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FULL DISCRETIZATION OF TIME DEPENDENT
CONVECTION-DIFFUSION-REACTION EQUATION COUPLED WITH THE
DARCY SYSTEM.

NANCY CHALHOUB', PASCAL OMNES#*, TONI SAYAHT, AND REBECCA EL ZAHLANIYEHT*

ABSTRACT. In this article, we study the time dependent convection-diffusion-reaction equation coupled
with the Darcy equation. We propose and analyze two numerical schemes based on finite element meth-
ods for the discretization in space and the implicit Euler method for the discretization in time. An
optimal a priori error estimate is then derived for each numerical scheme. Finally, we present some
numerical experiments that confirm the theoretical accuracy of the discretization.

KEYWORDS. Darcy’s equations; convection-diffusion-reaction equation; finite element method; a priori
error estimates.

1. INTRODUCTION.

Let Q be a connected bounded open set in R, d = 2,3, with a Lipschitz-continuous boundary T’ = 99,
and let [0,7] be an interval of R. In this work, we study the concentration distribution of a fluid in
a porous medium modelled by a time dependent convection-diffusion-reaction equation coupled with
Darcy’s law. The system of equations is

v(C(x,t)u(x,t) + Vp(x,t) = f(x,t,C(x,t)) inQx]0, T,
(divu)(x,t) =0 in Qx]0, T,
) O (1) — 0AC(, 1) + (u(x, 1) VO, 1) +roClx 1) = g(x.1) in Qx]0, ],
(u-n)(x,t) = 0 onT x [0,T],
C(x,t) = 0 onT x [0,T],
C(x,0) =0 in€Q,

where n is the unit outward normal vector on I'. The unknowns are the velocity u, the pressure p and the
concentration C' of the fluid. The function f represents a force density that depends on the concentra-
tion C and the function g represents an external concentration source. The viscosity v also depends on
the concentration C' but the diffusion coefficient o and the parameter rg are positive constants. To sim-
plify, a homogeneous Dirichlet boundary condition is prescribed on the concentration C, but the present
analysis easily extends to a non homogeneous boundary condition.

The existence of a weak solution of (P) is established in [12, 8]. As far as its numerical approximation
is concerned, problem (P) was treated for example in [16, 17]. In these works, the authors used the
semi-implicit Euler method for the time discretization and the Raviart-Thomas H (div, ) finite element
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method for the space discretization of the velocity/pressure unknowns. They established an a priori
error estimate that is valid in 2-dimensions and place themselves in a somewhat restrictive framework,
where (Q is a square, discretized by square cells. Moreover, in order to derive the estimate, the authors
imposed multiple conditions on the space and time steps, which lead to a time step At = o(h) for the
lowest-order Raviart-Thomas scheme. The heat equation coupled with the Navier-Stokes system has been
treated by many works (see for instance Bernardi, Métivet and Pernaud-Thomas [4], Deteix, Jendoubi
and Yakoubi [11], or Gaultier and Lezaun [13]). The stationary coupling of Darcy’s system with the heat
equation where the viscosity is constant but the exterior force depends on the temperature (like in the
model proposed by Boussinesq [7]) was analyzed by Bernardi, Yacoubi and Maarouf [6] and discretized
with a spectral method. The same stationary system but coupled by a nonlinear viscosity depending
on the temperature is studied by Bernadi et al. in [5], where they propose and analyze two numerical
schemes based on finite element methods. In [20, 19], the authors discretize a problem similar to (P)
using Raviart-Thomas elements methods for the discretization in space. For the discretization in time,
Riviere and Walkington in [20] used the Discontinuous Galerkin (DG) method and Li et al. in [19] used
the Interior Penalty Discontinuous Galerkin (IPDG) method. These two works do not establish a priori
error estimates but rather prove the convergence of the schemes using compactness results for functions
that may be discontinuous in time. Vassilev and Yotov coupled in [23] the non-stationary Stokes-Darcy
equation with the time dependent Transport equation, and established an a priori error estimate.

In this work, we study two types of discrete schemes for the full discretization of Problem (P) in time
and space and for both, we prove existence and uniqueness and derive optimal a priori error estimates
for the solutions. The first scheme is the lowest order Raviart-Thomas scheme for the velocity/pressure
unknowns, for which we extend and improve the results of [16, 17], first by considering general domains
covered by simplicial meshes, then by extending the proof to the three-dimensional case.

The second scheme uses the Py-bubble / Py scheme for the velocity/pressure unknowns, which is known
as the “mini-element” in the Stokes context [2]. Both schemes use the Py scheme for the concentration
unknown. Finally, we perform several numerical tests to validate the theoretical results. They show that,
in certain circumstances, the second scheme, although of higher numerical complexity, may have a better
accuracy /complexity ratio.

The outline of the paper is as follows:

e In Section 2, we introduce some notations and functional spaces that are useful for the study of
the problem.

e In section 3, we introduce two variational formulations.

e Section 4 is devoted to the study of two numerical schemes and the establishment of an a priori
error estimation under regularity assumptions of the exact solutions.

e Some numerical experiments are presented in Section 5.

2. PRELIMINARIES

In this section, we recall the main notations and results which we use later on. We introduce the Sobolev
space

wmr (@)t ={ve L)% 9"v e L' (V)% Vk| <m},
where k = {kq, ..., kq} is a vector of non negative integers, such that |k| = k1 + ... + kg and

Akl

Fv=——
OF12y...0kax,

This space is equipped with the semi-norm

r

V|prm.r ) = Z/kavmx ,

|k|=m
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and is a Banach space for the norm

1
|| v HW"”*T(Q)d: (Z/Q V|7‘;Vl,r(9)ddx> .
1=0

When r = 2, this space is the Hilbert space H™(2)¢. In particular, we consider the following spaces
Hy () = {ve H'(Q)% vjpo =0},

and its dual H~1(Q)4.
We shall also introduce

3@ = {a.e 120 [ atiax =0}
We define the following scalar product in L2(€): "
(v,w) = /Qv(x)w(x)alx7 Yo, w € L*(Q).
We recall the following Poincaré and Sobolev inequalities:

2d
Lemma 2.1. For anyp > 1 whend =1 or2, or1 <p < P when d > 3, there exist two positive

constants S, and SS such that
Vve Hy(Q)?, | v L)< 52\”|H3(Q)d7
and
voe H'(Q)? || v ()< Sp || v |l )e -

We shall also use the following continuous embedding:
Vg >d, Wh(Q)— L=(Q). (2.1)

We recall the standard spaces for Darcy’s equations

H(div,Q) = {v € L*(Q)%; divv € L*(Q)}, (2.2)
Hy(div, Q) = {v € H(div,Q); (v -n)|r =0}, (2.3)
and
V = {v € Hy(div,Q); divv = 0}, (2.4)
equipped with the norm
V11 @iv.2) = V172 (0ye + [1div V]2 (q)- (2.5)

Finally, we recall the inf-sup condition between L3(€2) and Hy(div, Q2),

/(divv)qu
inf sup &2 > B, (2.6)
q€L3 () veH,y(div,Q) ||V||H(div,9)||(J||L2(Q)

with a constant 8 > 0, and the inf-sup condition between H*(Q2) N L2(Q2) and L2(Q)?,

/ v.V qdx
Q

inf su
g€ HH()NLZ(Q) ver2()d VIL2)eldlmi o)

> 1. (2.7)

Condition (2.6) follows immediately by solving a Laplace equation in  with a Neumann boundary
condition on I', and condition (2.7) by choosing v = V ¢. As usual, for handling time-dependent problems,
it is convenient to consider functions defined on a time interval ]a, b[ with values in a separable functional
space W equipped with a norm || . ||w. Then, for any r > 1, we introduce the space

b
L" (a,b; W) = {f mesurable on ]a, b[; / | f(t) I dt < oo} ;
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1
b r
I fllzr(apwy= </ I f@) I dt) )

L* (a,b; W) = {f mesurable on Ja,b[; sup || f(t) |w < oo} :
te(a,b]

equipped with the norm

If r = oo, then

Remark 2.2. L" (0,T; W) is a Banach space if W is a Banach space.

In addition, we define C7 (0, T; W) as the space of functions C7 in time with values in W.
Remark 2.3. Let a and b be two real numbers.

(1) For any positive real number €, we have

1 1
< 224 a2 .
ab < 520 + 2sb (2.8)
(2) We also have
1 1 1
ala —b) = 5(12 - 51)2 + i(a —b)% (2.9)

3. VARIATIONAL FORMULATIONS

In this section, we start by writing a variational formulation of problem (P). Next, we prove the exis-
tence and the uniqueness of the solution. We assume that the data of the problem verify the following
assumptions:

Assumption 3.1. We assume that the data £, g and v verify:
(1) £ can be written as follows:
f(X, t, C) = fO(Xv t) +1fi (Xv C)v (31)

where fg € L*°(0,T; L*(Q)?) and £,(C) is (uniformly in x) g, -Lipschitz with respect to its second
variable with values in R®. In addition, we suppose that

¥x € QVE € R, [fi(x,6)| < cr, €], (3.2)

where cg, 15 a positive constant.
(2) g€ L*(0,T,L*()).

(3) v is A-Lipschitz on R and there exist two strictly positive constants v1 and vo such that, for any
feR

v <v(f) <. (3.3)
There are two possible choices of spaces for Darcy’s velocity and pressure (u,p). The first choice is
L>(0,T; Ho(div,Q)) x L*(0,T; L3(£2)); it corresponds to a mixed formulation and is analyzed in this
section. The second choice is L*(0,T; L2(Q)4) x L>(0,T; (H*(Q)) N L3()); it leads to an alternative
formulation equivalent to the first. In both cases, the concentration C is in L?(0,T; H}(Q)). Then,
whereas there is no difficulty in setting Darcy’s system in variational form, a variational formulation of
the concentration equation is not that obvious. Indeed, the convection term u -V C' cannot be tested by
an H'(Q) function, since it is only in L*(£2). Therefore, we choose the test functions in H}(Q) N L*°(Q).
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Thus, we propose the following variational problem: for all ¢ € [0, 7],
Find (u(t),p(t), C(t)) € Ho(div,Q) x L2(Q) x H () such that, C'(0) = 0 and

v € Hy(div, ), /QV(C’(t))u(t)-vdx —/p(t)(divv) dx :/f(.,t,O(t))-vdx,

Q Q
(V) Vq e L3(Q), /Qq(divu(t))dx =0,
VS € Hg(Q) N L>®(Q), / %f( )de+a/vc -V Sdx +/( (t)-VC(t)S dx

—H“o/C de—/g(t)de.
Q

A straightforward argument shows that any triplet of functions (u(t), p(t), C(t)) in Ho(div, Q) x L3(2) x
H}(Q) that solves the first three lines of problem (P) in the sense of distributions in €, and the last two
lines in the sense of traces in H~/2(T') and H'/?(T) respectively, is a solution of (V). Conversely, any
solution (u(t),p(t),C(t)) of problem (V) solves problem (P) in the above sense.

For the a priori bound on the concentration C, we have the following theorem:

Theorem 3.2. Every solution of (V) such that C € L>=(]0,T] x Q) verifies the bounds:
(50)2

HC||L°° (0,T5L2(Q)) +04HC||L2 (0,T;:H () +27"0||C||L2‘ (0,1;L2() < 2 ||9||L2(0TL2(Q)) (3.4)

and

1
[u(®)] L2y < Z(Hfo(t)ﬂm(a)d + ¢, |CllLe 0,522 (02))) - (3.5)

Proof. By testing the last line of (V) with S = C(¢), and by noticing that /(u -VC)C =0, we use the
Q
Cauchy-Schwarz inequality and get:

2dtIIC( iz +allVC®)I2 () + ol CH)II20) < lg® 2@ IC® ] 220)-

We use Relation (2.8) with e = and Lemma 2.1 and we integrate between 0 and t to obtain

(53)?
(S3)?

IC1Z20) + a||C||2L2(0,t;H[}(Q)) +2r0[|ClI72 0,422 (02)) < 191Z2(0.4:22(02))-

The last relation leads to the following one:

(5 )?
ICF o0 0,722y + O‘||C||2L2(0,T;H3(Q)) +270/1Cl132 0 1:220)) < 27— 9122 0,7;2202))-
Next, by testing the first line of (V) with v = u(t) and using the second line, we immediately derive from

(3.1), (3.2) and (3.3) the following a priori bound:

1
[u(®)l L2y < Z(Hfo(t)HL?(Q)d + g 1Ol o= 0,75L2(2)) ) - (3.6)

Alternative variational formulation. The variational problem (V') is well adapted to locally conser-
vative discrete schemes. However, the numerical implementation of such schemes is not straightforward
and can be simplified by eliminating the divergence term from the first two equations of (V') by means of
Green’s formula, thus reducing the regularity of u. This leads to the following alternative formulation:
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for all t € [0, 7],
Find (u(t),p(t),C(t)) € L2(Q)? x (H*(Q) N L3(R)) x H} () such that

Vv e L?(Q)4, /QV(C’(t))u(t) - vdx —&-/QVp(t) cvdx = /Qf(.,t,C(t)) -vdx,

Vqe HY(Q)NLE(Q), /Vq-u(t)dXZO,
Q

V.S € HH Q)N L>®(Q), a—c(t)de—i—a/ VC(t)-VSdx +/(u(t) -V C(t))S dx
Q Q

o Ot
—l—ro/C(t)de:/g(t)de.
Q Q

This variational formulation is obviously equivalent to (V). It leads to numerical schemes that are simpler
to implement.

4. DISCRETIZATION

In this section, we propose a space-time discretization of the problem (P), derive and prove an a priori
error estimation. We use the semi-implicit Euler method for the time discretization and the finite element
method for the space discretization. For the time discretization, we introduce a partition of the interval
[0,T] into N subintervals [t,_1,t,] of length 7 (the time step). For the space discretization, we assume
that € is a polygon when d = 2 or polyhedron when d = 3, so it can be completely meshed. Now, we
describe the discretization space. A regular family of triangulations (see Ciarlet [9]) (7p)n of €, is a set
of closed non degenerate triangles or tetrahedra, called elements, satisfying,

e for ecach h, Q is the union of all elements of Tp;

e the intersection of two distinct elements of 7 is either empty, a common vertex, or an entire
common edge or face;

e the ratio of the diameter of an element K in 7 to the diameter of its inscribed circle or ball is
bounded by a constant independent of h.

As usual, h denotes the maximal diameter of all elements of Tj,. For each K in T, we denote by Py (K)
the space of restrictions to K of polynomials in d variables and total degree at most one.

In what follows, ¢,c¢’,C,C’, ¢, ... stand for generic constants which may vary from line to line but are
always independent of h. For a given triangulation 7, we define the following finite dimensional spaces:

Zn =1{8, €C%(Q); VK € Ty, Shlx € P1(K)} and Xj, = Z, N HA(Q). (4.1)

We shall use the following result: There exists an approximation operator (when d = 2, see Bernardi and
Girault [3] or Clément [10]; when d = 2 or d = 3, see Scott and Zhang [22]), Ry, in L(W'P(Q); Z),) and
in L(WHP(Q) N HY(Q); X3) such that for all K in T, m=0,1,1=0,1, and all p > 2,

VS e WHIP(Q), |S = Ru(S)|wmn(rey < c(p,m, 1) TS isim(a e, (4.2)

where A is the macro element containing the values of S used in defining Ry, (S).

Furthermore, we introduce the following inverse inequalities: for any number p > 2, for any dimension d,
and for any non negative integer r, there exist constants ¢%(p) such that for any polynomial function vy,
of degree r on K,

d_d
lonllzecy < 2@)hE 2 llonllz2x)- (4.3)

4.1. First discrete scheme. The velocity and pressure are discretized in space by the Raviart-Thomas
RTj elements. More precisely, the discrete spaces (Wh, 1, My 1) are defined as follows:
Wi, ={vi, € H(div,Q); vi(x)|x = axx +bg,ax € R,bg e R, VK € Ty},
Whpi =W, N Hy(div, Q),

My, = {qn € L*(Q); VK € T, qu|xis constant} and My, ; = M, N LE(Q). (4.5)
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The kernel of the divergence in W}, ; is denoted by Vj, 1,
Vi ={vh € Wy 1; divvy =0in Q}. (4.6)
There exists an approximation operator £} belonging to L(H'(Q); W) and to L(H(Q)NHo(div, Q2); Wh1)
such that for all K in 7;, (Roberts and Thomas [21]):
Vv e HY (D, v =& W)llzzcya < er hIV]a e, (4.7)
and
Vv e Hl(Q)dS.t. divv € Hl(Q), Hle(V - g}lb(v))”L?(K) < cy h|le V‘Hl(K). (48)
Furthermore, if divu = 0 then div(¢} (u)) = 0. In addition, we shall use the operator p, that belongs to
L(LA(Q): My) N £(L3(9); M), defined by

1
(@l = e [ adx VK €T, (49)
K] Jx
This operator satisfies the following result
Vg€ H'(Q), llg = pr(@)llz2ix) < chlalm ). (4.10)
The following discrete inf-sup condition holds (see Roberts and Thomas [21]):
/ gn(div vp,) dx
Q

Van € Mp,1, sup

> Billanllzz ), (4.11)
ey [Vl @

with a constant $; > 0 independent of h.
We then consider the straightforward discretization of Problem (V):

Having C’,T:_l € X3, Find (u},py) € Wh,1 x My, 1 such that

Vvi € Wiy, / V(C’ﬁ_l)uﬁ cvpdx — / pp(divvy)dx = / f"(C’ﬁ_l) cvp dx,
Q Q Q

Van € My 1, / gn(divuj) dx =0,
(Vir) !

Having C~' € X}, Find C} € X}, such that

¥ Sy, € Xy, / wshdx +a/QVC;;-v5hdx +/Q(u;;-vc,’;)5hdx

0 T

+T’0/ Cy Sy dx :/g”Shdx,
Q Q

where Cf = 0, g and £*(C}'™") are given as

I
g" = f/ g(s)ds, (4.12)
T Jt

n—1

frOp ) =£y +£1(C ), where £ = fy(ty).

It is easy to see that the second equation of the above system implies that divu} = 0in €2, since uj € Wy, 1
implies that divuj € M}, ;. Hence this scheme preserves the zero divergence condition. This and the
conformity of Cj, imply in turn that fQ(uZ -VCL)Ch =0 for all Cy, € X,

For the existence and uniqueness of the solution of (V},1), we have the following theorem:

Theorem 4.1 (Existence and uniqueness of the solution of (V},1)). At each time step n and for a given
C;Z_l € Xy, Problem (Vi 1) has a unique solution (uf,py,Cp) € Wiy 1 X My 1 x Xp, which verifies, for
m=1,--- N, the following bounds

1 .
[ui'l 22y < 71(||f0||Loc(o,T;L2(Q)d) +on |7 iz @) (4.13)
and
ICE 720y + @Y TICE Gy + 20 Y TICRIIF 20 < ; 191172 0,72 () (4.14)

n=1 n=1
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where ¢ is positive constant independent of h and m.

Proof. 1t is clear that the first equation of Problem (V4 1) has a unique solution (u},p}) as a consequence
of the coerciveness of the corresponding bilinear form on Wy, 1 X Wy, 1 and the inf-sup condition (4.11).
Thus, knowing up € W1 and C’,?_l € Xj, the third equation of Problem (V}, 1) also admits a unique
solution C}' € X,. Therefore, by taking v;, = u} in the first equation we get (4.13), and S, = C}
in the third equation of Problem (V4 1) we get, using the Cauchy-Schwarz inequality, Lemma 2.1 and
Remark 2.3

LR B2y = G2 ) + 27ICR Brs ey + oG ey < Sl gm (4.15)
9 hIIL2(Q) h L2(Q) 9 hIHY(Q) 0linliz2(@) = 5, 9 llL2)- :

We sum over n =1,--- ,m and we obtain (4.14).
4.2. Second discrete scheme. Let K be an element of 7; with vertices a;, 1 < i < d + 1, and
corresponding barycentric coordinates ;. We denote by bx € Py11(K) the basic bubble function

b (x) = A1(%x)... Ag+1(x). (4.16)

We observe that bx(x) = 0 on 0K and that bx(x) > 0 in the interior of K.
Let (Wh,2, M 2) be a pair of discrete spaces approximating L*(2)? x (H'(Q) N L3(Q)) defined by

Wi,z = {vi € (€)% VK € Ty, valx € P(K)"}, (4.17)
My, ={qn €C°(Q); YK € Th, qnlx € P1(K)} and My = M, N L3(Q), (4.18)
where
P(K) = Pl (K) D VeCt{bK},
is the space associated to the discretisation in space by the “mini-élément” introduced by Arnold et al.

in [2].
Let Vj 2 be the kernel of the divergence in Wj, o,

Vh)z = {Vh S Whﬁg; th c Mhﬁg,/ A\ th dx = 0}. (4.19)
Q

We shall use a variant of Rj, denoted by Fj which is constructed in [5, p. 336] and has the following
properties:

Vv e H ()Y [|v- FrV)llr2(xye < ChlIV|[m1(a ) (4.20)
and Fj,(v) € V), 2 when divv = 0.

Regarding the pressure, since Zj, coincides with M), an easy modification of Ry yields an operator
r, in L(HY(Q); My) and in L(H(Q) N L3(); My, 2) (see for instance Abboud, Girault and Sayah [1]),
satisfying (4.2). We approximate problem (V) by the following discrete scheme:

Having C’ﬁ_l € Xy, Find (uj,p}) € Wh2 x M, o such as

Vv, € Who, / v(Cp~ Ml - vy, dx +/ Vpy-vpdx = / fr(opt) - v dx,
Q Q Q

th S Mh,z, / th . uZdX =0,
Q

(Vh2)

Having C;"~! € X3, Find O} € X, such that

n __ n 1
VS, € Xy, /7Ch TCh S, dx +a/VCh V Sy, dx +/(uh VCh)Shdx
Q
1
2/dlv (up) Cy! Sy, dx +r(]/ ChSth—/g Shdx.

where as usual, the second nonlinear term in the last equation is added to compensate the fact that
divu} # 0. It is well-known that Green’s formula and the functions regularity imply that

1 1
/(uz-vo,?)sh dx+§/(divuz)c;; Sp dx = 5(/(uz-vc*;;)sh dx_/(u;;-vsh)c;; dx), (4.21)
Q Q Q Q




CONVECTION-DIFFUSION-REACTION EQUATION COUPLED WITH THE DARCY SYSTEM. 9

so that the nonlinear term is antisymmetric. One of the key points for studying (V},2) is the discrete
inf-sup condition satisfied by the pair of spaces (W, 2, My, 2) (see for instance [5]):

Vaqn - vy dx

Y, € Mpp, sup *2

> B2 lqnlm1 () (4.22)
vhEWh 2 th||L2(Q)d

with a constant S > 0 independent of h.

By following the same steps of the proof of Theorem (4.1), we deduce the following theorem:

Theorem 4.2 (Existence and uniqueness of the solution of (V},2)). At each time step n and for a given
C}?fl € Xy, Problem (Vi 2) has a unique solution (uf,py,Cy) € Wi o X My o x Xp which verifies, for
m=1,--- N, the following bounds

m 1 m—
i | 20y < z(”fOHL“(O,T;L?(Q)d) + e [|IC7 2 ) (4.23)
and
IC 720y + @ Z 7O 3 o) + 270 Z TG 120y < ; 191172 0,722 () (4.24)

n=1 n=1

where ¢ is positive constant independent of h and m.

5. A PRIORI ERROR ESTIMATE

In this section, we establish the a priori estimates corresponding to the proposed numerical schemes. We
begin by establishing the error estimates corresponding to the velocity and the pressure, and then we will
establish those corresponding to the concentration for both schemes (V},1) and (V4 2).

In all the rest of the paper, we denote by u™ = u(t,), p" = p(t,) and C™ = C(t,).

Theorem 5.1. Let (u,p,C) be the solution of Problem (V) and (uf,py,C}) be the solution of Problem

(Via). If u € L=(0,T; HY(Q)4) N L>=(0,T; L (Q)%), %‘t‘ e L*0,T; L*(Q)%), p € L>=(0,T; H'(Q)),

oC
C € L>=(0,T;W?4Q)) and B € L?(0,T;WhH(Q)) and under Assumption 8.1, there exist positive

constants c, c1, ', ¢’ depending on u and o such that,

n n 1 * n n—
[u™ — uh||L2(Q)d < Z(Ch + (Cf1 + )‘”u”LOO(O,T;LOO(Q)d))HC -Gy 1||L2(Q))v (5.1)

n n 1 * n _
u” — upllp2qp + o (cf, + Al pe 0,700 @) 1C" — CR Hirz@), (5.2)

e}

1]
Ip" — phllr2) < Ch+ E‘

and

N N
<SU<PN ICy — CnH2L2(Q) + az IO = O™ 0 + Z I(C —C™) = (Gt - Cmfl)“%?(m

n=1 n=1 N (53)

N
+7o Z T|Cy — Cm||2L2(Q) <P+ Z 7ljuy — un\|%2(9)d-
n=1

n=1

0

Proof. Let (u,p,C) and (u},py,CJ) solve respectively (V) and (Vj,1). We shall prove first (5.1),
next (5.2), and finally (5.3).

We start by estimating the error on the velocity approximation. By taking the difference between the
first equations of (V') for ¢ = t,, and (V},,1) and testing with v = v, € V}, 1, we obtain

[ e w0 valix = [ (E(C" ) - £(C60) - vax)ix
e @ (5.4)
+ [ (€000 = vCm ) (9 - v,
Q
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By inserting f}bu”7 taking vy, = §,1Iu” — uy, using the triangle inequality and the properties of 5}1“ and
using the properties of f; and v, we obtain

vlu™ —upl 2 < ch+ g [|C™ — Cr M lrz) + Ml o 07,20 () |C™ = CF M| 12(0)-

Hence, we deduce (5.1).
To prove the error estimate on the pressure, we take the difference between the first equations of (V') (for
t =t,) and (V},1), insert pp,(p™), test with v, in Wj, 1, and obtain

/ (on (") — ) )iV vy (x)dx = / (o (") — p") () div va(x)dx + / p(CP~Y) (" — u?)(x) - va(x)dx
Q Q Q

+/(V(C"(X)) — v(CpH (X)) (%) - va(x)dx
Q
- [ (€ () =BG () - il
Q
It follows from the inf-sup condition (4.11) that there exists v, in Wj, 1 such that

. 1
div v, = pr(p") =, and  [[vi | maivo) < Eth(Pn) — pullz2(@)-

With this v, (5.5) implies (5.2) by using the properties of pp,.

Let us now focus on (5.3). We choose the test function Sj, = v} = C7' — R,C™ in the third equation
of (Vj,1) and multiply it by the time step 7. Then, we subtract the third equation of (V') integrated over
[tn—1;tn]. We obtain, using the definition of g™ by (4.12):

tn
((c,’; - = (-, r;:> + a(Tvc;; - / VC(t)dt, w;;)
tn—1

. . (5.6)
+ (TuZ -VCp — / u(t) - VC(t)dt,TZ) + 7o (TC’}Z - / C(t)dt,r}f) =0.

tn—1 tn—1

The first term in the left-hand side of (5.6) can be bounded, by inserting R,C™ and R,C™~! and
using (2.9). We obtain:

n n— n n— n 1 n 1 n— 1 n n—
((Ch -G 1) - (" =-C 1)77”11) = 5”%“%2(9) - §H7”h 1||2L2(Q) + §||7"h —Th 1||2L2(Q)

(5.7)
+ ((C’"‘1 —R,C" Y — (O™ — RhC”),rﬁ).
The last term of the previous equality can be bounded as follows, for any &; > 0, thanks to (2.8)
tn
(= riem == meng)| = |- ([ e - erwar)
tn—l
*h? tn / 2 751 2
< 26 ) 1C (O ()dt + 7||7°;1LHL2(Q) (5:8)
c2h? oC T
< 2%, HEH%Q(t,L,l,t,L;Hl(Q)) + (53)27“2@,@
By choosing & = 25(28)2’ we obtain
(€ = B — (O~ B )| < ean? 20 g (59)
h h N N Ot NL2 (tn—1,tns HY () 507' Thi1,0 .

where ¢, is positive constant independent of h and 7.

The second term of the left-hand side of (5.6) can be bounded, by inserting 7(VR,C™,Vry) and
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tn
/ (VRLC(t), Vry)dt. We have:

tn—1

tn tn
04<TVC,TLL — VC(t)dt, Vrﬁ) :OZT|TZ|%’Q + a/ (V(RLC™ — RL,C(t)), Vry)dt
t7,71 t" tn—l (5'10)
+a / (V(RL,C(t) — C(t)), Vri)dt.
tn—1

tn
Since C™ — C(t) = / C'(s)ds, then we have by using the stability of the operator R;, in H}(Q), the

t
Fubini theorem, the Cauchy-Schwarz inequality and (2.8) for any & > 0:

t”l tn tn
a/ (V(R,C™ — Ry, C(t)), Vrp)dt| < a/ / |RLC'(s)|1.a|rh |1.0dsdt
t

tnfl tn—l
tn
<achiha [ 10 () als ~ ta)ds (5.11)
tn—1
ac’r2€y 0C T

< ——= N5 L2t + 52 T 0
3 o 236
In addition, we apply the Cauchy-Schwarz inequality, (2.8) and (4.2) to obtain for any &3 > 0:

tn a tn e
o [ (VRO - o). Vi < 5 [ (0 - QOB adt + 7R
tne 2 J, 263
not not (5.12)
ac’h?ts T

N

cl? _ T2 2 g
< 5 ICN L2t b2y + 2% "L 70

By choosing & = 25/4/3 and &3 = 25, we obtain, using the properties of the operator Ry, and (5.10),
(5.11) and (5.12)

tn
Oz(TVC}? - VC(t)dt, VTZ) — OZT|7°Z|%Q S clh2||C||%2(tn,1,tn;H2(Q))
tn—1 (5.13)
2,9C 2 @ n2
+ CoT HEHLZ(tn,l,tn;Hl(Q)) + %T|Th|1,§27
where ¢; and ¢ are positive constants independent of h and 7.
Let the third term in the left-hand side of (5.6) be denoted by
tn
b= <Tuz -VCy — / u(t) - VC(t)dt, TZ) (5.14)
tn—1

tn
We insert (/ uy - VC(t)dt, rZ) and 7(u} - VR, C™,r}}) to get by noticing that (u} - Vrit,rp) = 0:
t

n—1

b= by + by — (/t W - V(RpC™ — C(t))dt,r;;> + <£”1(uz —u(t)) - VC(t)dt,rz>. (5.15)

tn—1

We insert £7(u} - VC™, ) in by and we get:

tn tn

by = </ W V(RpC — O")dt,rg> n </ wr - v(en — c(t))dt,rg>. (5.16)
th—1 tn—1

Using the L2-L-L* generalized Cauchy-Schwarz inequality, (4.2) and Lemma 2.1, we obtain, for any

&4 >0

tn
’ </ uz . V(RhC’” — C’")dt,rﬁ) ‘ S T||UZ||L2(Q)d||RhOn — On||W1,4(Q)||T’Z||L4(Q)

tn—1
< erhlluy L2 |Cl Lo 0, 7w 2@ I7h | L2 (5.17)

cehir 7(S9)* .
< T”uhniz(ﬂ)d”C”%W(O,T;W?A(Q)) + 2751‘ wE o
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By choosing &; = 25(59)?/a, we obtain by using (4.13):

t'n,
‘ </ uy - V(R,C" — C”)dt,rﬁ)
th—1

By treating as above, we have for any &5 > 0:

tn tn tn
‘(/ uy - V(C™ — C(t))dt, rh>‘ ‘(/ / uy - VC'(s)dsdt rh)‘
tn—l
tn tn 1
‘(/ / u) - VC'(s)dtds, rh>‘

«
< esh?7||Cll 7 0. w220y + %ﬂrmig. (5.18)

(5.19)
< Il s [ 190 (s — b1
n—1
T 55 7(59)2
< —=up 720 dH D ||L2(tw L)) T T' it a
We deduce by regrouping (5.16), (5.18) and (5.19) (for & = 25(S9)?/a) that
oC a .
|b1] < esmh?|CllT o0 (0,0 w21 () + C4T2||E‘l%z(tn,l,tn;W“‘(Q)) + %T|7‘h|i9~ (5.20)
We insert u” in by and we get, using the L2-L*-L* inequality
tn
1bo| = (/ (Wl —u") - VC(t)dt rh) (/ / )dsdt,rﬁ)‘
tn 1
< 7lluy —u" | z2()a||Cll e (0,7w1 4(9))||Th||L4 Q) (5.21)
+ 7-3/2||CHL°°(O,T;H1(Q))||EHLQ(tn,l,tn;L‘l(Q)d)”TZHL“(Q)-
By using (2.8) and Lemma 2.1 and taking £ = 25(57)?/a, we obtain:
[ba2] < es1 7| Ol T (0,710 0 10k — 01720y
(5.22)

a n
+ 05272||C||%oo(o,T;H1(Q))||§|\L2(tn,htn;L4(Q)d) + %Tlrh |%,Q'

Finally, we combine (5.14), (5.20) and (5.22), and we deduce that

t
‘ (Tuh VO — / u- Vc(t)dtvrh> ’ < aTh?(|CI7 (0,720 02)) + 0472\\*(% 1T (b0 tnswra(e))
tn—1

+ C517—||C||2L°°(0,T;W1=4(Q)) [up — un“izm)d

+ C527'2||C‘ |%oo(o,T;Hl(Q))||a||L2(tn,1,tn;L4(Q)d)

200 .9
+ %T\T}L\LQ,
(5.23)

where c3, ¢4, c51 and cso are positive constants independent of A and 7.
The last term in the left-hand side of (5.6) can be bounded, by inserting +(7R,C™,r}}) and £7(C",r}})

t’!l tn
<TC}Z — C(t)dt, r};) =7(Cy — RpC",1p) + T(RpC"™ = C™, 1) + (/ (O C(t))dt,r,’f)

tn—1 tn—1

n ’( /tt(cn - C’(t))dt,rﬁ) ’ (5.24)

so that

t'ﬂ
(Tczz— t C<t>dt,r2)—fnrzi2m) < |(Bucm = 0m e

n—1
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Moreover, using the approximation properties of Ry, we have:

T(RRC™ = C",ry)| < 7||[RC™ — C" || 2oy Imh | 220

< erh|rpllzz @) |Cll Lo 0,751 () (5.25)

h? 7’§6 7(83)*
< ||CHL°°(OTH1(Q))+ 2% i lE -

“en—cwnae M <[ o (syasae.
(. IRV, )

n—1

Furthermore,

T3 oC
< T”TZHLZ’(Q)HEHLQ(tn_l,tn;L%Q)) (5.26)
&r? 0C 7(53)
< T” ot ”L?(tn LteiL2()) T T&' rlio-
25(59)?

to obtain:

Next, we combine (5.24), (5.25) and (5.26), and we choose & = & =

tn
\(70;;— / c<t>dt,rz)—r||r2||im>

where ¢g and c¢7 are positive constants independent of 7 and h.
Now we use (5.6), (5.7), (5.9), (5.13), (5.23) and (5.27) and we sum over n from 1 to m < N. This leads
to

ocC a .
< CGTh2HC||2L°°(O,T;H1(Q))+C77-2HE||2L2(tn,1,tn;LQ(Q))_F%TVh|?,Q>
(5.27)

m m m
||7"h 1720 + 5 Z s — TZ_1||%2(Q) + QZTVZ@,Q"‘TO ZTHTZHQL?(Q) <
n=1 n=1
C(h,2 + 7‘2) +c Z 7‘”112 — u””%Q(Q)d + 50 Z T|T}ZL|%’Q.
n=1 n=1

Finally, we obtain

N N
JSup Ik = CllFa(y + @Y TICH = C" i+ Y IICh = C™) = (G} = C" MlIaq

n=1 n=1

N N
+r0 Y TlC} = C"[Faq) < e(h® +7%) + ¢ Y 7lluf — w72 ),

n=1

where ¢ and ¢’ are positive constants independent of h and 7.

Remark 5.2. If the viscosity v is constant independent of C, it suffices to take u € L°(0,T; H*(Q)?)
in Theorem 5.1, as in this case, Equation (5.4) becomes

/ v(u" —up)(x) - vp(x)dx = /(fl(C”(x)) —£(C7 (%)) - vi(x)dx. (5.28)
Q Q

Corollary 5.3. Under the assumptions of Theorem 5.1, we have the a priori error estimates correspond-
ing to (Vp1):
sup flu" — |2y < c(h+71),
0<n<N

su o <d(h+T71),
0§n£N [p" = phllL2(e) ( ) (5.29)

N
3 6 = s+ Do TIC O < 2 4 1),
n< n=1

where c,c’ and ¢ are independent of h and 7.
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Proof. We first consider relation (5.1). By inserting C"~! and using the triangle inequality, we have

N

N N tn
n n n— n— 2
ZTHuh —u ||%2(Q)d < C(Z rcpt - ¢ 1||%2(Q) + ZT/Q | C'(s)ds‘ dx).
n n=1

n=1 =1 = tn—1

We then deduce from (5.3) the following relation

N N
s ICR = C™M[Fegy + @Y TICH = C™ g <e(h? +7°) +d Y 7lICh ™ = C" HFaq)  (5.30)
sns n=1

n=1

Finally, the following inequality follows from the discrete Gronwall Lemma

N
Jsup [ICit - C™M3aqy +a > TICH = C"3 g < (W + 7). (5.31)
=N n=1

It is crucial to note that in the right-hand side of (5.30), 25:1 7 is bounded by the final time 7" which is
a quantity that does not depend on N; thus the constant ¢’ that appears in (5.31) does not depend on 7.

Inequality (5.31) and Inequalities (5.1) and (5.2) yield the desired bounds in (5.29).

Theorem 5.4. Let (u,p,C) be the solution of Problem (V,) and (u},p},Cl) be the solution of Problem
(Vo). If u e L*°(0,T; HY(Q)4) N L>=(0,T; L= (Q)4), p € L*>(0,T; H*(Q)), C € L>=(0,T; W**(Q)) and
s € L2(0,T; Wh4(Q)) and under Assumption 3.1, there exist positive constants c, ¢, ¢, ¢ depending

on u and « such that,

n n 1 * n —
[u™ — U}LHL?(Q)d < 171(0}H_ (Cf1 =+ )‘||u||L°°(0,T:L°°(Q)d))HC - C;? 1||L2(Q))7 (5.32)
p" —phlia < dh+ @Hu — |l 2y + @(Cf1 + Ml e 0,720 (@) [C™ = Cr M2y, (5:33)

and

N N
S 1G] = C™ 720y +a Y _7ICH = C™Ta+ > I(Ch = C™) = (Ci~" = C" l[72(q)
N n=1 n=1

N (5.34)
+r0 Y TIICH = C™[Za gy < (B + %) + e Y Tlup — w72
n=1

n=1

Proof. Let (u,p,C) and (uf,py,Cy) solve respectively (V) and (Vi 2). We shall prove first (5.32),
next (5.33), and finally (5.34).

Let us estimate the velocity error. By taking the difference between the first equations of (V,) and (V},2)
and testing with v = v, € V}, o, we obtain

[ e~ wieix = [ GE60) - RC 0D vix)ix

Q Q
+/£ (W(Cr (%) — v(C™(x)u" (%) - vi(x)dx  (5:35)
— fQ V(p™ —rn(p™)) - vrdx.

By inserting Fju", choosing v;, = (Fpu™ — u}’) which belongs to V}, 2 using the triangle inequality and
the approximation properties of Fj, and 7, and the bounds on v, we obtain (5.32).

To prove the error estimate on the pressure, we take the difference between the first equations of (V)
and (V4,2), insert Vry(p™), test with vy, in W, 2, and we obtain
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/ VR — (")) - va(x)dx = / V" — rn (™) (x) - va(x)dx
Q Q

+ /Q V(C;‘_l)(u” —up)(x) - vp(x)dx

+ [ (07 ) = (G G0 () vi )
Q
- [ (B(C700) = (G ) - v

(5.36)

It follows from the inf-sup condition (4.22) and by applying the Cauchy-Schwarz inequality to the right-
hand side of (5.36) and Assumption 3.1 that

lph—rn(P")|1,0 < = |Ip" —ra(@")

1
Ba

L PR O Y PO P

(5.37)
Inserting rp(p™) in |p™ — pj|1,o and using a triangular inequality and (5.37) implies (5.33) by using the
properties of 7.

Now we prove (5.34). We choose the test function Sy, = rj} = CJ' — R;,C™ in the third equation of (V},2)
and multiply it by the time step 7. Then, we subtract the third equation of (V) integrated over [t,_1;ty].
We obtain:

tn

((C}} -cph—(cn - C"‘l),rZ> + Oé(TVC;TLL - VC(t)dt, Vr}f)

tn—1
tn tn
+ (Tuﬁ -VCJ — / u(t) - VC’(t)dt,rZ) + g(div upyCr,rp) + 1o <TO;Z - / C(t)dt,frﬁ) =0.
tn71 th—1
(5.38)

All the terms of (5.38) can be treated as the proof of Theorem 5.1 (see (5.9), (5.13), (5.27)) except the
non-linear one denoted by b,,.

By inserting £7(u} - VR,C™, 1}}), i%(div u Ry, C",r}t), by, becomes:

tn
by, = 7(uyy - V(Cp — RL,C™), 1) + m(u)y - VRL,C™,1}) — (/ u(t) - VC(t)dt, rZ)

tn—1

+ %(div ul(Cl — R,C™), 1) + %(div ul R,C™, ).

tn
Then, we insert £7(u}} - VC™,r}), £ (/ uy - VC(t)dt, rﬁ) and i%(div uy C", r}) to get by noticing
t

n—1

that 7(u} - V(C} — R,C™), 1) + %(div uy (Cy — Rp,C™),rp) = 0:

tn
bp = 7(uy - V(R,C" = C™),7}y) + (/ uy - v(Cn — C(t))dt,r;;>

+ / " () - VOt ) (5.39)

+ %(div ul(R,C™ — C™), 1) + %(div ur Cm ).

The sum of the first two terms in the right-hand side of (5.39) is exactly the expression of b; in (5.16).
The third term in the right-hand side of (5.39) is exactly by as defined in (5.15). Therefore, these terms
can be treated exactly as in the proof of theorem 5.1. The last two terms, denoted below as b,, 4 and b,, 5
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can be treated as follows:

boa = (div uji(RyC" = C™),17)
T T
= —E(uﬁ -V(R,C™ = C™),rp) — E(uﬁ -Vry, (RRC™ = C™))
= b7ll,4 + bgz,zlv

where, using Lemma 2.1, (2.8) and (4.2), we have, for any £ > 0

b4

T n n n n
< §||uhHL2(Q)dHV(RhC — C")za@yllrh e o)

Ch27§_1 7(52)2

ni2 2 n|2
S lap 1720y 1CN T 0,720 0)) + T&\Thh,ﬂ

and where, using (4.2) and (4.3) with d < 3 we have, for any & > 0
T n n n n
|b%,4| < §HuhHL“(Q)derh||L2(Q)||Rh0 -C HL4(Q)

ch® _d
< 7T||uh||L2(Q)d x h™alrplio
< éhg%d
- 8

|CnHW2,4(Q)
a2 allCI2 + |2
hllL2(Q)d L>(0,T;W14(Q)) 2, Rl1,Q-

Note that in the bounds of [b,, ,| and [b2 4|, the L*(£2) norm of u} can be bounded by a constant depending
only on the data of the problem through Theorem 4.2 using both (4.23) and (4.24). Note also that 854 > 2
for d < 3, which is sufficient for our proof.

Moreover, by, 5 can be decomposed in the same way and treated as follows (where we use that div u™ = 0):
%(div (uf —u™)C", 1)

T n n mn n T n n n n
= (= u") VO = ((uf — ) Ve, )
= bLs+02s.

bn,5 -

Using Lemma 2.1 and (2.8) we have, for any &3 > 0
bh 5l = 15 ((uf; = u™) - VO, 1)
< Zlg = 0z |Cll o s 7 s ey
2
< T = s s Ol oy + T
and for any & > 0
8761 = 15 ((uh = w) - V71,0

.
< 5”“2 —u"|[2(0)a|C" || Lo ()77 |1.02

7-54 n n| 2 2 T n|2
< ?Huh —u"[72(q)allCllL (0,11x0) + E|rh|1,g~
By using the above bounds with a suitable choice of &;,i = 1,...,4, and summing over n from 1 to

m < N, we get

1 1 m 3 m m m
5”7";?”%2(9)“‘5 Z Ik —rh 1“%2(9)4'04 Z TIri 1% atro Z T”TZHQL?(Q) < c(h2+72)+cz THUZ_un”QL?(Q)da
n=1

n=1 n=1 n=1

and we deduce finally (5.34).
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Corollary 5.5. Under the assumption of Theorem 5.4, we have the a priori error estimates corresponding
to (Vh,g).'
sup flu" — | p2qye < c(h+ 1),

0<n<N
su o gy < (B +T),
OS”EN Ip" = pilm (@) ( ) (5.40)
N
sup ||Cy — C"||2L2(Q) +a Z TICl — C”|%,Q < d"(h? +712),
0<n<N =

where ¢, ¢ and ¢’ are independent of h and T.

6. NUMERICAL RESULTS

To validate the theoretical results, we perform several numerical simulations using Freefem++ (see [18]).
We consider a square domain  =]0,1[2. Each edge is divided into N equal segments so that Q is
divided into 2N? triangles. For the numerical tests, we consider a = 1, 1y = 1, f;(C) = C + 1 and
v(C) = sin(C) + 2. We choose the right-hand sides f; and g so that the exact solution is given by
(u,p, C) = (e **curlp, p, C) where v, p and C are defined by

b(z,y) = e~ 100(@= D +w-H?)
p(z,y,t) = (t + 1) cos (wx) cos (1y), (6.1)
C(x,y,t) =sint 22(x — 1)%y%(y — 1)2.

We define the following total relative error between the exact and numerical solutions :

N 1/2
sup [up — w32 + sup |ph = p" Ry + D TICH = C" e
1<n<N 1<n<N n=1
err = ~ ) (6.2)
n|2 n|2 cn 2
sup [u”|72(q)2 + sup [p"[12q) + E TIC™ [ (o)
1<n<N 1<n<N =

1
We test the algorithms for N ranging from 60 to 120, by a step of 10 with 7' =1, h = ~ and 7 = h.

Moreover, in order to be able to compare the accuracy of the schemes on similar number of unknowns
and non-zero entries in the matrices associated to the linear systems, we also use N = 30 for the second
scheme and N = 240 for the first one.

-15 ; : : : : : : : ‘ 09

P1b
RTO -1r

2F // 7 l
o

-1.2 -
251 b

T
P1b
RTO| 7

-13 1

- s
g 3 1 W14 f
~ j=2]
g ° el
-35¢F 7 -16
1.7
4+ 4
-1.8 1
1o S
-4.5 t t t t ! ! t ! ! 24 23 22 -21 -2 -19 -18 -17 -16 -15 -14
-24 23 22 -21 -2 -19 -18 -17 -16 -15 -14 log(h)
log(h)
FIGURE 1. Pressure error with FIGURE 2. Velocity error with
respect to the mesh size. respect to the mesh size.

Figures 1, 2, and 3 show, in logarithmic scale, the curves of the errors on the pressure, the velocity and
the concentration, respectively, according to the mesh step h for the first and second schemes (V4 1) and
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FIGUureE 3. Concentration error FIGURE 4. Total relative error
with respect to the mesh size. with respect to the mesh size.

(Vh2). Figure 4 represents, in logarithmic scale, the curve of the total relative error according to the
mesh step h for the first and second discrete schemes (V},1) and (V3,2). Their respective slopes are 1.0013
and 1.0142 which is in conformity with the theoretical order of convergence of both schemes. We also
note that the second scheme, which uses higher order polynomials for the pressure than the first scheme,
yields a second order accuracy on this variable.
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Ficure 6. Total relative error

with respect to the number of

non-zero coefficients in the ma-

trices.

FIGUurRE 5. Total relative error
with respect to the number of
unknowns.

In order to include a more complete comparison of the accuracy of the two schemes with respect to their
numerical complexity, we show on Figures 4, 5 and 6 their total relative errors, not only with respect to the
mesh size, but also with respect to the number of unknowns and with respect to the number of non-zero
coeflicients in the associated matrices. In all three figures, the curve of the second scheme is below the one
of the first scheme, which means that, for a given complexity, the second scheme is more accurate than
the first one for this particular example. It is probable that this advantage is linked to the high stiffness
of the exact solution, which is better captured by the second scheme which uses higher-order polynomials.
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