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A POSTERIORI ERROR ESTIMATES FOR THE LARGE EDDY SIMULATION
APPLIED TO INCOMPRESSIBLE FLUIDS

GHINA NASSREDDINE!2, PASCAL OMNES?3, AND TONI SAYAH!

ABsTrRACT. We study the two dimensional time dependent Large Eddy Simulation method applied to
the incompressible Navier-Stokes system with Smagorinsky’s eddy viscosity model and a filter width
that depends on the local mesh size. The discrete model is based on the implicit Euler scheme and a
conforming finite element method for the time and space discretizations, respectively. We establish a
reliable and efficient a posteriori error estimation between the numerical LES solution and the exact
solution of the original Navier-Stokes system, which involves three types of error indicators respectively
related to the filter and to the discretizations in time and space. Numerical results show the effectiveness
of adaptive simulations.

Keywords : Large Eddy Simulation, finite element method, a posterior: estimation.

1. INTRODUCTION.

Let Q be a bounded connected open domain in R?, with a Lipschitz-continuous connected boundary
I = 09. Let [0,T] denote an interval in IR where T is a positive constant. For a positive constant viscosity
v, we consider the following time-dependent Navier-Stokes system, in which we choose a vanishing initial
condition for simplification only:

aa—ltl(t, x) — vAu(t,x) + u(t,x) - Vu(t,x) + Vp(t,x) = f£(¢t,x) in]0,T[x€,
(P) divu(t, x) =0 in[0,T] x €,
u(t,x) =0 on [0,T] x T,
u(0,x) =0 on €,

where f represents a density of body forces and supposed to be in [L?((0,7) x ©)]? (although a more
general setting would be to consider f € L?(0,T; X') = L?(0,T; H=(Q)?), where X’ is the dual of the
Sobolev space X = H}(Q)?). The unknowns are the velocity u and the pressure p of the fluid.

Since an exact solution of System (P) is in general out of reach, one may resort to a numerical approx-
imation of it. A first method of simulation in fluid mechanics is the direct numerical simulation (DNS)
of the flow at all significant length scales. Since it is necessary to capture all fluctuations of the velocity
and pressure fields having an impact on the flow, DNS is very expensive and, for high Reynolds numbers,
is even not achievable. Under these circumstances, one often prefers the large eddy simulation (LES)
method, which consists in solving the large scales and in modelling the influence of small scales by adding
a supplementary non-linear diffusion term in the momentum equation. In LES, large scales are defined
by a spatial average of velocity, pressure and external forcing terms. A common method is to define this
spatial average by convolution of these quantities with an appropriate filter function of width denoted
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by §. The velocity field will be decomposed as:
ut, x) = w(t, x) + w'(t, %),

with @(t,x) the filtered part of the velocity field and u’(¢,x) = u(t,x) — u(t, x), the residue whose effect
on the large scale motions is the main issue in LES. Indeed, the convolution of the non-linear term u - Vu
is not equal to the non-linear term applied to the convolution u-Vu and the difference between these two
terms needs to be modeled. There is vast literature on this issue and we refer to monographs [24, 10, 19]
for a mathematically oriented review. The Smagorinksy model is the simplest model of LES that uses the
assumption of local balance between production and dissipation of turbulent kinetic energy to express
the turbulent viscosity according to the large scales (see [19]). The resulting filtered problem is expressed
as:

oua

E—VAﬁ—V-(ﬁD(ﬁ))—Fﬁ-V(ﬁ)—&-Vﬁ = f in]0,7T[x,
_ diva = 0 in[0,7]x9Q,
(P) _
B(a) = 0 on|0,7]xT,
a(0, .) = 0 on{,

2

where 7 = (¢,6)?|[D(0)||F, with D() = 3(Vu + Va’) and ||A||p = (Z a?j)l/2 for any matrix A. The
i,j=1

value of the constant ¢ is an input of the model and a debated question among specialists (see, e.g., [10,
p. 76]). Moreover, finding relevant boundary conditions for @ in bounded domains is a central issue in
LES (see, e.g., [10, Part IV]); in (P), we have denoted by B a general boundary operator that we do not
discuss here. The boundary condition issue is also closely related to that of filtering with non constant
width 0, which is commonly used in practice (the value of ¢ is typically adjusted to the local size of the
mesh cells in numerical simulations) but introduces further problems since there is now a commutation

error between the operations of filtering and differentiating.

In view of all these questions, our approach here is not to further refine LES models, but rather to
consider a discretization of the Smagorinksy model with turbulent viscosity adjusted to the local size of
the mesh cells and to derive a posteriori error estimates between its solution and the exact solution of (P),
which will allow us to locally refine or coarsen the mesh and/or the time steps according to local error
indicators. Adaptive LES is an active field of research in quest for accurate simulations with an affordable
computational cost. Among works using mesh adaptation in the context of the Smagorinksy model for
incompressible flows, we may cite for example [1, 3, 17, 23]. However, these works are either based on
local error metrics driven by the Hessian of the numerical solution, a process that is independent of the
model and numerical method, or only mention a posteriori estimates, without indicating their actual
expression, nor giving a proof of their derivation, reliability and efficiency.

The present work thus aims at giving a rigorous theory based on a posteriori error estimates for adaptivity
in LES simulations of incompressible flows. For a general introduction to a posteriori error estimation,
we refer for example to the books of Verfiirth [26] or Ainsworth and Oden [2]. As far as time-dependent
models are concerned, a large number of contributions may be found. To cite only a few of them, we can
refer, for example, to Ladevéze [20] for constitutive relation error estimators for time-dependent non-linear
FE analysis, Verfiirth [27] for the heat equation, Bernardi and Verfiirth [9] for the time dependent Stokes
equations, Bernardi and Siili [8] for the time and space adaptivity for the second—order wave equation,
Bergam, Bernardi and Mghazli [4] for some parabolic equations, Ern and Vohralik [15] for estimation
based on potential and flux reconstruction for the heat equation, and Bernardi and Sayah [7] for the time
dependent Stokes equations with mixed boundary conditions. In [22], Nassreddine and Sayah treated the
time dependent Navier-Stokes equations in two dimensions. They use [6, 7] for the linear (Stokes) part of
the problem and apply the continuous and discrete Gronwall lemma to treat the non-linear term. In this
contribution, we extend the method of [22] to the LES problem, for which we shall obtain three types of
computable error indicators; the first one is linked to the time discretization, the second one to the filter
and the last one to the space discretization. This leads to an adaptive strategy in which we sometimes
change the time step and sometimes adapt the mesh.

The outline of the paper is as follows:
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e Section 2 is devoted to some functional analysis tools and to the variational formulation of the
continuous Navier-Stokes system.

e In section 3, we introduce the discrete filtered problem and we recall its main properties.

e In sections 4 and 5 we study the a posteriori error indicators and derive quasi-optimal estimates,
in the sense that we need to require higher regularity of the exact solution.

e In section 6, we present numerical results in which uniform and adaptive refinement strategies
are applied and comparisons with a reference DNS simulation show the superiority of the LES
adapted strategy.

2. PRELIMINARIES

In this section, we begin by some notations and definitions which will be used later on and we recall the
continuous and discrete Gronwall Lemmas.

We denote by [LP(2)]? the space of measurable functions v such that |v|? is integrable. For v € [L?(£2)]?,
the norm is defined by

1
[[V[lizr )2 = (/Q \v(x)|pdx)p.

Let o = (a1, a2) be a couple of non negative integers and |a| = a; + as. We define the partial derivative
0% by
Hled
- 0xory?
Then, for any positive integer m and number p > 1, we recall the classical Sobolev space

WmP(@Q)]? = {v € [LP(Q)?, 0°v € [LP(Q)]?, V]a|<m}

aa

equipped with the following semi-norm and norm :

1/p 1/p

Vo =4 3 / 0%V (x)[Pdx and  [[Vlimpo = S V0

|a]=m k<m

When p = 2, this space is the Hilbert space [H™(£)]?. In view of the boundary conditions in system (P),
we thus consider the space

X :=H}Q)P?={veH'(Q)? v =0 on I'}.
We denote by M the space of functions in L?(£2) with a zero mean-value on .
Lemma 2.1. For any 1 <p < 400, there exists a positive constant S, only depending on ) such that
WeX, [Vl < Sllvlx- (1)

Lemma 2.2. (See [25, page 295]) We have the following inequality for every v e X

1/2 1/2

Vllzez < 241V oy VI (2)

We introduce the kernel of the divergence operator
V={veX;VgeM, /Qq(x) divv(x)dx =0},
which is a closed subspace of X and coincides with
V:{VEX; divv:OinQ}.
Remark 2.3. The spaces M and X satisfy a uniform inf-sup condition (see [16]): There exists a constant

B« > 0 such that

Vg e M, sup
vex Ivllx

> BellallL2(0)-
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As usual, for handling time-dependent problems, it is convenient to consider functions defined on a time
interval ]a,b[ with values in a separable functional space, say Y. More precisely, let || - ||y denote the
norm of Y; then for any 7, 1 < r < oo, we define

b
L(a,b;Y) = {f measurable in ]a,b[;/ I£(t)]ydt < oo} ,
a

equipped with the norm

b . 1/r
I8l tanry = ([ Ie@5ae) "

If r = oo, then

L*®(a,b;Y) = {f measurable in Ja, b[; sup ||£(¢)|]y < oo}
t€la,b]

equipped with the norm
£l Loc (a,psyy = sup [[£(2)[]y-

t€la,b]

Definition 2.4. We introduce the trilinear form c defined by :
c(u,v,w) = / (u-Vv) - wdx.
Q
Lemma 2.5. For every u,v,w € X we have

le(u, v, w)| < [[ul| 2@ |IVIIx Wl a2 < 8% |lullx][v]]x[wl|x.

Lemma 2.6. We assume that u,v € X and divu =0, then c¢(u,v,v) = 0.

As far as Problem (P) is concerned, we recall classical existence and uniqueness results that may be
found, for example in [11, Th. V.1.4]| and [25, Th. 3.1 and Th. 3.2] which require the definition
H :={v € [L*(Q)]?,divv = 0,7,V = 0}, where 7, v is the normal trace operator on T

Theorem 2.7. In dimension 2, with £ € [L?((0,T) x Q)]?, Problem (P) has a unique solution (u,p) be-
longing to L>(0,T; H)NL?(0,T; V) x W ~1°°(0,T; M). Moreover, %—‘t‘ € L2(0,T; V") andu € C°(0,T; H).
Moreover, it holds that

[T 0.7, 220)2) + Il Z20.7,x) < ClIENTr2 (0.7 %0020 (3)

with C a constant depending on ? and v. Moreover, the spaces to which (u, p) belong allow to write that

(O 4),%) + ¥(u(t), V) + e(ult), u(t), v) — (divv.p(0) = (£(1),v)

FV) Vg e M, (divu(t),q) =0
u(0) = 0.

In the next lemmas, we introduce the generalized and discrete Gronwall lemmas.

Vv e X,

Lemma 2.8. (Generalized Gronwall Lemma) |28, p. 292] and [14, p. 252]. Let:

(1) f,g and k be an integrable functions defined from R — R,
(2) 920,k >0,
(3) g € Lo,
(4) gk is an integrable function on R™.
If z: R — R satisfies

() < F(b) + g(t) /O k(r)2(r)dr, ¥t € R* (4)
then:

(0 < 1) +9(0) [ K ([ slats)as)ar o)
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Lemma 2.9. (Discrete Gronwall Lemma) (28, p. 294] let (yn)n, (fn)n and (gn)n be three positive
sequences that verify:

n—1
V>0, yo < fut Y Gk
k=0
Then, we have:
n—1 n—1
k=0 j=k

Finally, we shall make an extensive use of the following inequalities, the first of which is obvious and is
used three times to obtain the second:

Lemma 2.10. For any (a,b,c,d) € Ry and any (e1,e2,e3) € R3., it holds that

1 1 1 1
ab< =(e1a® + —b*) and abed < f(€1€2a4 + 8—11)4 + 6—304 + ——db).
2 €1 4 €2 €1 €1€3
In particular, we shall use these inequalities as follows: For any (a,b,c,d) € Ri, and any (8,7,0) € Ri‘n’,
there exist (a1, ) € R’;Q such that

ab < aja® + 51)2 and  abed < asa* + 51)4 + 704 + 6d*.

3. THE DISCRETE PROBLEM

From now on, we assume that 2 is a polyhedron. In order to describe the time discretization with
an adaptive choice of local time steps, we introduce a partition of the interval [0, 7] into subintervals
[tn-1,tn], 1 <n < N,such that 0 =ty <t; <--- <ty =7T. We denote by 7, the length of [¢,_1,t,], by
7 the N-tuple (71,...,7n), by |7| the maximum of the 7,, 1 < n < N, and finally by o, the regularity

parameter
Tn

(7)

In what follows, we work with a regular family of partitions, i.e. we assume that o, is bounded indepen-
dently of 7.

We introduce the operator = (resp. m ,): For any Banach space Y and any function g continuous from
10, T (resp. [0,T]) into Y, 7w, g (resp. m;,-g) denotes the step function which is constant and equal to g(t,,)
(resp. g¢(tn—1)) on each interval |t,,_1,t,] (resp. [tn—1,tn[), 1 < n < N. Similarly, with any sequence
(¢n)o<n<n in Y, we associate the step function 7 ¢, (resp. m ¢, ) which is constant and equal to ¢,
(resp. ¢pn_1) on each interval |t,_1,¢,] (resp. [tn—1,tn[), 1 <n < N.

0, = max )
2<n<N Tp_1

We now describe the space discretization. For each n, 0 < n < N, we counsider (7,5)h, a partition of
by triangles that belongs to a regular family of triangulations in the usual sense:

o ) is the union of all elements of T,,p;

e the intersection of two different elements of 7, if not empty, is a vertex or a whole edge of both
of them:;

e the ratio of the diameter h, of an element x in 7, to the diameter of its inscribed circle is
bounded by a constant independent of n and h.

As usual, h denotes the maximal diameter of the elements of all 7,,, 0 < n < N, while for each n, h,
denotes the maximal diameter of the elements of 7. For each « in T, and each non-negative integer k,
we denote by Py (k) the space of restrictions to x of polynomials of 2 variables and total degree at most k.

In what follows, ¢,c,C'... stand for generic constants which may vary from line to line but are always
independent of A and n. From now on, we call finite element space associated to 7, a space of functions
such that their restrictions to any element x of 7,5 belong to a space of polynomials of fixed degree.

For each n and h, we associate with 7,; two finite element spaces X, and M, which are contained in
X and M, respectively, and such that the following inf-sup condition holds for a constant 5 > 0, which
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is independent of n and h,

/qh(x) div vy (x) dx
Vgn € Myp,  sup 2

= Bllanllz2(e)- (8)
VREXnn Vel x @)

There exist many examples of finite element spaces satisfying this condition. We give an example involving
continuous discrete pressures. Velocities are discretized with the "Mini-Element"

th = {Vh & X, VK c 7;zh7 Vh|n S Pb(ﬁ)Q}’

where the space P,(k) is spanned by functions in P (k) and the bubble function on « (for each element x,
the bubble function is equal to the product of the barycentric coordinates associated with the vertices
of k). The pressure is discretized with classical continuous finite elements of order one

My, = {aqn € MO HY(Q); V& € Ton, aulx € Pr(r)}-
As usual, we denote by V,,; the kernel of the divergence
Vo = {vh € Xpn; Yan € M, / qn(x) div vi(x) dx = 0}.
Q

As discussed in the Introduction, the fully discrete problem which we consider is a variational version
of (P) with a local choice of the filter size, in which we use homogeneous Dirichlet boundary conditions
for the velocity:

Having ﬁ’}TI € X(n—1)n, find (4}, pj) € Xpn X My solution of :
1 _ —n —n— =n
Vv, € Xun, T—(ﬁﬁ —ap "t vy) +v(Vay, Vvy) + (w(a)h)D(ay), D(vy))

(FVn) 1 - o .
+d(a, ™, g, va) — (P, divve) = (7, va),

th S Mnha (le ﬁquh) = 07

where the turbulent viscosity is locally defined on each mesh cell x by
v (V)] = (Cshn)QHD(‘_’)”F
and where the trilinear form d on X3 is defined by

1
d(u,v,w) = c(u,v,w) + 3 / (divu) v - wdx.
Q

_ 1 "
We initialize the process by choosing u) = 0. We also choose f"(x) = — / f(t,x) dt for almost all
— TTL tn—l
x € 2, where the source term f results from a local average of the original source term f; moreover we

suppose that f € [L2((0,T) x Q)]%.
Note that this problem is linear, since we discretize all non-linear terms semi-explicitly.

We begin by showing a bound for the solution @} of Problem (FV, ).
Remark 3.1. We have: d(u,v,v) =0, V(u,v) € X2.

Theorem 3.2. At each time step, knowing ﬁﬁ_l € X(n—1)h, Problem (FV 1) admits a unique solution

(ay, py) with values in Xpp X Myn. This solution satisfies, form=1,..., N,
1877172 + v D mlloh% +2 ) m(ve (@ )D(@R), D(ag)) < C|[F][7zo0,r)xa2- (9)
n=1 n=1

Proof. For 1_1271 € X(n-1)n, it is clear that Problem (FV 1) has a unique solution (a},p}) as a conse-
quence of the coercivity of the corresponding bilinear form on X, x X,,;, and the inf-sup condition (8).
The proof of (9) follows by testing (F'V,, ) with i} and summing the resulting inequalities. O
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4. A POSTERIORI ERROR ANALYSIS

We now intend to prove a posteriori error estimates between the exact solution (u, p) of Problem (FV') and
the numerical solution of Problem (F'V,, ;). Several steps are needed for that. We begin by constructing
the indicators, we show the a posteriori error estimates and then we establish the corresponding optimality.

4.1. Construction of the error indicators. We first introduce the space
Znn = {gn € L* ()% V& € Toun, 8hlx € Pi(k)},

and, for 1 < n < N, we fix an approximation f',? of the data f" in Z,;,. This is a technicality which is
needed in Section 5 in which we shall make use of Properties 4.1 and 4.2 below, which are valid only for
polynomial functions.

Next, for every element  in T,p, we denote by

€, the set of edges of k that are not contained in 052,

A, the union of elements of 7,, that share at least one common vertex with «,
he the diameter of the edge e € ¢,

[]e the jump through e for each edge e in ¢, (specifying its sign is not necessary).
n,, the unit outward normal vector to x on Jk.

For the proofs of the next theorems, we introduce for an element x of 7, the bubble function v, (resp.
1. for the edge e) which is equal to the product of the 3 barycentric coordinates associated with the
vertices of k (resp. of the 2 barycentric coordinates associated with the vertices of e). We also consider
a lifting operator L. defined on polynomials on e that vanish on de into polynomials on the at most two
elements (k, k) containing e and vanishing on 9« \ e and 9’ \ e. This lifting operator is constructed by
affine transformation from a fixed operator on the reference element. We recall the next results from [26,
Lemma 3.3].

Property 4.1. Denoting by P.(k) the space of polynomials of degree smaller than r on k, we have

1/2
Yo € Po() cl[vllz2gey < 1ot ?llza(my < €10l L2 (),
’ |U|H1(,€) < Ch,§1||v‘|L2(,£).

Property 4.2. Denoting by P,(e) the space of polynomials of degree smaller than r on e, we have
VoePe)  clolliage < [0 < ¢ ollise,
and, for all polynomials v in P.(e) vanishing on Oe, if K is an element which contains e,
ILev]| L2y + he | Lev |11y < B ?|0] 2 (e)-

We also introduce a Clément type regularization operator C,p, [13] which has the following properties,
see |5, section IX.3]: For any function w in H*(Q)2, C,,,w belongs to the continuous affine finite element
space and satisfies for any x in 7,5, and e in &,

HW*CnhWHLQ(m)? < ChmHWHHl(AN)? and HW*CnhWHL%e)? < Ché/2||WHH1(AN)2. (10)

Note that we use the variant of C,;, which ensures that C,,w belongs to H& (Q)d when w belongs to
H(92)? (see [13]). Furthermore, we introduce the Scott-Zhang operator JF,,;, [12] which has the following
properties : For any function v € H*(2)2, we have

Vh, <1, Vv € H¥(Q)?,||v — Funvllme )z < Chi V] e (a2, (11)
where s €]3, 1[ and ¢ € [0, s] (see [12]). For the a posteriori error studies, we consider the piecewise affine
function uy, which takes in the interval [t,,_1,t,] the values
o t— tn—l

- (12)

uy (1)
and the piecewise constant function pj, equal to p} on the interval |t,_1,t,].

Property 4.3. For any dimension d and for any non negative integer r, there exists a constant ¢ such
that for any polynomial function vy, of degree r on k

IVilloeey < ehe™? (Ivall2(n- (13)
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We prove optimal a posteriori error estimates by using the norm:

([ =) (k) = (Ihua(tn) = 8 ()32 o

ruma ([ uio) - ah<t>||%<dt,ni_l / ” o - memoiga))”

To prove the upper bound, we follow the idea used by Bernardi and Verfurth [9] or Bernardi and Sayah [7]
for the Stokes problem in order to uncouple time and space errors. But in this work, the non linear term
coming from the Navier-Stokes system requires more sophisticated calculations.

We introduce an auxiliary problem corresponding to the time discretization and calculate upper bounds
for the errors between the corresponding solution and the exact solution firstly and the discrete filtered
solution of (FV,, ) secondly. Finally, we combine the obtained errors to derive the desired upper bound
for the a posteriori error estimation.

n—1

1 t'VL
Setting u’ = 0 and setting f"(x) = —/ f(t,x) dt for almost all x € €, we introduce the following
Tn Ji

time semi-discrete problem:

Knowing u"~! € X, find (u®,p") € X x M solution of
1
(Pouz) YweX, —u"—u"tv)+y(Vu,Vv) + (u*vu", v) - (divv,p?) = (f*,v),

Vg € M, (divu™,q) = 0.

Lemma 4.4. Problem (Puyuz) has a unique solution because the bilinear form is coercive (owing to the
fact that divu™~! = 0) and because of the inf-sup condition. Furthermore, we have:

m
[[0™|[72q)2 + v Z mallu(% < ClEIFL2 0.1y xa)j2- (15)
n=1

We define the piecewise affine function u, by its value on the interval [t,,_1, t,]:

t*tn—l
= —-(u

Tn Tn

w (t) (" —u"Y) +u”, (16)

and we define p, as the piecewise constant function equal to p™ on the interval |t,—1,%,]. An easy
calculation leads to the following lemma.

Lemma 4.5. By combining Problems (F'V') and (Pyy.), we observe that the pair (u—u,,p—p,) satisfies
(u—1u,)(0) =0, and, fort €lt,_1,tx],1 <n < N and for (v(t),q) € X x M,

(5w —ur)(®),v(t) +v(V (ut) — u-(2)), Vv(t)) + /Q[u(t) Vu(t) —ur(t) - Vur (8)] - v(t) dx
—(divv(), pt) — pr () = (B() — £7(2), v(1)) + (B () (1), v).
/Qq(t,x) div(u(t,x) — u,(¢,x)) dx = 0.

(17)
where

(R™(u,)(t),v) = —v(V(u; — mru,)(t), Vv) — /Q[uT(t) -Vu,(t) —m ru-(t) - Vrru(8)] - vdx. (18)
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Lemma 4.6. By combining Problems (Puy.) and (FV 1), we observe for v € X and v, € Xpp :

1
— ((u" — u”fl) —(ap — ﬁZ‘l),v) + V(V(u" - ﬁZ),Vv) + / [u"*1 -Vu" — 1’12‘_1 -vVay] - vdx
n Q
1
— i(div ﬁZ_lﬁZ,v) — (divv,p™ —pp)
= (£ — £ + R () (1), v — vi) + (B2 (un) (1), v) + (" — ", v) (19)
and

[ attxdiviar — ap)eoyix = [ gfe,x) divia) (x)ax (20)
Q Q
where the residuals R (1) and R"2(qy,) are defined by:
(RMMan) (), w) = (ff — — (@) —a;7"), w) + (divw, pj) — / (@' vay) - wdx
Q

—Z(divap T ()an(t), w) — v(Vay, Vw) — (v, (@l HD(ag), D(w))

~((ne(wy™") = v (0 71))D(uR), D(w)),

where vy, 18 a piecewise constant approximation of vy (a technicality needed in Section 5 in which we shall
use Properties 4.1 and 4.2 valid for polynomial functions) defined on each k and for every v € X by:

v —i 1 (v(X))ax
(@) = o [ ne)a 22)

and where
(RM2(@p)(1),v) = (v (u " ")D(up), D(v)). (23)
In order to derive the upper bounds, we use the integration by parts formula to rewrite the residual
operators R™(uy)(t), R"1(uy,)(t) and R"2(u;,)(t) in the following forms:
tn, — 1t

(R™(0,)(t),v) = > {V/V(u"u"l)(x): Vv (t,x) dx

T
" KkEThn

+ [l v - v dx (24)

K

el

n
KETnn e

(0" —u"1) - Vu,(t,x)] - v(t,x) dx} .

(R (y)(t), v — vp) =

- 1 1
S 4 - a ) A+ V- () D(R) - ) Ve - divay ey
KETnn ® "
1 =n =n— =n =N
ORI - (v ) dx — 5 3 [ 1096 + (D) ~ D) - 0(0)] - (v~ vi) (o) do
eCey €

- [T e D) DO i) G (29)

(B2 @)0).v) = D [ m@)D(@g) : D(v)(x) dx. (26)

KE€Tnn

All this leads to the following definition of the error indicators:

Definition 4.7. For each k in T,

(0h)? = Tulf — @ 3 2, (27)
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£ 1 — =N ST— =N SN— ="
(UZ:;lf,)z = hillEy — 7(132 —up ) + VAT + V- (v (aph)D(uR)) —up - vay,

n

Lo e =N — 1 =N Sn— =n =N
=S (div @™ = ViRl [Fa + 5 D helll(vVag + v (87 H)D(a;) — 5h1) - 0]l[72

eCey
H divay][Za o + (e (@) = v (@ ™)D@)I2 () - (28)
() = llve (=)D (@) 22 (29)

Remark 4.8. Fven if these indicators are a little complex, each term in them is easy to compute since
it only depends on the discrete solution and involves (usually low degree) polynomials.

Lemma 4.9. The following estimates hold for 1 <n < N,

(1) For allv in X and v, = Cppv:

(R v =il < € 3 lib?) I (30)

KETnn
(2) ForallveX:

weavl <ol ¥ 0h22) vis. 6

KETnh

Proof. We proceed in two steps, one for each estimate.

1) We derive the result from formula (25) with v, = C,,v, by using the continuous Cauchy-Schwarz
inequality, the properties of C,;, given by (10) and the discrete Cauchy-Schwarz inequality.

2) From (26), using the continuous and discrete Cauchy—Schwarz inequalities, we derive (31). O

4.2. Upper bounds of the error. In this section, we show, in two dimensions, the upper bound
corresponding to Problems (FV) and (FV, ;) with a condition on 7,, and h,. The main idea is the
application of continuous and discrete Gronwall lemmas.

Theorem 4.10. Let u € L>=(0,T,L3*(Q)?). The following a posteriori error estimate holds between
the velocity u of Problem (FV') and the velocity u, associated with the solutions (u™)o<n<n of Problem
(Pyuz) : For1<m < N,

tm
[[u(tm) = v (tm)l[72 ()2 + V/O [lu(s) — u-(s)[[%ds

< C(IIE = ol iz xange + D mall0” =i lBe + 2 D0 (n,0)%)- (32)

n=1 n=1kETn

Proof. By taking v=u—u, and ¢ = p — p, in (17), we obtain:
%%llV(t)H%m)z +ulvOlk = (£(t) — £7(t), v(t) + (BT (ur) (1), v(1)) — /Q(V(t) -Vu(t)) - v(t). (33)

Let us bound the right-hand side of equation (33). The first and last terms can be bounded by using (1)
and (2), respectively, as well as Lemma 2.10, as follows:

|(£(t) — £, v(1))| < ClIE(t) — 7o £ 7202 + %IIV(t)Ili» (34)

/Q(V(t)-VU(t))-V(t)) <u@lxlvOlFa@e < V2llu®llx|[vEo)llr2@pelvollx

v
Clla@®E V(O + g\IV(t)Ilgc- (35)
Furthermore, the residual term in the right hand side of Equation (33) can be decomposed as:

(R™(ur)(t),v) =T + Tz + T3, (36)

IA
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where Tt i, ] = —u" H(x): Vv(t,x)dx,
KETnn o
Dolity-s,tn) = u" Vv (t,x)) - (u" —u")dx
KE€ETnn
t—1
and Ts|;, 4 = ———t Z (0" —u""Y) - Vv(t, x)] - uy(t,x) dx.
n KETnh
—t,
Using the continuous and then discrete Cauchy-Schwarz inequalities, the fact that ’ < 1 for all
Tn
t € [tn—1,tn] and using Lemma 2.10, we bound T} in the following way:
Tl v 3 = el SO 30 [ w0 R + el G7)
KETnn KETnn
In order to bound 7%, we insert u(¢,x) and u; :
Tl < | Y [l = (tx) - Vv(tx)] - (0" —u" " dx
KETnh
+ Z [(u,(t,x) —u(t,x)) - Vv(t,x)] - (u" —u""')dx
. (38)
KETnn
+ Z ) - Vv(t,x)) - (u" —u")dx
KETnn

= Th 1+ T2,2 + 153

t—th— t—
Using that u, = — "~ (u" — u"~') + u""!, the fact that nol
T'rL T7l

< 1 and Lemma 2.10, we obtain:

Ton < Y [ = Y pagoe [V oz 0" — 0" | s
KETnh
—114 v 2
< C > ur-u" ILsmy2 + 56Vl
KETnh

Using (2) as well as the fact that (15) and the triangular inequality imply that [[u™ — u”*1\|%2(9)2 is
bounded by a constant, we obtain

n n— n n— 14 n n— 14
Ty < Cllu™ —u" |72 (|0 —u 1||§(+%HVH§(§C Z u" —u 1\%11(%)2+%HVH§(~ (39)

KETnh
On the other hand, using Lemma 2.10, it holds that
Thy < Z [[u-(t) —a@®)|[Lam)z[V]m ()2 [0" — un_lHL‘l(n)2
KETnn
- v
< C Y () — a0 = 0" [Fage + o=lIvIE-
(S 36
K nh

Using the discrete Cauchy-Schwarz inequality, then (2), (3) and Lemma 4.4, we obtain:

n n— v
Too < Cllur(t) —u(t)]|74qpllu” —u 1”%11(9)2‘*‘%”"”%«

A

n n— v
< Cllur(®) —u@®)l|x|la™ =" lx + vk

Since v = u — u, and using Lemma 2.10 once again, we obtain

2v
Too<C Y o —u e + VI (40)

KETnh
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Now, we bound T3 3 by taking into consideration that u is supposed to be in L>(0,7T, L3(2)); then we
use the discrete Cauchy-Schwarz inequality, Lemmas 2.10 and 2.1 and we obtain

Tz < > )l v]a ezl —u" Lo
KETnn
< Ot =" e oo = vl (41)
36
KETnn

t—th—
In order to bound |T3|, we use the fact that nol
Tn

<1 for all t € [t,—1,t,] and we insert u:

|T3|<‘ Z / u” —u"" 1) Vv(t,x)] - (u, —u)(t,x) dx’—i—‘ Z / (u" —u"") - Vv(t,x)] - u(t, x) dx|.

KETnh KETnn

By using that v = u, — u and that ¢(u,v,v) = 0 the first term in the right-hand side vanishes. The
second term is treated exactly like 75 3 and we obtain

<0 Y ot - e + sVl (42)
KE€ETnn
Finally, gathering (33), (34), (35), (36), (37), (38), (39), (40), (41) and (42), we obtain on each [t,_1,%,]

1d

v n n—
2dt||v()||2L2(Q)2+V||V(t)||§( < SIVOIX + ClEE) = 7rfl[72 (0 + C Yot e

KETnh
+ Cllu®IX vz g2 (43)

Then, we simplify (43), take into account the definitions of m.u and 7 ru, and integrate equation be-
tween 0 and t; we obtain

t
VOl +v [ Iv@Ids < C(IE = mlla openy +limrn = m g x))

t
e / ()] & [V ()2 e,

We apply the Gronwall Lemma 2.8 with functions given by the following form :

IS
—

~+
~

t
IVOI[72 (02 + V/O v (s)|[%ds, f(t) = C(Hf — 7of] |2 (0,02 + |ITra = Wl,T“H?’ﬂ(OJ,X))?
C and k(1) = |[u(7)||%.

We obtain the following bound:

)

—~
~

~

t
l(t) = wr Ol + [ l1r) = e (Dl er < C(IE = 7 8 Faorme + 1mrts = 70101,

+C/0 FOlla(r)l exp (0/ [lu(s)|[5 ds)dr

Since f is an increasing function of time, we bound it by f(¢,,); we use (3) to bound the integrals of
|lul|%. Applying the resulting inequality at ¢t = t,,, we get:

tm m
[F(tn) =t (tn)| 22 v / fa(r) = s (0] edr < C (1= E ez 0,0,y xepe + D ol 0" =07 )
n=1

(44)
To obtain (32), we use the triangle inequality below in the last term in the right-hand side of (44), then
use hypothesis (7) and definition (27)

[ —u" ] < fJu" = apllx + 8] -y - et -
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To derive an a posteriori estimate between the solution u of problem (FV) and the solution uj corre-
sponding to the solutions uj}, of (FV 1), it suffices to get an a posteriori estimate between the solution
u, of Problem (P,,.) and u; and to apply the triangle inequality using the previous theorem. In order to
get an a posteriori error estimate between the solutions u, and G, we introduce the operator II (see [9]
defined from X into itself as follows: For each v in X, IIv denotes the velocity w of the unique weak
solution (w,r) in X x M of the Stokes problem:

{Vt €X, (Vw,Vt)— (divt,r) =0,

45
Vge M, (divw,q)= (divv,q). (45)

The next lemma states some properties of the operator II. We refer to [9, Lemma 4.2] or [21, Lemme
4.2.4]
Lemma 4.11. The operator I1 has the following properties:

(1) For allv in V', Ilv is zero,
(2) The following estimates hold for all v in X,

1 .
v —v|[x <|[v]|x and [[Iv]|x < FHleVHLQ(Q)~
(3) Vvp € Vo and 1 <n < N, :
TIvn| |22 < chl/?||div v L2

We are now in a position to prove a posteriori estimates between the solution u, of Problem (P, ) and
the solution ay, of (F'V,, 1).

Theorem 4.12. Suppose there exists a positive constant Cs such that for all 1 < n < N we have
hn < Csmy. The following a posteriori error estimate holds between the solutions u™ and uj" of Problems
(Pauz) and (FV . p).

m
0™ = aj |72 + VZTnHun —uplx

n=1
<oy, ( S (R — B (17 — E g+ (L + (12)7) ) ()
n=1 KETnn

Proof. For abbreviation we set ” = u" —uj and " =p" —p;,0 <n < N. Forany 1 <n < N, we have

§||e ||%2(Q)2—§||e 1||%2(Q)2+§He —e" T2 Frmalle”|[x = (e"—e" 1, e") fum, (Ve , Ver). (47)

Adding and subtracting IIe™ in both terms in the right-hand side of (47) and since div(e™ — Ile™) = 0,
we obtain:
(e" —e" e +vr,(Ve",Ve") = (e" —e" !, Tle") + vr,(Ve", Vile™)

+ (" —e" "t e" —Tle") + v7,(Ve", V(e™ — e™))

— 7p(div(e™ — IIe™),e™). (48)
By taking v = e™ — Ile™ in (19), we have for every v;, € X,

(e" —e" ! e") + v, (Ve",Ve") = (" —e" ! Te") + vr,(Ve™, VIIe™) + 7,(f" — £/, v — vy,)
+ 7 (" — 7, v) + 7 (R (@y,), v — vi) + T (RP2 (), V)

1
— "t Vet —ap !t vay, v) + §Tn(div ay~tay,v). (49)

Next, we evaluate all terms in the right-hand side of (49) separately by repeatedly using both inequalities
in Lemma 2.10 for various values of (5,7, d). Taking into account that Ile” = —IIu} and using Lemma
4.11, the first and second terms can be bounded as:

n n— n ]' n n— M =N
(e" —e ', Tle )SZHE —e 1||%2(Q)2+C7—n||d1vuh||%2(£2) (50)
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and
7, (Ve", VIle™) < %Hen\@ + | div ag |22 o (51)

To estimate the third and fourth terms of (49), we take vj, = C,p v, use estimation (10) and Lemma 4.11
to derive :

Tn(F" — £, v — Copv) + T (£" — £, v)

S Tn( Z ChNan — ?}?||L2(H)2‘V|H1(AK)2 + Sngn — ?HHL?(Q)?”VHX)

KETnh
_ _ _ 1/2
< Cra( D I = Gl gz + " = E1320)) Va2
KETnh
m m n m VTn n
<Oma( Y0 (BRI = Bl ne + 17 = E7[[Fa) ) + Sl (52)
KETnh

The fifth and sixth terms of (49) can be bounded as (cf Lemma 4.9)

I/Tn

rul B )0,y —va) < O Y0 @) Clivie <O Y mblh? DRt (5)
KETnn KETnn
R,2 (= h,2 VTn n
B2 w00, v) < On (Y0 0l2?) IV €€ Y w2 TR (50

KETnn KETnh

Finally, we bound the last two terms of (49). We have the relation:
m(u" o vat —ap - vay,v) + %(div ay 'ay,v)
= —7,(e" 1. Vu",v) — %(dive"ilun,v) —mp(ap Tt Ve”,v) - 7—?n(div a;} e, v).

We set A = A; + Ay where A; = —7,(€""!-Vu",v) and Ay = -3 (div e" 'u",v),and B = —7,(u} "'
Ve, v) — ?(le a; " 'e",v). We first bound A; by using the L* — L? — L* inequality, the fact that
v =e" —Ile” and Ile” = —IIu}, then (2) and Lemma 4.11; we obtain
|A1] < Cralle” a2 [u"||x (" ||Ls ()2 + [TTe™ || Ls0)2)
n—11/2 n—11/2|..n ni|1/2 ni(1/2 I ni1/2

< Cralle™ [t ape 1" X2 Ium 1 x (lle™ |1 ot gye 1™ 12 + (hi/2]| div p || L2ge) e 1?). (55)
We bound separately the two terms that result from the expansion of the product in the right-hand side
of (55), that we denote by A; ; and Aj; 5. First, using Lemma 2.10 we have

A STn(CHe"*lH%z(mzHu"IIX+KH e" 1\|X+*|Ie”||x)+5Tn|\e"\li2(g>z\lunllﬁ<

Inserting "1 in the last term and using that 7, |[u”||% is bounded by (15) we can choose ¢ such that

Ar1 < 7o (Clle" M2y [l 5 + KII e" % + *Ilenllx) + *Ile " M[iap-  (56)

Secondly, using Lemma 2.10, we have:
Ara < O (| div g ||z lle" ]| x + k2|05 [l€" ] 2202 [le"Ix)
Using the relation h,, < Cy7,, and the fact that (15) allows to bound ! *lu™||x by a constant, we have,
using Lemma 2.10 twice
A1z < O div g 2oy lle” || x + Crallu”|[xle" ™ || z2(2lle" ] x
< alC div 3oy + 517130 + 7 (Cllu" Belle™ Boqays + o lle” ). (57)
Finally, summing (56) and (57), we get

2v
280,

n— n n— n 3 =N 1 n n—
| A1 <7 (Clle 1||2L2(Q)2‘||Ul %+ e H[% + 8He H%("’_C”dlvuhH%?(Q))+T6‘|e —e 1”%2(9)%

(58)
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As far as A, is concerned, we first use that dive” ! = —div 1‘12717 then use (2), Lemma 2.10 and a
triangular inequality. We get, for any 8 > 0

|A2| < CTnHdivuZ_lHLQ(Q)||unHL4(Q)2HV||L4(Q)2
< Cralldivuy ™ H[7a ) + Bral[0" 2 (@2 ([0 x (1”2 (2 l€"||x + [|TTe" || 2(): [ TTe" || x)

< Crpl|divuy ™72 + B(Az1 + Az + Ag3) (59)
Using that 7,|[u"||% and Hu”||%2(9)2 are bounded we get
Ay 1 =7n||0"|| 22| 0" |x|[€" — " 7|22 |le" ] x
S%Tn(Hen —e" MLy "5 + [0 [[72 (02 le” (%)

<Clle" — " |12 () + Crulle”|I%,
Az = 7|0 22 0" ||x " [ L2z le”||x < mu(llu”[[X |l |72 ()2 + Clle”|I%),

Az s = 7ol [u"|| 2 (2| [0 x| TTe™|| L2z [|TTe™ || x <O [0 L2z [0 || x (B)/?[| div O} || r2o))|le” || x
<Crp(|| divag|[72q) + [[0"][72(q)eTal 0% €™ %)
<Cru(|| divag[7zq) + [le"]%)-

Since § in (59) can be freely chosen, this yields the following bound for As
|A2| < Ory| divuy, 1||%2(Q)+T6||e —e 1”%2(9)2 +Tn2*8||e % + Crallu™| X le 1||2L2(Q)2~ (60)

Let us now bound the term B. It can be written as follows:
B = —r(a) ' V(e —Ile” +Ile"),e" — Ile") — %(div a;) ! (e" —Ile" + Ile"),e" — Ile™)
= —1,(u)! - Vile", e — Ile™) — 7-?"(div a) " 'Tle™, " — Ile")
= —1,(u}" - Vilen, e") — 7—?"(div u) 'Tle",e") = By + By
Using the fact that Ile™ = —IIa}, Lemma 4.11, then (2) and Lemma 2.10, we get, for any 8 > 0
|Bi| < Crol[a ™| pagey | div @ || 2o l1€” | o)
< Ol div |22y + Brallag 2oz |10y~ [l lle” |2 oylle” ] x (61)

A term very similar to the second one in the right-hand side of (61) was already bounded in (59), replacing
u” by 6} '; since (9) yields similar bounds as (15), choosing 3 small enough leads to

fomn 1 n n— 2v n —n— n—
|B1] < Ol divaag|[fa (o) + T5lle” — e IZaz + g lle™ |l + Crallay Il [Za - (62)
Moreover, using once more the fact that Ile” = —IIa}, Lemma 2.10, then (2) and Lemma 4.11 we get
|B2| < Cry| div ﬁzflﬂimz) + ﬁTn|\HﬁZ||2L4(Q)2||e"||%4(9)2
< Ol div g~ [Za(q) + A7l [TI0R | 22 ()2 [[TT03 | x [l || 220y ||e” || x

< Ol div g |[72q) + CBrahy/?|| div @] L2 (a2 [6R ] x[[€™]| L2 (a2 €] x-

Using the fact that h, < Cy7,, the fact that Tﬁ/2||ﬁ’,§||x is bounded thanks to (9), Lemma 2.10 and
inserting e” !, we obtain

| Bo| < Oml|div iy ™[22 () + CBa(lle” 5 + a7 ]%[le" — " H[7ay + 8515 Nle" T IZ2(q)2)-

Using once more that 7,|[a}||% is bounded, we may choose 3 such that

: SN— v 3 1 n n— N n—
|Ba| < Ol diviay ™ [7a ) + Tagglle” % + fglle” — " H[La iy + Crallthl X [le"[[Z2()2)-  (63)
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Thus, by summing (50), (51), (52), (53), (54), (58), (60), (62) and (63), using Equations (47), (49), the
fact that e® = 0, and summing over n from 1 to m, we obtain:

1 m 1 G n n— % n
§||e ||%2(sz)2 T3 E le" —e 1||%2(sz)2 +v E alle"| %
n=1

n=1
_ Lo ) W — e =, 1o
< 2 1Tn||e"||x+ﬁnglmne" I+ 5 2" =" Mg (64)
+CZTn( > R2IE = Gl ae 16" = 1e02)) + C D0 (D alileh)? + malnli2))
KETnn n=1 kK€Thn
+CZTn || divap|[7z o) + [[divay ! 17a0) +C Y m (™5 + 83115 + [[op %) e 172
n=1 n=1

Moreover, we perform a change of indices, we use (7) to bound 7,41 by 0,7,; we also use the fact that
e’ =0 and @) = 0 and the fact that || div ﬁZH%Z(K) < (nlv%)?. Simplifying, we obtain

m—1
He HL2(Q)2Jr ZTnHe”HX <CZTn+1 (I % + [Ja Z—HHX+||uh‘|X)||en||L2(Q)2
n=1 n=0
+czfn( S I G+ 1 = E1Ba0)) + €30 (3 (il + maloi2)).
KETnh n=1 k€T,

We apply the Gronwall Lemma 2.9 with the following functions:

m
lle™ 32z +v ) mulle” |l

Ym =
n=1
fm = OZTn( > (BE = Ty + NIE = F172 02 + (00) + (02)7) )
KETnh
and
gn = Cropr (0% + l0p % + (g% ) -
We obtain:
le™ 720 +VZTn||e”Hx < fm (65)
m—1 - m—1 ] )
+C Y furnn (IS A+ 10X+ [[07]5) < exp (CY w15+ [[og %) + e [[%)-
n=0 j=n

By remarking that for every n < m it holds that f,, < f,,, and using the bounds provided by (9) and (15),
the last line in (65) can be bounded by Cf,,, and we finally obtain (46). This concludes the proof of
Theorem 4.12 where we proved a posteriori error estimate between the velocity u, of Problem (Pyy)
and the velocity @, of Problem (FV, ). O

The following lemma relates the integral of ||(u, — 1)||% with its values at the different time steps

Lemma 4.13. It holds that

1 _ 1 + Or _
EZTnHun—UZH_Qx Z/t [lur(s) — an(s)l[kds < Y omllu —aplk. (66)
n=1 n—1 n=1
Proof. For the proof of this lemma, we refer to [6] page 15. O

Corollary 4.14. We suppose hy, < Cy7,Yn=1...m with m € {1,--- ,N}. The following a posteriori
error estimate holds between the velocity u solution of problem (FV) and the solution uy, associated to
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the solutions uy of problem (F'V ., p):
tm m
futtn) =5 + [ )~ < (3 3 (a2 )
n=1kETun

ZTn Z (WZIE™ = 1172 gy + 1€ = 71| Z2(0)2) + |IF — WTfH[ZL?((O,t,,,L)xQ)]?)' (67)
n=1  k€Tnn

Proof. We use the triangle inequality in the left-hand side of (67) by inserting u,(¢,,) = u™ in its first
term and the function u, in its second term. Then, the proof is a direct consequence of Theorems 4.10
on the one hand and of the second inequality in (66) and Theorem 4.12 on the other hand. O

Next, the following theorem can be found in Theorem 4.10 in [7] as far as the first inequality is concerned
and follows the same steps as Theorem 4.10 in [6] as far as the second inequality is concerned.

Theorem 4.15. The following a posteriori error estimate holds between the solution (u,p) of Problem
(FV) and (@y, 7.p;) associated with the solutions of Problem (FV,): For1<n <N,

3 / I[u(s) — 7 (s >|de<c</ |u<s>uh<s>||§ds+22<n;,ﬁ>2> (68)

n=1 n=1kEThn

and

_ _ 1. _ _ _
||—(u ap)+u-Vu—ma,- Vo, — 3 div(m - ap) -0, + V(0 — Dr)ll 20,4, x7)

= C<Z D (i) + 7 () + (07,)®) + I = 71102 0,0, x 02 (69)
n=1kEThn
m 1
L - L
+ 30T (h2lIE — By + Tl — F L||2LQ(K)2)) _
n=1xkE€Tnn

Finally, Definition (14) of the [[]] norm, inequalities (68), (67) and (69) lead to the following result:

Corollary 4.16. We suppose that h, < Cs7y,Yn = 1,-+- ,m with m € {1,--- | N}. The pressure and
the velocity verify the following a posteriori error bound:

1
[[u— ﬁh]] (tm) + ||—(u ap) +uVu —m Vo, — 5 divm apmay + V(0 — o)l £2(0,4,, x7)

Z Z Tn 77n 22+ Tn(’?ﬁji)z + (7727n)2) + [|f - 7Trf||[2L2((o,t,,,L)xQ)]2
n=1kETnn

+ Z Z (Tnhiﬂfn - f}?”%z(ﬁ) + To[f" — ?n||%2(n)))' (70)

n=1kET

5. UPPER BOUNDS OF THE INDICATORS

In this section, we prove upper bounds for the indicators. We follow exactly the same steps like in
Theorems 4.11 and 4.12 in [6] by simply changing the form of the non-linear terms.

Theorem 5.1. Let D(u) € L*>(0,T,9Q) and suppose that h, < Cys1,. The following estimate holds:

Tn(nz,’}c)Q < CL(ws), (71)
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where w, denotes the union of the elements of Ty that share at least a face with k and
_ —n|2 —n—1|2
LW) = [a =g [T2(, o, mowyz) + 10— 0 o, p i1 o2

IRl =[G, e reqwye T D B llE = BTy + 70 Y R = B[

K CW K/ CW
_ 1 L _
+ ||—(u —ap)+u-Vu—m 0, Vr.a, — 3 divm -apm-a, + V(p — ph)||2L2(tn Lt H-1(W)2)
+ [ (a) — Vth(u)||%2(tn,1,tn,L2(W)) + ||(Vt(u)D(u)||%2(tn,1,tn,L2(W))~ (72)

Proof. We proceed in 3 steps

(1) We consider ¢ €]t,,_1,t,[ and we insert v ()}~ ')D(u(t)), then vy (@)~ ")D(u(t)), then v, (u(t))D(u(t))
and vy, (u(t))D(u(t)) in the fourth term of (n-%)? defined in (28) and we obtain :
) -

[1(ve (@ ™) = wan (@ ™)@ () < C(II(Vt(ﬁZ_l) — ven (W, ))D(E — w(®)|[F ()
ey ™) = ve(u)D))]Z2 () + | (ven(u(t)) = ven (@~ )D))]Z2 () (73)
+ [[(ve(a(?) - Vth(u(t»)D(u(t)”|2L2(n))'

We integrate from ¢,,_1 to ¢,, we bound the first term in the right-hand side of (73) by:

A” Ww@?*%ﬂ%ﬁﬁ”DDmﬁ—wﬂm%mﬂt

n—

_ [ c,h2||D(ar ||F_ o [ DG ) — u(t) *ix ) dt
tnos N ||

tn
< LD m%w/'umw—mﬁ%w-

th—1

1

By using the inverse inequality (13), the fact that h, < ¢7,, and equation (9), we have:

([nmwwﬁﬁ—wMW”WMW—U@MQWﬁ

n—

tn
< Chyra| D312 ) / D@y — w(t))][Z2 ) dt
1

tr

=n 2
< Chelay —uliz, 4 Hi(n)2)

By using that ||[D(u)||z(0,7,0) is bounded, we bound the second term in the right-hand side of (73) by:

/tt" (e (@) = ve(u(t)))D(w)][2s ., dt
= /tti (/K [Cshi(HD(ﬁZ_l)HF — ||D(u(t))||F)D(u(t))]2dx)dt

tn
Sc%mmmmm@mm/ D — @) 22 dt
1

ty—

< Chylu =0 Lo, 4 e

The operator defined in (22) verifies the following property: For every v; and vo € Z, we have:
ven (V1) = ven(V2) || 2(r) < €shZ]ID(V1 = V2)[| L2 () - (74)

Indeed we have

Vi) — UiV iV\?X—I/\’/xxicz\7—\7x X
o (91) = v (2] € 75 [ 10(915) = (@a(o0)lix < o [ elb2IDE = )09



A POSTERIORI ERROR ESTIMATES FOR LES OF INCOMPRESSIBLE FLUIDS 19

By using the Holder inequality, we obtain (74). This leads to the following bound of the third term in
the right-hand side of (73):

/ () — v (@ ND@E)] 2y dt < D)2 010 / " v a()) = v (@) 2 dt

tn—1

tn_

< Chylu— 1_12_1|2L2(t,L,1,t,,L,H1(n)2)-
Finally,
tn
/t 1 (u(t) = ven(a($))D((t)|[72 (0 dt < Cllve(w) = vin ()22, b, L200))-
n—1
By regrouping the previous inequalities, we obtain:

2%
/ |(we(a) ") = v (@~ ))D(AR)[72 ) dt < C(hmlﬁ?i —ullag o H(R)?)

tn—1

Fhpla =) e ey + e (0) — Vth(u>||2L2(tn,1,tn,L2(K)))~ (75)

The solution (u, p) of problem (FV') and the solution (Qy,, p,) associated with the solution (@}, 5} )o<n<m
of Problem (F'V,, ) verify: Vv € Z and t €]t,,—1,t,],1 <n <m,

- 1
(ff? o ?(1—12 - ﬁ271)7v) + (diVV,ﬁZ) - (ﬁ271 : VﬁZaV) - (diV ﬁzilﬁZﬂV)
n

—v(Va}, Vv) — (v () HD(ay), D(v))

DN =

= <%(u —a)(1), v) + v(V(u(t) — ay), Vv) + /Q[u(t) Vu(t) - @yt vay] - v(t) dx

- % (divay~tay,v) — (divv,p(t) — pr(t) — (F(t) — £",v) — (£* — £",v) — (f" — ", v)

+ / (ve(u(t))D(u)(t) — vn (@) HD(@})) : D(v)dx — / v(u(t))D(u)(t) : D(v)dx. (76)
Q Q

This equality will help us bound successively every term of (772:}@)2 for a given k.
(1) First, setting

_ 1 1
ap = (§ — T—(ﬁz -l = Vpp +vAuy + V- (v (wpHD(a))) —up - vay — 3 divay~'a})

we choose in (76) :

Vv, — ap, on kK,
® 0 on Nk,

where 1,; is the bubble function which is equal to the product of the barycentric coordinates associated
with the vertices of k. Integrating between ¢,,_; and ¢, and using the Cauchy-Schwarz inequality yields

Tallaf ol ? (172 ()2

tn B B B
< [ (v = i e vl + (1 = 2o+ 18 = Pllzage) + 1 = Bl 220 Wl

tn—1

9 = —n— —n L. —n—1lon =
—i—Ha(u—uh)—i—u.Vu—uh 1-Vuh—§dlvuh 1uh—‘rV(p—ph)‘|X/(K)(t)|VN|H1(K)2)dt

+ / ([ et ®mG) ) = s (7 D)) < Dev i)~ | (/] D)) Dl ).
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The Cauchy-Schwarz inequality allows to write:
1
Tn\laﬁwé/z\liw S wri [u =0y 22, ot HY(6) [ Ve HL ()
1 _ _ _
(T 1 = | L2t st 2200)) + Tl £ = £ L20) + Tl [E" = £ {22 00) ) [ Ve[ £2 )2
1,0 — =Nn— =n 1. =n—1l=n =
+ 72 H&(u —u)+u-Vu-—uj L. vay — B divay 1uh + V@ = D)Lzt 1t H1 () Vi HL ()
+ 737 ([ (W) (D) (t) = ven (8™ )D@R) 22110, 2200) + 26 (@) (D) ()| L2(1, 10,22 06) Vil 111 0)-
Multiplying the above inequality with h2 and using Property 4.1, we obtain:
1
a2 a0 2132 (o2 < OTF hael[Viel L2y (V10 = R | L2,y b, 17 (1))
1 _ 1 _
+ hme — fn||L2(tn_17tmL2(,{)) + 77 h,{an — fn||L2(K) + 77 hK||fn — f,?HLz(H)
0 _ e S e P _

+ ||a(u — uh)(t) +u-Vu-— uz L, Vuh — 5 div IIZ luh + V(p — ph)‘|L2(tn71’th71(,€))

+ [ (@) (D) () = ven (8 D@R) 22 (110,200 + O OD@) ) L2110, 22000)) -
Now, we replace v,, by o}, and use Property 4.1 to get rid of 1/),1/ % in the norm in the left-hand side and
to get rid of ¢y in the norm of v, in the right-hand side. Moreover, we use Lemma 2.10 and we obtain

1
2

+ C(|u - ﬁ2|%2(tn,1,t,,“H1(n)) +h2||f - anQLQ(t”,l,t",Lz(m)) + T ][ — f"“%nn) + || — 16;?||2L2(,{)

0 — =n— =N 1. —n—1=n —
+ ||a(u — uh)(t) +u-Vu-— u, L. Vuh — 5 lellh 1llh + V(p *ph)‘|%2(tn71,th—1(m))

+ (e (W) (D (W) () = ven (@ D@72, 10,1200 T+ \I(Vt(u)(t)D(U)(t)l\iz(tn_l,tn,m(n)))~ (77)
We insert v (@, ™1 )D(af,) and v (u(t))D(y) into [[v (w)()D(w)(t) — ven (@ )D@E])|17 2, -
[l (u(t)D(u(t)) — ven (@~ )D(@E])| |72y
< C(H(Vt(ll(t)) = ve( 7))y + [l (u() (D(u(?)) = D@E))I1Z2 )
S CAC R Vth(ﬁZ_l))D(ﬁZ)llim))- (78)

By integrating between t¢,_; and t,, and using the inverse inequality (13), the fact h, < c7,, and the
bound (9), we bound the first term in the right-hand side of (78) by:

[ ety = g @i = [ ([ [eorameaie - i) )i

<ant [ ([ Iptatt - ap e )] i)

Tahl|an |22 < sTahillan]| 22 .2

tn71 K
tn
< R IDED) / ID(u(t) — )2y
n—1
< Chylu =03 T2, 1 (0)2)- (79)

By using that D(u) € L>°(0,T, ), the second term in the right-hand side of (78) can be bounded by:

/ " () (Da(t)) — DED)I 220 dt = /

tn71 tnfl

tn

(/N [cshi|ID(u(t))||FID>(u(t) _ﬁg)rdx>dt

t’!L
< 0§hi|ID(H)H%w<o,T,n)/ ID(u(t) = @)l172 ) dt
1

n—

< Chylu— ﬁ;zl&z(tn_l,tn,Hl(n)?)’ (80)
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Integrating (78) between t,,_; and t,, using the above two inequalities and (75), we obtain:

/t " () D)) — v (D)2 e dt

n—1

< C(\uh - u|L2(tn Lt H(m)2) 0= |L2(tn Lt HL ()2 T (1) — Vth(u)|\2L2(tn,1,tn,L2(n)))~ (81)

We replace (81) into (77) and simplify, we obtain:
Tahip|laq 722 < C<|U =W T,y oy T U= T e (02)
+ h2||f — Do 2y TR IEY = (22 + TN — £ ][22
+ H*(u —)(t) +u-Vau—a;~" - Vay — 1 divay =ty + V(0 = P)l[F26, 0 m-1(0)2)
v (@) = v (@20, 2200 + 1020 ><t>D<u><t>||i2<tn,1,tn,m<n>>).

We replace o} by its value and we obtain:

ra 1 =N —n— =N =N n— =N “n— =N
|| (B — 7(uh —ay ) =V + vAup 4+ V- (v (a, " HD(ag)) - ap - Vay,

1
— 5 diva ) |2 e < CL(8), (82)

where we recall that L(-) is defined in (72).
(2) Second : For every e € ¢, we note by «’ the other element containing e. We introduce the function:

Rye = [(vVag + ven (0~ )D(f))n — ppnje

and, recalling that L. is defined at the beginning of Section 4, we choose in (76) v = v, = ﬁe(RZ:i%)
extended by 0 outside of 5 := kUk'. Integrating by parts the diffusion and pressure terms, we notice that

the resulting trace terms on e sum up to RZ:@(RZ@%); moving all other terms in the right-hand side

of the equality, integrating between t,_1 and t, and applying the Cauchy-Schwarz inequality we obtain:
Tl B (W) IRae) < i (w1 = a2yt (2 Vel o
+ (1 = £l L2 (1 b0 2 R)2) + |6 - £ L2 (ry2 + i an — 122 ry2) [IVell L2 (2
+ ||%(u —Up)+V(p—pp) +u-Va—u) 'V-up - 3 diV A7 |2ty -1 (7)2) Ve 1 ()2
i Ivel ol 16— (@ — )+ vAw; + 9 - (] D) - 0 Va
- %di" up g — Vil
+ (e (w)(OD()(t) = ven (@ D@ L2 (1 10, 22(R)) + ||Vt(u)(t)]D(u)(t)||L2(tn,1,tn,L2(k)))|Ve|H1(,a)2)-
Multiplying by h., and using Property 4.2 for v, = L, (Rﬁjéwe), we obtain:

Tnhe”RZﬁ(d’e)é ||%2(e) < CTn% he% ||R21é(w6)||L2(k)2 <|u — Uy L2 (61t H (7)?)

Be(llE = €11 2200 22ey2) + T 16" = Fllz2goe + i 6 = il o)
+ H%(u — ) +V(p—pp) +u-Vu—u;7'V-aj - % div g M ag |2 e,y m 1 (7))
Fher B — (@ — P 4 rARD 4 V- (@ HD@) — @ val
1. a1 ’ _

~3 divay, ™y — Vpp||p2 (k)2

+ e (W) (OD (W) () — ven (@ D) L2 (11 0, 22(0)) + |1 (@) D) )] 222, 02250 |-
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Using (81), the fact ¥, < 1 implies ¢, < 1/}6% and using Lemma 2.10, we obtain:

h, 1 — —n—1
Tahe|lRye(ve)? 720 < C<V|u = Wyl La i ) O O T ()2

+ thf - fn”%?(tn_l,tn,L?(;%)z) + T h2|| £ — fn”%z(g)z + Tnh§||f" - f}?”%z(k)z
+ HB (u—1,)+V(p—pp) +u-Vau—ay - Vay - diVﬁZ_lﬁm|%2(tn,1,tn,H*1(R)2)

ra 1 —n 77 —n— —n = —n
rh 2B — (@5~ )+ vAW, -+ V- (v D) - w7 Vg

1
— 5 div w, =g — Vi |[2e ey
2 2 1 h,1 112
+ [ve(u) = ven (W22, b0 223)) T ||Vt(u)D(u)||L2(tn,1,tn,L2(g))) + §Tnhe”Rnie(1/)e)2 |172(e)2-

Then we simplify, use the first property of Proposition 4.2, replace RZ:; by its value, sum over e C Ok
using that h, < h,, and then use (82); we obtain:

7 (D2 hel {985 + v (87 )D(}))0 = pimlelFaqe) ) < CL(w,). (83)

eCey
3) Finally, since t — u(t,x) is an affine function with value u}(x) in ¢ = ¢,, and using divu(¢,x) = 0,
h g
we have

Tnil 1 —n . . _
1 div Az Gl Lz < I divan(t )z, 0200y = iVt %) = 0220, 0200
< ut,x) =t )L, g min- (89
Combining (82), (83) and (84), we obtain the desired result. O
Secondly, we estimate the indicator ni{:i

Theorem 5.2. Let D(u) € L*>(0,T, ) and suppose that hy, < Cy7,. We have the following estimate:
Ta(n2)? < C(hn|ﬁ271 — T2, ()2

AR = ey o) + IOD@I 2t 2200y ) (85)

Proof. We write that ,(n}2) ft (nh2)?dt and we insert v(u)(t)D(u)(t) and v (u)(t)D(u}) into
(nk2)? and then use triangular 1ncquaht1cs. Using (79) and (80) we obtain the result. a

Remark 5.3. In Theorems 5.1 and 5.2, the term ||Vt(u)1D)(u)|\%2(tn_17tﬂ/,L2(K)) comes from the fact that

the LES solves a system that differs from the original Navier-Stokes equations. It is of order h because vy
scales like h% and we remark that it is a higher order term as compared to other error terms.

To conclude, we estimate 7, ..
Theorem 5.4. We have the following estimate:
(77771-’,{)2 < C(|u - ﬁh|%2(tn_1’th1(,{)2) + |u - Wrﬁhﬁz(tn_l’thl(,{)z)) . (86)

Proof. Using the definition of ux(t), we obtain V¢ € [t,,—1,t,] :
t—tn,

Tn

(ap —ap ") = an(t) — mran(t).
Inserting u(¢) in the right-hand side of this equality and taking the gradient of both sides, integrating
on x and using the triangular inequality, we obtain

2
t—tn I _ .
— IV @y = )72 < 201V (0 = @n) (1 %) 72 + [V (0 = 70705) (%) [[72())-

Tn

Integrating between t,,_; and ¢, we obtain the result with C = 6. O
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As a final conclusion of Sections 4 and 5, we have obtained the equivalence of the error indicators of
Definition 4.7 with the error between the exact solution of the Navier-Stokes equations and the discrete
filtered solution, up to terms representing the data oscillation (with respect to time) for f, the change
of source term due to the filtering process (f" instead of f"), the approximation of f* by f'}f, that of vy
by v4, and finally a term related to the additional turbulent diffusion operator.

6. NUMERICAL RESULTS

In this section, we show numerical simulations using the FreeFem-++ code (see [18]). We consider the
domain Q given by Figure 1 with the following properties: AB = 1.5, BC = DE =1, CD = 0.25,

A B E F
Lk

L G

K H

J I

FIGURE 1. The domain

EF =245 FG=AL=15,GH =LK =04, HI=KJ =11, LG=KH = JI =4.2.
Concerning uniform meshes, we divide the edges of 92 into segments of equal lengths, and we define M
to be the number of such mesh segments per unit length.

1
We consider v = — where Re is the Reynolds number and we choose the density of body forces f equal

0 (—2,0) in the recetangle LGHK and to (0,0) elsewhere. This implies, as shown on Fig. 2, that the flow
will move from the right to the left at the center of the domain; when the flow hits the left boundary,
it splits into an upper flow and a lower flow; the BCDFE obstacle will cause recirculations in the upper
flow. This will in turn generate turbulent interactions with the main flow at the center of the domain.

From the calculation of (a}, p}) solution of (F'V, ;) at each time step, we compute the error estimators
of Definition 4.7; in the actual calculation we replace vy, by 14 for the sake of simplicity; this has almost
no effect on the results.

6.1. Comparison of error indicators for calculations with or without LES. The indicator is
defined by:

M) = Y mmin )+ i), )7 = Y (nn)7 and e = () + (7)*)* . (87)
KETnh KETnn
To study the effect of the addition of the turbulent diffusion term in the LES method, we compare error
indicators in time and space for simulations with or without LES for various values of Re € {200,5000}
and M E {8 16,32,64}. In all simulations the final time is set to T' = 3. We choose the time step to be
At = 57. We define :

> > )’ SN )

n KEThn n KETnn

Mh,1 = _ s Mh,2 = _ )
ZTn|uZ|%{1(Q) an\uﬁl?qum
n n

Z Z (UZ,K)Q Z(nn)2

n KEThh n
=n|2 ’
E Tn|uh|H1(Q)
n

Nr= | —=—————— andn=

ZTn|ﬁZ|§Jl(Q)
n
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The results are in Table 1 for Re = 200 and in Table 2 for Re = 5000. It is clear that the space and
time estimators using the LES method are smaller than those of the Navier-Stokes problem without LES.
In addition, improvement is more important for high Reynolds numbers and coarse meshes, which is an
indication that the LES method exactly plays the role expected from it. However, these conclusions are
based only on observation of indicators; to confirm this trend, we will directly measure the difference
between numerical solutions on different meshes and reference solutions obtained on the finest mesh that
we could use given the resources at our disposal. This is the subject of the next sub-section.

NS without LES NS with LES
estimators time (s) estimators time (s)
M| 91 | %h2| 0r n CPU | nna h2 T ] CPU

0.324 0 ]0.0280 | 0.325 28.5 0.260 | 7.5 x 10~*]0.0256 | 0.262 42.2
16 | 0.149 0 |0.0140 | 0.150 211 0.139 | 2.6 x 10~% [ 0.0140 | 0.138 312
3210.0630 | 0 | 0.0078 | 0.0639 1702 0.0618 [ 8.1 x 107" | 0.0078 | 0.0623 2333
64 [ 0.0296 | 0 [0.0041 [ 0.0299 | 14858 [ 0.0295 | 2.1 x 10> | 0.0041 | 0.0298 | 19350

oo

TABLE 1. Comparison between estimators with and without LES for Re = 200 and T = 3.

NS without LES NS with LES
estimators time (s) estimators time(s)
M|ty | nh2 | 7r n CPU | nna Mh.2 N n CPU

8 10552 | 0 |0.0598 | 0.555 26.5 0.396 | 8.2 x 10=% | 0.0390 | 0.398 | 39.4
16 | 0.496 | 0 | 0.0466 | 0.498 217 0.357 | 3.6 x 10=% | 0.0440 | 0.359 307
3210444 | 0 | 0.0360 | 0.445 1703 [ 0.306 | 1.6 x 10=* | 0.0350 | 0.308 | 2410
6410292 | 0 [0.0240 | 0.293 | 14688 | 0.226 | 6.4 x 1075 | 0.0230 | 0.228 | 18880

TABLE 2. Comparison between estimators with and without LES for Re = 5000 and T = 3.

6.2. Error comparisons. In this section, we compare the relative norms between a reference solution ug
obtained by a simulation without LES on a fine mesh (M = 256 and At = 0.25/M) and solutions uc of
simulations on coarse meshes without LES on the one hand and with LES on the other hand for different
Reynolds numbers. The relative norm is defined by:

|uC - uF|?{1(Q)
e T a—
‘uF|H1(Q)

The results are in Table 3 and Table 4 for Re € {200,5000} and T' = 3. We note Mp = 256 the number
of segments per unit length used to cut the edges of I in the fine mesh and M¢ € {8,16, 32,64} in the
different coarse meshes. In addition, the difference between the solutions with and without LES is also
calculated on the fine mesh (this is noted Mp = 256 and M = 256 in the tables below).

The tables show a general trend indicating that the differences between the LES solutions and the
reference solution are smaller than those observed without LES. This trend is particularly notable for
high Reynolds numbers and coarse meshes, on which solutions without LES are particularly inaccurate.
This broadly confirms the observations made from the error estimators in the previous section.

6.3. Comparison between uniform and adapted LES problems. In the previous sections, we
proved that solutions obtained with LES are more accurate than those obtained without LES. Therefore,
we only use LES in this sub-section. We are now seeking to obtain more accurate simulations by using
an algorithm for adapting the mesh and the time step using the associated estimators, seeking to balance
the time estimator and the space estimator. We propose an adaptation algorithm described below. We
measure its efficiency by comparing the estimators calculated on the one hand on uniform meshes and with
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erc without LES erc with LES
Mp =256 and Mc =8 0.743 0.628
Mp = 256 and Mo = 16 0.359 0.349
Mp = 256 and Mo = 32 0.164 0.166
Mp = 256 and Mo = 64 0.078 0.079
Mg = 256 and Mo = 256 - 5.19 x 1074

TABLE 3. Relative norm difference between the solution of the NS problem on a reference
fine mesh and solution of the NS problem with and without LES on coarse meshes for
Re =200 and T' = 3.

erc without LES erc with LES
Mp =256 and Mo =8 3.052 0.983
Mg = 256 and Mo = 16 2.617 0.963
Mp = 256 and Mo = 32 1.612 0.840
Mp = 256 and Mo = 64 0.975 0.694
Mg = 256 and Mo = 256 — 0.246

TABLE 4. Relative norm difference between the solution of the NS problem on a reference
fine mesh and solution of the NS problem with and without LES on coarse meshes for
Re = 5000 and T = 3.

constant time steps and on the other hand on meshes and with time steps adapted using our algorithm,
which is driven by a tolerance denoted e set by the user, chosen all the smaller as the desired precision
is high. At each time step, knowing @}, the following operations are performed

(1) we calculate (l—lzﬂ’ﬁzﬂ)’

(2) we calculate n* and 17 defined in (87),
(3) If n +nl > e, we adapt in time or in space :
(a) If n® < 77 and if the time step 7, is greater than a minimum time step (At)mi,, we adapt
in time so that the next estimator in time is slightly less than the estimator in space
(b) If ph < n7 and 7, = (At)min, then
(i) if n > £, we adapt in space.
(ii) Otherwise, adaptation in time is impossible and adaptation in space useless.
h
(¢) Iy >y,
(i) If the maximum number of mesh refinements is not reached, we adapt in space
(ii) Otherwise we keep the calculation
(4) If n" + 17 < 0.9¢ we can increase the time step; in doing so we try to balance the space and time
estimators
(5) Otherwise we ensure that the estimators are balanced
(a) If n7 < nP, the time step is increased to balance the estimators, even if this means having
to refine in space at the following iteration.
(b) If the estimators are balanced, nothing is done.

Figure 3 shows the resulting meshes at different values of ¢, for the particular value ¢ = 0.08. Since we
start from a vanishing velocity at t = 0 and since the momentum source term is piecewise constant in the
computational domain, large variations of the velocity and its gradient occur near the discontinuity line
of the source term; this is well captured by the mesh which concentrates cells around this line at ¢ = 1.
Then, as complex interactions with boundaries occur, the mesh at ¢ = 3 is refined in the vicinity of some
parts of the boundary, including, as expected, that of the upper obstacle, since geometric singularities
usually affect negatively the regularity of the solution. It is important to note that mesh density is not
necessarily driven by velocity modulus, since the estimators rather depend on variations of the velocity
gradients. Additionally, many cells are avoided in a wide part of the domain, in particular in the vicinity
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of a large part of the boundary. This results in huge savings in terms of computational resources: the
smallest cell length is around 2.1 x 1073, while the largest is around 5.7 x 10~ 1.
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FIGURE 2. Velocity modulus

for Re = 1000 and t = 1 (up-
per row) and t = 3 (lower row,
with a different color scale).

FiGURE 3. Adapted meshes
for Re = 1000 and ¢ = 1 (up-
per row) and ¢ = 3 (lower row).

For Re = 1000, Figure 4 shows a comparison, in logarithmic scale, of the error indicators for the uniform
LES problems and adapted LES problem with respect to the number of degrees of freedom. The uniform
curve was obtained by simulations on several uniform meshes with constant time steps. For each of these
meshes the number of degrees of freedom is the product of the number of time steps by the number of
unknowns discretizing the problem on the considered mesh. The adaptive curve was obtained by choosing
several different values of e (see algorithm above) and for each of these values, we added the number of
degrees of freedom at each time step, which may vary during the calculation when the algorithm decides
that a mesh adaptation is necessary. This figure shows the effectiveness of the adapted algorithm versus
the uniform one.

024

Error indicators

Number of degree of freedoms

FIGURE 4. Comparison between uniform and adaptive LES estimators with respect to
the numbers of degrees of freedom in logarithmic scale.
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