)
3 = Av(t) +FBu() = V() (4.10)
u(0) = ug € Xp.

It is well known (see [21, 26]) that the linear operator A is Hille-Yosida with p(A) = C\ {0}. Moreover,
for each A > 0 we have

(A —A)~ (g) _ <2) — $(0) = 6*9@(0);“ 4 /0 " AO-(s)ds, B e [or0).  (411)

Thus, using (4.11) together with conditions (DH1)-(DH2), one can see that Assumption 1.2 is trivially
satisfied. Hence, to apply our results, we have to show that Assumption 1.1 is also satisfied. Before
proceeding, we note that the part Ag of A in D(A) = {Ogn} x E generates a Cy-semigroup given by

0 (2)- (1)
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with (t+0) if 0
. o elt+ if —7<t+6<0
(T (t))(0) = { (0) if t+60>0.

Let us also note that the unperturbed system corresponding to (4.10) is given by

du(t) _
e Au(t) — V(t)u(t) (4.12)
u(0) = ug € Xp.

The following lemma can be found in [26, Theorem 3.2].
Lemma 4.1 There exists a unique evolution family {Uy (t, o) }+>t, on Xo = {Orn } X E satisfying for all
t>to

Uy (t, to) (0§n> = Ta, (t —to) (0§n> - lim tTAO ¢ AR AV (o) (5. o) <oin> 0
—+oo Sy,

with
ORn - ORH

i _ [ Wt—to+0) if —T<t—to+6<0
IR A A A Y

and

(4.14)

To show that Assumption 1.1 is satisfied, observe that for ¢ > tg we have
—7<t—tp+6<0andf € [-7,0] =1t —1ty € [0,7]

and from Lemma 4.1 it follows that

~ ar *a(t*tO)HwH it —7<t—t+6<0
e'e E 0
[(Ov(t, to))(0)]| < { Moeme_a‘(t_t(’)Hlb(O)H if t—tog+6>0.

From where do we obtain
1T (. to) bl s < Moe®e™E=10)|||| g, Wt > o,

so that Assumption 1.1 is satisfied for the unperturbed system (4.12). Thus observing that F(¢) Xy C X,
with X; = R” x {Og} one can define (see Lemma 2.2 and Remark 2.3) the threshold for (4.10) as the
spectral radius of the operator

c(f> (1) =F@) tm [ Tyl AR (A) (f(s)) ds, Vt € R, f € C)(R,R").  (4.15)

OE A—+00 — 0o OE

Next, recall that from (4.11) we have

ARA(A) <f0(;)> = (;?ZSQ ,VseR

and using (4.13) we obtain for each A > 0

/_; Dvit 9ARAA) (fo(z)> ds = (fioo ﬁvuflﬂiie»f@))ds) TER
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that is

F(t) lim t Uv(t,s))\R)\(A)<

A—=+o0 J_ o

F(t) lim [t U t,s)(eM f(s))ds
19 g, - ( (), Jim [ Dult e fe)ds)
E Op
(4.16)
From the above formulas (4.15) and (4.16) we obtain that the spectral radius of C is given by the spectral

radius of the linear operator C : Cp,(R,R") — C,(R,R")

. t

CIf](t) :== F(t) lim Uv(t, s)(e* f(s))ds, Vt € R. (4.17)

A—=+oo J_ g

In the following, we show that the linear operator C corresponds to the one given in [32]. In fact, using
(4.14) and (4.17) we obtain

( / ﬁv<t,s><e*f<s>>ds) O = [ Bul) Fo)@as
t+9A t R
- / Dy (t, 5)( F(s))(0)ds + / D (t, 5)(e> £(5)) (6)ds

40 e
= / O(t+0,s)f(s)ds +/ AE=510) £(5)ds
—00 t+60
and since for all f € C,(R,R") we have

t

lim M) £(5)ds = 0p in B

it follows that

t N /t+~
lim Uv(t,s)(e f(s))ds = O(t+-,5)f(s)ds
Arboo ) oo —0 (4.18)

- /+OO<I>(t+-,t—s+~)f(t—s+~)ds.
0

Therefore, we deduce from (4.17) and (4.18) that for all f € C,(R,R")
LA = F(t)/ Bt 4t —s+)f(t—s+-)ds, VE € R.
0

4.3 Application to an evolutionary epidemiological model

Here we introduce a nonlocal system of equations structured by both the age of infection a and a pheno-
typic trait z € R (a label of the pathogen strain) with N > 1. At time , the state variables S = S(t),
i =i(t,a,z), and M = M(t, ) denote the density of healthy area, infected area since a-time unit by
a pathogen phenotype x, and spores respectively. Infected area exit at rate pg > 0, and spores become
unviable at rate § > 0. Healthy area are infected at rate 3(¢,z). An infected area produces spores at
rate 7(a, -), a-time since infected. The evolution in the space of phenotypic values is modelled by an
integral operator with kernel K (x — y) describing mutations from a pathogen strain with phenotypic
value y € RY to another one with phenotypic value z € R™. We then have the linearisation of the

17



model ([12]) around the disease-free (S(t),0,0)

(O + 0y)i(t,a,x) = —poi(t,a, x),
i(t,O,I) = B(tvx)sg)M(t’ Jj)v (4.19)
oM (t,x) = / / K(x —y)r(a,y)i(t,a,y)dady — SM(t, x)

RN Jo

with initial conditions in L!((0, +00) x RY,R) and L' (R, R), respectively. In order to apply our result
we first reformulate the above system in our abstract framework. To this end, we introduce the Banach
spaces

Y := LY(RY,R) and Z := L'((0, +00) x RY,R)

as well as
X =YxYxZ
Xo=Y x{0y}xZ
X1 2:Y><Y><{Oz}.

Consider the linear operator A : D(A) C Xy — X defined by

p —0p
¢ —¢' — pod
with
p
DAY= |0] eY x{0y}x Z:¢(,z) € W-((0,40),R), Vo € RV
¢

It is classical to show that the linear operator A is Hille-Yosida and Ay, the part of A in D(A) = X
generates a Cp-semigroup. Next, we define for each ¢ € R, the linear operator F(t) : Xg — X by

p Jon J§° K(x = y)r(a,y)é(a, y)dady
Fit){o] = ( )S() ) (4.20)
¢ 0

We can define the cone X as X4 = Y4 x Y} x Z; where Y = L1 (RV,R) and Z; = L1 ((0, +o0) x
RN, R) are the classical normal and generating cones associated to Y and Z, respectively. Next, making

M(ta )
the identification v(¢) := 0 the system (4.19) can be rewritten as the following abstract Cauchy
Z(t7 K )
problem
do(t
1:12 ) = A’U(t) + F(t)v(t), t > to, U(to) =y € Xp.

Noting that F(¢) Xy C X; and using Lemma 2.2 together with Remark 2.3, we can obtain the threshold
for (4.19) by considering the following unperturbed problem
du(t)
dt

= Au(t) + f(t), t > to, u(to) = up € Xo, (4.21)
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N
where f(t) € X, forallt > t(. More precisely, setting f = | fa | € Cp(R, X), we are reduce to solve

the following problem along the characteristics

(8t + aa)i(t, a,a:) = —Moi(t, a,m), t> 1o
Z(t,O,.’IJ) - f2(t7$), 1>t (422)
atM(ta'r) = fl(tvx) - 5M(t,$), 1>t

with initial conditions at time ¢t = ¢( given by
i(to,-,-) =149 € Z, and M(to,') =MEeY.

This reads as

“Ho(t=t0)jo(a —t+tg) if 0 <t—ty <
i(t,a,x) =4 ° iola—t+to) f0st-to<a (4.23)
e Mot —a,x) if t—tg>a
and .
M(t,z) = e 0=t My (z) +/ e 0=3) £y (s, 2)ds, t > to. (4.24)
to

The semigroup generated by Ag the part of A in X is obtained from (4.23) and (4.24) by setting f; =
f2 = 0. From where it is straightforward that the semigroup generated by A is exponentially stable. As
to goes to —oo in (4.23) provides that the unique entire solution to (4.21) (equivalently (4.22)) is given by

i(tya,x) = e M0 fo(t —a,xz) Vt € R
¢
M(t,x) = / e =) £ (s, 2)ds, Vit € R.

Next, using (4.24) and the definition of F(t) in (4.20) we obtain
M(t,-) Jen oS K (a, y)e “Oafg(t — a,y)dady
F&)[ o = B(t, -)S(t) ffoo 0(t=5) £ (s, -)ds , Vt €R.
Z(ta y ) 0

Thus, the threshold dynamics of (4.19) is given by the spactral radius of the linear operator C defined by

[ S ] (1) = <Cl2[f2](t)>
f2 Can[f1](2)
where we have set for each f; € C,,(R,Y), i =1,2

Coolfo)(t /R ) / K(-— g)r(a,y)e "0 fo(t — a, y)dady, vt € R
Ca[fi](t) == B(t,-)S(t )/ e 3t=3) 11 (s,-)ds, Vt € R.

Using similar arguments as in [13], we conclude that sign(r(C) — 1) = sign(r(Ci2 0 C21) — 1) where the
linear operator C;3 o Co; is given by

t—a

(Ci20Ca1)[f /R ) / K (—y)r(a, y)e o <B(t—a,y)5(t—a> / 6‘5(t‘“‘5)f1(s,y)d8) dady,

for every f € Cp(R,Y) and ¢t € R.
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4.4 Application to a structured human-vector malaria model

The below system describes the transmission dynamics human-vector malaria, where both human (sub-
script h) and mosquitoes (subscript m) populations are structured by the chronological age a and time
since infection 7 (eg. [27]). The density of susceptible human and mosquitoes, at the disease-free, aged
a is given respectively by Sy, (¢, a) and Sy, (¢, a) at time ¢. Natural death rate of humans aged a is 11, (a),
and if infected since time 7, the disease induced mortality is v (¢, a, 7). The force of infection from
mosquitoes to humans at time ¢ is given by fooo fooo Bm(t, s,7) Iy (t, s, 7)dsdT. Humans aged a and in-
fected since time T recover from the disease at rate (¢, a, 7). Natural death rate of mosquitoes aged a
is fim (@), and if infected since time 7, the disease induced mortality is v, (¢, a, 7). The force on infection
from humans to mosquitoes at time ¢ is given by [ [° Bn(t, s, 7)In(t, s, 7)dsdT. We then have the
following model

(8t + 86& + 6T)Ih(t7 a, 7—) = _(Mh(a) + Vh(t7 a, T) + ’Yh(t7 a, T)>Ih(t7 a, 7_)

(at + aa + aT)Im(ta a, T) = _(:um(a) + Vm(tv a, T))Im(t7 a, 7_)

In(t, a,0) = Su(t, a) /0 /0 Bunt, 5, 7)Im(t, 5, 7)dsdr, w2
In(t,a,0) = Sp(t,a) /OOO /000 Br(t, s, 7)Ix(t, s, 7)dsdr,

I,(t,0,7) = 0 = I;(¢,0,7)

with initial conditions in L'((0, 4+-00)?, R?). For the parameters, we assume that there exists 9 > 0
such that pp(a) > po, k € {m,h} for almost every a € (0,400) and p, € L3°((0,+00),R). We
also assume that the maps ¢t — B(t,-,-) € LL((0,+00)?,R) and t — v(t,-,-) € LL((0,+00)%, R),
k € {m,h}, are continuous and p-periodic. Next, we proceed as in the preceding sections. We first
rewrite (4.25) in a more convenient form. To do this, we define

R Ih R /,Lh(')‘i‘l/h(t,‘,‘)—|—’)/h(t,','> 0
I:= (Im> and J(t,-,-) := < 0 () + v (£, 1)
and the periodic transmission matrix

B, -) = <6hé?a) 5m(8"”>, vt € R.

Thus, setting S = (Ssh> the system (4.25) rewrites as the following more compact form
m

(at + 8(1 + aT)I(t7 a, T) = _ﬁ(ta a, T>I(t7 a, T)
I(t,a,0) = diag(S(t, a))/ / B(t,s,7)I(t,s,)dsdr,
0 0

I(t,0,7) =0
I(Ov ) ) =pE Ll(R?HRZ)a

(4.26)

Consider the Banach spaces
Y = L}((0, +00), R?), Z = L'((0,+00)?, R?)

as well has
X =Y xY x Z,
XQ = {Oy} X {Oy} X Z,
X1=Y x {Oy} X {Oz}
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Let A: D(A) C Xy — X be the linear operator defined by

Oy _SD(Oa )
A OY - _90(‘70)
¥ —(0a+ 0r)p —VI(-, )

with domain
D(A) = {0} x {0y} x W (B2, R?).

Next, we define for each ¢ € R the linear operator F(¢) : Xo — X as

Oy diag(S(t,-)) Jy~ Jy~ Bt s, 7)e(s, m)dsdr
F(t) 0Y = OY
® 0
Oy
Thus by setting v(t) := Oy we rewrite (4.26) as the following abstract Cauchy problem
I(tv ) )
do(t)

e Av(t) + F(t)v(t), t > 0, v(0) = vo.

Noting that F(¢) Xo C X, Lemma 2.2 and Remark 2.3 ensures that we can obtain the threshold dynamics
of (4.26) by determining the entire solution of the following unperturbed inhomogeneous problem

du(t
Z(t ) - Au(t) + f(t), t > to, v(to) = vo,
w
where f = | Oy | with w € C,(R,Y’). Thus, using the notation w(t)(a) = w(t, a), the foregoing
0z

problem (4.26) has the following explicit form

(Or + 0y + 07)I(t,a,7) = = (a,7)I(t,a,T)
I(t,a,0) = w(t,a)

I(t,0,7) =0

I(to,--) = ¢ € LR, R?).

(4.27)

Integrating (4.27) along the characteristics gives

— [ Y(l—a+t,ll—a+7)dl

e “Ja~ttio (p(&—t—i—to,’l’—t—i—to) if a>t—ty,t—tyg <
I(t,a,7) =q ¢ Jar Vli=attill=atr)dly, ;7 g — 1) if t—to>T1,a>71
0 if t—ty>a, 7>a

(4.28)
The semigroup generated by Ay, the part of A in D(A), is obtained from (4.28) by setting ¢ = 0. It is
exponentially stable so that we can obtain the unique entire mild solution to (4.26) by letting ty — —o0
in (4.28). Thus, we deduce that the entire solution takes the following form

I(t,a,7) = e Jar Vl-attll=atn)dly, ;7 —7) if teR, a>T
T 0 if teR, 7>a
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so that

o
h<
a.
on
Qo
0}
—
951

(60) Jo ™ [ Bt s,7) (e Jome POmsstbmst il - 75— 7)) dsar
F(t) Oy = Oy
I(ta K ) 0

Hence, the threshold dynamics of (4.25) is given by the spectral radius of the following linear operator

(Clw](t))(a) = diag(S(t,a)) /0 - / - B(t, s, 7)e Jamr Vmsttli=stndl o o 1Ydsdr,

forallt € R, m € C,(R,Y) with the notation w(t)(a) = w(t,a). Setting w = <wh> the linear

clul = (i)

Chlwh]

operator C takes the following form

where we have set for k = h, m

(Crlwg](t))(a) == Sk(t, a) /00 /OO Br(t, s, T)e” s 19’“(lsz’l’liSJ“T)dlwk(t — 71,58 —7)dsdr.
0 T

Using similar arguments in [13], we deduce that r(C) — 1, r(Cp, 0 Cy,) — 1 and r(Cyy, © Cp,) — 1 have the
same sign. Note that r(Cj, o Cp,) = r(Cp, 0 Cp,) is actually the basic reproduction number of (4.25); see
[27].
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