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Local-in-time existence of strong solutions
to an averaged thick sprays model

V. Fournet? C. Buet! and B. Després

Abstract

We propose a new system for the modelling of thick sprays. We prove that this
system verifies conservation properties together with a maximum principle regarding the
volume fraction of the gas. Our main result is that the barotropic version of this system
is locally in time well-posed in H®.

1 Introduction

Sprays are defined as disperse liquid (such as droplet) or solid (such as dust) phase
evolving in an underlying gas. Such models are usually presented as a coupling between
a kinetic equation (for example, a Vlasov equation or a Vlasov-Boltzmann equation) and
an hyperbolic (or Navier-Stokes) system and were introduced in [10,24]. A classification
of different types of spray have been proposed in [21]. See [12] for a recent review of the
different way to model sprays.

One type of sprays are the so-called thin sprays, in which the total volume occupied
by the particles is negligible compared to the volume occupied by the gas. In this case,
the coupling is usually made through a drag force, sometimes called the Brinkman force.
Such models have been heavily studied in the purely hyperbolic setting [3,20] and in the
Navier-Stokes setting, that is, with parabolic terms [2,5,11,14,17].

In this work, we are interested in so-called thick sprays models, in which the total
volume occupied by the particles is no longer negligible compared to the volume of the
gas. On the mathematical side, less is known about thick sprays models compared with
thin sprays models. We refer to [6,9] for recent works on thick sprays.

Hereafter the gas is described with a system of compressible Euler equations, for
which the variables are the density o := o(t,x) > 0, the velocity u := u(t,z) € R?
and the internal energy e := (¢,&) > 0. The particles are described with a phase space
density f := f(t,x,v) > 0 following a Vlasov equation. It is also possible to use a Vlasov-
Boltzmann equation, but numerical results may suggest that adding a collision operator
is not necessary for accurate simulation [4]. Various other effects such as coalescence and
fragmentation can also be taken into account, we chose here to neglect all these effects.
The force acting on the particles, that shall be denoted m,I, is usually decomposed in
two parts: one related to drag or friction between the particles and the gas. The other
one is related, since the total volume of the particles is not negligible, to the pressure of
the gas:

m,' = —m,Vup — Di(v —u).
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The presence of the term —V,p is a specific feature of thick sprays models, and it
is formally linked to bifluid equations (see [13]). Depending of the modelisation, the
coefficient D, can be treated as a constant or as a function of v — w. We shall limit
ourselves to the constant case. The constant m, can be interpreted as the mass of the
particles and is linked to their radius r by the formula (we assume here that the particles
have a density equal to 1)
4 3

My = ST
The spray is assumed to be monodisperse, meaning that all particles have the same
radius. With those hypotheses, a possible thick sprays model [6] can be written

Ot(ap) + V4 - (aou) =0

Oi(apu) + V- (cpu @ u) + Vyp = m*pr/ fdv+ D, | (v—wu)fdv
R3 R3

Ot(age) + V- (ageu) + p(Ora + V- (o)) = D*/ lv —ul*f dv
R3

Of+v-Vof+V, - (I'f)y=0

azlfm*/ fdv

RS
m,' = —m,Vyp — Di(v — u).

This model can be used to describes various physical phenomena at different length
scales, such as aerosols for medical use [7, 8], the combustion in engines [1], aerosols
in the atmosphere [19], and also in astrophysics for the modelling of gas giants and
exoplanets [16].

In the thin spray case, the volume fraction « is absent from the equations. One
of the simplest example of thin spray model is the so-called (compressible, barotropic)
Euler-Vlasov system, which writes

00+ V- (ou)=0
Olow) + V.- (uew) + V=D, | (w-wrds (1.2)
Of +v-Vaf +V,- (%(u—v)f) —0.

One remarks that taking the formal limit o — 1 in (1.1) does not yields (1.2), because
the term —V,p does not vanish. Indeed, to the best of our knowledge, there is no well
established hierarchy between the two regime. One formal way to recover (1.2) from
(1.1) is to take the limit m, — 0 (which is, the radius of the particles r. goes to 0).
Then av — 1, and D* — 400. Then the terms V. p in the force acting on the particles
becomes neghglble compared to the friction force, and one obtains the system (1.2).

The system (1.1) suffers from some mathematical issues. It (1.1) displays losses
of regularity, and therefore standard techniques to prove a local-in-time well posedness
result fail. Typically, the term V, p-V, f in the Vlasov equation cannot be treated within
standard theory for weak solutions of such system. To the best of our knowledge, even
local-in-time well-posedness result is lacking. It is even conjectured in [3] that the system
(1.1) is ill-posed locally in time. All those reasons motivate us to modify the model, with
regularisation-convolution of certain terms specific to thick sprays models. We propose
the following thick sprays model with regularisation

O(ao) + Vg - (ou) =0

Oi(apu) + V, - (apu @ u) + Vyp = m*pr/ (fydv+ D, (v—u)fdv
R3 R3

O¢(age) + V- (ageu) + p(Ora + V- (au)) = D*/ lv —ul*fdv
R3

hf+v-Vuf+V, - Tf)=0

ozzl—m*/m(f)dv

myl = —m(Vep) — Di(v — u).




where the convolution operator (-) is introduced in the second, fifth and sixth line of the
initial model (1.1). A possible ”physical” form of the convolution operator is justified
in section 2. This convolution operator preserves the conservation of mass, momentum,
total energy and still produce entropy. We will show that it is enough to show that
smooth solutions to (1.3) preserve the positivity of mass fraction and to obtain the local-
in-time well posedness of smooth solutions.

This work is organized as follows. In section 2, we justify the convolution operator
and explain the modifications of the usual thick sprays equations leading to (1.3). In
section 3, we show that the system verifies conservation properties for the total mass, the
total momentum, and the total energy of the system, and is equipped with an entropy
balance law. We also show that under reasonable assumptions, the volume fraction «
stays in (0,1] for all times, provided that the initial condition verifies this property.
Finally, in section 4, we prove the main result of this work on the local-in-time well-
posedness in H® of the barotrope version of (1.3).

2 Justification of the convolution operator

The idea of a convolution operator is easy to conceive on the equation that defines to
force m,I', ignoring the friction force. Let us consider a single spherical particle of radius
r > 0 with center coordinate x,. In a surrounding gas with a pressure field p, the gas
acts on the particle with the force

F = —/ pndzx.
S2(x.,r)

In a thought experiment, the pressure can be extended inside the particle. Assuming
that the pressure is differentiable in the particle, one obtains using Stokes’s theorem

F = —/ Vp(z)de = —m*/ w(x — i) Vap(x) de = mu(w x Vup)(xy),
S3(xy,7) R3
where the convolution kernel is

0(y) = =iy (o).

Using the notation () = w - for the convolution operator, the force is rewritten as
m ' = —m (VD).

This formula is valid independently of the extension of p inside the particle, provided it
is differentiable. We recall the definition [15] of the total variation of a function

TV(f) = sup ( fdiveds, €6 (RYR™), o]~ 1) ,

R3
Lemma 1. The kernel w verifies w € BV(R?), ||w||;1=1 and TV(w) = 2.

Proof. Since w is the indicator function of a sphere, then w € BV(R?). The kernel w has
unit L'-norm because m, = %7‘("/‘3. Finally the total variation of an indicator function is
the perimeter of its support, therefore TV (w) = dnr? _ 3 O

My r’

In order to introduce this principle in the original system (1.1), one needs to reintro-
duce the friction in the force m,I" and to modify other equations in a way that preserve the
global conservation properties. Considering additionally that the modifications should
be kept to the minimum, we are led to propose the following system



Ot(@0) + V- (apu) =0 (2.1)

Ot(aou) + V- (cou @ u) + Vyp = m*Vmp/ (fydv+ D, (v—u)fdv (2.2)
R3 R3

Ot(age) + V. - (ageu) + p(dra + V. - (au)) :D*/ lv — ul?fdv
R3
Of+v-Vof +V,-(I'f)=0
=1-m, d
o) m /R3<f> v
m, ' = —my (Vyp) — Di(v — u).

Let us comment in more details the equations (2.1)-(2.6). Equations (2.1), (2.3) and (2.4)
are unchanged. Equation (2.2) is modified with the convolution kernel on the right-hand-
side since we found that it is a way to recover the conservation of the total momentum,
as justified in Proposition 2. Equation (2.5) is also modified by compatibility with the
conservation of the total energy. In the last equation (2.6), the friction is reintroduced
without a convolution because there is no conservation issue related to this term. Notice
that when the size of the support of w goes to 0 (ignoring the fact that m, is dependent
of the size of the particle ), meaning that w converges to a Dirac mass, one recovers the
system (1.1). To close the system, we assume that p follows a perfect gas law

p=(y—1ee, y>1 (2.7)
and the energy law
e=C,T, (2.8)

with T' > 0 the temperature and C, > 0 is a constant.
3 Properties of the system
In this section, we present basic properties of the new model (1.3).

3.1 Conservation properties

To obtain the conservation properties, we will make use of the classical formula: let f, g
two functions and w even, then

/Rd(f*w)gdx:/mf(g*w)dx, (3.1)

which is easily shown using a change of variable and the fact that w is even.

Proposition 2. Formally, one has the following

() 1 .
— dz = — dzdv =
dt /R3 agdr =0, dt /~/R3><R3 fdedv =0,
d
— aoudr + fvdxdv | =0,
dt R3 R3xR3
4 1/ ag|u|2dx+1// |v|2fdxdv+/ agedz | =0.
dt \ 2 Jgrs 2 ) Jr3xmr3 R3

(i)

(iii)



Proof. By formally we mean that all functions are smooth and integrable. The proof of
(i) is obvious because the equations are already in divergence form.
To obtain (i) one multiplies the Vlasov equation (2.4) by v. Integration yields

m*ﬁt/ fodv+m,V, - foeuvdy= —m*<V1p>/
R3 R3 R

fdv—D*/ (v—u)fdv.
3 R3

Summing with the fluid momentum equation (2.2), one gets

Oy (agu—l—m*/ fvdv>+V$-<ozgu®u+m* fv®vdv>—|—vl.p
R3 R3

- (vxp [ v [ fdv) .

Using formula (3.1), one has [gs (Vep [gs (f) dv — (Vep) [gs f dv) dz = 0, so integrating
(3.3) in x yields (7).
To obtain (4i7) one multiplies the momentum equation (2.2) by u. One obtains

[ul® [l
O | o 5 + V.- | aou 5 +u-Vip
:m*u-pr-/ dv—i—D/ (v—u)fdv.

Multiplying the Vlasov equation (2.4) by m, 5 Lol

2 2
M., ( f'”‘ ) MV, - ( ol du)
s 2

:fm*<Vmp>~/Rsfvdva* R3v~(v7u)fdv.

and integrating, one gets

Then, summation of these equations with the internal energy equation (2.3) yields

|vf?

uf?
A:=0; | ap—— + my f dv + ape
2 rRs 2

2
+ Vg - (ozgu|u2| + my f'u dv + ageu)

= 7p6t04 - pvm ' (au) —Uu- vrcp —m,u - vzp/ <f> dv — m*<vzp> . f’U dv
R3 R3

+ D, u-(v— )fdva/ (v—u )fvarD/ lv —ul>f dv

R3

= —poia —pV, - (au) —u-Vyp + meu - Vmp/ (f)dv —my(Vyp) - fvdo.
R3 R3

Then, using 1 — & = m, [gs(f) dv, one has m,u - Vup [gs(f) dv = (1 — a)u - Vp,

A= —pdia—pV,- - (au) —u-Vyp+ (1 —a)u-Vyp —m(Vap) - fodv
R3

= —pOiax — pV, - (au) — au - Vyp — mu(Vap) - fodo.
RS



One writes pV, - (qu) + au - Vup = Vo - (qup) and dyoe = m, V- [z, (f)v dv to obtain

A= -V, (aup) — pOra — m,(V,p) - / fodv
R3

= -V, (aup) — mpVy - (fHrvdv —m(Vyp) - fodv
R3 R3

= -V, - (qup) — mpV, - (Hlruvdv —myV,p - / (fHrodv
R3 R3

. (vxp- [ odo— .- [ g0 dv)
— -V, - (aup) - m, ¥, - (p /R 3<f>vdv>

+ my, (pr/ <f>’Ud’U - <vmp>/ f’U d’l)) .
R3 R3
Using again formula (3.1), we have [zs (Vap [gs(f)vdv — (Vop) [gs frdv) dz =0, so

integrating in x yields (7). O
3.2 Entropy property

Following the analysis made in [9], we show that the system (2.1)-(2.6) closed by the
equation of state (2.7) is equipped with an entropy inequality.

Proposition 3. Formally, one has the entropy inequality
D
0 (@pS) + V- (apSu) = ?*/ lv —ul*fdv>0. (3.4)
R3

Proof. The density equation (2.1) yields

0(0ra + V- (au)) +aDip =0 < dia+ V, - (au) = apD;T,
with 7 = 1/p > 0 the specific volume, and D; = 9;+u-V,. The internal energy equation
(2.3) can be rewritten as

ao(Die + pDy7) = D, / lv — ul?f do.
R3

With the perfect gas pressure law (2.7) and the energy law (2.8), the entropy S is
S = C,1In(eg" ™).
The second principle of thermodynamics writes
TdS = de + pdr,
so that
D, 9
apDS = — |lv — ul®f do,
T Jrs

which is rewritten as (3.4). O

3.3 Positivity of the volume fraction of the gas for smooth solu-
tions

In this section, we study the positivity of the volume fraction a, which is that if 0 < a < 1
at time ¢ = 0, then the inequality stays true for all times ¢ > 0. Although is to clear
that o < 1 (thanks to the fact that f > 0 is propagated by the characteristic curves),
it is less immediate to prove that a > 0. In [9], the authors proved that this property
holds for the thick sprays equations (1.1) under reasonable assumptions. We prove here
the same result for (1.3), under similar assumptions.



Proposition 4. Assume that a solution of the system (1.3) is defined on the whole space
R3 and is smooth on [0, Tung| for some Tenq > 0. We assume
e For all (z,v) e R?* xR?, f(0,z,v) > 0.

e One has 0 < p_ = mf ,000,2) < oy = sup (0, x) < +o0.
zeR3

e One has —oo < S_ = inf S(0,x).
zcR3

e One has 0 < a— = inf a(0,x) <1.
zeR3
We assume the following regularity of the velocity variables

Jrs fodv

Jrs (f) dv

We finally assume that the pressure vanishes at infinity, that is for all € > 0, there exists
A > 0 such that

u € WH([0, Tena[xR?), € L*([0, Tona[xR?).

0<p(t,e)=(y—1o(t,x)e(t,x) <e, for0<t<Tenq and |z|> A.

Then there exists a constant C > 0 depending on Tena, 0+, 0—, a—, S—, A (corre-

sponding to € = 1), [Jwllw1.0(j0, 1.4 [xR?) and H f(J;:’jZ [ so that the follow-
sLend

ing estimate holds :

0<C<alt,z)<l, tecl0,Tma], xcR>

Proof. The momentum equation (2.2) can be rewritten as

( Jas fodv s fdv >
fR3 d” fR3 ’

with D, = 0; + u - V,. Using the regularity u € W' > and the assumptions above, we
find

aVp = —apDyu + D

[aVepllLe< C(1+ |11 —allpe).
Following the fact that p follows a perfect gas law, we have the identity

1 (y — 1)1/7e5/(Com)
Vup = — 1Y/ S/Cuy oD = V., (pt—/
aVep = |(v= 1) 7e o) ST Vap 11, Vel T

Now, using again u € W1 and a classical treatment of the characteristic curves of the
continuity equation, we obtain for some C_,C; > 0,

C_ = inf (ap)(t,z) < sup (ap)(t,z) =C4, 0<t < Tena. (3.5)
zeR3 zER3

Therefore, because S is lower bounded.
Ve ™ M)pe< C(1+ |1 = allze).
We then use the fact that the pressure vanishes at infinity
I 1< C (141 = aflp=).

We then obtain that the density p is bounded, using the perfect gas law for the pressure
and the boundedness of the entropy S,

e Mz < C (141 = allpe).

Finally, using (3.5)
1

c(1+)1-al i) <c

Lo



4 Local in time well-posedness

In this section, we consider the barotropic version of system (1.3), meaning that we
suppose that the pressure depends only on the density of the fluid o, that is

p=o', v>1,

so that the energy equation (2.3) is not needed. We also assume, without loss of gener-
ality, that D, = 0 and m, = 1. The treatment of the friction term presents no difficulty
because it does not contain any derivatives, so that the treatment of this term is very
similar to what is done in [3]. The barotropic system writes

Ot(ap) + V- (aou) =0
O (apu) + V, - (cpu @ u) + Vep = pr/ (f)dv

atf +uv- Vm’f - <vmp> : vvf =0 v (41)
=1- d

a=1 /R3<f> v

p=p(o) =0".

The goal of this section is to prove the following theorem:

Theorem 5. Let Q =]0, +oo[xR3, s € N such that s > 3/2 + 1 and Q1,Q2 two open
sets of Q0 such that Q1 C Qy and Qq and Qy are relatively compact in Q. Let (00, 0oUo) :
R3 — Q satisfying 0o — 1 € H*(R?) and ug € H*(R3). Let fo : R® x R3 - Ry be a
function in €H(R? x R?) N H*(R3 x R3) satisfying

1

o< oI s 3
[l foll 2 24|wl| 11 Var (0)3

with Var(0) = sup |v].
(z,v)ER3XR3, fo(x,v)>0
Then, one can find T €]0,1[ such that there exists a solution (o, ou, f) of the system
(4.1) belonging to €1([0,T) x R3,Q2) x €1([0, 7] x R®* x R3,R,.). Moreover this solution
is unique and it satisfies

C<alt,x)<1, tcl0,T], z=cR3

Remark. This result could be extended to the whole system (1.3) with an energy equa-
tion. It could also be extended if p a sufficiently well-behaved function [3] not necessarily
a power function of g. For example, it works for p € €(RT) N> (R \ {0}). It is also
true if w is a non-negative convolution kernel in BV(R?).

The proof is based on the following idea. We want to combine classical theory of local-
in-time solution for symmetrisable hyperbolic system of conservation laws (see [18]) and
the theory of characteristics for the control of H® norms of f and its support (like for
the Vlasov-Poisson system [22]). This idea has already been used in [3,20]. Finding
appropriate symmetriser for the system (4.1) is not obvious. Our strategy is to expand
the derivatives on the left-hand-side of the equations, then to treat the term containing
derivatives of « as source terms. The left-hand-side then becomes the well-known Euler
equations of gas dynamics for which a symmetriser is classical. To apply the proof [18],
the source term needs to be of degree 0, that is, no derivative. An issue is that the initial
thick sprays equations (1.1) have derivatives in the source term. This is an asset of the
convolution operator in systems (1.3) and (4.1), because it avoids the loss of regularity
in the source term in the original thick sprays equations (1.1).

Proposition 6. The system (4.1) is equivalent, for strong solution verifying o > 0, to

9 U+V, -FU)=0bU,f)
8tf +v- va:f - <vzp> : va =0,



with

U_<Q€t>’ F(U) = (Qu®u+p1d)
ou- Vo [palf)dv  oVa - [a(flvdo

1= [gs(f) dv {1 dv
and b(U, f) = ou®u f{: Vo (f)dv quf Jre (flvdv
1 — [ga(f)dv ~ Jralf)

Furthermore, the hyperbolic part of the system can be symmetrized as

3
S(U)AU + Y (SA;)(U)d,,U = S(U)(U, f),

i=1

S(U) = (P’(Q) + Juf? _uT) |

with
—u Id

See [3] for the expression of the matrices A;. Moreover, the symmetric positive definite
matriz S(U) is a smooth function of U. For all relatively compact set 1, there exists a
constant ¢ > 0 such that YU € )y

cd < S(U) < ¢ '1d.
Finally the matrices SA;(U) are symmetric.

Proof. First, notice that from the Vlasov equation in (4.1), one has, by first applying
the convolution operator (-) and integrating in v

Oa =V, - (f)vdv.
RS

Taking the first equation of (4.1), one has
00+ adio + aVy, - (ou) + ou - Voo =0,

then, by putting in the right-hand-side the terms containing derivatives of «, then by
dividing by o = 1 — [, (f) dv, one obtains

ou - Vs [gs(f) dv _ oVa - Jgs(flvdo
1— [gs(f)dv 1— [ra(f)dv

Then, first writting the second equation of (4.1) as

0i0+ Vg - (Qu) =

O (apu) + V, - (aou @ u) + aVyp =0,
and by using similar computations as before, one is led to

gu@ufR3 Ve {f)dv B ouV,, - fR3(f>vdv
1_fR3<f>dU 1—fR3<f>dU

For the symmetrisation of the system, we refer to [3]. O

O(ou) + V- (ou®@u) + Vup =

We now introduce some notations. Let ¢ be a smooth enough function, then the
Vlasov equation in (4.1) is a linear transport equation

6tf +v- vwf - <vaﬂy> ’ va =0.
It has a unique solution, computed by the method of characteristics



where the characteristic curves are defined by

d—)t((t,ac,'u,s) =V(t;z,v,s),
X(s;x,v,8) = x,

N (t2,,5) = (V20 (X(1:2,0.5),0)
V(s;z,v,s) =v.

If fo has a compact support, then f(¢,-,-) also has a compact support for all t. We
denote
Xu(t) = sup |z,
(z,v)ER3XR3, f(t,z,v)>0
and
Vi (t) = sup o).
(z,v)ER3XR3, f(t,z,v)>0
Then the following holds: supp f(¢,-, ) C B(0, X (t)) x B(0, Vas(t)).
In all the sequel, we will use the following notations (s € N, 7" > 0, and « is a

multi-index):
b= Y 1% hlle= 3 \/ | oot da,

lee|<s lee|<s

|l 2="sup [[h|[m= (1),
t€[0,T]
[h]l2r="sup [|A]|L2(t).
t€[0,T]

In particular the notation 0% will always denote a derivative in the x variable. Those
notations will sometimes be used for function h = h(z,v), and in this case the norms are
always on both variables.

4.1 Iterative approximation scheme

We explain here the main steps of the proof of Theorem 5. We fix s € N an integer such
that s > 3/241. To construct a solution of the system (4.1), it is equivalent to construct
a solution to the symmetrised quasi-linear system

3
S(U)QU+ Y (S4,)(U)2,,U = S(U)(U, f),

atf +v- va - <va> : vq)f =0.

(4.2)

The proof proceeds via a classical iteration scheme. We first work with smooth and
compactly supported initial data

00— 1€DR?), wupcDR?, focDR>xR?. (4.3)

Later, we will use a mollification process to prove the case of all initial data in H*. We
ask that fy is small, more precisely, we assume

1

24 |wl| 11 Var (0)3° 44

[foll <

We note Q =]0, +oo[xR? and Q; a relatively compact open set of  such that Ug :=

< 2o ) € Q.
OoUo

We will construct the solution of (4.2) through the following iteration process: for
k = 0, one sets 0y = 400, (U°(t), fO(t)) = (Uy, fo). Then, given 6y > 0 , and functions
U* and f* that live on the time interval [0, [, one defines (U**1, f5+1) as the solution
of the linear system

10



3
S(UF)9, UK +3 (84;)(U*)0,, UM = S(U*)p(U*, £¥), (4.5)
=1
U (x,0) = Ug(x), (4.6)
atkarl +v- fokJrl - <vxpk> ’ vvkarl =0,
fk+1(ma v, O) = fo(ﬂl’, ’U).

For now, it is not obvious that the sequence (U¥, f*)rcn is well-defined.

Let 5 a relatively compact open subset of R? such that Q; C Q5. From the Sobolev
embedding for s > 3/2+1, H*(R?) < L*(R3), there exists a constant R > 0 depending
on 1, Qs and s, such that, if |U — Ug||g:< R, then U € Q5. Then, one defines ;11 as
the supremum of times 6 < 6 such that [|[U¥T! — Ug|| g < R.

The system (4.5) is linear in U¥*!, symmetric and has smooth coefficients on [0, 0],
therefore it admits a smooth solution on [0,0;[ [18]. For equation (4.7), since it is a
linear transport equation with smooth coefficients on [0, 8|, it admits a smooth solution
that can be explicitly computed by the method of characteristics. Finally, 041 > 0 since
UK+ is smooth, and Uy € ;. The sequence (U*, f*);cn is then well-defined.

We will restrict further the lifetime of the solution. One defines T}, as the supremum
of times T € [0, [ such that

|U* — Ugllgsr <R, (4.9)
vt e [0,T], XK (t) <2X(0), (4.10)
vt e [0,T], VE(t) < 2V (0), (4.11)

< 2Y|wl| 22 Var (0)% foll =, (4.12)

TRGE

and such that T4 < T). In particular,
e, <l
1= Jga(f¥)dv 1 —24|w|[£1Va (0)3 fo

and one consider the sequence (Uk7 fk)keN on the time interval [0,T)[. Note that the
right-hand-side of (4.13) is finite thanks to the hypothesis (4.4). We emphasize that the
number 2 in the inequalities (4.10)-(4.12) is only of a cosmetic nature. One could replace
the number 2 by any a > 1 and it would not change the proof.

The proof is then made of three parts:

°°7T

: (4.13)
LOO

e First, we prove that there exists a time Ty > 0 such that T} > T, for all £ € N.
This is the subject of the Proposition 7, for which we will need Lemmas 14, 15 and
16. Note that without such result, the sequence of lifespan (T )ren could converges
to 0. This is the subject of Appendix A

e Next, we prove in Proposition 8 that the sequence (U*, f¥),.cn converges in L>(0, Ty; L2(R3))x
L%°(0, Thy; L*(R3 x R?)), where 0 < T,, < T,. The proof of this Proposition is
found in Appendix B

e Finally, we conclude the proof of Theorem 5 and we prove that the limit (U, f) is a
solution of (4.2) in €1([0, 7] x R3, Q) x €1([0, T] x R? x R3, R, ) and the solution
is unique. We also explain why the proof works in the case of all initial data in H*.

4.2 Proof of Theorem 5

The proof of Theorem 5 is divided into three parts. First we prove the existence in the
case of smooth compactly supported initial data. Then we treat the uniqueness in this
case. Finally we explain how to modify the proof to obtain the result for general initial
data.

First, we state the two following propositions whose proofs is found in Appendix A
and B respectively.

11



Proposition 7. There exists Ty €]0,1] which depends only upon Q1, Qa, s, Uy, w and
fo such that, for all k € N, T}, > T.

Proposition 8. We consider initial data such that (4.3)-(4.4) hold and the associated
sequences U*, ¥ defined by (4.5)-(4.8). Let T, given by Proposition 7.
Then one can find Tyy €]0, Ty[ such that, for k > 2,

1 B 1 _ _
U — U¥|| 2, < = U* - U* 1||L2,T**+1||Uk LU, (4.14)

* —

1% = 5 e, < C(fo, QM TV(w) U — U2 2 g, . (4.15)

Proof of Theorem 5.
1) Existence for smooth compactly supported initial data. From Proposition 8,
one has

S UM~ UF e, < e

kEN

Then the sequence (U¥);, is a Cauchy sequence and converges in L>(0,T,,; L?>(R?)) to
U. Since U* is smooth for all k, we have U € €(0, T\,; L?(R?)). In the same way,

Z £ = ol 2, < +oc.

keN

Then the sequence (f*);, is a Cauchy sequence and converges in L>(0, Ty; L2(R3 x R?))
to f. Since f* is smooth for all k, we have f € €(0, Tyy; L>(R? x R3)). Thanks to the
inequality (4.9), one has ||[U—Ug|| g= 1., < Rand U € L*(0, Tyy; H*(R?)). In particular,
thanks to the Sobolev embedding H*(R3) — ¢*(R3) (remember that s > 3/2 + 1),
one has that U € L>(0,T,; ¢ (R3)) takes its values in . For the same reasons,
f € L0, Tyy; H¥(R? x R?)).

€(0,Tur; H* (R®
We emphasize however, that we do not yet have U* ( — ( ))U. To get the

convergence in € (0, Thx; €1 (R3)), we use an interpolation argument. By interpolation
inequality between Sobolev spaces, we have for all s’ €]3/2 + 1, s[:

!’ _ !
[UM — U s g < C()[URFY = UR|55 [ UR —UF |55

< C(s) (UM = Uoli, +I0" = Uo7, )

x [URL - Uk

< C(S)2RS//SHUI€+1 _ Uk”};f]/{f

So (U*); converges to U in (0, T.y; H¥ (R?)) for s’ €]3/2 + 1,s[. By the Sobolev
embedding H* (R?) < €*(R?), we conclude that

q .ol 3
Uk K(O,T*ig) (R ))U

Then (9,, U*) . converges to 9, U in €([0, Ty ] xR?). The same is true for >, Ai(Uk“)amiUk)k
because the A; are smooth. We now turn to the convergence of
" Jps(u* =) - Va(f*) dv
1— [ra(f*)dv
b Uk, ky R3
( f ) Qk’u,k ng (uk _ ’U) . vw<fk> dv

1— [a(fF)dv
The support in v of f* is uniformly bounded for all k, therefore, using that (f*) con-
verges in L°°(0, T,; L2(R3 x R3)) towards f and a Cauchy-Schwarz inequality, the se-
quences ( [gs f* dv)]c and ([gs vfk)k converge in L>(0, Ty.; L*(R3)) towards [g, fdv
and s vfdv. Then, using the inequality

v, [ it

)

Hs

q < TV(w) H/R fFdv

Hs

12



we get that the sequences ( [gs Vi (f*) dv)k and ([gs v - Vo (f) dv),C converge in L>(0, Tyy; L*(R?)).
Using again the interpolation inequality between Sobolev spaces, we obtain that ( fRS Vo (f*) dv) A
and ([ga v - Vo (f") dv), converge in

L0, Tyr; H¥ (R?)) towards [gs Vi (f) dvand [g5 v-Ve(f) dv and therefore in ([0, T x

R?). Furthermore, since [g,(f*)dv converges to [s(f)dv in €([0,T%.] x R?) (again

using an interpolation argument) and using the inequality (4.12) we obtain that

< 400,
LOC

1
and (m)k converges to m in €([0, Ti] x R?). Finally b(U*, f*) con-
R R
verges towards b(U, f) in €([0, T.x] x R?). We now prove that

0,T, ;€' (R?
(R%))

8, U+ 8,U.

Passing to the limit in D’ in the equation

3
9, U* = = 3" A4,(U*)9,, UM 4 b(UF, f7),

i=1

we obtain that U solves
3
U = = 4(U)D, U+ (U, ), (4.16)
i=1

in D’. Since the right-hand-side defines a function in ([0, T}.] x R?), we have 9,U €
€([0, T.] x R3) and U solves (4.16) in the classical sense.
We now turn to the Vlasov equation. We pass to the limit in D’ in

AfFtt v Vo — v ((6%)) - Vot =o.

We already know that ("), converges to ¢ in €([0, Ty.] x R?), so does ((¢*)7), towards

07, finally we have V,((0*)") converges towards V,(0”) in €([0, Txs] x R?). So we can
pass to the limit in the sense of distribution and f is a solution in D’ of

Of +v-Vauf =Vi(0") - V,f=0. (4.17)

Now, using the fact that the characteristic curves of f are €’* because U is €', we obtain
that f € €1([0, T, | x R®* x R3) and f is a solution of (4.17) in the classical sense. This
concludes the proof in the case where the initials data are smooth with compact support.
2) Uniqueness. For the uniqueness, we consider two solutions (o', o'u!, f!) and
(0%, 0*u?, f?) which are smooth in [0,7]. Then, using the same algebra as in Propo-
sition 8, one has for some T}, €]0, T,

1 1
[0 = Cllger,. < {10! = O la r,, + 40" = Cllger..,

11 = P2 m,, < C(Q2, 5, R, fo)[U' = U2 1, -

As a consequence, U! = U? and f! = f2.

3) General initial data. We turn to the case where g9 — 1 € H*(R3), w € H*(R?)
and fy € €L (R? x R3) N H*(R? x R?). We introduce an approximation of the identity
e, With e = 27%¢y, with ey small enough. Then we define U’g = ¢, * Up and
fE = (pe, ® ¢e, ) * fo, where the convolution and tensor product are in (z,v). With such
a choice, one has (See [23])

SO = Ublla< 400, DI = fEllza< +oo.
keN kEN
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The solution is then obtained by the same approximation scheme but we replace the initial
data by U’OCJr1 and é““. The proof is then similar, expect for two small modifications.
Firstly, one has to prove estimates on U* — U} instead of U¥ — Uy, this is where we need
to chose € small enough. Secondly, the estimates (4.14)-(4.15) are replaced by

) 1 o 1 _ _
JUF —U¥|| 2 , < < UF - U 1||L2,T**+Z||Uk U g, O UG = UG |12,

<
and

1F* = 5 ez . < O (fo, Q2 TV(w), )IIUF = U2 2 g+ fy = fo7 e

A Preliminary lemmas and a priori estimates

A.1 Preliminary lemmas

We write some preliminary lemmas which we use in this work.

Lemma 9. Let S, A; € €1([0, T[xR3, M3(R)) be smooth matrices such that S and SA;
are symmetric, We suppose moreover that there exists ¢ > 0 such that cId < S(t, ) <
¢ 'Id. Then, every smooth and compactly supported vectors W and F satisfying the
equation SOW + > SA;0,, W = F with the initial data W(0,x) = Wo(x) verify the

energy estimate

_ 1
[Wia< e [ [Wollzats

S+ 04, (SA:)

Lo, T

/Ot|W|L2<T)df+/0t||F||Lz(T)d ) (A1)

Proof. By multiplying by W7 and integrating, one has

1 1
S0 | WISWde== | W08+ ) 0,,(SA)Wdz+ | W Fda,
2 RS 2 RS i ‘ RB

then one integrates with respect to ¢ and uses the estimate W7 SW > cWTW. O

Lemma 10 (See [18]). Let g : Q C R?® — R3 a smooth vector-valued function, u : R3 —
01 C Q with O relatively compact in Q. Assume that u € H*(R?) N L>®(R3). Then for
|a|< s, one has the inequality

10%g(u)|[L2< C(s) sup ( sup 1Iaﬁttl(v)I) ezl

ve \|B|<s—

Lemma 11 (See [18]). Let f,g € H*(R3) N L°(R?3), one has the inequality
10°(f9)ll2< C(s) (I flleee gl s +1f | e Nl gl o< )

Lemma 12. Let f € H*(R3) and g € BV(R?). Then

IV x gl < [ fllm-TV(g)

and
IV(f *xg)lLe< | fllL=TV(g).

14



Proof. The proof is done via an approximation argument. The function g belongs to
BV (R?), therefore [15] (Theorem 5.3), there exists a sequence (gi)ren € BV(R?) N

%> (R?) such that gkLﬁlg and TV(gr) — TV(g). In particular, g € WHI(R?) for
all k, and TV(gx) = ||VgrllLi— TV(g). Applying Young’s convolution inequality to
f and gg, we obtain [|[V(f % gx)llz2< ||fllz2||Vgrllz:, passing to the limit we obtain
IV(f* ) l2< || fllL2TV(g). Replacing f by 0*f with |a|< s in the previous inequality,
we obtain |V (f x ¢)|las< || fll#:TV(g). The second inequality follow directly from the

definition of the total variation.
O

Lemma 13 (See [18]). Let h € H*(R?), Vh € L*(R?), g € H*"}(R3) N L=°(R3) and
|a|< s, then

10%(hg) = hd%glL2< C(s) (I[Vhl L= llgll zre-2+llgll Lo [[2]| ) -

A.2 A priori estimates

The goal is to prove that the sequence (Tk)ren has a strictly positive lower bound 7.
In all this section, one considers initial data that such (4.3)-(4.4) hold and define the
sequences 0, UF| f* by (4.5)-(4.8) and Ty, by (4.9)-(4.11).

Lemma 14. For all k > 0,

0.0 | go=1 1y, < C(5, fo, U, Q2, R, w) TV (w). (A.2)

Proof. Let t € [0, Tk41[, then

10U M| gro-2 (1) < DN A(U) 0, UM | g, HIBUR, F9) o1 1y,

One has to control each term, let’s start with 6. One has,

oo (Qk fRs (uk - 'U) ' Vm<fk> dv
E ok . 1_fR3<fk>dv
Hb(U 7f )||H371,Tk+1 - Z oo (gkuk fRs(uk _ ’U) . vx<fk> d’U> :
L2, Ty41

lor|<s—1
1= [ra(f*)dv
Applying Lemma 11 for |o|< s —1,

5o (gkuk . fRS Vi (f*) dv>

1= Jpa(fF)dv

L2
3V kY d s Va f)d
SC(S) <||Qkuk||H51 w Loo+|‘gkuk||L°° w Fe—1 > .

Thanks to (4.9), one has
o g+ < UM+ < [yl +1U* — Ugllgen< C(Uy, R)
Thanks to the Sobolev embedding H*~*(R3) < L>°(R?), one has

lo*u® || e < C(22) |0 || o1 < C(Q2, Uo, R).

15



Thanks to (4.9)-(4.12) and Lemma 12, one has

|, 7ot

fFdv
R3 Loe
< TV(w)2*(Vap)? [/ * ]l
< TV(w)2*(Vip)? [ foll L=
< C(fo)TV (w).

< TV(w) '

[,

So that, using (4.4), (4.13) and the previous inequality

fR3 Va(f¥) dv

T T dv ) C(fo,w)TV(w).

fR3 VI(fk>dU

T (7 o . Again applying Lemma

It remains to bound the last term in (A.3) ‘ .
He~

11 and Lemma 12, one has for |a|< s — 1:

Jrs Ve
()

1

1= Jga(fF)dvll,

1
Hs—1

1= [ra(f*)dv

< C(s) (H . Vo (f*) dv

12 Hs—1

Ve (fF) dv

"
< C(s) (C(fo, w) TV (w)

1

C(fo)TV (w) HW

, one has

>

For the term H

1
s (T o ||

a (1—le<f>d>

=

He=l a|<s—1 .
> Po
W 1A= Jral Ry dvya@ ],

where P, is a polynomial in 9%(1 — [g4(f*) dv), and ¢(a) is an integer that depends on
«. One can bound the numerator P, thanks to the inequality
HS

oo
< TV(w)C(fo),

where we used Lemma 12, and the denominator thanks to (4.12). As a consequence, one
obtains

< (Va)* 21 M) e

o [(U" - [ra Va(f*) dv
|8 ( T o ) v ) L C(Uo, fo, 2, By w)TV(w). (A4)
Next, one has the term
% ‘gkfR3v V <fk>d’l)
1 — [Ra(fF)dv Lo
k Jrs v Vo (fF) dv K Jrs v - Va(fF)dv
SC(S) (”Q HHs—l l:].l—fR3<fk> do LOC"‘HQ ||L°° l;_fR3<fk> dw . .
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We have, using Lemma 12

H/ v- Vo (fF) dv
R3

< 22 ¥l (VA7) ' TV (w) < C(fo, w) TV (w),

and,
R Hs—1 R3 Hs—1
SO
o (v Valf du
| 0 ( ]_R; fR3 dU ) L = C(U07 Jo,€0, R, w)TV(w) (A5)

It is clear thanks to the previous inequalities that we have the bound

FuP ([gs v - Vo (fF) dv)

Uy, 0 T . A.
1— fRs <fk> dv . C(Sa fO, Rv 0 2711)) V(’UJ) ( 6)
For the term
oFuF @ uk ng o k( k ng o £k dv)
1— [gs(f dv e 1— [gs(fF)dv e ’

we use the fact that €y is relatively compact and so o* is bounded from below by a
constant that depends only on 2. Writing

o [ & uF (uF - [ra Va(f*) dv)
g (Q 1—fR3 )y dv )

Lz
ukof s V
<(C(s gkuk s—1 R
<><|| S eyl
uF f fk dv
+ [l u”|| oo w ¥ :
fR fk dU Hs—1
and .
o"u
T )0t uF 1.
LOO

one obtains

uk-fR3V (f*) dv

1= [pa(fF)dv

< C(S7U07 f07 Ra QQa '[U)TV(’IU)

LOO
Therefore
o“ u fR3 fk dv
1—fR3 fk dv Lo
k k
< C(s) <|u 9% 1— [os(f*)du . + [l 1= [ (fF) dv .

Writing

+ o u? e
LOO

|07 2 < O(s) (ngku’“nml

)
Hsl)

oF oF
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one notices that

of 1 P (00"
9 Tk - ()
0 L2 (Qk)q L2
1
< —————[|Pa(0%0") | 2
1(2")" ||
S C<Q27 Ra UO)a

where P, is a polynomial in 9%(o*) and ¢(a) an integer depending on . One gets

oFuF (u . fRa Vo (f*) dv)
1- fRs <fk> dv

In the end, combining the inequalities (A.4)-(A.7)

S C(SvaaR7 UOaQQ;w)TV(w)' (A7)
Hs—1

Hb(Ukv fk)”HS*l,Tk.;_l S O(S? U07 an w, R7 QQ)TV(U‘))
We turn to the term

1A (UM)0:, U roma = D0 10 (Ai(UR)8:, UM Y21, -

|a|<s—1
Using Lemma 10 and the Sobolev embedding H*(R?) < L>°(R?), one has for |a|< s—1,

107 (A (UF)8:, U Y| 2 1, ,, <10 (A3 (UF) = A3(T0))02, U ) [ 21,
+[14:(T0)0* (82, U ) | 12,17,
<C(5)(||4:(U*) = Ai(Qo) | e 11 102, U [ £ 1
+ 147 (T0) | oo 11 102, U o1 )
<C(s, 9, R, Uy).

This completes the proof. O

Lemma 15. For all k>0 and T € [0,inf(1, Ti41)]

s[up }HUM'1 — Uyl|us(t) < TC(s, R, Qs, Uy, fo,w, TV(w))eC(S’R’f"’UU’QQ’“”TV(“’))T.
tef0,T

(A.8)
Proof. The function Wkt = Ukt — Uj satisfies
S(UF)a, W+ (S 4;)(U*)0, WHT = S(U*)b(UF, %) + H”,
WH(z,0) =0,
with HF = — Z(SAZ-)(U’“)&“UO. We look for a bound in H® of W**1. The function
0OWHh+H1 satiﬁgs

S(UM)0,0°WHHL + 3 " (SA4;)(UF)0,, 00 W

= S(UM*(S~HUMH" + b(U*, /%) + F,,
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with Fo = S(U*) Y (4;(U*)0,,0°WHkH! — §2(A;(U*)9,, WHT1)) . Moreover, one has

1 1
~0, / (O“WHHT (UMW de = = / (O°WHrHOHT [ 9,5(U*)
27" Jgra 2 Jrs

+Y 0, (SAi)(Uk)> O W dg

+/ (aawk+1)TS(Uk)aa(S—l(Uk)Hk

R3

+b(U", f¥)) da + / (O“WHHTFE, dz.
R3

Up to time T}, U* takes its values in Qo on which S and SA; are smooth. One can
bound the derivatives of S and SA; at any order by a constant that depends on Q5. One
also uses the Sobolev embedding H*~1(R?) — L°°(R?) and Lemma 14 to obtain the
estimates
10:U" | L 1, < C()]|0:U* || ggo=1 1, < C(s, 92, R, Uo, fo, w)TV(w),
102, UH |l e 1, < C8)1100, U 1101 1,
< C(s) (|U* = Uoll= 1. +|Uo — Uo|l =1, ) < C(s, R, Uy).

So that

< C(Sa QQa R7 UO) f07wa TV(U}))

Lo Ty
One now uses Lemma 13 to obtain, for |o|< s

Ai(UF)0,,0°WHTE — 9 (A;(U)9,, WH)
= ((4; (U*) = A;(Ug)) 0%0,, W — 0 ((4; (U") — 4; (Uo)) 0,, WHH).

According to the previous inequality, one has

[Fallz2 7, SIS (UF)|e 10, C () D (10%(Ai(U*) — Ai(To)) o 10
X Hamiwk+1| Hes=1 Tk
00 W[ oo 1, 14 (UY) = Ai(Uo) ||+ )
SC(S,QQ,R, Uo)

One has using Lemma 11

|S(U")o*(S~H(U*)H"|

| L2, Ty

< [[S(UM)|[ Lo 1, Y _10* (Ai(U*)0,,Uo)| 2 3,

< O(5,92) Y [ 4(U") = Ai(Uo)| = 1, 10, Uoll 11+ 7,
+ 31100, Uoll o=, | Ai(U*) = A3(Uo) || 2,13, +C |0, Vo -
S C(S,QQ,R, U())
It yields

1S(UF)0* (b(U*, F¥)) | 2,1, < C(s, R, fo, Qayw, TV (w)).
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One now uses the estimate (A.1). For ¢ € [0, Tk11], one obtains

10 W2 (1)

1 t
< C()[I0“WH | £2(0) + 51965 + >0, (SAi)HLw,THI/ 10 W 2 (7) dr
i 0

+ /Ot (IFall2+S(U")0* (S~ (U)HF) || L2+ S(UM)* (b(U*, f7)) | 2) dr.
Then one gets
10% W2 (1)
< W 12(0) 4 O, 0 Ui o) [ 0°WH ) o
+ /Ot(C(s, 0, R, Ug) + C(s,Q, R, Ug) + C(s, Uy, fo,w, TV(w), R,2))d
Summing for all |«|< s these estimates, one ends up with
W |- (1)
< (@) (IWH 11 (0)+ Cl6.2, R U, fo) [ IWH (7))
+tC(s, R, Q2, Uy, fo, w, TV(w)).
Thanks to Gronwall’s lemma, one has for all t € [0,7T] with T < Tj41

||Wk+1|

me=(t)

T.

< O(Q) (IWHH| g (0) + TC(s, R, 2, U, fo, w, TV(w))) e ooz, TVw)T

Choosing T < 1, and since W**1(z,0) = 0, one obtains the claim.
Lemma 16. The following inequalities hold for all T € [0,inf(1, T41)[

sup V]]\j[-i_l (t) S VM (0) + C(Q27 w, 7, UO)TV(w)T7
t€[0,T]

sup X (t) < Xar(0) + C(fo, a2, w,7, Ug) TV (w)T,
t€[0,T)

H/R3<f’““>dv

Proof. Recall the characteristic curves of the Vlasov equation

< 2%||w|| g1 [| foll L (Var (0) + C(2, w, 5, Ug)T)?.
Lo T

dxk+1

X (s, v,5) = x,
i\
m (t;x,v,5) = —(Vop(X* Lt z, 0, 8), 1)),

Vi (s;z,v,5) = v.

One has, writting in an implicity way the equations (A.12) and (A.14),

t
Xt e, v,8) = —|—/ VL (1, v, 5) dr,

t
VE Ut 0,8) = 0 — / (Vg (XHH (7, 2,9, 5), 7)) dr.
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We recall the notations

Xyt = sup ||,
(2,0)ER3XR3, fF+1(t,2,0)>0
VitL(t) = sup |v].
(2,0)ER3XR3, fF+1(t,2,0)>0
Then
0
VE O 0,0) = v - [ (P (i, 0), )
t
and

t
lv|< VkH(O;:c,'v,t) +/ ||pk||LooTV(w) dr.
0
One obtains

VER(8) < Vi (0) + / %] () TV (w) dr.

And it yields (A.9). One proceeds similarly for X¥™. Using the formula (A.17), one has

t
x = X 10; x, v,t) +/ VL (1, v, t) dr
0
t t T
= X*10; 2, v, 1) + 'v/ dr — / / (Vop® (XFHY (7 2, 0,1), 7)) dF dr,

0 o Jt

so, using Lemma 12

XEFL() < Xpr(0) + Var (0)t + /O t / 5 Lo (F)TV () d dr

And one obtains (A.10).
Moreover, one has, with Lemma 12

H/ <fk+l> dw / fk+1 dv
R3 R3 Lo T

< 2w pa | £ e (Vi)

< 2%[Jwll g || follzes (Var(0) + C(Q2,w, 5, Ug) TV (w)T)?.

< fJwlz
LT

We conclude this part with the proof of Proposition 7
Proof of Proposition 7. From Lemma 15, one has

sup [[UR — Ugl|g-(t) < TC(s, R,Qq, Uy, fo, w, TV (w))eC f:fo.Uo 2,0, TV(w)T
t€[0,T]
The right-hand-side of this inequality defines a continuous function of 7" independent of
k, with value 0 if T = 0. Therefore, for all k there exists Ty > T7 > 0 such that
sup UM — Ugl|g-(t) < T1C(s, R, Qa, Uy, fo, w, TV (w))eC:Frfo:Uo 2w, TV(w)Ty
t€[0,T)
<R.

For the same reasons, using Lemma 16, for all k there exists T, T3 and Ty in ]0, T} [ such
that

sup V]]\C/[+1(t) S VM(O) + 0(927 w, 7, UO)TV(U)>T2 S 2V]V[(0)7
te[0,T]

sup X]Ifj_l (t) < XM(O> + C(an QQ; w, v, U0>TV(’LU)T3 < ZXM(O)a
t€[0,T)

H/ (ff*) dv < 2wl 1]l foll Lo (Var (0) + C(Q2,w, 7, Uo) T4)?
R3

Loo,T
< 2Y|wl| 1| foll e Var (0)*.
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Let T, = min(Ty, Ts,T5,Ty) then for all k € N, T}, > T, > 0 and the bounds (4.9)-(4.12)
are verified. O

B Convergence of the iterative process
This part is dedicated to the proof of Proposition 8
Proof of Proposition 8. Let k > 2. The function U*+! — U* is solution of the system

S(UMa,(UrH — Uk)
3
+D ((SA(UFY) = (SA4)(U*)d,, (UM —UF) =b(U*, %) —b(U*1, 1571) 4+ Fy,

i=1
with
3
Fi = (S(UF) = S(U*)9,U" + > ((SA;(UF) — (54;)(U*))a,, U,
i=1
Thanks to Lemma 9, one can write
TR — U2 (1)

1 t
<C(5[0.9(0") + Zaxi(SAi)(Uk)HLx,T*/O [OMY —U*| 2 (7) dr

+ /O (k22 (7) + [ID(U*, f£) = b(UEE, f271) 2 (7)) dr).

Then, by Gronwall’s lemma, inequalities (4.9)-(A.2) and the fact that S and SA; are
smooth on 25 which is compact, one has

C(Q22)[|0:S(UR 4 84, (SA)(UR)|| oo 1, ) T
[T — U a8 §Ce( (9210 5(U*) 45 01, (4 (U 17, )

t
X /0 (IFx)l 22 () + [6(TF, £%) = b(UFE, 2712 () d7
SC(QQ)GC(&QQ,R,UO,JCO)T*T*
X (|Fll 2z +116(T", £5) = 0T 57N 2 ).

The goal is then to obtain inequality (4.14).

To bound to right-hand-side of this inequality, one first notices that the first term
verifies | F|lr2< C(s,Q2, R, Ug, TV (w))||U* = U 1| 12 7, . It remains to bound the term
(T, f5) = (UL, 2 Y |2

Qk fRS (uk - U) ' vw<fk> dv _ Qk_l fRS (uk_l - ’U) . va: <fk_1> dv

1= o (R dw 1= g (P 1) v
Fut fpu(ub Z0) Vo) do et o (u —0) V(A d
1 oo (R 1~ o (/5 1) do o

22



One has, making use of Lemma 12

k k f V k>dU Qk_luk_l'fR?, Vx<f’“‘1>dv

1 — [gs(fF)do 1— [ga(fF1)dv .
< |l (d"uk = o 1ub 1) fR~" fk dv
- 1 fR3 ) dv
L2.T,
P Jrs Valff)dv  [gs Va(f*1)
1—fR3 (f¥)dv 1—fR3 (f*= 1 e
V. (f5) dv
< loFub — o lyk—1 Jrs
= HQ Q || T, 1 _ fR3<fk> d/l) LOO’T*
1
+ Qkflukfl LC’CH v fk _fkfl dw
| e =2l V3 0o e o V¢ ]
1
C(fo)TV(w Ut - ut!
(.fO) ( ) H 1— 24||w||L1VM(O)3fO Lo || HL2,T*

1
+ C(fo, R)TV(w) H 1 — 24[w]| 12 Var (0)3 fo

< C(fo, w)TV(w)[[U" = UF L2,
+ C(f07 Ra w)TV(’w)ka - fk_IHLz,T* .

[V e FZE

Lo

Similarly, because of the inequality

H/R3 — fFYHedo

Qk fRstm<fk>d'U Qk71 fR3v‘vz<fk71>d’U

C(fo)l ¥ = 21,

L2,T,

one has

1 _fR3<fk> dv 1 _fR3<fk71>dv 2T
1
C(fo)TV(w UF — U2
(fo) ( ) H 1 — 24||w||L1VM(O)3fO Lo || HL T
1

k_ ph=1)
+ C(fo, R) TV w)H1—24||w||L1VM(O)3fo . 15 =" lle

< C(fo,w)TV(w)||[U* = U L2, +C(fo, R, w) || £ — 57| 2 1, -

In the same way
PP [pov - Vo (ff)dv  oF bt [Lov - Vo (fF ) do
1 [qs(ffydv 1— [s(fF1)dv
1
1= 24wl L1 Var (0)% fo
+ Ol BITV) | 1 17 = e,
1= 24wl 2 Var (0)3 fo || e ’

< C(fo, w)TV(w)||U* — U 12, +C(fo, By w) | 5 — ¥ M2,

L2,T,

[U* — U2,
LOO

CUTV(w) |

23



For the final term, one notices that

Qkuk fR3 uk . vx<fk> dv Qkflukfl fRB ukfl . vx<fk71> dv

1— fR3<fk>dv 1— fRS(fk*1>dv e
<lletut — gt g, | S A
< - 2T LT,
1 - fR3 <fk> dv Loe T,
1

N . H

1= 24wl 22 Var(0)% fo || e

]/ Vol - Y do
R3

x max(|[u” ||z 1, |0 Lo 1)

L2.T,

Moreover, because that for all k, U* € Q, which is relatively compact in 10, +00[xR3,
the quantity ¢* is bounded from below for all k by a constant that depends only on .
So that one has, for all £ > 2

k, k
Q u
¥ = H
Qk

< C(Q) e uF | .
LOO

So

gkuk fR3 uk . vz<fk> dv B gkfluszl ng ukfl . vz<fk71> dv
l_fR3<fk> dv 1_fR3<fk71>dv 2T
< C(fo, w, Q2) TV (w)[[U* = U g2 g, +C (fo, B, w, Q2) TV (w) | f* = f*7 | 2 7, -

In the end

16(U*, %) = b(U* 1, £l 2,
< C(fo, w, Q) TV (w) [U* = UF Y| 2 1, +C(fo, Ry w, Q) TV (w) || f* = ¥ 2.1, -
(B.1)

The goal is then to control the term || f* — f*=1||p2 7, by [UF1 = U*=2| 12 1.
The function f* — f*~1 verifies

O(fE = ) o Va(fF = 270 = (V) VL (fF = 5
= (VP 1) = (VpF72)) - Vo foh

Moreover f*(z,v,0) — f*~(x,v,0) =0, so

(ff = D, v,0) = /OtB(Xk1(T;w,v,t),V'“1(T;w,v,t),7) dr,

with
B = (V1) — (VpF~2)) - v, 50,

One writes

t
k_ k=, Bl r2(7)dr
07— ||L<t>s/0|| () dr,

then one has, using Lemma, 12, the following for B in the L?-norm,

1Bllz2 < IVo f* "z (VP TH) = (VP 72) 12
IV e TV @)@ = (257272

One needs to bound V, f* in L>. The function V, f* verifies

at(vvfk) +v- vzvvfk - <Vzpk71> : Vvvvfk = 7vzfa
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where - is understood as a matrix-vector product. Therefore, the characteristic method
yields the formula

vak(a:, v,t) = vao(kal(O; x,v,t), kal(O; x,v,t))

t
_ / Vo M XY (7,0, 8), VE (12, 0, 1), 7) d,
0

which yields, for ¢ € [0, 7]

IV fEllzee (2) < ||Vufo||m<>+/0 IV f¥ || o (7) .

Similarly, the function V, f* verifies
(Vo f*) +v- VaVof* —(Vap" ™) - Vo Vo f* = (Vo Vap™ 1) - Vi fE.
Again, applying the method of characteristic

mek(:z:,v,t)
= V. fo(XF 102, v,t), VETL(0; 2, 0, 1))

+/Ot (Vo Ve 1 (X (12, 0,1), 7)) Vo fH(XF N (2, 0,8), VI (2, 0, 1), 7) dT,
and, with Lemma 12
192 0) < W fall [ 00t @IVl )
< |IVafollL=+C(s,7, R, Qz7UoTV(w))/Ot||vak|Lw (T)dr.

It is a consequence of Gronwall’s lemma that for ¢ € [0, T}]
IV o (8) + Vo fF Nl (t) < C(s, R, fo, 22,7, TV (w)).

Then, applying the mean value theorem to z — 27 and using the fact that Qs is relatively
compact in € yields

1Bz (t) < Vo f* e () TV (w) SngHW”*IIILmIIQk*1 =" 2 2(t)
< C(s, R, fo, 22,7, TV(w)) TV (w) [UF = U* 12
and
15 = 7 2 (1) < tC (s, R, fo, 2,7, TV(w)) TV (w) [UFH = UF2| 12 (8).
Finally, using the inequality T, <1,
1b(U*, ) = b(UF L, 2 Y2,
< C(fo, w, )TV (w)|[U* = U2,
+C(s, R, fo, 2,7, TV(w)) TV (w)|[UF ! = U2 12 1, .
So that one obtains for all ¢ € [0, T4[
LSk S ()
< C(R, fo, U, Q2,w, TV(w), )Ty (||[U* = U* Y| g2 gy, H[UFH = U227, )

This inequality is also valid if one replaces Ty by Ty €]0,7T%[. In particular, one can
chose T, such that .
C(R, f07 U07 QQ, w, TV(U)), V)T** < Z
This concludes the proof. O

25



References

[1]

2]

[9]
[10]
[11]

[12]

[13]

A. A. Amsden, P. J. O’Rourke, and T. D. Butler. Kiva-ii: A computer program for
chemically reactive flows with sprays.

O. Anoshchenko and A. Boutet de Monvel-Berthier. The existence of the global
generalized solution of the system of equations describing suspension motion. Math-
ematical Methods in the Applied Sciences, 20(6):495-519, 1997.

C. Baranger and L. Desvillettes. Coupling euler and vlasov equations in the context
of sprays: The local-in-time, classical solutions. Journal of Hyperbolic Differential
Equations, 03:1-26, 2006.

S. Benjelloun, L. Desvillettes, J. Ghidaglia, and K. Nielsen. Modeling and simulation
of thick sprays through coupling of a finite volume euler equation solver and a
particle method for a disperse phase. Note di Matematica, 32, 01 2012.

L. Boudin, L. Desvillettes, C. Grandmont, and A. Moussa. Global existence of
solutions for the coupled vlasov and navier-stokes equations. Differential Integral
Equations, 22(11-12):1247-1271, 2009.

L. Boudin, L. Desvillettes, and R. Motte. A modeling of compressible droplets in a
fluid. Commun. Math. Sci., 1(4):657-669, 2003.

L. Boudin, C. Grandmont, B. Grec, S. Martin, A. Mecherbet, and F. Noél. Fluid-
kinetic modelling for respiratory aerosols with variable size and temperature. In
CEMRACS 2018 — Numerical and mathematical modeling for biological and medical
applications: deterministic, probabilistic and statistical descriptions, volume 67 of
ESAIM Proc. Surveys, pages 100-119. EDP Sci., Les Ulis, 2020.

L. Boudin, C. Grandmont, A. Lorz, and A. Moussa. Modelling and numerics for
respiratory aerosols. Communications in Computational Physics, 18(3):723-756,
2018.

C. Buet, B. Després, and L. Desvillettes. Linear stability of thick sprays equations.
Journal of Statistical Physics, 190(53), 01 2023.

R. Caflisch and G. Papanicolaou. Dynamic theory of suspensions with brownian
effects. SIAM J. Appl. Math, pages 885-906, 1983.

Y. Choi. Finite-time blow-up phenomena of Vlasov/Navier-Stokes equations and
related systems, 2016.

L. Desvillettes. Some aspects of the modeling at different scales of multiphase flows.
Computer Methods in Applied Mechanics and Engineering, 199(21):1265-1267, 2010.
Multiscale Models and Mathematical Aspects in Solid and Fluid Mechanics.

L. Desvillettes and J. Mathiaud. Some aspects of the asymptotics leading from
gas-particles equations towards multiphase flows equations. Journal of Statistical
Physics, 141:120-141, 10 2010.

L. Ertzbischoff, D. Han-Kwan, and A. Moussa. Concentration versus absorption for
the Vlasov-Navier-Stokes system on bounded domains. Nonlinearity, 34(10):6843—
6900, aug 2021.

L. Evans and R. Gariepy. Measure Theory and Fine Properties of Functions, Revised
Edition. Textbooks in Mathematics. CRC Press, 2015.

P. Gao, H. R. Wakeford, S. E. Moran, and V. Parmentier. Aerosols in exoplanet
atmospheres. Journal of Geophysical Research: Planets, 126(4):¢2020JE006655,
2021. €2020JE006655 2020JE006655.

D. Han-Kwan, A. Moussa, and I. Moyano. Large time behavior of the
vlasov—navier—stokes system on the torus. Archive for Rational Mechanics and Anal-
ysis, 236(3):1273-1323, feb 2020.

A. Majda. Compressible Fluid Flow and Systems of Conservation Laws in Several
Space Variables. Springer New York, NY, 1984.

26



[19] T. Mather, D. Pyle, and C. Oppenheimer. Tropospheric volcanic aerosol. Washing-
ton DC American Geophysical Union Geophysical Monograph Series, 139:189-212,
01 2003.

[20] J. Mathiaud. Local smooth solutions of a thin spray model with collisions. Mathe-
matical Models and Methods in Applied Sciences, 20:191-221, 2010.

[21] P. O’Rourke. Collective drop effects on vaporizing liquid sprays. Technical report,
Los Alamos National Lab., 1981.

[22] K. Pfaffelmoser. Global classical solutions of the Vlasov-Poisson system in three
dimensions for general initial data. Journal of Differential Fquations, 95(2):281—
303, Jan. 1992.

[23] D. Serre. Systémes de lois de conservation. Number vol. 1 in Fondations (Diderot).
Diderot, 1996.

[24] F. Williams. Combustion Theory, second edition. Benjamin Cummings, 1985.

27



	Introduction 
	Justification of the convolution operator
	Properties of the system
	Conservation properties
	Entropy property
	Positivity of the volume fraction of the gas for smooth solutions

	Local in time well-posedness
	Iterative approximation scheme
	Proof of Theorem 5

	Preliminary lemmas and a priori estimates
	Preliminary lemmas
	A priori estimates

	Convergence of the iterative process

