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DENSITY FUNCTIONAL THEORY FOR
TWO-DIMENSIONAL HOMOGENEOUS MATERIALS WITH
MAGNETIC FIELDS

DAVID GONTIER, SALMA LAHBABI, AND ABDALLAH MAICHINE

ABSTRACT. This paper studies DFT models for homogeneous 2D ma-
terials in 3D space, under a constant perpendicular magnetic field. We
show how to reduce the three—dimensional energy functional to a one—
dimensional one, similarly as in our previous work. This is done by
minimizing over states invariant under magnetic translations and that
commute with the Landau operator. In the reduced model, the Pauli
principle no longer appears. It is replaced by a penalization term in the
energy.
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1. INTRODUCTION

The analysis of quantum properties of two dimensional materials is an
active research area in physics and material science. Some 2D materials
such as graphene or phosphorene exhibits many interesting physical prop-
erties [16, 3, 10, 11] which has many applications such as High Electron
Mobility Transistors [12]. Some of these properties are not yet fully under-
stood. This is the main motivation to revisit Density Functional Theory
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(DFT) when applied to quantum two dimensional systems (see |1, 9] for
previous works).

As in our previous work [9], we study homogeneous two—dimensional slabs,
when embedded in three dimensional space, but this time, we include a
constant perpendicular magnetic field. We consider a charge distribution p
which is equidistributed in the first two dimensions: pu(z1,z2,2z3) = u(xs3),
and with a constant perpendicular magnetic field B = beg.

One key result of our previous work was an inequality for the kinetic
energy per unit surface for translationally invariant states. Let us quickly
summarize the result. Let

Pi={ye& (L*R%), 0<~y<1, VRER? rry=1m}

denote the set of one-body density matrices which commute with all R?
translations. Here, &'(L?(R?)) stands for locally trace class self-adjoint
operators with finite trace per unit surface Tr(y) < oo (see Section 2.3). For
R € R? C R3, we have denoted by TR f (21, T2, 23) := f(21 — R1, 22 — Ra, 13)
the usual translation along the first two dimensions. Let us also introduce
the set of reduced states

G:={Ge & (I*R)), G=>0},

where &' (L2(R)) refers to the space of trace class self-adjoint operators on
L?(R). We have proved in [9] that, for any (representable) density p = p(z3)
depending only on the third variable, we have

. 1 . 1
it {5meam | = it {gmea0) 4 ),

py=p PG=P
where Ay denotes the Laplacian operator in d-space dimension. The energy
appearing in the right hand side leads to one-dimensional reduced models
for homogeneous semi-infinite slabs in the context of DFT. One typically
obtains a minimization problem of the form

2

where D;(+) is the one-dimensional Coulomb interaction energy (see [9, Sec-
tion 3.1] for a discussion about this term), and E*¢ some exchange-correlation
energy per unit surface. Note that there is no Pauli principle for the opera-
tor G; it has been replaced by the penalization term 7Tr(G?) in the energy,
which prevents G from having large eigenvalues. We refer to [9] for details,
where we also studied the reduced Hartree—Fock model, which corresponds
to the case E*¢ = 0.

(1.2) inf {;Tr(—AlG) + 7Tr(G?) + 1731 (pc —p) + E*(pg), G e Q} ,

The scope of this paper is to apply a similar reduction when taking into
account magnetic effects. Without considering the spin (we refer to Section 4
for the case with spin), the kinetic energy per unit surface is of the form

ST (195 + A)%)
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where A = b(0,21,0) is a vector potential so that curl A = B = bes. We
chose a gauge which is not symmetric, but which will simplify some com-
putations. The Laplacian operator —Ag has been replaced by the Landau
operator

LY = (=iV3 + A)? = L8 — 92

x3x37

with L5 = =02, + (—i0y, + bx1)%.

In analogy with [9], we only consider states commuting with the so—called
magnetic translations mg and with the Landau operator. We refer to Sec-
tion 2 for the definition of these operators, and for the justification of this
choice. We denote the set of such states by

(1.3)

PA = {y € 6 (L*(R?), 0 <y <1, VR € R? mpy =7ymg, Ly =7L3'} .

In Theorem 2.7, we prove that any v € P has a simple decomposition, in
terms of the different projectors on the Landau levels. Using this decom-
position, we prove in Theorem 3.1 that, in the magnetic case, we have an
equality similar to (1.1), which reads

NN !
| {gmada | = e {5200+ T (70,60
pPy=p PG=P

with the penalization term F' defined by

= (50 1 5]

where {z} denotes the fractional part of x. The function F' is studied in
Proposition 3.2. It is a piece-wise linear function, reflecting the contribution
of the different Landau levels. The function F' is not new, and already ap-
pears in the context of the two-dimensional Thomas Fermi (TF) theory under
constant magnetic fields (see [14] and related references). The (spinless) TF
kinetic energy takes the form

BEE )= [ P(bup0)ix.
For b = 0, we recover the usual two-dimensional TF kinetic energy [ mp?.
It is different from the three—dimensional TF kinetic energy of a gas under
a constant magnetic field, which has been derived and studied in [6, 19],
and is obtained by assuming that the electron density is constant, hence also
invariant under the third—direction translation.

Equation (1.4) allows the reduction of DFT models for two-dimensional
homogeneous slabs under constant magnetic field. In fact, one obtains a
one-dimensional problem of the form (compare with (1.2))

inf {;T&“(—AIG) +Tr (F(b,G)) + %'Dl(pg —u) + EX(b,pg), G € g} .
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Note that the exchange-correlation function may depend on the external
magnetic field b (see [6, Eqn. (4.1)-(4.2)] for the expression of the exchange
energy for the Landau gas). In Section 3.3, we study the corresponding
reduced Hartree-Fock model, where E*¢ = 0.

This article is structured as follows. In Section 2, we start by introduc-
ing the Landau operator and studying its spectral decomposition, then we
define magnetic translations {mg }recg2 with some of their properties, and
we characterize the states in P”. Using this characterization, we explain in
section 3 how to reduce the kinetic energy, we give some properties of the
penalization term F' and we study the corresponding reduced Hartree-Fock
model. Finally, we show in Section 4 how to extend our results to systems
with spin.

Acknowledgments. The research leading to these results has received fund-
ing from OCP grant AS70 “Towards phosphorene based materials and de-
vices”.

2. STATES COMMUTING WITH MAGNETIC TRANSLATIONS

In this section, we prove that states v € P4 have a particular structure.

2.1. Two dimensional Landau operator. We start by recalling some

classical facts about the (two-dimensional) Landau operator L4 = fagm +

(—i0y, +bx1)?. In what follows, we assume b # 0. Forn € Ng = {0,1,2,---},
we introduce the function ¢, : R — R defined by

1
(2.1) on () = an bV M (v/T0]2)e 2117

where H,,(z) = (—l)rlez"’*"zdc%e*“2 refers to the n-th Hermite polynomial and
an = (2"n!)~1/2 /7% is a normalization constant so that lenllz2@®) = 1.

Proposition 2.1. The operator L‘24 has purely discrete spectrum

(2.2) o(Ls) = b(2Ng + 1).

The eigenvalue €, := b(2n + 1) is of infinite multiplicity, with eigenspace
(2.3) By = ker(L§ — £,) = {W(en,9), g € LA(R)},

where W is a Wigner type transform defined on L?(R) x L?(R) by

(2.4 Wie)) = = [ e ( - ‘;) g(k)d.

In particular, the spectral projector P, onto ker(LQA — &p) has kernel

o) — i —ik(z2—y2) _ @ _ E
(2.5) Pn(x,y)—Qw/Re wn | 71 2 wn | 11 3 dk.

Its density pp, (x) = Pp(x;x) = % is constant and independent of n.
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Remark 2.2. The definition (2.4) is slightly different from the classical
Wigner transform (see for example |18, Chapter 2|) which is rather adapted

to study Landau operator with the gauge A= % (;2), forb=1. A gauge
1

transformation links the two transforms.

Proof. First, we remark that L4 commutes with all translations in the zo—
direction. We introduce the Fourier transform with respect to the xo—variable

(2:6) Fiflark) = <= [ flaraz)eta,
and its inverse

f—l[qﬁ}(xl,xg) = \/12?/H§¢(xl’k)e—ikx2dk'

We have
D
(2.7) FL{F ! = / bprdk, with by = —02, + (b — k)2
R
The operator by, is a translation of the harmonic oscillator b := —02, +b%2?,

whose spectral decomposition is

b= Z5n|@n><9@n‘v
n=0

with e, = b(2n+ 1) and ¢, as defined in (2.1). We deduce that the spectral
decomposition of by j, is

Dok = 25n|90n(' - %»(Spn( - %)L
n=0

which proves (2.2). Using (2.7), we see that W is an eigenfunction of L4,
corresponding to eigenvalue e, if and only if it is of the form

w=F"! [(xl, k) — g(k)en (ﬂfl - ﬁ)] = W(on, 9),

where g € L?(R). Thus
Ey, = ker(L —¢,) = {W(pn,9), g€ L*(R)}.

To compute the kernel P, (x,y) of the projector on E,,, we use the Moyal
identity, that we recall here.

Proposition 2.3. Let f1, g1, f2,g2 in L?(R). Then, W(f1,91), W(f2,92) €
L?(R?) and (Moyal identity)

(2.8) W(f1,91), W(f2,92)) r2m2) = (f1, f2) L2 (m) (91, 92) L2 (R)-
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Proof. We first prove the result for f1, g1, f2,92 € C§°(R) and conclude by
density. Parseval identity gives

O (o) W o)) ey = [ i) (1 ) @) (o

= (f1, [2)r2(r) (91, 92) L2(R)-
O

In particular, if (¥ )men is any basis of L2(R), then {W(on, ¥m) }men is
a basis of E,. Notice that, for any fixed x € R?, we have

W(,9)(x) = (px ) 12m).  With  px(k) = jﬁw ( _ ’;) |
Hence
P,.(x;y) = Z W(@n, Y)W (0, Um) (¥) = Z (Orss Ym) (Wms Pry)-
meN meN

Using that ), |¥m)(¥m| = I12, we obtain Py, (x;y) = (@nx, ¥n,y), Which,
given that ¢, is real-valued, gives (2.5). The density of P,, is thus

1 K\ | b
pr. () = Pl = o [ o (- 5

dk = —.
2

2.2. Magnetic translations. The Landau operator does not commute with

the usual translations, however it commutes with the magnetic translations,

that we define now. We write

O

L? = pil —|—p2A’2, with pa 1= —i0z,, DA = —i0;, + bx1.

The operators pa 1 and pa 2 do not commute, and do not commute with Lﬁ‘.
Actually, we have

[PA.1,pA 2] = —ib, [pA,hLQA] = —2ibpa 2, [pA,27L2A] = 2ibpa 1
However, introducing the dual momentum operators
paj = —i0z +bxa, PA2 = —i0,,
we can check that [pa 1, L?] = [P, LQA] = 0. The magnetic translation
mp, R € R?, is the unitary operator
mR = exp(—%leRg) exp (—ipa - R)
= exp(—3bR1R) exp (—i (a1 R1 + Pa2R2)) -

Note that we have added a phase factor in order to match the usual con-
vention. Using the Baker—Campbell-Haussdorf formula and the fact that
[DA.1,PA 2] = 1b commutes with all operators, we obtain the explicit expres-
sion

mp = exp(—ibRiz2)TR, thatis (mrf)(x)=exp(—ibRiz2)f(x —R),
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where T f(x) := f(x — R) is the usual translation operator. By construc-
tion, the magnetic translations commute with L2A and P, but they do not
commute among them. Actually, we have

mpmg = e’™fmp 2 and mj =mg' =M m_g.
An important feature of magnetic translations is that they form an irre-
ducible family on each eigenspace E,, in the sense of [2, Definition 2.3.7].

Proposition 2.4. The set of magnetic translation operators (mg)m is an
irreducible family of operators on each E,, in the sense that

(2.9) VU € E,\ {0}, E,=span{mrV¥:R c R?}.
Proof. Assume otherwise, and let ¥ so that
E,(¥) := span{mgV : R € R?} C E,,.

Then there is ® € B, \ {0} so that ® L E,(U). Let f,g € L%(R) so that
U = W(pn,g) and ® = W(p,, f). Using the Moyal identity, and the fact
that

mRW(9n,9) = Wipn, trg), with trg: ke "2ek gk —bRy),
the condition (®, mgr¥) = 0 for all R € R? reads

VR e R?, (f trg) =0, hence / Fk)e* 2 g(k — bRy )dk = 0.
R

Applying the inverse Fourier transform to k — f(k)g(k — Ry) = 0 shows
that f(k)g(k — R1) = 0 a.e. for all R; € R. Squaring and integrating in R;
gives f = 0, a contradiction. O

2.3. Diagonalisation of states commuting with magnetic transla-
tions. In what follows, we are interested in one-body density matrices which
commute with all magnetic translations. In the case without magnetic field,
if a state commutes with all usual translations Tr, then it commutes with
the Laplacian operator. In the magnetic case, there are operators which
commute with all magnetic translations (mgr)regr2, but which do not com-
mute with the Landau operator (we give an example of such an operator in
Remark 2.6 below). So, we rather consider one-body density matrices which
commute with mg, and with the Landau operator. It turns out that such
operators have an explicit and simple characterization.

We first enunciate our result in dimension two before turning to the three
dimensional case.

Proposition 2.5. Let n € S(L?(R?)) be such that nmg = mgn for all
R € R? and nLa = Lan. Then, there is a family of real numbers (An)nen,
so that

(2.10) =Y AP

neNg



8 DAVID GONTIER, SALMA LAHBABI, AND ABDALLAH MAICHINE

If n is a locally trace class operator, then its density is constant

b
_ngn-

neNy

Proof. Since n commutes with L‘QA, it commutes with any spectral projector
P, hence leaves invariant F,, = Ran(P,), for all n € N. The operator
M = PpnP, € S(E,) commutes with all magnetic translations. Since the
family {mg }g is irreducible, it implies that 7, is proportional to the identity
on Fy, hence is of the form 7, = A,lg,. This is a kind of Schur’s Lemma,
see [2, Proposition 2.3.8|. O

Remark 2.6. The hypothesis nL? = L2A77 is not a consequence of the
commutation with the operators (mg)r. Indeed, consider for a normalized
¢ € L%(R), the projector P onto the vectorial space

Ec={W(( f), feL*R)}.

Since mpW((, f) = W(( R f) € E¢, the set E¢ is invariant by mg, hence
Py commutes with all magnetic translations. However, we have, using the
decomposition (2.7) that

—ikxo 2 _ )2 _ =
BV = = [ (R, + e = k) (21— )| S
=W(C, f)
with ¢ = (02, + b*z?) ¢. So L&E: = E=, and L leaves E; invariant

iﬁz 1s collinear to (. This happens if and only if ¢ is an eigenstate of the
harmonic oscillator, that is ( = @, for some n € Ny.

The three-dimensional analogue of the previous Proposition reads as fol-
lows.

Theorem 2.7. Let y be a bounded operator on L*(R3) commuting with all
magnetic translations mg and with L‘2A ® 1. Then, there exists a family
(Y )nen of bounded operators on L*(R), with ||v,| < ||v|, and so that

oo
(2.11) Y= Pn@n.
If v is a locally trace class operator, then its density depends only on x3
07( x) = P'y r3) Zp'yn r3).

Proof. Let us consider two fixed test functions ¢, € L?(R), and define the
operator 7, on L%(R?) by

Vg€ LR,  (finpw 9r2we) = (f ® ,7(g @ ¥)) p2rs)-
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The conditions on « imply that 71y, is a bounded self-adjoint operator that
commutes with all mg and with La. Thus, using Proposition 2.5, 74, can
be decomposed as

Mo = 3 An(0,1)P

n€Np

Since 7 is a bounded operator, we have for any normalized ®,, € L?(R?) in
the range of P,,,

An(d,9)] = [(@n ® 6, 7(Pn @ 1)) 12(3)| < [[Vllopll9ll 2wy 101l 12wy -

We deduce that the map (¢, ¥) — A (0, ¥) is sesquilinear and bounded, with
bound smaller than ||7||op. The result then follows by taking ,, the bounded
self-adjoint operator on L?(IR) defined by

<¢7"an> = )\n(¢7 1/1)
Finally, for n of the form (2.11), we obtain, using pp, =

27
pp(x) = n(x,x) = prn (w1, 22)py, (73) Zp% x3).
neN nEN

0

For an operator n of the form (2.11), the trace per unit-surface, defined as
the limit

. 1
ﬂ(’?) = lim ﬁTr (]]‘FLU:H‘FL)7 'y = [—%,

L—oo

|t~

> xR

takes the simpler form

b oo
= 77_‘_ Z Trl(nn)a
n=0
b

where we have used that the density of any Landau level is pp, = 5=.

3. REDUCTION OF THE KINETIC ENERGY, AND APPLICATIONS

We now exploit the particular structure of states v € P2 to deduce their
kinetic energy.

3.1. Reduction of the kinetic energy. Recall that the set P” has been
defined in (1.3) as the set of one-body density matrices v, satisfying the
Pauli principle 0 < v < 1, which commute with all magnetic translations,
and with the Landau operator L2 ®I. We also recall that the set of reduced
states G is defined by

G:={GeS(L*R)), G=>0}.

The main result of this section is the following.
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Theorem 3.1. For any v € P4, there is an operator G € G satisfying
pG = py and

(3.1) STH(LE) > STH(-ALC) + Te(F(b,G)),

where

(3.2) F(b,g) ::7r92+fr{27;g} (1—{229}>.

Conversely, for any G € G, there is v € PA so that py = pa, and for which
there is equality in (3.1). In particular, for any (representable) density p,

. 1 ) 1
(3.3) 71€I719fA {2Tr(L3A7)} = éré‘f; {2Tr(—A1G) + Tr(F (b, G))} .
pPy=p PG=P

Proof. According to Theorem (2.7), any v € PA can be decomposed as

(3.4) y=> Py®7, with 7, €S(L*R)), 0<vy, <1
n=0

For a state of the form (3.4), we define the operator G, € S(L*(R)) by

b o0
G, = or ngovn.

Since v, > 0, we have G, > 0 as well, so G, € G. Also, since pp, (x) = o=,
we deduce that pg = p,.

Recalling that LY := L& ® [r2(r) + Iz2R2) ® (—A1), and using Proposi-
tion 2.1, we obtain that

1
I (L) = Z Tr (enPrn ® Vn) Z Tr (Pn, @ (A1)

77257{1‘14’)% +7ZT1“ A1'-)/11

= nzzosnm%) + §Tr (-ALG).

The first term cannot be expressed directly as a function of G, but we have an
inequality for this term. Since G is a positive operator with finite trace, it is
compact, and admits a spectral decomposition of the form G = ) ;9 [1;) (]
with g; > 0 and Zj gj < oo. Evaluating the trace of v, in the {¢;} basis,
and changing the order of the sums (all terms are positive), we obtain

ZenTr('Yn) = Z (Z En <¢j7r7n1/)j>> .
n=0

7=1 \n=0
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Since 0 < 7, < 1, the quantity m;(n) := (¢, y1);) satisfies 0 < m;(n) < 1.

In addition, we have % Yo, mi(n) = %(%, Y0 W) = (U5, Gj) = gj. So
we have the inequality
(3. 5)

ZanTr (Yn) >Z1nf{z<€nm 0 <m(n i QWQJ}.

Since the g, are ranked in increasing order, we can apply the bathtub prin-
ciple [13, Theorem 1.4]. The optimal m for the above minimization is given
by

1 for all O<n<L27rgJJ—1
* 27qg,; 27
(3.6) m](n) ={ bgj} for n=| ngJ
0 otherwise.

We now calculate the infimum in the RHS of (3.5) using the explicit formula

of the optimal function m*. Recalling that e, = b(2n + 1) and denoting by
— Q”bgj , we obtain

o lz]—1
anm )=10 Z (2n+1 (2|z] +1){z}
n=0

b (a4 ()1~ (o)) = TR (b)),

with the function F' defined in (3.2). Summing in j and gathering the terms

gives the inequality
1 1
5Te (L) = Te (F(b,G)) + 5 Tr (M1 G),

which proves the first part of the Theorem. Conversely, given G =}, g;[v;) (1] €
G, we consider the state

o0
:ZP”®7:” with ) = Zm i) (]
n=0
and m} defined as in (3.6). The operator v* belongs to PA | satisfies G- = G,
and gives an equality in (3.1). O

3.2. Some properties of the function F. Let us collect some useful prop-
erties of the function F'. A plot of F' is displayed in Figure 1 below.

Proposition 3.2. The function F in (3.2) is continuous and satisfies

2

b
(3.7) 79> < F(b,g) < mg* +W

with equality in the left for =% 279 ¢ N, and equality in the right for =% 9 ¢ N+1 2,
and F(b,g) — 7g? asb—>0 For any b > 0, the map g — F (b, g)—ﬂ'g
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% periodic and the map g € Ry — F(b,g) is piece-wise linear, increasing
and convexr. Finally, for all 0 < g < L we have F(b,g) = %bg

27

Proof. The first part is straightforward from the definition (3.2). To see that
it is convex, piece-wise linear and increasing, we use the alternative form

b2
(3.8) Fb,g) = 1~ (21 +2[z]) - [2] - [2]%),
where we have denoted by = := Zng. When 0 < g < %, which corresponds
to 0 <z <1, F(b,g) = 5bg. O

Remark 3.3. The left inequality of (3.7) implies Tr(F(b,G)) > nTr(G?),
hence, together with (1.1), that

. 1 A ) 1

71€I71)f13& {2TY (L3 ’Y)} > %fp {QTI“(—A:W)}-
pPy=p Py=P

In particular, the kinetic energy is higher with the magnetic field. This is a

kind of diamagnetic inequality for 2D materials.

Remark 3.4. The fact that F(b,g) — mg> as b — 0, for all g € R*, means
that, our reduction approach in this manuscript is coherent with the one
without magnetic field already treated in [9].

Remark 3.5. Splitting F into F(b,G) = wg*> + F(b,g), we see that the
effect of adding a magnetic field B = (0,0,b) is a periodic perturbation of
the energy with no magnetic field.

3.3. Reduced DFT models. In the context of DFT, the previous result
suggests modelling the electronic state in a homogeneous slab of charge dis-
tribution p(x) = p(x3) under a constant magnetic field B = (0,0, z3) by a
reduced state G € G whose energy per unit surface is given by

(39)  £(Q) = JT(~21G) + Te (F(G)) + 5Di(pa — 1) + B (pc).

Here, E*¢ models is an exchange-correlation energy per unit surface, and Dy
is the one—dimensional Hartree term. This last term has been extensively
studied in our previous work [9, Section 3.1], and is defined as follows. For
fecC:={fel'(R), Wy e L*(R)}, where Wy(z) := [*_ [ is a primitive
of f, we have

Dy(f) = 47T/R|Wf\2(x)dx.

We have proved in |9, Proposition 3.3| that the elements f € C have null
integral [ f = 0, that the map C > f — Di(f) is convex, and that

D)=t [ il ) Sy = [ @) f @
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with the mean-field potential

Bya) = dr [ min{lal [y} F)d, € R,

The function ®¢ is continuous, and is the (unique) solution to
" . / _

In practice, we restrict the minimization problem to the G so that pg—pu € C.
This implies in particular the neutrality condition Tr(G) = [ pg = [ =v.
On the other hand, if G is a trace class operator, then pg € L' (we assume
that 4 € L' as well), and if pg — p has null integral, then D1 (pg — p) < oo
iff p —p e€C.

Note that there is no Pauli principle on G for admissible states G. It has
been replaced by a penalization term +F' (b, G) in the energy.

Remark 3.6. The energy (3.9) is obtained when minimizing a 3-dimensional
DFT model over transitionally invariant states. In particular, this model
does not include possible spatial symmetry breaking along the first 2 vari-
ables. Such phenomena are known to exist in two-dimensional electron gas
under magnetic field due to the de Haas—van Alphen effect |5]. In some
real-life systems e.g. Bra, magnetic domains form, sometimes called Condon
domains [4, 15]. Our simple model is unable to capture these effects.

3.4. The reduced Hartree—Fock case. Let us illustrate the previous dis-
cussion in the particular case of the reduced Hartree-Fock (rHF') model, in
which EX¢ =0 in (3.9). We let 0 < € L}(R) be a nuclear density describ-
ing a homogeneous 2D material and denote by v = fR 1 the total charge per
unit surface.

We denote by

(3.10) (@) = %Tr(—AlG) + Tr(F(b,G)) + %Dl (pc — 1)

the corresponding rHF energy per unit surface, and study the minimization
problem

L = inf (Y (G), G € g}, with G”:={Geg, Tr(G) =v}.
Following the exact same lines as [9, Theorem 2.7|, one has the following.

Theorem 3.7. The problem ZZHF admits a minimizer, and all minimizers
share the same density.

We skip the proof for brevity. The uniqueness of the density comes from
the fact that the problem is strictly convex in pg. However, unlike the case
without magnetic field, F'(b,) is not strictly convex for b > 0. It is unclear
to us whether the minimizer of I;HF is unique.

We would like to write the Euler-Lagrange equations for a minimizer G,.
Recall that g — F'(b,g) is continuous and convex (but is not smooth). We
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denote by fi, := 04F (b, -) its subdifferential, a set-valued function defined by
folg) ={a€R, Vg eR, F(byg)—-F(bg)=alg~9g)}.

In our case, since the function Fj is piece-wise linear, fj, is explicit. From (3.8),
we obtain (in the following lines, {a} denotes the singleton a)
{Een+n} if3nem, n<<ntl

folg) =
[g(2n_1)7%(2n+1):| if %Tg:TLENO

Its inverse map, noted hy, is the set-valued function so that y € fi(z) iff
x € hyp(y). One finds, for y > 0,

hb(y) _ [n%7 (n + 1)%] if n:= % (%y — 1) € No,
{n%} if thereisn € Ny sothat n—1< % (%y — 1) <n.

We extend the definition of hy by setting hy(y) = 0 for y < 0.
In order to work with functions, it is useful to introduce the maps

(311) fiE(g) o= Jim 4 (Flb.g+1) ~ F(b,g)

t—0

so that fy(g) = [fl;(g),flf(g)] for all g € R*. Of course, if g ¢ %NO is a
regular point, then f,(y) = f;F (y) = f, (y). We define the maps hl:)t similarly,
so that hy(y) = [hy (y), by ()] for all y € R.

The Euler-Lagrange equations for G takes the following form (see end of
the section for the proof).

Proposition 3.8 (Euler-Lagrange equations). Let G, be a minimizer of
I};HF. Then there is A € R so that

hy (A — H.) < G, < hf (A — H,)
(3.12) H, :=—3A1 + O,

o) = dm(p. — ), BLx) —— 0, B,(0) =0,

r—+oo

where p, = pg, 1s the associated density of G, and P, is the mean-field
potential, defined as the unique solution of the last equation.

The first equation can also be written as

and means that if G. = >, g;|¢;) (| is the spectral decomposition of the
optimizer, then v; is also an eigenfunction of H, for an eigenvalue €; so that

gj € hy(A—¢€j), or equivalently e; € A — f4(g;)-
Conversely, if ¢ < A is an eigenvalue of H,, then € = ¢; for some j.

In practice, for numerical purpose, one rather considers an approximation
Fb‘s of F, which is smooth, strictly convex, and so that |F? — F||s < 4. In
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this case, one can repeat the arguments in [9, Theorem 2.7], and the first
line of (3.12) becomes

<Fl§5), (Gy) = A— H,, or, equivalently G, = [(Ff)l} B (A — H.,).

Remark 3.9 (Strong magnetic fields). In the case where b > 27mv, any
G € G"are positive and satisfies Tr(G) = v, hence all eigenvalues of G are
smaller than v. In particular,

F(G) = %bG, hence Tr (Fp(G)) = %bl/

is a constant, independent of G € G¥. In this case, G is also the minimizer

of

2

This minimizer is therefore independent of b > 2wy, reflecting the fact that
all electrons lie in the lowest Landau level. Following the previous lines, we
deduce that G is a rank-1 operator, of the form G, = v|.) (Y|, with 1,
MinImizing

1 1
inf {QTr(—AIG) + -Di(pc — 1), GEe€ QV} .

inf {’;/Rmm? + %Dl (Wl —n), e € L2(R), [[o] = 1}-

Proof of Proposition 3.8. Let G, be a minimizer of IISHF, and let p, and
®, be the corresponding density and mean-field potential, and set H, :=
—%Al + ®,. Recall that p, (hence ®, and H.) is uniquely defined.

First, we claim that G, commutes with H,. This is a standard result in
the case where the map F is smooth (say of class C!), using that

Tr(F(Gs + H)) = Tr(F(Gy)) + Te(F'(Gy)H) + o(H).

In our case however, the map F' is only piece-wise smooth, and we need a
direct proof. Let A be a finite-rank symmetric operator on L?(R), and set
Gia = e tAG etA. Since G, 4 is a unitary transformation of G, we have
Tr(Gia) = Tr(Gy) = v, that is G € G¥ and Tr(F (b, G,4)) = Tr(F (b, Gy)).
In particular,

&M (Gra) = & (G)
+ % (Tr(=A1[Gra — Gu]) + D1 (pG, 0 — 1) — D1 (ps — 1)) -
Together with the fact that
Gia =G, +it[Gy, Al + o(t),
and the definition of H,, we deduce that
E (Gra) = EM(Gy) + it Tr (Ho[Gx, A]) + o(t).
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Since the minimum of SgHF is obtained for ¢ = 0, the linear term in ¢ must
vanish, that is:

0 = Tr (H,[Gs, A]) = Tr (H,Go A — H, AG,)
= Tr (H,G A — G H,A) = Tt ([H,, G,]A)

where we have used cyclicity of the trace, and the fact that A is finite rank (so
all operators are trace-class). Since this is true for all finite rank symmetric
operators A, we deduce as wanted that [H,G.] = 0.

Recall that G, is positive compact (even trace class). So there is M :=
rank(Gx) € NU {oo} and an orthonormal family {t;}e(1 ] so that

M
Ge =Y gil) (], with Hey = e,

Jj=1

and with g1 > g2 > --- > gy > 0. The orthonormal family {¢;}<j<m
spans Ran(G.). For two indices (i,7) € [1, M], we consider the operator

G i= Gt () (Wil = [9) (W)
For ¢ small enough (|t| < min{g,;,g;}), the operator G’Ei’j) is positive, and
with Tr(ng’j)) = Tr(G4) = v, hence GEW) € G¥. In addition, we have
EM(G) — §1(GL) = (F(bogi + ) = F(b.gi)) + (F(b.g; — 1) = F(b, ;)
+ ¢ Te(H([9i) (il = |405) (151)) +o(t).

=&;—¢&;j

By optimality of G, this quantity is always positive. Taking the limit ¢t —
0%, and recalling the definition of f;* in (3.11), we deduce that

fo (9i) + i = fy (g5) + ;.
This inequality is valid for all 1 <i,5 < M, so

. 4+ . . — . o) —=-
iy 00020 =, 50, (o)) =2

For all 1 < j < M, we have
fy (97) +€j S X< fif (9;) +¢j, hence X —¢gj € [fy (97), £ (95)]-
This is also A — €5 € fi(g;), or equivalently g; € hy(X — ¢;). Note that if

there is an eigenvalue g; ¢ %Z, then f, (g;) = £, (g;) for this eigenvalue,
and there is equality. In other words, we have proved that

G. € hy(A— H,) on Ran(G,).

It remains to prove the result on Ker(G,). Let ¢ € Ker(G,). This time, we
consider the perturbed state

G = G+ £ (I0) (] — [) (W51)
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which is in G¥ for all 0 <t < g;. Taking the limit ¢t — 0T, and reasoning as
before, we get

£7(0) + (0, Hatp) > f,7(9j) +&j, hence  f;7(0) + (¢, Hu)) = A,

where we took the supremum in 1 < j < M in the last inequality. We deduce
that, for all ¢ € Ker(Gy),

f;(<w7G*¢>) = f[jr(o) > A= <LZ),H*1,Z)>,
SO
flj(G*) >\—H,, on Ker(G,).

Together with the fact that f, (G«) = 0 on Ker(G,), we obtain G € hy(X —
H,) on Ker(G,) as well. O

4. MODELS WITH SPIN

In this section, we explain how to extend our results to the case where the
spin is taken into account. In this case, the density matrix is an operator
v € S(L?(R3,C?)) satisfying the Pauli-principle 0 < v < 1. Such an operator
can be decomposed as a 2 X 2 matrix of the form

N <,YTT 'YN> '
fyﬁ ,yu
The spin-density 2 x 2 matrix of v is R,(x) = v(x,x) (see [7] for details),

and the total density is p,(x) = Ry(x) + Rﬂ(x) ="(x,x) + yH(x,x).
The kinetic energy operator is now the Pauli operator

P :=[0- (-iV+A)]?,

where o contains the Pauli matrices. In the case of constant magnetic field
B = (0,0,b) with the gauge A = b(0,x1,0), this operator becomes

b 0 b 0
P2 = LA, + (0 _b) = LMy + (0 _b) — 92,

b 0
0 —b
Zeeman term. There are several ways to read this operator. Indeed, we have

L*(R3,C%) ~ L*(R?) ® C? ~ L*(R?) ® L*(R) ® C?
(4.1) ~ L*(R?%) ® L*(R,C?)
(4.2) ~ L*(R% C?) @ L*(R).

In what follows, we denote by B := ( ) This term corresponds to the

In the decomposition (4.1) (resp. (4.2)), we split the Pauli operator as
P} =LA QI+I®(B-82,.), (resp. P& =(LY+B)QI+I1x(-02,.).)

xr3T3 T3T3
First splitting: keeping the spin structure. This splitting is useful if one
wants to keep track of the spin—density structure of R, as a function of
x3. This happens for instance when using exchange—correlations functionals
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which depend explicitly on the spin, as in the LSDA model [17, 8]. In this
case, we consider one-body density matrices v of the form

o0
(4.3) Y=Y Pn®ym, Y €SLR,CY), 0<7, <1.

n=0
This is similar to what we have studied in the present article, but the -,
operators now act on L?(R, C?). Introducing the operator G := % > and
the set .

g .= {G € L*(R,C?), G >0},

we obtain as before that, for all representable spin—density 2 x 2 matrix R,
we have

: 1 A
~ of theuflof;m (4.3) {2TT(P3 7)}
R~y=R

= inf {1Tr(—A1G) + Tr(F (b, G))} +b/(RTT — R%).
Gegspln 2 R
Rg=R

The last term is the Zeeman term, where we have used that Tr(BG) =
bTr(GM — GH) = bf(RTT — RY).

Second splitting: loosing the spin structure. If one is only interested in
keeping the total density p, instead of the full spin-density 2 x 2 ma-
trix R, one should instead use the spectral decomposition of the operator
P£ := L& + B. This one is easily deduced from the one of L in Proposi-

tion 2.1. Using that &, = b(2n + 1), we obtain P& =32 £.P,, with

En = 2nb, P0—<0 P0>’ Pn—< 0 Pn-) forn > 1.

The lowest Landau level has now energy ¢y = 0, and is only occupied by

spin-down electrons. The corresponding eigenspace has density Pp, = %.

The other Landau levels are «doubly» occupied, with density pg- = %.

In this case, we consider density matrices v of the form

(49) 7= "Po®F., Fn€SELR,C), 0<F, < L.
n=0

Remark 4.1. One can prove that the set of such states is smaller than the
set of states v commuting with P‘2A and the magnetic translations mg. This

comes from the fact that the family (mg) is not irreducible on E, := RanP,.

The conclusion of Theorem 3.1 still holds in the spin setting, and the
proof is similar with only minor modifications: we now consider the G matrix

defined by
b (- =
= 5 2 n )
G,y 2W<70+ ;7> €g
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and the optimal mj functions are given by m7(0) = {27%} and mj(n) =0
if 2795 < 1, and, if 2% > 1,

for n< {%gjﬁ-%J -1
}o for n=|Fg;+ 3]
otherwise.

[N

1
mj(n) =4 {39 +
0

Denoting by y = 795 + l, this gives the energy

ly)-1

b = . b2
5 D Enm; () Z 2n+ yl {y} = 7 (2 —y+{y}1—{y}).
n=0 n=1
We obtain that for any representable density p.

1 1 A — 3 1 spin
~ of thirflof;m (4.4) {2TI‘(P3 7)} - é‘ég {2Tr(—A1G) + Tr(F°™ (b, G))} )

py=p PG=P

with the new functional

Fb.g) = 292_87r+{ b +2}<1 {bg+2}>

A plot of F¥P"(b = 1, g) is displayed in Figure 1. The constant 5 in the §
term is the two-dimensional Thomas-Fermi constant, when the spin of the
electron is included. Again, we see that magnetic effects gives a correction
to the Thomas-Fermi approximation, but this time, including the Zeeman
term, the magnetic energy is always lower than the no-magnetic one, and we
have

T 9 b?

(4.5) 59 %o

2 < (b, g) <

T2
29

05

04

03

02

01

0.0

0.00 005 010 015 020 035 030 035 00 o1 02 03 04 05 06

FIGURE 1. (Left). The map g — F(b=1,g) (red) together
with its lower /upper bounds in (3.7). (Right) The map g —
FsP(h =1, g) (red) and its bounds (4.5).
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