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GROWTH OF HYPERCYCLIC FUNCTIONS: A CONTINUOUS PATH
BETWEEN U-FREQUENT HYPERCYCLICITY AND HYPERCYCLICITY

A. MOUZE, V. MUNNIER

ABSTRACT. We are interested in the optimal growth in terms of LP-averages of hypercyclic and
U-frequently hypercyclic functions for some weighted Taylor shift operators acting on the space of
analytic functions on the unit disc. We unify the results obtained by considering intermediate no-
tions of upper frequent hypercyclicity between the U-frequent hypercyclicity and the hypercyclicity.

1. INTRODUCTION

A linear operator on a Fréchet space X is said to be hypercyclic if there is a vector x € X such
that for every non-empty open set U C X the set N(z,U) := {n € N: T"z € U} is infinite, where
(T™) is the sequence of iterates of T'. In this situation, x is called a hypercyclic vector. Further there
are more precise and stringent notions that allow to quantify how often a hypercyclic vector visits
a non-empty open set. A linear operator on a Fréchet space X is said to be frequently hypercyclic
(resp. U-frequently hypercyclic) if there is a vector x € X such that for every non-empty open
set U C X the set N(z,U) has positive lower (resp. upper) density, where the lower and upper
densities of a subset A C N are defined respectively as follows

AN{l,... _ AN{L,...
c_i(A):liminf# nil...n} and d(A):limSUP# nil, ,n}.

n—-+o0o n n——+o0o n

These notions were introduced by Bayart and Grivaux [I] and Shkarin [26]. The dynamics of linear
operators is a very active branch of research: we refer the reader to [2, 21] and the references
therein for background in linear dynamics. Clearly a frequently hypercyclic vector is U-frequently
hypercyclic and a U-frequently hypercyclic vector is hypercyclic. Classical examples of frequently
or U-frequently hypercyclic operators are given by suitable weighted shifts. As usual we denote
by D the open unit disc {z € C : |z| < 1} of the complex plane and by H (D) the set of analytic
functions in D. It is well known that H(D) endowed with the topology of uniform convergence on
compact subsets is a Fréchet space. For a € R, let w(a) = (wy(a)) be the weighted sequence of
nonzero complex numbers given by, for all n > 1,

W () = <1+%>a.

In the present paper, we consider the associated weighted Taylor shift:

T, : HD) — H(D) given by Ta(z akzk) = Zakﬂwkﬂ(a)zk.
k>0 k>0

For ao = 0, Ty is the classical Taylor shift operator. It is easy to check that for every real number
a, Ty, is a frequently hypercyclic operator. For instance, we refer the reader to [4, 20, 25]. The
problem of determining possible rates of growth of frequently hypercyclic functions for T;, in terms
of LP averages was studied in [25] (see [24] for the case o = 0 too). For 0 < r < 1 and f € H(D),
we consider the classical integral means

1 27 ] 1/10 '
My(f,r) = <_/0 ‘f(rew)‘pw) (1<p<oo)and Moo(f,r) = sup ’f(?“elt)\.

21 0<t<2m

2010 Mathematics Subject Classification. 47A16, 30E25, 47B37, 47B38.
Key words and phrases. hypercyclic vectors, weighted shifts, rate of growth, boundary behavior.
The first author was partly supported by the grant ANR-17-CE40-0021 of the French National Research Agency
ANR (project Front).
1



2 A. MOUZE, V. MUNNIER

In the same way, for any holomorphic polynomial P let us define, for p > 1,

1 2 " 1/p '
1Pl = (57 [ 1PEPas)  and [Pl = sup [P

T Jo 0<t<2m
In the following, for all p > 1 ¢ will stand for the exponent conjugate to p, i.e. %—l—% =1 and we will
adopt the convention ¢ = oo if p = 1. For 1 < p < oo, the authors recently highlighted a critical
exponent, i.e. a value of the parameter « from which the LP-growth of a frequently hypercyclic
function for T, no longer has the same behavior. In the case of frequent hypercyclicity for T}, the
critical exponent is equal to a = m Indeed the authors obtained the following statements.

)

First for p > 1 they proved the following result.

Theorem 1.1. (|25, Theorem 1.2]) Let o € R. The following assertions hold
(1) For any 1 < p < +oo there is a frequently hypercyclic function f in H(D) for T, satisfying
the following estimates: there exists C' > 0 such that for every 0 <r <1

1
C(l—r)* maxa  jfa< —1L

max(2,q)’
Mp(f,r) < C\log(l—r)\% ifa:m,
C ’LfC! > m.

These estimates are optimal: every frequently hypercyclic function f in H(D) for Ty is
bounded from below by the corresponding previous estimate depending on «.

(2) There is a frequently hypercyclic function f in H(D) for T, satisfying the following esti-
mates: there exists C > 0 such that for every 0 <r <1

Cl—r)""2 ifa<l/2
Muo(f,r) <9 Cllog(l —7)|  ifa=1/2,
C if > 1/2.
For oo # 1/2, these estimates are optimal: every frequently hypercyclic function f in H(D)

for T, is bounded from below by the corresponding previous estimate depending on .

For p = 1, the following result holds. For any positive integer ¢ > 1, log, stands for logo - - - olog
where log appears £ times.

Theorem 1.2. ([25, Proposition 4.1 and Theorem 4.4]) For any ¢ > 1, there is a frequently
hypercyclic function f in H(D) for T, satisfying the following estimates: there exists C > 0 such
that for every 0 < r < 1 sufficiently large

C(1—r)*log,(—log(l —1)) if @ <0,
My(f,r) < q Cllog(l —r)|log,(—log(1 —7)) if a=0,
C if a>0.
Moreover every frequently hypercyclic function f in H(D) for T, satisfies the following estimates:
M
lirgir_lf [My(f,r)(1—7)"%] >0 ifa <0, lirgir_lf [%} >0 ifa=0,
liminf [M;y(f,7)] > 0 if a > 0.

r—1-

It should be noted that the study of the growth of hypercyclic or frequently hypercyclic functions
started with those related to the differentiation operator on H(C) (see for instance [0} [8, 18 19])
but was also recently extended to the partial differentiation operator [16] or the Dunkl operator [3].
Here, as a first step, we obtain sharp results on the permissible rates of LP-growth of hypercyclic
and U-frequently hypercyclic functions for T,. On one hand, for hypercyclicity, for any 1 < p < oo
we find that the rate of growth (1 —T)min(o‘vo) turns out to be critical and hence, for any 1 < p < oo,
a = 0 is the critical exponent. Observe that in this case the critical exponent does not depend
on p. We refer to Theorem In particular this result states that for 1 < p < oo there is no
hypercyclic function f for T, satisfying limsup,_,;-((1 — )" *M,(f,r)) < +oo if @ < 0 while if
a > 0 there exist hypercyclic functions f for T, such that the average M,(f,r) is bounded. In
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passing Theorem gives a negative answer to a question of [25] which asked if for a < 0 there
is a frequently hypercyclic function g, for T, such that limsup,_,;-((1 — )" *M;i(ga,r)) < +o0.
On the other hand, for U-frequent hypercyclicity, we find the same critical exponent o = m
as for frequent hypercyclicity. Therefore contrary to the previous case this exponent depends on
p. Moreover we show that the U-frequently hypercyclic functions and the frequently hypercyclic
functions for T, share the same admissible (and optimal) LP-growth when « is different from the
critical exponent, i.e. a # m. Concerning the case a = m with 1 < p < 0o, we prove
that every U-frequently hypercyclic vector f for T, satisfies limsup,_,;- M,(f,r) = +oo, without
a priori additional information on the growth of the function. We refer to Theorems [B.3] and 341
Nevertheless several questions remain and need to be addressed. The first question that comes to
mind is the following: what is the optimal boundary growth of U-frequently hypercyclic functions
for T,, when « is the critical exponent? Further if we go back to what was just said, we see that for
p = 1 the critical exponent is always equal to 0 for the hypercyclic case, the U-frequently case and
the frequently hypercyclic case. But surprisingly for p > 1 this critical exponent is equal to m
for the U-frequently or frequently hypercyclic cases and is equal to zero for the hypercyclic case.
Thus, as a second question, we can wonder about what happens between U-frequent hypercyclicity
and hypercyclicity. Why does the critical exponent go from m to zero? In order to understand
this phenomenon, we introduce intermediate notions of linear dynamics between the U-frequent
hypercyclicity and the hypercyclicity: the Ug--frequent hypercyclicity related to notions of upper
weighted densities Em, with 0 < v <1 a continuous parameter, where we replace in the definition of
U-frequent hypercyclicity the natural upper density d by 357. Moreover for v = 0 the Ugo-frequent
hypercyclicity will be the frequent hypercyclicity and for v = 1 the Ugi-frequent hypercyclicity will
be the hypercyclicity. Further for any 0 < v <+’ <1 and for any subset F C N, the following chain
of inequalities d(E) < dg-(E) < Eﬁ”' (E) < dgi(E) will show that the Ug--frequent hypercyclicity
for v € (0,1) furnish refined notions of linear dynamics between the U-frequent hypercyclicity and
the hypercyclicity. We refer the reader to the beginning of Section [ for the main definitions and
properties. Similar notions of weaker densities have been recently studied in the context of linear
dynamics (see for instance [5] [7, 11} 12, 13, 23] and the references therein). In the present paper,

we investigate the growth in terms of LP-averages of Ug~-frequently hypercyclic functions for 7;,. In
1—y
max(2,q)

particular, for 0 < v < 1, and for p > 1 we find that the critical exponent is given by o =
Hence let us observe that this critical exponent:

e tends to as v tends to zero, i.e. tends to the critical exponent for the U-frequent hyper-

1
max(2,q)
cyclicity case;

e tends to 0 as v tends to 1, i.e. tends to the critical exponent for the hypercyclicity case.

These estimates thus allow to highlight a continuous path between the rate of growth of hyper-
cyclic and U-frequently hypercyclic functions: the growth (in terms of LP-averages) of a hypercyclic
function for T, continuously depends on the frequency of visits (measured by the densities EB”H
0 < v < 1) of non-empty open subsets by its orbit under the action of T,,. We also show that
the estimates on the growth of Ug~-frequently hypercyclic functions that we obtained are optimal.
To do this, we apply a method based on the use of Rudin-Shapiro polynomials and inspired by a
construction of frequently hypercyclic functions with optimal growth for differentiation operator on
H(C) due to Drasin and Saksman [§] and that has also been adapted for the proofs of Theorems
L1l and in [24] 25]. For all these results, we refer the reader to Theorems [4.5] and
Finally let us return to the first question mentioned above. In the last section, we answer it by
showing that the optimal growth of U-frequently and Ug--frequently hypercyclic functions for T,
coincides whenever « is the critical exponent: actually the LP-growth can be arbitrarily slow as in
the hypercyclic case. We refer to Theorem 5111

The paper is organized as follows. In Sections [2] and B] we establish the boundary behavior of
hypercyclic functions and U-frequently hypercyclic functions for T, respectively. In Section 4 we
deal with the Ug--frequently hypercyclic functions for T,,. In Section [{l we turn our attention to
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the specific case of critical exponent.

Throughout the paper, whenever A and B depend on some parameters, we will use the notation
A < B (resp. A Z B) to mean A < CB (resp. A > CB) for some constant C' > 0 that does not
depend on the involved parameters.

2. GROWTH OF HYPERCYCLIC FUNCTIONS

In this section, we are going to establish the rate of growth of hypercyclic functions with respect
to the weighted Taylor shift operator T,,. To do this, inspired by the proofs of [I8, Theorem (A)]
and [3, Theorem 3], where the authors are interested in the rate of growth of hypercyclic functions
with respect to the Mac-Lane operator or the Dunkl operator respectively, we need an important
tool in linear dynamics: the Universality Criterion. Indeed a natural extension of the notion of
hypercyclicity is the concept of universality. A sequence of continuous linear mappings L,, : X — Y
between topological vector spaces X, Y is said to be universal whenever there exists a vector x € X
such that the set {L,z ; n € N} is dense in Y. Such a vector x is called a universal vector for (Ly,).
Observe that an operator T : X — X is hypercyclic if and only if the sequence (T") is universal.
The following result which is known as the Universality Criterion furnishes a sufficient condition
for universality [17]. It is a refined version of Hypercyclicity Criterion [15] 22].

Theorem 2.1. (Universality Criterion) Assume that X and Y are topological vector spaces,
such that X is a Baire space and Y is separable and metrizable. Let L;j : X — Y be a sequence
of continuous linear mappings. Suppose that there are dense subsets Xog of X and Yy of Y and
mappings Sj : Yo — X such that

(i) for every x € Xo, Ljxz — 0,

(it) for everyy €Yy, Sjy — 0,
(iii) for everyy € Yo, (L;S;)y — y.
Then (L;) is universal and the set of universal vectors for (L;) is residual in X.

Now we are ready to obtain the critical rate of growth for hypercyclic functions with respect to
the weighted Taylor shift operator T,,. The following statement holds.
Theorem 2.2. Let 1 < p < oo.

(1) Let o < 0.
(a) For any function ¢ : [0,1) — Ry with ¢(r) — oo as r — 17 there is a hypercyclic
function f for T, with

My(f,r) Se(r) (1 —=r)* for0<r <1 sufficiently close to 1.
(b) There is no hypercyclic function f for T, that satisfies, for 0 <r <1
Mp(f,r) < C(l - T)a’

where C' > 0.
(2) Let a > 0.
(a) There is a hypercyclic function f for T, with

My(f,r) <C

for some C' > 0.
(b) For any function ¢ : [0,1) — Ry with ¢(r) — 0 as r — 17, there is no hypercyclic
function f for T, that satisfies, for 0 <r <1

My(f,r) < o(r).
Proof. Since we have for 1 <p <
M, (f,r) < M(f,r), for0<r<l,
it suffices to prove assertions (Ial) and (2al) for M. (f,r) and assertions (ID) and (2B]) for M (f,r).
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(1) We begin by the case o < 0.
First we can assume without loss of generality that the function ¢ is increasing and con-
tinuous with ¢(0) > 0. Let us consider the space X of all functions f in H(D) with
f(2) = 3 ap2 satisfying for every n > 0 p,(f) < +oo and p,(f) — 0 as n — +oo, where

k>0
pa —lsugl{zakz (1= J2I) [(\zm—l}.

It is easy to check that X endowed with the norm ||.|| = sup, pn(.) is a Banach space.
Therefore (X, ||.||) is a Baire space. For all integer j, let L; : X — H(ID) be the operator
given by L, f = T f. Clearly (Lj) is a sequence of continuous linear operators. We choose
Xy = Yp = P the set of polynomials. The set P is dense in H (D). Moreover, setting the

polynomial sy(f) = Zé\;o apz® we get

_ [ onlf)  forn>N+1
pn(f —sn(f)) —{ pn+1(f) forn <N

which implies ||f — sn(f)|| = sup,>n41Pn(f) — 0 as NV tends to infinity. Hence P is dense
in X. Then we define the operators S; as follows

- (k+1)° y
i X j I,
S;j:P— X, S](kzz;)akz Z kk—i—]—i—l
Clearly we have, for all P € P,
Lj(P) =0, as j = +oo, and L;S;(P)=P.

Now we prove that, for all P € P, S;(P) — 0, as j — +oc. Since S;(2%) = (k+1)*S;41(1),
it suffices to show that S;(1) — 0, as j — +o0. To do this, observe that

rid—r)
S; = sup ——————.
H(H!OQQU+DQ()
Let us define h; : [0,1) — R4 given by h;(r) = %. We have h;(0) =0 = hI{l hj(r).
r—1-

Let 0 <r; <1 with hj(?“j) = SUPg<r<1 Tj(};(:))_a

hjr1(rje1) = rjvahy(rjen) <rihi(rjpr) <rjihj(ry) = hjpa(r))
which gives a contradiction. Hence the sequence (7;) is increasing. If r; — v with v < 1,
then

i < rj, we get

1,000 = G+ 17 hs(r) < G+ 17" T 50, s = +oc,

Otherwise r; — 1 and
. 1)~ . 7 . -«
15 < YL (.J ) (1—4) 0, as j = +oo.
p(rj) \j-a j-a
Thus we have [|S;(1)[| — 0 as j tends to infinity. We apply the universality criterion to

obtain universal elements for the sequence (L;) that are hypercyclic functions for T, satis-
fying the growth condition required.

For assertion (Ih), assume that f = > a;2* is a function in H(D) with, forall 0 < r < 1,

£>0
Mi(f,r) < C(1—r)*, for some C > 0. By Cauchy estimates we get
Mi(f,r
lan| < 1(f;7)

We obtain, for alln >0 and all 0 < r < 1,

n(a)’ < C|U}1(Oé) - wn(a)| (1 _ T)a.

lanwy(a)... w o
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Hence we get for all n > 0,

« (n+1)a —1/(n+1)\a

which is bounded. Hence f cannot be hypercyclic for T,.

Now let us consider the case o > 0.
First we can assume without loss of generality that the function ¢ is increasing and contin-
uous with ¢(0) > 0. Let us consider the Banach space (H*>(D), ||.||)

H®(D) = {f € HD) i |f]li= sup Malf.r) < oo}

which is continuously embedded in H(D). We set X the closure of the polynomials in
H>*(D). Let us define the sequences (L;) and (S;) of linear operators as in the previous
case. Clearly we have, for all P € P, where P is the set of polynomials,

Lj(P)—0, as j = +oo, and L;S;(P)=P.

Now we prove that, for all P € P, S;(P) — 0, as j — +o00. To do this, it suffices to show
that S;(1) — 0, as j — 4o00. Since

1
and a > 0 we have ||S;(1)|| — 0 as j tends to infinity. We apply the universality criterion
to obtain universal elements for the sequence (L;). These universal vectors are clearly hy-

percyclic functions for T, satisfying the growth condition required.

For assertion (2h), assume that f = > a2* is a function in H (D) with, forall 0 < r < 1,
k>0
Mi(f,r) < ¢(r), where ¢ : [0,1) — Ry is a function such that ¢(r) — 0asr — 17. We
obviously may assume that ¢ is continuous and decreasing. By Cauchy estimates we get
p(r)

We obtain, for alln >0 and all 0 < r < 1,

(n+1)°0(r)

an(n+1)°] < 2

Let us choose a sequence (r,,) such that r, > max(1 —1/n,¢ ™! ((n +1)~%)). Hence we get
for all n € N,

)a| < (n_{_l)a@(rn) < efnlog(lfl/n)

n >
n

lan(n +1

which is bounded. Hence f cannot be hypercyclic for T,.
O

Remark 2.3. For o < 0, Theorem ensures that every hypercyclic function f for T, satisfies

limsup [(1 — ) *M(f,7)] = +oo.

r—1-

Since a frequent hypercyclic function is necessarily hypercyclic, this observation gives a negative
answer to the first part of the question from Remark 4.5 of [25] which asked if for o < 0 there is a
frequently hypercyclic function g, for T, such that lim sup((1 — )" *M;(ga,7)) < +00.

r—1-



GROWTH OF HYPERCYCLIC FUNCTIONS 7

3. GROWTH OF U-FREQUENTLY HYPERCYCLIC FUNCTIONS

In this section we are interested in the growth of U-frequently hypercyclic functions for T,. First
of all, in the sequel we will need the following easy lemmas.

Lemma 3.1. Let N € N. Let Ay be a subset of {1,...,N}. For all v € R\ {1} the following
estimate holds

(#Ay + 1) -1

ifv =0,
k+ 1) > (s
k;;( e W2 () #AV T ifv <0
— (1 - === i .
s v+1 N +2 7
Proof. We begin by the case v > 0. We write
#AN #AN
D k+1)7 = (k+1) 2/ (t+1)dt,
kEAN k=1 0
which gives the announced result.
For v < 0 with v # —1, we obtain in an analogue way
N N+1
dMk+1) = (k+UV2/ (t+1)7dt,
keEAN k=N—#An+1 N—#An+1
which allows to finish the proof. O

Lemma 3.2. Let (ug) and (vg) be two sequences of non-negative real numbers. Assume that (vy) is
decreasing. For any increasing sub-sequence (N;) C N, the following inequality holds, for all 1 > 1:

N I
Z ugvg > SN,UN; — SNyUN, + Z SN,y (vN;_y — VN;),
k=11 No =1

N
with Sy = Y ug.
k=1

Proof. Observe that (Sy) is increasing and (vg) is decreasing. Thus by using a summation by parts
we derive

N, 1 Nj 1 N;—1
doowvk=)_ > wve = Y | Snon, = SN N+ D Sk(vs — vkp)
k=1+No J=1 1+N;_, =1 k=N;_,
l Nj—l
= Snun, — SNyUN, + Z Z Sk(vk — Vig1)
J=1k=N;_;

l

S%hvph-—ASAhlw%,%— E Sbg_l(vAg_l __UAU)'
Jj=1

v

0

We are ready to establish the boundary behavior of U-frequently hypercyclic functions for 7.
Actually we are going to prove that these functions share the same optimal growth as frequently
hypercyclic functions except in the case where « is the critical exponent, for which we will show in
Section [ that the growth can be arbitrarily slow. We begin by the case p > 1.
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Theorem 3.3. Let f be a U-frequently hypercyclic function for the operator T, and 1 < p < oo.
Then the following estimates hold

lim sup <(1 - r)maxl(lq) 7aMp(f,7“)) >0, ifa<

r—1- maX(2’Q)’
1
limsup (M,(f,7)) = 400, ifa=——"+—,
r—1- ( p( )) max(ZQ)
1
limsup M, (f,r) >0, ifa> ——-—.
r1- p(fr) max(2, q)

For o # Ina%(zq), these results are optimal in the following sense: for all p > 1 there exists a
U-frequently hypercyclic function for T, such that, for every 0 <r < 1,

1
{(1—7~)O‘mx(m if o < —2

M < max(2,q)
p(f’ T) 1 Zf a > 1

~

max(Z.q)"
Proof. We write f = > (k_‘i—’i)azk. Since f is U-frequently hypercyclic there exists an increasing
sub-sequence (ny) C Nkivoith positive upper density such that for all £ > 1

|2 f(0) —3/2| = |an, —3/2| < 1/2.

We get, for all & > 1, |a,, | > 1. Set I = ((ng)) and for all N > 1, Iy =In{l,...,N}. The
hypothesis d(I) > 0 ensures that there exist 0 < C' < 1 and an increasing sequence (NN;) of positive
integers such that

(1) #In, > CNj.
Up to take a sub-sequence, we can also assume that
(2) C(Nip1+1) =2 N+ 1.
Let us consider, for all [ > 1, 1 — ﬁ <r<1l- N% Thus we derive
(3) N —1< < Nj.
— f,’-l

(1) Case 2 <p < oot
Jensen’inequality and Parseval’s Theorem give

2 N, 9
[My(for)l? = [Ma(f,r)]P = ﬁﬁ >y sl
k>0 _

Thus we deduce

: LV P S el

4 M >(1- —_— > —_
( ) [ p(f7rl)] e < Nl _1) (k+1)2a ~ (k+1)2a

k=1 k=1

and using the inequality |ax| > 1 for k € Iy,
1
M, 2> —_—.
GINL

(a) Case a < 0: Combining Lemma B.1] with (), (B) and (&) we get
[My(f, m)® 2 Nl_2a+1 > (1 =)t
(b) Case 0 < a < 1/2: using (Bl) and Lemma B.] again, we get

(2 + N;)~2att #1Iy, \ 2ot
[Mp(f’rl)]QZT—{—l<l_<1_2—|—Nl> .
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—2a+1 a1
The inequality (Il) ensures <1 - ffzj\vfll) < <1 — 2(/;]1\@1) . We deduce by using
(@ and (@) again
[Mp(fa 7“1)]2 > le20‘+1 > (1 - 7“1)20‘_1.

Hence we conclude

lim sup ((1 — r)%_O‘Mp(f,r)) >0

r—1-
(c) Case a = 3: using (@), we know

N;

2
AIATEDIED DD D

j=1k=1+N;_;

Hence applying Lemma B2 with uy = |az|? and v, = 1/(k + 1), we get, for all I > 1,

S S : 1 1
M, 2> PN _PNo SN, - :
[ p(f’rl)] ~ Nl+1 N0+1 +; Njil N]71+1 N]+1

By construction Sy, , 2 Ni—1 + 1. Thus taking into account (2) we derive, for all
[ > 1, the inequality

1
2> 1— j-1+ l
[ fa’rl NZ< N+1>Na

J=1

that allows to obtain limsup M, (f,r) = +o0.
r—1-

(2) Case 1 <p<2:
From Hausdorff-Young inequality (see [9]) we get

N

lag|? k |ag|? k
M 7> S L & A J L, L
(ol 2 3 gyt 22 oy

k>0

Thus we deduce

M) PR N AT
> 11— :
[ p(f,rl)] = ( Nl_1> kzl(k+1)qa N;(lﬁ_l)qa

Using the same strategy as in the case 2 < p < oo, we obtain,

lim sup ((1 - T)%_aMp(f,’l“)) >0, fora<l1/g,

r—1-

limsup (Mp(f,r)) = 400, fora=1/q.

r—1—

Moreover, since a U-frequently hypercyclic function is necessarily hypercyclic, the assertion for
the case a > T of the statement is given by the assertion (L) of Theorem 2.2I

Finally, since a frequently hypercyclic function is necessarily U-frequently hypercyclic, Theorem

[T ensures that the estimates we have proved are optimal when a # ) ]

Now we deal with the case p = 1.

Theorem 3.4. Let f be a U-frequently hypercyclic function for the operator T,,. Then, the following
estimates hold

lim sup ((1 — r)’aMl(f,r)) =400, ifa<0,
r—1-

limsup My (f,r) >0, ifa>0.

r—1-
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For a # 0, these results are optimal in the following sense: for any positive integer | > 1, there exists
a U-frequently hypercyclic function for the operator T, such that for every 0 < r < 1 sufficiently
large

Ml(fa’r) S

~

(1 —r)*log;(—log(l1—7r)) ifa<O
{ 1 if a > 0.

Proof. First since a U-frequently hypercyclic function is necessarily hypercyclic, the assertions ([Tal)
and (2b)) of Theorem ensures that,
limsup ((1—7)"*M;(f,r)) =400, f <0, and limsup Mi(f,r) >0, if a > 0.
r—1- r—1-
Moreover, since a frequently hypercyclic function is necessarily U-frequently hypercyclic, Theorem
shows that the previous estimates are optimal when « # 0. ]

4. BETWEEN U-FREQUENT HYPERCYCLICITY AND HYPERCYCLICITY

Let 1 < p < 0. In view of Theorems [Tl [[.2] B.3] and B.4] the critical exponent related to the
LP growth of frequently hypercyclic functions for T, is the same as that related to the LP growth
of U-frequently hypercyclic functions. It is equal to m. Nevertheless this critical exponent is
always equal to 0 in the case of hypercyclic functions and, hence it does not depend on p. In this
section we are interested in what happens between U-frequent hypercyclicity and hypercyclicity.
In particular, when p > 1, we will try to understand why and how the critical exponent goes
from m in the case of LP-norm of U-frequent hypercyclic functions to 0 for the LP-norm of
hypercyclic functions. To do this, we introduce intermediate notions of linear dynamics that link
U-frequent hypercyclicity and hypercyclicity. First of all, we need some definitions and results.

4.1. Some weighted densities. First we introduce a refined notion of upper densities.

Definition 4.1. Let = (B,) be a non-decreasing sequence of positive real numbers tending to
infinity. For a subset EE C N, its upper B-density is given by
dg(E) = limsup 722:1%63 B
B n——+o0o Zzzl /Bk
These quantities enjoy all the classical properties of densities (see [12], [14]) and allow to define
dynamical notions of the same nature as hypercyclicity or U-frequent hypercyclicity.

Definition 4.2. Let = (5,) be a non-decreasing sequence of positive real numbers tending to
infinity and let E be a subset of N. An operator T : X — X, where X is a Fréchet space, is said
to be Ug-frequently hypercyclic if there exists x € X such that for every non-empty open subset
UcCX,

ds({neN : T"z € U}) > 0.

In the sequel, we are interested in densities given by the weighted sequence denoted by 57 and
defined by 87 = (e™"), where v is a parameter with 0 < < 1. First of all, let us notice that:
(i) the density Eﬁo coincides with the upper natural density d,
(ii) for any subset £2 C N, dgi(E) > 0 if and only if £ is infinite.
Moreover for 0 < v < 1 an integral comparison test leads to the estimate
n —
Z e~ n—vem, as n tends to infinity,
k=1 v
that we will use regularly in the rest of the paper. In addition, according to Lemma 2.8 of [12] the

following inequalities hold.

Lemma 4.3. For any 0 < v < v <1 and for any subset E of N, we have
d(E) < dgn (E) < dgn(E) < dgi(E).

Therefore the densities Eﬁ” can give very different notions of dynamics that are intermediate
between U-frequent hypercyclicity and hypercyclicity. In particular the following lemma holds.
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Lemma 4.4. Let 0 < v < 1. There exists a subset E, C N such that, for any 0 <~ < v <1,
dﬁw(E) >0 and dﬁ'v' (E) =0.
Proof. First observe that, for all 0 <t < 1,

E 2t ekt t t

Lak=1 ~ 1-t 2"t (1—-27

(6) T —— ot ~ 2 ( )e (
k=1€

Let v # 1. Set E, =N (U 3 J+1 [2" — |27 2"]) Clearly, for all n large enough, we have

)—>Oasn—>+oo.

on on
m ) DIRCEN DR
k=1:keEy k=2n—[27(1-7) |+1
Moreover we get
2n kY on—|2n(1=7) | ok

k=2n— L2”“‘”>J+1e =1 &=k=1

Zk 16 Zk 16

But we compute

on_ LG(l W)J k’y _ 1—v
k=1 -~ (1 _ L2n(1 'Y)J) 62n—y((172—n L2n(1—'y)J)~/71) N 67,\/ as 1 — 400
2n ek on ’
k=1
Taking into account (B) and (), we deduce
dﬁw( ) > 0.
Now let 0 <+ < v < 1. Clearly keeping in mind that
on , 2n71 , on ,
RS ST DI
k=1L;kcE, k=1 k=2n—|2n(1-7) |

and by using both v/ — v < 0, the estimate

2n—|2n(1=7) | m' 1— 1=y , /

zkzl -~ (1 _ %) 2 (=27 2P 1) g s +00,
P

and (@) we derive

aﬁw’ (E’Y ) = 0.
Finally, for v = 1, the lemma is easy to establish since a subset E' C N satisfies dgi (E) > 0 if and
only if E is infinite. This finishes the proof. O

In some sense, the densities dz,, 0 < v < 1, will us allow to interpolate the behavior of hypercyclic
vectors between the U-frequent hypercyclicity and the hypercyclicity.

4.2. Rate of growth of Ug,-frequently hypercyclic functions. First we deal with the case
p > 1. We will discuss the case p = 1 at the end of the section. We are ready to state the result that
highlights both the continuous variation of the critical exponent and that of the growth (in term
of LP averages) of a hypercyclic function for T,, according to the frequency of visits of non-empty
open subsets by its orbit under the action of 7.

Theorem 4.5. Let 0 <y <1 and 1 <p < oco. Let f be a Ugy-frequently hypercyclic function for
the operator T,,. Then, the following hold

fo<— o timsup ([ - TG My(f,0)) > 0
if o < ————,  limsup ([l — r]|max ,T
max(27Q) r—1- g

L—y

ifa = —— limsup (M,(f,r)) = +oo,
max(27Q) r—1- ( p( ))

1

if o > 7 limsup (M (f,r)) >0

max(za Q) r—1-
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Proof. Let f be a Ugy-frequently hypercyclic function for T,,. We write f = ) (ki—’i)azk Since f
k>0

is Ug-frequently hypercyclic there exists an increasing sub-sequence (ny) C N with positive upper
B7-density such that, for all k& > 1,

[Te*f(0) = 3/2] = |an, —3/2] <1/2.

We get, for all £ > 1, |a,, | > 1. Set I = ((ng)) and for all N > 1, Iy = IN{l,...,N}. The
hypothesis dg»(I) > 0 ensures that there exist 0 < C < 1 and an increasing sequence (N;) of
positive integers such that

(8) > e > A
keINl v
Up to take a sub-sequence, we can suppose that
(9) C(Ng1+1) > Nk +1.
Let us consider, for all I > 1, a sequence (r;) with 1 — == <7 <1 — 5. Observe that
(10) N —-1< - < N;.

(1) Case 2 < p < oot
Jensen’inequality and Parseval’s Theorem give

Nl Nl

a 2 a 2 a 2
A1) (P 2 D = Y et 2 Y i 2 S e
k>0 k=1 k=1

Let us choose jo € N such that the function ¢ — t=2%~"" is decreasing for t > N;,. Thus
we can write, for all [ > jy + 1,

[ (f, 2 |ak|2 kY —kY
)t 2 E E 7(]{ n 1)2ae e .
Jj=1+jo k=1+N;_1

Then applying Lemma B.2] with ug = |ag|?eF”

N7
[Mp(f’ Tl)]z Z SNZ (Nl + 1)—2@ N SNJ'O (Njo + 1)_2a€ Njo

, we get

12
(12 3 S (N £ 172 s (4 17200
J=1+jo
Since Sy, = Y. |ax|?e”, by construction and by (&), we get, for all i > 1,
k<N;
(13) Sne > > e 2NN 2 (N 1)
kGINi
From (I2)) and ([I3]) we deduce
[Mp(f ) 2 (N * =)
(14) + Z ] 1+ 1 PYGNJ"Y—l ((NJ,1 + 1)720{671\6\/—1 — (NJ + 1)720{671\6{) .
J=1+jo
(a) Case a < 352: From () we get, for I large enough

(15) [My(f,r)]* Z (N + 1)) 720

Thanks to (I0) and (I5]) we deduce
[My(f, )] Z (1= rp)? 07,
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Hence we conclude

lim sup [(1 - r)*aJrl_;LMp(f,r)} > 0.

r—1-

(b) Case o = 1_7“/: taking into consideration (I4]), we can write, for all [ > 1 + jo,

l 1—
N._ 1 Y
UATEDIEDS (1 - (ﬁ) M ) -
=1 !

Thus taking into account (@) we derive, for all [ > 1+ jo, [M,(f,71)]*> = I, which allows
to obtain
lim sup M, (f,r) = +oo.
r—1-
(¢) Case a> 1_7“/: since f is hypercyclic, the conclusion is given by Theorem
(2) Case 1 <p<2:
It suffices to combine the arguments of the proof of the preceding case with those of the
proof of [2]) of Theorem B3] to obtain the desired conclusions.

0

4.3. Optimal growth of Ug -frequently hypercyclic functions: a constructive proof. In
this subsection, we intend to prove that the estimates given by Theorem whenever « is different

from the critical exponent, i.e. « # malx;(;q), are optimal. The case a = malx_(;/ ) will be treated
1

separately in Section 5. Thus for all 0 < v < 1 and for a # ﬁ, we propose to build Ug-

max
frequently hypercyclic functions for 7T, that have the required LP growth and no more. To do

this, we follow the construction of frequently hypercyclic functions for T, given in [25] which itself
was partly inspired by [§]. In particular we will need the so-called Rudin-Shapiro polynomials
(combined with the de la Vallée-Poussin polynomials), which have coefficients +1 (or bounded by
1) and an optimal growth of LP-norm. Let us recall the associated result in the form of Lemma 2.1
of [§] that summarized the result of Rudin-Shapiro [27].

Lemma 4.6. (1) For each N > 1, there is a trigonometric polynomial py = Zév:_ol en pet?

where enj, = £1 for all 0 < k < N — 1 with at least half of the coefficients being +1 and
with
Ipnllp < 5V N forp € [2,+00].

2) For each N > 1, there is a trigonometric polynomial phy = N;1 an e where lay | <1
N k=0 ) )
for all0 < k < N — 1 with at least L%j coefficients being +1 and with

Ipilly < 3NV forp € [1,2].

For any given polynomial ¢ with ¢(z) = Z?:o bjz) with by # 0, we denote d = deg(q) and
d
llglle = Z |bj|. We set 2N = U Ay where for any k£ > 1, A = {2’“(2]' —1)5 € N} . Denote by P
=0 k>1
the countable set of polynomials with rational coefficients and let us also consider pairs (q,1) with
q € P and | € N satisfying ||¢||,n <, displayed as a single sequence (g, lx). Clearly (qx) is a dense
set in H(D). Hence, for any k > 1, we set dj = deg(qx) and we have

llgkller < Ix for every k > 1.
d

For any « € R, for any positive integer k£ > 1, we set ¢x(2) = Z(j +1)° g-k)zj
=0
Let a be a real number and p € (1,00]. For all integer n > 0, we set I,, = {27,...,2"T!1 — 1},

Next, for k > 1, let us define the integers

ap =1+ Lmax (l,%(l + dy,)?m2x(@0) dy 4+ max(3,3 + )2 + max(a, 0)l, log(1 + dk))J
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and

ap =1+ Lmax (lg(l + dp,)1m(@0) 4 max(3,3 + @)l? + max(a, 0)lx log(1 + dk))J .

We set fo = Z P, o where the blocks (P, ) are polynomials defined as follows, using Rudin-

n>0
Shapiro polynomials given by Lemma [£.6]
0 if n is odd
(16) Poo(2) =< 0ifne Ag and 277! < oy,

22"Qu(z) if n € Ay and 27! > ay,
with for n € A,
Qu(z) =D (i + 1), 7

JEIn
where the sequence (cg»k)) denotes the sequence of the coefficients of the polynomial pL2n(1ﬂ) | (%) gk (2).
oy
We also set fi = Z P, ,, where the blocks (P ,) are polynomials defined as follows, using the
n>0
de la Vallée-Poussin polynomials given by Lemma [£.0]
0 if n is odd
(17) Py (2) = ¢ 0ifne€ A, and ol < aj,

2'Qi(2) if n € Ay and 2" > aj,
with, for n € Ay,
* . —a (k . om
Qhe) = 3+ 1) el 2
JE€In

*

where the sequence (cg»k)) denotes the sequence of the coefficients of the polynomial p’[w(l_w | (29%) gk (2).
o
A combination of Lemma [£7 below with the triangle inequality shows that the function f,
(resp. fZ) belongs to H(D). Observe that, if we denote the polynomial z ptgn_”(zo‘k) (resp.
X

z - p’[wlj(zo‘z)) by gk (resp. gi), we have, for all 1 < p < 400, |lgklly = [[p 201 [l (resp.
ap Y
lgilly = Hp’[w_lJHp). Finally for any integer n, let us denote (¢, (k)) the sequence defined as
ok

follows

%(k):{ (k+1) ifkel,

0 otherwise.
Lemma 4.7. Let a € R. The following estimates hold.
(i) For any 2 <p < +o0, any 0 <r <1 and any n € N, we have

My(Prasm) S 2"(1777_‘)‘)7“2”.

(i) For any 1 <p <2, any 0 <r <1 and any n € N, we have

n

1—
My(P, o.7) S (g a2,

n,o)

Proof. (i) On one hand, we deal with the case 2 < p < 400. Let n be a positive integer. Without
loss of generality, we can assume that n belongs to the set Ay for some £ > 1. Let r be in
(0,1). Since r — M,(f,.) is increasing, we get

Mp(Pn,aaT) < 7"2n||Qn||p-

Then, the polynomial Q),, can be viewed as a trigonometric polynomial obtained by an abstract

convolution operator on T, given by (cx)i>0 — (qﬁn(j)cygn)jzo (where (cg-k)) denotes the

sequence of the coefficients of the polynomial P -1 chk). Now, we are going to apply the
Y
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Marcinkiewicz Multiplier Theorem [10, Theorem 8.2 p.148]. To do this, observe that we have,
for any [ > 1,

sup |¢n(j)] < sup [¢n ()] S 27"
jeIl jeln

and
sup Y [0 +1) = 6u()] < D [6nl+ 1) = u(i)] S 27
bojer j€ln
Hence, taking into account the choice of a;, and Lemma 4.6l we get

HQan N 27na“ptzn(l—w)J”quNkHoo
o

— on(1—7) max(c,0
S 27 JE (1 + dy ) 0)

< gn(i5t-a),

Finally, we obtain the desired estimate

My(Pra,m) S 2”(1_5170‘)73”.

P

On the other hand we deal with the case p = co. Let us recall that P, o(z) = 0 or 22" Q,(2)
with Qn(z) = ; (7 + 1)*°‘c§.]i)2n 272" where (cg»k)) denotes the sequence of the coefficients of
WASEED)

the polynomial pLQn(l_ﬂ,) (%) gy (z). First, assume that o < 0. We write
L

]

Moo(Paar7) S 77| Qnlloo-

Using the form of @, as in the proof of Lemma 3.6 of [25] we apply a fractional Bernstein’s
inequality to obtain, taking into consideration Lemma [£.0]

on(1—7y)

MOO(Pn,a’T) S 7"2n2_na||Qn||oo S Q_na”ptzn(lﬂ)

~
A

lloollgklloo 274/ L

Uk

Thanks to the choice of ay, we have, for a < 0,
Moo(Pra,r) < 2707700,

To conclude it suffices to mimic the induction of the proof of Lemma 3.7 of [25]
(ii) The proof is similar as that of the case 2 < p < +o00 by applying Lemma for 1 <p<2.
O

Now we are ready to obtain the rate of growth of the aforementioned functions f, and f*. We
refer to Lemmas 3.4, 3.5 and 3.8 of [25] with obvious modifications.

Lemma 4.8. (1) Let 2 < p < +o0. For all 0 < r < 1, the following estimates hold

1

1—r) 7 ifa< 2
Mp(fa,T)S{ ( . 1— 2
Lifa>=2
(2) Let 1 <p < 2. Forall 0 <r <1, the following estimates hold
a—1i=2 . 1—y
far) < { (L= o o< T,

M,
a9 if a> 12
Now we are going to prove that the functions f, and f} are Ugy-frequently hypercyclic for T5,.

Proposition 4.9. For p > 2 (resp. 1 < p < 2), the function fo (resp. f%) is a Ugy-frequently
hypercyclic vector for the operator T,.
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Proof. We only prove the frequent hypercyclicity of f, for the operator T,. We do not repeat the
details for fZ: it will be enough to make the appropriate modifications.

Let k be a large enough integer. Let us consider n € Aj such that 2"~ > «y,. We consider B,
the set of s in I,, such that the coefficient z° in the polynomial zzanQn(lﬂ) | (z%) is equal to 1 and
QL

we denote by T}, = {s cs€ By, ne A, 2V > ak}.

Observe that max(B,) < 2"+ [2"1=7) | and since at least half of the coefficients Ofpl_Qn(lf'y)J being
+1, we get *
val on9-1 L2n(1—'y)J ' on9-1 L2n(1—'y)J ' on_1
e > e y O 5
~ieTy j=2n =1
— > = _
(18) Z ej"/ — 2n+L2n(1—y)J ' 2n+L2n(1—7)J ' 2n+L2n(1 'y)J ‘
j<max(Bn) el” el” el
j=1 j=1 j=1
Clearly we have
on(1-) 1\ gl
omn 4 2" <2n + Lgn(lf’v)D 7
2 2
and
2l
(27— 1) = (2 (22070 )T o s,
which implies, using similar estimations as those of the proof of Lemma [4.4],
on42-12n(1=7) | ‘ on_1
‘ e.]W z e.]W
=1 —e? and —I———— e as n — 4oo.
2n+L2n(1—'y)J 2n+t2n(l—~/)J ’
ed” ed”
i=1 =1

Hence the inequality (I8]) ensures that
dgv (Ty) > 0.
Then let o be a real number and let & € N. Let us consider s € B, with n € A satisfying
2"~1 > .. As in the proof of Lemma 3.9 of [25] with easy modifications, we can prove that
1

sup [T5(fa)(2) —an(2)l S -
jol=1- k

provided that & is chosen large enough. This allows to obtain the frequent hypercyclicity of f,. O

In summary, Lemma [£.8 and Proposition [£.9 leads to the following result, which shows that the
statement of Theorem is optimal whenever « is not the critical exponent.
Theorem 4.10. Let0<’y<1 and 1 < p < o0.

(1) for a <
that

m there exists a Ug~-frequently hypercyclic function for the operator Ti, such
1—
My(f,7) £ (1= )7
(2) for a > there exists a Ug~-frequently hypercyclic function for the operator Ti, such
that

max(2 q)

Mp(far) S 1

Remark 4.11. Let 0 < v < 1. It seems important to note that the functions constructed for the
proof of Theorem Il are Ug~-frequently hypercyclic for T;, but neither ¢/ m/—frequem‘cly hypercyclic

for 0 < 7/ < 7 nor U-frequently hypercyclic, since they don’t satisfy the estimates given by Theorem
or Theorem [3.3]
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Finally let us say some words for the case p = 1. As in the proof of Theorem B.4] observe
that a Ugv-frequently hypercyclic function is necessarily hypercyclic and a U-frequently hypercyclic
function is necessarily Ug~-frequently hypercyclic. This leads to the following statement.

Theorem 4.12. Let 0 <y < 1. Let f be a Ug~-frequently hypercyclic function for the operator T,.
Then, the following assertions hold
lim sup ((1 — r)faMl(f,r)) =400, ifa<0,
r—1-
limsup My (f,r) >0, ifa>0.
r—1-
These results are optimal in the following sense: for any positive integer [ > 1, there exists a
Ug~-frequently hypercyclic function for the operator T, such that for every 0 < r < 1 sufficiently
large
1—r)*log;(—log(l—7)) ifa<0
< ( l
Ml(f”)N{ 1 if a > 0.

5. OPTIMAL ESTIMATES: THE CASE OF THE CRITICAL EXPONENT

In this section, we are going to show that the growth of U-frequently or Ug~-frequently hypercyclic
functions for T}, can be arbitrarily slow when « is the critical exponent. The situation will therefore
be similar to the hypercyclic case for which for all 1 < p < oo the critical exponent is o = 0 and,
according Theorem [2.2] the two following properties hold: for all hypercyclic function f for Ty,
limsup,_,;- M,(f,r) = 400 and for any function ¢ : [0,1) — R tending to infinity as r tends to
1, there is a hypercyclic function f such that M,(f,r) < ¢(r). For this, we are going to adapt the
constructive method used in Section €3l Before we start, we establish a lemma that will be useful
in the following.

Lemma 5.1. Let (wy,) be an increasing sequence of positive integers such that w"“ — 400 as n

tends to infinity. Let (a,) be a bounded sequence of positive real numbers such that > ay = +o00.
If we denote by h : Ry — Ry a continuous increasing function with, for alln € N, h(n) = wy,, the

following estimate holds
1
E anr®™ ~ (6g0h™ )( ) asr— 17,
1—7r

where for all x € Ry, O,(z ) > ap.

n<x

Proof. By hypothesis the power series S(z) := ) a,z™ has radius of convergence 1. For all j > 2,
n>0
we denote by n; the only positive integer satisfying

Wp;41>J  and  wp; <.

Then we write

1 nj+1 1\ %n +o00 1\ wn
(19) 5(1__,):2%(1__,) .S an<1__,> |
J n=0 J n=n;+2 J
J

On one hand, we get, thanks to the choice of j and using the inequality 1 —t < e™?,

+oo 1\ wn +oo wn Wyt k M
S an<1__,> S e <MZ == <MZ
n=n;+2 J n=n;+2

where M = Sup |an| Moreover, up to take j large enough, since
for all & > 2, +1 > gkl , which implies
g

~+00 1\ wn ~+00 1
(20) a <1 - 7> <MY e,
>, an(l-2 2

n=n; +2

w . .
—L tends to infinity, we have,
n
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On the other hand, we have, for all n =0,...,n; — 1,

1 Wn, 1 wnj—l 1 wnj# 1 J sz-
(3= () ()
J J J J

From this, we derive the following inequality

nj+1 1\ wn 1 ijjL;l nj—1
Z Ay, 1-— - 2 1-— - Z Q.
n=0 J J n=0
Thus, we obtain
n]'+1 W,
jwn171 Ay, <1 1>
(1 - 1) Gl 1) s Y/ alny+1)
J Oa(nj) — Oa(n;) = balny)
. an . Ga(n—l) n;—1 .
Since ) = 1 ) 0 and - — 0, we obtain
anrl 1 Wn
Z an (1 - —,) ~ 04(nj), asj— 400,
n=0 J
which gives, thanks to (I9) and (20)),
1 .
(21) S (1 - —,) ~04(nj) asj— +oo.
J

By construction the sequence (n;) satisfies n; < h=1(j) < n; + 1. Thus, combining this inequality

with (2I)) and the hypothesis 9“05172:)1) — 1 again, we get

(22) s <1 - %) ~ Ba(h™V(j)), s j — 400,

1

Let0<r<1largeenoughwi‘ch1—%§r<1—j?,

iej< ﬁ < j+ 1. Clearly we have

(23) S (1 - %) <S(r)<s (1 - ﬁ) and  h'(j) <A (%) <h ' +1).

Let us recall that n; was chosen so that n; < h™1(j) < n;+1. Assume that A71(j)+1 < h71(j+1).
Therefore

Wy < <Wnyp1 <TG +1) <h(RH(G+1) =j+1,

which gives a contradiction since w41 is a positive integer. We deduce Rt +1) <h7i(G)+1

and by (23])

(24) Bl < bt ( ) <hIG)+ 1.

1—r

Thanks to (22]), (23) and (24]), we conclude

1
Zanrw" ~ (90, o hil) (—1 > s asr — 1.
—r

n>0
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5.1. The U-frequently hypercyclic case. We keep the definitions and the notations of Subsec-
tion 4.3l Let us also consider an increasing function h : Ry — R, tending to infinity such that, for
any n € N, h(n) := u, € N and u,1 — u, — 400 as n tends to infinity. Let a be a real number.
For all integer n > 0, we set L(Lu) = {24~ ... 2% +1 — 1}. Next, for k£ > 1, we keep the definition

of integers oy, and o given in Subsection L3l We set F = Z PT(Lf‘O){ where the blocks (P,g?o)[) are

n>0
polynomials defined as follows, using Rudin-Shapiro polynomials given by Lemma [£.0]
0 if n is odd
(25) Prgf‘a(z) =1 0ifn e Ay and 2¥1 < ay

22" Qn(2) if n € Ay and 2%-1 > qy,

with for n € Ay,
QW) = Y (G + 1,

jery
where the sequence (c&k)) denotes the sequence of the coefficients of the polynomial p, zun | (%) g (2).
A
We also set f(W) = Z P;fé” where the blocks (P,i(olf)) are polynomials defined as follows, using
n>0

polynomials given by Lemma [£.0]

0 if n is odd
(26) PW(z) ={ 0ifn € Ay and 291 < of

22 Q;‘L(“)(z) if n € A and 2“7 > oy,

with, for n € Ay,

*(u . — k j—2un
M) = 3 G, 20
jer™

where the sequence (cg»k)) denotes the sequence of the coefficients of the polynomial p’[ 2un | (2°F) G (2).
%k

1

For 1 < p < 0o, we denote by a. the critical exponent a, = peeGIE

Lemma 5.2. We have, for any 0 <r < 1,

Mp(P(u) r) S 2" if 2 <p< oo, Mp(P*(u) r) S r2" ifl<p<2,

n,Qc? n,ac?

and Ml(P*(u) r) <r¥ .

n,0
Proof. For p > 1, it suffices to argue along the same lines as the proof of Lemma [£7] replacing the
sequence (2") by (24).
Now let us consider the case p =1 (hence o, = 0). We can write, keeping in mind thatg, = g for
a =0,

2

2un 2T
Ml(Rff?#) < I /0

T.Zun 2 (k) G oun

< LY ety
QU 02 jejr(Lu)
N Gk

< S [t ettt ai

0 ay
< Pz [l gk lloe
,S Tzunlk. '

O

From Lemma BT and 5.2 we deduce the rate of growth of the functions fo(z) and fZ;E“) We begin
by the case p # 1.
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Lemma 5.3. Let 1 < p < oco. Under the preceding definitions and assumptions, the following
estimates hold: for all 0 < r <1,

My S 17t (TR 2 <p < oo

and  My(f:™,r) <h7! (%) ifl<p<2.
Proof. Let 2 < p < co. Combining Lemma with triangle inequality, we get
(7)< Z 2
n>0

By hypothesis 2Un+17% — 400 as n tends to infinity. We apply Lemma B.1] with w,, = 2" and
an, = 1 and we obtain, for 0 < r < 1,

4 [ —log(1—1)
Mo (F@w )y < p=1 [ =5 "))
p(fac 77") ~ 10g(2)
For the case 1 < p < 2, the proof works along the same lines. ]

Now we are interested in the specific case p = 1.

Lemma 5.4. There is a function of the form fg(u) such that

Mi(f3™ ) (h_l (%»2

Proof. Without loss of generality we can assume that o) > 1+ |my] where my, is the least real
number such that g(log(aj)/log(2)) > l;. Observe that, for all £ > 1, for any n € Aj with
2un=1 > of we have h™(u,) > h™ ! (uy—1) > b1 (log(ak)/log( ))- Taking into account Lemma
E.2 and the inequality 1 —t < e™t, we get, forany 1 — o= <r <1 — 5 J+1’ (j>1)

M(f3™ ) < S (P )

n>1

1 qun
<Y Y (o) w
kE neA;2un—1>af
Un —Uj hil(u )
< -2 J+1l n
S 2 e “hT(log(a})/ 1og(2))

k neAp;2un—1>af
Jj+1

N Ze 2 1(un)
< (J+1)h Yujpr) = (G +1)%

Since 2% < ﬁ < 2%+ we find j < b1 (%) and we get

w12 (52

Now we are going to prove that the functions fO(fCL) and f;iE“) are U-frequently hypercyclic for T,

0

Proposition 5.5. For p > 2 (resp. 1 < p < 2), the function fO(fCL) (resp. f[iﬁ“)) is a U-frequently
hypercyclic vector for the operator Ty, .

Proof. We only prove the frequent hypercyclicity of fo(fj) for the operator T,,,. We do not repeat
the details for f;gu): it will be enough to make the appropriate modifications.

Let k be a large enough integer. Let us consider n € Ay such that 2¥»~! > ay. We consider B,
the set of s in IT(LU) such that the coefficient 2z° in the polynomial z2u"pL2uJJ (%) is equal to 1 and

YL
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we denote by T, = {s:s € B,, n € A, 2“1 > ai}.
Observe that max(B,,) < 2“»*! and since at least half of the coefficients of p2un | being +1, we get

YL

#{j <max(B,);j € Tp} _ 2=t 1
> = —
(27) max(B,,) T Quetl 47

which implies
d(Ty) > 0.
Then let o be a real number and let k& be in N. Now let us consider s € B,, with n € Ay, satisfying
2Un=1 > .. As in Proposition [4.9] by construction we get
1
sup |75, (f8)(2) = an(2)| S
2 =1- Ik

provided that k is chosen large enough. This allows to obtain the frequent hypercyclicity of fo(z) O
Combining Lemma [5.3] with Proposition we obtain the following result.

Theorem 5.6. Let 1 < p < oo and a, = m. Then, for any function ¢ : [0,1) — Ry with
o(r) = 400 as r — 17, there is a function f in H(D) with

My(f,r) Sp(r), for0<r <1 sufficiently close to 1,
that is U-frequently hypercyclic for Ty,

Proof. We begin by the case p > 1. Without loss of generality, we can assume that the function ¢
is a continuous increasing function that can be written, for all 0 < r < 1, p(r) = 9 <ﬁ> where
is a continuous increasing function with, for all n € N, u,, := ¢_1(n) € N and upy1 — up — +00.

Thus Lemma [5.3] and Proposition ensure that, for all 1 < p < oo, there is a function f in H (D)

with Mp(f,r),ézb(%) 51#(1;) = o(r)

that is U-frequently hypercyclic for T,

Now we deal with the case p = 1. Without loss of generality, we can assume that ¢ is a continuous

2
increasing function that can be written, for all 0 < r < 1, <p( ) = <1/1 (ﬁ)) where 1) is a

continuous and increasing function such that, for alln € N, u,, := ( ) € Nand w41 —u, — 400.
Applying Lemma [5.4] and Proposition (.5l we find a function f € H (D) with

w5 (o(E52)) 5 (o (5)) -

that is U-frequently hypercyclic for Tp.
The proof is complete. O

5.2. The Ug--frequently hypercyclic case. We keep the definitions and the notations of Sub-
section 0.1l We modify the definitions of polynomials Py(m){ and Pn(a) as follows:

0 if n is odd
(28) Pr(bf‘a(z) =1 0ifn € A; and 2¥1 < ay

22" Qn(2) if n € Ay, and 2Un1 > oy

with for n € Ay,

QW)= Y (G+1) W, 2

j e](“)

where the sequence ( g 5

(2%%) k. (2)-

denotes the sequence of the coefficients of the polynomial p ,u, 1-+)
oL

]
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0 if n is odd
(29) P;;(;‘)(z) =< 0ifn € Ap and 2“1 < of
22" Q;‘L(“)(z) if n € Ay and 2“7 > o,
with, for n € Ay,
*(u . —« k ) —2un
QM) = 3 (G+1) g, 2
jers”

where the sequence (cgk)) denotes the sequence of the coefficients of the polynomial p’[ yun(i—y) (2

]

Let 1 < p < oo. Setac:ﬁ(;q)-

Lemma 5.7. We have, for any 0 <r <1 and alln € N,
My(P™ 7y <r2" if2<p<oo and My(P'W r)<r?" if1<p<2.

n,xe? n,xc?

Proof. It suffices to argue along the same lines as the proof of Lemma .7 replacing the sequence

(2") by (2"). O

From Lemma [5.J] and B.7), we deduce the rate of growth of the functions f(gfj) and f;gu)

Lemma 5.8. Let 1 < p < oo and o, = mal)i;’q). Then, for all 0 < r <1,

—log(1 —r)

(u) -
My £t (A

> if 2 < p < oo,

and

My(f2",r) < ht (%) ifl<p<2.

Now we are going to prove that the functions fé@‘) and f;E“) are Ug-frequently hypercyclic for
T, .

Proposition 5.9. Forp > 2 (resp. 1 <p < 2), the function fo(fi) (resp. f;iE“)) is a Ugy-frequently
hypercyclic vector for the operator Ty, .

Proof. We only prove the frequent hypercyclicity of fo(z) for the operator T,,. We do not repeat

the details for fzﬁ“): it will be enough to make the appropriate modifications.

Let k be a large enough integer. Let us consider n € Ay such that 2¥»~! > ay. We consider B,

the set of s in Ir(bu) such that the coefficient z° in the polynomial 22" p Jun(1—y) (2%) is equal to 1

Yk

|
and we denote by T, = {s: s € B,, n € Ag, 2“1 > a;}.

Observe that max(B,) < 2% + [2“(1=7) | and since at least half of the coefficients of P zn)
A

being +1, we get

Z el” 2un 491 | gun(1-7) | 2un 491 | gun(1-7) | un _1

iy .y o
j<max(Bn); Z e’ Z e’ Z el
€T, j=2un i—1 1
(30) Tk > J _ j _ j
Z 6.]7 - 2un+L2un(1*’Y)J 2“"+L2u"(17"{)J 2un+L2u”(1,W)J
() e > e e
Jj=1 j=1 j=1

Clearly we have

N
- L2un(1—7)J w wn (1-7) 0% ~
(2 + 5 (2 +[2 J) -2,

(2un —1)7 — (2un I Lzun(lf'y)Dy — —7,

)i (2)-
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which implies, using similar estimations as those of the proof of Lemma [4.4],

2un 42-1|2un(1-7)| 2un 1
> el” el
=1 — =1 — e 21 —e/?), as n — 400
2un 4 |2un(1-7) | 2un 4 |2un(1-7) | ’ ’
el” > el”
Jj=1 J=1

Hence the inequality ([B0) ensures that
857 (Tk) > 0.

Then let a be a real number and let &£ be in N. Now for s € B,, with n € Ay, satisfying 2%~! > ay,
as in Proposition [£.9] by construction we get

sup |T§c(f§i))(z) - q(2)] S

1
l2|=1—7

1
Iy’
provided that k is chosen large enough. This allows to obtain the frequent hypercyclicity of fo(z)
O
Combining Lemma [5.8 with Proposition [5.9] we obtain the following result.

Theorem 5.10. Let 0 < v < 1. Let 1 < p < 0 and o, = ﬁ(;q). Then, for any function
v :[0,1) = Ry, with p(r) — 400 as v — 17, there is a function f in H(D) with
My(f,r) Se(r), for0<r <1 sufficiently close to 1,

that is Ug~ -frequently hypercyclic for T,, .
Proof. For p = 1, we have a, = 0 and the result is given by Theorem Now let p > 1.
Without loss of generality, we can assume that the ¢ is a continuous increasing function such that,
forall 0 < r <1, o(r) =1 <ﬁ> where 1) is continuous and increasing with, for all n € N,
U =11 (n) € N and u, 1 — u, — +00. Thus Lemma 5.8 and Proposition [5.9] ensure that, for all
1 < p < o0, there is a function f in H(D) with

M) S0 () £ et

that is Ug~-frequently hypercyclic for T, . The proof is complete. O

From Theorems 2.2, and [B.10, we can state the following result that unifies what happens
in the critical case, given by the critical exponent, for the LP growth of Ug--frequently hypercyclic
functions for T, when 7 belongs to [0, 1].

Theorem 5.11. Let 0 < v < 1 and 1 < p < oo. Then, for any function ¢ : [0,1) — Ry, with
o(r) = 400 as r — 17, there is a function f in H(D) with My(f,r) < o(r) that is Ugy-frequently

hypercyclic for Ty, where o, = m;);; PE

Concluding remark. In summary, thanks to Theorems [4.10] [1.12] and [£.10, the results given
by Theorems B.3] B.4] and are optimal.
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