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Abstract

We study the equilibrium measure p = T A T of endomorphisms f of P? of
degree d > 2, where T is the Green current of f. Dujardin proved that if p is
absolutely continuous with respect to 7' then f has a minimal Lyapunov expo-
nent [12]. We show the reverse implication under a local uniform assumption on
unstable manifolds of the dynamical system.

Keywords— Equilibrium measure, Green current, Lyapunov exponents, normal forms,
measurable partition, entropy. MSC : 37C45, 37F10, 32H50

1 Introduction

This article concerns the ergodic theory of holomorphic dynamical systems, it deals with
Pesin’s formula and its generalizations. We refer to the books [11, 24| for accounts on the dyna-
mical properties of holomorphic mappings of P¥. Let f be a rational map on P* of degree d > 2
and let wp1 be the spherical (1,1)-form on P'. The probability measure p := limndinf"*w]pl is
the unique measure of maximal entropy, equal to Log d. It satisfies f*u = du and is mixing. The
Lyapunov exponent of yu satisfies Ay > % Log d by Margulis-Ruelle inequality, and moreover

1
)\f = 5 LOg d < 1% < Leb]pl = Wp1. (1)

The direct implication was proved by Ledrappier [20], the reverse one by Ledrappier-Strelcyn
[21], the arguments rely on measurable partitions. In our context the reverse implication can
be obtained by inserting the density of p in the relation f*u = du.

For a holomorphic map f of algebraic degree d > 2 on P2, the probability measure p defined
as lim,, ﬁ ™ (wp2 Awpz) is the unique measure of maximal entropy, equal to Log d?. Here wp2
stands for the normalized Fubini-Study (1, 1)-form. Briend-Duval 7] proved that the Lyapunov
exponents A\; > Ao of pu are larger than or equal to % Log d. This is not a consequence of
Margulis-Ruelle inequality, the proof relies on more difficult arguments involving pluripotential
theory. Another proof, involving local unstable manifolds and entropy, was given by De Thélin

[10]. The counterpart of (1) takes the form

1
)\1:)\225 Log d <= 1 < Lebp2 = wp2 A wp2. (2)
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The direct implication was obtained by Dupont in [13] following the classical arguments of [20]
and in [14, Theorem D] using a central limit theorem for the observable Logdet df. One can
prove the reverse implication by inserting the density of x in f*u = d?p and using the lower
bound on the Lyapunov exponents. The (adapted) equivalence (2) is valid on every Pk k> 1.

The measure p is actually equal to T'A T, where T is the Green current lim,, din ™ wpe.
It satisfies f*T = dT and can be interpreted as a singular invariant metric on P2?. Berteloot-
Loeb [5] proved that if 7' is smooth and positive on a non empty open set of P2, then f
is a Lattés map : f can be lifted to an affine map on a complex torus C2/A, via a finite
ramified covering o : C2/A — P2. Moreover ¢*T is equal to the standard hermitian form
%dz ANdz + %dw A dw. In particular one gets wp2 < T since T does not charge analytic sets,
and one gets A\; = Ao = % Log d by f*T = dT. Berteloot-Dupont [2| established later that if
w=TANT < wp2 ANwpz, then T satisfies Berteloot-Loeb smoothness condition, the arguments
use normal forms, the invariance of T and pluripotential theory. Those results extend to P*.

More recently, Dujardin studied the Fatou directions associated to endomorphims of P*
and proved the following relation between p, T and the smallest Lyapunov exponent of the
measure j [12, Theorem 3.6] :

1
,u<<T/\wp2:>)\2:§ Log d.
He also asked the question of the reverse implication :
Question (Dujardin) : does \y = % Log d implies pu < T A wpz2 ?

Theorem A below gives a positive answer to Dujardin’s question assuming hypothesis Ho,
defined in Definition 2.1. Roughly speaking, Ho asserts that there exists a collection A of
disjoint unstable manifolds centered at some ¢ € P? on which the iterated inverse branches of
f and the Oseledec stable cocycle are uniformly controlled.

Theorem A. Let f be a holomorphic map of degree d > 2 on P%. Assume that the smallest
Lyapunov exponent Ay of the mazimal entropy measure u is minimal equal to % Log d. If
hypothesis Ho holds, then p << T A wp2.

Let us note that the equivalence (2) gives a positive answer to Dujardin’s question when
Al =Xy = % Log d. Indeed, in that case, f is a Lattés map and wp2 < T as explained above.
So we have to focus on the case \y > Ay = % Log d, those mappings are called semi-extremal,
see [16]. For the present the only examples of semi-extremal mappings that we know preserve
a pencil of lines 7 : P2 --» P!, Such mappings have been studied in general by Dupont-Taflin
[17, Corollary 1.3]. They obtained that if # stands for the rational map induced by f on P!,
then A\g € {\1, A2}, A1 > Log d and pu = T A *pg. In particular if 6 is a Lattés map on P!
(hence A\g = % Log d and pg = pLebp1), then one gets the following precise description of y :

= (pom)T N1 wp1t KT A wp2.

Our result does not give such a product structure for p with respect to 7. Nonetheless, our
hypothesis Ho does not rely on the existence of an invariant pencil of lines but on less rigid
dynamical aspects, that we hope should be less restrictive. Another open question is to find,
if it exists, a geometric characterization of semi-extremal mappings.

The proof of Theorem A relies partly on the classical partition method employed in [20]
and [13]. The novelty, in order to deal with semi-extremality, is to introduce normal forms for
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the iterated inverse branches of f. We outline our arguments in Section 2.

Remark 1.1. Our present results on P? extend to higher dimensions with the same strategy,
the details are given in dimension 2 in this article for sake of simplicity. The statements on
CP*, k > 2, are given in details at the end of the paper in Section 9.

Acknowledgements— The author thanks his PhD advisor Christophe Dupont for intro-
ducing him to the problem of absolute continuity, and for teaching him the classical methods
on partitions and entropy. He also thanks him for his kindness and constant support.

2 Outline of proofs

2.1 The classical proof for two minimal exponents

We recall briefly the classical proof of
1
)\1:)\2:§Logd:>,u<<Lebpz. (3)

We refer the reader to [19, 20] for the one dimensional case (on [0, 1] and on P!) and to [13] for
its extension to P¥. The proof relies on the construction of a decreasing measurable partition
7, generator of entropy, such that :

>0, Logd® = /PA ~ Log iz () da(a). (4)

We use here the natural extension (@ 7, i) =% (P2, f,p) in order to work with an invertible
dynamlcal system, see Section 8.2 for details. We denote B(]P’2) the o-algebra of borel sets

of P2. Given a measurable partition ¢ of IP>2 (5 is the atom of ¢ containing T € P2. Let Uz
denote the conditional measure of x on the atom 7;. The idea to prove (3) is to introduce for

p—almost every T € P? a probability measure pz on 1z which is absolutely continuous with
respect to Lebpz and such that (4) is satisfied when ugz is replaced by pz. Indeed in this case,
for any n > 0, we have the equality :

[ togpe (Fa), i@ = Log @ = [~ Log s (F0) ap@®). )
P2 x P2 x
It implies by Jensen inequality :
Pz (- PPN
0= Log = d < L = " d . 6
/IP2 ogﬂgg(f 77) fi(z) < Log /@%(f 77)5 1i() (6)

du(z) =1,
hence (6) is an equality. The strict concavity of Log then implies p;g(f_n?’])/\ = ug/(\f_"n)gg.

Other properties of 7 (see for instance Theorem 3.9) allow to prove [ ﬁ—f(f_"n)

8])

Finally, the generating property of 7 yields pz = puz, hence g = [ pz dfi(Z) =: p on P2. Using
the fact that pz is absolutely continuous (which has not be used so far), we get as desired

p = (m0)«p < Lebpo.
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Practically, the measures p; are defined by :

— 1 T det d, . f
A€ BP?), pa(A) = —— — =il gy
VA € B( ) s px( ) L(f) /TO(Aﬂnz) L1 dot dyiif d eb(y(])v (7)

where y = (y—;); is given by the injectivity of 7y on the atoms of 1, and L(Z) > 0 ensures
pz(nz) = 1. Using the change of variable formula for the Lebesgue measure, the decreasing
property of n and the injectivity of f™ on 770((]/"\_"77)%) (see Theorem 3.9) one obtains the
fundamental formula

[ ow s (7). di@) = [ Log (det doy ™) @), 0

The right hand side is equal to 2n\; 4+ 2n)s by classical ergodic theory. It is equal to Log d*"
when A; and A9 are minimal, in this case (5) is satisfied and absolute continuity follows.

An important step is to establish the convergence of the integral (7). The problem is settled
in [13, 20] by using a Pesin box .A. Roughly speaking A is a disjoint union | |;. W"(Z,R)
of unstable manifolds, where 7 is a subset of a fiber 7 '(¢). The unstable manifolds are
defined using inverse branches f-". A crucial property of A is that nz C W*(2,R) for any

T € W%Z,R). Indeed, this inclusion implies the convergence of the infinite product yy €

det dy_ .
mo(nz) — [ d‘zz 7 1;, see for instance [13, Lemme 3.3]. When Z does not belong to A,

Birkhoff ergodic theorem allows us to get back to A. In our work we shall use Pesin boxes, see

Section 3, but we will not have to prove the convergence of an infinite product, that step will
indeed be contained in a normal form theorem for inverse branches.

2.2 Outline of the proof of Theorem A

We resume our proof of \; > Ay = % Log d = p < T A wp2 under Hy. We start by
proving the following theorem, whose first formula replaces Equation (8). The hypothesis H1
is given in Definition 2.1, it is less restrictive than Hs.

Theorem B. Let f be a holomorphic map of degree d > 2 on P?. Assume that the Lyapunov
exponents of the mazimal entropy measure i satisfy A1 > Ao and that Hqi holds. There exist
a measurable partition n of P? and a measurable family T — gz of probability measures on p2
supported on ng such that

(71-0)*(]53\ <L T A wpz,

Yn >0, /A — Log qg(f_"n)g dpi(z) = Log d" + 2nAs.
P2
The measurable partition n also satisfies the formula :

VnEO,/—Log,um(f "nz du(z) = Log d" + Log d".
P2

Theorem B implies Theorem A when Ay = % Log d. Indeed, in this case, Formula (5) is
satisfied replacing pz by ¢z. The same arguments than before (involving Jensen inequality and
the properties of 1) then imply ¢z = pz. We deduce p < T' A wpe in Section 6.2 from the fact
that p and T' A wp2 do not charge the critical set.



Compared with the classical method, our novelty is to use normal forms for inverse branches
f> " to construct gz. More precisely, by Theorem 8.2, there exist controlled holomorphic change
of coordinates (Zz, W3) such that the following diagram commutes

R f;'n N
B(z—n, 21e(T—n)) B(zo, 21 (7)) (9)
D2 (9. (3 )~ D= (%)

where the second coordinate of R, 7 is linear and satisfies

RO (z,w) = Bpaw , et < |, 5| < 29,

Using f*I" = dT and the diagram above, we obtain the change of variable formula :
(fZ") (T A ddIW5_, |2) = d7"|Bnal* x (T A dd*|W3]).
We define the probability measures ¢z on 7; by

(T AddW;) o
G = TN W) (mo(na)) 10)

The crucial part of our work is the proof of the first formula of Theorem B. It is important that
A2 comes in this formula without any e*" error term (such terms appearing in the definition
of By z), this is settled by Jensen inequality. Actually ¢z is defined by (10) only when z € A.
If ¥ ¢ A we have to introduce an adapted formula, see Section 4.

2.3 Hypothesis H; and H-

We fix once for all € small with respect to the Lyapunov exponents A\; > Ay. By Theorem
8.1, there exists of borel set A,s of full y-measure on which the unitary stable vector ¥y :

Ays — TP? is defined. We denote
A(z,n) = ||de f" - Us()]] .

Let FN - be the set of full i—measure provided by the normal form Theorem 8.2. In particular,
the inverse branches

5" B(xo,20:(F)) = B(z_n, 21:(3_y))

are defined for 7 € FN.. Let B.(Z) be the distortion of the change of coordinates & specified
in the diagram (9). As in Briend’s article [6], for every 0 < r < 2n.(Z), we define the unstable
manifold by

W3, r) = {26 P2, 3t € B(wo,r) © 2n = f3"(t), Vn € N}.
For pi—almost every ¢ € P2, Theorem 3.5 (due to Briend) asserts that for » > 0 small enough

and p > 0 large enough, i = p|p(cr) ® finge 00 |zer WE, 1), where T C 75 (c) N {ne >
1/p, Be < p}. We shall say that T is a regular tree if i, (7)) > 0.



Definition 2.1.
Hy : there exist a reqular tree T and py > 0 such that for every z € T

o~ o~ 1
Rz :=inf{n.(z) , 7€ W"(Z,n(2)) N FN:} > p_
0
Ho : Hy is satisfied and for every zZ € T, there exists Az > 1 such that :
€
0S8 AE

A(z_p,n)

>0, ¥z € W"(Z,n.(%
Vn>0, Vxe W (27775(2)) nA A(x—nan)

< < Az

Let us explain why we introduce H1 and Hs. The measure ¢z is built using the submersion
W5 defined on B(zg,n:(%)), but this ball does not contain m(n;) in general. This induces
difficulties to implement the classical partition method. This did not occur for the construction
of pz, which used the function x + det(d,f) defined on P2. The hypothesis H; thus sets an
uniform control for the function Z — 7.(Z) on the Pesin box A.

Another difficulty, which did not appear for the family (pz)z, is to check that ¢z = g5 when
7 and ¥ belong to the same atom of 7. That property is fundamental to show Theorem 6.1.
To get it we show that it suffices to control (n,z) — A(z_p,n)/A(x_n,n) when ¥ runs over
the unstable manifolds W*(z,R) of the Pesin box A, see Proposition 4.5 (proved in Section
7). It leads us to the hypothesis Hs.

3 Construction of Pesin boxes and partitions

3.1 Unstable manifolds and Buzzi’s partition

The following proposition leads to the definition of P—address.

Proposition 3.1 (Buzzi [8, Section 4], see also Dupont [13, Section 2.4]). There exists a
partition P = (Pj)jeq1,. . Ny of a full p—measure set of P2, whose atoms are open sets of P2
and such that :

1. The map f is injective on each atom P;.

2. If P, denotes the atom of P which contains x, then 2" (B(xo,21:(%))) C Psy_, for
every n > 0 and for i—almost every .

Definition 3.2.
1. The f—invarmnt set P = ﬂnezf" <7T0_1 <U§V:173j>> has full fi-measure. We say that
x,y € P have the same P—address if Py_, = Py_, for every n > 0. By Proposition
3.1, the P—address stay constant on the unstable manifolds.
2. Let R
A, = 7T0_1(Aos) NFN:NP,

it s a totally invariant set of full u—measure on which Vs, the P—address and the
inverse branches =" are defined.

Lemma 3.3. For any z € A. we have :
1. Let 7 € W"(Z,2n-(2)) N Az and n > 0. Then the maps f=" and f=" coincide on
B(z0,2n:(z)) N B(z0,2n:(2)).



2. Let 0 <r <2n.(2) andz € W"(Z,r). If w € P satisfies
(a) T and W have the same P-address,
(b) wo € B(zp,1),

then w € W™ (Z,r). If moreover wg = zy then W = Z.
Proof : By Proposition 3.1 and Definition 3.2 we have for every & > 0 :

Prto) = Pro = Peoi = Przigrgs (11)

Let to € B(wo, 2n-(Z))NB(z0,2n-(2)). It £ 7 (to) = £ (o) then £(£5 YV (t0)) = £(£2 9V (t0)).
By using (11) and the fact that f is injective on the atoms of P (see Proposition 3.1), we get
s U +1)(t0) = fs U +1)(t0) . An induction thus implies f. I = s 7 for every j > 0. The second
item can be proved similarly. O

3.2 Pesin boxes and Briend’s theorem

Definition 3.4. A Pesin box is a quintuplet (P,r,p,T,c) where ¢ € P? and
1. T is a borel subset of Ac N {mg = ¢} such that 2n.(Z) > r >0 for every Z € T,
2. Be(2) < p for everyze T,
8. P=|loer W“(Z, 7).

Z
In the third item the unstable manifolds are pairwise disjoint since the P—address is

constant on unstable manifolds and f is injective on the atoms of P, see the proof of Lemma
3.3. For any z € T, let us define

¢z Y0 € Ble,r) = (f7"(yo))nez € P2,

where f2 = f"if n > 0. For any y € P, let 7(y) be the unique zZ € 7 such that ¢z(yo) = ¥.
Then the Pesin box P is homeomorphic to B(c,r) x T via the following continuous bijective
mappings, inverse map for one to the other :

B(e,r)xT — P P — B(e,r)xT
v , ©:
(Y0, %) — ¢z(yo) ¥y — (Yo, m0(¥))

In particular the Pesin box P is a borel set of P2, The continuity of ¥ and © can be verified
by hands using the product topology of P2, they are implicit in [6].
By Rokhlin’s theorem [22, §3.1], iz admits a decomposition on the fibers of 7 :

VA € B(P?) , fi(A) = /P o (AN T du(e), (12)

where fir, . is the conditional measure of /i on the fiber T, := {mp = c}. The measure ji is a
product on Pesin boxes :

Theorem 3.5 (Briend [6, Theorem 4.1]). For pu—almost every c € P2, there exists r. > 0 and
pe > 0 such that :

O. (//Z|P) = :u|B(c,T’) ® MW070|7-7
for every Pesin box (P,r,p,T,c) satisfying r < r. and p > pe.

7



3.3 A special Pesin box A

In this section we construct a special Pesin box A of ji—positive measure on which the
dynamic has good properties. We use it to construct the decreasing partition 7 in Section 3.4
and the family of conditional measures ¢z under the hypothesis H; and Hs in Section 5. We
proceed in several steps. First let Br. be the set of full p—measure of points ¢ € Supp(u) that
satisfy Theorem 3.5. Then for p > 0 we define :

Vi={ZeA : n:(2) > 1/p, B:(Z) < p}

which is of positive i—measure for p > 0 large enough. Thus applying (12) with A = V' N Br,,
there exists a set of positive y-measure E C Br. such that for every ¢ € E, the conditional
measure [ir, . charges the set V N T¢. Then for every ¢ € E and r €0, %] we define

Py= || W@
zeVNTe

We deduce that (P, 7, p,VNTe,c) is a Pesin box with respect to the Definition 3.4. Moreover
by Theorem 3.5, we get for every p > p. and 0 < r <7, :

H(Per) = p(B(e, 7)) X iy, e(V N Te) > 0. (13)
Lemma 3.6. [13, Lemma 2.2] There exists S c [1/4p,1/2p] a borel set of full Lebesgue
measure such that for every s € S, there exists y : P2 —]0, 1] a measurable function satisfying
VZ—p—ae,VneN, |dz_p,c)—s|>vy(@)e ™.
Let us fix R € S, set T := V N T, and define
A=Pgr=|]|W“ZR) ' (B(c,R)). (14)
zeT

We still have fi(A) > 0 by (13). The hypothesis H; and Ha allow to get much properties that
will be crucial to define the measures ¢z.

Proposition 3.7 (Use of H; and Hz).
1. Under hypothesis H1, we can assume that for every x € AN Ag :

1
2R < z d 7) < —.
< (@) and 5.(2) < 572
2. Under hypothesis Ho, we can assume moreover that for every z € T there exists Az > 1

such that :

1 < A(z_p,n)

Vn>0, Ve WYZ,R)NA., A= A

IN

As.

Proof : We focus on the first item, the second one is get similarly. One can assume p > pg in
the preceding discussion, where pg is provided by #; in Definition 2.1. Then by definition of
Hy and R € S C [1/4p,1/2p], one has for every T € W*(Z, R) N FN. :

From Remark 8.3 we get (.(Z) < 775%5 < 2. O



3.4

A decreasing partition 7 of the natural extension

We construct the measurable partition 7. We refer to [1, 9, 13, 22, 23] for accounts on the
theory on measurable partitions and entropy. We mention that in [1] (resp. in [9]) the theory
of measurable partitions is used to prove the uniqueness of the measure of maximal entropy
for polynomial automorphisms of C? (resp. for automorphisms of K3 surfaces).

For sake of simplicity, we denote by ¢ the left shift f The arguments are borrowed from
[13]. We use the partition P and the Pesin box A respectively defined in Proposition 3.1 and
in Section 3.3. We define the measurable partitions

¢ =71 (P) \/{.A, A} and n:= \/ g’ (&).

peN

The partition n satisfies the following properties.

Lemma 3.8.

1.
2.

3.

For fi—almost every T, the elements of n; have the same P-address of T.
VZzeT,Vx e WYZ,R), nz C W*(Z,R) C A.

There exists a measurable function 1. : p2 —10, 1] such that for fi-almost every T :
(a) 0 < 1(3) <ne(@) < 1.

(b) Vn =0, f7"(B(wo,n.(z))) C Blc,s) or fz"(B(wo,n(z))) C Blc,s) .

(¢) W(Z,nL(Z)) C nz.

Proof :

1.
2.

The P—address is constant on the atoms of 73, hence on the atoms of 7.

Let @ € ng, by the previous point @ and Z have the same P—address that is the one of
Z since the P—address is constant on unstable manifolds. One has Z € A by definition
of A, hence nz C A because 7 is thinner than {A,.4°}. Thus @ belongs to A and
there is 2’ € T such that w € W*(Z', R). Since the P—address is constant on unstable
manifolds, we deduce that the P—address of Z’ is the one of w, that is the one of Z.
Then, since zy = ¢ = z), we can apply the point 2. of Lemma 3.3 to conclude that
z =72 and thus w € W*(Z, R).

Let nL(Z) := min {R, ne (), %}, where () is the function given by Lemma 3.6.
Then one can follow the arguments of [13, Lemma 4.2] to complete the proof. O

The other important properties of the partition n are gathered in the following theorem.
Given ( a measurable partition, we denote M(({) the completion with respect to i of the
o—algebra generated by the atoms of (. Let M be the completion with respect to zi of the

o—algebra of borel sets of P2.

Theorem 3.9. The following properties holds for the partition n :

~

n is decreasing : ¥n > 0, for i—almost every , (¢g~"n)z C nz.

T 18 injective on 1z for i—almost every T.

For ji—almost every =, f™ is injective on mo((g~"n)z) for every n > 0.

for every m > 0 and for i—almost every T, nz is a countable union of atoms of g—™n.

Voso M(g7"n) coincide with M.



6. for every n >0, f]}/ﬁ — Log pz(97"n); dii(xz) = Log d*".

The proof follows classical arguments, developed for instance in [13]. Let us explain the last
item. By definition f@ — Log pz((97™n)z) di() is equal to the conditional entropy H (g~ "n|n).
Moreover, following [13, Section 4.3] one can prove that H(g~"n|n) is equal to the relative en-
tropy hg(97",&n), where &, := g V-V g But &, is a generator of finite entropy for g7
[13, Proposition 4.1], hence hz(g™", &) = ha(g™") = nhz(g) by Kolmogorov-Sinai theorem
[23, §9]. One finally obtains the last item from hg(g) = h,(f) = Log d*.

From the point 3. we deduce the following elementary lemma. The purpose of the lemma
is to prove that for any € A, the identity f=" o f* =Id on m[(97"n)z_,] is true. It is used
in the proof of Proposition 4.7 to compute the equality

2
(T A ddc|ngp|2) =di7 P x <T Add® |(Wg_ o f;fqp_q)‘ ) o fP=9 on mo[(g7Pn)z_,], where p > ¢
satisfy 7_, € Aand 7_, € A.

Lemma 3.10. Assume Hq. For any T € A and for every n € N one has :
1. f7 " [mo(nz)] = mol(g™"n)z_,]-
2. 15" 0 MMroltg—rms_, ) = dlmoltgmms

)

Proof : Let § € n;. Since T € A there exists z € T such that n; € W%z, R) (by Lemma
3.8). Then z,y € W"(2,R) and so by Lemma 3.3 we have f-"(y0) = f>"(%0) = y—n €
mo((97"n)z_,) since g7y € g "(nz) = (97 "n)z_,. Thus we have the inclusion ” C ”. The
reverse inclusion ” D 7 is obtained with the same arguments.
For the second item, observe that by Proposition 4.1 (given below for convenience) we have
using H1
r0(nz) € Blao, (7)) € Dom(f5")

and thus f™(mo[(¢7"n)z_,]) C mo(nz) belongs to the domain of definition of the holomorphic
map f=". At this stage the map h := f=" o f"| 14—y, 1 1is well defined. To see that h = Id

on m[(g7"n)z_, ] we use the point 3. of Theorem 3.9, indeed by definition one has :
vp € mollg™ " n)a_,], f"(h(p)) = f"(p),
and using the point 7.

h(mol(g™"n)z_,]) = 15" o molg"g™" (na)] = 15" (molmal) = mol(g™"M)z_..],

so by injectivity of f™ on m[(¢7"n)z_, ] we have h(p) = p on mo[(g7"n)z_, . O

4 The measures ¢;

4.1 Introduction of normal forms

For every Z € A., Theorem 8.2 provides holomorphic coordinates

§

We will define gz on 7z. The following lemma ensures that my(n;) is contained in the domain
of definition W3 for every Z € A. The definition of A is given in Equation (14).

: B(zo,20:(2)) — D*(p-(3)) , & = (Zz, Wa). (15)

8)
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Proposition 4.1. Assume Hq and let T € ANA.. Let Z be the unique element of T such that
ze Wz, R). Then

7o (nz) C B(20,R) C B(xo, (7)) C Dom (W5).
In particular, my (nz) C B(z0,R) C B(xo,1:(Z)) N B(yo,n:(y)) for every § € n.

Proof : By Lemma 3.8 one has n; C W"(z,R), which proves the first inclusion. Since zg €
B(z9,R), we have B(zp,R) C B(zg,2R). Proposition 3.7 finally gives 2R < n.(Z). O
Proposition 4.2. Let T € A,.

1. The measure T A dd°|W3|? is not null on every ball B(zq,r) with 0 <1 < n.(Z).

2. For everyn >0, (T Ndd“|W5_,|*) om0 g ™(nz) > 0.
Proof : The first assertion is a consequence of [15, § 3.3], which asserts that if & is a holomor-

phic submersion defined on a neighborhood of a point € Supp(y) then (T Add¢|h|?)(B(z, 7)) >
0 for every small r > 0. For the second assertion, we use the inclusion

g O WH(Z,1:(2))
given by the point 3.(c) of Lemma 3.8. We deduce that :

molg™"(12)] O 70 ({F-n, § € W@, 0L(2))}) = f5 " (B(wo,n.(Z))) D Blz—p,1"),
where 7 > 0 is small enough to get the last inclusion. Since z_,, € Supp(u), the first item
allows to conclude. O

—

Let us now define the measures ¢z. The set B(P2?) below stands for the sigma-algebra of
borel sets of P2. We recall that & is defined in (15). Let

M@E) = |ldos" - 01|+ Aw—pep) = |[de, 7 Tuloy)]].
Definition 4.3. Assume Hy. For every T € A, we define
Gz = dP (A(x_p,p))2 M(fﬁ_p)2 X (T A ddc|ngp|2) ompog P on ng,
where p > 0 is any integer such that z_, belongs to A. The probability measure qz is then
VA€ B, ()= TELT,
the normalization L(Z) := ¢z(nz) being > 0 by Proposition 4.2.

Remark 4.4.

1. By Birkhoff ergodic theorem, the set Recz(A) := {p > 0, z_, € A} is infinite for
every T € A..

2. The fact that ¢z does not depend on p is established in Proposition 4.7. We need to
introduce p so that T A dd°|W5_ |* is well defined on mo(nz_,) (see Proposition 4.1),
which contains wo(g P (nz)) by the decreasing property of n.

3. By Theorem 3.9, my is injective on the atoms of g~ Pn, thus gz is a measure.

4. If T € A, then Gz = M(2)* (T A dd°|W5|?) o m on n;.

11



Proposition 4.5. Assume Ha, then for fi—almost every T € P2
yeEmNA = ¢z = gy

In particular we can define a measure g on B(P2) whose conditionals on n are given by the
measures Gz :

vA € BE?), §(4) = /F (AN 1) dA(@).

Remark 4.6. From the proof of Theorem 8.2, one can construct T — & as limits of ho/lg-
morphic maps hence the dependence on T is measurable. Thus for every borel set A C P2,
the function T — (T A dd|W3|?)(mo(A N nz)) is measurable and the integrals above A +
[ az(ANnz) di(Z) make sense.

The proof of Proposition 4.5 is provided in Section 7.

4.2 The definition of ¢; does not depend on p € Rec;(A)
The set of integers Recz(.A) is defined in Remark 4.4.

Proposition 4.7. Assume Hy. Let © € A, (p,q) € Recz(A)? and A C nz be a borel set. Let
BV im 0P Ay, p)2M (5 ) (T A A& Ws_,[2) o9 0 g (A),
and let B be defined similarly replacing p by q. Then EP = E1.
We need two lemmas.
Lemma 4.8. For every T € A, the following formula holds on B(xg,2n:(T)) :
Wz, o f2" = Bnz x Wz, ¥n > N(Z).
In particular, for every n > N(Z), we get on B(xg,2n.(T)) :
(f5™") (T Add W5, [2) = d7"| Bzl x (T A dd°|W5[?).

Proof : The commutative diagram (9) given by Theorem 8.2 provides for n > N(Z) :

Wi ofs"=Wo (& ,of;")=(WoR,z) o0& = Buz x Wa,
where W : C?> — C is the projection on the second coordinate. O

Lemma 4.9.
1. For every T € A. and n,k > 0, A(z,n)A(zn, k) = Az, n + k).

2. For every x € A andn > N(T), A(x_,,n)|B,z| = %

Proof : The first item comes from the chain rule formula. For the second item, the commu-
tative diagram (9) of Theorem 8.2 gives for n > N(Z) :

Bzl = |

dy_ &5, odufz"odo (&) - (0, 1)( ‘ -

12



One concludes by Theorems 8.1 and 8.2, which yield dy (&))" (0,1) = M(Z)¥s(x0),
oo f5™ - Ts(20) = A(@—p, 1)~ Ts(2_0)

and defnggfn s(z—p)|] = M(/x\—n)_l- 0

Proof of Proposition 4.7 : Let £ € A. and let A C 73 be a borel set. We have to prove
EP = E1 for any p,q € Recz(A). It suffices to show the following property :

Vp,q € Recz(A), (p —q¢> N(z)+ N(z_,)) = EP =E? : (P)

Indeed since Recz(\A) is infinite, for any p,q € Recz(A) we can find r € Recz(A) such that
r—p > N(@)+N(Z_p) and r—q > N(Z)+N(Z_,). Thus if (P) is true, E” = EP and E" = E9,
which implies EP = E9. Let us prove now the property (P). Let p,q € Recz(.A) such that
p—q>N(Z)+ N(zZ_;). We define :

FP .= (T A ddc]WQﬂ)\z) ompog P(A).

and similarly F'? by replacing p by ¢. Proving EP = E? amounts to show the equality :

dPA(z_p, p)> M (Z_p)*FP = dIA(2_y, q)* M (T_,)* F. (16)

Since T_4 € A and g7P(nz) C (g_(p_q)n)@qi(piq), one gets by Lemma 3.10 (applied to Z_,
withn=p—q):

507 0 77 v ) = Wlmo(g-2(ne))- (17)

Let us denote U := mo(g~"(nz)) and f{? := fP~9y. Using hypothesis H1, Proposition 4.1
tells us that mo(nz_,) C B(x—p,1:(F—p)) C Dom(Wz_ ), and thus mo(g77(A)) C mo(gP(nz)) C
mo(1z_,) C Dom(W5_ ). By (17) and by (f{; *)*T = dP~T, we obtain

o — [T A (P00 f{}_q)*ddﬂW@pF] om0 P(A)

=d7P [(f?}‘q)*TA (f50)*dd

—(p— 2 _
Voo £ omesin
Then by injectivity of f; ¢ we have :

FP =q%P [T A dd°

p— —_ 2 —_ p—
Wa, o 57970 o (7 ) omo )
Using the relation f o my = m o g, we have (ff; 4) omyo g P(A) = m o g~9(A). Moreover, by
Lemma 4.8 with Z replaced by z_, and n =p — ¢ > N(Z_,), we get :
W;_ o flema) Bp—qi_y X Wa_, on B(z_¢,n-(Z_4)) C Dom(W5_,).

T—q
We deduce :
FP = d19B, o5 [* x Y.

Now we replace |8,_4z_, |2 by applying the second item of Lemma 4.9 to Z_, withn =p—q >
N(z_4). We get

1
dPM(Z_p) 2 FP = dIM(Z_g)*FI x ———— .
) X e
To conclude, we use A(x_p, p—q)A(x_q, q) = A(x_p, p) which comes from Lemma 4.9 applied
toZ_p,n=p—qand k =gq. O
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5 Proof of Theorem B

The property (m9)«qz < T' A wp2 directly follows from the definition of gz. The second
formula of Theorem B is contained in Theorem 3.9. It remains to show for every n > 0 :

Log "+ 20k = [~ Log g5 (57"n); di(@).
]pz

Proposition 5.1. For u—almost every T and for every n >0 :
N _ 1 L(z,)

L ~ ") )= ——~— 7

@4z ((07")2) = G2 Rz, n2

Proof : Let # € A, and p € N such that 7_, € A. Let us fix n € N and let ¢ := n + p so that
Tp—q = T_p € A. By definition of gz and the inclusion (¢7"n)z C 1z :

L(@)qz ((97™) ) = P A(z_p,p)* M (T_p)* x [T Add*|W5_,[*] omoog ((97™n),) -

Using p = ¢ —n and g ?((¢7"n)z) = g~ *(nz,) we have :

~ n 1 ~ - 2 _
L@z ((97"m)5) = AP d"M @og)? [T A dd [Ws,_,[*] 0 70097 (5, ).
By definition of L(Z,) (recall that (Z,,—,) € A) and since n — g + p = 0, we have

Tn—gq, 2 ~
L(f)QE ((g_nn)gg) = m X L(xn)

The first item of Lemma 4.9 applied to Z,,—4, p and ¢ — p completes the proof. O

By taking Log in Proposition 5.1, we obtain :

L(zn)
L@) "

Log d" + 2 Log A(xg,n) = — Log ¢z (g_"n)/x\ + Log

The third item of Theorem 8.1 asserts that f@ Log A(xg,n) diu(x) = nAg. To finish the proof
of Theorem B, it remains to show that h, := Log (LO—Lgn) € L'(7i) and satisfies [ h,, dji = 0.

We use the following classical lemma, the original statement is stated with Log™ instead
of Log™, but the proof also works with Log™.

Lemma 5.2 (Ledrappier-Strelcyn, [21, Proposition 2.2]). Let n > 0 and let ¢ be a positive
measurable function on P2. If Log™ (%f) € LY(1n) then :

Log <%> € L'(f1) and / Log <(’0C;g > dp = 0.

The assumptions of that Lemma are satisfied. Indeed, Proposition 5.1 implies for zi—almost
every T in {h,, > 0} :

0 < h(F) = Log(d"Alwo,n)?) + Log gz ((97"n),) < Log(d"Alzo,n)?).

Moreover, & + Log A(zg,n) belongs to L'(j1) by Theorem 8.1. Therefore we can apply
Lemma 5.2 to get hy, € L' (1) and [ h,, dfi = 0 as desired. O
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6 Absolute continuity of i with respect to T’

6.1 Proofof g=1nu
The probability measure ¢ is defined in Proposition 4.5.

Theorem 6.1. Assume Ho and A1 > Ao = % Log d.
1. For pi-almost every T and for every n >0, ¢z (97"n)z = pz (97"n)4-
2. For fi-almost every T, qz = pz and so g = [i.
Proof : The second item is a classical consequence of the first one by using the generating

property of 7, see for instance [13, Lemme 5.6]. Let us prove the first item. By Theorem 3.9
we know that

V>0, Togd® = |~ Log s (47"0); d(@).

But we have by Theorem B (using H1) :

Yn >0, Logd"+2n\ = //5 — Log ¢3 (g_"n)5 dp(z).
P

If A9 is minimal equal to % Log d, we get :

/@ — Log ¢z (9™"n), dii(Z) = Log d*" = — /]135 Log pz (97"n), da(z).

By Jensen inequality we deduce :

0= /A Log & (47™n).. da(@) < Log /Aq—f (97"n), da(®). (18)
P2 Hz P2 Kz

By definition of the conditional measures of i1 with respect to n, we get

% ((g7m).) d(E) = /PA / () dust) an@),

P2 Hz

But by Proposition 4.5 we have gz = g5 for every ¥ € nz N A.. Thus we have

e (lgm)g) dus@) = | 2 ((57"m)5) dus(@)

Now by Theorem 3.9 7; is a countable union | | jeN A;‘?:n of atoms of g7"n. We infer

2 S 7 (4 NN (4 7
/77 5 % ((g7"n)5) dus(@) = ;) /A . % (47,.) dus@) = ]EZ:O % (42,,) x i (437,.)

which is equal to ¢z <|_|J Afn> = 1. Finally, f@ % (97™n); du(z) = 1, which implies the
equality in Equation (18). The strict concavity of Log completes the proof. [l
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6.2 Proof of Theorem A

Definition 6.2. For every 2 € A., the measure T A dd°|Wz|? is absolutely continuous with
respect to the trace measure o =T A wp2. We can define the Radon-Nikodym derivative :

(T A dd°|W|?)

Dz =
v dor

on B(xg, 2n:(7)).

Now let us assume Ho and Ay > Ay = % Log d. Our aim is to prove
p < or on P2,
We will show o7 (B) =0 = u(B) = 0 for every borel set B of P2. One has
oo
(B) = Al (B) = X () < 3 [y 2575 (B) 33D,

where the second equality comes from Theorem 6.1 and the inequality comes from the fact that
Un>09”" (A) has full fi-measure (a consequence of Birkhoff ergodic theorem and 7i(A) > 0).
Let us now fix N > 0 and 7 € gV(A) N A.. Let C(N,7) := d¥A(x_n, N)2>M(z_n)?/L(Z), s0
that

(151 (B)) = C(N,3) x (T A dd|Wa_ ) om0 0 g~V iz " 53 (B)]

Now observe that g~ [n; N 770 Bl = (g ")z yN(g Vr _IB) = (g7 Vn)z_y N W(]_l(f_NB)

Recall that fV is injective on [(g Noys ] by Theorem 3.9. Let hy denote the inverse of

the restriction of f to m [(g Nz N] We obtain
gz (my ' (B))/C(N,Z) < (T Add°|Ws_[*) (hn(B")) =: Iy z(B'),

where B’ := B N m(n;). Using Definition 6.2, we have

Now it suffices to show that o7(B) = 0 = Iy z(B’) = 0. Let Ex be the smooth positive func-
tion defined on P2\Crit (fV) by En(p) := ||(dpf™) 71|72 It satisfies En X wpz < (fN)*CU]PQ
and therefore

or < BN X TA(fV)wpe = Bt x d™V (fN)* (T A wpz2) on PA\Crit(fV),

where we used (fN)*T' = dNT for the equality. The preceding estimate holds on P? since op
and (fN)*(T A wp2) do not charge Crit(f"). Hence

Inz(B) < d—N/ Ey'D; , d (fN)* [T A wpe].
hn(B')

Since fV : hy(B') — B’ is invertible with inverse map hy|p:, we get
Inz(B') < d—N/ (Ex'Dz_\) o hy dA[T A wpa).
That implies o7(B) = 0 = Iy z(B’) = 0, as desired. O
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7 Proof of Proposition 4.5

In this Section we assume Hy and prove for zi—almost every Z € P2 .
YyEmNA = ¢z =gz on 1z (19)

Section 7.1 only needs H; to consider the measures gz. We will need Ho in Section 7.2.

7.1 Reduction to the case T € A
Proposition 7.1. If Equation (19) holds for fi—almost every T in A, then it holds for

[i—almost every T in P2.

Proof : The assumption implies that there exists £ C A; N A of measure i(E) = 11(A) such
that for every = € E, (19) is true. Then by Birkhoff ergodic theorem, there exists F' C A, of
measure [(F) = 1 such that for every = € F', there exists n > 0 satisfying z_,, € E. Now let
us fix Z € F and let n > 0 such that 7_,, € E. Let y € A. Nnz. Then because 7 is decreasing
and is thinner than {A, A°}, one has y_, € nz_, C {A, A}z , = A. So we have ¢5 , =qz_,
by definition of E, which can be written as

1 1

=~ q‘/\fn = A76A77L’
L(f—n) ™™ L@E-0)™
Now using the definition of g; we have :

L(§)ag = d"A(y—n,n)* x M(n)* (T N dd|W5_,[*) om0 0 g7" |-

(20)

Since g~"(nz) C mg_,,, one can replace m o g~"|,, by 7o Lng,n 0g™"|n;- Moreover, because
Y_n € A, we get by Remark 4.4 :

G5, = M(G—n)* (T Ndd*|Wg_,[*) o moly, -

n

We finally deduce
L(Z/J\)Qg//\ = dnA(y—m ’I’L)2 X QNQ\,n o g—n |J7@‘
and similarly L(Z)gz = d"A(x—n,n)? X §z_, © 9" |4.. Equation (20) yields

A(y—n,1)*L(J-n) L (%)

BT A ) LG@ LG

Therefore the ratio is equal to 1 and g3 = ¢z since these are probability measures on nz. O

7.2 ThecasezT e A

In this section we assume Hy and A; > Ay, and we prove Equation (19) for ¥ € A. Let us
begin with some remarks.
Let Zz be the unique element of 7 such that © € W"(Z,R). Lemma 3.8 yields n; C
W"(z,R) C A, and Proposition 4.1 gives
v/y\ € Tlf I WO(T,@\) C B(Z()uR) C B(x()an&(‘/’f)) N B(y()an&(@\)) (21)

By Lemma 3.3, the maps f-", fg_" and f2" coincide on B(zg, R). By using the normal forms
Theorem, we get

fz" omo(nz) C f77(B(20, R)) C B(#—n,1e(Z—n)) N B(Y—n, 1 (Yn))- (22)
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We will denote for each n > 0, By, := B(zy, 20:(T_p)) N B(Yn, 20:(Y—n))-

Proposition 7.2. Assume Hy and A\ > Xo. Let T € ANA., Z €T andy € nzN A as before.
Assume that T_, € AN{B: < 7}, where n > max{N(Z), N(y)} and 7 > 0. Then

G5 = tn|Cr o [z omol* X gz + Jn on 715,

where

L(@) 12 A4

2. Cn: fZ"(Bo) — C is a holomorphic function bounded by 1/R,

3. Jn is a real valued measure on ng satisfying
| Jn| < coge ™M1 R2 49 50 0 1
for some ¢y = co(Z,Y, R).

We give the proof in Section 7.3 and Section 7.4. Let us see how this Proposition implies
Equation (19), completing the proof of Proposition 4.5. Taking 7 > 0 large enough, by Poincaré
recurrence theorem, for pi—almost every © € AN{B: < 7} N A, for any § € nz N A., there
exists (ng)x satisfying

T_p, € AN{B. <7} and ny > max{N(z), N(y)}.

Proposition 7.2 and the fact that Lip(f="™) — 0 (see Theorem 8.2) imply that, up to a subse-
quence, (CyofZ"), converges uniformly on mo(nz) C %Bg to a constant function F'. Proposition
7.2 also implies that (u,), converges to some u > 0 and that lim,, J, = 0 (since A\; > A2).
Therefore

. -n 2
qg:ngl}}ooun]cnofg omy|* X gz = uF X gz on nz.

Hence uF =1 and ¢q3 = gz, since they are probability measures.

7.3 Proof of Proposition 7.2 in the non resonant case

Let Z and ¥ as in Proposition 7.2. Recall that By, := B(x_y, 210 (Z_y)) N B(Y—n, 20=(Y—n)),

it is not empty by Equation (22). We define on B,, the functions
CZ = 8W/y\7n = 2
" 0Zy ., Oz

[W o o 53_;] o0&z,

oWy 9
wo.__ Yymn _ Y = —1 N
On = oWz, Ow [W °85n © 5%] °Lan
We have ) )
(3 — — (3 __
5 AWy, AWy, = o clobx 5d4s_, NdB;_, on By (23)
A,Be{z,W}

We now pull back Equation (23) by f2" : By — B,. We assume in this section that the
Lyapunov exponents are not resonant, see Section 7.4 for the resonant case. By Theorem 8.2,
the map (z,w) — R, z(z,w) is linear and for every n > N(Z) :

Zz 0 f,x?n =apz X Zz and Wz _ o fgn = Bnz X W5.

18



As explain before, by Equation (21) my(nz) is included in the intersection of the domains of
definition of the maps f= ™, fg_" and f2", and by Lemma 3.3 these maps coincide on this
intersection, thus on m(7z). The pull back of Equation (23) by f=™ : mo(nz) — f2>"(m0(nz))
then gives :

|Bngl? x %de/\ W= Y FPxanal x dAA A dBz on mo(nz), (24)
A,Be{Z,W}
where
FAB .— 4o [z xCBo fo" aif =0nz a,‘iff = Bz

Let us denote Ay :=T A §dAg A dBjz. Since § € A the definition of qg yields

L)

i _

X qg,
with a similar formula for € A. Wedging Equation (24) by T, we deduce on n; :
QQ:Un‘Cnofgnoﬂ'OF X qz + Jn, (25)

where

_M@)?
L(@)|Bngl?

— Let us now prove that u, is bounded by a constant independent of n. Lemma 4.9 implies
Bnz|?/M(@)* = M(Z_,) " 2A(z_p,n) "2 (with a similar formula for 7). We deduce

L@)M(@n)*Aly—nn)* _ L&)  MG-0)  Aly-nn)* Alzn,n)*
L@M @ n)?*Alz—n,n)* LG M@-n)?*  Azn,n)* Alzn,n)?
)

n)?
We then get 0 < u,, < %4T2A% by using the inequalities 31 (@) < M (@) < 2 (see Theorem
8.2), T_, € {B: < 7} and Proposition 3.7 recalling that Z,5 € W*(Z, R) N A

— Let us prove that the function C, : fZ"(Bp) — C is bounded by 1 /R We verify more
generally that

Jp =

—
1
sy
(e}
3
Nl
X
Q
BES
5,
: E
>
=
sy}
(e)
N
()
=
B)

(26)
(A, B)£(W,W)

Up =

ICA1,1CP) < 1/R on By, (27)

By Theorem 8.2, the change of coordinates H := & o fgjn satisfies ||dH|| < 2B:(y_n) on
B,,. Since y_, € AN A, Proposition 3.7 yields ||dH|| < 1/R, which implies Equation (27)
through the definition of CZ and C}V.

— It remains to prove the upper estimate on |J,,|. Since f5"(By) C By, by definition of FAB
and from Equation (27), we have |FAP| < 1/R? on By. Now let us observe (a similar inequality
holds for Ay )

Nzz =T Ndd| Zz|* < ||d&||*(T Awp2) < B:(Z)*o7 on B(zo, 20:()).

The same estimate holds for |Azw | and [A\wz|, since [Azw| < VAzzVAww by Cauchy-Schwarz
inequality. Finally, Theorem 8.2 provides |a, z| - |Bnz|/|Bngl? < e~mMA—=22-4¢) and one has
(since mo(nz) C By)

| Jn| < coe™" M 2274 g o g,

M (y)*Be(2)*
) 2

OLEE This completes the proof of Proposition 7.2. O

by setting ¢y :=
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7.4 Proof of Proposition 7.2 in the resonant case

When the Lyapunov exponents satisfy A\; = kAo for some k& > 2, the first component of
the map R, 7 may be not linear (see Theorem 8.2) :

Rn,i(zv w) = (Oén,fz + ’7n,§wka Bn,fw> .
The proof of Proposition 7.2 can be modified as follows. Equation (25) becomes :

qg = un’Cn Ofg_n 0770‘2 X gz + jn on 7z,

where J,, is a new sequence satisfying |J,,| < Goe~ AL A —de)

Indeed, Equation (24) is replaced by :

oromg|y, for some ¢y (Z,y, R) > 0.

5 (@5 A dTT5) = 2705l 525 1 dZ
+2Re [(k‘FnZ 257, Ws  + F% 03B, z) %d&f A dm]
+ (2R [kFPY 3, 5B, WA + B2 FZ 2 P WSl) SaWs TV
+ EWWI8, 5L W A diT .

From this new expression one can compute J,, as we did for Equation (26), and get on n; :

~ 2

LUl 5, (122 o) ol o
+ 2Re [(’f (FZ7 o m0) 0tn ez (Wg_l o 7T0> + (F7Y o mo) Oén,zc\gn@) Azw © 7T0]
+ 2Re {k (FZY o m0) Y 3Bz ( 1o Wo)] Aww © o

+ k2 (FZ% o mo) [nzl® Wz 0 mo P~ Aww o mo.
We get a constant & by [B,g)" < "2t Ja, 5] < e7"M9) |, 5 < emmPmE) iy, 5] <
M_(Z)e~"*1=¢) (Theorem 8.2) and the fact that W5 is bounded on B(zg, n-(Z)) D mo(n3), and
|FAB| < 1/R? by Equation (27).
8 Classical results

Let f be an endomorphism of P? of degree d > 2. Let u be its equilibrium measure and
let us denote A\; > A9 the Lyapunov exponents of p. Let Crit(f) denote the critical set of f
and C := {J,,cz f"(Crit(f)). We know that ;(C) = 0.

8.1 Oseledec Theorem

Theorem 8.1. Assume that Ay > Ay. There exists a totally invariant borel set Ays of full
p-measure disjoint from C and a measurable map v, : Ags — P(TP?) such that

1
Va € As , VU € vs(x)\{0}, li_}rn - Log||d, f™ - ¥]| = Aa.
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Moreover dy f™(vs(x)) = vs(f™()). If ¥ € TP?\vs(x) then the limit above is equal to \1. We
denote
Xf(x) := Log||dy f - s(2)]],
where Ts(x) is any vector of norm 1 in the complex line vs(x). The following points hold :
1. xy € L'p),
2. for every x € Ays, %Z?:_ol xr(fi(z)) = %an (z). In particular, [ x5 dp = Xs.
8. X om € LY(i) and

| xsn(x0) dE(Z) = ns.
P2
We will denote A(xz,n) = ||ds f™ - Us(x)]].

The proof of the first item can be found in |24, Section 3.7|. The second one comes from
the chain rule formula and Birkhoff ergodic theorem. The third item relies on (7).t = p.

8.2 Normal forms for inverse branches

Let P2 be the set of orbits {Z = (xn)nez, f(zn) = zpt1}. We denote 7y : P2 — P? the
prOJectlon 7o : & — xg and f the left shift. By Kolmogorov extension theorem, there exists
a umque f invariant probability measure on P2 such that (70)«f2 f= p. Let X := P?\C and

={z e P2 . xn € X, Vn € Z}, this is a f—invariant subset of P2 of full fi [l—measure.

The following theorem was proved by Berteloot-Dupont-Molino [4], it gives normal forms
for the iterated inverse branches of the dynamical system. We refer to the articles [18] by
Jonsson-Varolin and [3| by Berteloot-Dupont for related results. A real-valued function ¢ on

P2 is e-tempered if e~ " < o f" < el"ley for every n € Z.

Theorem 8.2. Let f be an endomorphism of P? of degree d > 2. Let € be small with respect
to the Lyapunov exponents \y > Ao of u. There ezist a totally f invariant borel set FN . C X
of full fi-measure, e-tempered functions pe, n- : FN¢ —10,1], B, M. : FN: — [1,+00[ and a
function N : FN . — N satisfying the following properties for every T € FN. :

1. there is an injective holomorphic map &5 : B(xo,2n-(7)) — D?(p=(2)) such that :
(a) &(x0) = 0 and vs(zo) = (do&; " - (0,1)) C,
(b) Vp,q € B(wo,21(7)) , 5dist(p,q) < ||&(p) — ()| < B=(T) dist(p, q)-
2. there is a sequence of holomorphic maps (fZ")n such that f*of=" = 1d on B(xo, 21:(Z)),
f5"(w0) = 2y and Lip(f5") < Bo(2)e 279,
3. the diagram (9) in Section 2.2 commutes for any n > N(T).
The map Ry, 7 is equal to

Rn,ﬁc\(za w) = (an,fc\z + ’Yn,ﬁc\wka /Bn,fc\w> >

where k = Ai/Xo. Moreover v,z =0 if k ¢ {2,3,---}, and
1. e~nate) < |y 2| < e~ "M1=¢) gnd Y,z < M, (z)e"M—e),
2 e—n(ra+e) < |an| < e—n(A2—€)

Remark 8.3. The functions 0, pe, Be are related by 2n. = p:/B: < 1/Be, see for instance [3].
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9 Results in higher dimensions

Let f be a holomorphic mapping of degree d > 2 on P*, let n = T"* be the measure of
maximal entropy and A\; > --- > X\ be its Lyapunov exponents. Assume that k£ > 2 and that
there exists r € {1,--- ,k — 1} such that :

A2 2> A 2 > A (28)

The case A\py1 =+ = A\ = % Log d generalizes the notion of semi-extremal maps on P?. To
extend our method on P¥, we have to consider a new stable cocycle A(z,n) and to consider
several submersions W5.

By classical ergodic theory, Theorem 8.1 extends as follows. Assuming (28), there exists
A,s C PF a totally invariant borel set of full y—measure, such that for every x € A, there
exists a complex sub-vector space Vi(z) C T,P* of dimension k — r satisfying :

- dypf" : Vs(x) — Vi(f™z) is an isomorphism C—linear.
- ¥ € Va(@)\{0}, lim T Log [|dof™ - 0] € {Arsr,-oo Ak
- Vi € T,PR\V,(z), 113_1 L Log [|daf™ -9l € {M, -+ A}

By setting
A(z,n) = |detc (da f" : Vs(z) — Vi(f"2))|, (29)

we also have :
[, Lo M) dute) = nlhria 404 )
]P’k

Theorem 8.2 extends on PF with the commutative diagram

"

B(z—n, 21 (Z-n)) B(xo,2n. (7))

Eﬁnl lﬁa

DH(p2(@-1)) < D¥(p-(@)

Assuming that there is no resonance between A1 > --- > Ag, the map R, 7 has the form
1 1 k
(an,i‘\zk_‘_Pl(z?"" 7wk)7"' 7a;,5c\z7"+PT(w7“+17"' ,ZUk), 52}% Wy41, " 7ﬁn,§(z\wk> ) (30)

where e~"Nite) < ]aiﬁ], ‘BZLE‘ < e™X =4, The polynomials P; are sums of

vt ey e
where the length of (o1, -, 8k) € NF=J is > 2, and ~ is bounded as Yn,z in Theorem 8.2. If

)\?ﬁl )\gk # Aj, then v = 0. If we write & : B(xo,n:(Z)) — D*(p.(Z)) as

- = (2%7... , 7%, %“Jrl,... 7W5'f)_
then it satisfies
do&s! ({o}’“ X <c’H> — V,(2).
Now we set

M(@G) = (detc (dogl {0} x CF T ‘@(m))‘

and we recall that the cocycle A(x,n) is defined in (29).
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Definition 9.1. Assume Hy. For every T € A, we define
G = (@) (Aw—p,p))* M(@-p)? x (T" AW A A dd I WE ) om0 F7,,

where p > 0 is such that z_, belongs to A. Then gz := L(l/x\) Gz, where L(Z) := Gz(nz).

Since there is no resonance between the k —r smallest exponents, the k—r last components
of R, 3 are linear (see (30)), and one can verify as in Proposition 4.7 that the definition of gz
does not depend on p. The following formula, which extends Lemma 4.9, holds true

k
A(z_p,n) H

i=r+1

__M(@)
M(Z_p)’

7
n,T

(note that it does not require the linearity for the last components of R, ;). Using similar
arguments as for k = 2, Theorems A and B extends to P* as follows.

Theorem 9.2. Let f be an endomorphism of degree d > 2 on P* with k > 2. Assume that
the Lyapunov exponents of the measure of mazimal entropy p satisfy Ay > -+ > Ap > Ay >
coo > N for somer € {1,--- k — 1}. Assume that there is no resonance between the k —r
smallest exponents.
1. If H1 holds, then there exist a measurable partition n and a measurable family T — ¢z
of probability measures on P2 supported on nz which satisfy

(m0)ugs < T" Awhy ",

Vn >0, /A — Log ¢z(f ™)z dfi(x) = Log (d")" + 2n(Arp1 + -+ + M)
Pk
2. If Ho holds and if \py1 =+ =X\ = % Log d, then p < T" A wf,,k_r.
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