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Abstract

We prove the convergence of a finite volume method for the approximation of
a convection-diffusion equation involving a Joule effect term. The convergence
proof relies on compactness arguments and on a priori estimates building on
a discrete version of the second-order Gagliardo-Nirenberg inequality we also
establish in this paper.

AMS subject classification: 65M08 - 65M12

Keywords: discrete Gagliardo-Nirenberg inequality - Finite Volume scheme - Joule
effect term.

1 Introduction

Variable density low-Mach models arise in a wide range of physical phenomena, in
which the sound wave speed is much faster than the convective characteristic of the
fluids. In the case of a calorically perfect gas, an asymptotic expansion of the variables
with respect to the Mach number in the compressible Navier-Stokes equation leads to
a low-Mach system [22]. In the particular configuration where the dynamic viscosity
of the fluid can be explicitly given as a specific function of the temperature (see [5, 6]),
a change of variables can be used in order to obtain a divergence-free velocity system.
In that case, the mass equation is reformulated in term of the temperature instead of
the density, and contains a nonlinear term called the “Joule effect term” [8, Section
1] in analogy with systems accounting for energy dissipation stemming from electric
currents, see for instance [20]. Results on local and global well-posedness of this
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system have been recently obtained under some smallness assumptions on the initial
data, see e.g. [19, 8].

From the numerical point of view, a combined finite volume - finite element scheme
was proposed in [7] to simulate such a model in terms of temperature, velocity and
pressure. The method is based on a time splitting, in which the first step consists in
solving the mass conservation by an ad-hoc finite volume scheme. In dimensionless
form, the mass conservation equation, set in a subdomain Q of R? and for positive
times, writes

Oru+ V- (uv) + AVul? — \uAu =0, (1)

where v is a given velocity field computed in the other step of the splitting algorithm.
It is complemented by homogeneous Neumann boundary conditions and an initial
datum ug.

It has been proved in [7] that the scheme referred to as 8Dy Jup therein preserves
a discrete maximum principle property, as imposed by the physics of the problem.
This paper is devoted to the numerical analysis of this finite volume numerical scheme
for the approximation of the temperature, solution of (1).

Here, we rigorously establish the convergence of the finite volume solution towards
the exact continuous one in the particular case of successively refined two-dimensional
cartesian grids. As often, the method consists in deriving some a priori estimates on
the numerical solution in order to establish the existence of discrete solutions to the
scheme. Then, with the help of further estimates and of some compactness properties,
the limits are proven to be the weak solutions of the equation. The originality of this
contribution comes from the presence of the Joule effect term in the equation, leading
to some specific difficulties.

Several times in our proof, we will make use of a discrete version of the inequality

[VulZa0yz < CIVul 222 [ul Lo (@) (2)

which has not been established before up to our knowledge. At the continuous level,
some classical Gagliardo-Nirenberg interpolation inequalities for intermediate deriva-
tives in R™ have been established in the seminal papers of E. Gagliardo [15] and L.
Nirenberg [23]. The following particular case of these results is stated in [14, Theorem
1.2] in the following form.

Theorem 1.1. If1<g<ow,1<r<ow, jkeN, j<kand
L j k=7
p kr kq ’
then there exists a constant C independent of u such that
j j k—j m , m
1970 gy < CIV* Ul oy iy Vo € LIRT) 0 WET (RP).

This result holds in the particular case j = 1 and k = 2, so that if

2_1.1
p r q
we have:
1/2 1/2 n T n
IVl o ey < CIVZul oy Ul g, Y€ LIR™) A W27 (R™). (3)



Up to the fact that (2) holds on a bounded domain © (which does not yield particular
difficulties), (2) is a particular case of (3). In what follows, we refer to (3) as a second
order Gagliardo-Nirenberg inequality since the highest order of differentiation is k = 2.
The first goal of this paper is to establish a discrete version of (3) in the particular
case of some piecewise constant discrete functions defined on a cartesian grid. As
far as we know, only first order discrete (Sobolev-)Gagliardo-Nirenberg inequalities
available in the literature so far, see [3, 2.

The outline of the paper is the following. Section 2 introduces the discrete setting
of the problem: the meshes, the associated discrete functional spaces and the discrete
difference operators on these spaces. Section 3 is devoted to the second order discrete
Gagliardo-Nirenberg inequality which is obtained following the lines of the continuous
case detailed in [14], leading to Theorem 3.7. Then, Section 4 presents the finite
volume scheme 8D,y Jup previously introduced in [7] for the approximation of the
convection-diffusion equation involving a Joule effect term, which is here formulated
in the case of a two-dimensional Cartesian grid. We infer from the discrete maximum
principle established in Section 5 that the scheme admits a unique solution, and
further estimates of energy type are derived under some smallness assumption on
the data. Section 6 then addresses the convergence of the finite volume solution
towards the continuous one as the discretization parameters tend to 0, cf. Theorem
4.4. Some mostly elementary properties of the discrete operators are finally collected
in Appendix for the ease of reading.

2 Discrete setting

In this section, we introduce the discrete framework such as the cartesian meshes,
some discrete functional spaces as well as some differential operators needed for the
following of the paper. We consider successively the 1D case and then the 2D one.

2.1 The case d =1

Let I =]z, Z[ be an open set of R, consisting in a union of cells M defined by (see
Figure 1):
M = {Cl :]mi—%’xi-&-%[’ i€ [[LNH}a

with V € N*. We also define the set of shifted cells:
M= {CH% =]s, zit1[, i€ [0, N]}.

We denote |I| = Z — x the length of I and we define zy = 23 = z and ay 1 =
zn+1 =T. Let z; be the center and h; = x;, 1 —x;_1 the length of C; for i € [1, N].
Let @;, 1 be the center and h; 1 = ;41 — x; the length of C; 1 for i € [0, N].

The spaces Haq (1), ﬁM(I) and ﬁ?u (I) are respectively defined by:

Hum(I) = {vel®(I)|vg =vieR, ie[1,N]},
Aull) = {vel®()|vc,, = vy €R, i€ [0,N]},
HY(I) = {veHu(I) | vy = vy s =0}



Figure 1: Notations for the grid cells of M and M in the case d = 1.

The discrete operator ¢, is defined from Hp () in ﬁj{/[(l) by:
Bl 7Y forie [1,N —1],

0 fort=0and i = N.

* Vity ~ Vi3 ~
6;v(@)|c, = ———= fori e [1,N].

The discrete second-order derivative operator 0, is defined from Haq(I) in Haq(I)
by:
8z = (6 0 8,)v.

Now the interpolation operator 7, is defined from H(I) in Haq(I) by:

% for i e [1, N — 1],
e, =1 2 forizo
UN for i = N,

and the interpolation operator 7% is defined from H(I) in Haq(I) by:

1 +U7;+l
(r¥v)g, = —2——2 forie[1,N].

2.2 The case d > 1
2.2.1 Meshes and discrete functional spaces

We consider 2 a connected subset of R? consisting in a union of rectangles (d = 2) or
parallelepipeds (d = 3), possibly non-uniform. The edges (or faces) of theses rectan-
gles (or parallelepipeds) are assumed to be orthogonal to the canonical basis vectors.
All the notations are given in the case d = 2, but they can be generalized to the case
d = 3.

Let Q =]z, [ [c R? be the set of the grid cells M defined by (see Figure 2):

i——7 i+ [ ]yj—%ayj-k%[v i€ [[LNﬂa JE€ [[LMH}v

/_./\_ﬁ‘@
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Figure 2: Notations for the grid cells of M, M\, M and M in the case d = 2.

with N, M € N*. We also define the set of shifted cells in the z-direction:

M = {Ci+%7_j :]xi7xi+1[x]yj—%7yj+%[7 i€ [[OaN]L .] € [[LM]]}’
the set of shifted cells in the y-direction:
M={Cijy =Joi gy XDy vl i€ [L N, j e [0, M1},
and the set of shifted cells in the z-y-directions:
M = {Ci+%,j+% :]xi7xi+1[x]yj7yj+1[a L€ [OaNﬂa JE€ [O7Mﬂ}
Similarly to the 1D case, we define:
hiJr% =Tijt+1 — T4 for i e [[O,N]], hi = Ii+% _‘/I"z?% for i € [1,Nﬂ,
kijy1 =yj+1—y;for je[0,M], kj=y; 1 —y;_1 for je[1,M].
We introduce the following functional spaces:

HM(Q) = {vel®Q)|vgc,, =vi;eR, ie[1,N], je[1, M]},

Mm(Q) {ve L*(Q) | UGy, = Vitki eR, i€ [0,N], je[1, M]},
H%m>: {ve Hm(Q) [ vy =vxys,; =0, je[1,M]},

M(Q) = {veL*(Q) | v|c1:,j+% =Ujy1 € R, i€ [1,N], j € [0, M]},
HO(Q) = {ve Hu(@) ] vy = ey =0, i€ [N},



Hm(Q) = Hm(Q) x Hpu(),
HM(Q) = HR(Q) x HY(9),
Hum(@) = {(vel®@)lve,, ., =viti+y €R, 1[0, N], 5[0, M]},
Hyf(Q) = {ve Hu(Q), [ve, Yoy, s, =0, €0, M]},
— 0,y 2 2 2 2 )
I{M(Q) = {_’UEHM Q)_, |’U‘CH%%:’U‘CH%7M+%:O,ZE[[O,N]]},
MQ) = Hy () o By (9).

2.2.2 Discrete differential operators

The discrete operator ¢, is defined from H () in PAI?\A (Q) for j € [1, M] (respectively
from H () in Haq(Q) for j € [0, M] + 1) by:

M foriE[l,N*lﬂ’
6$U<xay)\ci+ld = hlJr%
’ 0 fori=0andi= N.

Similarly, the discrete operator d, is defined from Ha(§2) in ﬁf?v( (Q) for i € [1,N]
(vespectively from Ha(() in Hay () for i € [0, N] + 1) by

Vig+1 = Vij for j e [1,M —1],
sy, =4 by
T 0 for j =0and j = M.
The discrete operator 6 is defined from H (Q) in Hpg(Q) for j € [1, M] (respectively
from Hpg () in Haq(2) for j € [0, M] + 1) by:

Viglj =0

il ..
. for i € [1, N].

5:”(33,@\01,] =
Similarly, the discrete operator §; is defined from Hp(Q) in Ha(Q) for i € [1,N]
(respectively from H () in Haq () for i € [0, N] + 1) by :

Vij+i —

U, i1
72 for je [1, M].
kj

(e, y)ie,, =
Then, the discrete gradient operator Vj, defined by:
Vi Hu(Q) — H3,(2)
Oz
v — Vyv = ( 6yv> .
With a slight abuse of notation, we also denote in what follows by

Vi:  HY(Q) — Hum(Q) x Hy(Q) x Hay(Q) x Hp(Q)

4)
! . (5:1}1 5y’l)1 (
() e )



The operators 6., = 63 o d, and dy, = 0, o J, are defined on Hp((f2), so that the
discrete Laplace operator Ay is defined by:

Ap: Hum(Q) — Hpm(Q)
v — Apv = (0 + Oyy)v.

Finally, it remains to define the cross-derivatives by the operators d,, and d,, respec-
tively defined from Ha(Q) in H () by:

Oy = Ogyv = (§y 0 05 )v = (05 © )V, (5)

and the discrete Hessian matrix V7 is defined for any v € Hp(92) by:
T2y — OpaV  Oya¥
h OpyV  Oyyv )~
2.2.3 Discrete interpolation operators

Some discrete interpolation operators are needed in order to pass from a given grid to
another one, similarly to the ones given in subsection 2.1 for d = 1. The interpolation
operator 7, is defined from Ha(2) in Ha(Q2) for j € [1, M] (respectively from
Hp(Q) in Hay(Q) for j e [0, M] + 1) by:
W# for i € [1,N — 1],
(Wwv)ci+%,j = V1,5 for i = 0,
UN,j for i = N.

Similarly, the interpolation operator m, is defined from Hx(2) in H Mm(Q) for i e
[1, N] (respectively from Haq(2) in Hpq () for i € [0, N] + %) by:
% for j e [1, M —1],
(Wyv)ci,ﬂ% - Vi1 for j =0,
Vi, M for j = M.

The interpolation operator 7* is defined from Hu () in Hu () for j € [1,M]
(respectively from H () in Haq(2) for j € [0, M] + 3) by:

Vi—1j T Vipl

5 for i € [1, N].

(W:U)Ci,j =

Similarly, the interpolation operator 7 is defined from Ha(Q) in Hpy(Q) for i e

[1, N] (respectively from Hpq () in H () for i € [0, N] + 1) by:

Vij—14

+v

4.4+ L
5 Zhib for j e [1, M].

(ﬂ;kv)cw =

In the following of the paper, the discrete differential and interpolation operators
fulfill some discrete properties, which are collected in Appendix A.



2.2.4 Norm definitions
Let pe R, p > 1. For any v € LP(2), the LP norm is denoted:

1/p
Pllrioy = ( [ P ax) ©)

The norm in the case p = o0 means the essential supremum over §2.
For any v = (v;)1<i<a € (LP(Q2))?, we define:

d 1/]3
HVHLP(Q) = <§|Ui|ip(§z)> )

and for any v = (v j)1<i j<d € (LP(2))?*?, the LP norm of v is defined by:

d
HXHZ;(Q) = 2 lvs,5

4,j=1

|1£p(9)' (7)

3 The discrete Gagliardo-Nirenberg inequality

3.1 The 1D case

The goal of this subsection is to establish the discrete Gagliardo-Nirenberg inequality
corresponding to the discrete 1D counterpart of (3):

Theorem 3.1. Let ve Hp(I), 1 < p,r <0 and 1 < g < o such that

+

S|

N
Q| =

Then there exists C' independent of v such that:

1/2 1/2
1820] oy < C 1800l 0 0 Koy (8)

We start to prove Theorem 3.1, following from the discrete point of view the work of
[14] corresponding to the continuous case. We first establish some Lemma.

Lemma 3.2. For anyve Hypm(I), any J < I and for any 1 < p < o0 we have:

1
L it |
Hv /] Lv(x) dxHLP(J) 2inf v = clrr ()

Proof. The proof is exactly the same as the one of Lemma 3.1 of [14] since Haq(I) <
LP(J),1<p< . O



Lemma 3.3. LetreR, r =1, ve Hy(I) and J < I such that:

J Suv(z) dz = 0. )
J

Then for any x € J we have:

r—1

|6:1:U($)| <2 H(SMUHLT(J) |J‘ T (10)

Proof. Wenote J =]a, B[, wherev € C; |1 and f € C; 1 with (iq, ig) € [0, N]? iy <
ig (see Figure 3). Without loss of generality, we suppose iy < ig.

« B
A | | Pie 14&:*11 | | “ig Tiet | | ZN |
{ x x x IR 1 IR 1 1 \

Figure 3: Configuration J =]«, S[c I with o > Ti 41 and B <, 1.

We define h; 1 = @i, 41—, by, 1 = B—wiy and hy 1 = hyy1, k€ Jia+1,i5—1].
The property (9) can consequently be written as:

ig
Z hk+% ((Sz”)lwé = 0. (11)

k=ia

Let 2 € J and j € [[ia, ig] such that |(6,v);, 1] = [6zv[z(s). We have:

bav(2)] < [(62v) 43l (12)
Considering now i € [iq, ig] such that:
|(5x’ll)]+% — (5$U)i+%| = kEr[[I'Ll,?J,)’L(ﬁﬂ ‘(5951))34-% - (5xv)k+%|a

we have from (11):

|(5rv)j+%‘ < |(5rv)j+% - (51;11)“%\
J
S Z |(5zv)k+% - (5rv)k—%|
k=i+1
ig
< Z |<6zv)k+% - <5xv)k—%|- (13)

k=iq+1

We suppose first that o > T4l and B < L1 like in Figure 3. We introduce:

- - h:
hz'a-‘rl = hz’a-;-% + ZOTHa
. - h;
hiﬁ = hi[s+% + 713,
h = hy for ke [io +2,ig — 1].



We know that h;_ 41 <2 iLiaH and h;, <2 ﬁiﬁ, and consequently:

is is
Z ‘(&cv),ﬁ% = (0av)p_1| <2 Z |((63 0 62) V)i T

k=iq+1 k=iq+1

By the Hoélder inequality we get:

ig

Z ‘(6xv)k+% — (59;1})1@,%

k=iq+1
ip o 1/r v =
< 2( PR(CErS Nk h) ( > hk>
k=io+1 k=io+1
r—1
= 2 |Savlirn) 1T (14)

From (12), (13) and (14) we get (10) in the case v > @; 1 and 8 <@, 1.
Then, in the case a < Ti 41 and 8 > x, .1, we introduce:

gtz

Bia Z‘ia+%—a,

hig+1 = 5 - xi/;-&-%a
hi = hy for ke [io + 1,ig].

This time, introducing J = [xia+%7:riﬁ+%], we obtain by the Holder inequality:
ig

D) I6a0)i s — (Gev)iy

k=io+1

( D0 0 8a)v)el” m)

k=iq+1

1r ) r—1

ig r
2.
k=iq+1

From (12), (13) and (15) we get (10) in the case @ <w; ,1 and 8> ;1. Finally,
in the two last cases (respectively o < Ti4 1 b < Tigid and o > Ty 41, b > xi6+%),
we proceed similarly and we obtain (10). The proof is complete. O

N

r—1

6200 7 117

r—1

oy

N

(15)

Hémvv

Lemma 3.4. Letre R, r =1, ve Hy(I) and J < I such that

J v(z)dz = 0. (16)
7

Then for any x € J we have:

r—1
T

lv(@)] < 2[02v] () 1] (17)

10



Proof. The proof is very similar to the one of Lemma 3.3 and based on the same
arguments. We note J =]o, 8[, where aw € C;, and 3 € C;, with (ia,ig) € [1, N]?,iq <
ig. Without loss of generality, we suppose i, < ig.

We define h;, = Ti 4l — INziB =pf—x;,_1 and i = hi, k € [ia + 1,35 — 1]. The
property (16) can be written as:

Z ]le Vi = U. (18)

Now, let € J and j € [ia, 4] such that [v;| = [v|L=(s). We have:

(@) < il (19)
Considering now i € [i4, %] such that |v; —v;| = I[%laX | |v; —vg|, we have from (18):
kelia,ig
J ip
lvj] < Jv; — o] < Z |vg — vk—1] < Z |vg — vk—1]- (20)
k=i+1 k=ia+1

We suppose first that o > x;, and 3 < x;,. We introduce:

7 7 ot 5
higry = i 12 =,
] A
Y
hiﬁ7% = hiﬁ + 2 2 R
huey = Iyey  for ke i+ 1,5 —2].

We know that h¢m+% <2 ?Lia_,_% and hiﬁ_% <2 ﬁiﬁ_%. Consequently:

ig i3
2 |'Uk —vp_1] <2 2 ‘((511}),67% hkfé'
k=iq+1 k=iq+1
By the Holder inequality we get:
ig s r r ig =
Z |’l)]C - Uk71| < 2 ( Z ‘(5zv)k7% hk—% ) ( Z hk%)
k=in+1 k=iaq+1 k=ia+1
r—1
= 2|6z0]prny I (21)

From (19), (20) and (21) we get (17) in the case o > x;, and 3 < @;,.

For the three other cases (o < z;, and 8 < Tig; >, and B >y, ; a < x;, and
B > x;,), we proceed in the same way, similarly to Lemma 3.3. O

Lemma 3.5. Letp,q,reR, p>=1,q=1,r>1, JcI. For anyve Hp(I), there
exists C independent of v, a and b such that

1_1 _ 1_1
sl oy < © (11457 asoliogsy + 117574 ol

11



Proof. The proof is similar to the one of Lemma 3.2 in [14], and we give it here for
completeness. First we introduce

7= ﬁ Lv(x) dz.

From Lemma 3.2, we have:

[ =l Loy ~ nf o =l Loy,

1
so that we may assume v = 0. We denote d = m J 0,v(z) dx and X the center of
J

J, and we define

0(z) = v(z) - d(z — Xo), (22)
so that
J () do = 0, (23)
J
and
J 0,0(z) dx = 0. (24)
J
From (24) and Lemma 3.3, we get:
~ r—1,1
10200 Loy < 21177 7% |0a0v] L ()- (25)
From (23), Lemma 3.4 and (25), we get:
~ 1,11
[0 2acsy < 4TI b0l L) (26)

Finally we have:

I0zvllzr(ry < 020]Lr )y + ALy
I ey - ld(x — Xo)lLa(s
lz — Xolzacr)

= H5z5\|LP(J) +

(25) 1_1 _ 1_1

< M 0w Ly + 1P (@ — Xo)| Lo
(22) 1_1 4l ~

< M 0eavl ey + TP T (0l pagay + 18] 2a(y)
(26)

11 qq11
< I 0w ey + 11T 0] Loy
The proof is complete. O

Lemma 3.6. Let ve Hp(I) and 1 < p,r < 0, 1 < g < o0 such that

2 1 1
Z =4,
p r q

Then, there exists a sequence of open intervals (I};), which covers I, such that:

_ 1_1
|Ik| 1+p 4 ”U”Lq([k),

lek < 4
k

1_1
‘Ik|1+” " H‘SmUHLT(lk)



Proof. The proof is exactly the same as the one of Lemma 3.3 in [14]. We only mention
that we need the values of r and ¢ not to be equal to +00, so that the functions w, and
o, remain continuous, since in the proof we have to replace CX(R) by Hyp(I). O

Proof. (of Theorem 3.1)
1

First, we consider 1 < p,,qn, 7, < o such that — = — 4+ —. Following the
proof of Lemma 3.4 in [14] and using previous Lemma 3.5 and 3.6 (which respectively

correspond to the discrete versions of Lemma 3.2 and 3.3 in [14]), we obtain:
P £l e
H‘SwU”LZn(I) < ”(waU”Lrn(]) ”U”an(j)v (27)

so that (8) holds. Then, we can write:

qn—1 1
HUHL%(I) < HUHLZSIU) HUHE’T(I)?

and thanks to (27) we get:

o< 5 EASTR NN
”(SIU Lrn(I) ~ H(SIT{U‘LM(I) HUHLw(]) HvHLl([)~
Now it remains to make ¢, tend towards +oo to obtain (8) in the case ¢ = o0. O

3.2 The 2D case

The goal of this subsection is now to establish the discrete Gagliardo-Nirenberg in-
equality corresponding to the discrete 2D counterpart of (3):

Theorem 3.7. Let ve Hp(Q), 1 < p,r <00 and 1 < g < 0 such that

2

==+
p

S e
| =

Then, there exists C' independent of v such that:

1/2 1/2
IVhvlzog@) < C VR o]0y 10 a0 (28)

Proof. First of all, from v € Haq(£2) we define some discrete one-variable functions:

For j € [1, M], v\9) € Hy((Z,) with Z, =]z, %[ and
H(gzv(j)szp(Iz) = L 16,097 da.
For i € [1, N], v € Hpy(Z,) with Z, =]y, y[ and

16,0 s,y = | 16,001 dy.

13



We have:
190l 0y = [, 1800+ [ 16,007 ax

M
= Dk 16098, o)+ Zh 18,20P1% ..
j=1
From Theorem 3.1, we get:
”vhU”ip(Q) (2 k ”5azmv

<C (Jbuavl o) + ||5yyvuzq(m) ol

<CIVul i 1ol

H” HLq(I y T Z hi H‘syyv Lv(z )HU ”Lq(z ))

so that (28) holds. O

Remark 3.8. In the following section, we will focus on the case p = 4,r = 2,q = ©
th’UH%qQ) <C|Vi V] z2) [vrlLe(@)- (29)

Remark 3.9. The discrete Gagliardo-Nirenberg inequality (28) and the equality (85)
also hold when the domain Q is a subset of R®. Indeed, the definitions of the dis-
crete operators, scalar product and norms can be done in a similar way to the two-
dimensional case. An induction argument is used to conclude the proof of Theorem
3.7, and a term-by-term identification can be done to obtain (85).

4 Finite Volume scheme and a priori estimates

4.1 Model and continuous results

In this section, we are interested in a convection-diffusion equation involving a Joule
effect term, given by:

du+ V- (uv) + A Vu? = uAu = 0, VxeQ, Vtelo,T], (30a)
Vu(x,t)-n = 0, Vxed, Vtel0,T], (30b)
u(x,0) = wup(x), in (30c)

where Q =]z, Z[x]y,7[c R?, n is the outward unit normal vector to 0Q, T > 0
is an arbitrary finite time horizon, A > 0 is a fixed parameter, and the vector field
v:Qr = Qx[0,T] — R? is divergence free and satisfies a no-slip boundary condition,
ie. v(x,t) = 0 for all x € dQ and ¢ € [0,T]. The system (30) can be seen as a
particular case of a global low-Mach model with temperature dependent viscosity, in
the case where v is a given datum of the problem (see e.g. [19, 8]). A local well-
posedness result for strong solutions to (30) has been established in [8, Theorem 1].
More precisely, assuming that

up € Hy(Q) = {w e H*(Q) s.t. Vw(x) - n(x) = 0 for a.e. x € 9N},
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that the convective velocity satisfies

v e L20,T;Vo(R) n (H?(Q))?) with V5(Q) = {we (H}(Q)? V-w =0, in Q},
(31)
and if there exist two real numbers w, and u! such that

0 <u, <up(x) <u¥, VYxeq, (32)

then there exists T' > 0 such that the system (30) admits a unique solution with the
following regularity:

we L2(0,T; H3(Q)) n L*(0,T; H%(Q)), e L*(0,T; H'(Q)) (33)

with
0<u, <u<uf ae Qr. (34)

In this paper, we rather work with a weaker notion of solutions demanding for less
regularity than (33).

Definition 4.1. A function u is said to be a global in time weak solution to Problem
(30) if u € L®(Qr;[uy,u]) n LP((0,T); H(Q)) with dpu and V?u € L*(Qr), if
Vu-n=0 ondQx (0,T), and if (30a) holds (with each term belonging to L*(Qr)).

With such a lower regularity requirement, we are able to prove global existence of
a weak solution.

Theorem 4.2. Suppose ug € H(Q) and that the assumptions (31)-(32) are satisfied.
There exists 6 > 0 such that, if

o — | o () < 0 (35)
for some constant w > 0, then there exists a weak solution u satisfying
|u =3l Le@xr,) <O
Moreover there exists C = 0 such that for allt > 0:

t

fott) ~ sy + |

(1Vu) ey + A0 e ) ds

t
<00w—U%mNJ;VWM%@@>o@®

The existence of such a global in time weak solution is a by-product of the Theo-
rem 4.4 on the convergence of the finite volume scheme to be introduced in the next
section.

4.2 The Finite Volume scheme

We notice that V - (uVu) = |Vu|?> + uAu. Then, the way to discretize the Joule
effect term |Vu|? arising in (30a) must be consistent with the non-linear diffusion
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one. This is important in order to ensure some properties on the numerical solution,
such as some maximum principles which hold at the continuous level. Moreover, the
non-conservative way to write the diffusion term is consistent with the analysis that
we will do, which mimics the continuous one. A rather similar Finite Volume (FV)
scheme was initially introduced in [7].

In addition to the notations of subsection 2.2.1, we denote & = £ U €V the set
of the horizontal and vertical edges of the mesh, i.e.

cH _ {]mi,%,xi%[x{yﬂéh ie[1,N], je [[o,M]]},

gV {{xi+%}x]yj,%,yj+%[, ie[0,N], je [[LM}]}.
Now we introduce the definition of a uniform mesh in each direction.
Definition 4.3. A mesh M is said uniform in each direction if h; = h, for i€ [1, N]
and k; = hy for j € [1, M].

From now and for the sake of simplicity, we assume that the mesh M is uniform
in each direction. As usual in the finite volume context, the size of the mesh is then
defined as the diameter of the cells, i.e.

h=/h2 + h2.

We also introduce the transmissibility coefficient, given by

ag:h—yforaegv and ag:Z—mforaeé’H.
z Yy

Let us introduce the space
Veo(Q) = {vi = (v1,,v2.0) € HO(Q) | diviyvy = 0}, (37)
where the operator divy, is defined from Ha,(£2) in Haq(£2) by
divpvy, = 6Fvyp + 5;1121;1.

Let & ; be the boundary of the control volume C;; (i € [1,N],j € [1,M]). For
o € &; 5, we denote by n, ; , the exterior unit normal vector to . Given a fixed but
arbitrary finite time horizon T' > 0, we split the time interval [0,7"] in a uniform
partition of time step 7 = T/Np for some N € N5, we define t" = nt (0 < n <
Nr) (so that [0,T] = Upcpen, [t",t"T]). For any velocity field v = (v1,v2) €
L2(0,T;Vo(Q)), we define v, = (v1 hr,v2.nr) € L2(0,T; Ve o(2)) by setting

VL (%,1) = 0y 5 B (%) € Ciyygny x (87, 87F1), (38a)
'1)27}“—()(7 t) = ’I)Zj+1/2 if (X7 t) € Ci,j+1/2 X (tn,tn+1), (38b)
with
tn+11
= J —J do(x)ds, i€[l,N—1], je[l, M], (38¢c)
z 2,] h
t"+11
f 7J s) do(x)ds, ie[1,N], jel[l,M—1].(38)
’Lj+2 h N
iitd
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The integrands in the above formulas have to be understood as the traces of (v, v2) €
L%(0,T; (H'(£2))?) on the edges. We define moreover vi € Vg (£2) by:

tn+1

Vi) = (0040008 00) = T [ var(xis)ds vxe

The initial data ug is discretized into

WO -1
i,J hzhy

uo(x)dx, i€ [1,N],je[1, M]. (39)
Assuming that uj € Hy(Q) is a known approximation of u(-,t"), we are looking for
an approximation u}*! € Ha(Q) of u(-,¢"*1), with

up(x) =ui; ifxeCijeM, n=0.

The space-time approximate solution up, € L*(0,T; Hy(2)) is then defined almost

everywhere by
upr(x,t) = upt(x) ifte (",

The scheme is obtained by integrating (30a) on each C; ; € M, leading to

n+l
u;
Pig T g Ui +1 +1 +1 +1
hhy, + 3R Ul h L Aghy (T (up ) — ulF (Apun) ) = 0.
o€y
(40)
In the above equation (40), we defined v'; , by
e 1%
. +h, vﬁ_l’j ifo=o041;€E7,
1,J,0 = .
th, i% 1f0=ai1ji%e€H,
and by u;’;’}, + the upstream choice for the convection term defined for o € &; ;:
n+1 : _ V
n+1 : n uiil’j ifo= i% €é
‘1 upg it o =0, +1 ntl "
n k2 1 n . o
piot = i ) with w7, = ¢ uijy, ifo=o0;;,1€&,
u;;, otherwise, L .
e ufj if o < 0Q.
The discretization of the Joule effect term is more original as we set
n+1 n+1 n+1y+)2
‘-ZJ( h h, ui,j,a) ) ’ (41)
Y 0651]

where at = max(0,a). We also denote by
Tn(up ™) (x) = Tiji(up ™) ifx e Gy, (42)

This discretization of the Joule effect term |Vu|? can be though as some dual coun-
terpart of the upstream convection, see [9]. It enjoys the following key property for
the preservation of the maximum principle:

nal n+1 n+1
u T S foralloed; = Jij(up™) =0,
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transposing to the discrete setting the fact that |[Vu|? vanishes at the minima of u.

Besides the second order discrete discrete Gagliardo-Nirenberg inequality stated
in Section 3, the main result of the paper can be gathered in the following statement.

Theorem 4.4. Let ug € H'(Q) be such that u, < ug < uf for some (strictly) positive
constants w,,u, then the numerical scheme (39)-(40)~(41) admits a unique iterated
in time solution un, with w, < up, < uf a.e. in Qr. Moreover, if uf —w, < & for
some § > 0 small enough, then, up to a subsequence,

Upr — U a.e. inQr
h,7 —0

where u is a weak solution to the continuous problem.

The two next sections are devoted to the proof of Theorem 4.4. The thresholding
value § will be specified in the proof of Proposition 5.2. Moreover, finer convergence
properties will be derived along the proof, especially in Section 6.1.

5 Numerical analysis at fixed grid

The goal of this section is to prove the well-posedness of the numerical scheme as well
as estimates which are uniform with respect to the grid. Those estimates will serve
as cornerstones for the convergence proof reported in Section 6.

5.1 Maximum principle and existence of a discrete solution

We first establish a uniform L a priori estimate on the discrete solution, on which
we will rely to show that existence of a discrete solution uy, to the scheme (40).

Proposition 5.1. Assume that there exist two positive constants uy,u* such that
0 <y < ug < ug. (43)

Then for all n € [1, N7] the finite volume scheme (39)—(40) admits a unique solution
up € Hp(Q) which satisfies

0<wu,<ul;<u; Vie[l,N],je[l,M], ne[l, Ng]. (44)

J

Proof. The proof is done by induction over n. The initialization for n = 0 is straight-
forward in view of (43) and the definition (39) of the initial discrete solution. We
perform a harmless modification of the scheme, which now writes

n+1 n
ul Tt —
*J 2] n n+1
hahy —=———+ D) Ve Ui e
O'E(Si,]'

+ Mighy (Fig(up ™) — (i) (Apun)i ) = 0. (45)

@,J %]
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instead of (40). Of course, once (44) is established, we get that solutions to (45) are
also solutions to (40).
The modified scheme (45) can be rewritten in the compact form

Fijuptty =w?,,  ie[1,N],je[1,M],

where Fj, = (Fij), ; + Hm(Q2) = Ham(R) is increasing wor.t. u”+1 and non-increasing

w.r.t. uZng as soon as (k,¢) # (i,j).Moreover, since v} is dlscrete divergence free,

one has for all x € R that
]:Z‘J‘(lih) = K, 1€ [[I,Nﬂ,j S Hl,Mﬂ, (46)

where &, is the element of Hx(€2) which is constant equal to k. The Jacobian matrix

J(uptty = (%(u;ﬁl))( - is a M-matrix in the sense of [18, Definition 4.8].
: i,9),(k,
Let ’QZH be another solution to (45) corresponding to the some previous step value

up, then

]:h(uZJrl) ]:h(UZJrl) J(UZJA ,az+1)(uz+1 _ az+1) _ UZ _ aZ’

where
J(’LLZ+1 vn+1 J J n+1 n+1 iLZ+1))dt
is also a M matrix. It is in particular invertible with J(uy**, 4} "')~™! > 0 component-

wise. Therefore,
up = ay o= uptt = aptt

This yields in particular the uniqueness of the solution to (45), as well as the maximum
principle (44) thanks to (46) if one chooses @} = )" constant equal to u, or uf.

Finally, the existence of a solution to the modified scheme (45), and thus to the
original one (40) is obtained thanks to some classical topological degree argument.
We refer to [21, 10] for a general presentation of the topological gradient theory, and
to [11] for its first (up to our knowledge) use in the context of finite volumes. O

5.2 Further estimates

The goal of this section is to establish the next estimates required to establish the
convergence of the scheme. The main and next one is a L (H') n L2 (H%) estimate
obtained under some smallness assumption on the data.

Proposition 5.2. Assume that (43) holds. Then, there exists 6 > 0 such that if
uf — u, <0, (47)

then there exists ¢ > 0 only depending on Q, ug, v, A\, § and T such that the solu-
tion ujy € Hp(Q) of the scheme (40) built at Proposition 5.1 satisfies the following
estimates:

IVhuplr2) <e¢, Vne[l,Nr], (48)
Nr—1
Y (18w u e + [0 ey < (49)
n=0
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Proof. Before addressing the properties of uj, n > 1, induced by the scheme, let us
first remark that
thuhHL2(Q) IVuo L2 (50)

thanks to the definition (39) of u) and to successive uses of Jensen’s inequality and
Fubini’s theorem. We refer for instance to [12, Lemma 9.4] for an extension of (50)
to the more complex case of non-structured grids.
Given n € [0, Ny — 1], we multiply (40) by (— Ahuh)"+ and we sum for i =
y,Nand j=1,...,M:

untl — g
- J- bR ApP T dx + A f up T (Apup ) dx
Q Q

T

Z Z Uiy Ui J+(Ahuh)”+1 + A J J () Apupttdx.  (51)
Ci ;eM o€t ; Q

b2 2
Owing to (84) and to the convexity inequality (b — a)b > 5 = %, the first term in

the left-hand side can be over-estimated by

un+1_u n 1 . .
- [ At > g B - 5 VB 62

For the second term of the left-hand side, the maximum principle (see Lemma 5.1)
implies that

A jﬂ P (A )2dx > Ay [ A 2, (53)

For the convection term, we have two contributions corresponding respectively to
the centered approximation for the convection and to the numerical diffusion stem-
ming from the upwinding, see (97). We recall that the properties of the discrete
interpolation operators are collected in Appendix A. Concerning the centered part,
we deduce from (96), (98) and Lemma B.1 that

2 Z ij o Ui, ac(A u )n+1 = _TI(LQ) (2 ? T2(1 2 T2(272)7 (54)
Ci‘jGM (TEgiﬁj

with:
T2 = f o (8507 - (Spuf ) - Syl dx,
Q
T1(2’2) = J Ty (0203 p, - ﬂ'x((SyuZH)) '5xUZ+1 dx,
Q
T(1’2) — * Sl . ) n+1 Y n+1 d
2 Qﬂ—z( yU1h Ty (zup ™)) - Oy, X,
and

102 = [ (@m0 8,00
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The combination of Proposition A.5, standard Hélder inequalities together with Propo-
sition A.6 yields

TP < 18R sl e Imd e ) o)
S @) 62 Un+1HL4(Q),
T2 < 0208 2 [me(Byup ™) Loy Iy (Baty ™) o)
< Héwvé‘,h\lmm HéyuZ“Hu(m H(Sa:uZ+IHL4(Q)a
T2 < 18,02 a2 (@) Iy (Geu ) Lagay 1me (™) Lace)
< oy T PRTGYN [N TH s PRTT
) < @ 753, uZ“)H%4<Q>
< H(;y% w2 |0yuy ”L4 ()

whence the estimate

v Y 2 v uth (Apun)pt

C,JEMUG&,
A n+1 n+1 2
S IV By + 5 (1000 ™ age + 16,5 Bage)

'LL’:1 — U
< ﬂuvhvzuiz(m 3 Com Bl 8 g (55)

For the last inequality we used the Gagliardo-Nirenberg inequality (29) applied to

f
uptt — % € Hpm(R)) combined with identity (85). Let us now focus on the

numerical diffusion part corresponding to the second term in (97). Since

n+l n+1 ”+1 a1 o
ui,ij;‘F - uiujﬁﬁ‘ - | ,]70 ) Voe 52],

one can rewrite

DD e =t ) (A, )”H‘

Ci‘jEM O'Egiﬁj

hyh
<Ml S | Y el
Cw-eM O’Ec‘:i,j

which together with Young’s inequality leads to
€ n|2
A< B+ ZHAhuhHLZ(Q)a
with

— E E n+1 n+1
B = Iehzhy | 1]J||u ~Uijo )
C,‘JEM O'ESVL\]
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and where € > 0 will be fixed later on. Using now the elementary (a + b+ ¢ + d)? <
4(a® +b% + 2 + d2) and Young’s inequality, we get that

Bo< tun XN b

01 GEMOEE; ;

n+1 un+1 2

1,7,0

< Y ST “hahy D5 3 it -l
C1 JEMo€EE; ; C; ;eEMo€E; ;
1 ) 2c
S gaelVilie + TR
(Cg)* « 4,4 1
S one + 5o (Con) W (uf = w)? | Any ™ [,

where the last inequality is a consequence of the discrete Sobolev inequality (see for
instance [13])

IVilza) < CsliVavilloe o)
and of the discrete Gagliardo-Nirenberg inequality (29) combined with identity (85).
For the parameter o > 0, we choose o = Ae/(4h?), so that

2h4(Cg )4 A
Be < T\Ivhvﬁ\l‘im + g(CGN)‘l(Uﬁ — ) Apuy 72 q)-
Setting € = A(Can)*(u? — uy)?, one gets that

3\

hC's 4
A<A 5 C f_ N 22 )
<>\(CGN)2(uﬂ—ub)> VeV Q)+ (Con ) (u — )2 | Apuy T3 (gz) |
56

Finally, applying Cauchy-Schwartz inequality to the last term in (51) leads to
R TN e Pk A T

The definition (41) and (42) of 7}, is so that

1 1 1 2
|7 ey = 5 20 | 2 e (i —uif)*)
Yy Cri,jEM oeé; i

4 2 1 1 4
< hoh Z Z Ay ((uzn,;r _UZ;_,U)Jr)
Y C,‘JEM O’Egi,j
ntl _ iy 4
< Z Z (7]7"> ,
CHGMUGSH

with hy = hy if 0 € Y and h, = hyifoe EH is the distance between the cell centers
|Xi.; — X; j.o|- Due to the positive part, each edge o is counted once in the last sum,
and we deduce that

1/2

4

up -

I 2y <2 Ray Y. (h 2Vl -
oe€ g
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Applying again (29) and (85), one gets that

[T0 (i ) 12(0) < 2(Can) (1 —wp) [ Apup Y 120, (57)

and then that
J Tn( ) A dx < 2A(Can) (6 — )| Ane 2 (58)
Eventually, combining (52)—(58) in (51) leads to
1 n+1 n|2
o= (190 ey = 19022

1 1 h\* N
| Anun]Fa o (ub - i(CGN)452 - 2(CGN)25> < <2)\ +C1 (6) > IVivilT ()

with Cy depending only on Q (via Cgn and Cg) and on A. For § < 2 1+“)2 , the term

in front of |Apup|? is positive. Owing to Lemma B.2, the above rlght hand side is
bounded by some quantity not depending on the mesh. O

From the above estimate, we deduce a uniform L?(Qr) estimate on S up, €
L*(0,T; Haq) defined by

un+1 n
Srttr (-1 t) = L if g e [0, 7). (59)
T
Then the following estimate directly follows from the use of the estimates of Propo-

sition 5.2 in the scheme (40).

Corollary 5.3. Under the assumptions of Proposition 5.2, there exists C = 0 de-
pending only on Q, ug, v, A\, 0 and T such that

H |6, un,|* dxdt < C
Qr

6 Convergence of the finite volume scheme

The purpose of this section is to establish the convergence of the scheme thanks to
compactness arguments. Given (M), -, a sequence of admissible meshes with size
hy tending to 0 as m tends to +oo, and given (7,,),,~, be a sequence of positive
time steps tending to 0, then denoting by (upn,,r,,),,>o the corresponding sequence
of approximate solution provided by Proposition 5.1, then one aims to show that, up
to the extraction of a subsequence, uy,, ., tends to a weak solution u to (30) in the
sense of Definition 4.1. Our proof is based on compactness arguments. We start in
Section 6.1 to establish some compactness properties on the approximate solutions
(Uhyp 7 )m» then the limit value will be identify as a weak solution to the problem in
Section 6.2.
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6.1 Some compactness properties

First, it follows from Proposition 5.1 that there exists u € L®(Qr) with u, < u < u
such that, up to a subsequence, there holds

U =2 in the L®(Q)-weak-* sense. (60)
m——+00

Moreover, thanks to the (uniform w.r.t. m) L*(Qr) bounds on Vj, up, ,,, and
Oz, Uh,,+,, respectively established in Proposition 5.2 and Corollary 5.3, we can mimic
the technics detailed in [12] to get estimates on the space-and-time translates

T—¢
J f U7 (XFE, t+C) =, 7, (x,1)[Pdxdt < C (P + €]*), (€ (0,T), £€R?,
0 Qe

with C not depending on m, and with Q¢ = {x € Q| x + £ € Q}. This in particular
yields the relative compactness of the sequence (up,, r,,),, in L?(Qr) thanks to Kol-
mogorov’s compactness criterion. Therefore, up to the extraction of a subsequence,
we get that

Up, — u ae. in Q. (61)

m—+00

mTm
Besides, we deduce from Estimate (49) that, still up to a subsequence, there holds

An, un, -, —> Au  weakly in L*(Qr). (62)

m m m—+00

Indeed, the (uniform w.r.t. m) L?(Qr) bound on Ay, uy, ,,, ensures the existence of
some weak limit 0 € L?(Qr). Then following the program of [12], the identification
of 0 = Aw is then obtained in the distributional sense. Similarly, we deduce from
Corollary 5.3 that

OrpUhyr,, —> Oru weakly in L*(Qr). (63)
m——+00

Concerning the sequence (Vy, up,,,.),,, e have the uniform L®(0,7; L*(2))? esti-

mate (48) as well as a L*(Q7)? estimate stemming from the combination of (29), (44)

and (49). After identifying the weak limit in the distributional sense once again, one

gets that

Vi, Un,r, —> Vu inthe L*(Qr)-weak and L (0,T; L*(Q))* weak-* senses.

m m m——+00
(64)
Further compactness is required to pass in the limit in the Joule effect term 7y, (un,, -, ),
whence next lemma.

Lemma 6.1. Up to extraction of a subsequence, the following convergence holds:

Vh, tnh,r, — Vu ae inQr.
Lm0

Proof. The proof relies on some discrete Aubin-Lions-Simon lemma. In the proof, we
make use of the result presented in [1] but we stress that a proof building on [16, 17]
is also possible.
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We proceed direction-wise, proving that d,up, -, € Iflj)\/lm (©2) converges pointwise

towards dgu. Of course, proving the convergence of d,up,, -, € ﬁ?\/tm (Q) towards d,u
is similar.
The combination of Estimate (49) with identity (85) provides that

IVh0ath i 12(0py2 < €

for some C not depending on m, providing some compactness with respect to the
space variable on (0;up,,r,, ),,- On the other hand, given ¢ € C(Qr), and denoting
by @h,,r,, the piecewise constant in time and space function defined by

1 (n+1)7pm,

Bhpr (X,1) = 7J f p dxdt,
Tmhaemhym Jns,, Civi/2,5

then

ﬂ 0207, Uh,, 7,,, P dXdt = J Oz 07, Uy, Phyy 7, AXAE = —J O Ut 7 O P, AXAL.

Qr Qr o

Applying Cauchy-Schwarz inequality and using Corollary 5.3 and [12, Lemma 9.4]
yields

f 0007, Un 7 p dxdt < C|Vi,, Gh,r
QT

L2(Qr)? < CHVQPHLz(QT)z.

We can thus apply Theorem 3.9 of [1] which ensures that d,up,, -, converges pointwise.
Because of (64), the limit is dgu. O

Notice that thanks to (64) and Lemma 6.1, we can apply Vitali’s convergence
theorem and claim that

Vi Uhyr, —> Vu in L*(Qr). (65)

With the above compactness properties, we have enough material to pass to the limit
in the scheme. This is the purpose of next section.

6.2 Limits are weak solutions

As a preliminary to the identification of any limit value u of us,, -, as in Section 6.1
as a weak solution, let us first show the consistency of the discretization (41) and (42)
of the Joule term.

Lemma 6.2. Up to a subsequence there holds

T Whr) — |Vul*  weakly in L*(Qr).

m—+00

Proof. First, it follows from (65) that

Vit |* = [Vul® in LY(Qr). (66)

m T’"L
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On the other hand, we deduce from (49) that there exists some J € L?(Qr) such that

I, (Un, ) o 3 weakly in L*(Qr).
Let us now identify J as [Vu|? in the distributional sense. Let p € C*(Qr), and
define ¢y, -,, by setting ¢}, = o(x;,5,t") for all C; ; € M, and all n € [1, Np ],
then

f f (T () — [Vt |2) 0 dxAt < Ron(9) + Sia(9), (67)
Qr
with
Ron(9) = [ [ (T Wn) + [V 00,7, ) s, = ]
Qr
and

Smli) = f f (Too (nmns) — Vit %) @,
Qr

Due to the regularity of ¢ and to the boundedness in L'(Q7) of Jy,, (up, -, ) and
2. we infer that

(Vi Wby

IR ()| < C(hm +Tm) — O. (68)

m—+00

Since 1
J | |thuzm|2dxdt =35 Z Qo (ufj - uﬁjﬁ)Q,

@7 o€

one deduces from the definition (42) of Jp,, (un,,r,, ) that

Nt m

2 1
+ 2
Su@l = | N ety B ae| (g ) ) - 5 g - uty)

n=1 Ci ;€M o€&; ;

1NT,m, 9
S 3 Z Tm o (uitr; —uiy)” [@Ty — il

n=1 o€,
Nt m
2
< Chp ph Tm 25: ag (Ul —uf;)” < Chy, 0 (69)
s

the last inequality being a consequence of (48). Then we deduce from (66)—(69) that
J = |Vul?, concluding the proof of Lemma 6.2. O

Our next lemma is about the boundary conditions for the limit u, which is shown
to belong to L?(0,T; HZ(£2)).

Lemma 6.3. Let u be a limit of (up,, -, ),, as in Section 6.1, then Vu-n = 0 on

o0 x (0,7).

m
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Proof. First note that since Au belongs to L?(Qr), cf. (62) and since (2 is convex,
then u belongs to L?(0,T; H*(Q)) and Vu € L?*(0,T; H'(Q2))? admits strong traces
in L2(0,T; HY?(09))? < L?(0Q x (0,T))?. Let us show that —d,u = Vu-n = 0 on
({z} x (y,7)) x (0,T), the treatment of the other parts of the boundary being similar.
We proceed as in [4, Section 4.2]. Fix € > 0, then the triangle inequality gives

T ry Tl € rY

| [ et olavae = [ 2 [ [ sl ). ldudsde < 47+ B+ €5, (70)
0 Jy o €JoJy
with

AC

T € ry
f 1” Osu((@,y), 1) — Gsul(z + 5,9), 1) dydsdt,
o €JoJy

=
I

T 1 € g
m J < J j |0zu((z + 5,Y),t) — Ozun,, -, ((z + 5,y),t)|dydsdt,
0 0 Jy

Q
I

T 1 (¢ Y
. J *f J |62t 7 (2 + 8, 7), t)|dydsdt.
o €JoJy

Applying Cauchy-Schwarz inequality, one gets that

T 1 (¢ Y S
A < J *f j j [Ozzu((z + 7, 7),t)| drdydsdt
o €JoJy Jo

Tl € Y S 1/2 (y y)e
s f € f J J |a“uu((£ T y)7 t)|2 d’/‘dydsdt -
o €JoJy Jo 5

We then infer from the lower semi-continuity of the norm for the weak conver-
gence (62) that
A€ < C/e, Ve>0. (71)

For the second term B¢, the strong convergence of §,up,, ., towards d,u in L?(Q7)
(thus also in L'(Qr)) stated in (65) implies that

lim B;, =0, Ve>0. (72)

m——+00

For the third term C7,, we us the fact that u} ; = ug ; to write that

1 N1,m M,, [h;,m]
€ n n
Chn < - Tm hy,m Z |Ui+1,j — U
€ " "
n=1 j=1 1=0
1 Nr,m M,, sl NI
n n n
s 3 T D3 hym Dy | D (s — 2uly + uiy )
n=1 j=1 i=0 [£=0
1 N1 m M,, [h:m] 4
n n n
< - Tm ), hym Z \W+1,j = 2uy; + “4—17j| :
n=1 j=1 i=0 (=0



Then Cauchy-Schwarz inequality provides that

Nt m M, [h;,m] i n n n 2
0 2 1 S g2 Uy, — 2ug U
(C) . Tm y,mitem Z Z h2
n=1 j=1 i=0 £=0 z,m
1 Nt m M,, [h;m] i
< | - Tm Y hym W2, | = c5® <@, (13)
n=1 j=1 i=0 ¢=0

The first term in the above right-hand side can be overestimated by

+ hem hzm
| L (1 3 ) YT .
Qr

Hence we infer from (49) that

limsup C5M) < 400, (74)

m—+00
Concerning 055(2), we first use the elementary inequality [§]b < a + b to write

(R

f Zh < et B+ 20 ).
i=0 ¢=0

Therefore, we obtain that

C;<2><6T(y—y)(1+ * ><+ : )
- €

limsup C5? < Ce. (75)

m——+00

Combining (71)—(75) in (70) yields

and thus that

T ry
fo f 2pu((z, ). B)ldyd < C/e

for any € > 0, whence the desired result. O

It only remains to prove the following proposition to conclude the proof of Theo-
rem 4.4.

Proposition 6.4. Let u be a limit value of (up,,r,,),, as in Section 6.1, then u is a
weak solution to (30) in the sense of Definition 4.1.

Proof. With Lemma 6.3 in addition to the compactness result stated in Section 6.1,
we know that the limit u belongs to the right space to be a weak solution. We only
have to check that (30a) is fulfilled by the limit u. To this end, denote by

1
ijH:i Z ol ultl

%,],0 71,3,0,+



for i € [1,Np], j € [1,My.], and n € [1, Ny, ], then define Wy, by

Whor (X,8) = W if (x,8) € Cij x (871 #7].

.3
The scheme (40) then rewrites under the compact form
Ot Uhi i + Wi + ATy (Uhy7,,) = Unyir Ay Unyr,, ) = 0. (76)

Due to (60), (61) and (62), we can easily check that

Un iz Dby Unyyr,,  — ulu  weakly in L*(Qr).
m—+400

Bearing in mind (63) and Lemma 6.2, it only remains to prove the

Wh.r —> V-(uv)=v-Vu weakly in L2(Qr), (77)

-
I m— o0

to pass to the limit in (76) to recover (30a).

. n s . n _ n+1 .
Since v} is divergence free, one has Zaegw_ v;'j o = 0, so that W/ rewrites

1
n+1l _ n n+1 _,n+l
W = o D Ve (WS —ui ).

O'G((:i’]‘

Then it follows from the definition of u?F} 4 that

,J,0,
n n+1 n+1ly _ n —(,,n+1 n+1
Vijo (Wi —uiy ) = (vi0) " ('™ —uijs),
where (v7'; ,)~ = max(0, —v}; ;) denotes the negative part of v}'; .
2
Nt m 1
(Whyr,, [Pdxdt - = — (075.0)~ (ulty = uits )
BT | AX - Tm he mh Yijo) \Uij = Uijo
Qr n=1 Ci‘jeM/’-’L T,miny,m O'Egi,j
1/2
NT,7n 1 /
< n—1\y—\2
= Tm h h ((vi,j,o') )
n=1 Ci j€EMy, MY geg;
1/2
n n 2 1) (2
% Lot coluily = uijo) < D)+ DR,
o€ty ; e
where we have used Young’s inequality to get the last inequality with
NT m
1 & 1 2 1
1) _ n—1\y— _ 2
D=5 2w 2 X o (057 = gVhnlian,
n=1 Ci,je/\/{m aeé'm- g
and
Nt m
D(2)_1 . 1 (n . )2_1Hv 2
m 2 Tm Qo vf;lggo ui,j ui,j,o’ - 2 h'muh'mT'm LZ(QT)'
n=1 CiijMm aeé‘i,j -
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In particular, we deduce from (48) and Lemma B.2 that W, ., is bounded in L?*(Qr)
uniformly w.r.t. m, so that there exists some W* € L?(Qr) such that

Wi,z —> W* weakly in L*(Qr). (78)

—+®0

Let us identify W* as v - Vu in the distributional sense. Let ¢ € CP(Qr), then
defining ¢y, -, as the piecewise constant in time and space function built from the
cell values ¢7'; = p(x;;,t"), then

j Wanro (9 — nm,) dxdt] < f Wiro |10 — @nr Jdxdt. — (79)
Qr Qr

Due to the regularity of ¢ and the boundedness in L?(Qr) of Wi, the above

right-hand side tends to 0 as m tends to +00. We write

mTm)

f Wh TmQDhmedth T ( )+ rr(12( )

QT
with
1NT,m
T(l)(‘P) = 3 Tm Z @i Z vi, ;JU_qu)
n=1 Ci,j€EMpm, o€
= ﬂ Vimtm © Y o Who 7o Pl dxdE
Qr
and
1 NT m
T =5 3 X sty — ) (6l — ).
n=1 o€€m

In particular, by similar arguments to those which lead to (78) combined with the
regularity of ¢, one gets that

T2 ()| < Clhan + 7m). (80)
Besides, mimicking the calculations in the proof of Lemma B.2, one readily shows

that vy, ,,. tends to v in L?(Qr) as m goes to +o0. Together with (64) and with the
uniform convergence of ¢y, -, towards ¢ stemming from its regularity, this allows to

pass to the limit in Tn(ll)(go):

T
mHMO JJV Vu @ dxdt,

concluding the proof of (77) and thus of Proposition 6.4. O
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A Properties of discrete differential and interpola-
tion operators for the 2D case
We give some properties related to the differential and interpolation operators.
Proposition A.1. We have the following properties:
For any v e Hp(Q), (0y 0 0%)v = (6% 0 0y) v. (81)
For any v e Hp(Q), (0,0 6x)v = (65 00z)v.

Proof. The proof is direct from the above definitions of spaces and operators. O

Proposition A.2. The following discrete Stokes formula hold:

For any (v,w) € Hp(Q) x ﬁg/l(Q), fQ véfw = — JQ 80 w.
For any (v,w) € Ha () x HY,(Q), fQ vojw = — . d,v w. (82)
For any (v,w) € E}E\/’(O(Q) x Haq (), fQ Svw = — Lz v Spw. (83)
For any (v,w) € HL(Q) x Ham(Q), L Svw = — L v dyw.

For any (v,w) € (HM(Q))Q,J v Apw

—f Vi - Viaw.  (84)
Q Q

Proof. The proof is direct from the above definitions of spaces and operators. O
Consequently, we can also verify the following norms equality:

Proposition A.3. For any v € Hpy (), we have:

IVivlr2) = |Anv] 20 (85)

Proof. Let us consider v € Hp(Q2). We write:

f Opz¥ Oyyvdx = f (63 0 0z)v (85 00y )vdx
Q Q

(0y 0 0% 0 8y)v dyvdx

)
=
2 ) 4

(0% 06,y 0d,)v dyvdx

& J (0y 0 65)v (05 © 6y)vdx
Q

®)

©)
H5my””%2(9) = HéyIvH%Z(Q)‘

Consequently, from the definitions (6) and (7), (85) holds. O
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Proposition A.4. Let assume that the mesh M is uniform in each direction in the
sense of Definition 4.3. Then:

For anyve (Hpu(Q), (Spom®v = (mpo06), (86)
For any v e (Huy(Q)), (00 v = (7 0dz)v, (87)
For anyve (Hu(2)), (Fom)v = (myodt)e,
For any v € (Hum(Q)), (65 omg)v = (mzo0dy)v, (88)
For any (v,w) € (Hpm ()%, 6%(vw) = w*vd*w + §fvrtw (89)
For any (v,w) € (Hpm(Q)?, dp(vw) = movésw + 0pvmw (90)
Proof. The proof is direct from the above definitions of spaces and operators. O

Proposition A.5. Let assume that the mesh M is uniform in each direction in the
sense of Definition 4.3. Then:

For any (v, w) € Ha(Q) x Hag(Q), Lz m(v)wdx = Jﬂ v (w)dx (91)
For any (v, w) € Ha(Q) x Hag (), JQ my(v)wdx = JQ vy (w)dx  (92)
For any (v, w) € Ha(Q) x Haq(Q), JQTI' vJwdx = Jﬂvﬁy(w) dx (93)

For any (v, w) € Ha(Q) x Ha (), L ) wdx = Jﬂvwx(w)dx (94)

Proof. The proof is direct from the above definitions of spaces and operators. O

Proposition A.6. Let assume that the mesh M is uniform in each direction in the
sense of Definition 4.3. Then:

For any ve (Hm(Q), |75 (0)| ) < vl oo,

For any ve (Hm(Q), |73 (0)|s) < [0l Lso),

For any v e (Hm(Q)),  [|72(v)140) < [Vl Lso),

For any ve (Hm(Q),  Imy(0) |50 < 0150

Proof. The proof is direct from the above definitions of spaces, operators and the
Young inequality. O

B Some technical lemmas

Prior to the statement of Lemma B.1 to which this section is devoted, one needs to
define some quantities. For the convection term, we define v, - Vyup € Ha(Q2) by
setting

Vi - Viup = 7 (V1,5 0pun) + 75 (V2,5 dyun). (95)
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A simple calculation gives

1
(Vh - Viun)g, = Tty D Vi Ui (96)
G’Ggi)j

with the centered choice

Wi,j + Uik,
2
Us 5 =
nhe Uij + Uijt1
2

lf g = Uiil/Q,j7
lf g = Ji,jJ_rl/2'
Finally, for the upwind choice used in the scheme (40), we have:

D) Vige Uigos = hahy (V- Viun)io, D) Vi (Uige = Uigee)-  (97)

o€ o€y

We then deduce from (84) that

J (Vh . thh) Ahuh dx = —f Vh(Vh . thh) . thh dx. (98)
Q Q

We are now in position to state the following technical lemma to be used for the
numerical analysis of the scheme (40).

Lemma B.1. For any uj, € Hypm(Q) and vy, = (v1,h,V2,5) € Ve ,0(Q) we have:

f Vi (vy - Viyup) - Viyup dx = T1(1’2) + T1(272) + T2(L2) + T2(2’2)’ (99)
Q
with:
T1(172) - J T (0301, * Ty (6zun)) - Spun dx,
Q
0 o i e
Q
T2(1,2) _ f W:(éyvl,h . Wy(éxuh)) . 5yuh dX7
Q
and

18 = [ w50 w0y Gy

Proof. From the definition of the discrete gradient Vj,, we have

V(i - Viyup) - Vyup dx =Ty + T
Q

with

T = J 0z (Vi - Vyup)) - dpupdx  and Th = J 0y (Ve - Viup)) - dyup dx
Q Q
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Moreover from (95), (86) and (87), the term T} = Tl(l) + T1(2) splits into
10 = [ w2 b)) Gandx and T = [ @ (a6,)) - Soundx
Now from (89) and (90), these expressions further decompose as
M =1t 7 and TP = Y 4 13?

with T1(1,2) and T1(2’2) as in the statement of Lemma B.1 above, and

T1(171) - f ﬂ-a;(ﬂ-:(vl,h) 511Uh) ’ 5wuh dX,
Q

TN = [ a8 )un) b .
Q

Since (6zun)1 j = (0zun)yy 1 ; =0, we can write:

0 hon NoM
no= 5 Z;; (73 (vi,n)0zatin)ig + (73 (V1,0)0zatin)im1,5] (Oaun)i_1
BN M
= ?y Z (77:(Ul,h))i,j((‘sruh)wé,j - (5zuh)i—%,j)(5ruh)i—%,j
i=2j=1
hoN M
*?y Z (73 (v1,n))i-1,5((6zun)i—y ; — (Gotin )iz ;) (Otin )iy
i=2j=1
= —%J 8o (m¥v1 1) (0pup)? dx. (100)
Q

As highlighted in (5), d, and J, commute, so that
T2 = | (ma(van) (8, 0 0n)un) - Spup dx
1 0 y Mz \V2,h y x)Uh zUWh .
Since (dyun); 1 = (Oytun); pr41 = 0, one can proceed as for Tl(l’l) to get that

1
e - L 5% (g ) (B01)? dx. (101)

Finally, summing up (100)—(101) and using (86) and (88) yields

1
7Y 4 7D o —§J [62(mEv1n) + 65 (Tav2,n)] (pun)? dx
Q
1
= -3 J [72(0Xv1p + 5;v2,h)](5muh)2 dx =0
Q

since vi, € Ve o(€2). Therefore T} = 1(1’2) + T1(2’2)7 as well as Ty = T2(1’2) + T2(2’2)
thanks to similar calculations. Consequently (99) holds. O
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Lemma B.2. Let v e Vo(Q) n H2(Q)?, and let vy, € Ve o(Q) be defined by (38), then

h? 1/2
Ivilez@)p < vlez@2 + 5 (Hamvl 12202 + Hayyw\@z(sm) (102)
Moreover, we have the following estimate on YV, vy, defined by (4):
thvh”Lz(Q)sz < ||VVHL2(Q)2><2 + h||amayVHL2(Q)2. (103)
Proof. Let us start by establishing (102). Denote by
_ 1 _ 1
Vir1/2,5 = Tty vidx, Vijr1/2 = Ty v2dx,
Citvi/2,5 Cij+1/2

and by 71,72 and V) the corresponding elements in ﬁM (Q), ﬁM(Q) and H ().
Then Jensen’s inequality gives that

Vnlrz)2 < [vlzz(@)e-

So (102) holds true provided that

B h? 1/2
v = Fulzop < 5 (0o + l0valtae) - (104)
To establish (104), let us remark that
Viy1/2,j — Vitl/2,j = ff v1(z,y) — v1(Tit1/2,y))dzdy
Ciyiy2,j
hn/2
ﬂ f f Oaatt (3412 + 5, y)dsdedady.
Citi/2,j
As a consequence
[Dit172,; — Vig1/2,5] < 5 Jf |Ozav1 (x)] dx,
Citi/2,j
hence the Cauchy-Schwarz inequality provides
[Vit1/2,; — 'Ui+1/2,j|2 ff |0zzv1(x | dx.
7+1/2 J

Finally, summing up over Cj; /2, € M leads to

h4
[710 = vinliz @) < 10mavn]2 (),

whereas similar computations yield

g
[T2,n — v2 h||L2(Q) HayyU2HL2(Q)

35



Therefore, (104) holds true, and thus (102) too.
We now focus on inequality (103). Let us first show some control on the first
diagonal term of Vj, vy, the second being similar. Let C; ; € M, then

1 Yj+1/2
S, =i | 1)~ (i) dy = (2. )dx.
z leg ; hih Vi1 hahy J
K2V}
Then we deduce from Jensen’s inequality that
2 1
]) < Ty J |02v1 (2, )] dx,
and thus, after summing up over C; ; € M, that
[0z vLnl2@) < l0villie)ys 195020l L2 ) < 1002l L2y (105)

Let us focus now on the extra-diagonal terms, and particularly on d,v1 , the case
of d,vg p, being similar. We denote by write 0,v; , the element of H x((§2) defined by

0y 1 JJ 0 Ul dx, vCi+1/2,j+1/2 eM,

Civi/2,5+1/2

h
’ ‘ci+1/2,j+1/2

then owing to Jensen’s inequality, we get that

< [OyviL2(a)- (106)

On the other hand,

(5yv1,h - 6yvl’h)|c ‘
i4+1/2,5+1/2

hy/2  rYj+1 pTit1
s N R O R R AR

hy/2
hy/2 Yi+1 ([Titl [T
k2 f J J f 020yv1(&,y + s)d&dadyds,
hy/2 z; Tiy1)2

— 1
|6y v1n — 5yv17hhc < — Jf |00y v1 (x)] dx.
i+1/2,5+1/2 hy
c

i+1/2,5+1/2

whence

Applying Jensen’s inequality, we obtain that

‘(5 I ) vlh‘lc / / Jf |0z 01 ( )| dx,
i+1/2,5+1/2

Cit1/2,5+1/2
leading to -
[0yv1,n — 6y’U1’hHL2(Q) < hgl|00yv1 I 220 (107)
after summation over ¢ € [1, N — 1] and j € [1, M — 1]. Similarly, we get that
10202, 1]l 22() < [0sv2]L2()  and  [6xv2n — dxvanlLeo) < hall020yvalL2 (o). (108)
The combination of (106), (107) and (108) gives (103). O
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