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Estimation of the /;-norm and testing in sparse linear
regression with unknown variance

A. Carpentier, O. Collier, L. Comminges, A.B. Tsybakov and Y. Wang*

October 27, 2020

Abstract

We consider the related problems of estimating the /3-norm and the squared f2-norm
in sparse linear regression with unknown variance, as well as the problem of testing the
hypothesis that the regression parameter is null under sparse alternatives with /5 separa-
tion. We establish the minimax optimal rates of estimation (respectively, testing) in these
three problems.

1 Introduction

Assume that we have observations (X,Y) satisfying the model
Y = X6 + o€, (1)

where X is a N x p random matrix, & € RP is an unknown parameter of interest, & € RV
is the random noise, and o > 0 is the unknown noise level. We assume that the entries
Xij,i=1,...,N,j=1,...,p,and &,7 = 1,..., N, of matrix X and of vector § constitute a
collection of N(p+ 1) jointly independent zero mean random variables with variance 1.

We use the notation Pg , (or P when there is no ambiguity) for the probability distribution
of (X,Y) satisfying model (1), and Eg , (or E when there is no ambiguity) for the expectation
with respect to this distribution.

For a vector u = (u;)1<i<p € RP, we define the "¢p-norm" || - [|p, the ¢;-norm || - [|; and the
{3-norm || - ||2 by the relations

P P P
lullo= > 1{us # 0}, Julli =) |uil, Jul3 =) uf,
i=1 i=1 i=1

where 1{-} is the indicator function.
We assume that @ belongs to a set of s-sparse vectors defined as follows:

Bo(s) = {u € R”: Jullo < s},
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where s is an integer such that 1 < s < p.

In this paper, we consider the related problems of estimating the #o-norm and the squared
lo-norm of @, as well as testing the null hypothesis that 8 = 0 under sparse alternatives with
U5 separation (signal detection in fo-norm).

Estimation of |02 and ||@]|3. We consider the problem of minimax optimal estimation
of the norm [|@||2 and of the squared norm Q(6) = ||@||3 on the class of s-sparse vectors By(s)
when the noise level o is unknown. Namely, for a fixed § € (0,1), we find estimators A of
|0]]2 such that A

sup sup Po (A — [6]] > ¢) <6, 2)
0>0 6eBy(s)

where

(b* - ¢*(p7N7870-75) > 07

is the non-asymptotic minimax optimal rate. That is, there exists a constant c¢; > 0 that
depends only on ¢ such that

infsup sup Poo (1T — 0]a] > c56.) > 6.
T o>0 0€By(s)

Here and below, inf; denotes the infimum over all estimators. Next, for a fixed § € (0,1), we
find estimators Q of Q(0) such that

sup sup Pgo(|Q — Q(6)| > g0) <6, 3)
>0 6eBy(s)

where the scaling
90 = qo(p; N,0,0) >0,

depends on 6 only through the ¢3 and ¢p-norms ||0]|2 and [|@]]p. We find the minimax optimal
scaling g5 = qg(p, N,0,0) > 0 in the sense that there exists cs > 0 that depends only on &
such that

infsup sup Pg,g(\f’ — Q)| > csqp) > 9,

T 0>0 6eBoy(s)
and
infsup sup P97U(|T — Q) > qp) <6.

T 0>0 6eBy(s)

Furthermore, as gy is an increasing function of the fo-norm [|@||2, it is natural to consider the
minimax setting on the intersection By(s) N{]|@]]2 < k} with k > 0, for which we prove that
the rate

Gsn = Qon(ps N, 0,6) := max{qg(p, N, 0,0) : [[0]lo < s,[0|2 < £},

is minimax optimal. All the rates in this paper are obtained either in non-asymptotic form or
for N > Ny, where Ny does not depend on p, s, 0.

Signal detection under /5 separation. When o is unknown, we consider the problem
of testing the hypothesis Hy : @ = 0 against the sparse alternative Hy : @ € By(s), 0|2 > op,
where p > 0. For a test A = A(X,Y), i.e, a measurable function of (X,Y) with values
in {0,1}, we introduce the risk R(A,p, N, s,p) as the sum of the type I and type II error
probabilities:

R(A,p,N,s,p) =supPg (A =1)+sup sup Py (A =0). (4)
>0 o>0 9€Boy(s),|0]l2>0p



For a fixed § € (0,1), we define the minimax separation rate p, = p.(p, N,s,0) > 0 as

Px 1= p*(p7 N7875) = lnf{p > 0 : lng(A>p7 N787p) S 5}

Here and below, infs denotes the infimum over all tests A. We find a minimax rate optimal
test A, i.e., a test such that R(A,p, N,s,p) < ¢ for all p > csps where ¢s > 0 is a constant
that depends only on §. We obtain the non-asymptotic expression for the separation rate p,.

2 Related work

The problems of estimating the £>-norm and of signal detection under £y separation are closely
related to each other. We provide here an overview of the previous results for both problems.

Signal detection. In the Gaussian mean model, which corresponds to an orthogonal non-
random design X, the problem of signal detection has been extensively studied in the last
fifteen years (see, e.g., [16, 17, 3, 13, 8, 9] and the references therein). More recently, this
problem has also been investigated in the random design linear regression model, which is
most related to the present paper [18, 2, 25, 6|. Among these, [2] and [6] deal with the case of
known o, while [18, 25| consider both known and unknown o. The setting in [2] is different
from ours since it does not consider the alternative defined by separation in the fo-norm. It
does not allow one to compare [2| directly with [18, 25, 6] and with the present work. Note
also that [2| explores an asymptotic setting as p, N, s tend to oo, while in this paper we are
interested in non-asymptotic results. The setting is also asymptotic in [18] where it is assumed
that p, N, s tend to oo in such a way that s = p® for some 0 < a < 1, and slog(p) = o(N). It
can be deduced from the asymptotic argument in [18] that in this regime, and if the matrix
X has i.i.d. standard normal entries and £ is standard normal, the minimax separation rate
satisfies, in the case of known o, the relations:

1
Py < min ( %g(p),N‘l/“) it0<a<1/2, (5)

1/4

e = min (f/—N,N—l/‘*) if1/2 <a<1.

A refined analysis of the minimax risk asymptotics for testing in this model with known o is
given in [20].
Next, in the setting with unknown o, [18] obtained that, in the same asymptotic regime,

the asymptotic minimax separation rate is of the order of 4/ SIOTg(p) when 0 < a < 1/2.

More insight into the behavior of tests under unknown o is provided in [25], which is
the first paper where non-asymptotic separation rates were explored in the linear regression
context. Namely, considering the case of Gaussian X and the configuration of parameters
where p > N and s < p® with 0 < a < 1/2, [25] proves that the minimax separation rate

ps is of the order of SlOTg(p) whenever p < N1/ where the sign < means inequality up

to a logarithmic factor. On the other hand, [25] shows that if p > N/ and s = p® with
0 < a < 1/2, the rate p, explodes becoming at least greater than a constant independent of
p, N,s. This is proved for the case of X with i.i.d. standard normal entries and & standard
normal. A conclusion is that there is no much interest in considering signal detection in the



regime p > N’ with b > 2 when ¢ is unknown. Regarding the case of known o, [25] proves
that, for X with i.i.d. standard normal entries and & is standard normal, the non-asymptotic
rate is

1
Dx xmin( %g(])),N_l/ﬁ‘) , ifp>N?%s<N,

which is a non-asymptotic version of the corresponding result in [18] providing a refinement
of (5) in the zone p > N? in terms of conditions on p, N, s.

Finally, [6] considers the setting with known o and establishes the following non-asymptotic
lower bound valid for all configurations of p, N, s:

1/4
Px > cmin <\/810g(1+\/ﬁ/8)7p/ ,N_1/4> (6)
N VN

where ¢ > 0 is a constant. Furthermore, [6] proves that this bound is attained in the the
low-dimensional regime p < yN if X is a matrix with i.i.d. standard normal entries and & is
standard normal. Here v € (0,1) is an absolute constant specified in [6]. Noticing that for
p < N the expression in (9) reduces to its first term, the results of [6] lead to the conclusion
that, for known o, the non-asymptotic minimax separation rate satisfies

p*x\/slog(l—F\/ﬁ/s) it p < N

N

when X is a matrix with i.i.d. standard normal entries and £ is standard normal. In what
follows, the regime p < yN where 0 < v < 1 will be called the low-dimensional regime.

Estimation of ||@||2 and ||§3. The problem of estimating ||@||2 is closely related to signal
detection under ¢ separation. Indeed, any estimator of ||@]|2 can be used as a test statistic
and thus it is easy to check that the minimax separation rate for tests is not of greater order
than the minimax rate of estimating ||@||2. In other words, the problem of estimating ||@]2
is more difficult than of signal detection. Intuitively, it is clear since in signal detection the
objective is only to decide whether ||@]|2 is large or zero.

Estimation of ||@]]2 and ||@]|3 is well understood in various settings of the Gaussian mean
model - see, for example, [14, 5, 11, 8, 10| and the references therein. In particular, non-
asymptotic minimax rates of estimating ||@||]2 and ||@|3 in the Gaussian mean model on the
sparsity classes By(s) are established in [8] for the case of known o, while [10] derives such
rates for estimating ||@||2 in the case of unknown o. It turns out that the rates are quite
different in the two cases. Moreover, [10] obtains the minimax rates of estimating ||@||2 when
the distribution of & belongs to a class of laws with polynomially or exponentially decreasing
tails, which are also quite different from those for the Gaussian noise.

In the linear regression model, much less is known and only partial results are available.
One may immediately notice the following. As there exist estimators @ achieving the rate
oy/slog(ep/s)/N in the fo-norm whenever slog(ep/s)/N < kg where ko > 0 is a small
enough constant (see, e.g., [22, 4, 12]), a direct plug-in estimator [|@]2 of ||@]|2 achieves the
same rate. This gives the following upper bound on the minimax rate ¢, of estimation of
161l

b < coy/slog(ep/s)/N



for a constant ¢ > 0. This bound is valid with known or unknown ¢ provided X has indepen-
dent subGaussian rows. However, this bound is not tight. Indeed, it is shown in [6] that, for
the case of known o, the non-asymptotic minimax rate satisfies

if p <yN (low-dimensional regime), (7)

by = \/slog (1—|—\/}_7/S)
% ~ 0 N

when X is a matrix with i.i.d. standard normal entries and & is standard normal. Note that the

result (7) slightly improves upon the plug-in rate \/slog(ep/s)/N in the sparse zone s < \/p
and substantially improves upon this rate in the dense zone s > |/p. Indeed, it is not hard to

check that

slo s 1/4
¢ 1g“;v@/)xiﬁf if s > V7. (®)

Next, under the same conditions (low-dimensional regime p < vN with known o), [6] estab-
lishes the following non-asymptotic upper bound on the rate of estimation of ||6||3:

ngC(JQSIOg(l—F\/T?/S) +0‘||0||2> (9)

N N

for a constant ¢ > 0 depending only §. However, [6] does not explore whether this bound is
optimal.

The recent paper [15] considers estimation of ||]|3 in the highly sparse zone: s < p® for some
0 < a < 1/2 when o is unknown and when the additional condition /slog(p)/N = O(||0]|2)
holds. Under the assumptions that matrix X has independent Gaussian rows with zero mean
and covariance matrix X and that slog(p)/N < c¢o where ¢y > 0 is a small enough constant,
[15] proves the following non-asymptotic upper bound

I 0
qesd@<mmmeﬂfoﬁm+ﬂ’“) ifs<ph 0<a<1/2,  (10)

N N

for a constant ¢(o) > 0 depending only ¢ and o. Note that, disregarding the dependence on
o and on the constants, the bound (9) is better than (10).

In the present paper, we derive non-asymptotic minimax rates for both functionals, ||@]|2
and ||@||2. This is done both in the low-dimensional and high-dimensional (p > yN) regimes
and both in the dense and sparse zones. We focus on the case of unknown o.

One of our conclusions is that the bound (10) is not rate optimal when X is the identity
matriz and in this case the minimax rate is driven by (9). On the other hand, [15] establishes
that (10) is rate optimal when the minimax setting is considered over a sufficiently large class
of matrices X, and the additional condition \/slog(p)/N = O(]|0||2) holds. In other words,
the worsening of the rate observed in (10) should be explained by the complexity of matrix %
and not by the complexity of 8 or the fact that o is unknown.

A related work [26] deals with estimation of yet another quantity ||%'/26||3/0? (called the
the signal-to-noise ratio) and establishes the minimax rates for this problem on the sparsity
class By(s) that are quite different from the minimax rates for estimation of ||@||3. In particular,
unlike (9) or (10) those rates show no dependence on ||@|/3.



3 Summary of the results

The main results of the present paper can be summarized, in a simplified form, as follows.

e Signal detection. We propose a test A such that under suitable conditions on X and &
the following holds. Let 6 € (0,1). If slog(ep/s)/N < ko where kg > 0 is a small enough
constant depending on ¢, then R(A, s, p) < § whenever

,> Cé\/slog (1]—\17— VD/$)

where ¢ > 0 is a constant depending only on §. Moreover, if X is a matrix with
i.i.d. standard normal entries and £ is standard normal, we show that, under the same
conditions, the non-asymptotic minimax separation rate in the setting with unknown o
has the form

p*x\/slog(1; \/1_)/3) (11)

Remark that for s = p, the condition slog(p/s)/N < kg reduces to p < kN, so that only
the low-dimensional case is covered. Moreover, since the function s — slog(ep/s)/N
is increasing for 1 < s < p the condition slog(p/s)/N < kg in the dense zone s > /p
implies that p < ¢N?/(log p)? with some constant ¢ > 0 that does not depend on p, s, N.
Let us emphasize that this restriction p < ¢N?/(log p)? is rather natural since for p > N2
we get into the divergence regime described in [25|. Indeed, due to (8), for p > N? the
value p, in (11) becomes greater than a constant independent of p,s, N in the dense
zone s > /p. As follows from Theorem 6 below, the minimax risk under unknown o is
also greater than a constant for p > N? and s > \/P- Therefore, considering p > N 2 s
not of much statistical interest since in this regime increasing the sample size does not
improve the quality of testing. The same remark applies to the problems of estimation
of ||@]]2 and of ||@]|3.

e Estimation of ||f]s. We propose an estimator A such that, under the same conditions
as in the previous item, the bound (2) is satisfied with

6> o2 L2 VB

where ¢s > 0 is a constant depending only on §. Moreover, if X is a matrix with
i.i.d. standard normal entries and £ is standard normal, we show that, under the same
conditions, the non-asymptotic minimax estimation rate on the class By(s) in the setting
with unknown o has the form

5 slog (14 /p/s)

=0 .

: N

e Estimation of ||@]|2. We propose an estimator @ such that, under the same conditions
as in the previous two items, the bound (3) is satisfied with gg as in (9) where ¢ > 0
is a constant depending only on . Furthermore, if X is a matrix with i.i.d. standard



normal entries and & is standard normal, we show that, under the same conditions, the
non-asymptotic minimax estimation rate on the class By(s) N {0 : [|0]|2 < k} in the
setting with unknown o has the form

o?slog (L4 \/p/s) ok
. =< min + K )
s, ( N VN

4 Assumptions and notation

If u, v are two vectors, we denote by (u,v) = ulv their inner product. If A is a matrix, AT
denotes its transpose, ||Al/~ its spectral norm and ||A||# its Frobenius norm, A; denotes the
jth column of A, and A7 its jth row. Throughout the paper, we use blackboard bold symbols
(e.g., A) to denote matrices, bold symbols (e.g., A) to denote vectors, and light symbols (e.g.,
A) to denote scalars. In particular, A;’s are the entries of vector A and A;;’s are the entries
of matrix A. Given a symmetric matrix A, Apin(A) and Apax(A) stand for its largest and
smallest eigenvalue, respectively. We denote by I, the identity matrix in dimension p. We
denote by C, C’ positive constants whose values can differ on different occurrences.

We will assume depending on the considered method that we have either N = 2n, or
N = 3n for an integer n, and the sample (X,Y) is divided into either two or three sub-
samples of size n that we denote (X1,Y1), (X2,Y5), and (X3,Y3). In each part of the paper,
we specify how large N should be (i.e., 2n or 3n). Since we are interested only in the rates
of convergence, taking N in this form is without loss of generality apart from imposing the
conditions N > 2 or N > 3, respectively.

Assumptions. We assume throughout the paper that p > 2 and the entries X;;,1 =
1,...,N,j=1,....p,and &,7=1,..., N, of matrix X and of vector & constitute a collection
of N(p+ 1) jointly independent zero mean random variables with variance 1. In addition, in
different parts of the paper we will refer to some conditions from the following list.

Condition on p,s, N.

(P) It holds that slog(ep/s)/N < kg for some small enough positive constant r.
Conditions on &.
(€*1) E(&8) < cg withcg >0fori=1,...,N.

(£€*2) Random variables &, i = 1,..., N, are L-subGaussian for some constant L > 0, that is
E(exp(t&;)) < exp(L*t?/2) for all t € R.

Conditions on X.

(X*1) Random variables X;; have a density with respect to the Lebesgue measure bounded by
aconstant K >0fori=1,...,N,j7=1,....p.

(X*2) E(X};) <dy withdy>0fori=1,...,N,j=1,...,p.

(X*3) Random variables X;;, i =1,...,N,j =1,...,p, are M-subGaussian for some constant
M > 0.



5 Generic estimators

In this section, we present generic estimators that will be used throughout the paper. First, we

consider some preliminary estimator 0= (91, ..., 0p) based on the subsample (X;,Y7). Then,
using the second subsample (Xg,Y5) we define the following estimators of the values 9]2-:

20

SN o T ~
1 - P .
+ m ZX2,ij2,lj (YV2,I<: - XSB) (}/2,1 - Xlze)a 1 < J < p-
k#l

Here, X5 ; and Xj 1, are the jth column and the (k, j)th entry of matrix Xy, respectively, and

Ya ) is the kth entry of vector Y. The estimator a;(6) can be viewed as a centered version
of 0]2- where 0; is the jth component of the conditionally unbiased estimator

0:=0+ lX2T(Y2 — X20)
n
171 A 0T
—9 [—X2X2 - 11,,] 0 —0)+ IxT¢,.
n n
Note that @ is an unbiased estimator of @ if we consider 0 as fixed.

5.1 Generic estimator for the dense case (s > /p)

Given an estimator 6 based on the first subsample (X1,Y}), we define an estimator of Q(6)
as

Qp(0) :=> a;(6). (12)
j=1

The following general result allows one to link the risk of Q D(é) to the risk of the preliminary
estimator 6.

Theorem 1. Assume that Condition (X*2) holds. There exists a constant C > 0 depending
only on dy such that, for all 6 € RP,

. . 2 A
Bo.o[(Qn(0) - 20))%10] < [ 1o 013 1+ 02) + (10— 0] + o).

In what follows, we will use Q D(é) with two different preliminary estimators 0 depending
on whether we are in the low-dimensional or high-dimensional regime.

5.2 Generic estimator for the sparse case (s < ,/p)

In the sparse case, along with the first preliminary estimator 6 we consider a second one that
we denote by 6. Given a matrix M of dimension p X p, two preliminary estimators 6 and 6,
an estimator ¢ of o, and a constant «, we define an estimator of Q(0) as

p
Qs(6,0,5,M,0) =Y a;(0)1{16;] > a6/ My log(1 +p/s?) }. (13)
j=1

8



The risk of this estimator depends on the distribution of 8. Thus, it is difficult to obtain a
result similar to Theorem 1, that is to bound the risk of Qg by a function of ||@ — 6] for
any estimator 6. Nevertheless, the risk of Qs for specific choices of estimators can be readily
controlled. It turns out that if we find estimators @ and & such that ||@ — 8|3 and |6 — o are
of the order o with high probability, and an estimator 6 satisfying 8 ~ N(6,02I,/n), then
with high probability

012 s2log?(1 + s
1O | 08"t )]
n n

(Qs(0,0,6,1,,0) — Q(0))* < o[

which is the desired bound. In the following, we construct estimators 9, ¢ with such a property
and an estimator 6 distributed approximately as N'(6,02I,/n).

6 Upper bounds for the low-dimensional regime: p < yn with
0<y<l

In this section, we assume that N = 2n and we divide the sample in two subsamples of size n,
namely (X1,Y7) and (Xo,Y2). We also assume that there exists a constant v € (0,1) such
that p < ~yn (the low-dimensional regime).

In the low-dimensional regime, we take as a preliminary estimator 0= éo s where éo LS
is the least squares estimator based on the first subsample (X1,Y7). If Condition (X*1) holds,
then XX, is almost surely invertible, so that the least squares estimator can be almost surely
written in the form

Oors = (XlTXI)_IX{Yl' (14)

We also consider the following standard estimator of ¢ based on OoLs:

Y1 — X10015]l

= (15)

0OoLS =

6.1 Estimation of (@) and |0|], in the dense case: s> ,/p

In the dense case s > /p of the low-dimensional regime, we use the estimators

QP = Qp(Bors), ALP = |Q%

)

ALD‘1/2

where Qp and Oprg are defined in (12) and (14) respectively. Using Theorem 1 we obtain
the following result.

Theorem 2. Let 1 < s < p and let Conditions (§*1), (X*1), (X*2) hold. Then there exist
constants C > 0, v € (0,1) depending only on K, cg,dy such that, for p < min(yn,n — 14),

2
V0 € RP Vo > 0, E07U[(QgD _ Q(g))2] < C<a4% 12 ||‘jl||2)7

and

3

V0 C RV Vo >0, Ego[(A — [0]2)] < oYL,



It follows from the MquovAinequality thaﬁt, under the assumptions of Theorem 2, for any
0 € (0,1) the estimators @ = Q%D and A = AgD satisfy

2
V8 € R? Vo >0, Py, (A~ fo))* > V] <

0 n
2
V0 € RY, Vo >0, Po,|(QF Q(e))Qz%(a‘*%jLa?@)]g&

Note also that the zero estimator Q = 0 satisfies (3) with gg(p, N, 0, 8) < [6]|3. Thus, we have
the following corollary.

Corollary 1. Let the assumptions of Theorem 2 hold. Then, for any 6 € (0,1) the estimators
A =ALP and Q = QEP satisfy (2) and (3), respectively, with

C 1/4
¢*(p7N7870-75) S 7 ]\9/——

C (2vP 10l
< vz

a0(p, N, 0,0) < \/_( N )
Furthermore, for all 1 < s <p, 8 € By(s), and k > 0,

6|2
_ VP |
45(p. N, 0,5) mm(ﬁ( v +af) 1013),

2P

5., N,0,0) < min (\/3 (0 N +o W),ﬁ).

Note that Corollary 1 and Theorem 2 are non-asymptotic in all parameters and valid for
all 1 < s < p. However, their upper bounds are minimax optimal only in the dense case
s > /p. The matching lower bounds are given in Theorems 6 and 7, respectively. Taking
them into account we obtain that, under the assumptions of Theorem 2, the estimators f\gD
and QgD are minimax optimal for s > ,/p.

6.2 Estimation of Q(6) and [|@||; in the sparse case: s < /p

In the sparse case s < ,/p of the low-dimensional regime, we use the estimators

1/2

QL := Qs <9OLS,90LS,<}OLS, (X{Xﬂ_l,a)’ AP = LD‘ (16)

where Qg, 8oLs and 601g are defined in (13), (14) and (15), and o > 0 is a large enough
constant. The following theorem holds.

Theorem 3. Let s < \/p and let Conditions (§*2), (X*1) and (X*2) be satisfied. Then there
exists a tuning parameter a > 0 depending only on K, L and constants C' > 0, v € (0,1)
depending only on K, L such that, for p < min(yn,n — 14),

V0 € By(s),Yo > 0, Ee,a[(QéD _ Q(O))2] < C<U4s2 log2(1 + \/]_9/5) 4 02%) (17)

n2

and

0025108?(1 + \/1_7/5)

V0 € Bo(s),Vo > 0, Eqg,[(ALP —||0]»)%] < -

(18)

10



Theorem 3 immediately implies the following corollary analogous to Corollary 1.

Qorqllary 2. Let t@e assumptions of Theorem 3 hold. Then, for any ¢ € (0,1) the estimators
A= AéD and Q = QéD satisfy (2) and (3), respectively, with

C slog(1+ /p/s)
qb*(p)N)SvO-vd) < ﬁa\/ N )

C (28108(1+yp/s) 6]
\/g( N i \/N)

Furthermore, for all s < \/p, @ € By(s), and k> 0,

qe(pv Nv g, 5) <

" . (C slog(1+ /p/s 0
39 N.28) < i (S (2 EC LA 1O 1),
C log(1 +
¢ ,.(p,N,0,6) < min <%<a25 og( Nx/ﬁ/S) +a\/%),m2).

Corollary 2 combined with Theorems 6 and 7 below implies that, under the assumptions
of Theorem 3, the estimators QéD and AéD are minimax optimal when s < ,/p in the sense
defined in the Introduction.

6.3 Signal detection
Define the testing procedure

AP = 1 {RFP > ﬁ&srsa\/ﬂog(l;\; vEP/s) 3

where 3 > 0 is a constant, ALD = ]\gD if s <,/p, and ALD = [\gD if s > /p. Theorems 2, 3
and Lemma 2 in the appendix imply the following corollary.

Corollary 3. Let Conditions (£*2), (X*1) and (X*2) hold and § € (0,1). Then there exist
positive constants a, B, v € (0,1) depending only on K,dy, L and a constant Cs > 0 depending
only on 0, K,dy, L such that, for any p < min(yn,n — 14), and any

> Cé\/slog(l +./p/5)

n

)

we have
R(AMP p,N,s,p) <4,

where R(-,p, N, s, p) is defined in (4).

The proof of this corollary is straightforward (see, for example, the argument leading to
Theorem 3 in [6]). It follows that, for C§ > 0 depending only on 6, K, dy, L,

log(1
vy < oy T

Moreover, Corollary 3 and Theorem 6 below imply that, under the assumptions of Corollary 3,
the test AP is minimax optimal in the sense defined in the Introduction.

11



7 Upper bounds for the high-dimensional regime

As the results of Section 6 are based on the preliminary least squares estimator, it is prob-
lematic to extend them to the zone p > m where this estimator is not unique and cannot
be written in the form (14). In this section, we will use another preliminary estimator and
provide analogs of Theorems 2 and 3 in the high-dimensional regime that we define by the
following condition: p > yn, where v € (0, 1) is the maximal constant, for which Theorems 2
and 3 hold. Noteworthy, the theorems of this section are valid without the condition p > yn.
However, to obtain their corollaries about the minimax optimal rates for all n large enough
that we state in this section we need a lower bound on p as a function n. To make a con-
nection to the results of Section 6, we will use the lower bound of the form p > «n for some
v > 0. Nevertheless, these corollaries also hold in a more general situation: p > a, for a given
sequence a, that tends to oo with n.

7.1 Preliminary estimators

Instead of the least squares estimator, we now choose the preliminary estimator 0 as the
Square-Root Slope estimator based on the first subsample (X1,Y;). This estimator is defined
by the relation

By € arg min { Y1 = Xutll2 + 6] }- (19)
Here, || - ||« denotes the sorted ¢1-norm, that is,
d
[t == Z Ailt (@it
i=1
where [t]) < -+ < [t](g) are the order statistics of |t1],. .., [tq], and
log(2p/j ,
)\j:CS,—SJ %7 ]:17"'7]97

for some constant cgrs1 > 0 . The next proposition follows by combining Corollary 6.2 in [12]
and Theorem 8.3 in [4].

Proposition 1. Let Conditions (£*2), (X*3) and (P) hold. Then there exist positive constants

Csrs,1, Csrs,2, Csrs,3 depending only on L, M, ko such that

. . N s N
inf inf Py, <||esrs - 0”% < Csrs,2f72_ log(ep/s), || X(Osrs — 0)”% < Csrs,2‘72310g(ep/5),
0cBy(s) >0 n

~ S
Hosrs - OH* < Csrs,20'g log(ep/8)>
>1- Csrs,3 eXp(—(’I’L NS IOg(ep/S))/CSFS73)'

In the high-dimensional regime p > yn that we study in this section, we have slog(ep/s) >
log(ep) > log(eyn), so that

exp(—(n A slog(ep/s))/csrs3) < C’(fyn)_l/c

for some constant C' > 0 depending only on L, M, Kg.

12



Next, we will use the following natural estimator of o based on the estimator 95,5:

& o HYl - XlésrsHQ
srs — .
NG

The next proposition will be useful.

(20)

Proposition 2. Let Conditions (§*2), (X*3) and (P) hold. Then there exist positive constants
Csrs,1, C, C" depending only on L, M, kg such that, for anyt >0,

Con _ 1' < C(\/% + 5 logep/ 8))>

>1—C'exp(—(n At Aslog(ep/s))/C").

inf inf Py U(
0cBy(s) o>0 ’

Setting here ¢ = xZn where kg is the constant from Condition (P) and using the remark
after Proposition 1, we deduce from Proposition 2 that if Conditions (£*2), (X*3) and (P)
hold and we are in the high-dimensional regime p > n then there exist constants C,C” > 0
depending only on L, M, kg such that

o2

inf inf P (,(A? _ 52 <—>>1—C
eelgo(s)go 0.0([0ars =07 < 2/~ ‘

__nAslog(ep/s)
C

>1—C'(yn) Y.

7.2 Estimation of (@) and ||@||; in the dense case: s > /p

Here, we assume that N = 2n and we divide the sample (X,Y) in two sub-samples (X1,Y)
and (X2,Y3), each of size n. In the dense case s > /p of the high-dimensional regime, we use

the estimators
1/2

o]
where QD and Oy are defined in (12) and (19). The risks of these estimators admit the
following upper bounds.

AgD = QD(ésrs)> AgD =

Theorem 4. Let Conditions (§72), (X*3) and (P) hold. Then there exists a tuning con-

stant csrs1 in the definition of Oss depending only on L, M, kg, and two constants C,C" > 0

depending only on L, M, ko such that for any 0 < v < n'/3 we have

9 2 0 2 nAslog(ep/s
sup supPg , [Q%D _ Q(@)] > 02)(04% 1 o2 I ||2> <c [e_v " 6_%]
0 By(s) 0>0 n n

and
1/4
A v nAslog(ep/s)
sup supPg, ‘AgD — ||0||2‘ > CU@ <’ [e‘v _1_6—%]'
0€By(s) o>0 vn

The next corollary follows immediately from Theorem 4 and the remark after Proposition 1.

Corollary 4. Let the assumptions of Theorem 4 hold. Let p > ~n for some v > 0 and
0 € (0,1). Then, there exist Cs > 0 and an integer Ny, both depending only on L, M, kg, 0,7,

13



such that for N > Ny the estimators A = AgD and Q = QgD satisfy (2) and (3), respectively,
with

1/4
¢*(p> N78707 5) < Oéaf/—ﬁv

012
< 2@ [ .
q@(vavo-vd)—O(5<J N+O-\/N)

Furthermore, for all 1 < s <p, 8 € By(s), k>0 and N > Ny,

G3(p. N.0.8) < min (Cs (27 + 0172 J613).

@5..(p, N,0,0) < min ( (02£ + a\/—N),mz).

It follows from Corollary 4 and Theorems 6 and 7 below that, under the assumptions of
Theorem 4, the above bounds are minimax optimal when s > ,/p in the sense defined in the
Introduction.

Remark 1. If Condition (P) is not satisfied, that is we do not have slog(ep/s) < koIN
for kg > 0 small enough, there still exists an estimator of |03 that is consistent whenever

= o(N?). Indeed, consider the estimator Qp(0), i.e., the generic estimator of [|0||3 defined
in (12) applied to the null vector. It follows immedlately from Theorem 1 that for any 6 € (0, 1)
the estimator Qp(0) satisfies (3) with

a0(p. N.0.6) < Co[ (10l -+ o) + Y 0? + 1618)]

where C5 > 0 depends only on § and dy.

7.3 Estimation of (@) and ||#||; in the sparse case: s < /p

Here, we assume that N = 3n and we divide the sample (X, Y) in three sub-samples (X1,Y7), (X2, Y5)
and (X3,Y3), each of size n. In the sparse case s < ,/p of the high-dimensional regime, we
use the estimators
. AP . 1/2
QgD = QS(esrsa Osrs, Osrsy 2]1177 04)7 AgD = D‘

9

where the estimators Ogs and Ges are defined in (1 ) d (20), @ > 0 is a constant large
enough and 0. is a debiased estimator derived from OSrS

Osrs = ésrs + Exg(Y?; - X3ésrs)-

Note that the triplet (9srs, ésrs, Gsrs) is independent of (Xo,Ys). The following theorem gives
bounds on the rates of convergence of estimators Qg D and Ag D,

Theorem 5. Let s < \/p and let Conditions (§*2), (X*3) and (P) hold. Then there exist
a tuning constant css1 in the definition of ésrs depending only on L, M, kg, and two positive
constants C,C" depending only on L, M, kg such that

LI+ o) | 10l3
n2 n

nAslog(ep/s)

)} >1-Cle e,

sup supPg, [(QgD—Q(B))Q < C(U

OGB()(S) >0

14



and

__nAslog(ep/s)

>1—-Ce c’

)2 < 0023105:’;(1 + \/1_7/5)

sup supPg,U[(AgD —110||2 -

0€By(s) 0>0
The next corollary follows immediately from Theorem 5 and the remark after Proposition 1.

Corollary 5. Let the assumptions of Theorem 5 hold. Let p > ~n for some v > 0 and
0 € (0,1). Then, there exist Cs >0 qnd an integer No, Qoth depending only on L, M, kg, 0,7,
such that for N > Ny the estimators A = AP and Q = QHP satisfy (2) and (3), respectively,
with

slog(1+./p/s)
* 7N7 bl bl S b
ox(p $,0,0) 050\/ N

,slog(1+ /p/s) +J|!9|!2)
N VN7

Furthermore, for all s < ./p, 6 € By(s), K >0 and N > Ny,

. . slog(1 4+ \/p/s 0
05 (p. N..0) < min (05 (21 ELENVPI) IOy g9

qe(pv Nv g, 5) < 05 (U

N VN
log (1 +
020 ,0:0) < i (05 (2 ZEC VPR o) 2

It follows from Corollary 5 and Theorems 6 and 7 below that, under the assumptions of
Theorem 5, the above bounds are minimax optimal when s < ,/p in the sense defined in the
Introduction.

7.4 Signal detection
Define the testing procedure

HD _ <[ iHD . slog(1+/p/s)
A = ]l{A > /Bo'srso'\/ N }7

where 8 > 0 is a constant, AHD — ]\ng if s </p, and AHD = AgD if s > /p. Theorems 4, 5
and Proposition 2 imply the following corollary.

Corollary 6. Let Conditions (£*2), (X*3) and (P) hold and § € (0,1). Let p > ~yn for some
v > 0. Then there exist positive constants «, 3,Cs, Ny depending only on 6, L, M, ko,~y such
that, for any N > Ny and any

> C(g\/slog(lj\; \/]3/3)’

we have
R(AMP p,N,s,p) <6,

where R(-,p, N, s, p) is defined in (4).
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The proof of this corollary is straightforward (see, for example, the argument leading to
Theorem 3 in [6]). It follows that, for C§ > 0, Ny > 0 depending only on 0, L, M, ko, and
any N > Ny,

log(1
p(p, N, 5,6) < 03\/3 el bl

Moreover, Corollary 6 and Theorem 6 below imply that, under the assumptions of Corollary 6,
the test A”P is minimax optimal in the sense defined in the Introduction.

8 Lower bounds

Theorem 6. Assume that X is a matriz with i.i.d. standard normal entries and & is an
i.i.d. standard normal noise. For any § € (0,1), there exists cs > 0 depending only on & such
that

ing(A,p, N,s,p) >, (21)

for

p < p(p,N,s,d) = csmin (\/slog(lj—l\; \/]_)/S)J) , (22)

where R(A,p, N, s,p) is defined in (4), and infa denotes the infimum over all tests A. As a
consequence, for all § € (0,1) we have

o], 5,6) > ¢ min ( wogu n \/ﬁ/s),1> | (23)

N

and

&*(, N, 5,0,8) > 02—60min <\/810g(1; VP/s). 1> . (24)

Note that Theorem 6 can be obtained by combining |7, Lemma 17| and the proof of |7,
Proposition 6] if we take into account that |7, Proposition 6| is stated with the maximum
over the covariance matrices of the design while its proof uses only the identity matrix. For
completeness, we provide a direct proof of Theorem 6 in Section 12.1 below.

Theorem 7. Assume that X is a matriz with i.i.d. standard normal entries and € is and
i.i.d. standard normal noise. Then for any 6 € (0,1), there exists cs > 0 that depends only on
6 such that

inf sup sup P970(|T — Q(0)| > ¢5Gs,x(p, N, U)) > 0,
T BGBQ(S): >0
10]2<x

where inf; denotes the infimum over all estimators, and

slog(l—l—\/ﬁ/s)J) N oK 7 /12).

qs,li(pv Nv U) = min (0'2 min ( N

This theorem immediately implies the following corollary.
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Corollary 7. Under the assumptions of Theorem 7 we have

6o los(1 + 3/10ll0) 1\ . ol
PIER) 1) 4 70 ),
N VN

qp(p, N,0,0) > ¢s min (02 min (

and

. . slog(1+/p/s) oK o
(D, N, 0,6) = cymin (o2 min ( 1)+ 752,
@5..(p, N,0,0) > csmin (o” min ¥ + = K

9 Proof of Theorem 1

In this proof, we write for brevity (X,Y) instead of (Xs,Y5s). Using the notation u = 6 — 6,
and w; = Zk# up X, where uy’s are the components of u we have

p N2 T
0p =)+ 3 [26, (1 - IZIRY 4 99,20 o ) (25)
j=1
+ Z [u? + U]XT(UE Xu) + ﬁ Zijle(Ofk — Xku)(dfl — Xl'u,)] .

kL
Note that Egﬁ(Q p|@) = Q(0). Therefore, we need to evaluate the conditional variance of Qp
given 6. We have

T

varg, (3 [, (1 - IX912) 400, %1 ] )

Jj=1

IN
2l =1Q

[9?1@ + 029]2-] (26)

M-

<
I
—

IN

1013 (l[e]13 + o),

1(ijle)2 =nfor j #1,

33

and, since E[(X;FXZ)2] =E>

noXT L. 07 Ty \2 15 0,0, T T g
VaI'gﬂ ( Z Qijj | 0) = Z ﬁEgﬂ |:< Zuka Xk) | 0:| + Z FEQJ(X]- ijl w) | 0)
j=1 Jj=1 k#j J#l
92
= EJ i + Z —u]ul

J#k J#l

2

Z1e 27

nHHﬂlb (27)

Finally, the double sum in (25) can be written as U = ﬁ doicy h((X', &), (X7,¢;)) where

/4

(()(Z fz X 5] Z ik Ufl qu) =+ uk] [Xjk(afj — Xju) + Uk] .
k=1

Since,conditionally on 9, the terms in U are zero-mean and uncorrelated, the variance of U
conditionally on @ equals

Varg.,(U|0) = Varg,, [h((Xl, £), (X2, &)) \@)} .

n(n—1)
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Now, for all 4, j,
i Ly,
Eo.s | (Xi(06 = X'w) + ;)" 6] < C((Jull3 + 0%) (28)

and, for j # k,
Eo,o | (Xij (06 — X'w) + ) (Xan(0 — X'w) + w) | 8] = ujus. (29)
Hence, the conditional variance of U given 6 satisfies
Varg;(U]8) < C-s (|jully + %) (30)

The result follows by combining (26), (27) and (30).

10 Proofs for Section 6

10.1 Preliminary lemmas

The following lemma will be useful.

Lemma 1. Let p < min(yn,n — 14) for some v € (0,1) small enough. If Condition (X*1)
holds then there exists a constant C > 0 depending only on K such that

E(\ L (XTX))) <Cnt
If Conditions (£*1) and (X*1) hold then there exists a constant C' > 0 depending only on K, cg
such that X

EQJHOOLS — 0”% S 008.

Proof. In this proof, we write for brevity (X,Y) instead of (X;,Y;). First, we note that,
almost surely,

160Ls — 0|5 < o®XL

max

(X(XTX)72XT)[1€]15 = oA (XTX) €15 (31)

min
Thus, the proof of the lemma will be complete if we show that E [A;?H(XTX)] < Cn™4, where
C > 0 is a constant depending only on K. To this end, we use the following proposition.
Proposition 3. If Condition (X*1) holds and p < ~yn for some y € (0,1) small enough then,
with probability at least 1 — exp(—Cn),

)\min(XTX) > Cln,

where C,C" are positive constants depending only on K.

This proposition follows immediately from combining item (1) of Corollary 2.5 in [19] with
the remark on page 884 in [19] that gives the explicit form of the small ball condition for a
random vector whose coordinates are independent random variables with bounded Lebesgue
density.

Using Proposition 3 we get

E\ 1 (XTX)] < (O'n) ™ + E[M\5 (XTX)] e~ /2, (32)

min min
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where C,C’ are the constants from Proposition 3.

To complete the proof, we now show that E [)\;fn (XTX)] < Cn®, where C' > 0 is a constant
depending only on K. Denote by X_; the matrix obtained by removing the first column from
X and by Span(X_;) the span of its columns. Arguing quite analogously to the proof of
Lemma 3 in 6] we obtain

E[\ 5 (XTX)] < n®E[dist(X 1, Span(X_1)) '],

min
where dist(X,Span(X_1)) is the Euclidean distance from X; to Span(X_;). Note that,

under Condition (X*1), the vector space Span(X_;) has almost surely dimension p—1. Recall
also that X is independent from X_;. Thus,

E[dist(X 1, Span(X_;))7'%] < max E[dist(X,S) 1% = max E[|Ps X 1|5,

where the maximum is taken over all (p — 1)-dimensional vector subspaces S of R™ and
we denote by PSl the orthogonal projector on S+. Furthermore, by Theorem 1.1 in [21],
under Condition (X*1) the density of P& X is bounded almost everywhere by Cg ™" *1 where
Coy = CK for an absolute constant C' > 0. We have

E[|Pg X3 < Co° + E[||P§X1||2_16]1||PSLX1||2<C(;1]-

As maxj>1 27r(k+1)/2/F((k+1)/2) is less than an absolute constant, it holds that, for n > p+14,

_ —p+1 _
B[P 5" ey ] <G [ el 0
llzll2<Cq

o (n—p+2)/2
I'((n—p+2)/2
where C' > 0 is a constant depending only on K. Hence, E[)\_S (XTX)] < Cn® where C > 0

min

depends only on K. Together with (31) and (32) this proves the lemma. O

_ m—p+l
= CO

oyt
) / P e < ¢
0

The following lemma summarizes some properties of the estimator
Y1 —X100Ls]l2
n—p ’

Lemma 2. If Condition (£*2) holds and p < ~n for some v € (0,1), then there exists a
constant C' > 0 depending only on L such that

ooLS =

<9 1
oLs _ 1‘ < 5) >1-— 26_(1_””/0 and Egﬁ(a'éLs) < Co?.

PU<
0, 0_2

Proof. We have

6t _ IPE]3
o? n—p’
where P is the orthogonal projector on the orthogonal complement of the range of Xy, which
has rank n — p almost surely and satisfies ||P||o = 1, ||IP’||%7 =n — p. Applying the Hanson-
Wright inequality for subGaussian variables (¢f. Theorem 6.2.1 in [24]) conditionally on X;
we obtain that there is an absolute constant C' > 0 such that, for all ¢ > 0,

ng( &forgs - 1‘ > t) < 2exp ( — C'min { (n zf)t2, (n ;2p)t}). (33)
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Hence for 0 < u < n — p,

52
P970< UOSS - 1‘ > L2 ) < 2exp(—Cu).
o n—p
Taking u = (2max(L?, 1))t (n—p) > C’(1 —v)n yields the first inequality of the lemma. The
bound on the fourth moment of 6org follows by integrating (33). O

Assuming that Condition (X*1) holds we set

= QOéﬁoLS\/[(XlTXl)_l]jj log(1 +p/s?),
where [(X?X;)71];; denotes the jth diagonal entry of matrix (X7 X;)~! L.

Lemma 3. Let p < yn for some v € (0,1) and let Conditions (X*1) and (£*2) hold. Then
there exist o > 0 s large enough and a constant C' > 0 depending only on v, L such that

4

. . 5

sup sup Py, (|0ors;| > 75) < ¢
0€Bo(s) j:0;=0 b

and, for all j € {1,...,p},

. 62
sup Po(|0ons| < 71,105 > 27X, §2exp(— J )
ooty o Wousal <7l 2 275 Co T 1],

Proof. For brevity, in this proof we write (X,Y), 0 and 6 instead of (X1,Y1), Oors and 6oL,
respectively. Set

75 = a0\ /[(XTX)~1];; log(1 + p/s?).
Using Lemma 2, we have
Po,(10;] > 7)) < Poo(10;] > 1) + 200,
Next, if 6; = 0, then the fact that 8 = 6 4+ o(XTX)'X”¢ yields
) - -
Po o (16| > 75 1X) = P{[[(X"X)"'XT¢];| > ;” | X}

Note that, conditionally on X, the random variable [(X?X)"1XT¢]; is L/[(XTX)~1];;-subGaussian.
Thus, if a > 2L,

Txy-1xTg] | < 7 st
P{|[(XTX)"'x"¢];| > ;J X} < 2exp<— 20’2L2[(X]TX)_1]]']'> < C’?.

Combining the above bounds and taking into account the condition p < yn we obtain the first
inequality of the lemma. To prove the second inequality, we note that

Po, (10, < 7;,10;] > 27|X) < Po, (10, — 0, > 10;]/2X)
= P{|[(XTX)'XT¢];| > (0;]/(20) | X}

92
<2 — J .
=P ( 8L2a2[(XTX)_1]jj>

O

'Recall that XTX; is almost surely invertible under Condition (X*1), so that operating with (X{ X;)™! is
formally legitimate everywhere except an event of zero probability, on which we set, for example, 7; = 0. We
do not further invoke this detail since it does not influence the argument.
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10.2 Proof of Theorem 2

The first inequality of the theorem is straightforward in view of Theorem 1 and Lemma 1.
The second inequality (that is, the upper bound on the squared risk of A%D ) is deduced from
the first inequality exactly in the same way as it is done in the proof of Theorem 8 in [8].

10.3 Proof of Theorem 3

For brevity, in this subsection we write (X,Y), 0 and & instead of (X2,Y2), 0oLs and 60 LS,
respectively. We also set Q = QéD , where QéD is defined in (16). Let 7; and 7; be the same
as in Lemma 3.

Denoting by S the support of 8 and by SC its complement, we have

Boo(Q~Q0)* < 2Bo, (Y 0015 ., ) + 2Boo( Shas 0010, —03) . (30
jest j€S

Consider the first sum on the right-hand side of (34). Acting as in the proof of Theorem 1 we
get

D aiOy,or, = ooy D (X6, (X7.8)), (35)
jGSG z<]
where
h((X1, &), (X7,¢))) = Z [(Xin(0& — X'u) + wi] [Xjn(0& — XTu) + Uk}]l‘gkbfk-
kesC

Conditionally on (X1,Y7), the terms in (35) are zero-mean and distinct terms are uncorrelated.
Thus,

R 2 9 _
EO,U |:< Z aj(g)]l|éj‘>§_j) ‘ XhYl} = mEB,U [h2((X17 51)7 (X27 62)) ‘ X17Y1] (36)
jest
and, by an argument analogous to (28) and (29), we find
. 2
Eoo|( Y 401, ) | (37)

jest

C
2,2
< B, [ (lel3 + 0% 3 Wgon, + D Wity 1on, Lo or, |
kest k,k'€SC:k/ £k

Then, by the Cauchy-Schwarz inequality,

B [( X a1, ) ]

jest
< Cmo [ 4 ) S 1y ]+ CBon (Y kit 1,
= 2o o Ujly |0k |>7; 2 0o Uit 155, L1654,
k' #£k
C N A
< S0+ VBooluls] 3 \/Poodil > ). 58
kest
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Using here Lemmas 1 and 3 we conclude that

. 2 52
Eoo|( D ai(0)1,.,) | < o' (39)
jest
Next, we consider the second sum on the right-hand side of (34). Similar to the proof of
Theorem 1 we obtain

~ 2
Eoo( Y a;0)15,., —03) < C(Si+ S+ ), (40)
jeS
where HX”% X7 ,
S1 = Egﬁ {Zejuj]l\éjbf'j <1 — J ) -+ 9]- n] (o’f — wj)]lléjbf'j]

jeS
9 S . 2 B ) 2

Sy = Eo, [m STR(XL6), (X7 6)], Si=Boo [ 302, ]

1<j JjeS

and h is the equivalent of h for indices in S instead of St Thus, Sy does not exceed the
expression in (38) where St is replaced by S:

52« [0+ \/Bolulls] 3 y/Po. (1l > 7).

keS
Bounding in this expression P970(|0Ak| > 71) by 1 we get
s
SQ S 00'4m. (41)
Next, arguing as in (26) and (27) and using Lemma 1 we obtain

Co?

C
S1 < 013 E0(lull3 + %) < =613, (42)

Finally, introducing the notation B = (X¥X;)~! we find that the term S3 satisfies

2
_ 2 N 2 N
S3=Boo | (010,15, 0,101 + D 1, 10,1525, ) | (43)
JjES JjES
~24~2 202
< CBog > {T1TE+ 070809, <5, 10,1525,y L 1< loni>250) )
7,kES
~ 2
<C Y Boo (BB ) log? (1+ é%) + CEo (D 03P200 < 75,1051 > 2551%1) ) |.
j,keS JjES
Here,

2
> Eoo(5'BjiBu) < Eoo(6" X (B)) < 5%(Bo0(6)"* (Bo.s (Moo (B)) /2 < Co' 5,
J,keS
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where the last inequality follows from Lemmas 1 and 2. Furthermore, using Lemmas 1 and 3
we get

~ 2 2
EM(%@?P%W <3105 > 24,0%0) ) ] < E[(ﬁjGZSBﬁ max{z? exp(~Ca?)}) |
< Co*s"E* (AL (B)) < 0042—2.

max

It follows that

S3 < Ocr4i log? (1 + B) (44)
3= n2 2)

Combining (34), (39) — (44) yields the bound (17) of the theorem for Q4. The bound (18)
for f\éD is deduced from (17) exactly in the same way as it is done in the proof of Theorem 8
in [8].

11 Proofs for Section 7

11.1 Proof of Proposition 1

We use a combination of arguments from [4] and [12]. By Theorem 6.1 in [12], if £ is standard
Gaussian and X satisfies weighted restricted eigenvalue condition then the result of Proposi-
tion 1 holds. Now, note that, by Theorem 8.3 in [4], if £ in Condition (P) is small enough and
Condition (X*3) holds then X satisfies weighted restricted eigenvalue condition with probabil-
ity at least 1—3 exp(—Cn) for some constant C' > 0 depending only on M. Thus, Proposition 1
holds when £ is standard Gaussian. In order to extend it to subGaussian &€, we note that, in
the proof of Theorem 6.1 in [12], the only ingredients involving &€ are Lemmas 7.6 and 7.7 and
those lemmas remain valid for subGaussian noise (with possibly different constants depending
on L). Indeed, Lemma 7.6 in [12] states that [|£]|%/n is between two absolute constants with
probability at least 1 — C"exp(—n/C"), which remains true for subGaussian £. As concerns
Lemma 7.7, it can be replaced by Theorem 9.1 from [4] that we state here in the following
form.

Proposition 4 (Adapted from Theorem 9.1 in [4]). Let t > 0 and let X be a design matriz such
that maxi<;<, | X;||3 < 2n. Assume that Condition (£*2) holds. Then, there is a constant
C > 0 such that, for all u € RP,

%\gTXul < O(G(U) \ HUH*)

with probability at least 1 — e™", where G(u) = # I Xu||2.

It is not hard to check that the assumption maxi<i<, | X;||3 < 2n of Proposition 4 is
satisfied with probability at least 1 — C”"exp(—n/C”) provided X; are M-subGaussian, with
components having variance 1, and Condition (P) holds. It follows that there is an event with
probability at least 1 —C’exp(—(nAslog(ep/s))/C") such that the conclusions of Theorem 6.1
in [12] (to within the constants that can depend only on L, M and ko) hold under the
assumptions of Proposition 1.

23



11.2 Proof of Proposition 2

For brevity, in this proof we write (X,Y) instead of (X1,Y ). Using the definition of &2
in (20) we get

Srs

1 .
82— 0% < 2150 — 0)13 + 1613 — n| + 2] (01— 0)]. (45)

To control the second term on the right-hand side of (45), we apply Bernstein’s inequality (cf.
e.g. Theorem 2.8.2 in [24]): if Condition (£*2) holds, then

P (|3 —n| > u) <2075 s,

where ¢y > 0 depends only on L. This yields, for any ¢ > 0 such that ¢ < ¢on,

€113 — n| < v/nt/ecq

with probability at least 1 — 2e~*. Next, to bound the first and the third terms on the right-
hand side of (45) we place ourselves on the event of probability at least 1 — C’ exp(—(n A
slog(ep/s))/C") where the result of Proposition 1 holds. We denote this event by C. By
Proposition 1, on C we have 1[X(0ss — 0)3 < 0’02%.

Finally, to bound the third term on the right-hand side of (45) we use Proposition 4 where
we set u = Ogs—0. Fort > 0, denote by C; the intersection of C with the event of probability at
least 1 —e~*, on which Proposition 4 holds. Then P(C;) > 1—C"exp(—(nAtAslog(ep/s))/C").
Proposition 1 yields that, for any ¢ > 0 satisfying t < cgn we have, on the event C,

]y < Oy 8108(ep/s)
— n )

2 1/2
Gy < %4 PElE Wl _ ¢t sloslopf) | (slogten/s))'y

n on n n n

- C,a(\/%Jr slogglep/S))j

where we have used the fact that slog(ep/s) > 1. These remarks and Proposition 4 imply
that, for any ¢ > 0 satisfying ¢t < ¢on we have, on the event Cj,

L1eTxu) < Oa(3 4 1 208PIE) log(ep/s))
n - n n '

The result of the proposition follows.

11.3 Proof of Theorem 4

For brevity, in this subsection we write (X,Y), @ and A instead of (X2,Y9), QgD and AgD,
respectively. We also set u = ésrs —0 and w; = Zk# X k.

Recalling the expressions obtained in the proof of Theorem 1, we have Q = f1(Z)+ f2(Z),
where Z = {(Xij)1<i<n,1<j<p, (&)1<i<n} and

T p n
£1(2) Z 1200 (1 - nj”?) +20, = (06 —w,) ) +%ZujZXij(a§i ~ X'u),
j=1 j=1 =1
p
fQ(Z) = Z’U«ZQ + m ZZszng(sz — Xi’u,)(ofj — Xju).
i=1 i#j k=1
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We will use a result from [1|. To this end, we introduce the following notation. Denote by
P4 the set of all partitions of {1,...,d} into nonempty, pairwise disjoint sets. For a partition
Z=A{%,...,Ix} € Pyand a multl indexed array M = (M;, i )ir,....ig=1,...q» We define

K
|7 := max{ Z e [T 0 ¢ i llz < 1, k= 1K}

01yeeytg=1 k=1

where z;, is a Card(Zj)-dimensional array indexed by i, = (i;,j € Zy). Here, Card(Z) is the
cardinality of Zy, and ||z;, [|3 = ZMSQ xfk with |iy| = max(ij,j € Z). Examples of this notion
can be found in [1]. Finally, denote by D?f the d-th derivative of a function f : RY — R,
which we identify with a multi-indexed array 9i, where only entries with indices satisfying
i1+ ---+1iq = d (that are the corresponding partial derivatives) can be non-zero, and all other
entries vanish.

Proposition 5 (Theorem 1.4 in [1]). Let f: R? — R be a polynomial of q variables of degree
D. Let Z = (Zy,...,Z,) be a vector with independent L-subGaussian components. Then, for
any t > 0,

. t CaarD
P(1/(2) ~Ef(2)| 2 1) < 2exp [‘CD 2 22, (LdHEDdf(Z)Hz) }

where cp is a positive constant depending only on D.

We now apply this proposition with f = Q, which is a polynomial of degree D =
(assuming wu fixed) of ¢ = np + n variables. Note that Egp(DQ |u) = E070(D3Q |u) = 0,
and Eg ,(D'f1(Z)|w) = 0. Hence, in order to apply Proposition 5, we only need to evaluate
|Eo.o(D?fi(Z) | )|z, i = 1,2, for every T € Py and ||Eg »(D* f2(Z) | u)||z for every T € Py.

We have

O’ fi B 0% f1 20

5606 D) =0 Ggax, B = et iy, (46)
0? 2

78)(--({;(“ = ——[wi(uj +05) + uj(uw + 0) [ Lz
ij

Since || - ||{1,2) is simply the Euclidean norm of the array (cf. [1]) we find

(1l + o) (Ilull3 + 1613)

|Eo0 (D f1(Z)|u) 5y < C

n
Furthermore,
Eo.- (D? f1(Z)u) (13, (213
n P 9 n p
= max{ ZZ Uug + Ok l‘l kyz - — Z Z up U] +9 ) +U](Ul + el)]l'zﬂyzl
=1 k=1 " =1 j,l=1
20 < & p I
+— DY (uk + Or)yi i — - Do [y +0;) + wji(w + 91)}yi,j$i,l}a
i=1 k=1 =1 j,l=1
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where the maximum is taken over (x; j, Tk, Yi;, Jx) such that > 7" J 1 w +>
and >, Z; 1 yw + Y r_, §7 < 1. By the Cauchy-Schwarz inequality,

20 o=
— (ug + Ok)7; 10

20
< = (lull> + [6]12),
i=1 k=1

and on the other hand,

2 = w 4
‘E Z Z [ul(uj +60;) 4+ uj(u + 91)]331-7]-,%,1 < E\/Z U%l’?’j Z(UJ + 9]-)2%2’1

i=1 jl=1 i)l il

C
< ;HUHz(HUHz +0]l2).

Hence [[Eoo (D?f1(Z) |w) 13,121y < Cn (w2 + o) (w2 + 110]]2).-
We now turn to evaluation of |Eg ,(D?f2(Z)|u)||z for T € Py and |Eg »(D*f2(Z) | u)||z
for 7 € P4. We have

P
f2(2) =Y ui = S1(Z) + 52(Z) + S5(Z) (47)
i=1
where
Si1(Z) = nn—1) Z Z Z i k=i ka=g =1z | €& Xnaty KXol
4,J kil ka,l2

S2(Z) = P 1 SN [t Mk miskomhs ko it ] & Xkaty Xt Xss

U kil ko,lo k3l

E : E : § : § : [ulsul4]lkl=k37k2=k4,k175k2711=12]Xkllle2l2Xk3l3Xk4l4'

k1,01 ko,l2 k3,l3 ka,la

S3(Z) = n(n -1

It follows that

02 fy 02 fo 20y
gJz - 92 (2| = -,
E"v“[agiagj(z)‘“] 0, Eav”[agiaxk,l( )Iu] no
82f2 2ul uy
' (7 =,
"’”[axkl,haxb,b( )‘"] Fa=ks

By replacing the uj+6; in (46) with wy, similar argument as for f yields |[Eg,, (D? f2(Z)|u) H%l 2y <

Cn(J|ul3 + o?)||lull3 and [|Eq o (D?f2(Z) [w)ll 11}, 123 < Cn~([Jullz + o) [l
Furthermore, retrieving the fourth order derivatives of fo from (47) and recalling that
| - l{1,2,3,4) is the Euclidean norm we find

A p
HEO,U(D4Q|U)H%1,2,3,4} = “EO,U(D4f2( )|u)”{1234} (H"”z t+o )ﬁ

Next, for any partition Z € Py,

3

1B (D'f2(Z) |u)llz < ) | Eo,0 (D'Si(Z) | u)z. (48)
i=1
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We now evaluate separately the three terms on the right hand side of this inequality. We will
only do it for the partition Z = {{1},{2,3,4}} since other partitions are treated analogously.
First, consider the term with S1(Z) in (48). Observe that

1Bo,o (D*S1(Z) |u)ll{1},{2,3.43) < (O maX{Zzﬂﬂzymﬂ-zzxuyml} (49)

i#j =1 i#j =1

where the maximum is taken under the constraints imposed by the definition of the norm
|| - |lz. Thus, for the first double sum on the right hand side of (49), the maximum is taken

under the constraint Y i ;27 < 1 D it S yml < 1. Using the implication

p
Zx <1zzym_ = DD Ty < Vap

i#j =1 i#j =1

to control the first double sum and treating quite analogously the second double sum in (49)
we find that HEQ’U (D451(Z) |u) “{{1}7{273’4}} < 002\/@1_3/2.
Next, we consider the term with So(Z) in (48). Similarly to (49) we have

IEo.0(D*S2(Z) |u) |l {{1},(2,34}} < ( maX{ > Z LY g1, (50)
i#j LI'=1
p P
+ Z Z Ti 1 Yi g0y + Z Z «Ti,l’yi,j,lul’}7
i#j Ll=1 i£j LI=1

where the maximum is taken under the constraints imposed by the definition of the norm
|| - [|z. For the constraint corresponding to the first triple sum on the right hand side of (50)
we have the implication

p
Zw LY st > Y (3w 3 it < ey

i£5 Ll'=1 i£j =1 5,00 i1

The other terms on the right hand side of (50) are treated analogously. It follows that

B0 (D*S2(Z) |u) |l {1).(2.3.4)) < Collulzy/pn/2

Similarly, such a bound holds for every partition in P4. Finally, the control of the term with
S3(Z) in (48) follows the same lines by using the implication

E E E § . . E 2,..2 E 2,2
‘Tz ,a < 1 yz,] a,b,c = = Li,a¥i,j,a,b,cUbUc < ubxi,a ucyi,j,a,b,c

Z#] a, b c i7j7a7bvc i7j7a7bvc i7j7a7bvc
2
< Jlullz

and analogous implications to obtain the bound |[Eg » (D*S5(Z) | )| ({1} 12,3433 < CHuﬂg\/]_m_?’/z.

Again, such a bound holds for every partition in P4 (we skip the argument, which is quite
analogous).
Using the bounds obtained above for the three terms in (48) we get

max o, (D'Q |u)llzx < C(|ful3 + %) ypn~*".
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2
Using Proposition 5 and taking t = UT\/W + a\/gHOHz with 0 < v < n'/? we have on the
event {||ul|3 < cos20?slog(ep/s)/n} and under Condition (P) that

nt? nt

t ) Car?:l(I)

. . >
gﬁbﬁ%QMEWﬂmm C[

AN
(w3 + o) (i3 + 1613) ~ (lull2 + [1]l2) (o + lull2)
nt? . WP
el + s S el v )

> (.

Thus, the first assertion of the theorem follows from Propositions 1 and 5, and the fact that
the estimator @ is conditionally unbiased: Eg,(Q|u) = Q(6).

We now prove the second assertion in the theorem. Set 72 = 02@. We bound |A — |62
by considering the cases ||@||2 < 7 and [|@]|2 > T separately.

Case I: ||0]|2 < 7. Then we have

A —[16l2* < 2(A% + [1613) = 2(Q — [1613) + 4/|63-

By combining this inequality with the first assertion of the theorem we get that, with proba-
__nAslog(ep/s)
I,

bility at least 1 — C’[e™" + e 7

2
A 2 o 4PV 2TV 2
A=10ls2 < C(y/o'55 + 02T+ 72) (51)
/o 1/4,3/4
§C(a2ﬂ+aﬂ+72) < C(o? PU L 2P Y
n Vn n n

Case II: ||@||]2 > 7. Applying the inequality Ya > 0,b > 0, (a — b)? < (a® — b?)?/a® we find

|A _ ||0||2|2 < (Q — ”0”%)2
.

Combining this inequality with the first assertion of the theorem we obtain that, with proba-
__nAslog(ep/s) ]

bility at least 1 — C'[e™" + e c

0|2v
4 py +Uzll I3

~ ag
A—follb2<cTZ 7 2 <o
Gk

4 PV
212

+o0°—)<C(o
Putting (51) and (52) together we find

R a(pv)1/4 \/? v3/8pl/8 1y —v/C" 5 \s/C!
— - — — 1< — .
P97U(|A 1€]]2] > C NG +Co n—i—C’a Tn ) C'(e +(ep) )

. . 1/4
Finally, since we assume that v < n'/? and p > ~n for some 0 < v < 1, the term olpo)

in the above inequality dominates the other two terms. The second assertion of the theorem
follows.
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11.4 Proof of Theorem 5

For brevity, in this subsection we write 9, é,(f and Q instead of 9srs, ésrs, /264 and Qg D
respectively. We also set uw = 6 — 6 and

XI'x log(1 2 log(1 2
v=(1,- 2 3)%ezzxgggjf:a&,/w,_w/w, (53)
n n n n

With this notation, we have 0 = 0 + v + e. We define the random event

A:{||é—0||§302}0{02§&2§302}. (54)

11.4.1 Preliminary lemmas for the proof of Theorem 5

Lemma 4. Let Conditions (£*2), (X*3) and (P) hold. Then there exist positive constants
Cy,Cy depending only on L, M such that for o > 0 large enough and any j € {1,...,p},

. 5”
Pg,g({|ej| > #/2} N A) <G
and
4 o
(ngQ,g(|€j‘ > ‘9]|/4) < Cgﬁ,
where €,7 and A are defined in (53) and (54) respectively.

Proof. For brevity, in this proof we denote by X the jth column of matrix X3. Using the
definition of A we get

Po, ({lejl > #/2} N A) < Po, (5| > 7/2)
< Po o (I1X;3 > 2n) + Py, (I X3 < 2n.|¢j| > 7/2).

Since &1, ..., &, are independent L-subGaussian variables we have that €; is a oL|| X |2/n-
subGaussian variable for fixed X ;. It follows that

2.2

n°t
Poo(lej| > 7/2] X;) < 2ex0 (<5 gi=3 )
oo lesl > 7/21X;) < 200~ gz
and thus
2 nt’ 2
Po., (| X113 < 2n, )| > 7/2) < 2exp (= o5 ) < 25%/p
if & > 4L. Moreover, as Xij,...,X,; are independent M-subGaussian variables their squares

are subExponential. Since also E(Xf]) = 1 Bernstein’s inequality (c¢f. Theorem 2.8.2 in [24])
yields that there is a constant C' > 0 such that Pg (|| X;[|3 —n > n) < exp(—Cn). In view
of Condition (P) we have exp(—Cn) < C’ % for ko > 0 small enough. The first result of the
lemma follows.

To prove the second inequality of the lemma, note that the variables (X;;&;)i1<i<n are
independent, and they are subExponential as products of two subGaussians, c¢f. Lemma 2.7.7
in [24]. Thus, Theorem 2.8.2 in [24] yields

[ no2 nw-\} 4
_C N Atk 1) ) _
%%ﬁp@%é%em&2°§%%WVmwm-<w
x>

O
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Lemma 5. Let Conditions (£*2), (X*3) and (P) hold. Then there exist positive constants
C4,Cy depending only on L, M such that for a > 0 large enough and any j € {1,...,p},

2
Pe,g({|uj| > #/2} N A) < 01%

and

4
o
9?P97U({|I/j| > |9]|/4} ﬁ.A) < CQE,
where v, 7 and A are defined in (53) and (54) respectively.

Proof. For brevity, in this proof we denote by X; the jth column of matrix X3, by X_; the
matrix obtained by removing the jth column (that is, X ;) from X3, and by u_; the vector
obtained by removing the jth entry from u.

For any j € {1,...,p}, we have the upper bound

1X,13 I
il < |(1 = R | | X TR juy . (56)
Using the definition of A and Bernstein’s inequality (Theorem 2.8.2 in [24]) we find

Po.o ({|(1=n~M1X;13)u| > #/4} N A) < P (JL—n ! X,03] > 7/(40))  (57)
< 2e—C’nmin{T2/a2,7/a} < 0/82/]7,

where the last inequality holds for « large enough due to the fact that 7/0 < 1 for kg small
enough, cf. Condition (P).

Next, notice that X]TX_ju_j = > | m; where the random variables 7; := Xj; Zk# Xipug,
1 =1,...,n, are independent and zero-mean conditionally on w. Furthermore, conditionally
on u, each variable -, . Xipuy is [lu[[2M-subGaussian. Thus, the subGaussian norms (cf.
[24]) of Xij and of >, Xjpuk, conditionally on u, do not exceed CoM and CoM ||ullz, re-
spectively, where Cy > 0 is an absolute constant. By Lemma 2.7.7 in [24], the subExponential
norm of 7; (for any fixed u) does not exceed C3M?||ul|z. Therefore, conditionally on wu, we
can apply Theorem 2.8.1 in [24]. This yields

PG,U(

1 .
CXTX | > /4| u) < 2¢mCrmin{r/lulfe/lull), (59)
It follows that
1 7 N L o7
Pg,g({‘ﬁxj X_ju_j‘ > 7/4} N A) < Pg,g({‘ﬁxj X_ju_j‘ > 7/4} N A) (59)

1
<Eg, [Pa,a< EXJTX—J'"—J" >7/4] ">1IIUII2§0]

< 2e—Cnmin{T2/02,T/U} < 0,82/}).

The first assertion of the lemma follows.
To prove the second assertion, we use again the bound (56). Considering the first term on
the right hand side of (56) and reasoning analogously to (57) we get

4 1 9 4 —Cmin{ 277'n\9j\} ,0'4
01Poo ({11 = n M IXS13)u5] > 1651/8} N1 A) < 20%e crrlcos o (60)
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where the last inequality is obtained as in (55). To handle the second term on the right hand
side of (56), we note that, analogously to (58) and (59),

0§‘P970< %X?X_ju_j‘ > 16;]/8] u) < 29?6—Cnmin{9?/llu||§7\9j|/||u||2}7
and
4 L et 4 —Cmin{niz?vn‘:j‘} o
ejPO,g({(EXj X_ju_j( > |9j\/8} N A) < 20% z <05 (6
The second assertion of the lemma follows from (60) and (61). O

11.4.2 Proof of Theorem 5

Recall that, for brevity, Qg D _ Q We follow an argument close to the proof of Theorem 3.
Similarly to (34), we first write

EO,U |:(Q - Q(o))z]lf\} < QEB,U <]]-.A Z aj(é)]l|§j‘>f—)2 (62)
jest
+ 2E0,a (]lA Z{aj(é)ﬂwjb% - 0?}) 27
JES

where 7 is defined in (53), A is defined in (54), and S is the support of 8 € By(s). Recall that
A and 6 are measurable with respect to (X, Y1, X3, Y3), aj(é) is measurable with respect to
(X1,Y1,X5,Y2), and 7 is measurable with respect to (X1,Y7).

Following the same lines as in deriving (37) (now, to obtain an analog of (36) we condition
on (X1,Y,X3,Y3) rather than on (X1,Y;)) we find

N 2
Eoo| (14> a;0)15,..) | (63)
jest
(7 9 2 2
< 2o [La((uld +0%? 3o 1 et 3 whudly it ns)]
keSt k,k'€SC:k/ £k

Using (63), the definition of A and the fact that
2,9 4 4
o wuil g ta < uls D L da <ot Y L,
ke, k' €S0 k' £k jest jest
we get the upper bound
N 2 0'4
Eq o {]1A< Z aj(o)]l|éj\>f-) ] < CEEB’U <]lA Z ]l\éj\>f')’
jGSG jGSC
Noticing that for j € SP we have éj = vj + ¢; and applying Lemmas 4 and 5 we obtain

Eo, [nA( 3 aj(@))]lwy) ] <ot (64)

2
n
jest
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To analyze the second term on the right hand side of (62), we use a decomposition analogous
to (40) with the difference that now we insert 1 4 under the expectation. It is easy to check
that the analogs of the terms S and Sy in (40) are bounded quite similarly to (41) and (42)
(we skip the details here). This yields

R 2 2 2
Eo, [1A<Z{aj(0)]1|§j‘>f . 9]2.}) ] < c(%uaug + 04% +Eo, [nA(Zef]léﬁ) D
JjES jES
(65)
Now, notice that, in view of Lemmas 4 and 5,
01Po ({101 < 7,10;] > 27} N A) < 01Po,({I0; — 0;] > 10;1/2} N A)
< 0Py ({lejl = 10;]/4} N A) + 0P, ({Iv;] > 16;|/4} N A)

4
o

<(C—.
n2

Using this inequality and acting as in (43) we get
2 _ 2
Eoo | 14( D 0315 o) | < Cs%Eo, [#414] + C| 03P ({10, < 7,16, > 27} 0 )]
jes - jes
s? D
< C'o" 2 log? (1 + ;) (66)

Combining (62), (64), (65), and (66) we obtain

452 1og?(1 + /p/s) +02|’9”%>_ (67)

n? n

Eo.r|(Q - Q)14 <C(o

To conclude the proof of the first inequality of the theorem (that is, the bound on the error
of Qg D), it suffices to use (67), Markov’s inequality and the fact that, due to Propositions 1
and 2,

Py ,(A) > 1— Cexp(—(n A slog(ep/s))/C).

The second inequality of the theorem (that is, the bound on the error of f\g DY) is deduced
from the first one exactly in the same way as it is done in the proof of Theorem 8 in [8].

12 Proofs of the lower bounds

12.1 Proof of Theorem 6

It is straightforward to check that (23) and (24) follow from (21) - (22). Thus, we only prove
(21) - (22).

For an integer s such that 1 < s < p and u > 0, we define O(s,u) = {0 € By(s) : ||0]]2 >
u}. Note first that it suffices to prove (21) for s < /p and p < r, where for A >0

B ) slog(1+p/s?)
r-Amm( T,l). (68)
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Indeed, for \/p < s < p we have the inclusions
O(s,ap(s,N,p)) 2 O(s',0p(s,N,p)) 2 O(s',0p(s', N, p))

where s' = |/p] is the greatest integer smaller than or equal to /p. It is easy to check that
p(s,N,p) is of the same order of magnitude for s = 5" as for all \/p < s < p:

o P/ /
p(s, N,p) < min %,1 , Vs <s<p.

It follows that it is enough to prove (21) for s < ', and thus for s < ,/p. Furthermore, if
s < /P, we have log(1+p/s?) > log(1 + \/p/s), so that it is sufficient to prove (21) for p <r
where 7 is defined in (68).

Thus, in the rest of this proof we assume that s < ,/p and we show that (21) holds for
p < r, where r is defined in (68).

Let 7 > 0 be defined by the formula

2 P’
T = = (69)

Denote by p, the probability measure corresponding to the uniform distribution on the set
©" = ©'(7) of all vectors in RP that have exactly s nonzero components, all equal to 7/4/s.
Note that the support of measure p, is contained in O(s, 7). In the rest of this proof, we set

) 1
1+p%

For any test A and o0 = v/1 — 72, we have

R(A,s,p) > P071(A =1)+ sup ng(A =0)
0€Bo(s):(|0]2>0p

)+ sup Py =(A=0)
0c0’:||0||2=7 O,vi-r2

>Poi(A=1)+ / Py i (A =0)p-(d0) = Po (A = 1) + Py (A = 0),

> Po,1(A

where we have used the fact that 7 = op and the notation Py, (-) = [Py 1—(-)11r(d@). The
theorem now follows from the last display and Lemma 8 given below.
To prove Lemma 8, we need the following two lemmas that may be of independent interest.

Lemma 6. Let 7 € (0,1) and o = /1 — 72. Let € be standard normal and let X be a random
matriz independent of €. Then, for any 0,0’ € RP we have

/ dPg ,dPy

7_2
dP(),l 2

= 2By exp ([ (10, 26) — T (1013 + 03] )

where A = (1 — )71 and Ex denotes the expectation with respect to the distribution of X.
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Proof. Set a = (2/0? —1)~! > 0. We have

dPg ,dPy 1 1 2 lyl3
’ g = E ——(|ly — X6 —X0'|2 2

/ o = e B [ e (= ol = X613 + ly ~ x0'1B) + 2 ) ay
o 1 HyH% 1 / 2 )
= B [ e (— 9k - o[ - 20 K(0 4 0) + %613 + %63 )ay
_ 1 1 2 12 lvl3 (v, X(6 +6"))
B (27T)N/20'2NEX [exp ( 202 (X6 + X6 HQ)) /RN P ( 2a i o2 )dy}.
Here,

w3 | L XO+6))y N/2 1X(6 + 6")]13
/RN P ( 2a o2 )dy = (2ma)™ = exp ( 202(2 — 0?) )’

and the lemma follows. O

Lemma 7. Under the assumptions of Lemma 6, let X be a matriz with i.i.d. standard normal
entries and |02 = ||0’||2 = 7. Then, for any 6,6 € RP we have

dP970-dP0/’a. N ]_
/ dPoy  (1-(6,0)N"
Proof. Lemma 6 and the fact that X is a matrix with i.i.d. standard normal entries imply
dPg ,dPg 2 N
/ 0007600 _ \N/2 (EX exp [A((X10)(X10’) T (xte)? + (Xlo')Q))D (70)
dPo 2

= \N/2 (E exp()\ZT]D)Z))N,
where Z ~ N(0,1L,) and
D= % [(oo’T +007) — 72007 + 00|
The rank of the matrix D is at most two and, for all @ and @’ such that ||0]]2 = [|0']|2 = T,

this matrix has the eigenvalues

0,0 2
A\ = M(l_#) >0,

2
0,0") — 72
2

Ay = (1+72) <0.

In particular, since 7 < 1 we have M\ < 72/(1 + 72) < 1/2. It follows that
1
VI =200 (1 = 2X2))

Eexp(A\ZTDZ) = (71)

using the fact that Eg.p(o,1) exp(tG?) = (1 — 2t)~1/2 for any t < 1/2.

Combining (70) with (71) we get after some algebra that, for all @ and 6" such that
1812 = [16"]l2 = 7,

APy ,dPy , A Nz 1
/ dPoy  \(1—=2MA)(1 —2\2)) - (1-(0,6)N"
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Lemma 8. Assume that X is a matriz with i.i.d. standard normal entries and & is standard

normal. Let § > 0. Let 72 = 1_'1'2252 as in (69) with p < r, where r is defined in (68) with

A= \/% log ((1 —0)2+ 1), and let pr be the prior measure defined above in this subsection.
Then for any test A we have

Poi(A=1)+P, (A=0)>9,
where B, () = [ Py jr=ra()ir (d6).
Proof. Set 0 = +/1 — 72. It follows from Lemmas 6 and 7 in [6] that, for any test A,

dPg ,dP g 1/2
0, o ,(r) o 1) ,

Pos(8 =1+ B, (3= 0) 21~ (B ( [T (72)

where E g g/).,2 denotes the expectation with respect to the distribution of the pair (,0")
such that @ and 0" are independent and each of them is distributed according to jir. As ju,
is supported on ©(s, ) we have ||@||2 = 7 for all € in the support of p,. Since p <r < A we
have [(0,0")| < 72 < A2 < 1/2 for all 6 and @’ in the support of ;. Thus, using Lemma 7
and the fact that 1 — 2 > €™ 2* for 0 < x < 1/2 we find

dPg ,dPy
E(0.0) ( / %) < E(g.0)pz exp (2N(6,6"))

P
_ 2.-1
=E9,/)~p2 €XP (2NT s Z ]19]750]10;_750).
Jj=1

The last expectation involves a hypergeometric (p, s, s) random variable and it is bounded in
the same way as in the proof of Theorem 4 in [6] (see also Lemma 1 in [8]), which yields

dPg ,dPgy
E(979/)NM3</T()1) < exp(2A2). (73)

Finally, the bounds (72), (73) and the definition of A imply that

Poi(A=1)+P, (A=0)>1— (exp(24%) —1)"/* =
O
12.2 Proof of Theorem 7
We use the following lemma. Its proof is simple and is therefore omitted.
Lemma 9. Let k > 0,¢ >0, and z > 1. Then for
¢ = min(max(ez, e), K2) (74)

we have

ek if K? > €222,
g=1< €z if €z<r? <22
K2 if K2 < €z
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To prove Theorem 7, we first note that, as in the proof of Theorem 6, it is enough to
consider s < /p since for s > /p the rate of estimation ¢* is of the same order as for
s = |/p). Next, note that for s < \/p we have log(1 + p/s?) > log(1 + /p/s), so that
¢« < min(ez + ek, k?) < 2q where ¢ is given by equation (74) with

B o B __min(slog(1 + p/s?), N)
e=¢€(0):=—, z=2(s):= Tog 2

9

and where & is the bound on the ls norm of the parameter §. We have z > 1 since slog(1 +
p/s?) > log2 for 1 < s < /P - we can thus apply Lemma 9. We now prove Theorem 7
separately for the cases k2 > €222, €22 < k? < €222 and k2 < €22.

Case k2 > €222, Let ¢ > 0. Using Lemma 9 we obtain

sup  sup Pg,g(\T - Q) > cq*> > sup supPg7U<|T - Q) > 2cm)
6cBy(s): 0>0 0cBy(s): 0>0

18]2<x lOll2<x
- 2ck
> sup Pou(|T- Q) > =)
0cBo(1): \/_
ll0ll2<r

2ck
> max P ( T— > —),
=12 0;,1 | Q( )‘ \/N
where 01 = (k,0,...,0) and 63 = (k — \/—CN,O,...,O).
Set now ¢ € (0,1). Using the above display and a standard lower bound for the maximum
error of testing two hypotheses (cf., e.g., |23, Chapter 2|) we get that there exists ¢5 > 0
depending only on ¢ such that

)

sup supP97g<|T—Q(0)| > 05q*) > max >0,
0cBy(s): 0>0 1,2

[6]l2<r

Po,.1 (|7 - Q(6,)| =

Case €2z < k? < €22%2.  Using again Lemma 9 we obtain ¢, < 2¢ < 2¢2z. Let § > 0. Recalling
2
that € = €(0), z = z(s) and setting 72 = T5,2,0 = V1 — 72, where r is defined in equation (68)

with the value A := A(J) as in Lemma 8, we have

sup  sup P970(|T - Q)] > cq*) > sup sup P970(|T - Q)| > 2062(0')2(8))
OEBO(S)I a>0 >0 OEBO(S)S

10l2<x 10l2<e() /)
1 N
> 5 [PO 1(|T\ > 2¢é2(1)2 (1)) + sup P(,,&(\T —Q(0)| > 2ce2(a)z(s))}
BGB()(S)

[[8]12<e(G)+/2(5)

[PO 1 (|T\ > r2/4> sup ( 0)| > r2/4>]

0cBy(s):

[01l2<e(5)+/2(s)

if we choose ¢ := cs > 0 such that ¢ < A%(log2)/8. In the last line, we have used the relations

l\.’)lb—‘

6’2
A1) <5(5), VIS5 < VB, o) =% = m < < =20),
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2cz(s) 2¢c . /slog(l+p/s?) 2cr?

2 2 1 — = _— 1 = .
ce(1)z(s) N log 2 mln( N ’ ) AZlog?2
Next, note that {8 € By(s) : ||0]|2 < e€(a)\/2(s)} D {6 € By(s) : ||0]|2 < 7}. Indeed,

2 2
9 r r 9,
g < e
T TI 2 S A )A%loge | ¢ ()z(s),

since A < 1 (cf. definition of A in Lemma 8). Thus, recalling that ©'(7) is the set of all
s-sparse vectors with s components equal to 7/4/s and all other components equal to 0 we get
sup supPo,, (|7~ Q(0)| = cq. ) =

OGBo(S): >0
Bll2<x

1 . .
> ~[Po1(|T| >r*/4) + sup Pos(|T — Q(6)| >1?/4)]
2 0cBy(s):
6]2<7
1 . .
> ~[Po1(|IT| > r*/4) + sup Pos(|T —Q(6)] >1°/4)]
2 0co/ (1)
1 _ B
> 5 [Po,l(A =1+ ooap Py iz (A= 0)]

> %[PO,I(A =1)+P,, (A= 0)]

where A = 1{|T| > r2/4} and the penultimate inequality is due to the fact that Q(8) =
e 2  for all @ € © (7). It follows from Lemma 8 that the minimax risk in the last display

2
is greater than ¢ € (0,1).
Case k> < €2z. From Lemma 9 we obtain ¢, < 2x%. Consider separately the cases kK > T

and kK < 7. If kK > 7 we have

sup  sup P970<|T - Q) > cq*) > sup sup P970(|T - Q(0)] > 2062(U)Z(S))

6cBy(s): >0 0cBy(s): 0>0
1612<r 1612<r
1 N .
> [P071<\T| > 2662(1)z(1)> 4 sup P97[—,(|T — Qo)) > 2062(a)z(3))]
2 0cBo(s):
16l2<r

and we use the same argument as in the case €2z < k2 < €222 to obtain the result. On the
other hand, if x < 7 then for any ¢ < 1/4 we get

sup  sup Pg,(;(‘T - Q)| > cq*) > sup sup Pg7[,(|T - Q) > 20/12)
6cBy(s): >0 0cBy(s): 0>0

l8]l2<r 6ll2<x
oo (12200) iy Puvia (- a1 220)
18][2<r
> % :P0,1<\T| > 26ﬁ2) - o Pe,m(@ - Q(0)| > 26ﬁ2)]
> % :Po,l(A =1)+ 965(})1}(’@ Py (A= 0)}
> % :Po,l(A =1)+P, (A= 0)]7
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where A = 1{|T| > x%/2} and the penultimate inequality is due to the fact that Q(8) = x2
for all @ € ©'(k). The result now follows by applying Lemma 8 where we replace 7 by s and

take p € (0,7) such that x? = 1_’_;2'52.
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