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Abstract

We review an argument of Renardy proving existence and regularity for a subset of a class of models of
non-Newtonian fluids suggested by Oldroyd, including the upper-convected and lower-convected Maxwellian
models. We suggest an effective method for solving these models, including a variational formulation
suitable for finite element computation.
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1 Introduction

We consider some model equations proposed for non-Newtonian fluids that are a subset of the Oldroyd
models [15]. This includes the upper-convected and lower-convected Maxwellian models. Our objective
is to extend the existence proof of Renardy [16] for these equations in various ways. In particular, we
show that a variant of his proof can be the basis for an effective solution algorithm. The subset of
the Oldroyd models that we study involves three parameters, the fluid kinematic viscosity 1 and two
rheological parameters A\; and p1. We will refer to this subset as the “three-parameter” subset. An
extended version of these results appeared in [11] and was announced in [10].

1.1 Notation

Let d denote the space dimension. We assume that the fluid domain D C R? is connected and has
a boundary 0D with different degrees of regularity for different results. For simplicity, we assume
that the boundary conditions on the fluid velocity are Dirichlet: u = 0 on 9D, although these can be
relaxed to allow u = g on 0D provided g - n = 0, where n is the unit outer normal to D. We utilize
standard Sobolev spaces W7 (D) for nonnegative integers s and 1 < g < oo, consisting of functions
whose derivatives of order s or less are in the Lebesgue space Ly(D) [6, 1, 4]. For vector-valued
functions v and matrix-valued functions T, we will write v.€ W (D)? or T € W (D)* to indicate
that each component of v or T is in W (D). For tensor-valued functions of tensor order larger than
2, we will use analogous notation. The highest order of tensors considered here is 3, but we develop
some identities in section 9 for general tensor-valued functions.
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We will also write the corresponding norms with the understanding that the norms for vector-
valued and tensor-valued functions are evaluated appropriately. More precisely, we define

1T lwypy = D V™ T ||y (p),

m=0

where, for example, |T(x)| is the Frobenius norm of T(x) in the case when T(z) is a matrix and the
Euclidean norm in the case when T (z) is a vector. We give details about generalizations to arbitrary
tensors in Section 9. For simplicity, we do not use bold face to indicate points in R,

We collect here our assumptions regarding the regularity of the domain boundary. We will always
assume that D is bounded and 9D is Lipschitz, but in addition we make the following assumptions.
Consider the elliptic equations

v—Av=f inD

(1.1)
Vv-n=0 on dD,
and
—Av=f inD
(1.2)
v=0 on dD.

We introduce the following condition: suppose that the domain D has the property that there is a
constant C' such that each problem (1.1) and (1.2) has a unique solution v € H?(D) for all f € Ly(D)
satisfying

(1.3) lvllm2) < Cllf llLoD)-

Similarly, we consider a Stokes system,

—Av+Vp=finD

(1.4) .
V-v=0inD, v =0ondD.

We introduce the following condition: suppose that, for some ¢ > 1, the domain D has the property
that there is a constant C,p such that for all f € L,(D)? there is a unique pair v € Wg(D)d and
p € W;(D)/R solving (1.4) such that

(1.5) 1V lwzp) + 12 lwp oy < Copll £ llz,m) for all £ € Ly(D)?.

We assume this holds for all ¢ < gg where gg > 1. Ultimately, many of the results will be restricted to
the case qg > d, where d is the dimension of D.

We will utilize Sobolev’s inequality, which says that for ¢ > d, functions in W;H(D) may be
viewed as being in C*(D). We will in particular use the case s = 0 frequently, and we introduce the
corresponding Sobolev constant o, which is the smallest real number such that

(1.6) 1V |20y < 0gllv lwacpy for all v € W (D).

We will be interested in the cases d = 2 and d = 3, and our estimates will always be restricted to the
case ¢ < oo. The constant o, depends on d and the domain D, but we will suppress this dependence
in what follows.

Another type of Sobolev inequality is

(1.7) ) L ogllv gy forallve HY(D),

1012y g

provided that ¢ > 2 for d = 2 and ¢ > d for d > 3. Although the constant o, may be different from the
one in (1.6), we will use the same notation for both, that is, we will assume that o, is the maximum
of the two constants.
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2 Three—parameter Oldroyd models

In all (time-independent) models of fluids, the basic equation can be written as
(2.1) u-Vu+Vp=V-T+f,

where T is called the extra (also called deviatoric) stress and f represents externally given data. The
models only differ according to the dependence of the stress on the velocity u.
In the case of a Newtonian fluid
T =n(Vu+ Vu').

Thus, when V-u = 0, it follows that V- T = nAu, and we obtain the well known Navier-Stokes
equations for Newtonian flow, where 7 is the kinematic viscosity [13].
We now describe the particular family of non-Newtonian models on which we focus here.
A three parameter subset of the eight parameter model of Oldroyd [15] for the extra stress takes
the form
T+ M\(u-VT+RoT +ToR') — 1 (EoT + ToE) = 27E,

where the five parameters Ao, pa, po, vo, and vy in [15] are set to zero, and
R =1(Vu' —Vu) and E = 1(Vu+ Vu').

Note that E' = E, R' = -R, R+ E=Vu!, and R—E = —Vu.

We can write the full model in the steady case as

u-Vu+Vp=V-T+f inD,

(2.2) |
V-u=0 inD, u=0 ondD,

(2.3) T+ M(u- VT +RoT + ToR) — yy(EoT + ToE) = 29E in D.
By combining R and E, formula (2.3) has the equivalent expression
(2.4) T+ A(u-VT — (Vu)oT — To(Vu')) + (A\; — p11)(EoT + ToE) = 2,E.

There are physical reasons to assume that A\; > 0, but we will allow A; < 0 as well. The case \; =0
and p; = 0 which corresponds to the Navier-Stokes equations, has not been considered here, but it
can be treated similarly and is essentially trivial by comparison. Therefore, from now on, we assume

that A\ # 0.

3 Alternative formulation

The difficulty with the simple formulation (2.2-2.3) is that there is no obvious smoothing for u, i.e.,
there is no explicit dissipation in the basic equation (2.1). In Section 8, we describe a technique
proposed by Renardy in [16] that addresses this issue by making a substitution based on (2.2). Of
course, this is not the only option. Following the work of Fernandez-Cara et al in [5], we develop a
modified version of the Renardy formulation that uses a more selective substitution. This formulation
is simplified in several terms and may be more effective both analytically and numerically. Renardy
suggested writing (2.2) as

(3.1) V-T=u-Vu+Vp—f,

and then inserting this expression for V-T into the divergence of (2.3), or equivalently (2.4). We
can use the expression (3.1) for V- T selectively in (2.3) to get different formulations with different
properties. In order to do so, we need to use some identities, which we now develop.
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3.1 Some identities

The reader will find in Section 9 the general definitions of the operators used here. Let us now compute
the divergence of the left-hand side of (2.4). We compute the divergence of u- VT as follows:

(V- (u-VT)), = Z (u- vT)ij,j = Z (u- VTij),j = Z(ukka‘)]

j j ik
= (wTijns + e jTijn) = -V (V-T)); + > g jTijpe
ik I

We compute the divergence of ToVu' as follows:

(V-(To(Vu)")), = > (To(Vu)), =D (Tu(Vu)) ; = Z (Tikujk)

J Jk
:Z Tk, jujk + Tiktj k) ZTm,jujk+ZTmVu

= ZTzk,]u]k = ZTU kUK = Zuk,j 17,k

provided that V-u = 0. Therefore we have proved the follovvlng identity:
(3.2) V-(u- VT — To(Vu)') =u-V(V-T),

valid in the sense of distributions for all sufficiently regular functions and tensors. For instance, it
holds when the left and right sides of equation (3.2) define elements of H~1(D), e.g., if the components
of u and T belong to W/} (D) for ¢ > d; then

(V-(u-VT),¢) = —/ (u-VT): Vedx
D
(V(To(Va)'). ¢) = = [ (To(Vu)): Voo
for all ¢ € H} (D). If moreover V-u = 0, then

0V (VD)) = (S (91,60 = 5 (7))

(33 - (VT Y ) = (VT Y w9

—/(V-T)-(u-v¢) dr V¢ € H} (D).
D

The main point of (3.2) is that the expression on the left, which involves second derivatives of T,
has the property that all such second derivatives can be written as a first-order derivative of V- T.
If V-u =0, then we can establish another identity:

V- ((Vu)ov) Z 6334 Vu ov Z oy <Z (Vu) gkvk>
= Z B Z Ug V= Z Z 92, Ug, KV k
= Z Z Up Uk + W,kvk,z = Z Z Up Uk + Z Z Ug kU0
¢k k¢ ¢k

= Zk: g—l“k<zg: uu>vk +Vu': Vv =vVu: Vv,
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3.2 Applying the identities

For example, using (3.2), we get

(3.5) V- (u:VT = (Vu)oT — To(Vu)') =u-V(V-T) = V- ((Vu)oT).
Thus the divergence of (2.4) becomes

(3.6) V-T+X(u-V(V-T)—-V-((Vu)oT)) + (A —11)V- (EoT + ToE) = nAu.

The only troublesome term in (3.6) is u-V (V- T). Although we have bounds for this term, we cannot
show that it is suitably smooth in the relevant spaces required for a proof of existence. Thus we
eliminate it by using (3.1). Inserting the expression (3.1) for V- T into (3.6) gives

nAu=u-Vu+Vp—-£f+Au-V(u-Vu+ Vp—f)
—AV-((Vu)oT) + (A1 — ) V- (EoT + ToE).

Therefore

—pAu+u-Va+ Vp+ Au- V(Vp) :f+)\1u-Vf—)\1<u-V(u-Vu)
(3.7)
v ((Vu)oT)) — (M — 11)V- (EoT + ToE).

Remark 3.1 If we consider an Oldroyd model with additional parameters, other than Ay, i, and 7,
for instance the five-parameter model with Ay and pg, then the right-hand side of formula (3.7) has
an additional term, say V- T (Vu, A2, uu2), where T is some function, which is much more problematic,
since it involves third derivatives of u. This is consistent with the fact that certain Oldroyd models
are asymptotically equivalent to a grade two model [17]. This is the reason why we focus only on the
equation (2.3).

3.3 Pressure equation

Define an auxiliary pressure function 7 by

(3.8) T=p+ Au- Vp.
Then

Vr=Vp+\V(u-Vp)=Vp+ )\1V(Z uzpz)

(3.9)
=Vp+ A\ Z((Vuz)pl + uin,i) =Vp+ X\ ((Vu)th +u- V(Vp)) )

(2

which agrees with (9.6) in this case. Substituting (3.9) in (3.7) yields

—pAu+u-Vu+ Vi — A (Vu)!Vp = f + Aju - Vf — )\1<u-V(u-Vu)
(3.10)
~- V. ((Vu)oT)> — (M — p1)V- (EoT + ToE).

We can think of (3.8) as determining p from m. This is exactly the problem addressed in [12] as
described subsequently in Lemma 4.2. Thus the following result can be proved; for the proof see [12]
or the proof of Lemma, 4.2.

LEMMA 3.2 Suppose that 2 < d < 4, ¢ > d, D C R% is a bounded, Lipschitz domain, and u €
WL (D) with V-u =0 in D and u-n = 0 on dD. Define U = ||Vul|,_(p) and suppose that
U < |\|7L. Let p be determined from m via (3.8). Then

1
HPHW,}(D) < WHWHW(}(D).
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3.4 A Navier-Stokes system
Re-phrasing (3.10), we find

(3.11) —nAu+u-Vu+ Vr =F(f,u,p,T),
where F is defined by

F(£,u,p,T) = £+ \u- VE + X (Vu)'Vp— A (u- V(- Va) = V- (Vu)oT))
— ()\1 — pl)V- (EOT + TOE).

(3.12)

LEMMA 3.3 Suppose that ¢ > d, v.e W2(D)?, T € qu(D)d2, f e W (D)4, and p € W}(D). Then

ary  TEPDlE < 1w b 1Y o (1€ Iz o) + 112wy oy

+204]| v iz ) + I T qul(p)> +dog[ A =l [V llwzo) | T llwp o)

where o is the Sobolev constant (1.6).

Proof. We use some relations in Section 9. From (9.7), we have
V-V - V) [L,0) < 2V w1V lwg, )|V lwzp)-
From (9.5), we have

[ V-((Vv)oT) [, 0) < IV Iwzm) | T o) + 1V [lwe )| T llwp (m)
| V-(EoT + ToE) |1, <2(v lwz) | T o) + |V Ilwy (o) I T Hqu(D))-

The remaining terms are simpler. Thus

| FEv,0,T) [, 0) < fllp o) + Al v HWolo(D)(H f Hqu(D) +[Ip HWqI(D)
+ 2V eIV lwz) + I Tllwa o)) + Ml IV lwzo) | T o )
+ 2\ = | (v llwa @) | T lwz o) + 11V lwzo) | Tl 2o ()

<N llzyy + ool Ml IV lwz o) (L lwp o) + 2 llwp ) + 204]l v szyg(p) +2/| T lwyp))
+dog|A — | v lwz) | Tllwip).  QED

3.5 The new system

We can now state the alternative system. It involves (2.4) to define T in terms of u, the Navier-Stokes
system (3.11), and the pressure transport equation (3.8):

—nAu+u-Vu+ Vr = F(f,u,p,T)
V-u=0inD and u =0 on 0D
p+Au-Vp=m
T+ A(u-VT — (Vu)oT — To(Vu')) + (A — p11)(EoT + ToE) = 29E,

(3.14)

where F is defined by (3.12) and E = 1(Vu + Vu').
We have the following equivalence theorem. Its proof is not straightforward and is developed below
in several steps.



3.5 The new system Oldroyd models without explicit dissipation

THEOREM 3.4 The formulations (2.2)—(2.3) and (3.14) are equivalent. More precisely, let ¢ > d.
Ifue WqQ(D)d, T e qu(D)dQ, and p € qu(D)/]R satisfy one of them, then they satisfy the other.

In our derivation of (3.14), we assumed we had a solution of (2.2)—(2.3) with the stated regularity.
Thus we have proved one direction of the equivalence. To prove the other direction, we must deal
with the issue that we have created a new system by differentiation. Thus we need a way to be sure
that we can go back to the original system and still have a solution. To do so, we will make use of the
following result.

LEMMA 3.5 Suppose that v € WqQ(D)d with V-v =0 in D and v = 0 on 0D, that z € Ly(D)™,
and that

(3.15) z+v-Vz =0,

where we interpret v - Vz € H-1(D)™ as in (3.3). Then z = 0.

Proof. The equation (3.15) implies that v - Vz; = —z; € Ly(D) for i = 1,...,m. Thus the uniqueness
results in [9] imply z = 0. QED

Remark. What makes the uniqueness result of Lemma 3.5 so much simpler than the results of [9]
is the extra regularity we are assuming on v. Thus the product of v € Wq2(D)d and Vz is well defined

in H=1(D)%™, whereas if we only assume that v € H'(D)? as in [9], such a product is defined only in
a weaker space than H~!(D)%m.

We now return to the proof of Theorem 3.4. Recall that (2.3) and (2.4) are equivalent algebraic
restatements of the last equation in (3.14). So we need to verify only the first line of (2.2), which is
equivalent to (3.1). Let us verify that (3.1) holds provided that (3.14) holds. Define

(3.16) w=u-Vu+Vp—fecL,(D)
To prove (3.1), we have to show that V- T = w. With the definition (3.16) of w, we have

—nAu+w =—-nAu+u-Vu+Vp—f
=-nAu+u-Vu+Vr+V(p—-n)-f
=F(f,u,p, T) +V(p—7) - f
=V(p—7)+ Au-Vf+ A (Vu)'Vp
—Ai(u-V(u-Vu) = V- ((Vu)oT)) — (A\; — t1)V- (EoT + ToE),
using (3.11) and (3.12). Now using (3.9), which is the gradient of the third equation in (3.14), we find
—nAu+w = -\ (Vu)'Vp+u-V(Vp)) + Au- Vf + A\ (Vu)'Vp
—Ai(u-V(u-Vu) = V- ((Vu)oT)) — (A; — 11)V- (EoT + ToE)
— A (u- V(Vp)) + Au- VE
—M(u-V(u-Vu) = V- ((Vu)oT)) — (A; — 1)V- (EoT + ToE)
=-\u-Vw+ V- ((Vu)oT) — (A — 1)V (EoT 4+ ToE).
Therefore
(3.17) nAu=w+ Au-Vw — \;V-((Vu)oT) + (A — u1)V- (EoT + ToE).

Note that (3.6) is just the divergence of the last equation in (3.14), in view of (3.5). Subtracting (3.17)
from (3.6), we find
V-T+Mu-V(V-T)=w+ A\ju-Vw.
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By the uniqueness result in Lemma 3.5, we conclude that V- T = w.
This completes the proof of Theorem 3.4. QED

The next three sections are devoted to showing that the system (3.14) has a solution u € Wg(D)d,

T e qu (D)dQ, and p € qu(D) for ¢ > d. This will be done in three steps, first establishing regularity
of solutions of (2.3) given smooth u in Section 4. The reversed roles, showing u is smooth given
smooth T is standard Navier-Stokes theory, which we address in Section 5. We then show how, by an
iterative scheme, we can combine the two together in Section 6.

4 Regularity for T

We now consider the question of determining the regularity of the solution T of (2.3), or equivalently
(2.4), in terms of corresponding regularity of u. We will later return to the Navier-Stokes type equation
(3.11) to close the loop, deriving regularity of u in terms of T.

The tensor T can be viewed as a type of projection of the symmetric gradient E of u. For tensor
quantities T of any order r > 1, we denote by |T| the Euclidean norm of T when viewed as a vector
of dimension d”. We can simplify (2.4) by defining v = A\ju, and it becomes

T+ (v-VT — (Vv)oT — To(Vv)) + (1 — p1 /M) (EoT + ToE) = 21jE,
where E = \|E = (Vv + V).

4.1 Bounds for T in L,

The following result can be derived from [3, 12].

LEMMA 4.1 Suppose that 2 < d < 4, i € R, ¢ > 2, D C R? is bounded and Lipschitz, and
veWL(D), withV-v=0inD,v-n=0 ondD and

(1—00)
1+ 4]+ 1= Al

(4.1) VYL = VY 1) < where 0 < ¢o < 1.

Then for each g € Lq(D)dQ, there is a unique solution T € Lq(D)d2 of the equation

(4.2) T+V'VT+ﬁOT+TOﬁt—ﬂ(EOT—FTOE) =g,
satisfying

1
(4.3) [T L,y < aH gllL,(p)-

Here R = (Vvt = Vv) and E = (Vv + Vvt). Furthermore,

3
(4.4) |v- VT, < a”g Iz, (D)-

The proof of this result will assume ¢ < oo, but once it is proved for arbitrary ¢ < oo, the case
g = oo immediately follows by taking limits on both sides of (4.3) and (4.4) as ¢ — oc.
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Proof. The estimate (4.4) follows from (4.3) by using the equation (4.2) as follows:

Iv-VT,m) <IITL,m + | RoT + ToR' ||, ()
+|al [EoT + ToE| L, + gl
<N Tlp,m) (L4200 + 2D VYV (L)) + 18 |, )
14+ 2(1 + |al)
< (1 =Y o) I 8

14 co+2(1+ |z
= 2 Oy o8 o
(L+co+2(1 + |a])(d — co)

co(|1 4 + [1 = fa])

g HLQ(D)-

But

(L+eco+2(L+[a))(1 —co) _ 1—c§+2(1—co)(1+]a)
1+l + 1= i 1+l + 1 = il
o0 g
11+ 4l + 1 - Al

Thus we only have to prove the well-posedness of (4.2) and establish the bound (4.3). Let us make
the change of variable

(4.5) S=—

E\x
<
<H~
+
<
)
+
~
I
|
=
=
+
~
I
DN~

: (1- Vvl — 21+ @) Vv.
Then
SoT + ToS! = (—iE + R)oT + To(—fiE + R!) = RoT + ToR! — i(EoT + ToE).
Thus (4.2) becomes
(4.6) T+v-VT+SoT +ToS' =g.

To fit into the framework of [12], we view T as a function whose values are vectors of dimension d?2,
and we use the Frobenius product “ : 7 as the inner-product on such vectors, with norm |T(z)| =
VT(x) : T(z). In particular, [12, (4)] and [12, Theorem 3| can be phrased as follows.

LEMMA 4.2 Suppose that 2 < d < 4, ¢ > 2, D C R% is a bounded, Lipschitz domain, and v €
HYD)? with V-v =0 inD and v-n =0 on ID. Suppose further that C is an m x m matriz valued
function such that for some constant co > 0

(C(@)€) - & > col€|* V& € R™
for almost all x € D. Then for all g € Ly(D)™, there is a unique solution T € Ly,(D)™ to
v:-VT + CoT =g,

satisfying

1
(4.7) Tz, < %H gllr,m)-
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We note that the results in [12] were stated for the special case when the size of the vector m was
the same as the dimension of the domain d (i.e., m = d), but it can be easily checked that the result
holds for vectors of arbitrary length m > 1. As stated after Lemma 4.1, (4.7) is also valid for ¢ = co

Since the mapping

T — SoT 4 ToS!

is linear, there is a matrix-valued function M such that

(4.8) MoT = SoT + ToS'.
Therefore (4.2) takes the form
(4.9) T+v-VT+MoT =g,

which corresponds to the equation in [12, (2)] with C = I+ M. Thus we need to show that I + M
can be bounded below appropriately (that is, it is coercive). For almost all x € D,
(T(z) + M(z)oT(z)) : T(x) = |T(x)|* + M(z)oT(z) : T(z)

> |T(@)? — | M(x)oT(a) : T(2).
By the definitions of S and M, we have by the multiplicative property of the Frobenius norm that,
for any tensor U of order 2,

M(2)oT () : Ul = [S(z)oT(x) : U+ T(x)oS(x)" : Ul
< |S(x)oT(x) : U| + |T(x)oS(z)" : U|
(4.11) < [S(z)oT(2)| |U| + |T(x)oS(=)| [U]
< [S(@)| IT(2)| [T + |T(2)|[S(=)| [U]
= 2[S(z) |T(z)| [U].
Recalling the definition of S in (4.5), we have
S(@)| = 5(1 — ) Vv(2)" = (1+ B)Vv(z)|

3]
(4.12) <A1 — A+ 1+ )| vv(z)).

(4.10)

O
|

Therefore (4.11) and (4.12) imply

(4.13) (M(z)oT(x) : T(z)| < (11— Al + |1+ ADIVv(@)[ [T(2)]* < (1 - co)|T(2)[,
where ¢ is given by (4.1). Thus (4.10) and (4.13) imply that

(4.14) (T(2) + M(x)oT(x)) : T(x) > co|T(z)|>.

This gives the required coercivity to use the results of [12]. In particular, (4.3) follows from [12,
Theorem 3]. QED

Writing v = A\ju, and picking i = p1/A1, Lemma 4.1 implies the following.

LEMMA 4.3 Suppose that D and q satisfy the conditions of Lemma 4.1 and that u € WL (D)%, with
V-u=0inD and u=0 on dD. Define

v =\ + |+ A —
Suppose
1
U=|vulr,m=llValll.m <.

Then there is a unique solution T € Lq(D)d2 to (2.3) such that
2n

max { | T 1,0, 0 VTl } < 1l V)

1-—

The proof follows from Lemma 4.1, by taking ¢g = 1 — vU and g = 2nE and applying (4.3) and
(4.4).

10



4.2  Smoothness of T Oldroyd models without explicit dissipation

4.2 Smoothness of T

LEMMA 4.4 Suppose that the conditions of Lemma 4.1 hold, that condition (1.3) holds, and that
g € H' (D). Suppose moreover that v € WqQ(D)d for some q > d and

(1—61)
- 1+|1+M|+|1—N|

(4.15) IVV Lo (D)

where 0 < ¢; < 1. Then the solution T to (4.2) satisfies T € H(D)¥

Proof. We recall that (4.2) is equivalent to (4.6). Following [2], we introduce a regularized problem:
find T¢ € H(D)* such that

(4.16) — AT+ T+ v VT 4 SoT  + TS =g in D,
where S is defined in (4.5), with natural boundary conditions as in (1.1), that is,
V(T);;-n=0 ondD, fori,j=1,...,d.

Multiplying (4.16) by T¢, integrating over D, and integrating by parts, we find
e/ (VT2 da +/ |'T€|? da: + / (v-VTY) : Tdx
D D D

+/(SOT€+TEoSt):T€daz:/ g: Tdx.
D D

(4.17)

We have
/(v VTe) Ted;c—Z/ v - VT5)TS do =0,
since V-v=01in D and v-n = 0 on 9D. From (9.14), (4.12), and (4.1), we have
[ (80T 108 s T da| < 2 o) T I

< (U4l + 1= DI VY o)l T NZ ()
< (1= co) I T2, (p)

Applying these estimates to (4.17), we obtain
e [IVT Pt [ Pds<| [ g T de] < gl | T o)
D D D
1 2 2
< 5 18l + sl TNIZ,(p)
In particular, we obtain
. 1

(4.18) 1T o) < Nl llzam),

consistent with (4.3).
To proceed, we want to take the L2(D)d2 inner-product of the terms on both sides of (4.16) with
—AT*® and integrate by parts. Formally, this gives

e/ |AT€|2dx+/ |VT€|2dx+/ V(v-VT9): VT dx

(4.19) b p P

+/ V(SOTE—FTEoSt):VTedx:/ Vg : VT dz.
D D

11



4.2  Smoothness of T Oldroyd models without explicit dissipation

On the one hand, since T¢ € HY (D)%, we infer from (4.16) that —AT¢ € L2(D)? and thus the scalar
products leading to (4.19) are well defined. But on the other hand, integration by parts requires that
v-VTe be in H(D)*. This follows from the regularity assumption (1.3). In particular, (9.6) implies

V(v-VT) =VTVv +v V(VT) = VTVv + (V>Tov,

and we see that it is necessary that V2T€¢ be integrable to some degree to justify (4.19). We can
expand the corresponding term as follows:

/DV(V VT : VT do = /D(VTEOVV—l—V V(YY) | VT da
— /D(VTEOVV) - VT€dzr.
Thus we have the bound
(420 [ 9T T de] < 9T 0| 9
Next, by (9.12), we have

/ V(SoT+ T8S") : VI“dx

(4.21) P

= / (SoVT* + B(VS, T) + ToVS' + B(VT<,S")) : VI“da,
D

where B is a bilinear mapping on tensors defined by (9.10), which here reduces to

d
(4.22) (BW,U))ije = Y _(W)irUs; .
=1

In what follows, we will frequently make use of two estimates. The first is

(4.23) luvlizym) < Tullsllvl) 2 s

valid provided ¢ > 2. To prove this, we use Holder’s inequality to get

luv 2,y = /D w2 dr < |6 [yl 0 o oy = e ooyl 0 2 -

where s = ¢/2 and s’ = s/(s—1) = ¢/(q—2). This proves (4.23). The second inequality, which follows
from (4.23) and the Sobolev inequality (1.7), is

| [ w@@t) de] < uv ) vl
D

(4.24) <l ullz,mllviz o, @l
q—2

2
< ogllullp, ) lv gyl wl Ly,
valid provided g > d for d = 2 or ¢ > d for d > 3.
From (9.13), |[B(VV (z),U(x))| < |VV(x)||U(x)|, so (4.21) and (4.23) imply

(/ V(SoT* + T08") : VI«dx| < 2| VI 2,0 IS |1 (p)
D

(4.25)
+ 2| VTN o) | TN 2 oy (o)l VS Iz, (D)
q—2

12



4.2  Smoothness of T Oldroyd models without explicit dissipation

By the Gagliardo-Nirenberg inequality [4, 6] and (4.18), there is a constant ¢; < oo such that

d 1— d d 1-d
(4.26) 1T N 5y ) < €all VI Ny | T 1, ) < + VT 8 e
i)
provided ¢ > d. We need to use the elementary inequality
(4.27) a®b' =% < fa + (1 - 0)b,

valid for a,b > 0 and 0 < 6 < 1, which is a consequence of the concavity of the logarithm function.
As a consequence of (4.27), we have

1 1 _ 1 1
(4.28) AB< -A"+—=B" for AB>0, -+ =1 (1<r<o00),
r r r

TJ
by choosing r = 1/6, A =a’, and B = b'~%. From (4.26) and (4.27), we have

1T Ly () <O VT |[Ly) + Csll & [ LoD
FZ
where 6 > 0 is arbitrary. Thus the estimate (4.25) becomes

oy | VST TS VT ] <2 VT (18 oy + 1 9 )

+ 205 g || o) [l VI | Loy | VS |, (D)

Combining (4.20) and (4.29), and using (4.15) and (4.12), (4.19) becomes

¢ /D AT dz + /D VT2 dz < || Ve ||yl VT a0y
+ || VT* H%Q(D) <H VV o) + 2 S| (p) + 61 VS ”Lq(D))
+ 2G5 g | o) || VT | Loyl VS || 1, (D)

<1 Ve o) | VI Ul Loy + I VI UIZ ) ((1 —c) +6]|VS HLq(D)>
+2Cs| gl L)l VI N Lyl VS |2, (D)

(4.30)

If we choose 0 > 0 so that 6[| VS |1, p) < 2c1, then (4.30) implies

: /D AT de + Ley /D VT dz < || Vel oo | VI | aco)

+ Cll gl )| VI | o) | VS Nl 2, (D)

(4.31)

Dividing by || VT“||, ), we see that || VT||p,p) is bounded independently of e. Using (4.18), we
conclude that || T¢||z1(py is also bounded mdependently of e. Thus there is a subsequence €; such

that T% converges weakly to T € H 1(D) The estimate (4.31) also shows that
e/ AT ?dz < C
D
for some constant C' independent of €, and thus
[ AT [, (p) < VCe

for all e. Taking the weak limit ¢; — 0 in (4.16) shows that T € HY(D)* is a solution to (4.2), and
by uniqueness of such solutions, we conclude that the original solution T must be in H 1(D)dQ. QED

13



4.3 Bounds for VT Oldroyd models without explicit dissipation

4.3 Bounds for VT

LEMMA 4.5 Under the conditions of Lemma 4.4, for each g € qu(D)d, q > d, there is a unique
solution T € Wy (D)¥ to (4.2) such that

1— 7 1+ 4
co

1
1V lzy0) < (1 V& eyt + V@8 lm)-

Recall that we have already obtained a bound for |[v - VT | p) in (4.4).

Proof. To estimate VT in Lq(D)dS, we write W = VT. In view of our previous arguments, if
g € HY(D), then T € H'(D)*. Applying V to (4.6), which is equivalent to (4.2), we sec that
W e Ly (D)d2 solves

(4.32) W +v-VW + WoVv + SoW + B(W,S") = Vg — B(VS, T) — ToVS',

where S is defined in (4.5), B is defined in (4.22), and we have used the tensor identities (9.6) and
(9.12). Thus we seek coercivity for the linear map C where

CoW =W + WoVv + SoW + B(W, 8.
By analogy with (4.8), we can write C = I+ M where
(4.33) MW = WoVv + SoW + B(W, 8.

However, W is a tensor of order 3, so we view it as a vector of dimension d?, and we need to recapitulate
the previous arguments. Let us introduce the notation 7, for the set of tensors in d dimensions of
order . We can extend the concept of the Frobenius product of matrices to 7, because it corresponds
simply to the f9 inner-product of vectors of dimension d”. Thus (4.10) becomes

(W(z) + M(2)W(2)) : W(z) = [W(2)] + M(2)W(z) : W(z)
> |W(x)]* = [M(z)W(z) : W(z)|.
Here M is simply a linear operator mapping 73 to 73 given by (4.33). This requires the interpretation

that the tensor contractions W +— WoVv and W +— SoW, and the map W — B(W, S!), give linear
operators on 73. Indeed,

M&

(SoW),; W)k,

l=1
with a similar interpretation derived from (4.22). With the interpretation that “:” is the usual
{5 inner-product on vectors of dimension d3, and that |[W| denotes the corresponding norm, (4.11)
remains valid in this context, as a consequence of (9.14):

[S(x)oW () : W(x)| < [S(x) [W ().

Similarly, (9.14) implies
[W(2)oVv(z) : W(z)| <[Vv(z)] W ().

Applying (9.13) with U = S, we find
[B(W (x),8"(z)) : W(z)| < |B(W(z),8"(2))|[W(2)] < |W(z)]*|S(z)].
Thus the following analog of (4.13) holds
IM(2)W (z) : W ()| < (2[S(2)] + [Vv(@)]) [W ()]
< (L4 1= Al + 1+ 2D V() [W(@)] < (1 - )W ().

14



4.3 Bounds for VT Oldroyd models without explicit dissipation

Therefore
(C(z)oW(z)) : W(z) = [W(2)]* + M(z)W () : W(z) > c1|W ()],

which provides an analog of (4.14). So applying Lemma 4.2 to (4.32) yields
1
(4.34) Wz, < c_1H Vg — B(VS,T) - ToVS' | ).

Applying (9.13), we have
IB(VS,T) +ToVS!| < 2|VS||T|.

Recall from (4.5) that 2S = (1 — 4)Vv! — (1 + i) Vv. Hence
IB(VS(x), T(x)) + T(2)oVS(z)'| < (|1 — a| + [1 + al)| V2v(z)| |T ()],

for almost all x € D. Therefore (4.34) becomes, in view of (4.7) applied with ¢ = oo,

Wz, <

1 g -
o (I1VgllL,m) + (11— Al + 11+ @Dl V(@) ||, o)l T o))

1
C—1<H Ve l,m +

IN

L= il +]1+
V@) 0 8 o))

Recalling that W = VT completes the proof. QED
Writing v = A\ju, and picking i = p1/A1, Lemmas 4.1 and 4.5 combine to yield the following.
LEMMA 4.6 Suppose that D satisfies the condition (1.3), ¢ > d, and u € WqQ(D)d, with V-u = 0

in D and u =0 on 0D. Define
v =\ +p|+ A —

Suppose

1
4.35 - _ .
(4.35) U=|Vulr.m = IIVulllr,m) < AR
Then there is a unique solution T € qu(D)d2 to (2.3) such that

2n 1 )
1— UV) <H Vu ||Lq(D) + m“ V-u HLq(D))-

(436) T, + I VT lle, ) < (

In particular, if we assume that

(4.37) (Ml < Aom, ] < oMl
and
(4.38) U S

o(1+ 5k0)
then
(4.39) IT L,y + | VT | £,y < 40l Vullr, o) + 8nll VZullz, p).-
Similarly,

lu- VT ,0) < 7=7= Vallz, o)

15
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Proof. We can choose ¢yg = 1 — vlf in Lemma 4.1 and pick g = 2nE, and this shows that

1 2n
max {|| T ||, ), 5llu- VT |1, } < T VquHLq(”D) =1 VUHEHLQ(”D)-

Similarly, we can choose ¢; =1 — (JA1| + v)U < ¢y in Lemma 4.5, and this yields

2n 201 s
T < - ' E E
Hv HLq('D) = 1-(’A1’+I/)UHV HLq('D)‘i‘—0001HV uHLq(D)H HLoo(D)

2n 2 2wl o

L —

< T oY e + IV @)

277 vU 9 27” 1 9
=2 (14 T2 ) 1 PPl = 2 (=g ) 1 PP o

where we recall that E = 1(Vu + Vu'). Summing these completes the proof of (4.36).
If (4.37) holds, then

v =l (|1 55+ 1= £2) < 2ul(1+ o),
1 1
and so
M|+ v < M1+ 201+ o)) <nro(1+2(1+ po)) =3nro(1+ %,uo).
So the assumption (4.38) implies that

1 1
U< <
6mo(L+ 20)  2(M] +v)

1
< PR
- 2v
and hence Uv < U(|A1| +v) < 1/2. Thus (4.36) implies

1Ty o) + 1 9T N0y < 40 (1 Va0 + 20 V20 1) ).

which completes the proof of (4.39). QED

Based on Lemma 4.6, we can think of (2.3) as defining a mapping u — T such that, for ¢ > d,
(4.40) [ T() lwy oy < Cunllullwzp),
provided || u Hqu(D) < Ca, > o, |A1] < Xomo, and |p1] < po|A1], where C; and Cy depend only on g,

D, np >0, Ag < 00, and pg < o0.

5 Regularity for u

We consider the system

—nAu+u-Vu+Vp="~£inD,

(5.1) |
V-u=0inD, u=0ondD.

It is well known [14] that, via a variational formulation, (5.1) always has a solution u € H'(D)? even

for f € H=1(D)?, and that all such solutions satisfy

(5.2) oy < Co I -1 (m)-

From (1.5), we have
(5.3) nlallwzoy + 1P lwioyr < C (1L, + la-ValL,m),
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although so far the last term might be infinite. But if u € H'(D)?, then ||u-Vu |2,(py < oo for some
q > 1 sufficiently small, and that allows us to bootstrap with respect to ¢ to conclude that (5.3) holds
for the desired value of ¢, as follows. By Holder’s inequality, and Sobolev’s inequality, we have, for
1< ¢q<3/2, when d = 3,

(5.4) [u-Vull o) < 11||L22qu(1>)\| Vull2p) < CllulF p)-

When d = 2, (5.4) can be extended to hold for 1 < ¢ < 2, but with a constant C' = Cy; — oo as ¢ — 2.

Define ¢4 = %(6 — d), that is, g2 = 2 and ¢3 = 3/2, the limiting Lebesgue indices for the validity of

(5.4). With these results, we easily prove the following lemma.

LEMMA 5.1 Suppose that d =2 or 3 and define qq = %(6 —d). Suppose further that f € H=1(D)?
and thatu € HY(D)? solves (5.1) in the sense of distributions. Suppose finally that (1.5) holds for some
q satisfying 1 < q < qq. Then there is a constant Cyp < 0o such that for all £ € Lq(D)d N H (D)4,
we have

(5.5) nllullwzy + 2 lwioyr < Con (1 n,m) + 07 21 13- D))
q q (

where Cyqp remains bounded independently of q for d =3 as ¢ — g3 = 3/2, and moreover (5.5) holds
for g =3/2 as well for d = 3.

Note that we must assume that f € L,(D)¢ N H~}(D)? since the assumption f € L,(D)? alone
does not imply that f € H~1(D)? for d = 3. The next lemma gives a preliminary range of ¢ that will
be sharpened further on. Now we use bootstrapping to increase the range of ¢ for which bounds can
be proved.

LEMMA 5.2 Suppose that ¢ > 1, that (1.5) holds, that f € L,(D)¢NH~Y(D)?, and that u € H'(D)?
solves (5.1) in the sense of distributions. Define

(5.6) fai=|f HH—l(D) and fg=| £ HLq(D)'

Then for d =2,

gy + 19 g oye < Can (1,

57 L l<qg<? )
7772f—1(f2+7772f31) 2<g< o0 ’

For d = 3,

nlla ng(D) +p HWQI(D)/R <Cyp <fq

(5.8) i 1<q¢<3/2
' 021 (fspe + 072 f2) 3/2<q<2
+ 2o (a2 f32 + 072 f2)) 2<qg<3 '

n? <f3 +n 2o (fo+ 02 o (fs + 77_2]‘?1))>2 3<g<

Proof. Here C' denotes various constants which may be different but are independent of 7.
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Let us begin with the case d = 2. From Lemma 5.1, we have

nlallwzmy + 12 lwioym < CUE o) + 0211 17-10))

(5.9)
< C(IIf Loy + 121 E I3r-1(p))

for 1 < ¢ < 2. By Sobolev’s inequality, we conclude u € W,}(D)? for any r < 2¢/(2 — q), and so we
find from (5.2) and (5.9), for any 1 < g < oo, that

lha-Vualig,m) < [l m)llullwg @) < Cllullmo)llallwg @)

(510) _9 -2 2
< g1y (I £ o0y + 1 HfHH—l(D))’

since 2q/(¢ + 1) < ¢ for all ¢ > 1. From (5.3) and (5.10), we conclude that, for any 1 < ¢ < oo,

bz + 12wy oz < (1€ o) + 072 E ooy (1 o) + 1720 Bios ) )-
Now suppose d = 3. From Lemma 5.1, we have
nlla ”W2 5 (D) +p ”W31/2 (D)/R = C(” f ”Lg/Q(D) + 77_2” f H%{fl(D))'
By Sobolev’s inequality, we have u € W34 (D)3, with the bound
nlallwi o) = Cnllullwz @) < C(I1f1lLy,s) + 0 2N E 1 F-11))-

Therefore Holder’s and Sobolev’s inequalities give

[a- Vullg,p) < lullLsm)l Vallzy o) < Cllullm o)l aliwg o)
< Cn 2N £ -1y (1€ Iy ooy + 07211 E 171 )

Thus
nllwllzz ) + 112l ym < C (1€ o)

(5.11) , ,
12 =) (1€ Daam) + 121 E I320) )

Next, Schwarz’s and Sobolev’s inequalities show, using (5.11), that

[u-VulL,mp) < lullsmll Valleo) < Cllullp@)llallme o)

< Cn 208 =0y (I acoy + 17218 im0y (1 ) + 1720 I 100)),

and so (5.3) yields
nllallwzpy + 2 lwioyr < C(H £l o)+ 121 f llg-1(p) (H £l

#0728 0 (1 i 020 E o))

Finally, Sobolev’s inequality shows that, for any ¢ < oo,

[u-VullL, o <CHUHW2 py < Cn” <HfHL3 + 072 £ g ’D)(HfHLQ(D)
2
+7772HfHHfl(D)(”fHLg,/g(D) +772HfH?{1(D))>> :
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and so (5.3) yields, for any ¢ < oo,
nllallwzo) + e llw o)k (H £, +n (H £ lLyp)

2
28 (1 Dy + 72 € (€ + 1721 o)) )

and this completes the proof. QED

Although the above result is sufficient for some purposes, it suggests that the dependence of u and
p on f is discontinuous with respect to q. We can smooth out this dependence in the following.

We need to estimate the nonlinear term in (5.3) for ¢ > g4. By Holder’s inequality, we have, for
any t satisfying 1 <t < oo,

(5.12) - Vull, ) < Clull,m)llulw o)
where ' = t/(t — 1). By the Gagliardo-Nirenberg inequality [6, page 24, Theorem 9.3], we have
65,13 s oy < Ol o0

where 0(t') is determined from

—1—1—%:0(#)(—1—1—;)+(1—0(t’))<—2+§>:H(t’)(l—i—ka)—l—(—Q—i—c—i),

where k = (d/2) — (d/q), so that

(5.14) a(t’)zliK(H%_g): 1 <1_i>.

The estimate (5.13) is valid only for 6 €]0, 1[.
For d = 2, we have by Sobolev’s inequality that

lallz,.m < Cllullg o)
for all 1 < ¢ < oco. Thus (5.12) and (5.13) imply that

0
-Vl < Cllu b ),

where 6 is given in (5.14), but the constant C' depends on the choice of t. Applying (4.28), we have
for any § > 0,

0)/6
(5.15) lu- V) < (650w |G + 601 = )| lwam))-

By taking § = ¢n with an appropriate choice of ¢, we find from (5.3), (5.15), and (5.2) that

1+6)/6
Lol wllwz o) + 2 lhwyoym < C (I, + 0@l G

_ 1+(1/0)
< (I lym) + 01174 ))

Note that 1+ x =2 — (2/q) = 2/¢’. Thus for any € > 0, we can choose t < oo such that 6 = %q’ — €,
and we have proved the following.
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LEMMA 5.3 Suppose that d = 2, that 2 < q < oo, that (1.5) holds, that £ € L,(D)?, and that
u € H'(D)? solves (5.1) in the sense of distributions. Then there is a constant C < oo such that

_ 1 1 0)
(5.16) Lol ullwz o) + 2wy oym < C (1€, + 02 1€ 1507E),
for any 0 < %q’, where ¢ = q/(q — 1),and C depends on 0 and q but is independent of £, u, and 7.

The right-hand side of estimate (5.16) is arbitrarily close to

—4(1— 1/q)” fH3 (2/9)

I £1lz,0) +7 (D)

which interpolates the extremes in (5.7). Now we consider the case d = 3.

LEMMA 5.4 Let d =3 and suppose that ¢ > 3/2. Define ¢ = q/(q¢ — 1), so that ¢ < 3. Define

_ 1
C1-q/6

Then there is a constant C such that, for all v.e W2(D)?,

(5.17)

(5.18) v -Vl < Clv Iz oIV 13720

The conditions of Lemma 5.4 imply that g <0 <2

Proof. For the moment, let us consider a general dimension d. By the Gagliardo—Nirenberg inequality
[6, page 24, Theorem 9.3], for s = 0,1 we have

195

(5.19) I w0y < Clla gyl iy,
where 1 <t < oo, ' =t/(t — 1), and 04(t) is determined from
d d d d
st :Hs(t)<—1+§) +(1—08(t))<—2+5> — 0,(t)(1+ ) + (—2+5),

where k = (d/2) — (d/q) as in (5.14), so that

Hs(t)zﬂs(t;q):%( +%_§>:1—11—/€(2_5_%)'

The estimate (5.19) is valid only for 65 €]0,1]. Assuming for the moment that it is possible to find
a value of ¢ such that this holds for 6y(t) and 6;(¢'), we conclude from (5.12) that (5.18) holds for
0 = 0y(t) + 01(t'). Since (')’ =t, we find

9290@)‘1’91(2&/):1_'1_,{(2__) K( >

:1}“@(3 q> < )

Choosing d = 3 yields § = (1 + x)~1(3/¢’) and 6 verifies (5.17).

It remains to prove that, for all ¢ > 3/2, there is a ¢ such that 0 < y(¢) < 1 and 0 < 61(¢') < 1.
Let d = 3 and consider the choice t = 4 for s = 0. (In Section 5.2, we will see why we cannot have
d = 2 and the reasoning behind the choice t = 4.) In this case

6u) = hola) == 1= (2 30 2) :m@‘%) =21 297
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Then ho(3/2) = 1, hg is strictly decreasing for ¢ > 6/5, and ho(q) — 4/5 as ¢ — oo. Thus for
3/2 < q<o00,4/5 < ho(g) <1, and thus 4/5 < 6p(4) < 1 as well.
Let s = 1. Since ¢t = 4, then ¢’ = 4/3, and

01(4/3) = h1(q) := 75/213/(1 (1— %) = % +5%<q— 2)71.

Then hy(3/2) = 1, hy is strictly decreasing for ¢ > 6/5, and hi(q) — 2/5 as ¢ — oo. Thus for
3/2 < qg<o0,2/5<hi(q) <1, and thus 2/5 < 61(4/3) < 1 as well.
The result now follows from (5.12), with ¢t =4 (and ¢ = 4/3). QED

The following is an immediate consequence of (5.3) and (5.18):

(5.20) nlullwzo) + e llwioyr < Cq,D(H £, +u ||§11(D)|| u H[Q/{;qQG(D))a

where 6 is defined in (5.17) and satisfies 6/5 < 6 < 2. Thus 2 — 0 €]0,4/5[. Applying (4.28) with
1/r'=2—60 (and 1/r =60 —1 €]1/5,1[), we have for any § > 0

_ 2—0
s oyl By = 07211 %oy (81w )

(5.21) 9—2 0 1/(6-1)
<@ -1 u HHl(D)) + (2= 0)d]ullwzm)-

By choosing § = cn with an appropriate ¢, (5.20) and (5.21) combine to yield

(0-2)/(0-1) || HG/(H 1>

Sl wlwee) + 2wy oy < Can (1€ lz,m) + 1 s

0/(60-1)
< Cyp (I I,y + 12O DN £ ).

Recall that 0 = 1/(1 — ¢'/6), so

(9—1)71:§—1, and —— =

b i 6
6—¢ q -1 ¢

Thus we have proved the following.

LEMMA 5.5 Suppose that d = 3, that 3/2 < q < oo, that (1.5) holds, that f € Ly(D)%, and that
u € HY(D)? solves (5.1) in the sense of distributions. Let ¢ = q/(q — 1) €]1,3[. Then

(5.22) sl allwz o) + 2 llwioyr < Cop (Il £llz,mD) + 212D £ ||%€1(D)),

where Cyp is independent of £, u, and 7.

5.1 Some corollaries

First we give an example that clarifies the meaning of Lemmas 5.3 and 5.5, especially in contrast with
Lemma 5.2. Let D =)0, 1[¢ and suppose that we define f; via

fr(x) = hil(sin(aﬂl/h),o, ... 7O)7

where z; is the first coordinate of x. Then |/, |g-1py < C1 where Cy is independent of h, but
[ £ |z, (p) = C2/h where Cy > 0 is also independent of h. Thus Lemmas 5.3 and 5.5 show that the
corresponding solution uy, satisfies || uy, Hqu(D) < Ch~! with C independent of h, whereas Lemma 5.2

would only guarantee that || up Hqu(D) < Ch~2 with C independent of h with d = 3 and ¢ > 3.
As a corollary of Lemmas 5.1, 5.2, 5.3, and 5.5, we have the following.
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5.1 Some corollaries Oldroyd models without explicit dissipation

LEMMA 5.6 Suppose that ¢ > 1 for d = 2 and q > 6/5 for d = 3, that (1.5) holds, M is any
positive real number, and n > ng > 0. Then for d = 2 and d = 3, there is a constant Cyp oM such
that for all £ € H=X(D)* satisfying || £|lg_ oy < M and for all u € H'(D) solving (5.1) in the sense
of distributions, we have

(5.23) sl ullwz o) + 12 lwioym < Copmomll |l Ly(p)-
Proof. Since || ||g-1(py < C|f||1,(p), we have for s > 0 and t > 1,

N -1 py < Crg "M M| £, (p)-

Thus (5.23) follows from (5.5), (5.16), and (5.22), except that for d = 2 we require Lemma 5.2 for the
case ¢ = 2. QED

As another corollary of Lemma 5.5, we have the following.

COROLLARY 5.7 Suppose that the conditions of Lemma 5.5 hold with two data functions fi, fa,
and that there are two solutions (uy,m1), (ug,m2) to (5.1), that is,

(5 24) —nAuw; +v; - Vu; + Vm; =f; in D

' V-u;=0inD, u; =0 ondD,

fori=1,2. Then there is an € > 0 such that, provided max;=12 || f; | 7-1(p) < en?,
nllar — s [[gip) + (|71 — 72 [2y0) < Cpellfi — B2 {[5-1(D),

for both d =2 and d = 3.

Proof. The proof is straightforward, see for example [8], but we present it here for the reader’s conve-
nience. From (5.2), we have, for i = 1,2,

(5.25) nlli g o) < Collfi || a-1(p)-

Now we multiply (5.24) by uj; — uy for each 7, integrate over D, integrate by parts, and then subtract
to get

’I’]/ |V(111 — UQ)|2dCC + / (u1 -Vu; —us - VUQ) . (u1 — UQ)dCC
D D

= / (fl — f2) . (u1 — 112) dm

D

< Cpn 8y = ooy + 40 [ V(01— )P
Therefore
4 [ 19 = w)P do < Cpllts £ iy

D

(5.26)
+77‘/(u1-Vu1 —uy-Vuy) - (u; — ug) dzx|.
D
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Adding and subtracting, we find from (5.25) and Green’s formula that
(5.27)
‘ / (111 . Vlll —ug - VUQ) . (111 — UQ) dm‘ = ‘ / ((u1 — 112) . Vu1 +uy - V(u1 — 112)) . (u1 — 112) dx
D D
<lw — a2 ||z, ur [y w1 — vz [, (D)
< Cpllur —uy H%{l(D)H uy || 1)
< C{;’(g% lwi [l (o) |l wn = 2 |2y
< Cpn " (max || fi [l g-1p)) [l wr = ua [[7 p)-

By combining (5.26) and (5.27), we find

3 /D V(w1 —w2)[*do < Cp[ f1 = £2 [ (p) + Cp (max || fi [lrr-10) [ w1 = w2 31 p)
< Cpllfr = £ [§-1p) + Coen’llw — s |7 ).

Choosing € = (4C)~1, we find
(5.29) [ 1900 = )P do < 4CH] i~ 2 s o

To estimate the pressure terms, let V be the subspace of divergence-free functions of H} (D)%, and V+
its orthogonal in H}(D)? for the scalar product (Vu, Vv). We multiply (5.24) by v € V| integrate
over D, integrate by parts, subtract, and use the orthogonality of V-, to get

/(771—772)V-de:—/(f1—fg)-vdx+/(u1-Vul—ug-VUQ)-vdx.
D D D

The same argument used in deriving (5.27) gives for the nonlinear term,
‘/D (01 - Vuy — uy - Vuy) .vdx‘ < anq(g% 1€ -2 (o)) | w1 = 2 || 1) | ¥ |22 ()
and from (5.28), we conclude that

| [ =) 9vda| < P8~ Ll ol o

Then we complete the proof by applying Ladyzhenskaya’s Lemma [7]. QED

The equations (3.11), (3.8), and (2.3) provide an alternative formulation of the 3-parameter Ol-
droyd model (2.2)—(2.3). Using this formulation, we shall prove the following in Section 6.

THEOREM 5.8 Suppose that ¢ > d, that (1.3) and (1.5) hold, that the coefficients A1 and 1 satisfy
(5.29) Ml < Xoms [l < polMl,  and n > no.

Then there are constants C < oo and C' > 0, depending only on q, D, Ao, po, and ng, such that the
3-parameter Oldroyd system (2.2)—(2.3) has solutions satisfying

(5.30) nlullwzo) + T llwio) + 2 llwioyr < CllE lwp o),
provided that || f ||qu(D) <C.

Note that this is suboptimal in terms of the relation between the regularity of f and u, but the
term u - Vf in (3.12) appears to require this in the case of the estimate (5.30).

The parameter A in [16] corresponds to )\fl here, and thus the auxiliary pressure function ¢ in [16]
corresponds to )\1_171. However, there appears to be a discrepancy with equations (2.5-6) in [16] with
regard to the scaling of the pressure function q.
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5.2 The choice of ¢

We now return to the proof of Lemma 5.4 to understand the choice of ¢ and the restriction d # 2.
Define Q = d/q and T = 1/t'. Then

_2-5-QT
T l+id-Q
Thus for d =2 and s =0,
2—-QT
Oy = 1
0 2—Q > 1,

and so the inequality (5.19) is not valid. This is the reason why we restrict to the case d = 3, as we
do from now on.

Although we have seen that the choice of ¢ = 4 in (5.19) works, it may be of interest to see how
we arrived at this unique choice. The condition 0 < 65 < 1 translates to

)
0<2—5—QT<§—Q,

which we can write as two inequalities:

%:Q(l—T)<s+%.

(5.31) QT <2—s and
Since ¢ > 3/2, Q < 2. Since 1 <t < 00, 0 < T < 1. Thus the first of the inequalities in (5.31) holds
automatically for s = 0. The second of the inequalities in (5.31) for s = 0 translates to t > 2Q) = 6/q
or

6/¢ q=<6

1 qg>6

t > to(q) = max{1,6/q} = {

Note that max {to(q) | ¢ > 3/2} =t9(3/2) = 4. Thus we can say that (5.19) holds for all ¢ > to(q) for
the case s = 0.

The first of the inequalities in (5.31) for s = 1 is equivalent to QT < 1, which means t' > @Q = 3/q,
or
3/¢ 4<3

1 q23'

t' > t1(q) = max{1,3/q} = {

Note that max{

1(q) ‘ 3/2} = t1(3/2) = 2. The second of the inequalities in (5.31) for s = 1
translates to t > Q =

le@

2/qg q<2
t>t = max{l,2 = .
1(9) {1,2/4} {1 0> 2
Note that max {t1(q) | ¢ > 3/2} = t1(3/2) = 4/3. Thus we can say that (5.19) holds, in the case
s=1, for all t > t;(q) and ' > t|(q). We need to translate this to a bound on ¢’ only, and the former
inequality can be written 1/t < 1/t1(q) and hence 1/t' =1 — 1/t > 1 — 1/t1(q). Thus our conditions
on t’' for the case s = 1 are

t1(q)

5.32 th(q) <t and t < ——H—.

Here the singularity in the denominator in the right-hand inequality in (5.32) simply translates to
t' < o0, so it provides no extra condition. We can make the constraints (5.32) explicit in the case
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s = 1 for various ranges of ¢ as follows:
Sy 2 (q) for (3/2) < g < 2
> —— =(q) for q
q 2—q

(5.33) §<t/<oof01r2§q§3
q

1<t <oofor3d<gq< oo,

where the constraint function 1 (q) = 2/(2—¢). Note that the first line of (5.33) is the most restrictive
of the three and any ¢’ € [2, 4] satisfies all three for all 3/2 < ¢ < co. For the case s = 0, the constraints
can be made explicit via

6
Y(g) =—<t<oofor3/2<qg<6
(5.34) 0= /

1<t <ooforb<g< oo,

where the constraint function 7o(¢) = 6/¢. Note that the critical constraint functions satisfy v1(3/2) =
4 = vy(3/2). However, 7 is strictly increasing on [3/2,2[, and g is strictly decreasing on [3/2,2].
Thus for 3/2 < ¢ < 2,

Yo(q) <4 <7(q).

Thus t' = 4 satisfies the constraints (5.33) for all (3/2) < ¢ < oo and t = 4 satisfies the constraints
(5.34) for all (3/2) < ¢ < co. Moreover, for all (3/2) < ¢ < oo, there is an open interval of values of ¢
such that the constraints are satisfied, and ¢t = 4 is in the interior of this interval.

6 Solution algorithm

In this section, we present the proof of Theorem 5.8. The following algorithm is a modification of the
iteration proposed by Renardy to demonstrate existence. Given u”~!, T?~1 p"~! we define u®, T,

p" as follows. First we solve
6.1 —nAu” +u” - Vu" + V" = F(f,u” !, p" L, T ) in D,
' V-u"=0 inD, u" =0 ondD

to determine u” and 7", where F was defined in (3.12). Then we solve
(6.2) p"+ A \u" - Vp" =x"
to determine p™. We recall the notation
E" = Z(Vu" + (Vu")") and R" = (— Vu" + (Vu")").
Finally, we solve
(6.3) T" + A\ (0" - VI — (Vu")oT" — T"o(Vu")")
+ (A — 1) (E"0T" + T"oE") = 2nE"

for T™. Recall that (6.3) is equivalent to
T" + A (0" - VI" + R"oT" + T"o(R")")

6.4

More precisely, we first solve the Navier-Stokes equations (6.1) for u” € Wq2(D)d and 7" € W (D).
Then we solve the scalar transport equation (6.2) for p" € W}(D). Finally, we solve either (6.3) or
(6.4) for T" € qu(D)dQ. We begin the iteration with u’ =0, p° = 0 and T? = 0.

The following lemma gives bounds on p™ and T" in terms of u”, collecting the results of Lemmas
4.6 and 3.2.
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LEMMA 6.1 Suppose that D satisfies the condition (1.3) and g > d. Assume that (4.37) holds. Let
aq > 0 be the constant in the Sobolev inequality (1.6).
Then there is a constant & < oo, depending only on Xy, po, ¢ and D, such that if
1
A1l + A+ | + A= )

n
<
IR ng(p) = 20,

there is a unique solution T™ € W] (D) to (6.3) such that

(6.5) | T" Hqu(’D) < onllu” ng(D)
and a unique solution p" € W, (D) to (6.2) such that

(6.6) | p" Hqu(D) <ol Hqu(D)-

6.1 Bounds for the iterates

Let us prove (by induction) that, for some v > 0, the following holds for n > 0:

(6.7) nla” llwzmoy + 17" [lwio) <7
For n = 0, this holds for any v > 0. Suppose that v > 0 has been chosen small enough so that

IS d :
204 (| A1) + (A1 + pa| + | A — )

(6.8)

where o4 is the Sobolev constant in (1.6). In particular, this implies that

1
(A1l + A1 4 pa] + A — )

IV |1y < ogllu” lwzp) < voq/n < 2
In this case, we can apply Lemma 6.1. Note that (6.7) and (4.37) imply that
(6.9) (Al [ [lwz(p) < Aoy

Let ¢ > 0 and assume that || f HW,}(D) < . In view of (3.13), (5.29), (6.5), (6.6), and (6.9), we have

| FEa",p", T") |, 0) < 1 £ llL (D) + 0q<|>\1| | u” ng(p)(H flwa o)

+ 6l 7" lwyp) + 204[ 0" HIQ/Vq?(D) +onlu” [lwzmp)) + 461\ — pufnu” H%/@(D))
<@+og (on(w + 67 +204(7/n)* + 67) + 4620]1 — ul/MW)
<p+og (on(so + 267 + 204(7/n)?) + 46 X0 (1 + M0)72>

< p(1 4 a4707) + 204007 (04(v/m0)* + (36 + 26110)7)
= (1+Cy)p+C'*+C",

where C' = o,\g, C' = 20(36 + 26u0), and C” = 2Co,/n3. By taking ¢ and v small enough, we can
guarantee that

(6.10) | FEu™, ", T") [[g-1py < cgpll F(E, 0™, p", T") |1, p) < 1.
Thus we can apply (5.23) with M =1 to get
™ lway + 17" lwa ) < Copmo | FIE 00", T) ||, D)

< CyDpon <(1 +Cy)p+C'y + C”73) <7,
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provided that ¢ and ~ are small enough. We thus ensure (by induction) that
nlu” oy + 17" sy o) <
for all n. Note that by (6.5) and (6.6), we also have

(6.11) 19" lwao) + [T [lwap) < 67-
We collect the constraints required by +v and ¢, with the constants defined above:
n
(A + A+ | + A = pua])’
v

1
(1 + Cv)go + C'y? + C"~43 < min {—, 7} .
cgp CqDmost

v <
204
(6.12)

The first condition in (6.12) is satisfied if we assume

1
< .
7= 2 Mo+ 2(1 + 1))

All constraints can be satisfied independently of f provided that || f Hqu D) < p

6.2 Convergence of the iterates

To prove convergence of the iterates, we use the bounds in Section 6.1. Thus we assume that the
parameters v > 0 and ¢ > 0 have been chosen small enough so that all of the iterates remain bounded
independently of n. More precisely, we will assume that we have iterates satisfying

nla” llwzmo) + | 7" llwa o) <

(6.13) n " .
[T lway + 12" llwi o) < 67,

where 7 has been chosen to satisfy (6.12) and ¢ is given in Lemma 6.1.

To show convergence, we will demonstrate Lipschitz continuity of the solution operator for (3.11)
and also for the mapping T(u), cf. (4.40). Thus we will assume that we have v; satisfying the bound
(6.7). We will apply this in the specific case where vi = u” and vy = u"~ !,

The system (2.3) can be written as in (4.9) via

T+ MEF)T+v-VT =n(Vv + Vv!) in D,
where v = A\;v and M(¥)T is defined by
(6.14) M(¥)T =RoT + ToR! — i(EoT + ToE),
where E and R are defined by
E = i\ (Vv + Vv!) = 3(V¥ + Vi) and R = i (Vvl - Vv) = 3(V¥! — V¥)

and I = p1/A1. We want to show that the mapping v.— T = T(v) is Lipschitz continuous. Let
gi =n(Vv; + Vv!) and consider the problems

Ti+ M(V;)T; + ;- VT; = g; in D,
for i = 1,2. Define U =T; — Ts and u = vi — vo. Let G = g1 — g2 = n(Vu + Vu!). Then

U+ MF)U+ 9, - VU = (I + M(¥1))(Ty — Tg) + 1 - V(Ty — Ty)

(6.15) — G -0 VT, + (M(92) — M(¥1)) Ty
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6.2 Convergence of the iterates Oldroyd models without explicit dissipation

Applying Lemma 4.1 with ¢ = 2 to (6.15), we find

Ty =T |2,y = 1 U ||y (0)

(6.16) %H G — A (u-VTs + (M(va) — M(v1))T2) HLQ(D)?

IN

where we can define ¢g via
(6.17) co=1=(1+al+ 1= @) VVi ooy = 1= (1A + ml + M = ) V1 o),
provided that the formula (6.17) yields ¢gp > 0. But our assumptions (6.13) and (6.8) on « imply that

(I + ] + M = ) [ VY1 L) < (1A + gl + 1A = ) ogl Vv lwz o)
< (IA 4l + A = pal) (vog /) < 3,

so that cg > % Thus we can prove the following lemma.

LEMMA 6.2 Suppose that the conditions of Lemma 4.6 hold for u = v; € qu(D), i =1,2, so that
V-v;=01in D and v; =0 on ID, and the bound (4.35) holds for both vi and vo. Let T; solve

T+ M )T +v;-VT; =g; inD,
for g; = U(VVZ' + (Vvi)t), where M is defined in (6.14) and v; = A\yv;, i = 1,2. Then
(6.18) Ty = T2y < Cl T2 lwp o) ll vi = V2 1),

where C = 2(2n + [A]og(3 + 2|f]).

Proof. Estimates (6.16), (4.23) and (1.7) imply
IT1 — T2l o0y < 2(1 G o) + Ml ([0 ||Lq%(p)|| T2 lwa(py + | M(W)T2 || ,(p)))
< 2(2n + |Ml(oq + ean) | T2 [lwy () @ L1 ().
where the constant cj; is the smallest real number such that
| M@T 10 < etll Tl ol 71 oy Yo € HY(D), T € WD),
We estimate cjs as follows. From the definition (6.14), we see that
[ M@)T 1,0y < 200+ [EDI T [yl 0l 1 (p) < 2041 + 2D T lwy () | @ |1 (),

where o, is the constant in Sobolev’s inequality (1.6) and & = pi/A1, so we can be assured that
ear < 204(1+ |fil). QED

Using (6.13), (6.18) becomes

IT1 = T2 ||,y < 2(20 + [Mlog(3 + 2[a)(67)) [l )

(6.19)
= Crllvi — va | g1 (D)

where ¢ is the constant in (6.5) and (6.11), v is the constant in the bound (5.29), and

(6.20) Cr = 2(2n + Xonog(3 + 2|a])(67)).
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Thus we conclude that the mapping v — T(v) is Lipschitz continuous H!(D) — Ls(D), but only on
bounded sets in WqQ(D). Moreover, we note that the Lipschitz constant Cr is not particularly small
in this case.

In a similar way, we can provide a Lipschitz bound for the pressure terms. Suppose that

pi + A\vi - Vp; = m;.
Then
p1—p2 +A1vi - V(p1 —p2) = 11 — T2 + Ai(ve — V1) - Vpa.
Using [9], (4.23), and (1.6), we find

Ip1 = P2llLo() < I = m2llLy) + Ml (V2 = V1) - Vb2 [ Ly(p)
< |lm = m2|lLym) + A Ve = Vi |z, o @)l P2 lwip)
(6.21)
< || = m2 Loy + oglMl | va = Vi [ a1 (o) || P2 ||qu(D)
Next, we estimate
| F(£,v1,p1, T(v1)) — F(£,va, p2, T(v2)) | -1 (p)-

It helps to split

]:(f, v, D, T) =F (f, V) + )\1.7:2(V,p) — )\1.7:3(V) + )\1]:4(V) — ()\1 — Ml)fg)(v),

where
Fi(f,v) =f+ \v-Vf
Fa(v,p) = (Vv)'Vp
F3(v)=v-V(v-Vv)
Fi(v) =V-((Vv)oT(v))
F5(v) = V- (E(v)oT(v) + T(v)oE(v))

and E(v) = 1(Vv + Vvi).
To begin with, we have the simple estimate

| Fi(f,vi) = FiE, ve) -1 o) < (Ml (vi = v2) - VE [[g-1(p).
For ¢ € H'(D)? we have by (4.24)

[((vi —va) - VE, @)| = [{f, (vi — v2) - V)|

(6.22)
<ol fllz,mlvi = ve lm o)l @ (o)

Here and below, we are able to derive an estimate for ¢ € H'(D)? even though we only need it for
o < H&(D)d. When the restriction to the smaller space is needed for the derivation of the inequality,
we will note it. Returning to (6.22), we see that it implies

| Fi(f,v1) = Fi(f,v2) g1 (o) < ogl Ml I £ |z, cp)ll vi — v |51 (D)
< ogMlellvi = vallm oy < ogdane | vi — va gy = cren | vi — va || m1(pys

where ¢; = 0,\¢ and we recall that ¢ > || f || (p) and that \; satisfies the bound (5.29).
For the next term, we find

(6.23) Fo(vi,p1) — Fa(va,p2) = V(vi — v2)'Vp1 — (Vv2)'V(p2 — p1).
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For ¢ € H} (D)4, we have

{(Vv2)'V(p2 = p1), $)| =

(V(p2 — p1), (Vv2)9)| = [(p2 — p1, V-((Vv2)9))|
(p2 — p1, (Vva)' : Vo),

where we have used (3.4) at the last step. Thus

{(Vv2)'V(p2 = p1), &) < ogllp2 = p1 |20yl V2 w2 | @ [l ()
using (4.24). Thus (6.21) implies

(6.24) 1 (Vv2)'V (p2 = p1) 51Dy < agllp2 = D1 2oy | V2 [lwz (o)
<o (71 — 72 || Ly (o) + 0gAane Y] V2 = vi [l (p)) -
For ¢ € H} (D)4, we also have

(V(vi = v2)'Vp1,d)| = [(Vp1, (V(vi = v2))9)]

< ogllprllwpoyllvi = Vel o) | @ | (o),

again using (4.24). Thus
(6.25) V(v =v2)'Vpi -1y < agll 1wyl vi = va L (o)
< 0y07[[vi — va HHl(D)-

Combining (6.23), (6.24), and (6.25) we obtain

| Fo(vi,p1) = Fa(va,p2) -1y < 2y (1 = 72 ooy + | Ve = villgpy)»

1

where ca = oymax{n~",6(Aoyo, + 1)}. Moving along, we expand

Fs3(vi) — Fs(va) =vi-V(vy-Vvy) — vy - V(vy - Vvy)
=(vi—v3) - V(vi-Vvy) —vy-V(vy:Vvy — vy Vvy)
=(vi—va) - V(v1:-Vvy) — vy -V((vy —vy) - Vva)
+ vy - V(v - V(vi —va)).

We estimate the first of these three terms using (4.24):
[((vi = v2) - V(vi-Vvi),@)| = [{(vi-VVv1),(vi —v2) V)|
< ogllvi- Vi, vi = V2 lg1 o)l @ |7 ()
<ol Villzw@) | VVi L)l vi = v llai oy | @ [l ()

2 2
< ogllvi Hqu(’D)H vi = Vallgio) | @ | (p)-
Similarly, the second of the three terms is estimated using (4.24) by

[(va- V((v2 = v1) - Vva), @) = [((v2 = v1) - Vv, vy - V)|
< 0’2” \P H%/Vql(D)H vi—=v2 gyl @ |z py-
Finally, Holder’s and Sobolev’s inequalities give
[(va - V(v1-V(vi—=v3)),@)[ = [{vi - V(vi —v2),va- V)|
<|vVillze) V2 Il Vi = V2 |51 (0 | & |52 (D)

< UZH Vi Hqu(’D)H V2 Hqu(’D)H Vi — V2 HHl(D)H ¢ HHl(D)-
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6.2 Convergence of the iterates Oldroyd models without explicit dissipation

Thus (6.7) implies

1 F5(v1) = Fs(v2) =100y < og (V1 [y ) + I v2 [l )
+ Vi lwroyll va llwa o) vi = va [l (o)
< 30070 2|l vi — va oy = sl vi = va i oy,

where c3 = 302777_2. For the next term, we have

Fa(vi) = Fa(ve) = V- ((Vv1)oT(v1)) = V- ((Vv2)oT(v2))

(6.26) = V- (V(v1 = v2))oT(v1)) — V- ((Vv2)o(T(va) — T(v1)).

For the first of these terms, we have, for ¢ € H}(D)?,

(V- ((V(vi = v2))oT(v1)), )| = [{((V(vi — v2))oT(v1), V)|
(6.27) <N Tv1) eyl vi = Ve lmr )l @ || 1)

< ogl T(vi) lwroy I ve = va o) | @ [ 12 ()
Then (6.27) and (6.13) imply

(6.28) [ V-((V(vi = v2))oT(v1)) -1 (p) < ogll T(v1) [wam) | vi = v 111D
< 0g0v||vi = v [ (p)

For the second of the two terms in (6.26), we have, for ¢ € H} (D)<,

(V- ((Vva)o(T(ve) — T(v1)), @) = [((Vvz)o(T(v2) — T(v1)), Vo)
(6.29) < |[|va lwy o)l T(v1) — T(
< oqll va lwe) | T(v1) = T(va) (|1, 0)ll @ |1 (m)-

v2) o) @ 1)

Then (6.29) and (6.19) imply

V- (Vv2)o(T(v2) — T(v1)) la-1p) < oqll vz lwe)ll T(vi) = T(v2) |1, )

(6.30)
< oy(v/n)Crlvi — V2 l|Ly(D),

where Cr is defined in (6.20). Estimates (6.28) and (6.30) combine to yield
| Fa(v1) = Fa(va) lg-1(py < aq(v/m)(Cr +an) | vi = va gy < cavllvi = va |l g1 (py,

where ¢y = ogn~! (CT + &n). Last and least, we examine F5. Note first that, for any ¢ € H}(D)¢ and
T € Ly(D)*,
(V-T, )| = (T, V)| < | Tyl @ ll 111 ()

so that for all T € Ly(D)¥,
(6.31) I V-Tg-1py < | Tl 2,(D)-
Expanding, we have

.7:5(V1) - .7:5(V2) =V (E(Vl)OT(Vl) — E(VQ)OT(VQ)) + V- (T(Vl)OE(Vl) — T(V2)OE(V2))
=V (E(Vl — VQ)OT(Vl) — E(VQ)O(T(VQ) — T(Vl)))
+ V- ((T(v1) — T(v2))oE(v1) — T(vz)oE(vy — v1)).
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6.2 Convergence of the iterates Oldroyd models without explicit dissipation

Thus (6.31) implies

| F5(v1) = Fs5(va) lg-1(p) < (| E(vi — v2)oT(v1) [|L,(p)
+ [ E(v2)o(T(v2) — T(v1)) [lryp) + [ (T(v1) — T(v2))oE(v1) [ 2,(p)
+ | T(v2)oE(va — v1) | ,(p))

< (1B =v2) o) (17O o) + T2 |l )

+ | T(v1) = T(v2) [l o0y (1 EB(V1) I ) + | E(v2) HLOO(D)))
< oy(|E(vi = v2) [lpy) + | T(v1) = T(v2) | ,(0))

< (1) lwp ) + 1B lwp p))-
i=1,2

(6.32)

Applying (6.19) and (6.13) to (6.32), we find

| F5(vi) = F5(va) lg-1(p) < 0g(1+ Cr)l|vi — va |51 p)2(6m + 1)(v/n)

< el vi = vallgp

where c5 = o,(1 + Cr)2(6n + 1)n*
For any a > 0, we can choose v and ¢ sufficiently small so that

(6.33) || F(£,vi,p1,T1) — F(f,vo,p2, T2) | g-1(py < a(nll vi = va oy + |71 — 72 | 2y(0)) -
Choosing a > 0 appropriately, we find

| w™t —a" gy + |7 = 7" |y

< gl ="M gy + |77 = 7" |y )

Here we used Corollary 5.7 and (6.10). This proves that the sequence (u”, ™) converges geometrically
in H'(D)? x L?(D), and (6.19) and (6.21) prove that the full sequence (u”,n",p", T") converges
geometrically to a limit (u,7,p, T) € H (D)% x L2(D) x L*(D) x L*(D)%

To show that this gives a solution of the 3-parameter Oldroyd system, we need to show that the
limit satisfies the Navier-Stokes system (3.10). To show convergence in the Navier-Stokes system, we
need to study the convergence of F(f,u”, p", T") to F(f,u,p, T). From (6.33), we conclude that

(6.34) Fri=F(f,u",p", T") —» F(f,u,p, T)

strongly in H~!(D)? as n — oo. This implies that (3.11) holds via the following standard variational
argument. We can express (3.11) in variational form as

77/Vu”:Vvdx—/(u"-Vv)-u"dg;_/W"v,vdx:<]:n,v>
D D D

for all v € H}(D)? Given the strong convergence of u” — u in H'(D)? and 7" — 7 in Ly(D),
together with (6.34), we conclude that

77/ Vu:Vvdx—/(u-Vv)-ud:v—/ﬂ'V-Vd:U:<]:(f,u,p,T),v>
D D

D

for all v € H}(D)?, confirming (3.11), and equivalently (3.10).
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7 Variational formulation

The variational formulation is based on a standard one for Navier-Stokes:
77/ vu": Vvdr + / ("t vuth . vde — / "IV v de = / F(f,u",p", T") - vdx,
D D D D

where we recall that

F(E,u,p,T) =f+ Mu- VE+ A\ (Vu)'Vp— A (u- V(u-Vu) - V- ((Vu)oT))
— ()\1 — ,ul)V- (E(u)oT + ToE(u)).

We develop some identities that are useful for simplifying the terms involving F. For any tensor
function T of arity 2 (that is, a matrix function) and any vector function v € H} (D)4

)

(7.1) /(VT de—/z Tijj vide = — /ZTzﬂdeﬂU— /T Vvdz.

Note that, if V-u=01in D and v =0 on 9D,

/((Vu) Vp) vdx—/Zu],pdvldx— /Z u],vl pdx
D >
— —/ <Zuj’ij Vi + Uj Ui,j) pdx
D NG
= —/ Z((V -u) ;)v; pdx —/ (Vu)': (Vv)) pda
D D
= —/ ((Vu)': (Vv)) pda;
D
compare with (3.4). Similarly, if V-u =0 and v = 0 on 9D, for any w € H'(D)? we have
(7.3) /(u-Vw)-vd:U:—/w-(u-Vv)d:c.
D D
Using (7.1), (7.2) and (7.3), we find
/ F(f,u",p", )-vdx:/ f-(v—)\lu”-Vv)dx—)q(/ p"(Vu™)! : Vvdx
D D

(7.4) - /D(un -Vu") - (u" - Vv)dzr + /

(Vu"oT"): Vv dw)
D

+ (A1 — 1) /D(E(u")oT" + T"oE(u")): Vvdz.

Thus a variational form for the algorithm (6.1) is as follows. First, knowing u”, p”, and T", we find
u"t! € V and 7"*! € II such that

77/ Vu"“:VVd&U—F/(u”+1-Vu"+1)-vdx—/ W"HV-Vdm:/ F(f,u", p", T") - vdx
D D D D
:/ f-(v—\u" -Vv)der — X\ </ p"(Vu") : Vvdx
D D
- / (u"-Vvu") - (u"-Vv)dz + / (Vu"oT") : Vv d:c)
D D

+ (A — 1) /D(E(u")oT" + T"oE(u")) : Vvdz,
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Oldroyd models without explicit dissipation

for all v in a suitable space V, where as usual, E(w) = 2 (VW + (Vw)t). We omit the details for
solving for 7"+
and pressure spaces. Next, we solve the transport problem for p
find p"t! € II such that

in the discrete case, this will depend on the particular implementation of the velocity
"+l via two possible formulations:

/ Pn+1(?) — Autt. Vo)dz = / o lydr Yo ell
D D

or

/(pn—l—l + )\111n+1 . an""l)fU dr = / " odr Yo € ﬁ
D D

for a suitable space II. Finally, we solve the transport problem (6.3) or (6.4) for T*™! in a similar
fashion. For example, one option would be

/T"+1 (U — A\u™* -VU)dx—i—/M(u"“)T”“:Udm
D D

= 277/ E(u"™):Udr VUE€ e
D
for a suitable space II, where v = A;v and M(¥)T is defined by (6.14).

8 Renardy’s original proof

Define the operator T : 92 as follows:

T 32 ZT]kuwk

We compute the divergence of (Vu)oT as follows:

(V- (VwpoT)), = D (Vu)oT)yy; = >~ (VwuTks)

ik

= Z (uikThj) ; = > (i gk Ty + ik Tejij)
: "

T 82 .+ Z Ui ki = T : 32u)i + Z Wi,k (Z Tkj’j>
k J

= (T :9%u) Z—i—Zuzk V-T), = (T:0%u), + (Vu,) - (V- T).
k

Therefore
(8.1) V-((Vu)oT) = T : 9*u+ (Vu)o(V-T).
Thus (3.2) and (8.1) imply that

V- (u-VT - To(Vu)' — (Vu)oT) =u-V(V-T) - T: *>u— (Vu)oV-T
= R(u)(V-T)—T: d%u,

where we define the operator R(u) by

R(u)v =u-Vv— (Vu)ov
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Renardy used (2.1) to replace V- T in the divergence of (2.4) to get

nAu+M\T:u=u-Vu+Vp—f
+ AMR(u)(u-Vu+Vp—1£)+ (A — p1)V- (EoT + ToE),

which is equivalent to

—nAu—MT:0%’u+u-Vu+Vp=f

(82) —MR(u) (u-Vu+Vp—f) — (A1 — 1)V (EoT + ToE).

Renardy used the modified Stokes operator on the left-hand side of (8.2) as the basis of his existence
proof. For the regularity results, this requires verifying the appropriate coercivity and regularity
results for variable-coefficient, Stokes-like equations. Details were omitted from [16].

9 Tensor Calculus

Here we collect some tensor identities from [11].
For T, U € 7T,, we define the contraction T : U via

(9.1) T:U= Y T.iUnir-

ily---yir
Another tensor contraction formula is

d

(9.2) (ToU)iy.ip 1oy = ZTil...iT_léUij...jT/ ;
=1

where T € 7, and U € 7,/, and this defines ToU € 7,,,»_5. We have the following identities:

(9.3) v VT = (VT)ov|
d
(9.4) (W:U);= > Wil for We T3, UeTs
k=1
(9.5) |V-(ToU) = (VT): U+ To(V-U).|

Note that the operator “o” in To(V-U) denotes an ordinary matrix-vector product.

(9.6) V(v-VT)=VToVv+v-V(VT)=VToVv + (V>T)ov.

We can combine (9.3) and (9.6) to compute

(9.7) v V(v:-Vv)=V(v:Vv)ov = (VvoVv + (V*v)ov)ov.
When T is a scalar-valued function, (9.6) can be written alternatively as

(9.8) V(v -Vf)=VvVf+v-V(Vf),

since

(Vfon)k = Zf,jvj7k = Z(Vvt)k,jfj-
J

J
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Based on the tensor contraction formula (9.2), we compute the derivative of a product:

d

(9.9) (V(ToU) = ToVU)i, i rjoiik = O (VD)ir iy rt6Utja g,
(=1

but the term on the right-hand side is not an obvious product. Define a bilinear mapping B : 7,11 X
Trr — 7;’+r’71 by

d

(9.10) (BOW,U))iy iy ajoprk = 9 (W)iy iy 106Ut j,.-
/=1
Then (9.9) becomes
(9.11) |V(ToU) = ToVU + B(VT, U). |
In particular,
(9.12) V(SoT + ToS") = SoVT + B(VS, T) + ToVS! + B(VT, S").
From the definition (9.10), we have
(9.13) |B(W,U))| < [W|[U].

There is a useful inequality involving three tensors. Suppose that T € 7, and W, U € 7T, where
r > 1. Note that ToW € 7. and ToU € 7,.. We can interpret the contraction “:” as the usual {5
inner-product on vectors of dimension d”, and |[W/| as the corresponding norm. Then we claim that

(9.14) [ITow : U| < |T||W| U],

which is a generalization of (4.11).
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