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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

Aluminum alloys are widely used for structural parts in the aerospace industry. Those parts are usually machined from rolled plates or forged 
blanks, and heat treatments are carried out to reach the necessary mechanical properties. Forming and heat treatments induce residual stresses 
that generate deformations during and after machining because material removal modifies their balance. One major issue in industry is the 
important variability of the residual stress field in forged blanks. A better knowledge of the residual stress field will enable the definition of better 
machining strategy to minimize the deformations. In order to understand and manage this variability, a sensibility analysis was performed to 
investigate the impact of their different potential sources. It relies on a coupling of 2D-FEM and beam model simulations. Then, this work 
introduces a model reduction technique (by POD and SVD) to build a model of the variability of a stress field and shows how it could be used 
on the production line.  
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1. Introduction 

Aluminum alloys are widely used in the aerospace industry for 
their high mechanical properties. Numerous structural parts in 
modern aviation are machined from 7000 series aluminum 
alloy for their high strength and corrosion resistance. To reach 
those high mechanical characteristics rolled plates or forged 
blanks go through heat treatments such as quenching followed 
by tempering. During the processing of the part, the plastic and 
thermal deformation gradients induce residual stresses which 
can be of high intensity [1]. During machining, the balance of 
these stresses is modified, which leads to large deformations of 
the part at the unclamping. Indeed, when unclamping the part, 
the part distorts to return to a balanced stress field. The thermo-
mechanical loads due to machining can also introduce residual 

stresses on the part surface [2]. The affected depth is relatively 
shallow, less than a few hundred microns [3]. In thin parts, 
these stresses cannot be neglected because they can also 
provoke deformation of the part. However, for massive parts, 
these stresses induced by machining can be neglected, 
compared to those released by cutting [4]. For large 
aeronautical parts, an additional reshaping step is often 
necessary, so that the part would meet the required geometrical 
specifications before assembly, which increases the cost. To 
reduce the deformations, the part can be stretched or 
compressed plastically to homogenize the stress field [5]. Only 
compression is possible for curved parts. The deformation of 
the part after machining depends on the stresses released. It will 
therefore vary in relation to the stress field removed during the 
material removal. The position of the finished part in the blank 
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their high mechanical properties. Numerous structural parts in 
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alloy for their high strength and corrosion resistance. To reach 
those high mechanical characteristics rolled plates or forged 
blanks go through heat treatments such as quenching followed 
by tempering. During the processing of the part, the plastic and 
thermal deformation gradients induce residual stresses which 
can be of high intensity [1]. During machining, the balance of 
these stresses is modified, which leads to large deformations of 
the part at the unclamping. Indeed, when unclamping the part, 
the part distorts to return to a balanced stress field. The thermo-
mechanical loads due to machining can also introduce residual 

stresses on the part surface [2]. The affected depth is relatively 
shallow, less than a few hundred microns [3]. In thin parts, 
these stresses cannot be neglected because they can also 
provoke deformation of the part. However, for massive parts, 
these stresses induced by machining can be neglected, 
compared to those released by cutting [4]. For large 
aeronautical parts, an additional reshaping step is often 
necessary, so that the part would meet the required geometrical 
specifications before assembly, which increases the cost. To 
reduce the deformations, the part can be stretched or 
compressed plastically to homogenize the stress field [5]. Only 
compression is possible for curved parts. The deformation of 
the part after machining depends on the stresses released. It will 
therefore vary in relation to the stress field removed during the 
material removal. The position of the finished part in the blank 
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2.1.2. Cold compression 
For cold compression, the part mesh remains the same and 

two compression dies are added in the simulation, meshes with 
CPEG4T elements too.  

These two dies are modeled considering their elastic 
behavior and thermal expansion. The contact between the dies 
and the part is modeled with a coulomb law. 

Firstly, the dies are heated up and a concentrated load is 
applied on the second matrix. Then the part is released and gets 
its final stress field, see Figure 4. 

 

2.2. Prediction of part distortion 

The cruciform is machined from the blank and it deforms in 
relation to the release of residual stresses. Because of the 
thickness of the cruciform (~15mm), the machining-induced 
residual stresses have a limited influence [9] and are here 
consequently neglected. 

The deformations resulting from the residual stress field 
and their impact on the global deflection of the part is 
evaluated by computing the bending moment: 

 

𝑀𝑀𝑧𝑧 =  ∬ 𝑧𝑧. 𝜎𝜎𝑥𝑥𝑥𝑥(𝑦𝑦, 𝑧𝑧)𝑑𝑑𝑑𝑑
𝑆𝑆𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

 (1) 

 
Spart denotes the surface of the section, z the distance to the 

cross-section’s barycenter and σxx the out-of-plane stresses 
(along the beam axis X). Only the out-of-plane stress is 
considered since it has a dominating impact on the deflection. 
According to the beam theory, the bending moment is linked to 
the curvature: 
 

𝐸𝐸𝐼𝐼𝐺𝐺𝑧𝑧𝛾𝛾 = 𝑀𝑀𝑧𝑧  (2) 

 
With 𝐸𝐸 the Young modulus, IGz the second moment of area 

of the cross-section and 𝛾𝛾 the curvature. Eq 1 and 2 lead to: 
 

𝛾𝛾 = 1
𝐸𝐸. 𝐼𝐼𝐺𝐺𝑧𝑧

∬ 𝑧𝑧. 𝜎𝜎𝑥𝑥𝑥𝑥 𝑑𝑑𝑑𝑑
𝑆𝑆𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

  (3) 

 
The cruciform use-case verifies the hypothesis of small 

displacements (u), thus: 
 

𝛾𝛾 ≈ 𝑑𝑑2𝑢𝑢
𝑑𝑑𝑑𝑑²  (4) 

 
Finally, as the cross-section is discretized, the second 

derivative of the deformations is obtained from Eq 3 by: 
 

𝑑𝑑2𝑢𝑢
𝑑𝑑𝑑𝑑² =  1

𝐸𝐸. 𝐼𝐼𝐺𝐺𝑧𝑧
∑ 𝑧𝑧𝑖𝑖. 𝜎𝜎𝑥𝑥𝑥𝑥,𝑖𝑖. 𝑎𝑎𝑖𝑖

𝑁𝑁

𝑖𝑖
 (5) 

 
With 𝑎𝑎𝑖𝑖, 𝜎𝜎𝑥𝑥𝑥𝑥,𝑖𝑖  respectively the area and the out-of-plane 

residual stress of the i-th cell. 𝑧𝑧𝑖𝑖 is the vertical distance between 
the i-th cell and the center of the cross-section. Note that the 
equations are presented here for the vertical deformations, and 
similar ones are obtained for the horizontal deformations by 
replacing 𝑧𝑧 by 𝑦𝑦. 

The out-of-plane residual stresses, 𝜎𝜎𝑥𝑥𝑥𝑥 are interpolated from 
the 2D-FEM results, with a linear kernel and the 3 nearest cells. 
The mesh of the finished part (in black) is placed at its 
theoretical position, cf. Figure 5; since the aim is here to get a 
model of the stress field’s variability of the forged blank  

2.3. Results of sensibility analysis 

Simulations have been performed to evaluate the impact of 
several process parameters on the deflection of the final part, 
which results from the variability of the residual stress field of 
the forged blank. Those parameters were chosen based on 

Figure 4 : Out-of-plane stresses after cold compression, MPa. 

 

Figure 6: Examples of residual stress fields in MPa (from top to bottom: 
Nominal, better lubrication, lateral die positioning error). 

 

Figure 5 : The final part (in black) in the residual stress field in MPa. 
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has an impact on the final deformations [6]. Thus, it is possible 
to optimize the position of the final part in the blank in order to 
minimize the deformations after machining. 

If the process is repeatable, the best position can be found 
empirically, but it requires a lot of trials. Another solution is to 
carry out Finite Element Model (FEM) simulations of the 
relaxation of the residual stresses, but it necessary to know the 
stress field. For rolled plates, the stress field can be known, 
because the geometry is simple, and the thermomechanical 
gradients known [7]. On more complex forming or heat 
treatment processes, and / or more complicated part 
geometries, measurements are required. There are two families: 
destructive and non-destructive. Non-destructive measurement 
techniques, such as XRD are expensive and difficult to set up 
and can only analyze the surface of the part. Therefore, it 
cannot be used on a production line. Techniques like layer 
removal (destructive technique), involve machining the part by 
thin layers to reconstruct the residual stress field, as it is done 
in [8]. This method can be used during machining but requires 
a lot of machining steps to precisely know the field, which 
considerably increases the machining time. 

However, on forged blanks, the variability of the residual 
stress field is a major issue and leads to variabilities in the 
deformations of the machined parts. Plus, it is difficult to use 
results from other parts as the geometries will differ.  

In this paper, a new model of the variability of the stress 
field induced by forging and heat treatment in large 
aeronautical structural part is proposed. Firstly, the finite 
element simulation of each step of the process, from forging to 
cutting, is introduced. Section 2 also explains how the 
deformations caused by the residual stress field are computed. 
Then, a sensibility analysis shows the impact of the key factors 
on variability. In the last section, a singular value 
decomposition (SVD) is used to extract a reduced model of the 
residual stress field variability. 

 

2. Process simulation  

2.1. 2D-FEM simulation of the forging steps 

The aeronautic case study concerns long cruciform forged 
part (with a length of several meters, a width of less than a 
meter in its cross-section and a thickness of few centimeters, 
cf. Fig 1). One dimension of these cruciform is much larger 
than the two others. Thus, the proposed approach consists in a 
coupling of 2D simulations, to show the effect of each process 
step in the cross-sections of the part, with a beam model to 
obtain the global deformation of the part, as described by 
Figure 1. Boundary effects at the extremities of the part are 
neglected as there are not the areas which contribute the most 
to the deflection. The global deflection of the part results from 
cumulative deformations of the cross-sections along the part. 
Deformations in the middle of the part have a higher impact on 
the global deflection. 

The blank of the cruciform is forged from 7010 aluminum 
alloy that has been modeled by a Johnson-Cook law with 
temperature-dependent coefficients. The elastic behavior, the 

thermal expansion and the specific heat are also temperature 
dependent.  

The part is meshed with 1630 elements of type CPEG4T, 
which are 4-node generalized plane strain temperature-
displacement coupled elements from Abaqus software. The 
steps are defined in Figure 2. 

 

 

2.1.1. Quenching  
Before quenching the parts undergo a solution heat 

treatment that is supposed to relieve the residual stresses 
induced by forging. Hence, at the beginning of the simulation, 
the part is at 20°C and residual stress free. Then it is heated up 
to the homogenization temperature. This heat transfer is 
modeled with a surface film condition and non-temperature 
dependent thermal exchange coefficient. Quenching is also 
modeled by imposing a surface film condition to the contour of 
the part but this time with a temperature-dependent coefficient.  

During the heating step and quenching, the out-of-plane 
d.o.f (degrees of freedom of the 2D FEM) are released to allow 
out-of-plane expansion, as can be done with generalized strain 
plane elements. 

The gradients of temperature induced during quenching 
create also gradients of residual stresses in part; with the core 
being in traction and the skin in compression, as shown in 
Figure 3. 

 

Figure 3 : Out-of-plane stresses after quenching in a cross-section of the 
part, MPa. 

Figure 1 : Manufacturing steps and modelling. 

Figure 2 : FEM steps. 
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2.1.2. Cold compression 
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behavior and thermal expansion. The contact between the dies 
and the part is modeled with a coulomb law. 
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applied on the second matrix. Then the part is released and gets 
its final stress field, see Figure 4. 
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residual stresses have a limited influence [9] and are here 
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has an impact on the final deformations [6]. Thus, it is possible 
to optimize the position of the final part in the blank in order to 
minimize the deformations after machining. 

If the process is repeatable, the best position can be found 
empirically, but it requires a lot of trials. Another solution is to 
carry out Finite Element Model (FEM) simulations of the 
relaxation of the residual stresses, but it necessary to know the 
stress field. For rolled plates, the stress field can be known, 
because the geometry is simple, and the thermomechanical 
gradients known [7]. On more complex forming or heat 
treatment processes, and / or more complicated part 
geometries, measurements are required. There are two families: 
destructive and non-destructive. Non-destructive measurement 
techniques, such as XRD are expensive and difficult to set up 
and can only analyze the surface of the part. Therefore, it 
cannot be used on a production line. Techniques like layer 
removal (destructive technique), involve machining the part by 
thin layers to reconstruct the residual stress field, as it is done 
in [8]. This method can be used during machining but requires 
a lot of machining steps to precisely know the field, which 
considerably increases the machining time. 

However, on forged blanks, the variability of the residual 
stress field is a major issue and leads to variabilities in the 
deformations of the machined parts. Plus, it is difficult to use 
results from other parts as the geometries will differ.  

In this paper, a new model of the variability of the stress 
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deformations caused by the residual stress field are computed. 
Then, a sensibility analysis shows the impact of the key factors 
on variability. In the last section, a singular value 
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residual stress field variability. 

 

2. Process simulation  

2.1. 2D-FEM simulation of the forging steps 
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meter in its cross-section and a thickness of few centimeters, 
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Figure 1. Boundary effects at the extremities of the part are 
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2.1.1. Quenching  
Before quenching the parts undergo a solution heat 

treatment that is supposed to relieve the residual stresses 
induced by forging. Hence, at the beginning of the simulation, 
the part is at 20°C and residual stress free. Then it is heated up 
to the homogenization temperature. This heat transfer is 
modeled with a surface film condition and non-temperature 
dependent thermal exchange coefficient. Quenching is also 
modeled by imposing a surface film condition to the contour of 
the part but this time with a temperature-dependent coefficient.  
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plane elements. 
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Figure 3 : Out-of-plane stresses after quenching in a cross-section of the 
part, MPa. 

Figure 1 : Manufacturing steps and modelling. 

Figure 2 : FEM steps. 
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3. Reduced model of the variability of the residual stress 
field  

3.1. Reduced SVD model of residual stress field 

In order to predict the part distortion from the key factors 
previously identified, a model order reduction method is here 
proposed. The Proper Orthogonal Decomposition (POD) 
belongs to the family of model order reduction methods and 
was introduced by [10]. Given a set of data, it provides an 
orthogonal basis representing them in a lower space, of r order, 
which leads to the following decomposition: 

 

𝑢𝑢(𝒙𝒙) ≈ 𝑢𝑢𝑟𝑟(𝒙𝒙) =  ∑ 𝛼𝛼𝑘𝑘(𝒙𝒙)𝚽𝚽𝑘𝑘 

𝑟𝑟

𝑘𝑘=1
  (6) 

 
This method has been successfully applied in fluid 

dynamics, but applications may be found in other fields such as 
structural mechanics [11]. In this study, POD is applied to the 
process of cold compression, based on the simulations 
developed in section 2.3.  

The first step is to take several snapshots [12], that embed 
the process behavior, thereby each snapshot must be taken in a 
different location of the parametric space. This phase is 
important because if a behavior is not included in this training 
dataset, it will not appear in the reduced model. From the 
results of the sensibility analysis discussed in 2.3, only two 
factors are kept to define the parametric space: the longitudinal 
and transverse positioning errors of the die. Indeed, these two 
parameters produce most of the variability, see Table 1, and the 
others have a smaller or no impact on the results. Moreover, it 
will reduce the number of snapshots needed to build the model. 
As the POD is a non-intrusive method, the simulation results 
are directly used (the snapshots). In this study, 25 snapshots 
were simulated, distributed in the parametric space as shown in 
Figure 8.  

The out-of-plane stresses σxx computed at the center of each 
cell are extracted and used to define the vector ai of size 𝑛𝑛 × 1 
(𝑛𝑛 being the number of cells in the ith 2D-FEM simulation). 
Stacking those vectors gives a matrix A of size 𝑛𝑛 × 𝑚𝑚, with 𝑚𝑚 
the number of simulations.  

A Singular Value Decomposition (SVD [13]) is then 
performed on the matrix A and gives the following 
decomposition: 

 

𝐴𝐴 = 𝑈𝑈Σ𝑉𝑉𝑇𝑇   (7) 

 
where 𝑈𝑈 is an orthogonal matrix of the left singular vectors of 
size 𝑛𝑛 × 𝑛𝑛, and V is an 𝑚𝑚 × 𝑚𝑚 orthogonal matrix of the right 
singular vectors. Σ  is a 𝑛𝑛 × 𝑚𝑚   rectangular matrix of the 
singular values. 
The reduced basis is chosen from the 𝑟𝑟  left eigenvectors 
corresponding to the most energetic eigenvalues, defined by the 
square of the eigenvalues. The value of 𝑟𝑟 can be chosen from 
the ratio of the energy as defined in [14]. As the aim of this 
reduced model is to compute the distortions induced by the 
stress field variability as explained in section 2.2, a criterion 
based on the averaged relative error between the deformations 
caused by the residual stress field from the snapshots and from 
the reduced model is preferred:  
 

𝑒𝑒𝑟𝑟 = 1
𝑚𝑚 ∑ 𝛾𝛾𝑟𝑟,𝑖𝑖 − 𝛾𝛾𝑖𝑖

𝛾𝛾𝑖𝑖

𝑚𝑚

𝑖𝑖=1
  (8) 

 
m denotes the number of snapshots, 𝛾𝛾 is the curvature due to 

the bending moment after machining (of which the part 
distortion derives) and r corresponds to the number of modes Φ 
used in the reduced basis. If modes associated with singular 
values of low energy describe a field’s feature that does not 
impact the deformations, it can be neglected. It could due to a 
low deviation or due to a change in the field in an area where 
the section of the machined part is not. But the basis should not 
be reduced too much, as modes of low energy can have minimal 
influence on the distortion of the machined part but can 
contribute to the equilibrium of the residual stress field in the 
blank section. 

Table 2 shows the relative error 𝑒𝑒𝑟𝑟  depending on the 
number r of components considered as computed in Eq 7. The 
decomposition of the residual stress field in a reduced basis 
provides a good generalization of the behavior simulated by 
2D-FEM. With the first 6 components, an error of 3% is 
obtained, and of 1% for 12 components. A reduced basis of 
r = 6 modes was thus chosen here and seems promising for the 
prediction of new stress fields in the following section. 

 

Table 2: Relative error 𝑒𝑒𝑟𝑟 , depending on the number of components in the 
reduced basis 

Number of components 
(r) 1 5 6 11 19 

𝑒𝑒𝑟𝑟 (%) 41 9.2 3 2.8 1 Figure 8 : Link between the process parameters and the 
SVD reduced model by polynomial regression (here for 

the first mode coefficient α1). 
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empirical knowledge in forging and distortions where 
computed from eq 5:  
 
• Lubrication 
• Longitudinal positioning error of the die 
• Transverse positioning error of the die 
• Compression load 
• Quenching temperature 
• Wing thickness 
• Difference in wing thickness 

 

 
The values tested for each parameter are based on the 

forger’s process variability too, to get realistic simulations of 
cruciform variability. And 3 examples are shown by Figure 6, 
the results of the nominal simulation, one with a better 
lubrication that shows little difference and a last one with an 
error on the longitudinal positioning of the die.  

As shown in Figure 7, the same conclusions can be drawn 
from the results of horizontal and vertical variability of the 
deflection. Besides, two parameters have a significant effect on 

the variability of part distortions: the longitudinal and 
transverse positioning error of the die. A faulty position of the 
part in the die, or faulty relative position of the two dies, leads 
to a variation of the location of the contacts between the dies 
and the part, especially in the radius. Therefore, it changes the 
contact area with high compression in the part, which conducts 
to a different residual stress field. The magnitude of the residual 
stress field remains the identical, but its shape (locations of 
extremum values) is impacted. Moreover, as the part 
distortions are caused by an imbalance in the machined part 
residual stresses, a significant impact is consequently revealed 
by the sensibility analysis. 

Note that the thickness of the part decreases along its length. 
Thus, shifting longitudinally a die modifies the compression 
rate, as well as the residual stress field.  

Lubrication has a noticeable impact on the deformations, 
according to the simulations (represented by the coefficient of 
friction). A better lubrication leads to an easier material flow in 
the dies and thus impacts the level of compression during cold 
compression, especially in the ribs. It also impacts the residual 
stress field on the surface of the upper rib, as higher friction 
leads to tensile stresses in this area.  

There are almost no variations of the part distortion coming 
from changes in the compression load or quenching 
temperature or from the quenching temperature. In fact, the 
tolerances of the forger process on those parameters are tight 
(< 5%) which limits in practice their sensitivity. Moreover, 
regarding compression, the required force to obtain plastic 
deformation on the part increases significantly once the upper 
die makes contact with the horizontal wings of the cruciform. 
Having the compression force that deviates slightly from the 
nominal value makes then little difference on the final residual 
stress field in the core and in the ribs. Additionally, the 
variation induced on the residual stress field is almost 
symmetrical with respect to the neutral fiber of the machined 
part and therefore has little impact on the deformations after 
machining. 

When the thickness of the wings varies (but remains 
identical for both wings), there is no major impact. The outer 
shape of the part remains unaltered, the contact between the 
dies and the part leads to the same areas of maximum 
compression and to the same residual stress field. However, if 
one wing is slightly thicker than the other one, the compression 
will be much higher in the first one. It creates an asymmetry in 
the residual stress field of the wings and consequently impacts 
the distortions, mainly in the horizontal direction. 

The sensibility analysis has enabled the identification of the 
key factors of the variability of part distortions. They can hence 
be used to predict part distortion. 

 

Table 1: Range of distortions induced by each parameter. 

Figure 7 : Comparison of the impact of process parameters on part post-
machining deformation, computed with eq 5. 
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3. Reduced model of the variability of the residual stress 
field  

3.1. Reduced SVD model of residual stress field 

In order to predict the part distortion from the key factors 
previously identified, a model order reduction method is here 
proposed. The Proper Orthogonal Decomposition (POD) 
belongs to the family of model order reduction methods and 
was introduced by [10]. Given a set of data, it provides an 
orthogonal basis representing them in a lower space, of r order, 
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process of cold compression, based on the simulations 
developed in section 2.3.  
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important because if a behavior is not included in this training 
dataset, it will not appear in the reduced model. From the 
results of the sensibility analysis discussed in 2.3, only two 
factors are kept to define the parametric space: the longitudinal 
and transverse positioning errors of the die. Indeed, these two 
parameters produce most of the variability, see Table 1, and the 
others have a smaller or no impact on the results. Moreover, it 
will reduce the number of snapshots needed to build the model. 
As the POD is a non-intrusive method, the simulation results 
are directly used (the snapshots). In this study, 25 snapshots 
were simulated, distributed in the parametric space as shown in 
Figure 8.  

The out-of-plane stresses σxx computed at the center of each 
cell are extracted and used to define the vector ai of size 𝑛𝑛 × 1 
(𝑛𝑛 being the number of cells in the ith 2D-FEM simulation). 
Stacking those vectors gives a matrix A of size 𝑛𝑛 × 𝑚𝑚, with 𝑚𝑚 
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A Singular Value Decomposition (SVD [13]) is then 
performed on the matrix A and gives the following 
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the ratio of the energy as defined in [14]. As the aim of this 
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based on the averaged relative error between the deformations 
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the bending moment after machining (of which the part 
distortion derives) and r corresponds to the number of modes Φ 
used in the reduced basis. If modes associated with singular 
values of low energy describe a field’s feature that does not 
impact the deformations, it can be neglected. It could due to a 
low deviation or due to a change in the field in an area where 
the section of the machined part is not. But the basis should not 
be reduced too much, as modes of low energy can have minimal 
influence on the distortion of the machined part but can 
contribute to the equilibrium of the residual stress field in the 
blank section. 

Table 2 shows the relative error 𝑒𝑒𝑟𝑟  depending on the 
number r of components considered as computed in Eq 7. The 
decomposition of the residual stress field in a reduced basis 
provides a good generalization of the behavior simulated by 
2D-FEM. With the first 6 components, an error of 3% is 
obtained, and of 1% for 12 components. A reduced basis of 
r = 6 modes was thus chosen here and seems promising for the 
prediction of new stress fields in the following section. 
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3.2. Regression model of process parameters  

In section 3.1, a matrix decomposition technique has been 
applied to a set of simulation results, to extract the principal 
modes of the residual stress field. Henceforth, new residual 
stress fields can be generated as a linear combination of those 
modes. Since each mode is independent, any set of αk 
coefficients in Eq 6 could be chosen. But doing so would erase 
the link between the physics of the process (the positioning 
error of the die during cold compression) and the resulting 
residual stress field. Moreover, physically impossible stress 
fields could be potentially generated.  

To counter that and keep a model-based approach a 
polynomial regression is applied, in order to establish a link 
between the process parameters and the reduced model ones αk. 
Since modes are independent, independent regression can be 
applied to each of them: 

 
𝛼𝛼𝑘𝑘 =  𝑓𝑓𝑘𝑘(𝑥𝑥1, 𝑥𝑥2), 𝑘𝑘 ∈ [1, … , 𝑟𝑟]  

 
with fk a polynomial function of the transverse and longitudinal 
positioning errors (noted respectively x1 and x2), of degree 6. 

To evaluate the quality of the interpolation, 5 more 
simulations where performed, inside the parametric space (the 
red crosses in Figure 8) for testing. The errors of final distortion 
of the machined forged part was evaluated by Eq 7. A mean 
relative error of 0.2 % was obtained on the training dataset 
(initial snapshots) and an error of 0.8% for the test dataset 
constituted of the 5 new simulation results. These very good 
results validate the SVD and regressive reduced model of the 
variability of the residual stress field in machined forged part. 

The model can be illustrated by the Figure 9, where one can 
generate residual stress fields on-line by tuning the longitudinal 
and transverse positioning error.  

4. Conclusion 

Variability of the residual stress field of a forged part and its 
impact on the deformations after machining was investigated 
through a coupling of 2D-FEM simulation and beam theory, 
which is particularly suitable for long aeronautic part with 
complex cross-section geometry.  

Sensibility analysis has revealed their impact on the 
distortion of the machined part considering the variability of 
the forger’s process. It exposed the importance of the 
positioning of the dies during cold compression.  

A model-based approach, with an SVD reduced model 
controlled by the key process parameters through linear 
regression was then used to obtain a model of the admissible 
residual stress fields. 

Future work will have to compare those results with 
measurements on real parts. And use the reduced model to 
reconstruct residual stress fields from deformations 
measurements induced by machining.  
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