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ABSTRACT. This work provides a general spectral analysis of size-structured
two-phase population models. Systematic functional analytic results are given.
We deal first with the case of finite maximal size. We characterize the irre-
ducibility of the corresponding L' semigroup in terms of properties of the dif-
ferent parameters of the system. We characterize also the spectral gap property
of the semigroup. It turns out that the irreducibility of the semigroup implies
the existence of the spectral gap. In particular, we provide a general criterion
for asynchronous exponential growth. We show also how to deal with time
asymptotics in case of lack of irreducibility. Finally, we extend the theory to
the case of infinite maximal size.

1. Inmtroduction. Time asymptotics of structured biological populations are widely
discussed in the literature on population dynamics (see e.g. [6, 14, 16]). When de-
scribing the evolution of cell populations, one can consider that individuals may be
proliferating or quiescent, i.e. in two different stages in their life called ‘active’ and
‘resting’. Taking into account maturity as a structure variable, M. Rotenberg [24]
introduced in this context the first structured population model (see also the paper
of J. Dyson, R. Villella-Bressan and G.F. Webb [7]). Since the size plays an impor-
tant role in the dynamics of cells, M. Gyllenberg and G.F. Webb introduced [11]
the first size and age-structured population model with a quiescence state. They
prove under general hypotheses the asychronous exponential growth behavior of
the population. We note that size-structured population model appeared in a work
by J.W. Sinko and W. Streifer [26] (see e.g. [29] for more size-structured models).
Among the age-structured models in this context, we can look at the works of O.
Arino, E. Sdnchez and G.F. Webb [2] as well as J. Dyson, R. Villella-Bressan and
G.F. Webb [8]. The same asymptotic behavior is proved for these models under
general assumptions. Thereafter, J.Z. Farkas and P. Hinow [10] introduced a size-
structured model. In specific cases of size-structure, we can mention the works of
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M. Gyllenberg and G.F. Webb [12, 13], B. Rossa [23] as well as M. Bai and S. Cui
The goal of the present work is to provide a systematic spectral analysis of the
coupled linear structured population model considered by J.Z. Farkas and P. Hinow

[10]
Opur(t,s) + 0s(ra(s)ur(t,s)) = —p(s)ur(t,s) + fo" Bs,y)us(t, y)dy
—c1(s)ui(t, s) + ca(s)ua(t, s), (1)
Opua(t, s) + 0s(y2(s)ua(t,s)) = ci(s)ui(t, s) — ca(s)ua(t, s),

with Dirichlet boundary conditions
(75} (t,()) = O, UQ(t,O) = 0, Vit > 0. (2)

The density of individuals in the active (resp. resting) stage of size s € [0,m] at
time ¢ is denoted by w1 (s,t) (resp. us(s,t)) and

m < 00

is the maximal size that can be reached. For each stage, the individuals will grow
respectively with the rate v; and 5. Furthermore, only proliferating individuals
have a mortality rate denoted by p and also can reproduce via the non-local integral
recruitment term in (1). More precisely, (s, y) gives the rate at which an individual
of size y produces offspring of size s. Finally, the transition between the two life-
stages is described by the size-dependent functions ¢; and cs.

In this paper, we deal also with the case of infinite maximal sizes

m = o0.
The natural functional space for such a system is
X = L'(0,m) x L'(0,m).

Our approach of asynchronous exponential growth (see the definition below) of such
a system is in the spirit of our previous work [19]. The analysis relies on two
mathematical ingredients:
(i) Check that the positive Cy-semigroup {T'(t)}¢>0 which governs this system
has a spectral gap, i.e.
Wess < W

where w and w,ss are respectively the type and the essential type of {T'(¢)}¢>o0.
(Note that w coincides with s(.A), the spectral bound of its generator A).

(ii) Check that the Cy-semigroup {T'(¢)}¢>0 is irreducible (see the different char-
acterizations below).

Our assumptions are weaker than those given by J.Z Farkas and P. Hinow [10]
and our construction is more systematic. We provide several new contributions.
The most important ones are the following:

1. We show that the three conditions

Ve € (0,m), /E /m B(s,y)dyds > 0, (3)
0 €

inf supp ¢; =0, (4)
supsupp ca = m (5)
characterize the irreducibility of {T'(t)}+>0, (see Theorem 2.6) where inf supp ¢; is

the infimum of the support of ¢; and sup supp ¢ is the supremum of the support
of Co.
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A TWO-PHASE POPULATION MODEL 3

2. We show that the spectrum o(.A) of the generator A of {T'(t) };>0 is not empty,
or equivalently
s(A) > —o0
(s(A) is the spectral bound of A), if and only if

e e (0,m), /0 /mﬂ(s,y)dyds >0 (6)

and moreover, this characterizes the property that {T'(¢)}:>0 has a spectral gap,
(see Theorem 2.9 and Theorem 2.10). Note that here the irreducibility of {T'(¢)}+>0
implies the presence of a spectral gap. It follows that under the conditions (3)-(4)-
(5)) {T'(t)}+>0 has an asynchronous exponential growth, (see Theorem 2.14).

3. We show that once {T'(t)}+>0 has a spectral gap (i.e. once (6) is satisfied) the
peripheral spectrum of A reduces to s(A), i.e.

o(A)N{AeC:R(A) = s(A)} = {s(A)},
and there exists a nonzero finite rank projection Py on X such that

: —s(A)t _ tD —
tEgLH€ Tu(t) — e Pollzay =0

where D = (s(A) — A)Py, (see Theorem 2.15). A priori, if {T'(¢)}+>0 is not irre-
ducible then Py need not be one-dimensional and the nilpotent operator D need
not be zero.

4. When {T'(t)}+>0 is not irreducible but has a spectral gap, it may happen
that there exists a subspace of X which is invariant under {T'(¢)};>0 and on which
{T'(t)}+>0 exhibits an asynchronous exponential growth, (see Theorem 2.16).

We deal also with the case m = oo which has never been dealt with before. Its
analysis is quite different from the previous one:

5. The criterion of irreducibility is similar to the case m < 400, (see Theorem
3.3).

6. However the criterion for the existence of a spectral gap is more involved.
Indeed, {T'(t)}+>0 has a spectral gap provided that

. —1
i 7 (33 (A — B) ) >1 (7)

(ro refers to a spectral radius) where

B=A- B3
" (1) < (3o

(see Theorem 3.4).

Condition (7) is probably also necessary, see Remark 12. A priori, this condition
is quite theoretical and not easy to check. But we also consider several situations
of practical interest where the existence or the absence of the spectral gap property
can be checked in an indirect way. Indeed:

7. We show first that the real spectrum of B is connected

o(B)NR = (—o0, s(B)]

and
—lim sup p(z) <s(B) <0

T—>00
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4 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

(see Theorem 3.7). We can compute explicitly s(B) if c(-) is a constant function
and lim, o p(z), lim, o ¢1(x) exist (see Theorem 3.8).
As for m < oo, {T'(t)}+>0 has a spectral gap if and only if
s(B) < s(A).
8. We show that if

/O B(s,y)ds > p(y), Yy >0

and
liminf p(x) > 0, liminf co(x) > 0

then s(A) > 0 and s(B) < 0 (see Theorem 3.9).
9. We show also a ”converse” statement: if

/O B(s,y)ds < p(y), Vy >0

and
lim co(z) =0or lim p(x)=0
TrT—0o0 T—0o0

then s(B) = s(A) = 0 (see Theorem 3.10).

10. Finally, we show that if ¢1,co and p are positive constants and if 51 (s) :=
infy>0 B(s,y) is not trivial then s(A) > s(B), (see Theorem 3.11); we can even
provide an explicit lower bound of the spectral gap s(A) — s(B), (see Remark 14).

Some useful conjectures are also given, see Remark 11 and Remark 12.

2. Models with bounded sizes.
2.1. Framework and hypotheses. In order to analyse the problem described by
(1)-(2), we define the Banach space
X = (L1(07 m) X L1(07 m>7 H”X)
endowed with the norm
[[(ur, u2)llx = lluallr(o,m) + luzllLro,m)-

We denote by X’y the nonnegative cone of X and we introduce some hypotheses on
the different parameters:

L. H,c1,C2 € LOO(Oam) and V1,72 € WLOO(Ovm)v

2. B, u,c1,02 > 0 and there exists o > 0 such that for every s € [0,m], y1(s) >

70372(5) > 70,
3. the operator

KL 0m) 5w [ 6ty € L0m)
0
is weakly compact.

Remark 1. According to the general criterion of weak compactness (see e.g. Sec-
tion 4 in [30]), the third hypothesis amounts to

sup / B(s,y)ds < o0, lim sup /B(S,y)ds:o
0 E

y€[0,m] [E]=0 ye[0,m]

and is satisfied as soon as there exists 3 € L'(0,m) such that 8(s,y) < B(s) a.e.
(s,y) € [0,m]?. This is the case for example if 3 is continuous on [0, m]>.
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A TWO-PHASE POPULATION MODEL 5
Using (1), we define the operator
() = a) ()
u2 u2 U9
_ <—(%u1)') n (—(H +en)ur + cauz + [¢7 B( y)Ul(y)dy)>
—(y2u2)’ ’

—CoUg + C1U1

with domain
D(A) = {(u1,u2) € W0, m) x WH1(0,m) : u1(0) = 0,u2(0) = 0},
where W11(0,m) is the Sobolev space
W 0,m) = {u € L*(0,m),u’ € L*(0,m)}.

We decompose B into three bounded operators:
o) = o)) +m ()
Uz U2 Uz Uz
_ (_(U + C1)U1) I (CQUQ) + (fom B(,y)ur (y)dy>
—CU2 C1Uq 0 ’

We are then concerned with the following Cauchy problem

Uty = AU(@®),
{U(O) = (uf,uf) € X,

where
U(t) = (ua(t), uz(t)"
2.2. Semigroup generation. It is easy to prove:

Lemma 2.1. Let H = (hy,hs) € X, N€ER and U = (A — A)"'H = (uy,u2) €

D(A). We have
wl) = — [ mmer (— / s f()d) dy.

wo) = o ) e (‘/ w?@dz) .

for every s € [0,m]. In particular, s(A) = —oo and for every (h1, hs) € X4,

(8)

supp uy = [inf supp hy,m], supp ue = [inf supp he,m],
where supp (f) refers to the support of a function f and infsupp (f) is its lower
bound.

Remark 2. Note that if h; > 0, then u;(z) > 0 if and only if & > inf supp h;.

Theorem 2.2. The operator A generates a Co-semigroup {Ta(t)} >0 of bounded
linear operators on X .

Proof. Since B is bounded, it suffices to prove that A generates a contraction semi-
group. We easily see that D(A) is densely defined in X. Moreover, for A € R, the
range condition

(M —-A)U =H,
with U = (u1,u2) and H = (hy, he) € X, is straightforward since (u1,us) is given

by (8), so
m| hil 1 [Alm
lwill L1 0,m) < exp < 00
Yo Yo
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6 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

and

A+ 7{ Lo ) ||Willr + h; 1
el 0y < (AL + (%]l )gOzH lhillee _

for every i € {1,2}, hence U € D(A). It remains to prove that A is a dissipative
operator. Let A > 0, U = (uy,u2) € D(A), H= (A — A)U and H = (hy, ha). We
prove that

[H|x = A|U| x

i.e.

1hillLr0.m) = Mlwillro,my, Vi € {1,2}.
By definition, we have u;(0) = 0 and

)\’LLZ(S) =+ (%uz)’(s) = hi(s), VS S (0, m]

We multiply the latter equation by sign(u;(s)) then integrate between 0 and m. We
get

Auslzrom + [ Guus) G)signtus(e))ds = [ h(osignus(s)ds

Any nonempty open set of the real line is a finite or countable union of disjoints
open intervals (see [1] Theorem 3.11, p. 51) so
{UZ' > 0} = {8 c (07m) : (S > 0} = igN(ai’l,ai,g),

Uy
{UZ‘ < 0} = {S c (O,m) DU < 0} = ‘gN(bi"l’biQ).

(s

Since u; € WH1(0,m) — C([0,m]) then Vi,j € N : u;(a;1) = 0, ui(a;2) = 0,
u;(bj1) = 0 and u;(b;2) = 0 (except possibly at m). Thus

|| easign = [y = [ )
> hilas2)uilage) = vilag)uilag )] = Y by 2)ui(by2) = vilbs)ui(bs)]

jeN jeN
= 7i(m) lui(m)| > 0.

)
)

Hence
m
AMwillpr < Ml + i (m)|ui (m)] =/ hi(s)sign(u;(s))ds < ||hi| L1
0

and we get the dissipativity of A.

Thus A generates a contraction Cy-semigroup {T4(t)};>0 by Lumer-Phillips The-
orem (see [22] Theorem 4.3, p. 14). Finally, as bounded perturbations of A, the
operators A + By, A+ B; + By and A generate quasi-contraction Cpy-semigroups
{TatB, (1) }1=0, {TatB,4B,(t) =0 and {Ta(t) }1>0 respectively. 0

2.3. On positivity. The time asymptotics of {T4(¢)}:>0 is related to irreducibil-
ity arguments. We remind first some definitions and results about positive and
irreducible operators. We denote by (-, ) the duality pairing between X and X”.

Definition 2.3.
1. For f € X, the notation f > 0 means f € X, and f # 0.
2. An operator O € L(X) is said to be positive if it leaves the positive cone X}
invariant. We note this by O > 0.
3. A Cp-semigroup {T'(¢)}:+>0 on X is said to be positive if each operator T'(¢) is
positive.
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A TWO-PHASE POPULATION MODEL 7

4. A positive operator O € L(X) is said to be positivity improving if for every
feXx, f>0andevery f' € X', f' >0, we have (Of, f') > 0.

5. A positive operator O € L(X) is said to be irreducible if for every f € X, f > 0
and every f' € X', f’ > 0 there exists an integer n such that (O™ f, f’) > 0.

6. A Co-semigroup {T'(¢)};>0 on X is said to be irreducible if for every f € X,
f>0and every f' € X', f' > 0 there exists ¢ > 0 such that (T'(¢)f, f’) > 0.

7. A subspace Y of X is said to be an ideal if |f| < |g| and g € Y imply f € X
where | - | denotes the absolute value.

We recall that a Cp-semigroup {T'(t)}+>0 on X with generator A is positive if
and only if, for \ large enough, the resolvent operator (A — .A)~! is positive (see
e.g. [5], p. 165). We recall also that a positive Cp-semigroup {T'(t)}¢>0 on X with
generator A is irreducible if and only if, for A large enough, the resolvent operator
(M — A)~! is positivity improving, if and only if, for A large enough, there is no
closed ideal of X (except X and {0}) which is invariant under (A — .A)~! (see [20]
C-III, Definition 3.1, p. 306).

Definition 2.4. For a closed operator A: D(A) C X — X, we denote by o(A) its
spectrum, p(A) its resolvent set and s(A) its spectral bound defined by

_ s {R(O); A e a(A)} if o(A) # 0,
R {_OO if o(A) = 0.

We recall the following result which is a particular version of [27], Theorem 1.1.

Lemma 2.5. Let A be a resolvent positive operator in X and B € L(X) a positive
operator. We have

A=A=-B) ' =A-A7 (BO-A)" 9)
n=0
for every A > s(A+ B) and
s(A+ B) =inf{\ > s(A) : 7, (B(A — A) ™) < 1}. (10)
Here r,(-) refers to the spectral radius. We introduce the following assumptions
€ m
Ve € (0,m), / / B(s,y)dyds > 0, (11)
0 Je
inf supp ¢; =0, (12)
Sup supp cg = m. (13)

Theorem 2.6. The Cy-semigroup {Ta(t)}i>0 is irreducible if and only if the as-
sumptions (11)-(12)-(13) are satisfied.

Proof. 1. Note first that the semigroup {T4(¢)}+>0 is positive. Indeed, using
Lemma 2.1, we readily see that the semigroup {T4(t)}:>0 is positive since
(M — A)~1 is positive for every A > —oo. Since By is a bounded operator and

By + | By|I >0,

then it follows (see e.g. [20] Theorem 1.11, C-II, p. 255) that {Ta4 5, () >0
is positive. Finally, since By and Bs are positive operators, then the Cp-
semigroups {Ta+p,+8,(t)}i>0 and {T4(t)}:+>0 are also positive.
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8 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

2. Now we suppose that the assumptions (11)-(12)-(13) are satisfied and we prove
that (A — A)~! is positivity improving for A large enough. Actually, since
By + ||B1||I > 0, we have

A=A~ = (A+ B = A= (B +[|Bi|l]) = By = Bs) ™"
> (A BN — A= By — Bs)™"

so it suffices to show that (A — A — By — B3)~! is positivity improving for A
large enough.
Using (9), we first see that

oo

(M —A-By—By) ' =(M-A-By)'Y. (33 (M — A — BQ)*)"
n=0
(M — A) 1§: (By(\T — A)~ )li(Bg()J—A—Bg)_l)n. (14)
=0 n=0

Since we have

3 (Bo(M — A) ) > T+ By(M — A)7!
1=0
then we get

(Bs(\I — A—By)™ )"

WK

3
Il
o

(Bs(MT — A= By) )" "' Bs(A\I — A= By) ™!

M8

n=1
> Z(Bg,()\I—A)‘l) s(M = A)™1 > " (By(M — A)™ o)
n=1 =0

> (Bs(\I — A)™")" (I + Bo(\ — A)7).

[M]8

Il
-

n

Consequently we have

(M —A— By — Bs)™!
> (M—A) "I+ B -4 i(Bg()\I — A)"H)™(I 4 Ba(M — A)7H).

n=1
Let U := (uy,u3) = (M — A — By — B3)"'H with H € X,. Let us show that
ui(s) >0, wug(s) >0 ae.
once
H = (hy,h2) € Xy —{0}.
Step 1: we start by proving that
VH € Xy —{0},3 he LL(0,m) — {0} : (I + Bo(A\I — A)"")H > (h,0).  (15)

If H := (hy,0), then it is clear that (15) is satisfied, by taking h = hy. If
H := (0, hq1), then, using Lemma 2.1, we get

(M — A)"'H =: (0, hy) € D(A)
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A TWO-PHASE POPULATION MODEL 9

where
supp he = [inf supp hq, m].
By assumption (13), we have
|supp ¢z Nsupp ha| # 0
where |I| denotes the Lebesgue measure of an interval I. Thus
By(M — A)™ H = (c2hs,0)

and (15) is satisfied with A = caho. In any case it suffices to show that

(M = A)™M(I + Bo(AT = A1) > (Bs(A = A)7)"H >0 ae.
n=1
for every H = (h,0) € Xy — {0}. We have (A\I — A)~*H = (h1,0) € D(A),

with
supp h; = [inf supp h,m].
Step 2: now we prove that for every H := (h,0) € X1 — {0}, then

<i(Bg(AI — A)—l)”> H =: (h,0) where infsupp (h) = 0. (16)

n=1
Let H := (h1,0) € X1 — {0}, then

oo

> (Bs(AI— A)")"H =: (ha,0).

n=1
Suppose by contradiction that

k := inf supp he > 0.
Using Lemma 2.1, we get

(AL — A)~}(hg,0) =: (h3,0),
with supp hs = [k, m] and we have
Bs(A — A)"!(hs,0) =: (ha,0).

If )

k:=infsupp hs < k (17)
holds, then we get a contradiction by definition of k and (~16) is satisfied. So

k

it remains to prove (17). Suppose by contradiction that
hy =0 on [0, k] and

/ " 85, y)haly)dy < / " (s, u)ha(y)dy = ha(s) = 0 ae. s € [0,4].
k 0

Moreover, since hs(y) > 0 a.e. y € (k, m], we would get

/ B(s,y)dy =0, a.e. s € [0,k
k
which contradicts Assumption (11).
Step 3: we finally prove that
M —-A) " (I+BAM-A4)""YH>0 ae (18)
for every H = (h,0) € X — {0} such that inf supp h = 0.

> k, then we get
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10 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

Using Lemma 2.1 we have
(M = A)7 H = (I, 0),
where hj(s) > 0 for every s € (0,m]. Using Assumption (11) we get
Bo(M — A)™'H = By(hy,0) =: (0, ha),
where hg := ¢y h; satisfies
inf supp hgo = 0.

Once again with Lemma 2.1, we get

(M — A)7H(0, ha) =2 (0, h3),
where h3(s) > 0 for every s € (0,m]. Finally

(ur,u9) := U = (M — A) (I + By(A — A) " )H > (hy, hs)

S0

ui(s) >0, wuz(s) >0 ae.

and {T'4(t) }+>0 is irreducible.

3. Now, to prove the converse, we use the contraposition. We suppose that
either (11), (12) or (13) is not satisfied. In each case, we exhibit a nontrivial
closed ideal of X that is invariant under (Al — A)~!, which implies that the
Co-semigroup {T.4(t)}+>0 is not irreducible.

(a) Suppose that (11) does not hold, then

Jee(0,m): /0 ] / " B(s.y)dyds = 0 (19)

i.e.
B(s,y) =0 ae s<e<y.

We identify L!(e,m) to the closed subspace of L (0,m) of functions van-
ishing a.e. on (0,¢). Let A > s(A), we want to prove that

Y= L'(e,m) x L'(e,m)

is a closed ideal of X that is invariant under (AI — .A)~!. Since B; < 0,
we have

(M — A~ < (M — (A+ By + Bs)) ™! (20)

where the latter resolvent is given by (14). Using Lemma 2.1 we see that
Y is invariant under (A\I — A)~!. Tt is also clear that Y is invariant under
Bs and consequently also under (A —(A+ By)) ™! by using (9). It remains
to prove that ) is invariant under Bs. Let

H:= (hl,hz) e, BsH =: (’LL,O),

where
u(s) = /0 " B(s,y)ha (y)dy = / U By =0 ae se0.e]

by Assumption (19). Thus Y is invariant under B3 and consequently
under (A — (A + By + B3))~! by using (9). Finally, ) is invariant under
(M — A)~! by using (20).
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A TWO-PHASE POPULATION MODEL 11

(b) Suppose that (12) does not hold. Let A > s(A) and
k := inf supp ¢; > 0.
We want to prove that
Y :=LY0,m) x L*(k,m)
is a closed ideal of X' that is invariant under (Al — A)~!. Let H :=
(h1,he) € Y. Using (20), we have
(M — A H < (M — (A+ By + B3)) ' H =: (uy, us)
where (uy,us) € D(A) satisfy
Auz () + (12u2)(s) — ci(s)ui(s) = ha(s) a.e. s € [0,m],
U (0) =0.
We then get
Az (s) + (youz) (s) = 0 a.e. s € [0,k]
which lead to
uz =0 on [0, k].
Consequently Y is invariant under (A\I — (A + By + B3))~! and under
(A — A)~! using (20).
(c) Suppose that (13) does not hold. Let A > s(A) and
k := supsupp co < m.
We want to prove that
Y= {0} x L' (k,m)

is a closed ideal of X that is invariant under (Al — A)~!. Using Lemma
2.1, we see that ) is invariant under (A — A)~!. Moreover, let H :=
(0, h1) € ), then we have

BQH = (Cghl,O) = (070)

since

supp (c2) Nsupp (h1) = 0.
Consequently, ) is invariant under Bs. It remains to prove that it is also
invariant under Bs. But this is obvious since

BsH = (0,0).
Consequently, ) is invariant under (A\] —(A+ By + B3))~! and (A —A)~!
by using (9).
O

Remark 3. We note that in [10], the irreducibility is obtained under the assump-
tions (12)-(13) and the following one:

1> m
Jeo > 0:Ve € (0,e0], / / B(s,y)dyds > 0.
0 m—eg

In the continuous case, this latter assumption implies (0, m) > 0, so active cells
of maximal size can produce offspring of minimal size. This is not necessary in
our statement. The biological meaning of (12)-(13) is the following: active cells of
minimal size can become quiescent, and quiescent cells of maximal size can become
active.
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12 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

2.4. On the spectral bound. We start with a useful

Lemma 2.7. Let k > 0 a positive constant and define the so-called Volterra operator
V : LY(0,m) — L'(0,m) by

Vh(s) = k /O Ch(y)dy.

Then r,(V) =0 and (V) = {0}.

Proof. By induction, we can show that

NG
V*h(s)=k"™ | h dy,
=1 [ hio) 2y
for every s € [0,m], n >0 and h € L*(0,m). We then get
n E"m™
ey < 2t
n!
Consequently,
km
— T n|l/n < I _
since n
(n)V/" & g(\/27rn)1/”
by Sterling’s formula. O

‘We need also

Lemma 2.8. Let Vi,V : L1(0,m) — L'(0,m) two bounded operators. If V1Va =
VoV, then
ro(‘/lvé) S TU(V].)TO'(‘/z>'

Proof. Tt is clear that

ro(ViVa) = lim [|(VaVa)"|[V/" = lim [V vt/
<l VY = e (V)re(Va),
by using Gelfand’s formula. O

Remark 4. Note that A has a compact resolvent (and consequently the spectrum
of A is composed (at most) of isolated eigenvalues with finite algebraic multiplic-
ity). This follows from the fact that the canonical injection i : (D(A),[|.[[pca)) —
(X, ||-llx) is compact ([4] Theorem VIIL7, p. 129), and D(A) = D(A) since
D € L(X) (see e.g. [9] Proposition I1.4.25, p. 117).

We are ready to show

Theorem 2.9. The spectrum of A+ By + Bs is empty and consequently s(A+ By +

Bs) = —0c0.
Proof. Let A > —oo and define the operators

Aju = —(yu), Vie{1,2} (21)
for every u € D(A}) = D(A3) := {u € WH1(0,m) : u(0) = 0}. Thus, using Lemma
2.1, we get

(M — A h(s) < Ky /05 h(y)dy =: Vih(s), Vs € [0,m], Vi € {1,2}, Vh € L} (0,m)
(22)
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where k1 and ko are some positive constants and Vi, V5 are Volterra operators. We
see that
Vi O

By(M — A)"'h < B, ( 0 v
2

)h, Vhe X,

since A is resolvent positive, where
5 (M l[c2|[Loehe T
B = , V(hi,h eX 23
2 <h2) <|01||Looh1 ( 1 2) + ( )
is a positive operator. The fact that B, and (V1, V)T commute implies that

ro(BoOM — A)™) < 1o (Bo)r (‘g ‘92)

using Lemma 2.8. Since V; and V; are Volterra operators, then

o <‘g %) — max{ry (Vh), 7 (V2)} = 0.
Consequently, we have
To(Ba(A — A)™Y) < g (Bo(AM — A)7H) =0
for every A > —oo and
s(A+ By) = s(A) = —
by using (10) and Lemma 2.1. Finally, since By < 0, then we get
$(A+ By + By) < s(A+ Bsy) = —o0,
which ends the proof. O
On the other hand, o(A) need not be empty. Indeed:

Theorem 2.10. The spectrum of A is not empty, or equivalently, s(A) > —oo if
and only if

5 rm
35e€(0,m): /0 /(S B(s,y)dyds > 0. (24)

Proof. 1. Suppose that (24) is satisfied. By continuity argument, we can find
d2 € (0, m) such that

§ prm
/ B(s,y)dyds > 0. (25)
0 92
Let A > s(A) then

A=A > (A= (A+ B+ Bs)' = (“ _((féﬁff)ff))_l)

since By > 0, where AL 1o, and A§2 are defined by

C1

A}L—"-Clu = 7(7111‘)/ - (p’ =+ cl)ua AEQU = 7(7211‘)/ — C2U, (26)
and D(A}, ) = D(AZ,) = D(Ap). Thus, we have

Ty (()\ — A)*l) > max {rg (()\ — (A}Hrcl + K))*l) T (()\ — Ai)*l)} .
It then suffices to show that
ro (A= (Apye, +K))71) > 0.
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14 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

First, we see that
(A= (AL + K71 > (Al e + lleall ) — (Ab+ ) 7
so we just need to prove that for A large enough we have
re (A= (A5 + K))™') > 0.
By (9), we know that
(A= (A4 K)) > (A= A TR (- Ab)
Let v € L1(6,82), then using Lemma 2.1, we get
A=A}t =0y,
where v1(s) > 0 for every s € (inf supp (v), m]. In particular, we have
v1(s) >0, Vs €& [da,m]
since inf supp (v) < d2. Therefore we have
K\ — A tv = Kuvy =: v,
where inf supp (v2) < §. Indeed, suppose by contradiction that
inf supp (v2) > 0,
then vg = 0 on [0, §]. We would have

mMamm@Mys/mﬁ@wwwwwzvxazm ae. sel0.d],
o 0

and

B(s,y) =0, a.e. §€|[02,m], y>do
since v1(s) > 0 for every s € [d2,m], which contradicts (25). Define the
function

v = (A=A TTK\— A Tto = (A= AY) e,
that satisfies
v3(s) >0, Vs & [infsupp (va), m]
by Lemma 2.1. In particular we have vs(s) > 0 for every s € [, d2]. It implies
that

A= (Aj+ K))'o(s) >0, Vse[5,6)], YveL'(sd), (27)
for A large enough. We also know that
(/\ - (A(l) + K))il > (>‘ - (Aé + K))|_L11(5752) > X[6,62] ()‘ - (Atl) + K))r[lll((;,(;z)a

where X(5,5,] is the indicator function of [d, d2], so

ro (V= (A3 + KD 2 7 (Mo 0 = (A5 + K)) A g ) -
Using (27) and the fact that A is resolvent compact, then the operator
X[5,62] (A — (A} + K))I_Lll(é,éz) s LY6,62) — LY(8,6)
is compact and positivity improving. Consequently
To (X[5762](>\ - (Aé + K))|_L11(5752)> >0
(see [21] Theorem 3) and
re (A=A)7") > 0.
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A TWO-PHASE POPULATION MODEL 15

Moreover, we know that
1
A—s(A)
(see [20] Proposition 2.5, p. 67), so we get s(A) > —oc.
2. Now to prove the converse, we use the contraposition. Suppose that the
assumption (24) is not satisfied, that is

6 prm
Vée(0,m): /o /5 B(s,y)dyds =0 (28)

To (()\ - A)_l) =

i.e.

B(s,y) =0, a.e. s<uy.
Suppose momentarily that there exists a Volterra operator V in L'(0,m) such
that

(M — (A + K))"'h(s) < Vh(s), Vse€[0,m], Vhe Li(0,m), (29)
for every A > —oo, where A} is given by (21). We would have
o (A= (4g +K))™) <re(V) =0
and then

o (= B = (ML EDT) o

since
re (M — A7) <1 (M —A)"") =0.
Consequently we have
s(A+ B3) = —oc.

By assumption, we know that

Bs(M — (A+ By))~! < By (‘g 32) ,

where V, and B, are respectively defined by (22) and (23). The fact that By

and (V,V5)T commute implies that

Ty (EQ(AI —(A+ 32))_1) < rg(By)rg (g ‘92) =0

using Lemma 2.8 and since V' and V5, are Volterra operators. Consequently,
we have

ro(Ba(A = (A+ By)) ") < rp(Bo(M — (A4 By)) ') =0
for every A > —oo and
s(A+ By + B3) = —00
by using (10). Finally we have
s(A) <s(A+ By + Bs) = —

since B; < 0.
Consequently it remains to prove (29). First, we know that
A= (Ag+EK) = (A=A D (KA = A5)~H",
n=0
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16 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

using (9) for X large enough. Let v € L} (0,m), then we have
m y
K\—A)to(s) < k:1/ ﬁ(s,y)/ v(z)dzdy
0 0
= b [ o) [ Blspdydz s e o

using (28), where k; is defined in (22). We then get

y
(A= A)TIK( - A To(s) < K / / @) [ Bl e)dedzdy
< k%k‘g/ v(z)(s — 2)dz, Vs e€[0,m],
0

where

= 30

o= s [ otz 0

and

(= ) 70(s) < ks [ BGs.9) [ w(edly — sy,

We then show by induction that

(KA —Ab)~Ymo(s) < kP~ 1/ B(s,y /yv(z)%dzdy,
mn 1
<k klff_l /Bsy/ 2)dzdy

for every s € [0,m] and every n > 0. Consequently, we get

S (K (A — AB)~)mo(s) < kyekikom / " B(s.y) / " o(2)dzdy,

n>1

and then

IN

(A= (A5 + K)) " o(s) k1(1+mk1kﬁ€klkﬁm)/osv(y)dy

< C'/OS v(y)dy =: Vu(s), Vse[0,m],

where C' > 0, for every v € L! (0,m), which proves (29).
O

Remark 5. Note that Assumption (24) which characterizes that s(A) > —oco is
much weaker than the assumptions in Theorem 2.6 which characterize the irre-
ducibility of the semigroup.

Remark 6. Theorem 2.10 provides us with the existence of a real leading eigenvalue
since s(A) € o(A) (see e.g. [5] Theorem 8.7, p. 202). In [10], the spectral gap is
obtained under the assumption

gec(o,m?), 30<s <y <m:B(s,y") > 0. (31)
It is clear that (31) implies that (24) is satisfied.
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A TWO-PHASE POPULATION MODEL 17

2.5. On asynchronous exponential growth. Let us remind some definitions
and results about asynchronous exponential growth (see [9], [20] and [28] for the
details).

Definition 2.11. Let £(X") be the space of bounded linear operators on X and let
K(X) be the subspace of compact operators on X. The essential norm ||L||ss of
L € L£(X) is given by

[ Llless = X inf ||L—K|x.
€K (X)

Let {T(t)}+>0 be a Cy-semigroup on X with generator A : D(A) C X — X. The
growth bound (or type) of {T'(t)}+>0 is given by

9

In(||T(t

() — i BT L)
t—00 t

and the essential growth bound (or essential type) of {T'(¢)};>0 is given by
lim ln(”T(t)”eSS).
t—o0 t

Wess (-A) =

Definition 2.12 (Asynchronous Exponential Growth). [28, Definition 2.2]

Let {T(¢)}+>0 be a Cyp-semigroup with infinitesimal generator A in the Banach
space X. We say that {T'(t)};>0 has asynchronous exponential growth with intrinsic
growth constant \g € R if there exists a nonzero finite rank projection P in X such
that lim;_,., e 2T (t) = P.

We recall the following standard result (see e.g. [5] Theorem 9.11, p. 224).

Theorem 2.13. Let X be a Banach lattice and let {T(t)}+>0 be a positive Cy-
semigroup on X with infinitesimal generator A. If {T'(t)}i>0 is irreducible and
if
Wess(A) < wo(A)
then {T'(t)}+>0 has asynchronous exponential growth with intrinsic growth constant
Ao = wo(A) and spectral projection Py of rank one.
We are ready to give the main result of this subsection.

Theorem 2.14. Under the assumptions (11)-(12)-(13), the semigroup {Ta(t)}i>0
has asynchronous exponential growth.

Proof. The semigroups {T(t)}i>0 and {Tat+p,+8B,(t)}i>0 are related by the
Duhamel equation

t
Ta(t) = Taspy+5,(1) + / Ta+By+8,(t — s)BsTa(s)ds.
0

Since Bj is a weakly compact operator then so is T4+ p, +B,(t — $)BsT 4(s) for all
s > 0. It follows that the strong integral

t
/ Ta+B,+8,(t — s)BsTa(s)ds
0

is a weakly compact operator (see [18] Theorem 1 or [25] Theorem 2.2). Hence
Ta(t) —Tatp,+B,(t) is a weakly compact operator and consequently (see [17] The-
orem 2.10, p. 24) {Ta(t) }1>0 and {Tay B, +5,(t) }1>0 have the same essential type

wess(A) = wess(A + Bl + BQ);
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18 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

in particular
Wess(A) S WO(A + Bl + B2)
Note that s(A+ By + B2) = wo(A + By + Ba) and s(A) = wy(A) since {T4(t) }+>0
and
{Ta+B,+B,(t)}+>0 are positive semigroups on L' spaces (see e.g. [9] Theorem
VI.1.15, p. 358). Since (24) is ensured by (11), then applying Theorem 2.9 and
Theorem 2.10 we get respectively
wO(A) > —o0o and wo(A —+ B1 —+ Bg) = —0
SO
Wess(A) < wo(A).
By combining this last result and the irreducibility of {T'4(¢)}¢>0, Theorem 2.13
ends the proof. O

2.6. Time asymptotics in absence of irreducibility. Two kinds of results are
given. We start with:

Theorem 2.15. Suppose that (24) is satisfied, i.e. that the Cp-semigroup
{T4(t)}+>0 has a spectral gap. Then, the peripheral spectrum of A reduces to s(A),
i.e.
oA N{AeC: RN =s(A)} ={s(A)};

and there exists a nonzero finite rank projection Py in X such that

Jlim et (t) — P Pyllx = 0 (32)

—00
where D := (s(A) — A)Py.
Proof. Tt follows from [5], Theorem 9.10, p. 223 and Theorem 9.11, p. 224. O

Remark 7. Note that, if {T4(¢)}+>0 is irreducible, then it has also a spectral gap,
whence the asynchronous exponential growth of the semigroup. In this case, the
spectral bound s(A) is algebraically simple (see e.g. [5], Theorem 9.10, p.223) and
the nilpotent operator D that appears in (32) is actually zero. Whether the spectral
bound could be semi-simple (i.e. a simple pole of the resolvent) when {T4(t)}1>o0
is not irreducible, is an open problem.

It may happen that {T.4(¢)}+>0 is not irreducible but leaves invariant a subspace
on which it is irreducible. This is our second result.

Theorem 2.16. Suppose that (13) and (24) are verified. We thus define

6 rm
by :=inf{d € [0, m] : / / B(s,y)dyds > 0} < m.
0 Jo

We suppose also that
supp (c1) N [by, m]| # 0 (33)
and

Ve € (b, m) : /E /m B(s,y)dyds >0 (34)
0 Je
so we can define
by :=1inf{d € [by,m] : [supp (c1) N [b1,d)] # 0}.

Let
Y = L*(by,m) x L' (by, m).
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A TWO-PHASE POPULATION MODEL 19

Then Y is invariant under {T A (t) }1>0, and there exists a projection Py of rank one,
in Y such that

tlggo eI ()u = Pou

for every uw € Y, where
{Tay W} iz0 = {Ta) 20}y,

and Ay is the generator of {T4,,(t)}i>0-
Proof. Define the operator

A (m) _ ((’Ylul):> 4 <(M+01)U1 +oquy + [, 5('ay)ul(y)dy)) ,

Uz —(ﬁuz) —CaU2 + C1U1

with domain

D(Ay) = {(u1,u2) € Wh(by,m) x WH(ba,m) : ui(by) = 0,uz(b2) = 0},

where

"= Y1|[by,m]> B = H[by,m]> C1 = Cl|[by,m]> C2 = C2|[by,m]> B = 5\[b1,m]><[b1,m]7
and
72 = 72|[ba,m)» €1 = Cl[bz,m]> €2 = C2|by,m]-

As in Theorem 2.2, Ay generates a Cy-semigroup {74, (t)}s>0. Using the point
3.(a) of the proof of Theorem 2.6, with € = by, we know that

L*(by,m) x L*(by, m)

is a closed ideal of X that is invariant under (A — .A)~! for every A > s(A). Then,
using the point 3.(b) of the proof of Theorem 2.6, with k = by, we can prove that
Y is a closed ideal of X that is invariant under (A — A)~! for every A > s(A).
Consequently

{Ta(®)}1=01y = {Tay (t) }r>0.
By means of (34) and by definition of by, we see that

Ve € (b, m) : /b6 /m B(s,y)dyds > 0.

g

Using (33) and by definition of b, we have
inf supp (¢1) = inf supp (c1) = ba.
Consequently, as for Theorem 2.6, Ay is irreducible and
Wess(Ay) < wo(Ay).

Therefore, as in Theorem 2.14, the semigroup {74, (t)}¢>0 has the property of
asynchronous exponential growth. Thus we get

lim e_S(Ay)tTAy (t) = P,

t—o0

where P, is a projection of rank one in ). O

Remark 8. Note that s(Ay) < s(A). It is unclear whether the inequality is strict.
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20 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

3. Models with unbounded sizes. In this section we consider the following

model
atul(ta 5) + as (’Yl(s)ul(t7 S)) = _:U’(S)ul (tv 8) + f()oo 6(57 y)U1(t7 y)dy
—c1(8)u(t, ) + ca(s)ua(t, s),
Opua(t, 8) + Os(2(s)ua(t,s)) = ci(s)ui(t,s) — ca(s)ua(t, s),

for s,t > 0, with the Dirichlet boundary conditions (2). Let the Banach space

X = (L(0,00) x L'(0,00), || - | )

with norm

(w1, 22) | x = 21l 21 (0,00) + 122l 21 (0,00)-

(35)

We denote by X the nonnegative cone of X. We now introduce some hypotheses

on the different parameters:
L p,er,c0 € L(0,00), 71,72 € WH™(0, 00),

2. B,p,c1,c9 > 0 and there exists 9 > 0 such v1(s) > v0,72(s) > 70 a.e. s >0,

3. the operator

K :L'(0,00) > urs /00 B(,y)u(y)dy € L'(0,00)
0

is weakly compact.

Using (35), we define
() = ) oo ()
U9 u u2

with domain

—CUg + C1Uq

_ (—(nw) —(p A+ cr)ur + couz + [77 B y)ua (y)dy
_ (_(WUQ)/) 4 ( 0

D(A) = {(u1,uz) € WH(0,00) x W0, 00) : u1(0) = 0,u2(0) = 0}.

We decompose B into three operators:
o) = ) em () oo ()
u9 U9 U2 u9

0

(—(M+01)U1> n (Czuz) n (fooo B, y)ui(y)dy

—C2U2 C1uy

We are then concerned with the following Cauchy problem

Uty = AU(),
{U(O) = (u},uy) € X,

where

U(t) = (ur(t), ua(t))"
3.1. Semigroup generation.

Lemma 3.1. Let H := (h1,h2) € X and X € R. The solution of

Aup + (yur) = ha,
Aug + (y2u2) = he,
U1 (0) = U2 (O) = 0,
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e =,&®A7mmmp( -
ua(s) = jl/?mwmp( A4

is given by

A
f(” ) (37)

)
Y2(s) 2(2)d > .

for every s > 0. In particular, U := (ui,u2) € D(A) if and only if U € X.
Moreover, if H € X, then

)

supp w1 = [infsupp (h1),00),  supp uz = [infsupp (h2), 00).

Remark 9. In all the sequel, for the simplicity of notations, we write symbolically
(A — A)U = H instead of (36) even if U need not belong to the domain of A. We
will also use similar symbolic abbreviations in similar contexts.

Theorem 3.2. The operator A generates a Co-semigroup {Ta(t)} >0 of bounded
linear operators on X.

Proof. As in the finite case, we only need to prove that A generates a contraction
Co-semigroup. The fact that D(A) is densely defined in X is clear. As before, the
range condition

(A — AU = H,

where U = (u1,u2) and H = (hy, ha) € X, is verified for every A > s(A).
It remains to prove that A is a dissipative operator. Let A > 0, U = (uy,uz) €
D(A) and H := (hy, he) = (A — A)U. We want to prove that

||hi||L1(O,oo) > )\HuiHLl(O,w), Vi € {1,2}
Let i € {1,2}. We know that u;(0) =0 and
Aui(s) + (viug)' (s) = hi(s), Vs € (0,00).

An integration then leads to
MWM%@+/(WW®%MMM%=/ hi(s)sign(u;(s))ds.
0 0
Since u; € WH1(0,00) < C([0,00)), we get

Ammmwwmmm@—wmwmmw

for every finite m > 0. Hence
m

/()Oo('yiui)’sign(ui(s))ds = lim (viu;)'sign(u; (s))ds = 0

m— o0 0

and we have
wwm:/'m@%mmmmsmm»
0

so the dissipativity of A follows. Finally, A generates a contraction Cy-semigroup
{T'A(t) }+>0 by Lumer-Phillips Theorem and the operators A+ By, A+ By + Ba, A
also generate a quasi-contraction Cy-semigroup {Tatp, ()} >0, {Ta+B,+8,(t) }i>0
and {T4(t)}+>0 respectively, since By, Bs and Bs are bounded operators. O
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3.2. On irreducibility. Define the following hypotheses:

€ [ee]
Ve € (0,00) : / / B(s,y)dyds > 0, (38)
0 €
inf supp ¢; = 0, (39)
Sup supp cs = 0. (40)

Theorem 3.3. The Cy-semigroup {Ta(t)}i>o0 is irreducible if and only if the as-
sumptions (38)-(39)-(40) are satisfied.

Proof. The proof is similar to that of Theorem 2.6. O

3.3. Asynchronous exponential growth. In contrast to the finite case, the asyn-
chronous exponential growth needs an additional condition.

Theorem 3.4. Let the operator
B::A+Bl+82 (41)
with domain D(B) = D(A). If (38)-(39)-(40) are satisfied and

. —1
- 42
Jim 7o <33 (\— B) ) >1 (42)

then the semigroup {T 4(t)}+>0 has asynchronous exponential growth.
Proof. Since (42) holds, then (10) implies that
s(A) > s(B).

As for the finite case, the weak compactness of Bz implies that {T4(¢)};>0 and
{T5(t)}+>0 have the same essential spectrum, and consequently the same essential

type:
Wess(A) = Wess (B) -
Since
Wess (B) < s (B)
then

Wess (-A) <s (B) <s (.A) .

Thus {T'4(t)}+>0 exhibits a spectral gap and has asynchronous exponential growth
since it is irreducible. O

3.4. Further spectral results. The object of this subsection is to show that the
real spectrum of the differential operators appearing in B is connected and to es-
timate their spectral bounds. This is a useful step to check the existence or the
absence of a spectral gap in some situations of practical interest without relying on
the tricky condition (42), (see Subsection 3.5).
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3.4.1. Spectral theory of uncoupled systems. Define the operators
Abu = —(yu)', Vie{l1,2}
for every u € D(A}) = {u € WH1(0,00) : u(0) = 0}, i € {1,2}, so that

/A o
A(o A%)'

o(A)NR = (-0, 0].

Theorem 3.5. We have

In particular, s(A) = 0.
Proof. Note that A generates a contraction Cy-semigroup, so
o(A) c{AeC:R(\) <0}.
Let A € R and H := (hy, he) € X4. The solution U of
(M —A)U\N=H, Ux(0) = (0,0)
(see Remark 9) given by (37) is nonincreasing in A. Consequently
U g X =>Uy, ¢ X Va< A

and

o(A)NR = (—o0, s(4)].
Let A =0, ¢ € {1,2} and h € L1 (0,00). Suppose that A\ € p(A}). Then u :=
(A — Aj)~1h is given by

u(s) = ) /0 h(y)dy >0, Vs e [0,m].

So we get

/000 u(s)ds = /OOO ﬁ /05 h(y)dyds = /OOO h(y) /yoo #s)dsdy

1 o o9}
7/ h(y)/ dsdy = co.
||7i||L°° 0 y

Thus u ¢ L'(0,00) and 0 € o(A}). Consequently
s(A) = max{s(A}),s(A2)} = 0.

Now, define the operators
Alu=—(mu) —pu, A2 u=—(yu) —cu,

for every u € D(A}) = D(AZ)) = {u € WH(0,00) : u(0) = 0}. Since p > 0 then
s5(A},) < 0. We give now more information on the spectrum of Aj,.

Theorem 3.6. We have

(—oo, —limsup pu(z)| C o (A}L)
r—r00

and
—liminf p(x) > s(A}L) > — limsup p(x).

T—00 T—00
In particular
s (A};) = lim p(x)

Tr—00
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24 MUSTAPHA MOKHTAR-KHARROUBI AND QUENTIN RICHARD

if the latter exists.
Proof. Let A € R and h € L'(0,00). The solution of
(M—-A)u=h, u0)=0

(see Remark 9 for the abbreviation) is given by

- / h(y exp( /y /\;_l(i()z)dz) dy (43)

that is nonincreasing in A, consequently
o (A}L) NR = (—oo, s (Alll)] .
Now, let € > 0 (¢ need not be small), h € L*(0,00) and
A= —liminf p(x) + ¢
00

The solution of
(M —A})u=h, u(0) =0,
is given by (43). Then

| s

< 1 |h(y)|/ exp (/ —liminf, u($)+5+u(z)dz) dsdy.
Yo Jo y y ’71(2)

We know that there exists n > 0 such that for every y > 7 we have u(y) >
liminf, o u(x) — /2. So we get first

/oo Ih(y)| ooexp (_ /ys —hminfﬁo;;z(;)c) +e+p(2) dz) dsdy

/ Z |/ ( S||v€1ﬁx>d5dy
/7, e |1 (2m|Ll)d8dy

< M/ Ih(y)ldy < oo.
n

€%

IN

IN

Moreover, for every y € [0,7], we have

/ exp (_/ —liminf, oo p(z) + €+ u(z)dz> s
Y Y 71(2:)

< C1/ exp </ —liminfy o0 p(@) + €+ 1(2) dz) ds
y 0 4t (Z>
< C’z/ exp (—/ —liminfy oo (@) 6 + p(z) dz) ds,
y 0 et (Z)
where
ey ETSIL LRI
0 71(2)
and
Co :=exp (77(|5 — hmian%: )l + ”'UHLOC)> < 0
0
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Note that, for every y € [0, 7]

/ exp </ —liminf, o p(z) + € + p(z) dz) ds
y 0 7 (2)

. /:0 exp (_ /’7 —lim infﬁo;fé:;) +e+ M(Z)dz) exp (— /ns 7i@dz) ds

0
K  —liminf, oo p(x) + €+ p(z) >
+ exp | — dz | ds.
A p(A 7(2)

Consequently
n e ERNS FNa
/ ()] / exp (—/ im infy o0 p1(2) + € F () dz) dsdy < oo
0 Y0 y y ’)/1(2)
and

| utoias <

so u € L1(0,00) and
—liminf p(x) + € € p(A}L)

Tr—r00
for every € > 0 whence
s(AllL) < —liminf p(x).

T—> 00

Now let ¢ >0, h € L% (0,00) and

A= —limsup p(z) —e.

r—r00

Suppose that A € p(A},), then u := (A — A})~"h is given by (43). We know that
there exists ¥ > 0 and 5 > ¥ such that

/Oyh(z)dz >0

and
p(s) < limsup p(z) + /2

Tr—r 00

for every s > 5. Consequently we get

/0 " u(s)ds
— /Ooo h(y) /yoo 711(5) exp ( /ys (u(z) — (lim s;llp(ggoo p(x) + 5)) dz> dsdy
= [ e ([ () )

B 5 w(z) — (limsup,_, . u(z) + ¢€) z S
exp( ( 71(2) )d >‘|ddy

N e )
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7 o ;
> / h(y) dy/ [exp (_S (IIulle + limsup, . p(x) + 5))
o Imllze 5 Yo

@ (s )

=0

so u ¢ L1(0,00) and

—limsup u(x) — ¢ € O’(A}L)

T—r00
for every € > 0 whence
s(AfL) > — limsup p(x).

r—0o0
Remark 10. Note that similar estimates hold for A2 .
3.4.2. Spectral theory of coupled systems. Define the operator

Al u=—(nu) — (n+ci)u,

with D(A},, ) = {u € W"(0,00) : u(0) = 0}. Let H := (hy,hy) € X and X € R,
The system

Aup 4 (yiur) + (p+c)uy —coug = hy,
Aug + (’}/QUQ)/ + (CQ)UQ —Ccuy = hg, (44)
u1(0) = wu2(0) =0,

can be globally solved by iterations, since it is linear, by writing

Aug + (’Ylul)/ + (,u + cl)ul = Coug + hl,

Aug + (yeuz) + (c2)uz = crug + ha,
(751 (0) = U2 (0) =0.
Since Bs is a positive operator then, once H € X, the iterative sequence
M+ (™ + (e e)uftt = coul + by,
Mt 4 (youh ™) + (eg)ul c1ul + he,
uith0) = w(0)=0.

(with 4§ = u3 = 0) is nonnegative and then so is its limit. In addition

1 ’ n 7‘]'5(%)@
n+1 — / [hl (y) + Co (y)u2 (y)] e v 1 (2) dy
(u}l 1) (s) = ’Yl(s% o oo, s> 0
“2 [ha(y) + c1(y)uf (y)] e fy( 72(2) ) *dy
Y2(s) Jo

shows by induction that the sequences u} and uj are nonincreasing in A. In all
the following, we will write symbolically (A — B)U = H instead of (44), even if
U ¢ D(B). Finally, the solution of (44) always satisfies the Duhamel equation

1 ’ oo (0 o J‘;(W)(h
()= [0 / ) +ertale” BUSS a
" [h2(y) + c1(y)ui(y)] eff;( 220 )dzdy
Y2(s) Jo
(45)

and is nonincreasing in X\. Thus, if « < A then Uy € X = U, € X, so
o(B)NR = (—o0, s(B)].
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Theorem 3.7. We have
—limsup u(z) < s(B) <0

Tr—r00

and in particular

(—oo7 —limsup p(x)| C o(B).

T—r00

Moreover, if liminf, . pu(z) > 0 and liminf,_, ca(z) > 0 then
s(B) < 0.
Proof. Let A > 0, H := (hy,hs) € L*(0,00) x L'(0,00). The solution U := (uy,us)
of
(M —-B)U=H, U()=(0,0)
is given by (45) and satisfies

(mw) + A+ e+ pur —couz = hy, (46)
(you2)" + A+ c2)uz —crur = ho.

By adding, we get
(y1u1)" + (y2u2) + M ur 4+ u2) + pug = hy + hy =: h. (47)

We know that the resolvent of B is a positive operator, so it suffices to take (h1, ha) €
Xy. Then u; and ue are nonnegative functions and an integration of the latter
equation leads to

s ) +a(mpua(m) 4 [ (o) +uads [ p(eun(s)ds = [ nsyis

for every m > 0. Consequently

/\/m(ul(s) us(s))ds < /m h(s)ds
and OOO i
/\/ (u1(s) +ua(s))ds < ||hllpr < o0
by passing to the limit, w(l)lence
ug +ug € L0, 00)
so u; € L1(0,00) and up € L(0,00). Thus A € p(B) for every A > 0 and
s(B) <0.

Now let H := (h1,ha) € Xy and A := —limsup,_, ., u(x) — ¢, with € > 0. We know
that there exists n > 0 such that
p(x) < limsup p(z) +€/2, Vo =,
Tr—r0o0
S0
At p(z) <—e/2<0, VYx>n.
Suppose that A € p(B), then an integration of (47) between n and co implies that

oo

02—w@mm%wwmmm+/MQ+M®WM®+w@Wk2/ h(s)ds

Taking h € L'(0,00) such that fnoo h(s)ds > 0 would lead to a contradiction. Thus

—limsup pu(x) — ¢ € o(B)

r—00
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for every € > 0 and
s(B) > —limsup p(x).

Tr—00

Finally, suppose that liminf, o p(z) > 0 and liminf, ,. co(z) > 0. Let £ > 0,
then there exists n > 0 such that

w(x) >¢e/2, Vx>
Let A =0 and H := (hq, ha) € X4. The solution of
(M —B)U = H, U(0) = (0,0)
satisfies (47) and an integration lead to

 (m)un (m) + 7 (m)us(m) + / " s (s)ds = / " h(s)ds

whence
| mtsun(s)ds < s < oc.
0
Consequently
o0
/ u1(s)ds < o0
n
and u; € L'(0,00). The second equation of (46) implies that
2 1
()\ — ACz)UQ =hys+ciup € L (0, OO)

By Remark 10, we have s(A2)) < 0, s0 0 € p(A2)) and uy € D(AZ) C L'(0,00).
Consequently
U e D(B)
so 0 € p(B) and
s(B) <0.
O

Remark 11. We suspect that the spectra of AL, Ai and B are invariant by trans-
lation along the imaginary axis (and therefore are half-spaces), in the spirit of [15].
We conjecture also that their spectrum consist of essential spectrum only.

Remark 12. If 0(B) = 0.ss(B) (see Remark 11), then the stability of the essen-
tial spectrum given in the proof of Theorem 3.4 implies that the essential type
of {TA(t)}1>0 is equal to s(B). In this case, the sufficient condition (42) for the
existence of a spectral gap for {T.4(t)}+>0 is also necessary.

Under suitable assumptions, we can compute s(B).
Theorem 3.8. Suppose that the limits
l, = xlgrolo w(z), ly = aclgrolo c1(x)

exist and that co € Ry. Then

7(11 + C2 —+ Z/L) + \/(ll —+ C2 —+ ZIL)Q — 41“62

s(B) = 5
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Proof. It I, = 0, then it is clear, with Theorem 3.7, that s(8) = 0. If co = 0, then
s(AEQ) = 0 by Remark 10. Since Bs is a positive operator, we readily see that

s(B) > s(A+ B1) = max{s(AllHCl), s(A2)}. (48)
Consequently s(B) > 0 and the equality holds by Theorem 3.7. Suppose now that
co >0, I, >0.

Define the second order polynomial function

Pix= N+ Al +ea+1,) + e
whose discriminant is

A =1 +2co+ 2,0 + (ca —1,)> >0

and let
yooo “hiter )+ \/(Qh oot 1) — dlyer _
We know by Theorem 3.7 that
s(B) <0

since ca > 0 and [, > 0. Let € € (0, =\*), A := X\* + e < 0 and (hy,ho) € X4, The
solution U := (uy,us) of

(M -BU=H, U(0)=(0,0)

satisfies (46). We multiply the first equation by (A + ¢2) and the second one by cs,
then we do the sum of both equations. We obtain:

()\+62)(’ylu1)/+02(’y2u2)’+[)\2+)\(01+02+u)—|—u02]u1 = ()\+62)h1+02h2 =:h (49)

where h € L'(0,00). By assumptions made on ¢; and u, we know that for every
n > 0, there exists é > 0 such that

u(s) =lul <m,  eals) —hl<n,  Vszd
Moreover, we have
N4 Xer(s) + ca(s) + u(s)) + p(s)ea(s)

> (M4e)l+ N +e)li+eo+ 1 +2n)+ el —n)

= 242N + 2\ +e(ly +ca+ 1, +2n) — nea

= 2N+ (i + e+ 1))+ €2 4+ 2\* 1 + 2en — ney

> 2 420N+ 2en — neg =: C(n)
for every s > 4, since P(A\*) =0 and

2N > —(lh +ea+ 1)

We see that C'(0) = €2 > 0. Since C is a continuous function, then we can find
7* > 0 small enough such that C(n*) > 0. Thus there exists § > 0 such that for
every s > 0, we have

N+ Mei(s) + ea(s) + u(s)) + p(s)ea(s) = C(n") > 0.

An integration of (49) and some lower bounds lead to

(v en) [ s+ ex [ aua ()i + €Or) [ untsids < [ nsyas
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for every m > . Consequently
cor) / ur(5)ds < Bl 22 0.00) + (0 + €2)71 (81 (8) + e292(8)ua(8) < oo
)

Finally u; € L*(0,00) and, using the second equation of (46), we get us € L'(0,00).
Consequently we have
A +e € p(B)

for every € > 0, so

s(B) < A*.
If [; = 0, then we have

A" = max{—1l,, —c2}
and
max{s(A,.,),s(A2,)} = max{—l,, —ca},

by using Theorem 3.6 and Remark 10. Consequently, using (48), we get

s(B) > \*
and the equality holds. Suppose in the following that

1 >0.

We see that
P(—Cz) = —lica <0

so we have
A* > —co.
Let H € X1, A:= A" —¢ <0, with € > 0 small enough such that A > —¢y (which is
possible since \* > —¢cz). Suppose that A € p(B), then U := (A —B)"'H = (uy, us)
satisfies (49). By assumptions on the parameters, we have
A2+ Aer(s) + ea(s) + p(s)) + uls)ea(s)

< W=+ (W =)t et lu— ) +eally +1)

= 22N =2\ —e(ly + e + L, —2n) +nco

= &2 — 2N + (Iy +c2 + 1)) — 2\ + 2en + neo

< &2 —e(ly —2n) — 2\ n+ ey == C(n)
for every s > 4, since

N 4 (I +eat1)=VA>1.
Taking ¢ small enough such that ¢ <y /2, lead to
C(0)=¢e(e —1) <0.

By continuity of C, we can find * small enough such that C'(n*) < 0. Thus there
exists 6 > 0 such that

A2 4 Aer(s) + ea(s) + u(s)) + p(s)ea(s) < C(n*) <0, Vs> 6.

An integration of (49) between § and co leads to
0> —(A+c2)71(d)ur(6) — c272(d)ua(d) + C(U*)/ uy(s)ds > / h(y)dy.
5 5

We choose (hi,hs) € X4 such that [ h(y)dy > 0 to get a contradiction. We
obtain
A —eea(B)
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for every € > 0 small enough, whence

s(B) > \*

and the equality follows. O

3.5. On the existence of the spectral gap. This subsection deals with different
cases where one can check directly the existence or not of a spectral gap.

3.5.1. Sub (resp. super) conservative systems. We start with:

Theorem 3.9. Suppose that

/0 B(s,y)ds > p(y), Yy>0

and
liminf p(x) > 0, lim inf co(x) > 0.

Then we have s(A) >0 and s(B) < 0.

Proof. The fact that s(B) < 0 is given by Theorem 3.7. To prove that s(A) > 0,
let the initial condition (u{,u3) € D(A) N Xy. An integration of (35) gives us

% :/000 u1(s,t)d8: = — /Ooo(u(s) + c1(s))ui(s, t)ds + /Ooo ca(s)ua(s, t)ds

+/ B(s,y)ui(y,t)dyds
0 0

% :/OOO U2(87t)d8: = _/000 62(5))u2(s,t)ds+/ooo c1(s)ui(s,t)ds

for every t > 0. The sum of the latter equations then lead to

4 Uooo(ul(s,t) + ug(s,t))ds]

dt
= [ swutndyas - [ atsun(snds
o Jo 0
oo (oo}
= / [/ B(s,y)ds — u(y)} ur(y, t)dy = 0
0 0
by assumption. Consequently we get
0
Uy
2| C)

rao()

By density of D(A) N X, in X, the latter inequality holds for every (ul,u3) € X}
and

‘ vt > 0.

[Ta®)cx) =1
for every t > 0. Consequently we have

wo(A) >0

and

s(A) > 0.

We give now a ‘converse’ result
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Theorem 3.10. Suppose that

mlgrx;@ ca(z) =0 or xhﬁngo pu(xz) =0 (50)
and that
e}
/ Bls,y)ds < ply), Yy = 0. (51)
0

Then s(B) =0 and s(A) = 0.
Proof. If lim,_,o0 p1(x) = 0, then it is clear that
s(B)=0

by Theorem 3.7. If limg o0 c2(x) = 0, then, using Remark 10, we see that s(A2)) =
0. The fact that s(B) = 0 follows from Theorem 3.7 and (48). Let the initial
condition (ul,uY) € D(A) N X,. An integration of (35) gives us

G L st nas| = [T [T sas = )] wionas <o

By density, we then get

o GG v=o
for every (ul,uy) € X,. Consequently, we have
[Ta®)zx) <1
for every ¢ > 0 s0 wy(A) < 0 and
s(A) <0.

Since A is a positive and bounded perturbation of B, we have

s(A) > s(B)
whence the result. O

Remark 13. We note that in contrast to the case m < oo, the irreducibility of
the semigroup does not imply the existence of spectral gap since (50) and (51) are
compatible with the irreducibility of the semigroup.

3.5.2. A particular case. We show now that the spectral gap is always present when
some parameters are constant.

Theorem 3.11. Let c1,co and [ be positive constants. If 51(s) := infy>0 5(s,y) is
not identically zero then

s(A) > s(B).
Proof. The computation of s(B) follows from Theorem 3.8:

—(c1 + e+ p) ++/(e1+ c2 + )2 — 4ducy
2

= \*

s(B) =
Let
A=A"+e (¢>0).
If A > s(A) then A € p(A) and (A—.A)~! is positive. So for any (hy, he) € Xy —{0},
(Ul,UQ) = ()\ - A)_l(hh h2>
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is nonnegative and satisfies
{ (’Y1u1)/ + ()\ +c1 + M)Ul — C2U2 — fooo ﬁ(-,y)ul(y)dy hi,
(vau2)' + (A +c2)ug —cruy = ha.

We multiply the first equation by A + ¢o and the second one by ¢y, then the sum
implies that

(A + ca)(mur) + ca(v2uz) + [N + Aer + c2 + p) + pea]uy
= (vter) [ Gy +h
0

where h := (A 4 c2)h1 + caho. An integration of the latter equation leads to

o0
A2+ Aey +ea + p) +—M02]j[ u1 (y)dy
0

— /Ooo h(y)dy + (A + ¢2) /OOO /OOO B(s, y)us (y)dyds

and replacing A by its expression, we obtain

(€% +e(2X\* +c1 + ca + )] / u1 (y)dy
0

= [Thr+ et [T s
Consequently, we have
7e) /O OE /O " by, (52)
where we defined
frem[E+e@N +eteat+p)]— (N +e+ cg)/ooo B1(s)ds.
Since A\* > —cp, then
10) ==+ [~ pulyds <o

The fact that lim._, f(¢) = co implies, by continuity, that there exists € > 0 such
that f(g) = 0. Considering € € [0,2] in (52) would lead to

02 () [ wmdyz [ by >0
0 0
which is a contradiction. Hence A\* +& < s(.A) and this ends the proof. O

Remark 14. A simple computation shows that

-2\ 4+ teatp— fooo Bi1(s)ds) + VA -
2

= 0

where
o0 2 0
A= (2)\* +e1teatp— / 51(5)613) +4(\" + 62)/ Bi(s)ds >0
o 0

which provides us with an explicit lower bound of the spectral gap

s(A) —s(B) > &.
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