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In this paper we construct an accurate linear model describing the propagation of both
acoustic and gravity waves in water. This original model is obtained by the linearization of
the compressible Euler equations, written in Lagrangian coordinates. The system is studied
in the isentropic case, with a free surface, an arbitrary bathymetry, and vertical variations of
the background temperature and density. We show that our model is an extension of some
models from the litterature to the case of a non-barotropic fluid with a variable sound speed.
Other models from the literature are recovered from our model through two asymptotic
analysis, one for the incompressible regime and one for the acoustic regime. We also propose
a method to write the model in Eulerian coordinates. Our model includes many physical
properties, such as the existence of internal gravity waves or the variation of the sound speed
with depth.

Key words:

1. Introduction

Several authors have proposed to use the propagation of acoustic waves in the ocean to
detect tsunamis, as the sound travels in water at approximately 1500 m s~! and the velocity of
tsunami wave is around 300 m s~! (Constantin 2009). The existence of hydro-acoustic signals
generated by tsunami sources such as earthquakes or landslides was shown in Tolstoy (1950).
This motivates the mathematical modelling of the propagation of both surface waves — the
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tsunami — and underwater acoustic waves, also called hydroacoustic waves, in a compressible
formulation.

The idea of using acoustic-gravity waves for tsunami early-warning systems dates back
from 1950 (Ewing et al. 1950). A more recent study (Stiassnie 2010) indicates that the
pressure variations induced by the tsunami are significant enough to be used for the
improvement of the tsunami early-warning systems.

For the description of the propagation of sound in water, the most common model is a
linear wave equation for the fluid potential, i.e. for an irrotational fluid (Jensen et al. 2011).
When both surface and acoustic waves are considered, different types of models are available.
In his work, Stiassnie (2010) studies the acoustic equation for the fluid potential coupled with
a free-boundary condition. The three-dimensional acoustic equation is analyzed by Nosov
& Kolesov (2007) and a depth-integrated version is proposed by Sammarco et al. (2013) in
order to reduce the computational costs. This approach was further developped in a serie of
papers (Cecioni et al. 2014; Abdolali et al. 2015; Gomez & Kadri 2021).

Another approach was proposed by Longuet-Higgins (1950) where the equation is still
on the fluid potential, but includes a gravity term. This equation, including second order
terms, made it possible for the first time to explain the seismic noise generated worldwide by
waves interactions in the ocean (?). This model was also the starting point of an extensive
work to describe the nonlinear interactions between acoustic and gravity waves (Kadri &
Stiassnie 2013). In other works, such as Smith (2015) and Auclair et al. (2021), the flow is
not assumed irrotational, so that the equations are written for the fluid velocity. They include
gravity terms and a vertical stratification for the background density, temperature and salinity.
This generalisation allows to study the internal waves caused by the stratification of the fluid,
and dispersion relations for the three types of waves (acoustic, internal, surface) are obtained.

The above cited works share one or several of the following assumptions : irrotational
flow, homogeneous background density or barotropic fluid, and a constant speed of sound.
These modelling choices have a strong influence on the structure of the equations, resulting
in a variety of tools for their analysis and their numerical approximation. For example, the
irrotationality assumption allows to reduce the number of unknowns, but the validity of this
assumption in the compressible case is not clear. Furthermore, in the models that do not
assume irrotational flow, the bed is assumed to be flat, even though bed variations are a key
element impacting tsunami and acoustic wave propagation (Caplan-Auerbach et al. 2014).
In the ocean, the choice of a constant sound speed may be not appropriate since the variation
of the sound speed creates the SOFAR channel, a horizontal strip in which the acoustic
waves propagate with very little energy loss. Quantifying the impact of these approximations
requires the use of simulations based on a more complete model. Finally, the free-surface
equation induces a strong nonlinearity in the system. Indeed, the domain on which the
equation are written depends on the solution to the equations. The common approach for
the linearization of the system consists in writing the linear equations on the unperturbed
domain. However, by doing so an approximation on the domain is made, in addition to the
approximation made on the solution. It is not clear how to quantify the magnitude of the
error made by the two combined approximations.

The aim of this work is to adress these modelling choices by deriving an accurate linear
model as rigorously as possible with only very few assumptions for hydro-acoustic, internal
and surface waves propagating in a fluid over an arbitrary bathymetry. Salinity, thermal
dissipation and viscosity are neglected, and in order to linearize the equations we assume
that the ocean is at equilibrium and at rest before the earthquake or landslide occurs, and
that the tsunami source induces a small displacement of the water. In this model, the speed
of sound results from the imposed background temperature profile, so that the effects of the
SOFAR channel on the propagation of the hydroacoustic waves are naturally present. The
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obtained model is comparable to the model of Auclair et al. (2021), however our model
includes a bathymetry and a variable sound speed. Moreover our approach differs on several
aspects:

e The problem is formulated as a second-order equation, which allows the use of numerical
solver dedicated to wave propagation problem such as Specfem (Komatitsch & Tromp 1999).
Specfem uses spectral finite elements to compute acoustic and/or elastic wave propagations,
and is widely used in the seismology community, as for example to simulate seismic waves
generated by landslides (Kuehnert et al. 2020). In addition to the acoustic waves already
modelled in Specfem, the model proposed in the present paper includes the linear water
waves.

e The method used to write the linearization of a free-surface flow is generic, and can
be applied to extend the model. A possible extension would include second-order terms (a
similar work was done in Longuet-Higgins (1950) in the barotropic case). Another possibility
is to take into account the interaction with the Earth. In particular, one can consider the elastic
deformations of the ocean bottom, that are shown to impact the travel time of tsunami waves
(Abdolali ez al. 2019).

Another advantage of having a model with few assumptions is that a cascade of simplified
systems can be obtained from it. We indeed show that with some simplifying assumptions, our
model reduces to the models proposed in the litterature. The analysis of these simplifications
helps to understand the mathematical and physical choices made in these models. For
example, the most common model for the propagation of hydro-acoustic waves (Stiassnie
2010; Nosov & Kolesov 2007; Sammarco et al. 2013) is recovered from the proposed model
by assuming a barotropic fluid and a constant background density.

We also show that our model and the simplified models are energy-preserving. Our model
is a linear version of the Euler equations, and the equation accounting for the energy
conservation may be modified by the linearization. To ensure that the obtained model is
physically relevant, we check that an equation for the energy conservation holds in the
linear case. Beyond this aspect, the energy preservation allows to write stable numerical
schemes (Allaire 2015). Indeed, the properties of a numerical scheme are often related to the
preservation of a discrete energy. For these reasons, the energy preservation is a key feature,
both in the continuous and in the discrete level.

The paper is organized as follows. In Sec. 2 the compressible Euler equations for a free-
surface flow are written, then the system is transformed in Lagrangian coordinates in order
to keep an exact description of the free surface. After linearization, a wave-like equation for
the fluid velocity is obtained and we show that the energy of the system is preserved. In Sec.
3, we show that with additionnal assumptions, the model reduces to other linear models from
the litterature. The barotropic case is studied, then the incompressible limit and the acoustic
limit of the wave equation are written. In Sec. 4, we present a method allowing to write
the model in Eulerian coordinates. The obtained system can be linearized at the cost of an
additional approximation, namely that the equations have to be restricted to a fixed domain,
and we show how to obtain a linear free-surface condition. Finally, in Sec 5 we obtain a
dispersion relation which includes all of the physical effects mentioned above. In particular,
it is a generalization of the dispersion relation studied in the work of Auclair et al. (2021) to
the case of a varying sound speed.

2. Linearization of compressible Euler equations in Lagrangian coordinates

We derive here a linear model around a state at rest for the isentropic compressible Euler
equation with a free surface and an arbitrary bathymetry, valid for a generic equation of state
and a generic vertical temperature profile. We aim at deriving a model which is physically
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(a) The domain Q(0) at rest. (b) The domain Q(¢) for ¢ > 0.

Figure 1: The domain €(¢), (1a) for time ¢ = 0, (1b) for time 7 > 0. In (1a) typical profiles
for the temperature and the density at rest are drawn.

relevant in the sense that is preserves or dissipate energy. For this reason, we will analyse
the energy equation associated to this system and show that preservation or dissipation of
energy requires a condition on the fluid stratification that is related to the internal waves.

We consider a portion of the ocean away from the coast and at equilibrium: there is no
mean current and the temperature varies only vertically. In this work, we do not take the
presence of salinity into account, hence the ocean is assimilated to pure water. The bottom
and the surface of the domain are asssumed to be parametrized as graphs, respectively the
topography zp (x,y) > 0 and the free-surface elevation 7(x, y, t). The reference level z = 0
is situated inside the earth at an arbitrary level. The ground displacement induced by an
earthquake or landslide source is assumed to take place away from the coast, so that the
domain is considered infinite in the (x, y) plane, see Figure 1. The domain is assumed to
have the following description, for all time ¢,

Q1) = {(x,5,2) € R | z(x,y) <z <7(x,y,0)}. 2.1)
The boundary of the domain are then defined by
Ls(0) = {(x,y.2) € R | 2 =n(x, y.0)}, (2.2)
and
Tp(1) = {(x,3,2) € R | 2= 2(x,y) = b(x,y, )} (23)

The function b is source term, namely the normal displacement of the seabed. It can represent
for example an earthquake or a landslide. It is assumed that this displacement starts at a time
to > 0, so that b(x,y,0) = 0.

2.1. Euler equation in Eulerian coordinate
2.1.1. Equations in the volume

The unknowns are the fluid velocity U, its density p, its pressure p, its temperature 7, its
internal energy e and its entropy s. The gradient over the horizontal components will be
denoted V.

For future reference the equations are written for a viscous fluid with thermal dissipation.
The stress tensor of a Newtonian fluid 7 has the form

T =(-p+AV-U)l+2uD(U), (2.4)

Focus on Fluids articles must not exceed this page length
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Where D(U) is defined by D(U) = (3(8;U/ + 8;U")); j=x,y,. and I is the identity matrix in
R3. The heat flux is denoted by q and is a function of p and T.

The conservation of mass, momentum and energy of a Newtonian fluid read, in the domain
Q(1),

‘Zp +V - (pU) = 2.5)
E (pU)+V - (pUU)+Vp =pg+V(QAV-U)+V-Q2uD(U)), (2.6)

9 pﬂ+ e|+V- (pﬁ+pe+p)U
ot 2 2

=pg-U+V-AUV-U)+V-(2uDU) -U)-V-q. 2.7)

The acceleration of gravity is g = —g e3 with g > 0 and e3 is the unit vector in the vertical
direction, oriented upwards.

In order to describe the acoustic waves, we derive an equation for the pressure. Among
(p,e, T, p,s)only two variables are independent because of the Gibbs law and of the equation
of state (Gill 1982). When considering p and s as independent, it is natural to introduce the
scalar functions fe, f), and fr satisfying

€=fe(p,S), p:fp(pvs)? T=fT(p,S). (28)
With the Gibbs law (0 f,/dp = f,/p* and df./ds = fr), one has
e I s
E+U-Ve ;(8—4-(] \Y% )+fT(E+U'VS). (29)
Using (2.7) = U - (2.6) and (??), one obtains as an intermediate step the evolution equation

of the entropy,

pT(% +U-Vs) = AV -U)*+2uD(U) : D(U) -V - q. (2.10)

Now, since p = f,,(p, s) we have

ap _Ofp (0p 1 0fp (ds

—+U- —|—+U-V ——|—=+U-V 2.11

c')t+ 6p(8t+ PI* 70 8s \ar 77 V°) @11
hence using (2.5) and (??) one obtains
0
a—l;+U-Vp: f”( VU)o af” (/l(V U)? +2uD(U) : D(U) — V-q). (2.12)

At this point we use the common assumption that the viscous term and the thermal dissipation
can be neglected compared to the advection term (see Lannes 2013, Chap. 1). With (2?) we
see that this is equivalent to assuming that the flow is isentropic. Moreover, from physical
considerations the function f,, must satisfy 9, f,(p,s) > 0, hence we can introduce the
speed of sound ¢ defined by

= af” (p, 5). (2.13)

The equation (??) then reads

P
a—’:+U Vp +pc?V U = 0. (2.14)
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Eq. (??) is used for the study of a compressible fluid in the isentropic case, see Gill (1982),
Chap. 4. Note that the speed of sound ¢ can also be viewed as a function of p and 7', in that
case we have

af
6—5 (fo(p. 7). fs(p.T)) . (2.15)

In practice we choose to work directly with the expression ¢ = c(p,T) tabulated in
International Association for the Properties of Water and Steam (2009). Note that here
the temperature intervenes as a side variable, because it is necessary to compute the speed
of sound. However, we will see later that only the temperature profile of the state at rest is
needed to close the system.

A(p.T) =

2.1.2. Boundary conditions
The following boundary conditions hold,

U - n, =up = 5,14;, on Fb, (2.16)

p=p% only. (2.17)

The bottom boundary condition (2.9) is a non-penetration condition with a source term. It
models the tsunami source as a displacement of the ocean bottom with velocity u;. We denote
by n; the unit vector normal to the bottom and oriented outwards. The second condition
(2.10) is a dynamic condition, where we assume that the surface pressure is at equilibrium

with a constant atmospheric pressure p“. Note that the elevation 7 is solution of the following
kinematic equation

Ox
on n

E+U- oyn|=0 on T,(). (2.18)
-1

2.1.3. Initial conditions and equilibrium state

It is assumed that the initial state corresponds to the rest state, meaning that n(x, y,0) = H
with the elevation at rest H being independent of space and H > z;(x, y), therefore

Q(0) = {(x,y,2) € R* | zp(x,y) <z < H}. (2.19)

We choose the following initial conditions for the velocity, the temperature, the density and
the pressure,

U(x,y,z,0) =0, (2.20)

T(x’ Yy, Z,O) = TO(Z)’ p(X, Y. 2, 0) = PO(Z)’ p(x’ Y, Z90) = PO(Z)- (221)

Where Ty, po, po are functions defined on (0, H) but because of the topography z; (x, y), the
functions 7', p, p need not to be defined from z = 0 for all (x, y).

When the source term u; vanishes, we have an equilibrium state around U = 0 if the
functions Ty, pg, po satisfy

Vpo=pog po=fp(po.To), po(H)=p“. (2.22)
Hence, if Ty(z) is given, the system

d
&ro _ —-8fp(po,To), z € (0,H), (2.23)

dz
po=p“, z=H. (2.24)

can be solved to compute p, and then pg is computed with pg = f,,(po, To). Note that, in the
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Figure 2: The mapping ¢; between the reference domain Q = Q(0) and the domain Q(r).

forthcoming sections the system (2.5), (2.6), (??) with boundary conditions (2.9), (2.10) and
initial conditions (2.13), (2.14) will be linearized around the previously defined equilibrium
state.

2.2. Lagrangian description

Although most of the works on free-surface flows are done in Eulerian coordinates, the
Lagrangian formalism is sometimes preferred, see for example the paper from Nouguier
et al. (2015) and the references therein, or the work of Godlewski et al. (1999) for a precise
derivation of linear models. Here we choose the Lagrangian description in order to avoid
any approximation on the shape of the domain when we linearize the equations. The usual
approximation made on the surface for the linear models in Eulerian coordinates consists
in evaluating the surface condition on pressure at a fixed height, rather than at the actual,
time-dependant free surface. The kinematic boundary condition is also replaced by its linear
approximation. For the derivation and justification of the approximation, see Lighthill (1978,
Chap. 3).

Let Q be the domain of the ocean at a reference time, with its surface boundary [ and
bottom boundary I',. The reference time is chosen before the tsunami generation, so that the
surface of the domain is horizontal. In fact the following natural choice is made

Q=0(0), [,=0,0), Ip,=TI,0). (2.25)
The position at the reference time of a fluid particle is denoted
£=(£.8.6) el (2.26)
At time 7, the fluid has moved, the domain is () and the new position of a fluid particle is
x = (x(&,1),y(&,1),z(€,1)) € Q(r). We denote by ¢ the transformation from € to () that
maps each particle from its reference position & to its position x at time ¢ (see figure 2 ).
) Q - Q@)
’ {f - X(E.1)
Hence one has x = ¢(&, t). The transformation is assumed invertible, in particular we do not

consider the case of wave breaking. We also define the deplacement of the fluid. For each
fluid particle with initial position &, its displacement is defined by

d(§.1)=¢(&.1)-§ (2.28)
The gradient of ¢ with respect to € is denoted F,
F=Vgp, (2.29)

(2.27)
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and its determinant is denoted J. Both F and J can be expressed as functions of the
displacement,

F=1+Ved, J=detF, (2.30)
where V¢ is the gradient with respect to the coordinate system &. For a function X(x, 1)
defined on the domain Q(r), we introduce X (&, r) defined on Q by

X(&,1)=X(p(£.1),1). (2.31)

Finally, note that the velocity U (&, 1) = U(¢(&, 1), 1) is the time derivative of the displacement
d.

~ od

U=—. 2.32

Y (2.32)

With this change of coordinateAs, the system (2.5), (2.6), (??) is now defined in the time-
independent reference domain €2 and it reads

55
p |J|v§ (IJ|F'0) = (2.33)
Aaff o s s

po-+F T Vep = pg, (2.34)
ap

” 'T” Ve (JIF'0) = (2.35)

The boundary conditions become
U-h,=1i, onl)y,
p=p onf,

where 7, is a unit vector normal to I, and pointing toward the exterior of the domain. The
variables g, p, T satisfy the same equation of state

p=rfpr(p.1), (2.36)

and the speed of sound is a function of the new variables, ¢ = ¢(0, §).

2.3. Linearization and wave equation

We assume that the source of the tsunami is a displacement of magnitude a at the seafloor
occuring in an ocean at rest as described in Sec. 2.1.3. In particular, for this rest state
there is no mean current and the temperature, pressure and density vary only vertically. The
magnitude of the displacement is assumed small compared to the water height H. The ratio
of the bottom displacement amplitude to the water height is denoted £ = a/H <« 1, and the
source term can be expressed as

lp = eiip 1 +O(%). (2.37)

The linearization of the equations (2.26)-(2.28) around the rest state corresponds to the
following asymptotic expansion,

d(£.1) = ed|(£,1) +O(&?), (2.38)
P(E.1) = po(€) +ep1(£.1) + O(£), (2.39)
P(E.1) = po(€) +ep1(€,1) + O(7). (2.40)

Note that the displacement has no zero order term, because the reference configuration used
to define the Lagrangian description is the state given by the initial conditions. It holds then
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dy=0,Uy=0and Q = Q(0).

Remark: In comparison with the linearization done in Auclair et al. (2021), where the
expansion of the density and the pressure is justified with the decomposition into hydrostatic
and non-hydrostatic components, the asymptotic expansion (2.32) - (2.33) is obtained in a
more straightforward way. Indeed it only requires the assumption of a small perturbation.

From the expansion one deduces the following Taylor expansions for the other functions,

U=cU0,+0(&, (2.41)
F=1+&Ved, +0(s?), (2.42)
(F)' =1-¢eVed +O0(e%), (2.43)
J=1+eVe-di+0(e%). (2.44)
Injecting these expressions in Eq.(2.26)-(2.28) yields the system
a . R R .
5 (Po+ep) +2poVe Uy = O(&), (2.45)
~ 6[71 T N N A A 2
epo— =+ (I —eVedi) Vepo+eVepr = (po+ep)g+0(e), (2.46)
q ., . R oA N
5 (Po+&p1) +&poc® (Po. To)Ve - Uy = O(6%). (2.47)

By separating the powers of & we obtain two systems: a limit system when ¢ — 0 and
a system for the first order corrections. Since the limit system correspond to the initial
conditions described in Sec. 2.1.3, the model reduces to the first order system.

First-order system: a wave-like equation for the velocity

The system for the correction terms reads in Q,

A

ot + Vepi ~ (Vedr)' Vepo= g (2.48)
% +poVe U =0, (2.49)
% + Pt Ve Uy =0, (2.50)
with the boundary conditions
U, i, =i, only, (2.51)
{ p1=0 onfy. (2.52)

In this system the speed of sound is evaluated at the limit — or background — pressure and
temperature, ¢ = ¢(Po, fo). In particular, ¢y can be written as a function of depth. With an
adapted temperature profile it is then possible to recover the typical speed of sound profile
creating the SOFAR channel.

The pressure p; and density p; can be eliminated in (2.41) thanks to the other equations:
differentiating in time (2.41) and replacing p and p; with (2.42), (2.43) we obtain a second
order equation for U L

. 0%,

Pt = Ve (ﬁoéévf : 171) — (VO pog+poVe -U1g=0 in €. (2.53)
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Using (2.43), the surface boundary condition (2.45) is formulated for U, hence the two
boundary conditions for the wave-like equation (2.46) are

U, -

V§

The wave-like equation (2.46) is completed with vanishing initial condition for U (0) and

8,U1(0). The system (2.46) includes both gravity and acoustic terms. This equation, which

describes the velocity of a compressible, non-viscous fluid, in Lagrangian description, is

called the Galbrun equation. It is used in helioseismology and in aeroacoustics (Legendre

2003; Maeder et al. 2020; Higg & Berggren 2021). However, to our knowledge, this equation
has never been used to describe the propagation of hydro-acoustic waves.

We show now that the system (2.46), (2.47), (2.48) is energy-preserving. A model

describing a physical system should either preserve or dissipate an energy, and this property

makes it also possible to write a stable numerical scheme. Here the energy equation is

obtained by taking the scalar product of (2.46) with 8,0, and integrating over the domain.
After some computations (see Appendix, Sec. A), we have

fp1 only, (2.54)
=0 only. (2.55)

S> ||

A A dilp,1
A 2 . — A . 2
dtS /fb Lo (COV§ Ui - poglU; 83) ER do, (2.56)

with the energy being the quadratic functional given by

180 2 1 g 2

1 A A

&= P ag+ = | poleove 00 - L0,
/Po o §+2/QPO(CO ¢ Ui-2U 83) d¢

1 N 1 N
i1 / poN2 (0 - e)2d + - / pog(U1 - e3)2dor. (2.57)
2 Jo 2 Jr,

The scalar Ny, is the squared Brunt-Visisélé frequency, defined by

ER A
No(£) = (eo(§3>2 re ;32(53)) |

(2.58)

The Brunt-Viisild frequency, or buoyancy frequency, is closely related to the internal waves
that appear in a stratified medium (Gill 1982, Chap. 6). In the ocean, the usual values of N},
are around 1078 rad’s—2 (King et al. 2012).

The physical interpretation for the different terms in the energy is clearer when one writes
the wave-like equation (2.46) in terms of the displacement d, instead of the velocity U,.
Using 0;d| = U and integrating Eq. (2.46) once in time with the vanishing initial conditions
for the displacement, one obtains

(92d1

05~ Ve (,oocov§ dl)—(vfdl) pog+poVe -dig=0 inQ. (2.59)

The exact same steps of Appendix A, with d; instead of U, yield the energy equation

G8a= [ o (Ve di - pogds - €3) . o (2.60)
t £,

Rapids articles must not exceed this page length
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with the energy

s 1. . 2
8dz/P0—|Ul| d§+—/po 80Ve - dy—S-d) - e3] de
Q 2 2 Q Co
1 . 1 .
+—/90Nb(d1 -83)2d§+—/ pog(dy - e3)*do. (2.61)
2 Jo 2 Jr,

The first term in Eq. (??) is the kinetic energy. We show that the second term of Eq. (??)
corresponds to the acoustic energy. First, using Eq. (2.43) with the vanishing initial conditions
yields ﬁoé(z) - Vedy = —p1. We define then the acoustic pressure

Pa=pP1=Vpo-di. (2.62)

Indeed, in Lagrangian coordinates, the pressure perturbation p; has two contributions: the
small variations in acoustic pressure, and the background pressure being evaluated at a new
position. With the definition of p, and the equation (2.17), it holds for the second term of
€29)

2 2
1 A 1 p
—/,00 (C0V§ ~dy - iilh '83) d¢é = —/ —> d€, (2.63)
2 Ja o 2 Ja pocy
which is the usual expression for the acoustic energy (Lighthill 1978). The last term of (??)
is the potential energy associated to the surface waves. Finally, the third term of (??) is the
potential energy associated to the internal gravity waves (Lighthill 1978), under the condition

Np > 0. (2.64)

When N, is positive, it is denoted N, = N2, where N is the buoyancy frequency. The sign
of N}, depends on the choice of the state at equilibrium: g = dpo/dz has to be negative and
satisfy

LN (2.65)
PO ¢

With the term in g2/ ég, we see that the compressibility tends to take the fluid away from its
equilibrium. The stratification of the fluid must be strong enough to counter this effect and
keep the system stable (see the discussion in Gill 1982, Chap. 3). As a consequence, if one
wants the model to preserve the energy of the system, the background density should not be
assumed homogeneous. In the following, we assume that the fluid has a stable stratification,
namely that the function N, is assumed always positive. We will use the notation N2 in the

rest of this paper.

Remark: According to the equation of state (when the salinity is neglected) p = f,(p,T),
the background density varies because of the variations in temperature and in pressure. The
temperature profile can be chosen homogeneous, but the effect of gravity — see Eq. (2.17) —
prevents the pressure to be independent of depth. Hence in a model with gravity, the fluid is
always stratified with the density increasing with depth.

Remark: One can notice that the condition (??) is not explicit in Eq. (2.46) We obtain this
condition when imposing that the energy & is positive.



365

366
367
368
369
370
371
372

373

374

375

376

371
378

379

380

381

382

384
385
386
387
388

389

390

391

392

393

12

3. Derivation of simplified models

In order to compare with existing models, we present several simplifications of our model. We
first show that in the barotropic case the system (2.46) - (2.48) is equivalent to the first-order
scalar equation of Longuet-Higgins (1950). Our model also reduces to well-known models
in the acoustic and incompressible asymptotic regimes, as demonstrated below. Further
numerical implementations of our model will make it possible to quantify the impact of
assumptions made in more simple models, in particular in the case of acoustic-gravity wave
generation by earthquakes or landslides in the ocean.

3.1. The barotropic case
We consider the barotropic case, which is a very common assumption for the study of hydro-
acoustic waves (see for example Longuet-Higgins (1950), Stiassnie (2010)). For a barotropic
fluid the pressure is a function of the density only,

Jo(p,5) = fp(p) = p.
Then, using Eq. (2.15) and the definition of the speed of sound,

AL Y4 df A A Al A

Py =Py gy (Po) = —pog = Pice; (3.1)
meaning that the Brunt-Viisild frequency vanishes, N> = 0. This corresponds to the case
where the density is stratified because of the variation of pressure only. In order to use this
equality, we divide Eq. (2.46) by po,

0*U, oo 7 . .
v, (covf : U1) 2R 4| Ve Ues + V(01 e3)g=0. (32
or? £o ‘ ‘
and when Eq. (3.1) holds, the equation (3.2) can be simplified and reads
U, R . .
5~ Ve (cgv§ -U1) +V¢(0, - e3)g =0. (3.3)
Taking the curl of Eq. (3.3) yields
IV XU _ iy (3.4)
=0in Q. .
or?

With the vanishing initial conditions we obtain that the velocity of a barotropic fluid is
irrotational. This is a well-known result, since the fluid is also inviscid and subject to a
potential force only (Guyon 2001, Chap. 7). By the Helmholtz decomposition theorem
(Girault & Raviart 1986) the fluid velocity is written as the gradient of a potential ¢ defined
up to a constant. The expression U; = Ve is used in Eq. (3.3), to obtain

Pv o oy
Vel — - Ay +g—= | =0. 35
& 912 hAY1 g8§3 (3.5
The potential s being defined up to a constant, it can always be sought as the solution of
v oy
=7 CANY + e 0. (3.6)
The equation (3.6) is multiplied by po/éZ, and we use g/& = —p}/ fo,
69 0° R . 0
POV sonew—pp 2 o, (3.7)

&2 or 9&3
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And since py depends only on &3, the two last terms can be rewritten,

po 0%y .
P0G (pTen) =o. 39
6(2) o0r?

Hence ¢ satisfies a wave equation. The boundary conditions are then deduced from Eq.
(2.47) and Eq. (2.48),

Ve - Ap =ip onlyp, (3.9)
) Py
CoNg = FERLrT =0onfly. (3.10)

The system (3.6),(3.7),(3.8) is the first-order system obtained in Longuet-Higgins (1950). In
Longuet-Higgins (1950), the derivation is quite different since the irrotationality assumption
is made independantly from the fact that the fluid is barotropic, and the boundary conditions
are obtained from a linearized surface condition. The linearization made in Longuet-Higgins
(1950) gives exactly the same result as the linearization strategy we have presented.

We show that the system (??),(3.7),(3.8) is energy-preserving. The equation (??) is
multiplied by 9,y and integrated by parts,

Xy
J 55 e oo (5] v

—/ﬁoa—nglr~e3d0'+/ ﬁoa—wV(,[/'nth'ZO. (3.11)
r, Ot r, Ot

With the boundary conditions (3.7) - (3.8) and after simplifications it holds
d oy
—Epar = — s 12
dtab / Poatubldff (3.12)

where the energy Epq; is defined by

_ 21 Wy A 2 1 oy
sbar—Z/ Q(m) dt + /onwlm df+2/F (at) TNERE)

The first term of Eq. (3.10) is the acoustic energy. Indeed, with (??) and (3.1) one can show
that the acoustic pressure p, and the potential ¢ satisfy the usual relation p, = —po0;¢
(Lighthill 1978, Chap.3). The second term of (3.10) is the kinetic energy. Finally, with
(3.8), one sees that the third term of (3.10) is the potential energy of the surface waves. In
order to obtain the energy equation for the barotropic system (??), it is necessary to use the
background density gy even if it does not appear in Eq. (??). The correct manipulation for
writing the energy equation was found by comparison with the general case described by Eq.
(2.46).

Finally, note that when assuming a homogeneous density in the equation (2?), the system
(??)-(3.8) reduce to

2
Z—t‘f ~ Ay =0in Q (3.14)
Ve - fip =iip onlp, (3.15)
2
[9_:,// +g (')z,l/ =0onfly. (3.16)
or? 653

and the energy equation (3.10) is not modified by this assumption. However, assuming a
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homogeneous density is not compatible with the derivation of the system (??)-(3.8), which
relies on the equality g/ 6(2) = —py/Po- The model (2?)-(2?) can be understood as a barotropic
model with the additional assumption that both —4/po and g/ 6(2) are neglected inside the
domain.

3.2. Two asymptotic regimes of the system

In this section we write the limit models for two asymptotic regimes of the system (2.46)-
(2.48). We consider the incompressible regime, where the acoustic waves are neglected, and
the acoustic regime, where the effect of gravity is neglected. The wave equation (2.46) is
written in non-dimensional form, and we show that it depends on a small non-dimensional
parameter. A simplified model is then obtained by passing formally to the limit when the
small parameter vanishes. By making the appropriate choice for the time scale we obtain first
an incompressible approximation, then an acoustic approximation.

3.2.1. Non-dimensional equation

We introduce the following characteristic scales for the system: a time 7, a horizontal scale L,
a vertical scale H, a density p, and a fluid velocity U. Since the speed of sound is not assumed
constant, we denote by C its characteristic magnitude. Finally, the surface waves velocity is
of the order of 4/gH (Constantin 2009). We focus on a non-shallow water formulation, hence
we take L = H. For a shallow water version of the equation one would choose H < L.

Two dimensionless numbers are introduced: the Froude number and the Mach number,
respectively defined by

U U
Fr=——, Ma=—. 3.17
el T ¢ e
To fix the idea, we choose the following numerical values respectively for the speed of
sound, the fluid velocity and the surface waves velocity: C ~ 1480 ms™', U ~ 1 ms~! and

vgH ~ 100 m s~!. The dimensionless numbers are then
Fr=001, Ma=6.10" (3.18)

The characteristic scale for time will be fixed later, as it will depend on the regime we want
to study. The variables are put in non-dimensional form and the dimensionless variables are
denoted with a ~, except for the space and time variable for the sake of conciseness. The
adimensionned domain is denoted by  and its surface and bottom boundary are respectively
[y and I',. The non-dimensional system reads, after simplification by the factor U,
~ 2T 2
%6851 - %vg (P0cdVe - O1) + 550 (Ve (01 €3) = Ve - Ui es) =0, (3.19)

with the boundary conditions

U] . l’fb = ﬁb,l on fb, (320)
Ve-Up=0 onfy, (3.21)

where iip| is a dimensionless source term.

3.2.2. Incompressible limit

We show that in the incompressible regime, our model is an extension of the classical
free-surface Poisson equation to the case of a variable background density.
In order to study the incompressible limit, the characterisic time 7 is chosen to follow the
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surface waves, which are much slower than the acoustic waves. We take L/t = v/gH. The
equation (3.13) becomes
_ 0%, Fr

o5~ i Ve (#0c3Ve - 01) + fo (Ve (01 - e3) = Ve - Uy e3) = 0. (3.22)

The small parameter § = Ma/Fr ~ 6.1072 is introduced in the equation,

_ 0’0,
Po—at2

and the goal is now to calculate the limit of equation (3.17) when § goes to zero. We make
the following ansatz for U,

1 . - ~
- EV@: (ﬁoé’%Vg . U]) +ﬁ0 (Vf (U] . 83) - V‘;: -U, 63) = 0, (323)

ﬁl = 171’()+5201’2+O(63), (324)

where U 1.0 U 1.1 and U 1.2 are independant of 6. Since Eq. (3.17) has only even powers of ¢,
the term U | is equal to zero. Replacing U by its ansatz in the wave equation (3.17) and
separating the powers of ¢ yields an equation for each term of the asymptotic developement
of U}. The equation obtained with the terms in 62 reads

Ve (poc3Ve - Oro) =0, (3.25)
and the equation obtained with the terms 6° reads

0’0 . . .
50721’0 = Ve (PocdVe - Ura) +fo (Ve (Dr0-e3) = Ve -Troes) =0. (3.26)

With the terms in 6° of the boundary conditions we have

Ve U o=0 onfy, (3.27)
f]l,o . flb = ﬁb,l on fb. (3.28)
And the terms in 6% of the boundary conditions read
Ve -U2=0 onfTy, (3.29)
01’2 . flb =0 on fb. (330)

We show now that the limit model represents an incompressible flow. The Helmoltz
decomposition of Uy o reads

Uio=Vepio+ Ve Xy, (3.31)

where ¢ o vanishes on Iy and ', Injecting the decomposition of U 1,0 in Eq. (3.19) yields
Ve (60 Acwro) =0, (3.32)

hence the term inside the gradient is constant in space. Since the velocity U 1,0 is equal to
zero at infinity, we obtain that Agp1 9 = 0 in Q (the quantity §oéo being always strictly
positive). With the vanishing boundary conditions for ¢; o, we obtain that ¢ o is equal to
zero everywhere in Q. Then, taking the divergence of U  yields

Ve -Ui0=Ve (Vexyip) =0, (3.33)

hence U  is divergence-free.
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Now, using the property V - Uy ¢ in the equation (3.20) and rearranging some terms, we
obtain

_ %0, o, - e o
Po—p7 - Ve (POCOV.f 'U1,2) + Ve (PoUro - e3) —po(Uip - e3) e3 =0. (3.34)
Taking the curl of this equation yields

2171 0
— P10 e3)es| = (3.35)

0
\Y% & X po
This means that these terms can be expressed as the gradient of a potential function defined
up to a constant and denoted — @y,

_ 0™
Po o

The new function @y can be understood as the Lagrange multiplier for the incompressibility
constraint. However, one must be cautious that @y is not similar to a pressure in this case, and
rather plays the role of a velocity potential, as we will see later in the case of homogeneous
density. The function @y can be expressed differently. By using the definition (3.30) in the
equation (3.28) we have

- poUr0- €3) e3 = =V £ @. (3.36)

Ve (—950 —poceVe U2+ poU1 o - 6’3) =0, (3.37)

and since the potential @y is defined up to a constant, it can be chosen such that, in Q, we
have

Go=—pocgVe - Uia+poli o - €3. (3.38)
We deduce from this equality and (3.23) the boundary condition
Go=poU1o-e3 only. (3.39)

To recover a dimensional system, the terms are multiplied by their corresponding character-
istic scales, and @9 = pU¢y is defined. The limit solution U; o = UU|  satisfies

Po 62;2]’0 — P\l €3) e3+gVedp=0 inQ, (3.40)
Ve -Upp=0 inQ, (3.41)
with the boundary conditions
U, o-f, =i, only, (3.42)
Ve -Upp=0 onfy, (3.43)
@o=poU1o-es onTy, (3.44)

We show that the model (3.34)-(3.38) preserves an energy. Taking the scalar product of
(3.34) with 9,U ¢ and integrating over Q yields

1d
24t

af]l,o
ot

Po df

dé - / e (U10-e3) e3-
Q

The last term of Eq. (3.39) is integrated by parts. With the vanishing divergence of U 1,0 and
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the bottom condition (3.36) it holds

ol o
/g i “Ve@odé = /gsoo
Q

then ¢y is replaced in the surface integral using Eq. (3.38),

o0
-eydo — / 2o ’g”l dor, (3.46)
f f

FY) N
1d (9U1 0 ~ (9U1 0
2 dg - [ gpl(Uyp- =2
3 L £~ [ a0 even 2010 ag
e ol o .
+/ gpoU1 - €3 -eadcr=/ g%o (3.47)
Ty f
By defining the energy
JY)
aUl,o

L[
Sincomp = 5‘/f;p0

the equation (3.39) can be formulated in the following way,

1 T 1 A
dé-= / g0\010-e3]° dé+= / 800l e3]* dor, (3.48)
ot 2 Jo 2 Jr,

d O0iip 1
Eaincomp:/Fb 8¢¥0 o (3.49)

Each term of E;pcomp has the same interpretation as in &. Note that the acoustic term of & is
not present in &;,comp. The potential energy associated to the internal waves is also written
differently, as in the formal limit &y — oo the buoyancy frequency reads N> = -8Py/ Po-

Remark: The condition |p)|/po > g/ c% is no longer required because the destabilizing
effects in the energy equation (2.49) come from the compressibility, and here it is neglected.
This can be seen by formally assuming that the sound velocity is infinite, then the squared
buoyancy frequency reads N2 = —8p(,/po- Density must still decrease with depth, but can
be homogeneous.

The system (3.35)-(3.34) represents an incompressible fluid. However, this system is
different from the classical Poisson equation found in the litterature (Lighthill 1978) because
of the assumption of a nonhomogeneous background density. For the sake of comparison
with other models, assume now that the ocean at rest has a homogeneous density, g = 0.
Taking the divergence of Eq. (3.34) yields

Agdo = 0. (3.50)

The boundary condition are written differently to ease the comparison. The bottom boundary
condition is obtained by taking the scalar product of Eq. (3.34) with f;, and replacing the
first term with Eq. (3.36) differentiated twice in time,

(921/!;, 1

o012
ForAthe surface condition, the equation (3.38) is differentiated twice in time and the term in
(9,2,U1,0 is replaced with (3.34),

- po——>——gpy(U10-e3) ez - fip + gV ey - i, = 0. (3.51)

8¢ 17 N
990 _ eptro - e3) +ga?(3) -0 onfy. (3.52)
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With the assumption of a homogeneous density, the boundary conditions (2?), (??) read then

A

Ve@o - Ay = —pogitp,1  only, (3.53)
@0 3o .
? +g 653 =0 onlyk. (354)

The Poisson equation (3.44) with boundary conditions (3.45) - (3.40) is the system satisfied
by the velocity flow of an incompressible homogeneous free-surface fluid (Lighthill 1978,
Chap. 3.1). Note that it was required that g; # 0 in the system (2.46) to obtain an a priori
positive energy. Here this assumption is dropped, however a rather simple expression for the
preserved energy can be derived: multiplying Eq. (3.44) by d;¢o, integrating by parts and
using Eq. (3.45)- (3.46), we obtain

. 0¢o o
[Aﬂooa—df: /Vf‘ﬁ Vf( )d'f
o) t
1 0@ %o / d¢o
do + —_ d 3.55
/rgat 572 F,]/008(9 Cip,do. (3.55)
We define the energy
1, 0¢
Epoisson = (/ |V§(P|2 d¢ +/ (;‘;0)2 dO‘) > (3.56)
Then it holds
d ¢
—&poisson = — O0g—— 1 do. 3.57
6P /Fbpog 5 tpado (3.57)
By comparison with the energy of the barotropic system (3.10), we see that the first term of

(3.48) is the kinetic energy and the second term of (3.48) is the potential energy associated
to the surface waves.

3.2.3. Acoustic limit

Another possible simplification of the system (2.46) - (2.48) is to keep only the acoustic
terms. This choice is justified for short time scale, because the propagation speed of the
acoustic waves and the gravity waves have different orders of magnitude (Longuet-Higgins
1950). Here we show that in the acoustic limit, the model reduces to a classical acoustic
equation.

With the timescale L/t = C, corresponding to the acoustic wave, and with the same small
parameter § = Ma/Fr as before, the system (3.13) becomes

. 0’0,
PO o0
With the boundary conditions

-V, (ﬁoc"%Vf : 01) +6%0 (Ve (U1 €3) Ve -Upe3) =0 in€,  (3.58)

lj] . flb = ﬁb,l on fb, (359)
Ve .Uy =0 onTy. (3.60)

As before, we make the following ansatz for U,

(.71 =l~]1’0+52l~]1,2+0(53). (3.61)
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One can see that the limit term 6 — 0 for the volumic equation (3.50) is

~ 62(]1’0 ) -
foi = Ve (p()COV ‘- Ul,o) - 0. (3.62)
Taking the curl of this equation yields
2
(Ve x (polU10)) = (3.63)

82

hence the curl of 5ol o is affine in time. Moreover, it is equal to zero due to the vanishing
initial conditions. By the Helmoltz decomposition theorem, the term poU| o can be expressed
as the gradient of some function i defined up to a constant,

poU1,0 = V. (3.64)
By subsituting in equation (3.54) we have
o . o -
v, (W - AociVe - (65" Vo) | = 0, (3.65)
then it holds
gy — ~
L0 poc3Ve - (55 Vedo) =0, (3.66)
since g is defined up to a constant. We need the boundary conditions to conclude. Evaluating

(3.54) at the surface yields

LU0 0 (. , . N
P 5a " 5 (pocOVf : Ul,o) e3=0  onf,. (3.67)
Using the surface condition (3.52) in the equation (3.59) yields
" 52[]1 0 -
00 (9t2, =0 onlI. (3.68)
With the definition of the potential i it holds
%Y _
mf -0  onTy, (3.69)
hence one has
0%y -
a‘”zo =C(t)  onfy, (3.70)

where C does not depend on space. Moreover, since ¢ vanishes at infinity the constant C
is equal to zero, hence 5;;91’0 = 0 on I'y. With the vanishing initial conditions this implies
that o = 0 on I';. To recover a dimensional system, the terms are multiplied by their
corresponding characteristic scales, and o = pUL g is defined. The system reads then

521/70
o

with the boundary conditions

— poc2V, - (ﬁalvglﬁo)ﬂ in O, 3.71)

Vo fp =ipy  onlp, (3.72)
Jo=0 onfly. (3.73)
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The system (3.60)-(3.62) is the classical wave equation for the potential f, with a propagation
speed 6(2) and a non-homogeneous density.

An energy equation can be obtained by multiplying Eq. (3.60) by d,¢/ (poc%) and
integrating over the domain. The result reads after an integration by parts

d 1 dy

—&acoustic = — ———1lip,1do, 3.74

7 ' ./fbpo 57 tpado (3.74)

where the acoustic energy is
A2
1 1 (0 1 1 ,_ .
Eacoustic = 5/ ~ 0 (%) d§+ _f TlVll/Olz df (3.75)
Q Poc; \ ot 2 Ja po

With the same analysis as in the previous cases, one can show that the first term of (3.64) is
the acoustic energy, and the second term is the kinetic energy.

Remark: In the sections 3.2.2 and 3.2.3, the equations (3.44) - (3.46) and (3.60)-(3.62)
use the Lagrangian description whereas the equations from the litterature use the Eulerian
description. In the general case, the use of different coordinate systems would cause two
problems. First, when doing the change of coordinates, new terms should appear from the
space or time differentiation. Second, the description of the domain is different, and this
implies that the boundary conditions are not evaluated at the same location. In the next
section we will show that the first problem does not exist in our case, due to the lack of a
background velocity. As for the second problem, the linear eulerian models are obtained by
evaluating the boundary conditions at a fixed water height. To this regard they use the same
boundary as if they were in a Lagrangian description of the domain, so that the comparison
remains valid.

The equations with their boundary conditions and the associated energy, for the general
model and its different simplifications, are summarized in Table 1.

4. The model in Eulerian coordinates

The equations we have been working on are defined on the reference domain Q. However, the
linear equations for the acoustic-gravity waves are generally written in Eulerian coordinates.
In order to compare our model with those from the litterature, the equations must be
formulated on the moving domain Q(¢). In this section we present a method to write the
system in Eulerian coordinate.

4.1. General method

The aim is to write the equation on a moving domain €(¢), hence a transformation ¢ : Q-
Q(?) is needed. We start by using a first order approximation of the real transformation ¢.
The transformation ¢ is developed for small displacements,

P(E.1) =T+ edi(£,1) +O(2). (4.1)

Letd.(&,1) = I+e¢ (&, t) be its first order approximation. ¢ . is used to define the equivalent
domain and its boundary,

Qs([) = ¢8(Q)9 Iﬂs,eq = (¢s(f¥))’ Iﬂb,eq = (¢8(fb)) (42)
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The coordinates on the equivalent domain are written X = (x,y, z). For any generic function
X (&,1) defined in Q, a function X (x, t) is defined in Q. by the following change of variables

X(x,1) = X(¢. (x,1),1), (4.3)

which is equivalent to

X(£.0)=X(9:(£.0).1), 4.4)
as long as @, is invertible. Then, if the function X has a first-order approximation X =
Xo+eX+O(£?), then the function X also has a first-order approximation X = Xo+&£X;+0(&?)
and it holds (see Appendix, Sec. B)

VX0 = VXo, (4.5)
Xy 90X
— ==, 4.6
ot ot (46)
VeXi = (Ved) VX0 + VX, 4.7
6)21 0X;
— =—+U; - VX, 4.8
Y 5 tU 0 (4.8)

In the following, when writing the equations satisfied by the free surface of Q., we will also
use

0@
ot

=eU,. 4.9)
4.2. The model in Eulerian coordinates

Using the change of variable (4.4) in the system (2.41)-(2.43) and with the equalities (4.5)-
(4.8) we obtain the following system for U1, p1, p; defined in Q,

po%+vp1 = P18 (4.10)
%+V-(p0U1):O, (4.11)
%+Vpo-U1+pocév-U1 = 0. (4.12)
And py, pg satisfy the limit equations
0
% =0, (4.13)
Vpo = pog. (4.14)

In order to close the System (4.10)-(4.14), boundary conditions should be prescribed. To get
a linear problem one wants to prescribe this condition on the fixed domain Q. To do so we
assume in the following that the equations (4.10)-(4.14) are defined in Q. It would be true if
Q c Q,, but the inclusion is in general not verified. Because of this approximation, errors of
order O(&) may be introduced. For this reason the system in Lagrangian coordinates should
be preferred, at least for future extension of this work.

Boundary conditions and free surface description

Following the approach of Nouguier et al. (2015), we show that a description for the free
surface can be obtained. In the following, the components of the fluid velocity are denoted
U, = (U!, U12, Uf)T. The surface is defined by I'y ., = ¢ (I'5), and we assume that at each
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time ¢ it can be parametrized as the graph 7. The elevation 7, is a function of x, y, and ¢
and can be decomposed in the following way,

ne(x,y,1) = H+eni(x,y,1). (4.15)
From the correspondence between the free surface and the particle displacement, it holds
02L& H.1) = 0o (v, & H.0), y(€.€2, H 1), 1). (4.16)
Differentiating (4.16) in time and using the equation (4.9) yields
A 0 ~ 0 ~ 0
03, & H,) = S22 +201(6), 6, H,0) T2 + 603, &, Hn 22 @)
ot 0x ay
We use the change of variables ¢ . (&,1) = Id + e¢1(€,1),
0 0
SUI (9o, € H,0,0) = =12+ 8U (9(6, € H.1),1) 52
ot ox
0
+eUT($e(&', 6% H, 1), 1) a”yg . 418)
After a Taylor developement and keeping only the terms in &, it holds
0
U3(x,y,H.1) = %, (4.19)

this is the linearized equation for the free surface. Then the dynamic boundary conditions are
linearized. With the change of variables, the boundary conditions (2.17), (2.44) and (2.45)
become

U1 *Rp = Up, | on Fb,eq, (4.20)
po=p* on l—‘s,eqa 4.21)
p1=0 onTy.q. (4.22)

If we linearize (4.22) only we would miss the first-order term coming from (4.21). From
(4.21) and (4.22) we deduce the boundary condition for the pressure

po+epr=p° only.,. (4.23)
A Taylor developement of pg and p; around z = H on I ., yields
po(H) +&(p1(x.y, H.1) + po(H)m) + O(e?) = p°. (4.24)
After an identification of the powers of & it holds
po(H) =p®,  pi(x,y,H,1) = po(x,y, H,1)gmi(x,y,1). (4.25)
In a similar way, the linearization of Eq. (4.20) reads
Up(x,y:20) = Uj (x,3.20) 0x2b = U (0, 3,2) Oy2p = up,1 (1, y,1).  (4.26)
Hence the equations for Uy, p1, p1 can be fully defined on the domain Q, with an error in

O(&?). Finally, note that the system (4.10)-(4.12) with the boundary conditions (4.25),(4.26)
and the kinematic condition (4.19), is shown to be energy-preserving, locally as well as over
a whole water column (Lighthill 1978; Lotto & Dunham 2015).

In this section we have derived the linear equation in Eulerian coordinates, even though
an approximation on the domain in which the equations are defined was necessary. The
computations of Sec. 4.1 also justify that in the absence of mean flow and with the evaluation
of the boundary conditions at a fixed height, the linear system in Eulerian coordinates is
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similar to the one in Lagrangian coordinate, up to terms in O(&?). At the same time, the
linearization in the Lagrangian coordinates is better defined. For this reason the system in
Lagrangian coordinates is preferred for the rest of this work. We conclude this paper by the
study of the dispersion relation obtained from Eq. (2.46).

5. Dispersion relation

A key aspect of wave models is the related dispersion relation, that we derive here from Eq.
(2.46) and solve numerically. First note that if one defines the equivalent pressure p ., the
equivalent density p . and the equivalent velocity U by

Ps=po+&pl, ps=po+ep1, Ug=el, (5.1)

then a combination of the equations (4.10)-(4.14) yields the following system for p ., p and
USy

oU .
pOW +Vpe=peg+ 0(82)’ (5.2)
0pe
L4V (poU) = O(2), (5.3)
6198 2 _ 2
Y +Vpo-Ug+pocy V-Ug =0(&%). 5.4)

This system is comparable —up to the terms in O(€?) —to the system studied in the paper from
Auclair et al. (2021). In Auclair et al. (2021), the author thoroughly analyze the dispersion
relation for the model of a stratified compressible fluid with a constant sound speed.

In order to make the computations clearer, the problem is restricted to a 2-dimensional
configuration in ¢! and &3. We also assume that the bottom is flat. Following the approach
of Auclair et al. (2021), the wave angular frequency w and the horizontal wave-number
frequency k, are defined, and we seek a solution of the form

AT ﬁl 3 i I_wr
pOUl (51953’0 = (53E§’;;) e (k& ) (55)

First Eq. (2.46) is written differently to make the unknown poU; appear.

22 N72

3%pol B oA Ny
itk —=Ve(é3Ve - (polh)) - Ve ( Og % ool - 3

012

—gVe-(poU1)es=0  (5.6)

Injecting the ansatz (5.5) in Eq. (5.6) yields

_ - E2N? _
WU +iky (6O(ika1+(U3)’)+0—U3 =0, (5.7)
g
— - &N? _ -
2T + 0 (éo(ika1+(U3)’)+03( O 7|+ g(ik, T + (T?)) = 0. (5.8)
g

Using the equation (5.7), the horizontal component U’ is expressed as a function of the
vertical component,

EDUP) + (¢ - gD)U?
D(w? - c%k)zc)

U' = ik, , (5.9)
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where D is a depth scale, defined by

1 N? 0
_=_+%=@, (5.10)
D g ¢ Po
We also define the quantity
C’:/
§=29 (5.11)
Co
Replacing U' in the equation (5.8) yields, after some computations,
_ 1 _ 2 2_,2 D’ N2 2 _
U3 +| =+ S| (U?) + w—+k§N—w——+S s, Y NeE=o.
D i w? D? &8 W - Cpky
(5.12)
In order to write an harmonic equation the following change of variable is made,
~3 ~3 H a 1 2
U’(z) =U’(H)F(z) exp (/ —dz'), a=—+ws. (5.13)
. 2 D
Then F(0) =0, F(H) = 1 and F satisfies the equation
F'+k:F=0 (5.14)
where the vertical wave-number k, is defined by
- - ———— - -w
S W 6(2) 4D? 2
N2 2 2
sl @Y i) =0, (5.15)

& 8 wr-chky 2D 4

The equation (5.15) is the dispersion relation for the two wave-numbers k,, k, and the
frequency w. It is a generalization of the inner dispersion relation in Auclair et al. (2021) to
the case of a non-constant sound speed. Indeed, with a constant sound speed one has S = 0
and (5.15) is exactly the inner dispersion relation in Auclair et al. (2021)..

Remark: In the most general case, the scalars N, D and S depend on the depth z, hence
k, also depends on z. It is then not clear whether the solution to Eq. (5.14) and the profile
U3, can be written explicitely. When &, does not depend on z, as in the study from Auclair
et al. (2021), the expression of the profile U3 is used with the boundary conditions to obtain
a boundary dispersion relation. In our case k, is not a constant, and the boundary dispersion
relation is not easily deduced.

Numerical approximation of the dispersion relation

An evaluation of the equation (5.15) is possible once the limit state for the pressure and the
density is computed. The differential equation for the pressure (2.15) is numerically solved
for the temperature profile shown in figure 3a.

Then the density and the speed of sound are computed from the tabulations given in
IAPWS-SR7 (2009). Figure 3b, 3c show the obtained density and speed of sound. With
these profiles the dispersion relation (5.15) is computed. Figure 4 shows the contours of the
vertical wave-number as a function of the horizontal wave-number and the angular frequency,
at different depths. For the sake of comparison, the plotted variables are the adimensionned
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Figure 3: Temperature, density and sound velocity profiles used for the computation of the
dispersion relation where &3 = 0 is the seafloor and &3 = 4000 m is the ocean surface.

variables 6, = kxH, 6, = k,H and log,,(d,,), where 6, = wyH/g.

Although Fig 4 is close to the one in the paper from Auclair et al. (2021), one can notice
the influence of the ocean depth on the contours. This first result suggests that the variation
of the parameters ¢y, N, D with depth plays a non-negligible role in the waves dispersion.

6. Conclusion and future work

In this work we have presented a system describing the propagation of acoustic-gravity
waves in a free-surface fluid over an varying bed (bathymetry) and with a variable sound
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Figure 4: Contour of the vertical wave-number as a function of the horizontal
wave-number & and the angular frequency &, at different depths &3. 4a: £3 = 2000 m,
4b: €3 = 3600 m, 4c: £3 = 4000 m.

speed, applicable to describe in particular hydro-acoustic and tsunami waves generated by
earthquakes or landslides in the ocean. Through a rigorous linearization of the compressible
Euler equation we have obtained a model able to represent many physical phenomena, such
as the SOFAR channel or the propagation of internal waves. The variety of these phenomena
is well represented in the dispersion relation.

In the derivation only few assumptions are made and some common simplifying hypotheses
were avoided. In particular, the fluid is not necessarily assumed barotropic and it is not
assumed irrotational. Thanks to this approach, many terms representing different physical
phenomena are kept in the wave-like equation. With a numerical approximation one could
then compute their respective magnitude, and justify which terms can be neglected. Note
also that in the present work the source term is a displacement of the seabed, but this is
not restrictive and other source terms could be used (a change in the surface pressure for
example).
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With additional assumptions compatible with the derivation of the system, such as
considering a barotropic fluid, or restricting the model to the incompressible regime or to the
acoustic regime, we are able to recover simpler models widely studied in the litterature. The
mathematical study of the more complete model can help gain insight on the other ones. For
example, we could clearly identify the assumptions made in the hydro-acoustic waves model
used by Stiassnie (2010); Sammarco et al. (2013) and others. Namely, in those models the
fluid is assumed barotropic, and the effects of stratification and gravity are neglected inside
the domain. The study of the more complete model also helped to write the conservation
of energy in each simplified case. The linear model in Lagrangian coordinates can also be
used to recover the linearized Euler equations in Eulerian coordinates. This brings a clear
understanding of the usual — nevertheless non satisfactory — assumption that is used to derive
the aformentionned models in Eulerian coordinates.

The wave-like formulation of the model makes it a good candidate for a numerical
approximation by the finite elements method. The fact that it preserves an energy suggests
that the problem is well-posed, which motivates a more thorough study of the mathematical
problem. Numerical implementation of this model will make it possible to simulate acoustic-
gravity waves generated by earthquakes and landslide sources accounting for the complex
bathymetry, thus contributing to improve early-warning systems. It will also help quantifying
the errors made in more simple models, such as the hypothesis of an irrotational flow. These
two aspects will be investigated in a future work.
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Appendix A.

In this section an energy equation for the system (2.46) is obtained. Recall that the system
(2.46) reads in L,

00 o .
055 = Ve (PociVe - 01) = (VeO) fog+ poVie - U1 g =0, (A1)

with the boundary conditions

Ui-np=ip; only, (A2)
Ve U =0 onfy. (A3)

By taking the scalar product of (2.46) with ,U; and integrating over the domain we have

Lo (p 2 e - [ B (ve (et - 01)) e

oU . o0
+/—l-<V§(U1-e3)ﬁog) d«f—/ Lo (poVe U1 ges) dE=0. (A4
O ot Q ot

For the first integral of (A 4) it holds

/ ou, (., 0*U, o = d / (9(71
o 01 \Pop2 dar o2 ot
The second term of (A4) is integrated by parts, using V¢ - U, = 0 on the surface and
U, - iy, = b, at the bottom (hence ét(ﬁl -Ap) = 6,!31),

[oN

£. (AS)

il 1d
/ 1 Ocové’ U]) dqf—zd / OCO|V§ U]l df

a,\
/p()COVg U] al‘ dO‘. (A6)

For the computation of the two last integral of (A 4), we define

(= [P0 (9ei0r-e9 pos) e~ [ 200 (a5 Orges) ot an

an we denote by 1 be the vector normal to the boundary 9Q. (/) is integrated by parts and
reads

. v, o0
(I)=/ pogUl-e36—l-nd(f—/gU1 e3Ve - (po—])d-f
a0 !
LA .
—/poga—l-e3V§-U1df. (A8)
o) t

The boundary term is simplifed using 9, (l7 |- Ap) = d,by at the bottom. On the boundary I,
the surface is horizontal hence the normal vector is the unit vector e3, so it holds

. db . ol
(0= [ poglr-es T do+ [ poglh et endo
fb t Iy ot

oU N
f gl - e3V, - (m—‘)df / pog— eV U1 dé. (A9)
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Next we develop the gradient in the third integral of Eq. (A 9). Note that gy depends only on
the vertical coordinate, then we have

~ ol ~  0Ui-esdpy  1d
- Ui -ex— -Viepg = — U,- —_— = U A10
‘/ﬁg 1es— = Veho /Qg N P 7 I b P08| 1-e3]’, (A10)

hence we obtain

b, 1d
D= pogli-es —d U d
(1) /ﬁbpog 1es 5 -dot s 008| 1-esldo
1d )
24t Jo _8pylU, - e3]* dE - POgUl 33_(Vf Uy) dg

U, N
/Pog 5 -e3Ve-Updé. (All)

The two last terms of (A 11) are put together,

IS

0by 1d .
D= | pogU Ldo+-— U, -e3’d
(1) /ﬁbpog e 4o s ) pogl 1-e3|"do
1d
37 8P0|U1 el df—— PogUl esVe-Uidé. (A12)
Summing the terms (A 5), (A 6) and
d 6(71 1d 2
d \Y - = d
a po | %¥taa /pO(co ¢ O U‘ e3) ¢
1d g’ gp o
“ar ) po(U - e3) ( = | dé+ /Pog(U1'83)2d0'
t CO s
2 2 A T 31217,1
= PO(COV.f'Ul—POgUl'%) ldr, (A13)
I 14
and by defining
2 N
Ny =- |+ 50, (A14)
Cy PO

we obtain the energy equation (2.49).

Appendix B.

In this section we derive the relations between the zero- and first-order approximation
in Eulerian and in Lagrangian coordinates, when differentiating with respect to time or
space. First note that ¢y and ¢; can be expressed in terms of the displacement d. From the
assumption of small displacements it holds d = ed; + O(&?), then identifying the powers of
£ and summing yields

¢8(§7t) =§+8dl(§’t)‘ (B 1)

From the change of coordinate we have

VeX = (Vede) VX = (Id + 6V £d1)T VX, (B2)
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903 and using this identity for X = X + £X; yields

904 Ve (Xo +eX)) =VX0+3((V§d1)TVX0+VX1)+0(52). (B3)
906 By identifying the powers of ¢ it holds
907 V‘;:X() = VX, Vf)?] = (Vé:d])T VXy+ VXj. B4)
908 The same method is used for the time derivative. Starting with

X X O
909 E(f’t) = E(?’s(f)ﬁ)‘*‘?(f)'VX(¢8(§)J)’ (B5)
910 we obtain after replacing X and X by their first order approximation,

0Xo 0X; 0Xo X, ad, )
911 — te—=—+¢c|—+— - VX |+ O0(&Y). B6
912 ar o ar ° ( ot ot 0) (&) (B6)
913 With 8,d;(&,1) = Uy (€,1) = Uj(x, 1) it holds

—_— —_— - VX . B

914 o +8(8t +U,; 0)+0(s) B7)

915 We identify the powers of &,

X X X X
0%y _ 9% Q:%+U1-vxo. (BS)

2o 9t ot o
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