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Deep learning of Value at Risk through generative neural network models : the case of the Variational Auto Encoder

We present in this paper a method to compute, using generative neural networks, an estimator of the "Value at Risk" for a financial asset. The method uses a Variational Auto Encoder with a 'energy' (a.k.a. Radon-Sobolev) kernel. The result behaves according to intuition and is in line with more classical methods.

Motivation

1.1 The law of the returns: sample size, Gaussian assumption and beyond

The goal of this paper is to briefly present a method for computing the "Value at Risk" for a financial asset using generative neural network approaches.

The "Value at Risk", introduced by J.P. Morgan and Reuters [1], measures the maximum loss incurred by a holder of a financial asset, at the end of a given time horizon T (for instance T = 10 days) when excluding the worst scenarios (5% worst for the q = 95% Var, 1% for the q = 99% VaR and so on)1 ; we refer to [1] and to the huge financial and prudential literature on it for more detailed considerations on the VaR.

Of course, as VaR is about the future returns, there is a large uncertainty on the statistical properties of the future returns at the time T . Usual implementations consider the returns as normal variables (thus the prices are log-normal) and fit the Gaussian to historical data. Several problems can appear: 1 -a lack of robustness because the returns parameters may change with respect to the past or because the available data is too scarce to estimate them accurately -a fragility due to model risk when some assumptions are made on the law of the distribution of the returns.

Thus it is relevant, to mitigate this risk, to investigate some model free approaches.

Generative neural networks: Variational Auto Encoders

To address these concerns, we use generative neural networks; these are methods that can sample new objects (similar to ones already in the training set) without parametric assumptions on the probability law on the set of objects.

There are many flavors of generative neural networks, e.g. the Generative Adversarial Networks [START_REF] Goodfellow | Generative Adversarial Nets[END_REF][START_REF] Turinici | Convergence Dynamics of Generative Adversarial Networks: The Dual Metric Flows[END_REF], the Variational Auto Encoders (hereafter abbreviated VAE) [START_REF] Diederik | An Introduction to Variational Autoencoders[END_REF], etc. We use the latter ones and refer to [START_REF] Turinici | Radon-Sobolev Variational Auto-Encoders[END_REF] for details concerning the technical considerations and more precisely on the special kind of VAE named the 'energy' or 'Radon-Sobolev' VAE, that is employed.

Deep neural network for VaR computation

A VAE (Variational Auto-Encoder) deep generative network was trained to sample sequences of 252 + 10 = 262 consecutive trading days. The training set is composed of all blocks of 262 consecutive trading days for the S&P500 index available from Jan 1 st 1928 to Nov. 1 st 2022, totaling 23561 (overlapping) sequences. In order to avoid scaling issues, a multiplicative factor is applied to ensure that any sequence starts with value 1.

The goal is to produce the distribution probability of the return over the next 10 days, conditional to the last 252 historical data available. This distribution is used to compute the VaR as of Nov 1st 2022.

The VAE is built within the class of 'energy'/'Radon-Sobolev' kernels as described in [START_REF] Turinici | Radon-Sobolev Variational Auto-Encoders[END_REF], which, in this case, turns out to exhibit better convergence properties than the GAN, (cf. [START_REF] Turinici | Convergence Dynamics of Generative Adversarial Networks: The Dual Metric Flows[END_REF]). After convergence, one obtains a procedure to sample an arbitrary number of scenarios, see figure 1 for an example.

Once possible scenarios are sampled at random, a similarity metric (a weight) is computed for each of them : the closer the first 252 days of the scenario are to the Nov. 1 st 2021 -Nov. 1 st 2022 historical data (252 days), the more important its weight is; see figure 2 for an illustration. In practice this metric is a softmax function applied to the set of the squares of the euclidian norms of differences between the reference scenario and the members of the set of 10 000 sampled scenarios Figure 3: For each of the 10 000 sampled scenarios we consider the return corresponding to the last 10 days and plot the histogram of the generated data in blue. For comparison the histogram of a Gaussian with same mean and variance is given in orange. The VAE histogram is much wider than the normal equivalent which shows that in particular the distribution is heavy tailed, which is a positive behavior as financial data is known to display such deviations from the (log-) normal model.

The last 10 days of each scenario are now used as samples of 10-days returns as illustrated in figure 3 (without weights); the distribution is renormalised to match the last 252 days 10-day returns mean and variance. The result is more heavy tailed than the Gaussian counterpart, in agreement with econometric information on the financial data.

Finally, from this distribution of 10 days returns, a 99% V aR is now inferred; we find a value of 12.8% which is close to the 10 day bootstrap value without shuffling (that is 12.4%). As a comparison, the Gaussian VaR on the same data (daily return variance calibrated on the last 252 days i.e. Nov. 1 st 2021 to Nov. 1 st 2022) is 12.1% 3 .

Conclusion

We present a procedure that leverages on historical data to build, through a generative neural network (VAE), an estimation of the 10-days Value at Risk. More analysis and fine tuning of the model will be pursued but so far we find the results encouraging especially as we are able to simulate much more scenarios "model free" than with the bootstrap methods while finding results coherent with existing techniques.

the scenario u is wu = cn • e -v-u 2 /2σ 2 . Here cn is a normalization parameter to ensure that the weights sum up to 1 and the parameter σ 2 is the mean error (computed during training) between the initial sequences in the database u and the reconstructed ones ( σ 2 = IE X D θ d • E θe (X) -X 2 with notations in [5, p 299]), see VAE literature for details. 3 Recall that the Gaussian 99% 10-days VaR is computed as √ 10 times the 0.01 quantile of the empirical distribution from the historical data.
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 12 Figure 1: Ten random price scenarios as constructed by the deep NN VAE algorithm.For the practical computation we use 10'000 of them. None of them corresponds to a precise historical sequence but all are considered "plausible" by the VAE constructing them. In mathematical terms, we sample from a continuous probability law on R 262 close to the discrete probability law consisting of the 23561 (overlapping) sequences in the training set.

It is thus related to the 1 -q quantile of the loss/profit on the asset at the end of the time horizon.

That is, supposing v is the reference vector and u a generated one, the weight wu of