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A POSTERIORI ERROR ESTIMATES FOR THE LARGE EDDY SIMULATION
APPLIED TO STATIONARY NAVIER-STOKES EQUATIONS

GHINA NASSREDDINE!2, PASCAL OMNES?3, AND TONI SAYAH!

ABSTRACT. In this paper, we study in two and three space dimensions, the a posteriori error esti-
mates for the Large Eddy Simulation applied to the Navier-Stokes system. We begin by introducing
the Navier-Stokes and the corresponding Large Eddy Simulation (LES) equations. Then we introduce
the corresponding discrete problem based on the finite element method. We establish an a posteriori
error estimation with three types of error indicators related to the filter of the LES method, to the
discretization and to the linearization. Finally, numerical investigations are shown and discussed.

Keywords : Large Eddy Simulation, Navier-Stokes, finite element method, a posteriori error estimation.

1. INTRODUCTION.

Let © ¢ R% d = 2,3, be a bounded connected open domain, with a Lipschitz-continuous connected
boundary I' = 0€2. We consider for a positive constant viscosity v, the following incompressible Navier-
Stokes system:

—vAu+u-Vu+Vp = f inQ,
(P) divu = 0 in Q,
u = 0 onl,

where f represents a density of body forces and belongs to X’ = H~1(Q2)¢, the dual of the Sobolev space
X = H} (). The unknowns are the velocity u and the pressure p of the fluid.

In this paper, we establish an a posteriori error estimate corresponding to the Large Eddy Simulation
(LES) applied to the Navier-Stokes problem (P). It is known that for small values of the viscosity coef-
ficient, the flow may become turbulent and may thus develop short length scale details that would be
computationally expensive to resolve. To reduce the cost of the computation, the LES method consists in
focusing on the description of the largest length scales of the flow, while modeling the effect of the shortest
length scales with a supplementary non-linear diffusion term in the Navier-Stokes momentum equation.
The idea of this method is based on filtering the Navier-Stokes system to obtain the corresponding large
scale behavior. But filtering the non-linear convective term leads to a tensor, called the Reynolds stress
tensor, in which the entries are not related to the large scale components of the velocity and pressure,
and which thus have to be modeled. There is a variety of ways in the literature to model the Reynolds
stress tensor. Based on mathematical considerations, Leonard [27] and Clark et al. [9] transform the
Reynolds stress tensor to the Fourier space where the Fourier transform of the filter function is approxi-
mated by a second order Taylor polynomial approximation. Another kind of transform is used by Galdi
and Layton[17], where the Fourier transform of the filter function is approximated by a second-order
rational Padé development. In addition, the Smagorinsky model [31] is used to describe the sub-grid
scale effects on the resolved scales, where a non-linear eddy viscosity is added. Besides the Smagorinsky
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model, other models are proposed by Iliescu and Layton [21] to describe the sub-grid scale tensor. In
the present article, we consider the Smagorinsky model which, due to its simplicity, remains widely used
in industrial LES. The existence of the weak solution of the filtered problem is proved in [25, 26] and
more general existence and uniqueness results are given in [13]. One can find in [30] a thorough intro-
duction to LES, while in [24], mathematical aspects of LES of turbulent incompressible flows are gathered.

On the other hand, a posteriori error estimation consists in bounding the error between the exact solution
of (P) and a numerical approximation of the filtered problem with a sum of local indicators, depending
only on the computed approximate solution. Each local indicator is related to a given cell of the mesh
and, in order to obtain a more accurate solution with a low additional CPU cost, the goal is to adapt
the mesh by refining or coarsening it, according to the local values of the indicators. The a posteriori
error estimate is optimal if each indicator can be bounded by the local error in the solution around
the corresponding element. This kind of analysis was first introduced by Babuska and Rheinboldt [3]
and then further developed, among others, by Verfiirth [33] or Ainsworth and Oden [1]. In [14], El
Akkad, El Khalifi and Guessous proposed a discretization of the incompressible Navier-Stokes equations
by mixed finite elements with a posteriori error estimation of the computed solutions. Other works on a
posteriori estimations for the stationary Navier-Stokes system are proposed in [22, 23] and for the non-
stationary Navier-Stokes system in [7, 28]. In [5], Bernardi, Hecht and Verfiirth considered a variational
formulation of the three-dimensional Navier-Stokes equations with mixed boundary conditions for which
they proved a priori and a posteriori error estimates. In [4], the authors discretized and linearized the
Navier-Stokes problem by using an iterative fixed-point algorithm, established corresponding a posteriori
error estimates and showed numerical investigations for academic applications and the Lid-Driven cavity
test. Furthermore, a posteriori analysis of the Newton method applied to the Navier-Stokes problem were
treated is [11].

In the present paper, we discretize the LES formulation of the Navier-Stokes system by finite elements and
use a fixed-point linearization algorithm to approximate the solution of the resulting non-linear algebraic
system. We establish the corresponding a posteriori error estimates based on three types of computable
error indicators, the first one being linked to the discretization, the second one to the filter of the LES
method and the last one to the linearization. The outline of the paper is as follows:

In Section 2, we present the variational formulation of Navier-Stokes problem (P).
Section 3 is devoted to the application of the LES method to the Navier-Stokes equation.
In Section 4, we introduce the discrete filtered problem and we recall its main properties.
In Section 5, we study the a posteriori errors and derive quasi-optimal estimates.

Section 6 is devoted to the numerical results.

We conclude in Section 7.

2. PRELIMINARIES

In this section, we introduce the variational problem corresponding to Problem (P). We begin by intro-
ducing some notations, definitions and properties which will be used later on.

Let o = (a1, -+ ,q) be non negative integers and |a| = a; + -+ - + ay. We define the partial derivative
0“ by
glel
a0zt
Then, for any positive integer m and real number p > 1, we recall the classical Sobolev space

WmP(Q) ={ve LP(Q), 0% € LP(), V]|a|<m}

60&

equipped with the following semi-norm and norm:

/ /
hpe = (X [ 100060rax) " and follnpa = (X ol ,0) "

laj=m k<m
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We denote by H™(2) = W™2(£) and the corresponding semi-norm and norm by
olam@) = Vlmeo  and  [v][ge @) = [[v]lm2.0-

As usual, we shall omit p when p = 2 and denote by (-,-) the scalar product in L?(Q2). Let v be a vector

valued function, we set
1
¥l = ([ IvGolPax)”

In view of the boundary conditions in system (P), we thus consider the space

H}(Q) ={ve H(Q),v =0 on T}.
We denote by X = H}(Q)? and by M = LZ(Q2) the space of functions in L?(Q2) with a zero mean-value
on (2. We notice that the dual space of M is itself.

Lemma 2.1. For any p < 6, there exists a positive constant S, only depending on €0 such that

WweX, |[VllLo@e < Spllvlix- (1)
We introduce the kernel
V={veX;Vge M, /Qq(x) divv(x)dx = 0},
which is a closed subspace of X and coincides with
V={veX;divv=0inQ}.
Definition 2.2. We introduce the trilinear form c defined by:

c(u,v,w) = /Q(u -Vv) - w dx.

Lemma 2.3. For every u,v,w € X we have

IA

le(u, v, w) [l zs @l IVIIx W] Ls (o)

< 8% |lullx(lvllxliwllx.

A

Lemma 2.4. For u,v € X and divu = 0, we have ¢(u,v,v) = 0.

Remark 2.5. The spaces M and X satisfy a uniform inf-sup condition (see [18]): There exists a constant
B« > 0 such that

Vge M, sup 2%
vex [Ivllx

> BellallL2 ()

System (P) is equivalent to the following variational problem:

find u € X and p € M such that:
(FV){ YveX, v(Vu,Vv) + c(u,u,v) + b(v,p) =< f,v >,
Vg € M, b(u,q) =0,

where the bilinear form is defined by:
b(v,q) = —/ gdiv vdx.
Q

The existence and the conditional uniqueness of the solution (u,p) of problem (FV') is given in [18,
Chapter IV, §2]. Furthermore, the solution verifies the bound (with a constant ¢ > 0):

c
[lullx < ~Ifllx. (2)
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For the development of the a posteriori error estimate, we introduce the Stokes problem defined as follows:
For a given (f,g) € X’ x M, look for (u,p) in X x M such that

—vAu(x)+ Vp(x) = f(x) inQ,
(S) divu(x) =g in
u(x) =0 onT.

More precisely, Problem (S) is set under the following variational formulation:
Find u € X and p € M such that:
(FVS8)S Wwe X, v(Vu,Vv) — (divv,p) =< f,v >,
Vg€ M, (divu,q) = (g,q).

We refer to the general abstract framework given by [18, Chapter I, §4] for the existence and the uniqueness
of the solution (u,p) € X x M of Problem (FVS).
We introduce the following Stokes operator S:
S : X'xM — XxM
(f.9) = S(f.9)=(w,§

where (w, ) is the solution of the Stokes problem (FV.S). We have the following bound (see [18, Chapter
L, §4] )

c
IS Dllxsar < E 9l (3)
We define also the function G given by
G : X - X'

w = Gw)=(w-V)w+ %(divw)w —f,
and we introduce the map F on X x M such that for all V = (v,q) € X x M, we have
F(V) =V +S8(G(v),0).
Then, Problem (F'V') can be equivalently written as
F(U) =0, (4)
where U = (u,p).
Definition 2.6. We define a non singular solution U of Problem (F'V') in the following way:

(1) F(U)=0.
(2) DF(U) is an isomorphism of X x M,

where DF(U) is the Fréchet-differential of F' in U.

Proposition 2.7. There exists L > 0 such that the application DF(U) = Id + S(DG(u),0) is L-
Lipschitz-continuous: For all U = (u,p) and V = (v,q) in X x M, we have

IDF(U) = DF(V)|lg(xxamy < LI[U = V| xx - (5)
Proof. For all U = (u,p) and V = (v,q) in X x M, we have:
IDF(U) = DE(V)|lz(x xar) = [IS(DG(w),0) = S(DG(v), 0)|| £(x x1)-
To obtain the desired result, we have by using (3) and for all Z = (z,£) € X x M,
IS((DG(w),0) - 2) = S(DG(),0) - Bl xxar < ~[IDG(w) -2 = DG(v) - 2| x-
By using the definition of G, we get the following equality:
DG(u)-z—DG(v)-z=2z-V(u—v)+ (u—v) -Vz+%div(u—v)z—&—%(divz)(u—v)

and then
IDG(u) -2 — DG(v) - 2l x < 4S7|[u — v||x||z]|x.
Thus, combining the previous inequalities, we obtain (5) with L = 453. O
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3. LARGE EDDY SIMULATION

In fluid mechanics, one would ideally use a direct numerical simulation (DNS) of the flow at all significant
length scales since it is necessary to capture the dynamics of the fields having an impact on the solution.
But DNS is computationally very expensive, and a cheaper method is to use the LES method, which
consists in solving the large scales and modelling the influence of small scales by adding a supplementary
non-linear diffusion term in the momentum equation. In LES, the large scales are defined by a spatial
average of the velocity, the pressure and the external force. A common method is to define this spatial
average by convolution of these quantities with an appropriate filter function of width denoted by §. The
velocity field will be decomposed as:

u(x) = u(x) + u'(x),

where i(x) is the filtered part of the velocity field and u/(x) = u(x) — a(x) is the residue intended to
be modeled. Since the convolution of the non-linear term u- Vu is not equal to the non-linear term
applied to the convolution @ - Vu, the difference between these two terms, called the Reynolds stress
tensor g(u, p), needs to be modeled. The Smagorinksy model is the simplest model of LES that uses the
assumption of local balance between the production and the dissipation of turbulent kinetic energy to
express the turbulent viscosity according to the large scales (see [24]). Moreover, we consider the variant
of this model in which the additional diffusion term is expressed in terms of Vu instead of the more
traditional 3(Va + VaT), as discussed in [24], and as considered in [12, 13, 25, 26]. We consider the
filtered problem:

—div ((v + n(n))Va(x)) + a(x) - Vu(x) + Vp(x) = f(x) inQ,
u(x) =0 on T
d
where 1v,(1) = ¢,0%||Vu||r and ||[Va|lr = [Z(&ii)Q]l/Q. We suppose that f € X’ and we note
ij=1

Z = WA Q)% and W = {v € Z/divv = 0}. The variational formulation associated to the problem
(PL) is given by:

Find u € Z and p € M such that:
(FVL){ YWeZ, ((v+wr(a)Va,Vv) +c@,u,v)+bv,p) =<f,v >,
Yge M, b(u,q) =0.

For the existence of the solution of Problem (FVL), we refer to [25] and [26]. Its uniqueness was
established in [12, 13] under the following condition (notations are identical to those of [13]):

N\IJ3(Cf) S v,

where U3 is defined as the inverse function of ®3 given by

(I)g : [0, OO[ — R (6)
x = Dy(z) = va + cg623 22,
and
_ - — f — —
N := sup 7'0,(112’ u,ﬁv)| , Cy=sup |<,’V>| and 3= sup UVHX .
avev |[Ullx[[v]lx vev |[V]lx vew [[Vll13.0
Furthermore, the solution u of Problem (FV L) verifies the following bound:
]| x < W3(Cy). (7)
Remark 3.1. In the sequel, we denote by ¢, C,C1, Cy--- constants independent of all discretization

parameters.
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4. THE DISCRETE PROBLEM

In this section we introduce the discrete problem and some corresponding properties. We begin by
collecting some notations concerning the discrete setting. We assume that €2 is a polygon when d = 2 or
polyhedron when d = 3, so that it can be completely meshed with simplices. For the space discretization,
we consider a regular family of triangulations (73) of €2, each of which is a set of closed non degenerate
triangles for d = 2 or tetrahedra for d = 3, called elements. As usual, i stands for the maximum of the
diameters of elements k € Tj. The triangulations are supposed to satisfy:

e for each 73, Q is the union of all elements of Tj;

e The intersection of two distinct elements of 7}, is either empty, a common vertex, or an entire
common edge (or face when d = 3);

e the ratio of the diameter h, of an element x in 7}, to the diameter of its inscribed circle or ball
is bounded by a constant independent of h.

Let (Xp, Mp,) be the pair of discrete spaces corresponding to (Z, M) defined as follow

X, = %vh € Co(Q); Vi € Thy Vils € Py(k)% vy|r = 0}, (8)
My, = {qn e MNCo(Q); Vi € Th, qnlx € Pi(r)},

where Pj (k) stands for the space of restrictions to « of affine functions. Moreover, Py(k) is the sum of
a polynomial of P;(k) and a "bubble" function b,. Denoting the vertices of x by a;,1 <i < d+ 1, and
its corresponding barycentric coordinates by A;, the basic bubble function b, is the polynomial of degree
d 4+ 1 which is defined by

be(x) = A1(x) -+ Ag(x).
We observe that b, (x) = 0 on dx and that b,(x) > 0 on k. The graph of b, looks like a bubble attached
to the boundary of x, hence its name.

X}, and My, are known [2] to satisfy the following uniform discrete inf-sup condition: 35 > 0, independent
of h such that:

/ qn(x) div vy (x) dx

Vgn € My, sup = > Bllanllz2(o)- (9)
VhEXp th”Hé(Q)d

We introduce the following discrete kernel:
Vi = {vi € Xp; Vg, € My, (divvy,q,) =0}.

Definition 4.1. We introduce the trilinear form:

d(u,v,w) =c(u,v,w) + %/(div u)v-w.
Q

1

Remark 4.2. the stabilisation term 3 (divu)v - w vanishes when u € V' and doesn’t vanish when u
Q

is replaced by vy, € Xy. Moreover we have: d(up, vy, vy) = 0,YVuy, vy, € Xp,.

Remark 4.3. In fact, for the discrete problem, we consider § = h, in each element k € Ty, which means
that vi(uy)), = csh2||Vay||p. This choice is common in LES and may be interpreted as the fact that the
filter of the LES method is locally adapted to the diameter of each element of the mesh.

Proposition 4.4. There exists an operator P, in L(V,V}) (see [19, page 35]), such that for each v €
H*(Q)¢, we have

|v — PthHl(Q)d < Cphs_1|V|Hs(Q)d,
where Cp is a constant independent of h, and s is a real number such that s € [1,2].

Proposition 4.5. We denote by Fy, the Scott-Zhang operator associated with Ty, and recall that for each
h<1andpe H*(Q), we have

lp = Fupllre) < C-h°~plu= (),
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where C, is a constant independent of h, and s and t are real numbers such that s E]%, 1 and 0<t<s
(see [8]). However, Fpp does not necessarily have a vanishing mean-value over Q, but an easy modification
of Fp, yields an operator (that we still denote by Fy, ) which is in L(H*(2)NLE(Q), M},) and has the same

approximation properties as the original one.

Proposition 4.6. For any dimension d and for any non negative integer r, there exists a constant ¢
such that for any polynomial function vy, of degree r on K

Valloey < @™ [vallzzgo- (10)
We consider the following discrete problem associated to Problem (FVL) obtained by the Galerkin
method:
find (ap, pr) € X x My, solution of :
Vv € Xy, v(Vag, Vvy) + (vi(@p) Vg, Vvy) + d(ag, Gy, vi)
+b(vh, pn) = (£, va),
Yan € Mp, b(ap,qn) = 0.

(FVLp)

The existence of the solution of Problem (FVLj) is given in [12, page 6]. Its uniqueness was also
established in [12] under the following condition:

Np¥Us3(Crr) < v,
where P35 is defined in (6) and the following definitions hold:

|d(u, v, w)|

f‘ —
Np, = sup — = — and Cjyp, = sup |<_’V>|.
av,wevs | [0l x ||V x|[w][x vevi |IV]lx

In order to compute the solution of the nonlinear problem (F'V Lj,), we introduce the following associated
linear discrete problem: (1‘1% is an arbitrary given value)

For any i > 1 with a known @ ' in X3, find (0}, p},) € X5 x Mj, solution of :
Vv € Xy, v(Vh, Vvy) + (v (@l Vg, Vvy)

+d(@, @, vi) + b(va, By) = (£, va),
Vgn € My, b(ul,qn) =0.

(FVLip)

1

Theorem 4.7. For an iteration ¢ > 1, with a known ﬁﬁ; € Xp, Problem (FV L) admits a unique

solution (W}, pi) € Xy, x My, verifying the following bound:

» 1 -
[l ]lx < —llfllx- (11)

Proof. In finite dimension, in order to prove existence and uniqueness of the solution (uf,p}) of the
linear problem (F'V'L; ), it suffices to prove the uniqueness. Thus, we consider System (FV'L; ;) with a
vanishing right-hand side (i.e for f = 0) and we choose v;, = ‘_12- Using Remark 4.2, we obtain:

VIV 172 + (@) Vi, Vi) =0,

As (r(ui-Hvai, vai) > 0, we deduce that ’/HVﬁZHPH(Q)d = 0, then u} = 0 and finally we obtain

the uniqueness of the solution. The uniqueness of the pressure can be deduced by using the inf-sup

condition (9).

To prove (11), we choose v, = 1}, in (FV L; ;) and we apply the Cauchy-Schwarz Inequality to obtain:
vi[ag % + (ve(a ) vy, Vi) =< £,a, >< [|f]|x|[u)|[x

Remarking that (v,(u) ')Vai, Vi) > 0 we obtain (11). O
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4.1. Convergence to the continuous solution. In this section, we prove a convergence result for the
solution w}, of Problem (FVL; ) towards the solution u of the exact problem (F'V), provided that f is
"small enough" or/and that v is "large enough". We suppose that f tends to f when A and jointly ¢ tend
to 0.

Theorem 4.8. We suppose that the solution u of (FV') is in H'*<+(Q)? and the pressure p € H'/*T5-(Q)
for a given positive e,. We assume that £ and £ verify the following condition:

44+ Vd)S? -
¢ BV gy <

CSE

[I£]] x- (12)

where Sy is the constant of (1) and c is the constant of (2). Then, the solution w} of Problem (FV L; )

converges to the solution u of Problem (FV), in the following sense:

Ve >0, 3h. >0 such that ¥(Tp,) with h < he, 317, € N such that Yi > I7,, we have ||u —uj||x < e.

Proof. We denote by

CS4

D= (v Sy, - VD

S3
s [[fl]x)

and

(1+\f)

2cS?
v

1 . 52
g(h) = E(Cph*(21/+ [1£]1x 4 ————[E[|x) [ [al| 12 ()

—|—h2 d/QCé ||f|‘X/+Hf fHX""C fh1/2+€*

29H1{1/2+5*(52))

where Sy is the constant in (1), ¢ is the constant in (2), C,, is the constant in Proposition 4.4, C, is the
constant in Proposition 4.5, ¢ is the constant in Proposition 4.6 and ¢, is the Smagorinsky constant.

Let € > 0, then there exists a real h. sufficiently small such that Vh < h., g(h) < g This can be obtained
by using the fact that f tends to f when h and jointly § (size of the filter) tend to 0.
Next, we consider a mesh T such that h < h,., we take v = v, € V), and we consider the difference

between (FV) and (FVL; ;). Then we obtain:

v(V(u—1}),Vvy) + (u- Vu—aj ' - vai,vy) — (n(a) vay, Vvy)
1 _ 13
2(d1v ) tal, vy) — (p,divvy) = (f — £,vy). (13)

We insert VP,u in the first term of (13), @} ' - Vu in the second term and Fp,p in the fourth term,
where P, is the operator defined in Proposition 4.4 and F, is the modified Scott-Zhang operator defined
in Proposition 4.5. We obtain:

V(V(Pyu—a), Vvy) — (@) —u) - Vu,vy,) — () - V(@ —u),vi) — (n(u), )V, Vvy)

1 ) ) _ (14)
—i(div ﬁ;{lﬁﬁl,vh) — (p— Fup,divvy) = {f —f,vp,) + v(V(Pru —u), Vvy,).

Note that (Fpp, divvy) vanishes since Fpp is in My, and vy, in the discrete kernel V.

1 .
Next, we add and subtract P,u in the second and third terms of (14), add the vanishing term — 3 (divuuy, vp)
and insert the term div Pyu in the fifth term of (14) to obtain:

v(V(Pyu—a}), Vvy) — (@' = Pyu) - Vu,vy) — (Pou—u) - Vu,vy,) — (@ ' - V(@i — Pyu),vy)
i— i1\ L i i Lo i
—(@ V(Pyu —u),vy) — (n(uh Hvag, Vvy,) — g(dlv(uh L~ P, vy) — §(d1V(Phll —u)uy,vp)

—(p — Fup,divvy) = (f = f,vp) + v(V(Pyu—u), Vvy).
(15)
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Since both 1‘12 and Pju are in V},, we may choose v, = P,u— 1‘12 in (15); we get the following inequality:
vivallZ < [1Pva —wy H paoal[ullx (Vi L@y + [1Paa = ul|paopal[ullx[[vall L o)
+[|a),” ||L4(Q)d||uh — Ppul|x||va|lLa)a
Iy | oyel [P — ul | x[[vall Loy

P — Lo i ",
+|ve (), )V || L2 (yaxalvallx + 5” div(a), ' — Paw)|| 210} s @) [VallLs e

1, .. _4
5 || div(Puu — w2 oy [ || @ [Vl L gye + Villp = Fapll @ lIvallx

+(|f = £[|x|[vallx + v]|[Proa—ul|x|[va]x.

(16)
Moreover, taking into account the expression of v; and applying the inverse inequality (10) , we have:

(), )V, | pag@yaxa < o D DIV | Lo (yal VT || 2 ()

KETh

< e 30 RV o IV L2 (17
KETH _— )

< ch? V2| | x| A || x

Then by using (1), (11) and (2), we obtain:

(2+f)

S3? S3?
(v = —HIEx ) Pru = w3 [[x - < (l/+7||f||x' s lEllx)|[Phu — ul|x

(2+f)

cS? S2
(8l + 2 =2 )l [P — w5 | (18)

CsC, o - _
+ W2+ I fllx + Vallp — Fipllzee)-
SQ
According to (12), the term Cy = v — —Hf||Xr is positive. Therefore, we have by using the triangle

inequality:

cS3?

y \/352
Cellu—ujllx < (2v +7|\f||x’ -

(2+f)

|[£]]x7)[| Pru — u|x
cS? S2 i

+(74\|f||X' L{[E] x| Paa — 1y, |x (19)
CsC o - _

+ﬁh2 V8% + ||f —fllx + Vdllp — Fupllz2(o)-

Using now the triangle inequality on ||P,u — ) '||x, we get:

14 vVd)S?
£ + SYDEE ) Pra — ullx

anxonu— w7l (20)

2cS5%

Cellu—w|lx < (v+

cS?
H(E]x +
v
CsC o _ _
+g W PE R+ (I~ Bl + Vil — Fupll o)
For the given mesh 7, we now consider two cases:

(1) There exists an index 4o such that

e < e = wy

[[u —
then

sup||lu — @, '[|x = sup [Ju— @' [[x = sup|lu — @j|x.
>0 i>10+1 2140
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We consider now (20) for i > ig, take the sup over ¢ > iy in the right-hand side and we obtain
that for all ¢ > 49
. 2¢57 1+ f 52
Clla-willx < @+ 20 e+ CEYD gyl
cS? (2+ \F )S
H(Efl]x0 + ~ =[x )suplfu — 1 x @)
[ 7,()
CsC o_ — _
+ogh? V%0 + ||f — fllx + Vdllp = Fupll 20
Now the right-hand side of (21) does not depend on i, and we may take the sup in its left-hand
side for 7 > ig; we obtain:
52 @+ f d)S?
(v — 4||f|\ s |IE[[x)sup [Ju — 1] x
>0
2c57 1+ f S3 22
< v+ 250 e+ LYy A 22)
CsC o = =
+—gh? V8% + If - fllx' +Vd|lp — Fupl| L2 ()
Then, by applying the properties of the operator P, to the first term in the right-hand side of (22)
and those of the Scott-Zhang operator to its last term, we have :
sup|lu — @ ||x < g(h).
i>4g
Then, for all i > ig we have :
—i 9
ha—ajllx < g(h) < § <
which proves the result in the first case with Ir; =g
(2) If such ig doesn’t exist, then for all 4,
lu = [x > [Ju—a|x,
In this case, (|lu — u}||x)i>0 is a decreasing sequence bounded below by 0, so it is convergent
and, from (20), its limit verifies:
¢S? (4+/d)S?
(v = —|If[[x — Il lim[ju— ]| x
v
252 (1 + f d)S3 9
< (v + =24l + 2Ll [P — ullx (23)
CsC o - -
+ogh? VIR + I~ f||X' +Vd|lp — Fupl|2()-
Just like in the first case, this leads to
lim [Ju - & x < g(h) < 5.
Then, there exists an integer i; such that for all i > i; we have
, , €
_ 11? _ 1' _ 11 < _
lu—t[lx = lim |lu—wjflx < g,
and then
—q . _q 3
lu—uj[[x < lim [[u—uj[lx + 5 <¢,
11— 00 2
which proves the result in the second case with I7; = i;.
The result is thus proved with I, = iy in the first case or I; =41 in the second case. O

Theorem 4.9. Under the assumption of Theorem 4.8, we have the following bound between the numerical
pressure P, solution of Problem (FV L; ) and the exact pressure p solution of (FV) :

15, —pll 220y < 2ChY245pl| 2o @) +CLE, B) ([lu—af || x -+ [u—a ] x)+C2h? 2| X +CsIf £ x,

(24)
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where C, is the constant of Proposition 4.5, Cy is a positive constant depending on f and £, Cy and Cs
are positive constants.

Proof. We consider the difference between (F'V') and (FV L; ), and we choose v = v;, € X, to get

(}52 —pdivvy) = I/(V(ﬁz —u),Vvy) + (ﬁﬁ';l . Vﬁ}ll —u-Vu,vp) + (ut(ﬁifl)Vﬁ}L, Vvi)
) _ (25)
1fl;l,Vh) + <f — f,Vh>.

1 )
+ 5 (le ﬁ;:
We add and subtract Fpp in the left-hand side and 1‘1271 - Vu in the right-hand side, and we insert the

1 X
term —5((div u)u;, vy) = 0in (25) to obtain
(P, — Fup,divvy) = (p— Fpp,divvy) +v(V(a, —u),Vvy) + (ﬁl{l -V(ul, —u),vp)
+((ﬁ§l—1 —u)-Vu,vy) + (Vt(ﬁz_l)Vﬁz, Vvi) + g(div(ﬁz_l —u)ay, vyp)

+<f - f, Vh>.
(26)
It follows from the inf-sup condition (9) and by applying the Cauchy-Schwarz inequality to the right-hand
side of (26) that

SF ity i
I xllw), - ullx

5
2 2
e 1 I Vds? oo »
+—H [ = ullx[u]|x + Bl\w(uz 1)Vu2|\m(mm7+—254IIUL Y —u|lx| | x

B
1 _
+E|\f*f|\Xﬂ

_; V=i
11Dy, — Frpllez) < lp — Frpllr2) + BHuh —ul[x +

Using (2), (11), (17), the triangular inequality ||p — 7}, |[22(q) < |15}, — Frpll2() + [|Frp — pll2 (@) and
Proposition 4.5 we obtain the result. O

Remark 4.10. Theorem 4.8 shows the convergence of the numerical velocity i, solution of Problem
(FVL; ) to the exact velocity u solution of Problem (F'V') in the sense that it suffices to first let h be
"small enough”, and then the index i "large enough" to have @} arbitrarily close to u. Furthermore,
Theorem 4.9 shows the convergence of the numerical pressure p,, solution of Problem (FV L; ), to the
exact pressure p, solution of Problem (FV).

5. A posteriori ERROR ANALYSIS

We start this section by introducing some additional notations and properties that will be useful in order
to establish an a posteriori estimate.

For any element x in 7, we denote by:

e ¢, the set of edges (when d = 2) or faces (when d = 3) of x that are not contained in T',
hy the diameter of the element x and h. the diameter of edge (or face) e,

[]e the jump through e on each edge (or face) e on &,

n, stands for the unit outward normal vector to xk on Ok.

We now recall the following definitions and properties (see R. Verfiirth, [32, Chapter 1|): for an element
k of T, the bubble function v, (resp. 1. for the face e) is defined as the product of the d+ 1 barycentric
coordinates associated with the vertices of x (resp. of the d barycentric coordinates associated with the
vertices of ). We also consider a lifting operator £, defined on polynomials on e vanishing on de into
polynomials on the at most two elements x containing e and vanishing on 9k \ e, which is constructed
by affine transformation from a fixed operator on the reference element. As a result of the regularity of
triangulation, The constants in the following properties are independent of k.
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Property 5.1. Denoting by P,(k) the space of polynomials of degree smaller than or equal to T on K,
the following properties hold:

1/2
Vv € Po(k) cl|v]|r2(x) < ||U1/Jn/ 22y < N1Vl 22(n)s 27
T Wl < e Mllzeo-

Property 5.2. Denoting by P.(e) the space of polynomials of degree smaller than or equal to r on e, we
have

Vv e Pre), cllvllzage) < o2l r2(e) < ¢ llvllpace),

and, for all polynomials v in P.(e) vanishing on Oe, if K is an element which contains e,
||£ev||L2(n) + he | Eev |H1(n)§ Ch}i/QH’UH[g(e).

We also introduce the Clément type regularization operator Cj which has the following properties, see
[6, section I1X.3] and [10]: For any function w in H'(Q)%, C,w belongs to the continuous affine finite
element space and satisfies for any x in 7;, and e in &,

1/2
HWﬁChWHLQ(m)d < ChKHW”Hl(AN)d and ||W70hWHL2(e)d < Che/ ||W|‘H1(Ae)d, (28)

where A, and A, are the following sets:
A":U{R/ 6’72;/@’(7/1#0} and AQ:U{H’ 67};#0@#0}.

Note that we use the variant of Cj, which ensures that Cj,w belongs to H} ()7 (see [10]).

We first introduce averaged values for the turbulent diffusion coefficient and for the data; these approxi-
mations will be useful to prove the optimally of the indicators.

First, v4;,(V) is the piecewise constant approximation of (V) defined for each element x € 7}, as follows:
forall v e Z,

\ *i v (v(x))dx
@) = o [ mei)ax (29)

Next, fj, is the piecewise constant approximation of the data f:

_ 1 /-
fr|x = —/f(x)dx.
5] S

Next, we distinguish the discretization and linearization estimators; we also introduce an estimator related
to the filtering process and thus to the turbulent viscosity term. For this, we first write the residual
equation. The difference between (F'V) and (FVL;},) gives the following relations for all v € X and all
vy € Xp:

1//Vu:Vde+/(u~Vu)~de—/pdivvdx—z//Vﬁ%:Vvdx—/(ﬁfLVﬁvadx
Q Q Q Q Q

1 A , . , .
—= / (dival ")ul - vdx — / v (al )vay, : Vvdx + / Py, divvdx
2 Jo Q Q
(30)
=(f,v) = (f,v) —v | Vi, : V(v —vy)dx — / (,tvag) - (v — vy )dx
Q Q

. 1 , . , _
+/ Py, div(v — vp)dx — B / (divay "uj, - (v — vi)dx — / v (), vay, : V(v — vy, )dx
Q Q Q

and

b(u—1},q) = /quiv al dx. (31)
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, . 1 o . .
Adding and subtracting /(ﬁ’h -Vay,) - vdx, 3 / (diva})u}, - vdx and vy, (), ')V} in (30) and using

Q
the Green formula on each x € T, we obtain for all v € X and all v;, € X}, the following equality:

V/Vu:Vde+/(u~Vu)~vdx—/pdivvdx—u/Vﬁ}'L:Vvdx—/(ﬁ}'l-Vﬁ};)-vdx
Q Q Q Q Q
1

—5/(divﬁ2)ﬁﬁl~vdx+/ﬁ2divvdx
Q

Z/f f) vdx+Z/f £2) - (v —vi)dx+ Y

KETH KETH KEThH

. 1 X ) .
—a, ' va, - 5 (div o, ha, — Vo) - (v — vp)dx

{/ (B + div((v 4 v (28 1)) V)

1 . . . .
3 3 [109a 4 e, - A @) ) (v - v) da}
ece,, V€
-2 / (ve(ay ") — ven (W), VA, : V(v = va)dx + / (@' - a}) - Vay) - vdx
KETHL Y Q
+%/(div(ﬁ —a))al - vdx + Z /z/t a,” ")V, : Vvdx,
Q

KETH
(32)
We define the local linearization indicator (n),), the local discretization indicator (n/,) and the local
filter indicator (n/;) corresponding to an element x € Ty, by:

(77{?/{) = |ﬁ;l - ﬁl}.;1|H1(fc)d7 (33)
7 : . i i IR A f >
(771‘1,3,.;) = ||t + div((v + ven (1, 1))Vuh) -, ' -Vuy, — i(le u;, 1)uh — VDIl L2 ()
1 —i— =1 —7 D)
+3 D kP + v (@) VA, = DD - 0)l| 2 g + ] div ||z ) (34)

eE€Ey ) )
(e (@, ) = v (@), )V, || L2y axa
and _
(1) = () V| e (35)

We now prove that the error between the solution of step ¢ of the fixed-point algorithm used to calculate
an approximation of the solution of the full non-linear finite element approximation of the LES system
may be bounded by a combination of the estimators, with some other terms related to the data.

Theorem 5.3. Let U = (u,p) be a non singular solution of Problem (FV). Then, there exists a
neighborhood © of U in X x M such that any solution Ul = (a},pi) € Xp x My in © of Problem
(FV L) satisfies the following a posteriori error estimate:

[lu—a},|[x +[lp — || m
1/2

_ _ 1/2
<O( Y (B2~ EallZagups + 1 = Ellae)) + (2 (0007 + (5> + (h)?)

KETH KETH

where C' is a constant depending on U but independent of h.

Proof. Let U = (u,p) be a non singular solution of Problem (FV) and U} = (@}, ;) € Xj, x M}, be the
solution of the iterative problem (F'VL; ). Having proved Proposition 2.7, and owing to [29] and [33,
Prop. 2.2|, there exists a neighborhood © of U in X x M such that if Ui is in ©, we have the following

bound:

U -Ujllxxn < c[F(U) = F(U})||xxm
< U, +8(G(u},),0) — U — S(G(n),0)||x xnm
<

cllS(871(0}) + (G(8}).0) = §71(U) = (G(w).0) ) [Lxxar.
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Using (3), we have:
10 =Uhllxxar < ST} + (G(w}),0) = STH(U) — (G (), 0)]|x7xnr

Relations (32) and (31) allow us to get: for all vy € Xp,
f—fv)+(E—f,v—vp) + (R, v—vy) + (R, V)

U -Ujllxxm < C1(SUP

veX ||V||X
v#0
/Q((ﬁl;1 —a)-val) - vdx /quiv al dx
+sup + sup
vex [[v]lx gemlallz2(o) (36)
v#0 q7#0
1 . . .
= [ (div(u, ! —a}))aj, - vdx
+sup t ,
vex Ivllx
v#0
where
<R}1m V= Vh> =
Z {/(fh +div((v + v (0}))Vay) —ah ' - vag, — §(div ;" hal — Vph) - (v — vp)dx
KETh K
1 o
~3 Z /[(V + v (1, 1))Vu§l — (o) -m] - (v —vy)do
e€e, €
- /(yt(ﬁz_l) — v (U ))Vag, V(v — Vh)dx} ,
and
(Ri,v) = Z v(u), vy, : Vvdx.
KETH VR

The second term in the right-hand side of (36) can be bounded as:

/((a;‘;l —al) - val) - vdx
Q

IN

)" — @[ Layel 10| x [[v]] ooy

N L . 1/2
stllagllx (Y 18 = @hfe) IVl
KETH

IN

By using (11), we obtain

(W, ' —1}) - Vay,) - vdx

1/2
sup 12 <a( X k)"
ek MIx =
v#0 '
In the same way, the last term in the right-hand side of (36) can be bounded as follows:
1 =il —i\\id L el Ny
3 /Q(dlv(uh L ay))ay, - vdx < §\| div(aj, L uh)HL2(Q)||uh||L4(Q)dHv||L4(Q)d
Vdsy | ~i—1 i 1/2
< 5 llahllx( Dol = @ ge) VI
KETH
Hence, we obtain
1 . S
5/(oliv(ﬁ;jl —u))al - vdx 12
sup —2£2 < 02( Z (niLﬁ)2) .
ox T 2
v#0

We choose v, = Cp,v and we use (28), to obtain the desired result. O
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Now, we address the efficiency of the previous indicators. We begin by estimating (771F ..), the filter
indicator; this will also be useful to estimate the discretization indicator (nf,).

Theorem 5.4. We assume that the solution u of Problem (F'V') is such that Vu € L>=(Q)?*4. For each
t € Th, the following estimates hold for the indicator (nf,.)?* defined in (35):

(nfﬁ)Q < C(hi_d|ﬁiil - u‘%ﬂ(n)d + hilﬁlﬁl - u‘%ﬂ(n)d + ||Vt<u)vu”%2(n)d><d)7 (37)
where C' is a positive constant independent of h.

Proof. We add and subtract v,(u)Vu in (nf,)? and we use the inequality (a + b)*> < 2(a® + b%). We
obtain:

e (@), )V |72 (yaxa < 2/[(@ )V, = v (@) VU] [F2 (g axa + 2/[ve(@) Vul[F2 g axa- (38)
Adding and subtracting v4(u)Va} in the first term in the right hand side of (38) gives:
||Vt( )VuhHLZ(,i axd <
Al (e (@) = v (W) VG172 g axa + 41 () V (@, = W)[[72 s + 2lre (@) V[ 72 a-
(%) (%) (%)
We use the inverse inequality to get:
, , . N2
) = o)V By < [ (cah2I9@ = )l Vi) ax

ATy [ IV = w)

IN

A

- g
CzéhdeVﬁZH%%@dmﬁl 't %1 (i

Moreover, using the fact that the solution u of Problem (FV) is such that Vu € L*>°(Q), gives

. , 2
[lv(0)V (@}, — u)||%2(ﬁ)d><d, < / (chiHVuHF |V(qj, — u)|) dx
< RV e [ 190, = w)dx
214 i 2
< Cshn||vu||L°°(n)d><d|uh - u|H1(n)d'
By using (11) and the fact that V(u) € L°°(92)%*<, we obtain (37). O
Remark 5.5. The term ||1/t(u)Vu||2L2(K)dxd which appears in (37), can be bounded as follows:
HVt(u)quQm(,ﬁ)dxd < 2y (w)V(a - ﬁ)‘|2 L2(x)dxd + 2||Vt(u)v‘i|‘%2(,€)dxd
< 2 ) V1 — )2y + A — 0T Ea s+ A ()T
< 2Csh4||vu\|2oo(,i)dxd\u u|H1(K at 4c2sh4||Vu||2w dxd|u — a3, (r)d

+4||Vt( )vu||L2(K)dxd~

Supposing Vu and Vi in L (Q)¥*? the term Hut(u)VuHQLQ(K)dxd can be bounded by the error between

u and u and by the term Hl/t(ﬁ)Vﬁ|‘%2(H)d><d which comes from the filtering process.
Theorem 5.6. We assume that the solution u of Problem (FV') is such that Vu € L>(Q)?*4. For each
k € Th, we have the following estimations:
(m—L,H)2 < 2|u—ﬁ2|§{1(5)d +2|u*ﬁz_l|ip(,ﬁ)d7 (39)
(n)? < CL(wy), (40)

where w,; denotes the set of elements of Ty, that share at least one edge (or face when d = 3) with k and
where, for any set W, we define

LOW) = |la—0 [ qpye+ D B2 lIE = BullF2geya + 110 = PhllZ2awy + 10— 85 30 )
mEW (41)
I wen () = v (W) V|22 g1y axa + (@) VT2 -
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Proof. The estimation of the linearization indicator follows easily from the triangle inequality by intro-
ducing u in (nf,)?.
Now, we aim to bound (nfn)Z. We proceed in 4 steps:

(1) We add and subtract (vy,(@) ') — (@) ")) Vu in the last term of ND:

(ven (@), ) = va(@), ) VL[ 2(yaxa < ([ (@)1 = ve(@, ) VW, = w)][L2(eaxa (42)
Hll(wen (@) = ve(@, ) V| g2 (yaxa-

Adding and subtracting v¢(u)Vu and v, (u)Vu in the second term in the right-hand side of (42),
gives:
e (W), 1) = (@) )V |2 geyaxa < [(man (W), 1) — ve(@) 1) V(@) — w)]| 2y
H (e (8],71) = s () V|| 2 ) axa
HI (e (w) — v (@) V| 2y
+||(ven(u) — Vt(ll))qu[g(N)dxd.
We bound the first term in the right-hand side of (43) as follows:

(43)

an () = v () 9 (0, — )] 2y

1 ) . _ 2 1/2
- {/ [(m/cshiHVﬁﬁ;lHFdx—cshiHVﬁﬁL_lﬂp)V(ﬁ}L—u)} dx
< 26, B2 ||V (@, || Lo (ryaxa [0, — 1 (e
By using the inverse inequality, we have:

1o (8571) = v (@D VI, — Wllgaggecs < 20,8 hE V205 s g[8, =l e

Using the fact that |[Vul|peq)axa is bounded, we treat the second term in the right-hand side
of (43) as

| (ven (@), 1) = vin (W) V|| 2 eyaxa < ¢RIV || Lo (paxal @ = ] g1 (e
Similarly,
[|(ve(w) = ve(@), ) V|| 2 (yaxa < CBE|[V | Lo @paxal @) = 1| g goya

By regrouping all the previous inequalities, using (11) and the fact that || V|| q)axa is bounded,
we obtain:

| (wen (@), Y) = we(@, )V, | L2(ryaxa < Co (hi_d/2|ﬁ§z — |y + B[, = ul g e

(44)
H|(ven(u) — v (u))Vu| |L2(,.g)dxti) .

(2) We take v, = 0, add and subtract /

, 1 .
(u-Vaj,)-vdx and add the vanishing term 3 / (divu)aj,-vdx
Q Q

n (32), we obtain:

. . |
Z / (fh +div((v + v (u) ) Vay) —u) - val, — 2(dlv a,” haj, Vph) - vdx
Kk1E€Th

—1// V(u-—1uj) Vvdx—!—/(u-V(u—ﬁZ))~vdx—/(p—ﬁfl)divvdx
Q

+/((u a ). Vﬁ};).vder%/(div(ufﬁ, il - vdx — Z / (f — f) - vdx
Q Q

K1E€Th

+ > Z/ v+ v (5 ))Vﬁzfﬁzﬂ)(a).n].vdaf/Vth(ﬁﬁl_l)VﬁZ:Vvdx.
Q

m €T e€epy V€

(45)
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We add and subtract / ((u—a} ') - Vu) - vdx in the fourth term in the right-hand side of (45)
Q

, S , . .
Z / (fh +div((v + v (0l h))Vay) — s - val, — i(div a, Huj, — Vpﬁ) - vdx

k1€Th

:V‘/QV(u—ﬁfl):Vvdx—i—/g(u-V(u—ﬁ}Q)-de—/{l(p—ﬁfl)divvdx
—i— —1 —i— 1 . i
—l—/ﬂ((u a, ) - v(aj, —u)) ~vdx+/((u—uh ). Vu) ~de+§/ﬂ(d1v(u—uh Mag, - vdx

- Z/ (F—1,) vdx+f > Z/ v+ v (@ )Vl — pil) (o) -n] - vdo

Kk1ETh meTh e€ep, V€

—/ ven (W )V, : Vvdx.
)

(46)
For a given x € T, we choose v as follows:

_ . . . . . . 1
Vv, — (fh — Vpj, +div((v + v (1), 1))Vuﬁl) -, L. AATHIES (dlv uz Ha )71/»; on K,
0 on Q\x,

where 1,; is the bubble function of the element x. Since this function vanishes outside « as well
as on its boundaries, all volume integrals in (46) reduce to integrals on k, and the edge (or face)
integrals vanish.

By using the Cauchy-Schwarz inequality and the fact that Vu € L>(Q)4*?, we obtain:

|(En — VD], + div((v + vn (0 1)) Vag) — wj - Vg, — (le w0 (72 o
<Cs (V|u = [ (wya [Val i eya + 1l ageya [0 = [ oyl [Viel [ Lageya + [0 = D112 (o) Vi 1 ()0
l[w = Loy [0, =l eyl [Vl [ L gy + (V0] | oo (yaxa || = @5 L2 ey [ Viel [ 22 ()0
+§|u — ), oy |05 | ey | [Vl L3 nya + 1E = ull L2y Vil L2 )

—|—| ‘I/th(l_l;lil)VI_lm |L2(,{)d><d |VK;|H1(N)d) .
. (47)
We add and subtract v;(@, ')V, in the last term in the right-hand side of (47) to obtain:

Ve (@, DV ||z yaxa < [ven (@) V], = v (@) V|2 oaxa + [[ve(87) V[ 22 (axa.

We use (44) for the first term in the right-hand side of the above inequality, as well as defini-
tion (35) and estimation (37) for the second term, and finally the fact that h, is bounded by the
diameter of 2; we obtain:

||Vt}L(ﬁz_1)Vﬁ2||L2(K)dxd < C4(|ﬁ;z — 11|H1(N)d + ‘ﬁz_l _ u|H1(H)d (48)
1 ven (1) = v (W)l e + [[ve(@) V| oyoxa ).
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Inequality (47) can then be bounded as follows:
(£, — VPL, + div((v + v (@) 1)) VaE) —a) ' - vag, — f(dw al—h)al )yl 2||L2(n)d
<Cs (V|11 — |1y [Vis 1 (e + ([0l Loy [0 = 8 |11y | [ Vil 1 ()
+Hp = Dyl 2200y [ Vil 11y + 1[0 = T |y — g gyal [VallLagey + 1w = @5 | p2 eyl [Viel 22 ()
+§|u = M a1 | o gy |1 Val L geya + 1€ = Bull 22 goyel Vil 2y
+c4(|a; g1 eyt [ = g e+ (Ve (1) = 2 (1) V| o ey
(@) V| gegaca ) Vil ey )-
(49)
We multiply this inequality by h?; we then use the second inequality in (27) to bound
| V| 11 (2. Moreover, we use the fact that v is in Hj(€2) and that its support is & to show that
||VRHL4(m)d' = ||VH|‘L4(Q)d < S4|VH|H1(Q)’1 = S4|VK|H1(H)’1' We then use (1), (2) and Theorem 4.7
to obtain:
_ . . . . L . 1
R2||(£, — VDL, + div((v + v (@) 1)) Vay) —a) ' - val, — 2(dlv a)”hag )Y ;/QHiz(K)d
< C’G(Hu — 0 | oyt | [V L2 eyt + Pl|E = Bnll 2 gya e [Vicl | 22 )
+Hlp = D200 hael Vic L2y 4 1 =l (oya | [ Vil | 2 )

H|(ven(w) — v(w)Vul| 2 eyaxah|[Vil[ L2 (e + ||Vt(u)vu|‘L2(fc)dthH||vR||L2(n)d)'

We replace v, by its value, simplify by hy|[vi||r2(x)e, square the resulting inequality and use
Property 5.1 to get:

WaN(En = VB, + div((v + v (8),7))VE]) — &7 Vg, — (le W, )W,)|[72 (e < CL(K),  (50)
where L is given by (41).

(3) Now we estimate the second term in (n,)?. Rewriting (46), we infer:

- Z Z/ v+ v (0 1)V, — pp1)(o)n] - vdo

*61 €T e€ery

. ) 1 ) ) )
= > / (£, + div((v + v (@) 1)) Vay,) —a) ' - vVa, — 3 div(aj ")u, — Vpj,) - vdx
K1E€Th

—|—1//Q V() —u) : Vvdx + /Q(u V(@) —u)) - vdx + /Q(p — py) div vdx
Jr/Q((uﬁl '—u) vV, —u)) - vdx + /Q((ﬁz_l —u)-Vu) - vdx + % /Q(div(ﬁz_1 —u))u, - vdx
+ Z / f—1f,)- vdx+/ v (W) 1)V, : Vvdx.

Kk1E€TH
(51)
For a given mesh edge (or face) e ¢ 9, we denote by (k, ") € (T,)? the two elements that share
e and set

v, = { £ (1 + von (@) V8, = piD) (0)mlus. ) on {x, '},
0 on Q\{kJ~'},

where 1, is the edge-bubble (or face-bubble) function and L. the lifting operator defined at the
beginning of Section 5.
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Using (48), replacing v, by its value, using the fact that Vu € L*° () and applying the Cauchy-
Schwarz inequality, we get:

i+ vt 9, - Dl

L2(e)d

< C4(\|fh = VP, + div((v + ven (@, 1)) VEg,) — w7 - Vg, — §(divag, a2 ey eal Vel 22 (e ey
+vlu— 0| g e Yyt Vel i (e Uyt + 10| e U wrya [0 = 0 L1 (e ey | Vel 3 (e U )
HIp = Pz (e U Vel ey wye + 110 = 05 |y e[, = Wl ey wyel Vel ey e
= M| 2 e wrye IVl Lo (@) | [Vel L2 (s U sy

g

1 i g 7
+§|u =0, (eyse) 2 10 Lo U nyel Vel Lage Uy + I1E = Eull L2 gyl Vell 2 e Y niya

+C//<|ﬁi — Ul eyt + " — g1 (e yrne T (v () = ve())Vul| g2 wryaxa
+‘|Vt(u>vu”L2(nU K/)dxd) |V€‘H1(K,UK/)d)'

We multiply by h. and we use (2) and Theorem 4.7 to obtain:

(0 4+ v (07 9, — D) (o)t 2|

2
he

L2(e)d

<Cs (he”fh — Vpj, + div((v + v () ")) VEy,) — ' Vg, — S(divay, D))l 2oy sl Vel L2y nrye
=01 (e wyahel Vel i (e ey + ([0 = 8411 (e gwnye + 0= 85 i1 ey we) el Vel lLa e wye
Hp = Phllze (e w el Vel g ey rne + 1105 =l ey eyehel Vel L2 (e U )
I =l L2 (e wnyehel [Vell L2 (e e + 1@ (@) = v (@) V][ 2o U wyaxahe Vel (e U )
+\|yt(u)vu\|m(nuK,)dxdhe|ve|H1(HUK,)d).

As was done above for v, we have the following bound:||ve|[z4(x ()t < SalVel (s rrye- Next,

we use both items of Property 5.2, inequality (50), simplify by hi/QHVeHLZ(NUH/)d, square the
resulting inequality and, for a given k, we sum over e € Ok; we obtain:

> hell(v + vn (@) 1) Vg, — PRI (0)n]|[72 (e < L(ws), (52)

ecey

where w, is defined in Theorem 5.6.
(4) Finally, as divu = 0, we have:

/ q(x) div(u(x) — @} (x)) dx = —/ q(x) div aj (x)dx. (53)
Q Q
We choose for a given k € Tj, '
q=q, =diva,é,.
where £, denotes the characteristic function of k. We have
/ dival div(u — af)dx = — / (div al)?dx.
Applying the Cauchy-Schwarz inequality to the left-hand side, we obtain
| div [ L2 () < Ve|Ju— 04| 1 ey (54)
Collecting (44), (50), (52) and (54), we get the final result. O

6. NUMERICAL RESULTS

In this section, we show numerical simulations using the FreeFem-++ code (see [20]). We consider the
domain € given by Figure 1 with the following properties: AB = 1.5, BC = DE =1, CD = 0.25,
EF =245 FG=AL=15 GH=LK =04, HI=KJ=1.1,LG=KH =Jl =4.2.
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A B E F
C.D

FIGURE 1. The domain

Concerning uniform meshes, we divide the edges of 02 into segments of equal lengths, and we define N
to be the number of such mesh segments per unit length.

1
We consider v = — where Re is the Reynolds number and we choose the density of body forces f equal

to (—1,0) in the recetangle LGHK and to (0,0) elsewhere. This implies that the flow will move from the
right to the left at the center of the domain; when the flow hits the left boundary, it splits into an upper
flow and a lower flow; the BCDFE obstacle will cause recirculations in the upper flow on each side of the
obstacle. This will in turn generate strong turbulent interactions with the main flow at the center of the
domain; the advantage of the LES method is that we can describe the large vortices without having to
resolve all the small turbulent details of the flow.

In this section, the initial guess u(,)l is considered to be the solution of the Stokes problem with the same
right-hand side and boundary conditions as Problem (P).

We remind that the finite element spaces X} and My, for the velocity and the pressure, are given by (8).
We begin the numerical simulations by considering the following iterative Navier-Stokes algorithm:

For any ¢ > 1, with a known u;;l € Xp, find (ul,p}) € X5 x Mj, solution of :
Vi € Xp,  v(Vul, Vvy) + d(a) "t al, vy) — (ph, divivy) = (F,vi), (55)
Vgn € My, (divul,q) =0.

We introduce the global linearization indicator 7 as follows:

i = (X mh)))’ (56)

KETH

Nl

where 77{?,€ is given by (33).
Algorithm (55) is stopped by using the classical global stopping criterion:

nf <107°. (57)

The first numerical simulations corresponding to Problem (55) with N = 5,10, 20, 30 show that the algo-
rithm converges for Re < 135. These results are coherent with the literature (see for instance [4] for more
details) which announces that the convergence depends on the Reynolds number for the cavity domain.

In [4], the authors proposed a simple modification of the numerical scheme (55) allowing to get convergence
for a larger range of Reynolds numbers; they introduce the following relaxed numerical scheme:

For any ¢ > 1, with a known ﬁz_l € Xy, find (ui,pi) € X5, x M, solution of :
Vv € Xp, v(Vul,Vvy) + d(ﬁﬁl_l,ufl,vh) — (p,divvy) = (£, vp), (58)
vq}b S Mh7 (leU-;u(Zh) = 07

and then set
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In our case, Scheme (58) with N = 5,10, 20,30 converges for Re < 2000. Thus, we adopt this relaxed
method for our LES algorithm that we rewrite as follows:

For any 7 > 1, with a known 1:12_1 € Xp, find (0,p}) € X5 x Mj, solution of :

Vi € X, v(Vg, Vvi) + ((8) V), Vvy) + d(&, @, vi) (59)

—(ph, divvy) = (f,vh),
th S M}“ (divﬁi“qh) =0,
and then set i
ﬁjz _ uj, +u,
2

We introduce the global linearization error indicator 7¥ corresponding to (59) as follows:
1
= (X @hN) (60)
KEThH
where
() = 1, — @1 ey

In our tests, Scheme (59) for N = 20 and with the stopping criterion 7% < 1076, converges for large
values of Re (we tested up to Re = 50000).

To compare Schemes (58) and (59), we introduce the global discretization error indicator associated to:

(1) Problem (58):

N

i = (> @k (61)

KETH
where
= . i - i Lo i i
@F) = hellfa +div(rVu},) —aj Lovu, - B div(a) "uj, — AT
1 o o
5 3 IV, — )l + ] div .

ecey

(2) Problem (59):

[N

P = (Y @R+ hD)” (62)

KETh
where
() = hllfu div((+ v ) V) — G Vg~ S div(@ ), - V8]l
5 S R v )T, — ) )l + v |z
e€en
and

() = llve(@), ") V)| 2oy

Figures 2 and 3 show a comparison in logarithmic scale of the error indicators as a function of the iteration
counts between the NS algorithm (58) and LES algorithm (59) for Re = 1000 on a uniform mesh with
N = 20. We remark that the LES scheme (59) converges with fewer iterations compared to the NS
scheme, and we attribute this to the higher viscosity induced by the turbulence model. Figure 4 shows a
comparison in logarithmic scale of the global error indicators between the uniform NS (58) and uniform
LES (59) Schemes for Re = 1000 with respect to the number of degrees of freedom for various values of
N, multiplied by the number of iterations needed to reach the prescribed convergence tolerance. From
these figures, we could conclude that the LES scheme (59) produces more accurate results than the NS
scheme (58) for a given computational effort; however, we have to be very careful since the indicators are
equivalent to, but are not the actual errors, and since unknown constants are involved in the equivalence
inequalities. The fact that both curves have the same final trend was expected, since refining the mesh
in LES implies that the turbulent viscosity tends to 0 and thus the total viscosity is close to the standard
NS physical viscosity.
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F1GURE 4. Comparison of the global error indicators between the NS and LES problems
on uniform meshes with respect to the numbers of degrees of freedom multiplied by the
number of iterations needed to reach convergence, in logarithmic scale.

Now, we aim to compare the LES method on uniform meshes with the LES method on meshes which are
locally refined based on the indicators (62) and in which the iterative stopping criterion is based on (60).
We refer to the algorithm proposed in [4] for the strategy of the adapted method: the authors used the
following adaptive stopping criterion:

i <P, (63)
where ~ is a positive parameter which balances the discretization and linearization errors. They chose
~ = 0.01 for their numerical experiments. This adaptive stopping criterion was introduced and studied
in [15, 16]. In the present work, we choose v = 0.01 (same value as in [4]) for our numerical applications.

Figures 5-8 show the evolution of the mesh during the refinement levels of the algorithm for Re = 1000
and a starting uniform mesh produced with NV = 20. We remark that, from an iteration to another, the
concentration of the refinement is on the complex vorticity region.

120
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FIGURE 5. Initial mesh FIGURE 6. First level
(11114 triangles) mesh (23238 triangles)
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FIGURE 7. Second level Ficure 8. Third level
mesh (37814 triangles) mesh (67086 triangles)

For Re = 1000, figure 9 shows a comparison, in logarithmic scale, of the error indicators for the uniform
LES problems with the classical criterion (57) and the new one (63) and adapted LES problem with
respect to the number of degrees of freedom. This figure shows the effectiveness of the adapted algorithm
versus the uniform one. Another way to measure the improvement with adaptive computations is by
looking at the results obtained on uniform meshes and adapted meshes with approximately the same
number of elements; this is what is done on Figures 10 and 11 on the one hand, on which the velocity
norm is plotted and on Figures 12 and 13 on the other hand, on which a vertical cut of the velocity norm
is shown. Both comparisons show a better accuracy of the results on adapted meshes. Indeed, as one
refines the meshes, the velocity modulus tends to increase (because the turbulent viscosity decreases),
and we observe that it increases more rapidly on adapted meshes than on uniform ones.

=&= Classical uniform LES| |
=== New uniform LES
=== Adapt LES

0.45f

0.4f

0.35}
0.31
0.25f

Error indicators
*

0.15f

0.04 1(‘)6 — .
Number of degree of freedoms*iteration

cl

F1GURE 9. Comparison between uniform and adaptive LES estimators with respect to
the numbers of degrees of freedom in logarithmic scale.
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FicURE 10. Velocity norm on a
uniform mesh with N = 160

FIGURE 11. Velocity norm on the
eighth level mesh
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FIGURE 12. Velocity norm: Verti-

FIGURE 13. Velocity norm: Verti-
cal cut (constant x) through the

cal cut (constant x) through the

right-hand vortex center on uniform
meshes with N = 20, 40, 80 and
160.

right-hand vortex center on adapted
meshes with level 0 (uniform with
N = 20), levels 2, 5 and 8.

7. CONCLUSION

In this work, we have derived a posteriori error estimates for the finite element discretization of the
Large Eddy Simulation applied to the Navier-Stokes system. These estimates yield an upper bound of
the error which is computable up to unknown constants and allows to distinguish the discretization, the
linearization and the filtering errors. In this work, we show the advantages of the LES method combined
to an adaptive mesh refinement and an adaptive linearization stopping criterion.
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