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Abstract. In this work, we consider a reaction-diffusion system, modeling the
interaction between nutrients, phytoplanktons and zooplanktons. Using a semigroup
approach in L2, we prove global existence, uniqueness and positivity of the solutions.
The Holling type 2 nonlinearities, i.e of rational type with singularity, are handled
by providing estimates in L°°. The article finally exhibits some time asymptotics
properties of the solutions.
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1. Introduction

Red, or brown, tides are outbreaks of algae in the oceans, quite often harmful, that
threaten aquatic life and constitute a serious problem for the fishing industry and
tourism. Models for plankton dynamics have been devised since more than two decades,
because the phytoplankton-zooplankton trophic interactions are at the base of the
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food chain on our planet, [16] and disturbances to this basic ecosystem such as those
mentioned above may have serious consequences that are far beyond the nutrition chain
and may involve the worldwide oxygen production, see [35] and the references quoted
there. This is mainly the consequence of the unregulated human activities, [2], e.g.
utilization of chemical pesticides in agriculture and the release of untreated wastewaters,
[14], that ultimately flow into the shallow waters near the coastlines and thus contribute
to the raise in the organic nutrients concentration in the ocean, [20]. The harmful
algal blooms deplete the water from its oxygen content and thereby threaten the life
of aquatic creatures. For these reasons it is important to be able to predict them
and a fundamental tool is represented by mathematical models, e.g. [19, 48, 49]. In
particular, one of the first models explicitly taking into account the pathogenic agents is
[7]. The phytoplankton is split among susceptible and infected, and zooplankton grazes
on both, population oscillations are discussed and compared with data on Noctiluca
scintillans and diatoms. A similar, more complicated disease transmission, usually
known as standard incidence, is introduced in [43] and further investigated to show
chaotic behavior in [50]. However, the type of disease transmission used is discovered to
affect the system’s steady states, [42, 26], but coexistence is also possible if the incidence
is predator-dependent, [31], as well as the emergence of a disease-induced strong Allee
effect for the predators. In addition, predators survival improves, if zooplankton does
not feed on alternative resources, but the spreading of the epidemics is enhanced, that
in the opposite case would be eradicated. When the phytoplankton carrying capacity
is large, i.e. under eutrophic conditions, it may further destabilize the system. Broader
models involving alternative food supply for predators, infected phytoplankton being
unable to feed, selective predation, harvesting and explicitly taking into account the
nutrients are present in the literature, [12, 11]. In some cases, criteria for the extinction
of the plankton populations can be derived and the associated risks are discussed.

Most of these dynamical models have been formulated by explicitly avoiding space,
assuming that the ocean environment properties are independent of time or position
in space, [27]. But this is unrealistic as hydrodynamics plays an important role in the
shaping of an aquatic community, as well as factors as temperature, salinity, turbulent
mixing intensity. A consequence is the fact that spatial structures become possible in
this context, both induced by the heterogeneities in the aquatic medium and by the
trophic interactions, [46, 47]. Thus multi-habitat and multi-patch formation is possible,
28].

To investigate the role of toxic algae in the occurrence of red, or brown, blooms and
their termination several two-population toxic producing phytoplankton-zooplankton
models have been introduced in [10]. The toxic producing phytoplankton is found to
possess also a self regulation property. Also, two toxic phytoplankton populations reduce
the coexistence population values, thereby reducing the planktonic blooms, [41] and a
similar outcome occurs if one phytoplankton is harmless, as the interspecific competition
and the growth rate of the zooplankters is reduced, [39]. This is in line with other
researches indicating that this bottom-up interpretation of the control of harmful algal
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blooms, [44, 40, 24].

Another mechanism proposed for the control of phytoplankton dynamics is via
efficient grazing by zooplankton, [8, 22, 16, 30, 6], in agreement also with empirical
data, [17, 45, 23].

In the literature, also the mixing of these two regulatory mechanisms has been
proposed, [6]. Large amplitude oscillations of plankton populations are predicted by
theoretical analyses, when nutrients abound in the ocean, [38, 21, 16], but are not
confirmed by empirical data, [45, 23, 8], originating thus the paradox of enrichment,
[38, 21]. The original Rosenzweig model has been modified to improve it, in particular
accounting for the zooplankton vertical movement, following phytoplankton for feeding,
[18]. The latter indeed distributes inhomogenously in view of the diminishing light in
the water with depth, due to absorption in the upper layers, [37]. The properties of
the combined above mechanisms leading oscillations to settle to a stable coexistence
equilibrium have been elucidated in [29, 18].

Based in part on these results, further explorations have been carried out in [5],
including a depth-dependent vertical turbulent diffusion, providing a more realistic
scenario. These results are related to the following model equations, where t > 0,
h € [0,H], D,H,r~,x, o (,p, my, k,m are positive and where p, n and z represent,
respectively, the phytoplankton and nutrients densities and the average density of

zooplankton:

% = D% - Lh(p) 1+nxn ’

0 0?2 n oz(t)p?

o = Dar+Lu) (55) — Tﬂ(l(Jr)Bpp) — MpD (1)

H 2

A kz(t) ap(t, h) b

- = = —mz(t),

dt Hp /O 1 —|—ﬁp(t,h) ( )
with L, the operator given either by

Ly(p) = rexp(=7h)p (2)

or by

Lp(p) = rexp (—v /th(t, z) dw) p (3)

assuming, as the case may be, an exponential decay of light with increasing depth or a
light attenuation due to phytoplankton self-shading. Moreover, system (1) is equipped
with the following boundary conditions:

on

%(@0) _07 n(taH)_nH7
dp B dp B
%(@0) _07 8h<t’H)_O’

for every t > 0, where ngy > 0 is constant. We also add some initial conditions:
n(oa h) = nO(h)a p(07 h) = pﬁ(h>7 Z(O) = 20-

In this paper we reconsider the models introduced in [5] and prove their well-
posedness. To this end, tools from functional analysis are employed.
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In this paper, we want to prove existence and uniqueness of a nonnegative solution
for Problem (1) for both cases of operator L given in (2)-(3), in a L? framework. To
achieve that goal, we follow a standard line of proof, sketched next with an outline of
the changes and difficulties encountered. We rewrite the model as a Cauchy problem, we
prove that the linear part generates a positive Cy-semigroup, we check that the nonlinear
part verifies a Lipschitz property and is positive up to a translation (i.e. (f + A\I) is
positive for some A). These latter points then allow us to use a fixed point theorem
to get the desired result. Such kind of mathematical developments have already been
published for PDE structured models ([25], [33], [34]), reaction diffusion systems ([1],
3], [4], [15]) and a case mixing diffusion and age-structure [51].

In the present model, some new technical difficulties appear, due to the shape of
the system. First, there is a nonhomogeneous Dirichlet boundary condition for n, so we
need to make the change of variables:

n=n-—ng,

in order to get a Cauchy problem. Consequently, in addition to the proof that the linear
part generates a positive Cy-semigroup, we also need to prove a lower bound property,
implying that {f € L*(0,H) : f(z) > —ng a.e. xz € [0, H|} is invariant under the
semigroup. Moreover, another critical point in the mathematical analysis stands in a
singularity of the nonlinear part at:

n=-1/x

so we need to restrict the space to a subset where the denominator is nonzero. A final
difficulty is that the nonlinear part does not satisfy the required Lipschitz property in
L?, but does in L. Consequently, we need some L* estimates, that are proved by
using the truncation method of Stampacchia (see e.g. [9]).

The paper is structured as follows: in the next section, we make explicit the
framework used in the sequel, taking into account the model specificities as previously
described. Section 3, dealing with well-posedness, is dedicated to the main results of
the article; we first prove that the linear part generates a Cp-semigroup that satisfies
some lower and upper bounds; we then handle the nonlinear part showing it satisfies
a Lipschitz property and checking that it is positive up to a translation, implying the
existence and uniqueness of a nonnegative solution; we then show that the solution is
global since it cannot explode in finite time, prove that n is bounded and give a sufficient
condition to get extinction for p and z. All these results are obtained for the two cases
of operator Ly, as defined in (2)-(3).

2. Framework

Since the Dirichlet condition at h = H, for n, is nonhomogenous, we introduce the
following change of variable:

n=n-—ng. (4)
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Thus
on  __ 9%h n+n
& = D35 — L) (s )
ap  _ 22 Aitn az(t)p?
o = Do+ Lu(p) 1+x(+ﬁ+};m) B ﬁ(1+,3pp) — P (5)
dz _ kz(®) /H ap(t, h)2 dh — mz(t)
dt Hp 0 1 + ﬁp@? h) ’
for every t > 0, h € [0, H], with the boundary conditions:
dp dp
ah(’ ) ’ 8h<’ ) ’
on
—(t,0) =0 n(t,H) = 0.
Tt0)=0, il H)

Since n = n + ny, it suffices to prove that the problem (5) is well-posed in a suitable
Banach space, in the semigroups setting. We will then drop the tilde in the following
and write n instead of n, for a better reading. We work in the Hilbert space

X = (L*(0, H) x L*(0, H) x R, || - |[x),
endowed with the norm
[, p, 2) [l = [l 2(0,m) + (1PNl 200,8) + |2]
and the scalar product
((n1,p1, 21), (N2, P2, 22)) 0 = (01, 102) 120 gy + (P15 P2) 12(0,1) + 2122
We define the linear operator A : D(A) C X — X by:
A(n)pz=(D)n"Dp" —m,p —mz,
with domain D(.A) given by
{(n,p,2z) € H*(0,H) x H*(0, H) x R : n/(0) = n(H) = p'(0) = p'(H) = 0}.

Since we are interested in the positivity of the solutions, we denote by X', the positive
cone of X'. Actually, because of the change of variable (4), we have

n>0<n>-—-ng,

where n and 7 are respectively the solutions of (1) and (5). To this end we define, for
every € > 0, the space

X ={(n,p,z) € X: (n+elypm,p, 2) € Xi}
We see that Xy = X, and the sequence of spaces {X. }.>¢ is increasing in the sense that

X+ C Xsl C XEZ, Vey > g1 > 0.
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We will then obtain the positivity when considering € = ny. Because of the singularity

of the nonlinear part in (5) at
1

we define, according to the two cases of operator L; given in (2)-(3), the functions
J1: Xpreot = X fo i Xy = & by:

—rexp(—y-)p (%)
n+ng azp2

fi(n,p, z) = rexp(—7-)p 1+x(n+nH)) — p(1+8p) |,
e [ _ap(h)?
f7 Jo 1+ Bp(h)

h n+n
-r eXp(_Vfo p(l‘) dflf)p (1+X(+n+liLH)>

h n+n azp?
fo(n,p,z) = rexp(=v [y p(z) de)p <1+x(n+ﬁrrm)> N ﬁ(l+pﬂp)

H 2
kz ap(h)
Hp /0 1+ Bp(h) h

Lemma 1. The ranges of fi and fy are included in X .

Proof. Let (n,p, z) € X, 4 (21, then

72 a?|z|? k|z|a
1f1(n,p, )% < 3llple + Ser Il + S Il < oo
The same inequality holds for fs. O

When focusing on (5), we will consequently study thereafter the following abstract
Cauchy problems:
U'(t)y = AU(t)+ fi(U(t), VYt>0, inX,,, ©)
UW) = Upe Xy, CXnpien)ts
for every i € {1,2}, where U(t) = (n(t),p(t), z(t))T.
The approach used to prove existence and uniqueness of a solution of (6) is classical
(see e.g. [32]). The techniques used for both models being the same, we only prove the
result for the first model, then give the idea for the second model. We first show that A
generates a Cy-semigroup in X', then we prove some Lipschitz property for f;. Because
of the nonlinearity taken in (5), f; is not locally Lipschitz in X'. For that reason, we
define the Banach space

X = (L>®(0,H) x L>®(0,H) xR, || - ||lx=) C X
endowed with the norm

1t p; 2) e = [ oo 0,01y + [Pl o0 0,10) + |21
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We will then obtain existence and uniqueness of a solution of (5) in X*°. In order to
have some positivity, we define X° the positive cone of X* and the spaces

X2 ={(n,p,z) € X : (n+elpp,p 2) € X} CX™,

for every € > 0. Now that the framework is clear, we can deal with the well-posedness
of the Cauchy problem (6).

3. Well-posedness

3.1. Linear part

We start this section by handling the linear part.

Theorem 2. For every v > 0, the operator A — vI generates a Cy-semigroup
{Ta-v1(t) }+>0 on X. Moreover it satisfies

Vo € X, t— T wi(t)uo € C([0,00), &) N CL((0, 50), X)), (1)

| Ta—wr(t)uollxe < lJuollaxe, V>0, Vug€ X, (8)
and

Tai(ug € Xy VE>0, Ve>0, Vug€ X, (9)

Note that (9) implies the positivity of {Ta—,1(t)}>o0-

Proof. The sketch of the proof is the following: we first prove that A—v I generates a Cy-
semigroup by verifying the surjectivity and the dissipativity properties. We deduce that
for every initial condition (ng, po, z0) € X, the solution of the linear problem verifies (7).
We then show that this solution (denoted by (n, p, z)) verifies the following inequalities:

min{0, inf no(h)} < n(t,h) <max{0, sup ng(h)}, (10)
he(0,H] he[0,H]

mln{ov inf pO(h)} S p(ta h) S maX{O, sup pO(h)}7 (11)
hel0,H] he(0,H)

—[z0| < 2(t) < 20, (12)

for every t > 0, a.e. h € [0, H] and (8) follows. We then check that {T4_,(t)}+>0 is
positive. Finally we prove (9).

(i) Clearly, D(.A) is dense into X'. Moreover, for every (n,p,z) € D(A), we have

<A(n 2% ) (1D, 2)) x
(Dn" n) 2 + (Dp" — myp, p);» — mz?
2

H 8 H ) )
_D/ 8h2dh+D/ p(h)athh mp/o p(h)°dh — mz

0 2 2
/0 ( h) dh /0 ( h) dh mp/o p(h) dh — mz
<O.
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Consequently, A is dissipative in X'. Let us show now that A\l — A4 : D(A) - X
is surjective for any A > 0. Let H = (hy, hy,h,) € X and A > 0. We look for
U := (n,p,2)T € D(A) such that (\[ — A)U = H, i.e.

An — Dn" = hy, (13)
Ap — Dp" + myp = hy, (14)
Az +mz = h,,
S0 .
T Atm

We multiply (13) and (14) respectively by v € H*(0, H) and v € H'(0, H), then
integrate between 0 and H to get
nu — / Dn'"u =

H / /OH
)\/ pv—/ Dp”'v—l—mp/ pv = / hyv.
0 0 0

An integration by parts gives

H H H

)\/ nu+/ Dn'u':/ hyu, (15)
0 0 0
H H H H

)\/ pv+/ Dp’v’+mp/ pv:/ hyv, (16)
0 0 0 0

al(nv u) = Ll(“)? a2(pvv) = L2('U)v

where the bilinear forms a; : V. xV — R, ap : H(0, H) x H'(0, H) — R and the
linear forms Ly : V — R, Ly : H'(0, H) — R are defined by:

H H
ai(n,u) —/\/ nu—l—/ Dn'u/
0 0
2(p,v —/\/ pv+/ Dp' —|—mp/ PV,

Ly(u) = /0 hou,  Lo(v) = /Othv,

Vi={ue H(0,H): u(H) =0}

whence

where

A simple application of Lax-Milgram theorem implies that for every (h,,h,) €
(L?(0, H))?, there exists a unique (n,p) € V x H(0, H) such that:

aj(n,u) = Li(u),
az(p,v) = La(v),

for every (u,v) € V. x H'(0, H).
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(iii)

Now, we verify that U belongs to D(A). For this, we use (15) and (16) with
u € CX([0,H]) and v € C*([0, H]) respectively, where C>(0, H) refers to C*
functions with compact support. Then, we get

H
/ n/u/
0
H
D ’/ P’
0

for some constant ¢; and ¢y. Consequently Dn’ € H'(0, H) and Dp’ € H*(0, H), so
n € H?(0,H) and p € H*(0, H). Finally, to prove the surjectivity, an integration
by parts of (15)-(16) with u € C.(0, H) and v € C.(0, H) implies (13) and (14).
Moreover, an integration by parts of (15) with v € C(0, H), u(0) = 1, u(H) =1
implies that n'(0) = 0. Similarly, we get p’(0) = 0 and p/(H) = 0 after an
integration by parts of (16) with v € C(0, H) and respectively v(0) = 1,v(H) =0
and v(0) = 0,v(H) = 1. Thus A generates a Cy-semigroup {74(¢)}:+>o by Lumer-
Phillips theorem, and A — v also generates a Cyp-semigroup {7'4—,s(t) }+>o for every
v > 0 by bounded perturbation arguments.

D < [l 2 0.0y + Vnll z20.m Ml 20,51y < ealful 2,

< [T+ I Dllpll 2. + [1Ppll 2.0l 2 0.00) < 2|02,

Let v > 0. We readily see that A — v[ is a symmetric operator. It is actually a
self-adjoint operator since it is m-dissipative (with [9], Proposition VIL.6, p. 113).
Using [9], Theorem VIL.7, p. 113, we obtain that the solution of

Uty = (A—vDU(t)
{ U0) = uwel (17)
verifies (7).
Let v > 0. We want to prove that the solution U(t) := (n(t,-), p(t,-), z(t)) of
U't) = (A—vI)U(t)
{ U(0) = (no,pos 20) € X (18)

verifies (10)-(11)-(12), for every ¢t > 0. It is clear that
Z(t) _ Zoe—(u-‘rm)t

so that (12) jis satisfied for every ¢ > 0. To get the result on n and p, we use the
truncation method of Stampacchia (see e.g. [9], Theorem X.3, p. 211). In all the
following, we will use the notation

K? := max{0, sup o(h)} >0, K, := —min{0, inf o(h)} >0
he[0,H] he[0,H]
for every function o € L>(0, H). Define the function G € C*(R) such that
(a) |G'(z)| < M, VzeR,
(b) G is strictly increasing on (0, 00),
(¢) G(z) =0, Va<O0.
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We introduce the functions

/-i:ac»—>/ G(o)do, VzeR, (19)
tl—>/ p(t, h) — KP)dh, s tt—)/ B(t,h) — K,,)dh, Vit >0,

where
D= —Dp, n:= —n.
Define the set

We can show that ¢; € Y for every i € [1,4], using (7). Moreover, we have

H
Gp(t, h) — K») 2
; ot

:/ Go(t, h) — K) (D%(t By — (V+mp)p(t,h)>dh

(¢, h)dh

2

_ _D/ & (p(t, h) — KP) gh(t,h) dh

H
— / G(p(t,h) — KP*)(v 4+ my)p(t, h)dh <0, Vt >0,
0
since G’ > 0. Finally ¢} <0 on (0, 00) and consequently ¢; = 0, so

p(t,h) < KPP <max{0, sup po(h)}, Vt>0, ae hel0,H].
hel0,H]

The same computations lead to

(1) = -D / Gt 1) — K,)

2

op dh

ah(t h)

H
= [ 6@t~ K)o+ mypte B < 0
0
for every ¢t > 0 and s = 0 on (0,0), so

p(t,h) > -K,, > min{O,hiE%fH] po(h)}, Vt>0, ae hel0,H]
€lo,

and (11) is satisfied. Similarly, we have

os(t) = /0 G(n(t,h)—K”O)g—?(t h)dh

_ /0 Y Gt ) - K™) (Dg; (£, ) — vnlt, h)) dh

= -D
/O o dh
H

-

n(t,h) — K™)

(L, h)

G/
G(n(t,h) — K" )vn(t,h)dh <0, Vt>0,
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since G(n(t, H) — K,,) = G(—K,,,) = 0. We can also show that
py(t) <0, Vt>0

whence (10) holds. Considering an initial condition (ng, po, z0) € X leads easily
to (8).
Let us prove now that {T'4_,(t) }+>0 is positive for every v > 0, that is, the resolvent

Ry(A—vI):= (A +v) — A

is positive for A large enough (see e.g. [13], p. 165). Let v > 0, A > 0,
H := (hy, hy, h,) € X1. As point 1. above, one can consider

U:=(n,p,z) = (R\(A—vI))H € D(A).

We have to prove that U € X. Since C([0, H]) is dense in L?(0, H), we may assume
without loss of generality (using the dissipativity and the closedness of A) that

h,, € C([0, H]), h, € C([0, H]).

Thus, we have
—Dp" + (A +v+my)p=hy,

with p € H?*(0,H) C C([0, H]). Since h, is continuous, then the latter equation
implies that p” is also continuous and then p € C*([0, H]). The absolute minimum
of p is achieved at some h € [0, H]. Suppose that p(h) < 0. The function

q:=-p

verifies the equation
Dq//_ <)\+y+mp)q:hp 2 07

and its absolute maximum is reached at h. If h = 0, then by Hopf’s maximum
principle (see [36], Theorem 4, p. 7), we would have

—p'(0) = ¢'(0) > 0,

which contradicts the Neumann boundary condition. If A = H then by Hopf’s
maximum principle, we would have

—p'(H) =¢'(H) <0,
which is absurd. Finally, if h € (0, H) then
0> —Dp"(h) = hy(h) — (A +v +m,)p(h) >0

which is not possible. Consequently

p(h) > p(h) >0, Vh € [0, H].
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Similarly, n € C%([0, H]) verifies the equation
—Dn" + (A +v)n="h, >0.

Moreover, n reaches its absolute minimum at i € [0, H]. If n(h) < 0, then the same

arguments than before lead to
h=H,

which contradicts the fact that n(H) = 0. Consequently
n(h) > n(h) >0, Vhe|0,H].

Finally, it is clear that
h.
z2=——2>0,
A+ v+m,,

which proves that Ry(A + vI) is positive and consequently that the Cp-semigroup
{T 4-1(t) }+>0 is positive for every v > 0.

(v) Now we want to prove (9). Let ¢ > 0, v > 0, (ng,po,20) € X- and (n,p, z) the
solution of (18). Because of the positivity of {T4—,;(t) }+>0, it only remains to prove
that

n(t,h) > —e, Vt>0, ae. hel0,H|

which arises from (10).

3.2. Nonlinear part

In this section we handle the nonlinear part by showing a Lipschitz and a positivity
properties of f;. Let m > 0, then define the set

By = {(n,p,2) € X% |[(n,p, 2)||x < m}.

Proposition 3. For every m > 0, there exists some constant k,, > 0 such that for every

2
((n1,p1,21), (N2, p2, 22)) € <X$]+(2X)_1 N Bm> , we have

Ny ni no ni
fil p2 | —fi| m SEn|l 2 || m
z2 <1 oo 22 <1 oo

Proof. We prove the result for f;, the case f; being similar.
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2
Let ((ny,p1,21), (ne, p2, 22)) € <XO;+(2><)*1 N Bm> . Some computations give

n

T T
J1 ( N2, P2, 22 ) - fi ( ni, P1, 21 >

Xoo
p2(no+ngr) p1(ni+ng) o P20
s 2 Lix(netng)  T+x(nitnm)||je ' P (HQﬁpz
H
_#a ) ‘ ka ( pi(t,h)  pith) ) ih
14+8p1 ) || [ Hp 0 1+ Bps (t, h) 1+ By (t> h)

< Ar(mlne — naf[pe + (m+ ny)llp2 — pifl= + xm(m + ny)
OzmQ
In2 = nallpe) + %= (|22 — 21| + 2[lp2 — 1l + mB|p2 — p1l L)
2

+ka7(’2’2 — 21| + 2||p2 — p1llze +mpBp2 — p1llr),
which proves the result. O

Proposition 4. For every m > 0, there exists A, > 0 and n,, > 0 such that for every

(n,p,z) € X

roer-+(2x) 1 N B,,, we have

fitn,p, 2) + An(n,p, 2) € X2

Proof. Let (n,p,2) € X" 5
fl(napv Z) + /\m(napv Z)
1 (A = 7 exP(=7") i ) — 7 OXP(—7) Tt

n+ng apz

= P (Am + 7 exp(—y) TGt TO(HBP))

B ap(t, h)?
S(mt s [ )

-1 N B,,, then

It suffices to consider

Oé??’L2 T

Ap = — + — 20

p X (20)
and

N = 2rmng + mA, + 2rm? (21)

which ends the proof. O

3.3. Local existence and positivity

We are now able to show existence and uniqueness of a solution.

Theorem 5. Suppose that operator Ly, has one of the shapes given in (2) or in (3).

Then For every initial condition (no,po,20) € Xg°, there exists a unique solution

(n,p,2) € C ([0, tmax), X°) for the system (5), where tpax < 00.

Proof. Let (ng, po, 20) € & and

m = 2|(no, po, 20) | =
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Define the constants A,, > 0, 7, > 0 respectively by (20) and (21), the linear operator
An=A-\,]: DA CX = X,

and for ¢ = 1,2 the nonlinear function
Jm = Ji+ Al 2 X0 L0y = X

We readily see that A,, is the infinitesimal generator of a Cy-semigroup {14, (t) }+>0 on
X. Let

1 1
— mi > 0.
! mm{z(lcm ) 2>mm}

A consequence of Theorem 2 and Proposition 3 is that the linear operator

G ([0,7], X% g1 ) = C([0,7], %)

defined by
n(t,-) ng . n(s,-)
G| at) | =Tan® | p0 |+ [ Tast=9fu| sl | ds @2
z(t) 20 0 2(s)

is a 1/2-shrinking operator on

Z;:C(MTLXm(Ar1ﬂBm>

ng+

with G(Z) C By, since

1
< r<—
=T = 5k + M)

Moreover, using Theorem 2, the fact that

1
T ——

2X N

and Proposition 4, then
G p(t, ) € XnH-i-(?x)*l vVt € [O, ’7'].

Consequently G preserves the space Z. The Banach-Picard theorem then implies the
existence and uniqueness of a local solution

(n,p,z) €C ([0,7’], X201 N Bm> :

It remains to prove that

n(t,h) > —ng, Vte0,7], Vhe|0,H]. (23)
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First, suppose that
(10, po, 20) € D(A) N AT (24)

Using [32, Theorem 6.1.7, p. 190], the solution (n, p, z) of (5) is classical. Consequently,
the function

satisfies the equation

0 O

St = DS R0 m) + L))

ng — ﬁ(t, h)
ot ’

14+ x(n+ng)
for every t € (0, 7] and a.e. h € [0, H]. Define the function
H
onlt) = [ (e, ) ~ ),
0
where £ is given by (19), for every ¢t € (0,7]. We can check that
on € C([0,7],R), ¢n(0)=0, ©z>0 on [0,7], ¢meC'((0,7],R),

then some computations lead to

#alt) 5
_ /0 G(ﬁ(t,h)—nH)g—?(tah)dh

on

- Jran- {250 o ()
— _/O G'(n(t,h) — ny) %(th)

dh
+ /0 G(ﬁ(t,h)—nH)Lh(p)(t’h)(l +7§<}(In_(tﬁf<i§ﬁ )”H>)dh
0

IN

since
Gn(t,H) —ny) =0, 1+ x(n(t,h) +ny) > 1/2, p(t,h) >0,
for every t € (0, 7] and a.e. h € [0, H]. Thus we have
n(t,h) <ng, Vtel0,7], ae. hel0,H]
Consequently (23) holds. Now suppose that
(120, po, 20) € X7y -

Since D(A)NX° is dense into X° , there exists a sequence (nf, pg, 2§ )k=0 € D(A)NX
such that

klim ||(n0,p0,20> - (77’187]7]57 Z(?)HXOQ =0.
—00
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For every k > 0, there exists a unique solution (n*, p*, 2*) € C([0, 7], X ) for the system
(5) with initial condition (nk, pk, 2¥). Using (22), for every k > 0, we get

n(t,-) nk(t,-)
p(t, ) - pk(tv )
2(t) (1)
no — nlg t TL(S, ) nk(sa )
= T, | po—sh |+ [ Tan=9) [f | w0 | g | ) || ds
20— 28 0 z(s) 2F(s)

for every t € [0, 7], so

n<t7 ) nk(ta )
pt,) | —| Pt
k

(1) #) )|,

no — ng ’ n(s,-) nk(s,
< m-s ||+ [ || s || e || as

zZ0 — Zg oo 0 Z(S) Zk(s) Xoo

No —nlg n<87') nk(57')
S Po — PIS T(km + )‘m) maXse[o,r] p(S, ) - pk(sa )

29 — 28 . z(s) 2" (s) oo

2
for every t € [0, 7], since ((n,p,2), (n*,p*,2*)) € (X:O+(2x) ; ﬂBm) and using (8).

Thus, we have

B
—~
=+
N

S

()

n
t,+) < maxeo,7] p(t,) | =1 P
k

z(1)
ng—n'{j
< 2 po—Po

ZQ_Zg

X0 X0

as k goes to infinity, for every t € [0, 7]. Consequently (23) holds and we have
(n,p,z) €C ([O,T],XT‘L’Z N By,) .

Some standard time extending properties of the solution allow to extend the solution
(n,p, z) over a maximal interval [0, fyay)- O

3.4. Global existence and boundedness

We now prove that the solution of (5) is global in time and that n is bounded. We also
give an example where p and z are bounded and go to extinction. We then deduce the
result for (1).
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Theorem 6. Suppose that operator Ly has one of the shapes given in (2) or in (3).
Then for every initial condition (ng,po,20) € X, there exists a unique solution

(n,p,z) € C ([0, 00), XnO:[) for the system (5), that satisfies

n(t,h) < max{0, sup ng(h)}
hel0,H|

for everyt >0 and h € [0, H]. Moreover, if
r

my, > — 25

P> (25)
holds, then

Jim (0. )= =0, Jim =(1) = 0.

Proof. Let (no, po,20) € Xo and (n,p,z) € C ([O,tmax),X,fI‘;) be the solution of (5).
Using the same argument of density as in the proof of Theorem 5, we only need to
consider the case where the initial condition satisfies (24). Because of the positivity of
the solution, we have

on 9°n
— <
" 1.1y < D201 ).

We define the function "
on(t) = / k(n(t,h) — K")dh.
0

We can show that

(;On E C([ max) R)) SD’VZ(O) = 07 SD’VL Z O on [Oatmax); (,Dn E C (( max) R)a

and
, on
@n(t):/ Gln(t h) —K™) 22 (1, h)dh
, on
< - [ G n) —K™) (b h) Cdh<0, V>0
0
SO

n(t,h) <K™, Vt>0, ae. hel0,H].

To prove that the solution is global, suppose by contradiction that t,,., < oco. Since n
is bounded, classical results (see e.g. [32], Theorem 6.1.4, p. 185) imply that, either

tiltfn{lax (¢, )| oo 0,y = 00

or

t—lgg}nlax 2(t) = o0.

However, the former cannot hold since
82]9

ap
3 (th) < Don2

o L, h) + (% - mp> p(t.h), Yt >0, ae. he[0,H] (26)
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and the latter contradicts that fact that

Consequently .« = 00 and the solution is global in time. Suppose now that (25) holds

p(t, h)dh — m> . Vt>0. (27)

and consider an initial consider that satisfies (24). Since the solution is classical, we get
the inequality (26). An integration leads to

d H r H
4 Lhdh< (L —m / t,h)dh,
i [ o< (5 -m,) [Toen

whence .
tliglo i p(t,h)dh =0
by assumption (25) and
lim z(t) =0
t—00

using (27). Since p(t,-) € H*(0,H) C C'(|0, H]) for every ¢ > 0, then
Jim (0, ) 0.) = 0,
—00

which concludes the proof. O]

Using the change of variable (4), we deduce the same result for the initial problem.

Corollary 7. Suppose that operator Ly has one of the shapes given in (2) or in
(3). Then for every initial condition (ng,po,20) € X{°, there exists a unique solution
(n,p,z) € C([0,00), X5°) for the system (1), that satisfies

n(t,h) < max{ng, ||nol|L=}
for everyt >0 and a.e. h € [0, H|. Moreover, if (25) holds, then
lim [p(t, gm0 0. lim 2(6) = 0.

[1] H. Amann and C. Walker. Local and global strong solutions to continuous coagulation-
fragmentation equations with diffusion. Journal of Differential Equations, 218:159-186, 2005.

[2] D. M. Anderson, P. M. Glibert, A. Nikishina, and J. Burkholder. Harmful algal blooms and
eutrophication: nutrient sources, composition, and consequences. Fstuaries, 25:704-726, 2002.

[3] N. Apreutesei and G. Dimitriu. On a prey-predator reaction-diffusion system with Holling type
IIT functional response. J. Comput. Appl. Math., 235:366-379, 2010.

[4] N. Apreutesei, G. Dimitriu, and R. Strugariu. An optimal control problem for a two-prey and
one-predator model with diffusion. Comput. Math. Appl., 67:2127-2143, 2014.

[5] I. Azzali, A. Morozov, and E. Venturino. Exploring the role of vertical heterogeneity in the
stabilization of planktonic ecosystems under eutrophication. J. of Biological Systems, 45(4):715—
741, 2017.

[6] A. Barton, S. Dutkiewicz, G. Flierl, J. Bragg, and M. Follows. Patterns of diversity in marine
phytoplankton. Science, 327:1509-1511, 2010.

[7] E. Beltrami and T. O. Carroll. Modelling the role of viral disease in recurrent phytoplankton
blooms. J. Math. Biol., 32:857-863, 1994.



A reaction-diffusion model of plankton communities 19

[8] J. Benndorf, W. Boing, J. Koop, and I. Neubauer. Top-down control of phytoplankton: the role
of time scale, lake depth and trophic state. Freshwater Biology, 46:2282-2295, 2002.

[9] H. Brézis. Analyse Fonctionnelle : Théorie et Applications, volume 91 of Collection Mathématiques
appliquées pour la maitrise. Dunod, 1999.

[10] J. Chattopadhayay, R. R. Sarkar, and S. Mandal. Toxin-producing plankton may act as a biological
control for planktonic blooms-field study and mathematical modelling. J. Theor. Biol., 215:333—
344, 2002.

[11] J. Chattopadhayay, R. R. Sarkar, and S. Pal. Dynamics of nutrient- phytoplankton interaction in
the presence of viral infection. BioSystems, 68:5-17, 2003.

[12] J. Chattopadhyay, R. R. Sarkar, and G. Ghosal. Removal of infected prey prevent limit cycle
oscillations in an infected prey-predator system - a mathematical study. Fcological Modelling,
156:113-121, 2002.

[13] P. Clément, H. Heijmans, S. Angenent, C. J. van Duijn, and B. de Pagter. One-Parameter
Semigroups, volume 5. North-Holland Publishing Co.(Amsterdam), 1987.

[14] K. Davidson, R. J. Gowen, P. J. Harrison, L. E. Fleming, P. Hoagland, and G. Moschonas.
Anthropogenic nutrients and harmful algae in costal waters. Journal of Environmental
Managment, 146:206-216, 2014.

[15] M. Duprez and A. Perasso. Criterion of positivity for semilinear problems with applications in
biology. Positivity, 21:1383-1392, 2017.

[16] A. M. Edwards and J. Brindley. Oscillatory behaviour in a three-component plankton population
model. Dynamics and Stability of Systems, 4:347-370, 1996.

[17] H. C. Eilertsen, K. S. Tande, and J. P. Taasen. Vertical distributions of primary production and
grazing by Calanus glacialis jashnov and c. hyperboreus kroyer in arctic waters (barents sea).
Polar Biol, 9:253-260, 1989.

[18] J. Z. Farkas, A. Morozov, E. G. Arashkevich, and A. Nikishina. Revisiting the stability of spatially
heterogeneous predator—prey systems under eutrophication. Bulletin of Mathematical Biology,
77(10):1886-1908, 2015.

[19] P. Franks. Models of harmful algal blooms. Limnol. Oceanogr., 42:1273-1282, 1997.

[20] N. Friligos and G.-S. O. Eutrophication and red tide in aegean coastal waters. Toxicological &
Environmental Chemistry, 24:171-180, 1989.

[21] M. E. Gilpin. Enriched predator prey systems: Theoretical stability. Science, 177:902-904, 1972.

[22] Z. M. Gliwicz. On the different nature of top-down and bottom-up effects in pelagic food webs.
Freshwater Biology, 47:2296-2312, 2002.

[23] R. Goericke. Top-down control of phytoplankton biomass and community structure in the
monsoonal arabian sea. Limnology and Oceanography, 47:1307-1323, 2002.

[24] H. Horn and W. Horn. Bottom-up or top-down. how is the autotrophic picoplankton mainly
controlled? results of long-term investigations from two drinking water reservoirs of different
trophic state. Limnologica, 38:302-312, 2008.

[25] P. Magal and S. Ruan. On semilinear cauchy problems with non-dense domain. Advances in
Differential Equations, 14(11-12):1041-1084, 2009.

[26] H. Malchow, F. M. Hilker, R. R. Sarkar, and K. Brauer. Spatiotemporal patterns in an excitable
plankton system with lysogenic viral infection. Mathematical and Computer Modelling, 42:1035—
1048, 2005.

[27] A. B. Medvinsky, S. V. Petrovskii, D. A. Tikhonov, I. A. Tikhonova, G. R. Ivanitsky, E. Venturino,
and H. Malchow. Biological factors underlying regularity and chaos in aquatic ecosystems:
simple models of complex dynamics. J. Biosci, 26:77-108, 2001.

[28] A. B. Medvinsky, S. V. Petrovskii, D. A. Tikhonov, I. A. Tikhonova, G. R. Ivanitsky, E. Venturino,
and H. Malchow. Chaos and regular dynamics in a model communities. J. Biosci, 26:109-120,
2001.

[29] A. Morozov, E. Arashkevich, A. Nikishina, and K. Solovyev. Nutrient-rich plankton communities
stabilized via predator-prey interactions: revisiting the role of vertical heterogeneity.



A reaction-diffusion model of plankton communities 20

Mathematical Medicine and Biology, 28(2):185-215, 2011.

[30] A. Morozov, S. V. Petrovskii, and N. P. Nezlin. Towards resolving the paradox of enrichment: the
impact of zooplankton vertical migrations on plankton systems stability. Journal of Theoretical
Biology, 248:501-511, 2007.

[31] M. Morozov. Revealing the role of predator-dependent disease transmission in the epidemiology
of a wildlife infection: a model study. Theoretical Ecologys, 5:517-532, 2012.

[32] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations.
Applied Mathematical Sciences. Springer New York, 1983.

[33] A. Perasso and U. Razafison. Infection load structured SI model with exponential velocity and
external source of contamination. In World Congress on Engineering, pages 263-267, United
Kingdom, 2013.

[34] A. Perasso and Q. Richard. Implication of age-structure on the dynamics of Lotka-Volterra
equations. Differential and Integral Equations, 32(1-2):91-120, 2019.

[35] S. Petrovskii, Y. Sekerci, and E. Venturino. Regime shifts and ecological catastrophes in a model
of plankton-oxygen dynamics under the climate change. J. of Theoretical Biologyl Equations,
424:91-109, 2017.

[36) M. H. Protter and H. F. Weinberger. Mazimum Principles in Differential Equations. Springer
Verlag, 1984.

[37] J. E. Raymont. Plankton and Productivity in the Oceans. Phytoplankton. Oxford: Pergamon,
1980.

[38] M. L. Rosenzweig. Paradox of enrichment: destabilization of exploitation ecosystems in ecological
time. Science Fquations, 171:385-387, 1971.

[39] S. Roy, S. Alam, and J. Chattopadhyay. Competitive effects of toxin-producing phytoplankton on
overall plankton populations in the bay of bengal. Bull. Math. Biol., 68:2303-2320, 2006.

[40] A. B. Ryabov, L. Rudolf, and B. Blasius. Vertical distribution and composition of phytoplankton
under the influence of an upper mixed layer. Journal of Theoretical Biology, 263:120-133, 2010.

[41] R. R. Sarkar, S. Pal, and J. Chattopadhyay. Vertical distribution and composition of
phytoplankton under the influence of an upper mixed layerrole of two toxin-producing plankton
and their effect on phytoplankton-zooplankton system, a mathematical study supported by
experimental findings. BioSystems, 80:11-13, 2005.

[42] 1. Siekmann, H. Malchow, and E. Venturino. On competition of predators and prey infection.
Ecological Complezity, 7:446-457, 2010.

[43] B. K. Singh, J. Chattopadhyay, and S. Sinha. The role of virus infection in a simple phytoplankton
zooplankton system. FEcological Complexity, 231:153-166, 2004.

[44] R. Sinistro. Top-down and bottom-up regulation of planktonic communities in a warm temperate
wetland. J. Plankton Research, 32:209-220, 2010.

[45] A. M. Slaughter, S. M. Bollens, and G. C. Rollwagen-Bollens. Grazing impact of mesozooplankton
in an upwelling region off northern california. Deep Sea Res. II, 32:3099-3115, 2006.

[46] J. H. Steele. Spatial heterogeneity and populations stability. Nature, 248((83), 1974.

[47] J. H. Steele. Some comments on plankton patches. In In: Steele, J.H. (Editor) Spatial Patterns
in Plankton Communities. NATO Conference Series, Ser. IV: Marine Sciences, v.3. New York:
Plenum Press, pages 1-20, 1978.

[48] J. H. Steele and E. W. Henderson. A simple plankton model. Am. Nat., 117:676-691, 1981.

[49] J. H. Steele and E. W. Henderson. A simple model for plankton patchiness. J. Plankton Res.,

14:1397-1403, 1992.

[50] R. K. Upadhyay, N. Bairagi, K. Kundu, and J. Chattopadhyay. Chaos in eco-epidemiological
problem of the salton sea and its possible control. Applied Mathematics and Computation,
196:392-401, 2008.

[51] C. Walker. Global existence for an age and spatially structured haptotaxis model with nonlinear
age-boundary conditions. Furopean Journal of Applied Mathematics, 19:113-147, 2008.



