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Abstract

The multi-mode propagation and diffusion properties are crucial informations when studying complex waveguides. In
this paper, firstly, the three-dimensional modeling of micro-sized structures is introduced by using the second strain
gradient theory. The constitutive relation is deduced while the six quintic Hermite polynomial shape functions are
employed for the displacement field. The weak formulations including element stiffness and mass matrices and the
force vector are calculated through the Hamilton’s principle and the global dynamic stiffness matrix of a unit cell
is assembled. Then, free wave propagation characteristics are analyzed by solving eigenvalue problems within the
direct wave finite element method framework. The dispersion relations of positive going waves considering the size
effects are illustrated. Furthermore, the effects of higher order parameters on the dispersion curves are discussed
and the forced responses with two boundary conditions are expounded. Eventually, the wave diffusion including
reflection and transmission coefficients are illustrated through simple and complex coupling conditions, respectively.
The dynamic analysis of coupled waveguides through the wave finite element method equipped with the second strain
gradient is a novel work. The results show that the proposed approach is of significant potential for investigating the
wave propagation and diffusion characteristics of micro-sized structures.

Keywords: Wave finite element method; Second strain gradient theory; Wave propagation; Wave diffusion

1. Introduction

The dynamical properties of guided waves such as dispersion and diffusion have been widely studied over the past
decade especially in the field of acoustics, earthquake and electromagnetics. Evaluating and optimizing the vibration
characteristics of waveguides is of great significance in engineering applications. Initially, studies focused on the
guided waves interaction at interfaces or at boundaries between different macro-mediums. For instance, Mace [1]
analyzed the diffusion properties of two coupled homogeneous beams. The result shows that incident near fields can
give rise to substantial propagating components. Mencik and Ichchou [2] studied the multi-mode propagation and dif-
fusion in periodic structures. A classification criterion was offered in their work enabling a rigorous identification of
guided modes. Currently, the experimental studies on the dynamic characteristics of guided waves have also attracted
the attention of many scholars. For example, Taleb et al. [3] conducted an experiment of wave propagation inside
an impact damage region and identified the propagating modes along the plate structure. Herrero et al. [4] reported
an experimental research of an Helmholtz resonators. The proposed structure shows experimentally a quasi-perfect
sound absorption in the range of frequencies of interest, which is in good agreement with the theoretical predictions.

Usually, the macro-structures mentioned above are simple geometries and are assumed to be isotropic and homo-
geneous. In these structures, the local behavior of internal heterogeneity plays a major role in their vibration properties
within the Classical Theory (CT) of continuum mechanics [5] framework. But for the micro-sized structures with size
effects, their structural properties are different from macro-sized structures. Generally, there exist three major aspects
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of size effects namely large surface-volume ratio, micro-deformations and non-local interaction, which are explained
as follows: firstly, the micro-particles such as atoms with associated energy on the surface of the structure produce sur-
face tension which can not be ignored in micro-structures [6, 7, 8]. Secondly, in addition to the macro-deformations
caused by macro-material in the structure, the micro-deformations such as micro-rotation, micro-stretch caused by
micro-material in the structure have important influences on the mechanical behavior of the structure [9, 10, 11].
Lastly, besides the local interaction property, there exist a non-local interaction property in the micro-sized structure
[12, 13, 14]. The wave propagation and diffusion in micro-medias can no longer be reasonably predicted by CT.

In order to interpret the properties of micro-sized structures caused by the size effects mentioned above, the
non-classical continuum theories of elasticity have been proposed. Generally, these non-classical theories can be cat-
egorized into non-local elasticity theory [15, 16], micro-continuum theory [17, 18], surface elasticity theory [19, 20]
and strain gradient family [21, 22, 23]. The strain gradient family is composed of the couple stress theory [24, 25, 26],
the First Strain Gradient (SG) theory [27, 28], the Second Strain Gradient (SSG) theory [29, 30] and the modified
couple stress theory [31, 32, 33]. Mindlin established one of the strain gradient families called the SG theory, in
which the constitutive relations are composed of strain and the first gradient of strain. The atomic structure with the
nearest and next nearest interactions between different particles is used to describe the SG theory in the framework
of lattice spring models, but only in non-centrosymmetric materials [34]. In order to explore the properties of cen-
trosymmetric materials, the SSG theory [29, 35] was put forward, which offers a reasonable description of the strain
and surface tension properties on the micro-structure’s surface by introducing the high-order parameters. The consti-
tutive relations in the SSG theory are functions of strain, first and second gradient of strain. There are three major
advantages of using the SSG theory: firstly, higher order deformations caused by higher order characteristic length
can be confirmed. Secondly, the stiffness hardening phenomenon caused by non-local or long-range interaction can
be explained. Lastly, the special mechanical properties of the micro-sized structures such as the stiffness hardening
phenomenon are mainly manifested in high frequency. These special characteristics can be effectively explored by
using the SSG theory.

Recently, researchers have conducted some explorations on dynamic properties of micro-sized structure through
strain gradient analytical theories. For example, Lim et al. [36] derived new dispersion relations in Euler–Bernoulli
and Timoshenko nano-beams based on the strain gradient theory. The stiffness of nano-beams matches the experimen-
tal observation. Dario and Askes [37] studied the flexural wave propagation characteristics in carbon nano-tubes by a
strain gradient beam theory. The significant improvements in the prediction of flexural wave dispersion are achieved
by a new three-length-scale gradient elasticity formulation. For the 1D wave diffusion, Zhu et al. [38] illustrated
wave transmission and reflection coefficients within the SSG theory framework. Torabi et al. [39, 40] introduced the
dynamical properties of nano-structures according to the strain gradient theory. It shows that the increase of thickness-
to-material length scale ratio leads to the decrease of the non-dimensional frequencies.

On the other hand, in order to study the wave dispersion and diffusion in complex structures, numerical methods
such as Spectral Finite Element (SFE) method [41] and Semi-Analytical Finite Element (SAFE) [42] can be used. In
the past decade, the Wave Finite Element Method (WFEM) [43, 44, 45, 46] has attracted many works. The advantage
of WFEM is the convenient application in the engineering field. Since it can be developed from the Finte Element
Method (FEM) packages, which allows the current element library and grid generation procedures to be applied for
the modeling of different waveguide structures. In addition, WFEM can reduce a global periodic structure into a single
substructure or unit cell based on the periodic structures theory [47, 48]. The resulting stiffness and mass matrices
are post processed to offer the dynamic stiffness matrix. The dynamical properties of the periodic structure can be
reflected through the spectral analysis of the unit cell [49, 50].

Adaptations of the WFEM framework to the strain gradient theories were proposed in authors’ previous works:
Yang et al. [51] studied 1D bending and torsion wave propagation characteristics by combining the SSG theory and
the 1D WFEM for the first time. Then, Yang et al. [52] explored the 2D wave propagation in a periodic beam grid
within the 2D WFEM framework based on the SSG theory. On the other hand, Reda et al. [53] analyzed the 3D wave
propagation properties of the 3D periodic structure through the homogenized strain gradient theory. To the authors’
knowledge, WFEM has never been exploited to investigate wave diffusion characteristics between the coupled SSG
waveguides. In addition, there exist complex waves such as higher order waves in realistic periodic structures. So,
the exploration of multi-mode propagation and diffusion in complex structures is of great significance. Meanwhile,
predicting the wave diffusion properties including reflection and transmission through different coupling interfaces by
combining the SSG theory and WFEM is a novel work.
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The main objective of this work is, firstly, to investigate the multi mode propagation in a 3D periodic waveguide
by the SSG theory, analyze the influence of high-order parameters on dispersion relation, study the forced response
of the waveguide, and, secondly, to confirm the wave diffusion under a simple coupling condition and a complex cou-
pling condition. The reason for combining the SSG theory with WFEM is that the size-dependent characteristics of
micro-sized medias can be interpreted by the SSG theory and the dynamical properties of complex periodic structures
can be investigated through WFEM.

In order to explore the dynamical behaviors as mentioned above for the 3D waveguide structure, this article begins
with the derivation of constitutive relations of 3D model based on the SSG theory. The six-term polynomial function is
used to determine the high order shape function and the 3D element stiffness and mass matrices are deduced by using
Hamilton’s principle in the time domain. Then, the free wave propagation is analyzed by solving the direct Bloch
formulation. The wave diffusion is confirmed through a simple coupling condition and a complex coupling condition.
In this work, the wave diffusion includes reflection coefficients (R) and transmission coefficients (T), where R is de-
fined as the negative-going wave amplitudes at the left surface of coupling element, T is defined as the positive-going
wave amplitudes at the right surface of coupling element[54]. The simple coupling condition can be explained as:
the wave modes calculation in waveguides and coupling element are based on the same theory (SSG-SSG or CT-CT).
The degrees of freedoms (DOFs) on the left side of the coupling surface are equal to the ones on the right side of the
coupling surface. The length of the coupling element along the x direction is short, which means that the waves don’t
delay in the coupling element. On the other hand, the complex coupling condition can be introduced as: the wave
modes calculation in waveguides is based on the CT instead of the SSG theory in the coupling element (CT-SSG).
The DOFs on the left side of the coupling surface are not equal to the ones on the right side of the coupling surface.
In order to ensure the consistency of the DOFs on the left and right sides of the coupling surface, extra unknown
higher order displacements and forces vectors need to be considered in the waveguides modeling. The length of the
coupling element along x is long, which means that there exist wave propagation constant and the waves delay in
the coupling element. As discussed by Placidi et al. [55], there exist four types of connections between two sides of
the interface boundary, namely the “generalized internal clamp”, the “generalized internal hinge”, the “generalized
internal roller” and the “generalized internal free end”. In our work, the boundary condition on the coupling element
interface is assumed as: the displacement and the derivative of displacement (also called higher order displacement)
remain continuous on the two sides of coupling interface, which is same as the “generalized internal clamp” condition.

The article’s structure is the following: in section 2, the constitutive relations of 3D micro-sized models are intro-
duced in the SSG theory framework and the weak formulations including element stiffness and mass matrices and the
force vector are calculated. Afterwards, in section 3, free wave propagation characteristics are expressed by solving
eigenvalue problems in the direct WFEM framework, and diffusion matrices for simple coupling condition and com-
plex coupling condition are confirmed. In section 4, wave dispersion and diffusion, effects of higher order parameters,
and forced response are introduced. Finally, some useful conclusions are presented in section 5.

2. Second Strain Gradient (SSG) theory for 3D models

In this section, the constitutive relations of 3D micro-sized model are introduced in the SSG theory framework
firstly. Then, the displacement vector is derived by employing the six quin-tic Hermite polynomial shape function.
Finally, the weak formulations including element stiffness, mass matrices and force vector are calculated using the
Hamilton’s principle.

2.1. Constitutive relations

The strain energy densityU composed of strain ε=sym(∇U), first gradient of strain ξ=∇ε and second gradient of
strain ζ=∇∇ε in the SSG theory framework was put forward by Mindlin [29], as below:

U =
1
2
λεiiε j j + µεi jεi j + a1ξi j jξikk + a2ξiikξk j j + a3ξiikξ j jk + a4ξi jkξi jk + a5ξi jkξ jki + b1ζii j jζkkll

+ b2ζi jkkζi jll + b3ζii jkζ jkll + b4ζii jkζllk j + b5ζii jkζll jk + b6ζi jklζi jkl + b7ζi jklζ jkli + c1εiiζ j jkk

+ c2εi jζi jkk + c3εi jζkki j,

(1)
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where U is the displacement vector, symbol ∇ means the gradient operator, λ and µ represent the Lamé parameters
which are related to the Young’s modulus E, the Poisson’s ratio ν and the shear modulus G, as µ=G=E/2(1 + ν),
λ=νE/(1 + ν)(1 − 2ν). ai, bi and ci denote the higher order parameters in the SSG theory, which can be confirmed
via the inter-atom potential function method [34]. On the other hand, there exist other methods for the identification
of higher order parameters that are valid for larger length scales. For example, Barchiesi et al. [56] calculated these
parameters in the framework of finite deformations using granular micromechanics assumptions and Piola’s ansatz for
discrete-continuum identification. In our work, the Face-Centered Cubic (FCC) materials Aluminum (Al) and Copper
(Cu) are used. The size of a single anisotropic crystal unit can be described through the lattice parameter a0 [57],
whose value for different materials is presented in Sec.4. In a single crystal of a material, the physical and mechanical
properties often differ with orientation. Even if the individual grains are anisotropic, the property differences tend
to average out and, overall, the material is isotropic. So, anisotropy refers to the microscopic properties of a single
crystal, while isotropy refers to the macroscopic properties of a material composed of a large number of crystals. In
order to use the isotropic formulation reasonably and make sure the structure macroscopically isotropic, in this paper,
the size of the structure as shown in Sec.4 is defined much larger than a crystal unit.

Based on the 3D elasticity theory, the vector of the displacement field defined in the Cartesian coordinate system
(x, y, z) is given as:

U(x, y, z, t) =

 u1(x, y, z, t)
u2(x, y, z, t)
u3(x, y, z, t)

 , (2)

where u1, u2 and u3 are the the displacements along x, y and z direction.
The relations between strains and displacement components can be defined by introducing the vectors of first,

second and third order derivatives of displacement components:

ε = Ψ1U, ξ = Ψ2U, ζ = Ψ3U, (3)

where Ψ1, Ψ2 and Ψ3 are addressed in Appendix A.
Then, the constitutive relations for the 3D model by the SSG theory can be defined as:

τ1 = Lε + Cζ, τ2 = Aξ, τ3 = Bζ + CTε, (4)

in which the details of matrices L, A, B and C are presented in Appendix A. Finally, the strain energy density for the
SSG theory can be rewritten as the matrix form:

U =
1
2

(
εTτ1 + ξ

Tτ2 + ζ
Tτ3

)
. (5)

2.2. Discretization and element matrices

node 1

node 1

(a) 1D element

node 2

x=-de x=de

node 2 node 3node 4

node 5 node 6

node 7node 8

(b) 3D element

Fig. 1: The 1D and 3D Hermite elements with C2 continuity. de is the half length of the 1D element.

After obtaining the strain energy density, the next step is to calculate the weak form including stiffness and mass
matrices and force vector. The 1D and 3D Hermite elements are shown in Fig.1. The node DOFs u(e)

1 for the 1D
element and the node DOFs ui(e)

1 for the 3D element are presented in Appendix A. Firstly, in order to ensure the
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continuity of higher derivatives up to the second order between 1D elements, the six-term polynomial function is
considered to interpolate the scalar field U1=u1(x, t) inside a 1D element, as follows:

U1 =
[

1 x x2 x3 x4 x5
] [

s0 s1 s2 s3 s4 s5

]T
= xs. (6)

According to Fig.1 (a), the evaluation of the nodal displacement vector u(e)
1 of the 1D element gives:

u(e)
1 =



1 −de d2
e −d3

e d4
e −d5

e
0 1 −2de 3d2

e −4d3
e 5d4

e
0 0 2 −6de 12d2

e −20d3
e

1 de d2
e d3

e d4
e d5

e
0 1 2de 3d2

e 4d3
e 5d4

e
0 0 2 6de 12d2

e 20d3
e


s = ds. (7)

Then, submitting Eq.7 into Eq.6, the displacement vector within the 1D element can be derived by employing the
six quin-tic Hermite polynomial shape function and nodal displacement vector, as follows:

U1 = xd−1u(e)
1 = N(x)u(e)

1 , (8)

in which the shape function N(x) is expressed in Appendix A.
On the other hand, according to the calculating process above, the shape functions along y and z directions can be

expressed as: N(y)=N(x)|x=y= [N0
1(y),N1

1(y),N2
1(y),N0

2(y),N1
2(y),N2

2(y)],N(z)=N(x)|x=z=[N0
1(z),N1

1(z),N2
1(z),N0

2(z),N1
2(z),N2

2(z)].
Then, the shape function of the hexahedral element, as shown in Fig.1 (b), can be developed by expanding the relation
of the 1D element to the 3D [58, 59], as follows:

N(x, y, z) =

 N1(x, y, z) ⊗ E1
N2(x, y, z) ⊗ E2
N3(x, y, z) ⊗ E3

 , (9)

in which the element of Np(x, y, z) and Ep (p = 1, 2, 3) are defined as:

Ni( j,k,l)
p (x, y, z) = N j

i′ (x)Nk
i′′ (y)Nl

i′′′ (z),

Ep =
[
ϵp1 ϵp2 ϵp3

]
,

(10)

where i = 1, ..., 8. j, k, l = 0, 1, 2. Ni( j,k,l)
p (x, y, z) is associated with the DOFs ∂ j+k+lui

1/(∂x
j∂yk∂zl) of node i of the

hexahedron element. i′, i′′, i′′′ = 1, 2 relate to the node number in the corresponding 1D element and they take values
of 1 or 2 if the coordinate value of node i is −de or de. For example, N2(1,2,2)

1 (x, y, z)=N1
2(x)N2

1(y)N2
1(z). ϵpq = 1 for

p = q. ϵpq = 0 for p , q (q = 1, 2, 3).
The displacement vector U(x, y, z) within the 3D element can be expressed by employing the 3D shape function

N(x, y, z) and the nodal displacement vector u(e):

U(x, y, z, t) =N(x, y, z)u(e)(t), (11)

where u(e)=[(u(e)
1 )T, (u(e)

2 )T, (u(e)
3 )T]T, (u(e)

p )T=[(u1(e)
p )T, (u2(e)

p )T, ..., (u8(e)
p )T]T (p = 1, 2, 3). Then, integrating the strain

energy density over its volume to obtain the strain potential energyU as:

U =

∫
V
UdV =

1
2

u(e)TK(e)u(e). (12)

On the other hand, the kinetic energy, formed by classical part and non-classical part, is expressed as [60]:

T =
1
2
ρ

∫
Ω

(
U̇ · U̇ + l21∇U̇ : ∇U̇ + l42∇∇U̇

... ∇∇U̇
)

dΩ, (13)
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where ρ denotes the linear mass density, l1 and l2 are higher-order length-scale parameters. In our work, the form of
kinetic energy is simplified to consider the classical part only [61], whose applications can be found in [62, 63, 64].
There are two main reasons for not considering non-classical part. Firstly, as introduced by Mindlin [27], the mass
consists of two parts in micro-structure. The first part comes from macro-material per unit volume which is the
majority part. The second part called non-classical part comes from micro-material per unit volume whose proportion
is very small. In second strain gradient theory, the main influence on the mechanical properties of the micro-structure
comes from the higher-order strain terms in the strain energy density and macro-inertia per unit volume. The influence
of micro-inertia appears especially at high frequency [65], whose proportion, however, is secondary compared to
macro-inertia and are often omitted [61]. Secondly, the material used in this work is pure metals with the large
identical crystal grains. Other micro-materials in the crystal can be considered absent. So, the micro-inertia from
micro-material was ignored in this work. As a result:

T =
1
2

∫
V

(
∂U
∂t

)T

ρ

(
∂U
∂t

)
dV =

1
2

(
∂u(e)

∂t

)T

M
(
∂u(e)

∂t

)
. (14)

Meanwhile, the work done δW by external force can be expressed as:

δW =

∫
V
δUTfVdV +

∫
S
δUTfS dS = δu(e)TF(e), (15)

where fV is the volume force, fS means the face force. By introducing 3D element stiffness and mass matrices and the
force vector:

K(e) =

∫
V

(
NTΨT

1 LΨ1N + NTΨT
2 AΨ2N + NTΨT

3 BΨ3N + 2NTΨT
3 CΨ1N

)
dV,

M(e) =

∫
V

(
NTρN

)
dV,

F(e) =

∫
V

(
NTfV

)
dV +

∫
S

(
NTfS

)
dS ,

(16)

the Hamilton’s principle in time domain leads to:∫ t2

t1
(δU − δW− δT ) dt =

∫ t2

t1

[
δu(e)T

(
M(e) ∂

2u(e)

∂t2 +K(e)u(e) − F(e)
)]

dt = 0. (17)

3. Waveguide diffusion modeling by WFEM

This section is concerned with the characterization of coupling conditions between two semi-infinite periodic
waveguides which are connected through an elastic coupling element at surfaces 1 and 2 as shown in Fig.2(a). Here,
it should be noted that the coupling element is only subject to the coupling actions, which means there is no exter-
nal force applied inside the element. The reflection coefficients (R) and transmission coefficients (T) are introduced
through simple coupling condition and complex coupling condition respectively as explained in Sec.1.

In order to analyse the wave diffusion characteristics, firstly, the wave propagation of the periodic structure should
be investigated through the spectral analysis of a unit cell [49]. Our study focuses on the description of wave propaga-
tion along x direction in a slender waveguide, as shown in Fig.2(b), which is composed of identical unit cells coupled
together. The dynamics of the system is formulated by using WFEM which offers a numerical wave characterization
of periodic structures. The governing equation for a unit cell of length d1 can be written as:

Ku(t) + C
∂u(t)
∂t
+M
∂2u(t)
∂t2 = F, (18)

where K and M denote the unit cell stiffness and mass matrices assembled using the element stiffness and mass
matrices (K(e), M(e)) defined in the previous section, C = ηK/ω is defined as damping matrix considering damping
lose factor η, u is nodal displacement vector, F represents nodal force vector. Assuming that u and F are harmonic, the
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d1 dc d2

^ ^uL1 ^uR2

(2)
uL2

(c)(c)(1)
^uR1

(2)
Q+Q+

(1)

(1)
Q-

1 2

Coupling element c
Unit cell N

x

Waveguide 1 Waveguide 2

Unit cell N+1

x x

(a) Two coupled waveguides through a coupling element (x is
local coordinate in each unit cell or coupling element, Q+(1) and
Q+(2) are positive-going wave amplitudes at surface 1 and 2, Q−(1)
is negative-going wave amplitudes at surface 1).

0

n n+1n-1

x

z
u

(n)
L

Unit cell n

F
(n)
L

u
(n)
R

F
(n)
R

u
(n)
I F

(n)=0I

^

^

^
^

^

^

d1

(b) Waveguide 1 is constituted by unit cells (û is the amplitudes of displacement, F̂ represents the amplitudes of force,
subscript L, R and I mean left, right boundary and internal DOFs).

Fig. 2: Two waveguides coupled by a coupling element c and each waveguide is composed of unit cells.

dynamic stiffness matrix will be written as D=K(1+ iη)−Mω2 in frequency domain. Then, Eq. 18 can be re-expressed
by dividing the DOFs into left boundary (L), internal (I) and right boundary (R) DOFs, as described in Fig. 2(b), this
yields:  DLL DLI DLR

DIL DII DIR
DRL DRI DRR


 ûL

ûI
ûR

 =
 F̂L

F̂I

F̂R

, (19)

in which û and F̂ are the amplitudes of u and F, respectively. Assuming that the force acts on the left and right
boundaries only [47], which means F̂I = 0. The dynamic equilibrium equation will be re-written as:[

DLL DLR
DRL DRR

] (
ûL
ûR

)
=

(
F̂L

F̂R

)
, (20)

where D=DBB−DBID−1
II DIB is the condensed form of dynamic stiffness matrix, subscript B represents the DOFs on

the unit cell boundaries. Eq. 20 is the expression of the WFEM analysis that relates the displacement and force on the
left and right boundaries of unit cell. For the solution of propagation constants Λ and eigenvectors Φu, one can solve
the direct Bloch formulation [44, 51] as:[

DRL(ω)Λ−1 + (DRR(ω) + DLL(ω)) + DLR(ω)Λ
]
Φu = 0, (21)

where Λ=diag
{
λ j

}
j=1,...,2p

, Φu=
{
ϕ j

}
j=1,...,2p

which can be divided into Φ+u=
{
ϕ+j

}
j=1,...,p

and Φ−u={
ϕ−j

}
j=p+1,...,2p

. Note that the number of waves is different in the SSG and the CT media. In the following, we denote
p=m and p=n the number of waves in the SSG and the CT media, respectively. The propagation constants Λ relating
the displacements between two consecutive unit cells can be used to define the positive, negative, propagating and
evanescent waves. The waves propagate to the positive direction when

∣∣∣1/λ j

∣∣∣ <1. The waves propagate to the negative
direction when

∣∣∣λ j

∣∣∣ >1. Here, λ j take the form λ j=exp(−iκ jd(q)), where κ j is the wavenumber, subscript q=c stands for
the coupling element, q=1 for waveguide 1, q=2 for waveguide 2. It should be noted that a similar spectral analysis is
conducted for the coupling element and for waveguides 1 and 2.

Next, the reflection coefficients and transmission coefficients can be calculated through a simple coupling element
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as explained in introduction. Assuming that the incident waves come from the infinity of waveguide 1 and there is
no reflection from the end of waveguide 2. (The initial boundary of waveguide 1 is also non-reflecting). The local
dynamic equilibrium can be written using the state vectors expansion on the positive-going wave amplitudes Q+(1) at
surface 1, Q+(2) at surface 2 and negative-going wave amplitudes Q−(1) at surface 1, as shown in Fig.2(a). The R and
T coefficients [54] can be confirmed in the CT framework. Here should be pointed that there is still no investigation
on the diffusion by the SSG theory under simple coupling condition. It is of significance to explore the diffusion
properties by the SSG theory.

Last, the diffusion analysis by complex coupling condition, interpreted in introduction part, is studied. As shown in
Fig.2(a), the coupling element is described by the SSG theory model. The waveguides are built by the CT model. The
description of complex coupling condition enriches the wave propagation and diffusion features in complex system at
wave transmission and reflection interfaces. The propagation constant can be re-expressed as υ±(q)=diag

{
exp

(
∓iκ j,(q)x

)}
(x = 0, d(q)), where κ j,(q) are obtained from Eq. 21. The displacement field on the left side and right side of coupling
element (c) and unit cells (N, N+1) can be represented by the superposition of the eigenmodes respectively:

û+(q) = Φ
+
u,(q)υ

+
(q)|x=0Q+(q),

û−(q) = Φ
−
u,(q)υ

−
(q)|x=0Q−(q),

û+(q) = Φ
+
u,(q)υ

+
(q)|x=d(q) Q

+
(q),

û−(q) = Φ
−
u,(q)υ

−
(q)|x=d(q) Q

−
(q),

(22)

where symbol q=c for coupling element, q=1 for unit cell N, q=2 for unit cell N+1. Superscript + means positive-
going waves, - means negative-going waves. x = 0 denotes that the waves start to spread on the left side of the coupling
element or unit cell, x = d(q) indicates that the waves spread to the right side of the coupling element or unit cell. Q(q)
is the amplitudes of wave modes. On the other hand, the force components on the left side and right side of coupling
element (c) and unit cells (N, N+1) can be expressed respectively as:

F̂+(q) = Φ
+
F,(q)υ

+
(q)|x=0Q+(q),

F̂−(q) = Φ
−
F,(q)υ

−
(q)|x=0Q−(q),

F̂+(q) = Φ
+
F,(q)υ

+
(q)|x=d(q) Q

+
(q),

F̂−(q) = Φ
−
F,(q)υ

−
(q)|x=d(q) Q

−
(q),

(23)

in which Φ±F,(q)=DLL,(q)Φ
±
u,(q)+DLR,(q)Φ

±
u,(q)diag

{
exp

(
∓iκ j,(q)d(q)

)}
according to Eq.20, symbol q=c for coupling ele-

ment, q=1 for unit cell N, q=2 for unit cell N+1. The eigen-solutions will be same when waveguides 1 and 2 have the
same cross-section and material.

The state vector on the right side of surface 1, represented by R1, is expressed as: ûR1
(c)

F̂R1
(c)

 =  ûR1+

(c) + ûR1−

(c)
F̂R1+

(c) + F̂R1−

(c)

 = [
Φ+u,(c) Φ−u,(c)
Φ+F,(c) Φ

−
F,(c)

] (
Q+(c)
Q−(c)

)
, (24)

where subscript (c) means coupling element. ûR1+

(c) is the positive-going displacement field related to the positive-
going waves. ûR1−

(c) denotes the negative-going displacement field related to the negative-going waves. ûR1
(c)=ûR1+

(c) +ûR1−

(c)
represents the superimposed displacement field on a interface. In addition, the state vector on the left side of surface
2, represented by L2, is written as: ûL2

(c)
F̂L2

(c)

 =  ûL2+

(c) + ûL2−

(c)
F̂L2+

(c) + F̂L2−

(c)

 = [
Φ+u,(c) Φ−u,(c)
Φ+F,(c) Φ

−
F,(c)

] [
υ+(c)|x=dc 0

0 υ−(c)|x=dc

] (
Q+(c)
Q−(c)

)
. (25)

Combining Eq.24 and Eq.25, the relation between state vector on left and right side of coupling element will be
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conformed:  ûL2
(c)

F̂L2
(c)

 = S(c)

 ûR1
(c)

F̂R1
(c)

, (26)

with

S(c) =

[
Φ+u,(c) Φ−u,(c)
Φ+F,(c) Φ

−
F,(c)

] [
υ+(c)|x=dc 0

0 υ−(c)|x=dc

] [
Φ+u,(c) Φ−u,(c)
Φ+F,(c) Φ

−
F,(c)

]−1

. (27)

Assuming that the incident waves come from the infinity of waveguide 1 and there is no reflection from the end of
waveguide 2. The initial boundary of waveguide 1 is also non-reflecting. The state vector on the left side of surface 1,
represented by L1, is expressed as: ûL1

(1)
F̂L1

(1)

 =  ûL1+

(1) + ûL1−

(1)
F̂L1+

(1) + F̂L1−

(1)

 = [
Φ+u,(1) Φ−u,(1)
Φ+F,(1) Φ

−
F,(1)

] [
υ+(1)|x=d1 Q+(1)
υ−(1)|x=d1 Q−(1)

]
, (28)

in which subscript (1) denotes unit cell N in waveguide 1. The state vector on the right side of surface 2, represented
by R2, is written as:  ûR2

(2)
F̂R2

(2)

 =  ûR2+

(2)
F̂R2+

(2)

 = [
Φ+u,(2)υ

+
(2)|x=0Q+(2)

Φ+F,(2)υ
+
(2)|x=0Q+(2)

]
, (29)

where subscript (2) means unit cell N + 1 in waveguide 2. Here should be noted that the size of state vector for
coupling element is 2m × 1, but 2n × 1 for unit cells N and N+1. The higher order parts in state vector for coupling
element is 2(m − n) × 1. In order to ensure the continuity on surfaces 1 and 2, defining new state vectors including
higher order parts (2(m − n) × 1) for unit cells N and N+1:

 û∗L1
(1)

F̂∗L1
(1)

 =


ûL1
(1)

û
′L1
(1)

F̂L1
(1)

F̂
′L1
(1)

 ,
 û∗R2

(2)
F̂∗R2

(2)

 =


ûR2
(2)

û
′R2
(2)

F̂R2
(2)

F̂
′R2
(2)

, (30)

where û
′L1
(1) , F̂

′L1
(1) are unknown higher order displacements and forces vectors for unit cell N. û

′L1
(2) , F̂

′L1
(2) are unknown

higher order displacements and forces vectors for unit cell N+1. The continuity on surfaces 1 and 2 is: ûR1
(c)

F̂R1
(c)

 =  û∗L1
(1)

F̂∗L1
(1)

 ,  ûL2
(c)

F̂L2
(c)

 =  û∗R2
(2)

F̂∗R2
(2)

. (31)

Combining Eq.26, Eq.30 and Eq.31, assume that higher order forces vectors for unit cell N and N+1 are 0.
Define Q+(1)=I as an identity matrix, Q−(1)=R, Q+(2)=T, the R and T coefficients for complex coupling condition can be
conformed as: 

Φ+u,(2)υ
+
(2)|x=0T

ûR2
(2)

Φ+F,(2)υ
+
(2)|x=0T
0

 = S(c)


Φ+u,(1)υ

+
(1)|x=d1 I +Φ−u,(1)υ

−
(1)|x=d1 R

ûL1
(1)

Φ+F,(1)υ
+
(1)|x=d1 I +Φ−F,(1)υ

−
(1)|x=d1 R

0

. (32)

4. Numerical applications

In this part, the WFEM is applied to analyze the multi-mode propagation and diffusion. Materials Aluminum
(Al) and Copper (Cu) are used. As shown in Fig.3, dy = dz = 300a0(Al) for Al, dy = dz = 337.448a0(Cu) for Cu,
d1/2 = 50a0(Al). For the simple coupling condition: dc = 25a0(Al) for Al, dc = 28.121a0(Cu) for Cu. For the complex
coupling condition: dc = 100a0(Al) for Al, dc = 112.483a0(Cu) for Cu. The lattice parameter a0(Al) = 4.046 × 10−10 m
for Al, a0(Cu) = 3.597 × 10−10 m for Cu [57]. The Young’s modulus E is 70 GPa for Al and 110 GPa for Cu, linear
mass density ρ is 2.7 g/cm3 for Al and 8.96 g/cm3 for Cu. The damping loss factor η=1e−4. Unit cells N and N+1
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(b)

dz

d1/2
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dc dc
(c) (d)

Waveguide 1

Coupling element c
Unit cell N

(a) 

x

y
0

z
Unit cell N+1

Waveguide 1

Waveguide 2

Fig. 3: Finite element model of two waveguides coupled by a coupling element. (b) unit cells N or N + 1. (c) a simple coupling element whose
modeling is based on the same theory as waveguides. (d) a complex coupling element whose modeling is based on the SSG theory. d1/2 are the
length along x of unit N or N + 1, dc is the length along x of coupling element, dy is the length along y and dz is the length along z.

are meshed into 16 3D elements respectively, coupling element for simple coupling condition is meshed into 16 3D
elements but 64 3D elements for complex coupling condition. The higher order parameters for Al and Cu [34] are
shown in Tab. 1 and Tab. 2.

Table 1: Higher order material parameters ai (eV/Å), ci (eV/Å).

Material a1 a2 a3 a4 a5 c1 c2 c3

Al 0.1407 0.0027 -0.0083 0.0966 0.2584 0.5041 0.3569 0.1782
Cu 0.1833 0.0103 0.0010 0.0717 0.1891 0.8448 0.5732 0.3465

Table 2: Higher order material parameters bi (eV ·Å).

Material b1 b2 b3 b4 b5 b6 b7

Al 0.7927 0.0644 -0.1943 -0.0009 0.0009 16.1566 48.5291
Cu 0.6612 0.0663 0.2062 0.0015 0.0015 12.6254 37.9402

4.1. Dispersion relation

The dispersion relation of unit cell N is calculated by WFEM as shown in Fig.4. The real partR(κ j) of wavenumber
is the phase shift per unit length and the imaginary part I(κ j) means the attenuation per unit length. Only the positive
waves with real and imaginary parts are illustrated due to the wavenumbers of the negative waves and positive waves
are symmetric with respect to x-axis. The frequency is normalized as ω/ω0, in which ω0 is the first nature frequency
of the unit cell. The blue lines represent the results from the SSG theory and black lines denote the CT. The curve
by the SSG is close to the one by the CT at low frequency. But the difference between the SSG and the CT becomes
more obvious as frequency increases. On the other hand, the value of wavenumber κ by the SSG is smaller than the
CT at same frequency, especially for bending, tension and torsion modes. This phenomenon can be explained as:
the potential energy density in the SSG theory is a function of strain, first gradient of strain and second gradient of
strain, which leads to the dynamical equilibrium equation being a high order partial differential function composed of
classical part and non-classical part. Due to the existence of non-classical parts containing higher-order parameters,
the interactions between microscopic particles within the structure are non-local or long-range, which hardened the
stiffness of the material and caused the wavenumber value to decrease. This phenomena clearly demonstrates the
effect of size on the structural properties.

In order to verify the WFEM results, the analytical methods referring to the tension, torsion and Timoshenko
bending vibration [51, 66, 67] are used. The results from analytical methods match the ones from WFEM, but the
difference between them becomes more obvious as frequency increases. Besides the tension, torsion and bending
modes, there are high-order modes that analytical methods can not predict. Note that the normalized cut-on frequency
for the complex thickness contractional wave 4 [44] is 23 by the CT, instead of 26 by the SSG, and the second-order
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Fig. 4: Dispersion relation of unit cell N (the material is Al) by the SSG and the CT. The horizontal axis is normalized as ω/ω0, in which ω0 is the
first nature circular frequency of the unit cell. Besides 1 (bending), 2 (tension) and 3 (torsion) waves, there exist higher order waves. 4: complex
thickness contractional wave. 5 and 6: higher order complex waves.

bending wave cuts-on at 13 by the CT but 15 by the SSG. Other waves such as 5 and 6 are more complex, which lead
to confusions in the wave modes classification.

Here, the aliasing effects should be introduced. The practical implementation of the proposed method arises
two main problems. The first one is choice of unit cell’s size whose value cannot be arbitrary. The second one is
the frequency range under consideration. Along the propagation direction, the chosen FE must represent a part of
propagating wave along the propagation axis correctly. So, based on Shannon space theorem, pertinent wavelengths
or wavenumbers κ j should be connected to the propagation distance: Re(κ j(ω)) <π/d1. However, this value is too far
removed from practical applications. Practically, wavenumbers prediction should start at around 6 to 10 elements per
wavelength. As a result, errors and deviations are expected to appear around Re(κ j(ω)) <π/3d1 or Re(κ j(ω)) <π/6d1.
Large values of d1 will limit the wavenumber validity domain, and consequently the given frequency range leading
to aliasing. Small values of the propagation distance d1 will lead to two difficulties. The first one is connected to the
nature of employed FE. Depending on cross section shape, d1 should respect strain and stress intrinsic limitations.
The second problem is mainly numerical. Small propagation distances will lead to eigenvalues close to unity.

4.2. Effects of higher order parameters
As mentioned in previous section, the dispersion relations are influenced by the higher-order parameters ai(i =

1, ..., 5), b j( j = 1, ..., 7) and ck(k = 1, ..., 3) in the SSG framework. In order to study the effects of these parameters
on the results, each parameter is multiplied by a ratio (δaai, δbb j, δcck) and the influence of these parameters on the
results will be analysed by changing the value of δa, δb, δc as -100, -10, -1, -0.5, 0, 0.5, 1, 10, 100. In this work, four
different cases are presented. Case 1: δa, δb, δc change at the same time. Case 2: δa changes only. Case 3: δb changes
only and in case 4: δc changes only.

The joint effects of ai, b j and ck on the bending dispersion relations including real part and imaginary part are
presented in Fig.5 (a). When δa= δb= δc=-100, the value of wavenumber is the largest in real part but smallest in
imaginary part. When δa= δb= δc=100, the value of wavenumber is the smallest in real part but largest in imaginary
part. What is more, as the ratio increases, the value of the real part decreases but the imaginary value increases. On
the other hand, the individual effects of ai, b j and ck on the value of wavenumber are shown in Fig.5 (b), Fig.5 (c)
and Fig.5 (d) respectively. Each parameter has an impact on the dispersion curve. It can be clearly seen that the value
of the real part decreases but the imaginary value increases as the ratio increases. However, parameters ai have the
biggest impact on the results but parameters ck have the smallest impact on the results.

In order to specifically discuss the influence of the parameters on the results, a rate of change for wavenumber
is defined as: ∆κ = (κ − κSSG)/κSSG × 100%, in which κ is the value of wavenumber under different parameter
ratio, κSSG is the value of wavenumber by the SSG theory (δa= δb= δc=1). ∆κ is then calculated when normalized

11



d
1

(a)

d
1 d
1

d
1

d
1

d
1

d
1

d
1

(b)

(c) (d)

Fig. 5: Effects of higher order parameters for bending including real and imaginary parts of positive waves. (a) case 1: joint effects of ai, b j, ck (δa,
δb, δc change as -100, -10, -1, -0.5, 0, 0.5, 1, 10, 100 at the same time). (b) case 2: effects of ai (δa changes as -100, -10, -1, -0.5, 0, 0.5, 1, 10, 100,
δb=δc=1). (c) case 3: effects of b j (δb changes as -100, -10, -1, -0.5, 0, 0.5, 1, 10, 100, δa=δc=1). (d) case 4: effects of ck (δc changes as -100, -10,
-1, -0.5, 0, 0.5, 1, 10, 100, δa=δb=1).

Table 3: Effects of higher order parameters to real and imaginary part of bending (ω/ω0=30).

δa/b/c -100 -10 -1 -0.5 0 0.5 1(SSG) 10 100
∆κ(δa, δb, δc) 35.87 9.69 3.92 3.42 1.94(CT) 0.48 0 -5.24 -23.19
∆κ(δa, δb=δc=1) 24.54 6.63 2.68 2.34 1.33 0.33 0 -3.59 -15.87
∆κ(δb, δa=δc=1) 5.66 1.53 0.62 0.54 0.31 0.08 0 -0.83 -3.66
∆κ(δc, δa=δb=1) 1.89 0.51 0.21 0.18 0.10 0.03 0 -0.28 -1.22

frequency is chosen as 30 under different parameter ratio. As shown in Tab. 3 for bending, with the ratio of parameters
increases, the value of ∆κ decreases. At the same ratio of parameter, δa, δb and δc together have a bigger impact on
the results than their respective effect on the results. For example, ∆κ=35.87 when δa=δb=δc=-100; ∆κ=24.54 when
δa=-100, δb=δc=1; ∆κ=5.66 when δb=-100, δa=δc=1; ∆κ=1.89 when δc=-100, δa=δb=1. On the other hand, the sum
of the value ∆κ(δa, δb=δc=1), ∆κ(δb, δa=δc=1) and ∆κ(δc, δa=δb=1) is approximately equal to the combined value
∆κ(δa, δb, δc). What is more, When δa = δb = δc=0, the result belongs to the CT. When δa = δb = δc=1, the result
belongs to the SSG.

4.3. Diffusion analysis
In this part, firstly, the diffusion is discussed through a simple coupling element as introduced in Sec.1. As

shown in Fig.3(c), when the material of coupling element is same as the waveguides, the incident waves will be fully
transmitted without reflection. The value of transmission coefficient is 1 and the value of reflection coefficient is
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Fig. 6: Absolute values of diffusion coefficients by the SSG and the CT. The horizontal axis is normalized as ω/ω0, in which ω0 is the first nature
circular frequency of the unit cell. The material of coupling element is Cu, unit cell N and N+1 are Al.

0. When the material of coupling element is Cu and the material of waveguides are Al, there exist wave reflection
and transmission. The resulting R and T coefficients can be illustrated [54]. As shown in Fig.6(a) and Fig.6(b),
the diffusion coefficients including bending, tension and torsion modes are presented by the CT and the SSG theory.
The blue lines represent the results from the SSG theory and black lines denote the CT. The curve by the SSG is
close to the one by the CT at low frequency. The difference between the SSG and the CT becomes more obvious as
frequency increases. For bending, tension and torsion modes, the value of reflection coefficient by the CT is bigger
than the one by the SSG. However, the value of transmission coefficient by the CT is smaller than the one by the SSG.
The difference between the SSG and the CT diffusion coefficients, especially at high frequency, is due to the size
effects. The special properties of the micro-structures, such as the stiffness-hardening phenomenon, can be efficiently
explored by using the SSG theory. In order to verify the WFEM results, a FE method called the state space method
[68], in which the eigenvectors are composed of the displacement part and the force part, is used. The results from
two different methods match each other well.

Secondly, in order to study the wave diffusion under a complex coupling condition as explained in Sec.1, as
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Fig. 7: Absolute values of diffusion coefficients. The horizontal axis is normalized as ω/ω0, in which ω0 is the first nature circular frequency of
the unit cell. The materials of coupling element, unit cell N and N+1 are Al.
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shown in Fig.3(d), defining the the materials of coupling element, unit cell N and N+1 are Al, the diffusion model
of coupling element is built by the SSG theory with higher-order parameters, the diffusion models of unit cell N and
N+1 are built by CT. The R and T coefficients can be calculated from Eq. 32 including bending, tension and torsion
modes. As shown in Fig.7, the black lines denote the WFEM results. The value of R representing the non-classical
part of reflection is no longer 0, and the value of T representing the non-classical part of transmission is no longer 1.
The influence of non-local interactions caused by higher-order parameters can be reflected by this model. On the other
hand, an analytical method [38], shown by the red lines, is used to valid the WFEM results for bending and tension.
As we can see, for R, the result obtained by WFEM is very close to the one by the analytical method at low frequency,
but the results are different at high frequencies. For T, the result by WFEM matches the results by analytical method
well.

In addition, the joint influence of classical parameters (i. g., Young’s modulus, Poisson’s ratio and mass density)
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Fig. 8: Absolute values of diffusion coefficients. The horizontal axis is normalized as ω/ω0, in which ω0 is the first nature circular frequency of
the unit cell. The material of coupling element is Cu, unit cell N and N+1 are Al.

and higher-order parameters of material on diffusion is also a very meaningful study. Defining the material of coupling
element is Cu, unit cell N and N+1 are Al, the diffusion model of coupling element is built by the SSG theory with
higher-order parameters, the diffusion models of unit cell N and N+1 are built by CT. The R and T coefficients
including bending, tension and torsion modes can be illustrated by Eq. 32 as well. As shown in Fig.8, the black
lines denote the WFEM results and the red lines represent the results from an analytical method [38]. The diffusion
is different from the case presented in Fig.7, this shows that the impedance mismatch is not only due to the non-local
interactions caused by higher order parameters in the SSG theory model but also the local interactions caused by
classical parameters.

4.4. Forced response

In this part, the forced response for waveguide 1 is discussed, as presented in Fig. 3(a), the waveguide 1 consists of
10 unit cells. There are two boundary conditions in this study: the first one is that left end of waveguide 1 is clamped,
right end of waveguide 1 is free (C-F), the second one is that left and right ends of waveguide 1 are free (F-F). A
harmonic force with a unit amplitude is loaded at center point of right end along z direction. Then, the amplitude of
displacement at center point of right end is calculated out on each frequency according to D∗u∗=F∗, in which D∗ is
the global dynamical stiffness matrix of waveguide 1 assambled from a unit cell dynamical stiffness matrix D.

The forced responses for C-F and F-F doundary conditions are shown in Fig. 9(a) and Fig. 9(b) respectively by
the SSG theory and the CT. It can be noticed that resonances are well predicted in both theories. The comparison
between the SSG theory and the CT shows that at low frequency, the forced response by the SSG confirms to the
CT well. On the other hand, same as for the dispersion curves, the discrepancies of forced responses between the
CT and the SSG increase with frequency increases. The wave propagation is significantly affected by the long-range
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Fig. 9: Forced response of waveguide 1 by the SSG and the CT. The horizontal axis is normalized as ω/ω0, in which ω0 is the first nature circular
frequency of the unit cell.

interactions in micro-sized structure caused by the non-classical parts in the SSG theory. The input vibration energy
can be transferred both by propagating waves and other evanescent waves, which decay rapidly in the near field of the
excitation.

5. Conclusions

In this paper, the Second Strain Gradient (SSG) theory is used for the multi-mode propagation and diffusion
analysis within the Wave Finite Element Method (WFEM) framework. In order to explore the dynamical properties
of micro-sized 3D beam, firstly, the constitutive relations of 3D micro-sized model are introduced in the SSG theory
framework. The displacement vector is derived by employing the six quin-tic Hermite polynomial shape function. The
weak formulations including element stiffness, mass matrices and force vector are calculated by using the Hamilton’s
principle and global dynamic stiffness matrix of a unit cell is assembled.

Subsequently, the dispersion relation for a 3D beam is illustrated by the SSG and the CT. The results show that the
existence of non-classical parts containing higher-order parameters in the SSG theory can exert stiffness-hardening
mechanisms. The discrepancy between the SSG and the CT appears at high frequency in the dispersion relation,
which shows the importance of using the SSG theory to reflect the size effects in the micro-sized structures at high
frequency. The κ value by the SSG is smaller than the CT at same frequency, especially for bending, tension and
torsion modes. The effects of ai, b j and ck on the bending dispersion relations are presented. The effect of ai on the
result is biggest and the effect of ci on the result is smallest.

On the other hand, the diffusion is confirmed through three different cases. It is found that for the first case, the
diffusion curve by the SSG is close to the one by the CT at low frequency. However, the difference between the
SSG and the CT becomes more obvious as frequency increases. For the second case, the value of R representing the
non-classical part of reflection is no longer 0, and the value of T representing the non-classical part of transmission is
no longer 1. The influence of non-local interactions caused by higher-order parameters can be reflected by this model.
The third case shows that the impedance mismatch is not only due to the non-local interactions caused by higher order
parameters in the SSG theory model but also the local interactions caused by classical parameters such as Young’s
modulus, Poisson’s ratio and mass density.

Last, the forced responses including two boundary conditions for waveguide 1 are discussed. Results obtained
show that at low frequency, the forced response curve by the SSG is close to the one by the CT. Same as the dispersion
curves, the discrepancies of forced responses between the CT and the SSG increase with frequency increases. Wave
propagation is significantly affected by the long-range interactions in micro-sized structure.
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Appendix A. Definitions of Ψ1, Ψ2, Ψ3, L, A, B, C, u
(e)
1 , ui(e)

1
and N(x)

The matrices Ψ1, Ψ2 and Ψ3 in Eq.3:

Ψ1 =



∂x 0 0
0 ∂y 0
0 0 ∂z

0 ∂z ∂y

∂z 0 ∂x

0 ∂y ∂x


, Ψ2 =

 e1 0 0
0 e1 0
0 0 e1

 ⊗


∂xx

∂yy

∂zz

2∂xy

2∂xz

2∂yz


, Ψ3 =

 e2 0 0
0 e2 0
0 0 e2

 ⊗



∂xxx

∂yyy

∂zzz

3∂xxy

3∂xxz

3∂yyx

3∂yyz

3∂zzx

3∂zzy

6∂xyz



, where symbol ⊗ stands

for the Kronecker product, e1 with size 6 × 1 and e2 with size 10 × 1 are the matrices whose element value is 1.

The matrices L, A, B and C in Eq.4:

L =


λ + 2µ λ λ 0
λ λ + 2µ λ 0
λ λ λ + 2µ 0
0 0 0 µI

, A =


A1 0 0 0
0 A1 0 0
0 0 A1 0
0 0 0 A2

,

B =



B11 B12 B13 B14 B15 B16
B21 B22 B23 B24 B25 B26
B31 B32 B33 B34 B35 B36
B41 B42 B43 B44 B45 B46
B51 B52 B53 B54 B55 B56
B61 B62 B63 B64 B65 B66


, C =

[
C1 C2 C3 C4 C5 C6

]
,

in which A1 =



a1 a2 a2 a1 a3

a2 a4 2a3 a5
a2

2

a2 2a2 a4
a2

2
a5

a3 a5
a2

2
a6

a1

2

a3
a2

2
a5

a1

2
a6


, A2 =


a4

a5

2
a5

2
a5

2
a4

a5

2
a5

2
a5

2
a4


, B11 =


b1 0 0 0 0
0 b4 0 b7 0
0 0 b4 0 b7

0 b7 0 b2 0
0 0 b7 0 b2


,

B12 = BT
21 =



b6 0 b6 0 0

0 0 0
2
3

b5 0

0
2
3

b5 0 0 0

0 0 0
b7

3
0

0
b7

3
0 0 0


, B22 =



b9 + b11 0 b11 0 0
0 b5 0 0 0

b11 0 b9 + b11 0 0
0 0 0 b5 0

0 0 0 0
b9

2


,
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B33 =



b4 0 0 0 0

0 b1 0
b6

3
0

0 0 b4 0
2
3
b5

0 b6 0 b9 + b11 0

0 0
2
3

b5 0 b5


, B34 = BT

43 =



b7 0
2
3

b5 0 0

0 0 0
b6

3
0

0 b7 0 0 0
0 0 0 b11 0

0
b7

3
0 0 0


,

B44 =



b2 0
b7

3
0 0

0 b2 0 0 0
b7

3
0 b1 0 0

0 0 0 b9 + b11 0

0 0 0 0
b9

3


, B55 =



b4 0 0 0 0

0 b1 0
2
3
b5 0

0 0 b1 0 b6

0
2
3
b5 0 b5 0

0 0 b6 0 b9 + b11


,

B66 =



b5 0
b7

3
0 0

0 b9 + b11 0 0 0
b7

3
0 b2 0 0

0 0 0 b2 0

0 0 0 0
b9

3


, B56 = BT

65 =



2
3
b5 0 b7 0 0

0 0 0 b7 0

0
b6

3
0 0 0

0 0 0
b7

3
0

0 b11 0 0 0


,

B13 = BT
31 =


0 2b1 0 b13 0

2b4 0 0 0 0
0 0 0 0 0

b12 0 0 0 0
0 0 0 0 0

, B14 = BT
41 =



0 0 0
2
3
b1 0

b12 0
2
3
b4 0 0

0 0 0 0
b3

6
b10 0 b17 0 0
0 0 0 0 b15


,

B23 = BT
32 =



0 b13 0 b3 0
0 0 0 0 0

0
2
3

b1 0 b16 0

2
3

b4 0 0 0 0

0 0
b3

6
0 b18


, B24 = BT

42 =


0 0 0 b16 0
0 0 0 0 b18

0 0 0 b19 0
b17 0 b14 0 0
0 b15 0 0 0


,

B15 = BT
51 =


0 0 2b1 0 b13
0 0 0 0 0

2b4 0 0 0 0
0 0 0 0 0

b12 0 0 0 0

, B16 = BT
61 =



0
2
3
b1 0 0 0

0 0 0 0
b3

6
2
3
b4 0 b12 0 0

0 0 0 0 b15

b17 0 b10 0 0


,
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B25 = BT
52 =



0 0
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,

where a1=2(a1 + a2 + a3 + a4 + a5), a2=a2 + 2a3, a3=
2a1 + a2

2
, a4=2(a3 + a4), a5=

a2 + 2a5

2
, a6=

a1 + 2a4 + a5

2
,

b1=2(b1 + b2 + b3 + b4 + b5 + b6 + b7), b2=
2
9
(2b2 + b3 + b5 + 3b6 + 2b7), b3=

2
9
(b1 + b3 + 2b7), b4=2(b5 + b6),

b5=
2
9

(b5 + 3b6), b6=(2b1 + b3 + 2b4 + 2b5)/3, b7=
b3 + 2b5

3
, b8=

2
3
(b1 + b2 + b3 + b4 + b5), b9=

2
9

(b2 + 3b6 + b7),

b10=
2
9

(2b2 + b3 + b4), b11=
2
9

(b1 + b4 + b5), b12=
b3 + 2b4 + 2b7

3
, b13=

2b1 + 2b2 + b3

3
, b14=

2
9
(b4 + b7), b15=

4b2 + b3

18
,

b16=
2b1 + b3

9
, b17=

b3 + 2b4

9
, b18=

b3 + 4b7

18
, b19=

2
9
(b1 + b2), c1=c1 + c2 + c3, c2=

c1 + c3

3
, c3=

2c2 + c3

6
, c4=

c1 + c2

3
.
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The expressions of the node DOFs u(e)
1 and ui(e)

1 in Fig.1:
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,
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, (i = 1, ..., 8).

The shape function N(x) in Eq.8:

N(x) =
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