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Abstract

We show the local null-controllability of a fluid-structure interaction system coupling a viscous incom-
pressible fluid with a damped beam located on a part of its boundary. The controls act on arbitrary small
parts of the fluid domain and of the beam domain. In order to show the result, we first use a change of
variables and a linearization to reduce the problem to the null-controllability of a Stokes-beam system in a
cylindrical domain. We obtain this property by combining Carleman inequalities for the heat equation, for
the damped beam equation and for the Laplace equation with high-frequency estimates. Then, the result
on the nonlinear system is obtained by a fixed-point argument.
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1 Introduction

We consider a fluid-structure interaction system composed by a viscous incompressible fluid, modeled by the
Navier-Stokes system, and by an elastic structure located at a part of the boundary of the fluid domain. We
assume that the structure displacement is governed by a damped beam equation. The corresponding model has
been introduced in [46] as a first model to study the blood flow in vessels. To simplify our work, we consider
here a particular geometry in dimension 2 of space (see Figure [1)). The fluid domain is confined into an infinite
strip where the bottom boundary is fixed and where the top boundary corresponds to the beam. We also assume
periodic condition in the z; variables. To be more precise, we set

7 :=R/(272),
and for any deformation ¢ : Z — (—1, 00), we consider the fluid domain associated with this deformation:
Qe ={(z1,22) €T xR ; 22 € (0,1 +((x1))}. (1.1)
Then the fluid-structure interaction system writes
Ow+ (w-V)w —divT(w,7) = 1,f t>0, 2 € Qc),

divw=0 t>0, z€Q¢q),
w(t,$1, 1+ C(t,l‘1)) = (8t€)(t,]}1)62, t> 0; HATS Ia

w=0 t>0, z¢cly, (1.2)
OuC + 105 ¢ — 202 ( — 30,02 ¢ = —He(w,m) + 179 t>0, 21 €T,
w(07 ) = wO in QC?7 C(Oa ) = C?a 6154-(07 ) = CS inZ,
where
a1 >0, as =20, az>0,
and where
Fo =7x {O}
In the above system, we have used the following notations: (e, es) is the canonical basis of R? and
1
T(w,7) = 2D(w) — nly, D(w)= 3 (Vw + (Vw)*), (1.3)
ﬁg(w,ﬂ)(t7$1) = |:(]' + |811<‘2)1/2 [T(wvﬂ)n] (twrlv 1+ C(tvxl)) ! 62i| . (14)

We have also denoted by n the unit exterior normal to Q¢(;. In , w and 7 are respectively the velocity
and the pressure of the fluid and they satisfy the Navier-Stokes system (two first lines), with no-slip boundary
conditions (third and forth equations). The elastic displacement satisfies the damped beam equation written in
the fifth line of . Finally, our aim is to control by using two distributed controls f and g respectively
localized in an arbitrary small nonempty open subset w of {2 and in an arbitrary small nonempty open subset
J of T.

Let us remark that the well-posedness and the stabilization of system have been already studied in the
literature. Let us quote some of the corresponding articles: [12] (existence of weak solutions), [5], [34], [20] and
[39] (existence of strong solutions), [47] (stabilization of strong solutions), [I] (stabilization of weak solutions
around a stationary state). We can also mention some works devoted to the case § = 0 (undamped beam
equation/wave equation): [19], [42], [53] (weak solutions), [21], [2], [3], [4] (strong solutions). Some authors
have tackled the study of more complex models: [33], [32] (linear elastic Koiter shell), [43] (dynamic pressure



I’y (beam)

Figure 1: Our geometry

boundary conditions), [44} [45] (3D cylindrical domain with nonlinear elastic cylindrical Koiter shell), [50] and
[51] (nonlinear elastic and thermoelastic plate equations), [37], [38] (compressible fluids), etc.

A standard strategy to study this kind of systems consists in using a change of variables to write the fluid
system into a cylindrical domain, and then in linearizing the system after this transformation. A large part of
the work is thus devoted to the corresponding linear system, the results for the nonlinear system are deduced
by estimating the coefficients coming from the change of variables and by using a fixed-point argument. We
follow here this approach and after a change of variable and a linearization (see Section |§| for the details), we
are reduced to work on the spatial domain

QZ:QO =7x (0,1)
(see Figure [1)) and to show the null controllability of the following linear system

ow—Aw+Vr=1,f in (0,T)
divw =0 in (0,T) x Q,
w=0 on (0,
w = (0¢¢)es on (0
7+ 103, ¢ — 202 ¢ — 30,02 ( = —T(w,m)n-es+ 179 in (0,T) x Z,
w(0,) =w’ i Q, ¢0,)=¢, 9¢0,)=¢ inZ,

where

Fl =7x {1}

In what follows, to simplify the notation, we take
] = (g = Q3 = 1.

The values of these constants do not play any role in our study. As it is standard (see, for instance, [52] Theorem
11.2.1, p.357]), the controllability of (1.5)) is equivalent to an observability inequality for the adjoint system

Ou—Au+Vpy=0 in (0,T) x Q,
divu=0 in (0,T) x Q,
u=0 on (0,7) x Iy,
u=0mez on (0,T) x Ty,
0in + 8;1177 — 82177 - 8@%677 = —T(u,po)nyr, -e2 in (0,7) x Z,
u(0,-) =u’ inQ, n0,)= 77[1)5 9m(0,-) = 77(1] inZ.

(1.6)

Before writing the corresponding observability inequality, let us mention an important remark and introduce

some notation. We set )
™

B@={rer@: [ o) an o},

0



Remark 1.1. Using the particular geometry considered here, we can simplify the above adjoint system. First
onT'1, n=es and using (1.3)), we deduce

—T(u,po)n - ea = —20z,us + po = 20z,u1 + po =po on 'y, (1.7)
since uy(x1,1) =0 for x; € T.

Moreover, using the incompressibility of the fluid and the boundary conditions, we deduce that

d 2m
O:/divudx:— n dzy.
Q dt Jo

Assuming that 09 € L3(I) then, we deduce that for all t > 0, n(t,-) € LE(T). Using this condition on the beam
equation leads to the following condition on the pressure:

2
/ po(t,l’l,l) dl’l =0. (18)
0

In particular, in contrast with the standard Stokes system, the pressure is not determined up to a constant.

We define the operators associated with the beam equation:
D(Ar) = HYT) N LA(T), A= 0dn— 2, (1.9)

D(Ap) := H*(I) N L§(T), Aon:=—02 . (1.10)

We also define the Hilbert space of states for our system:

H = {(u,m,nz) € L*(Q) x D(A}/Z) x LA(T) ; up=noon Ty, uy=00nTy divu=0in Q} ,  (1.11)

endowed with the canonical scalar product of L*(Q) x D(A}/ %) x L*(T). With the above remark and notation,
the adjoint system writes

Ou—Au+Vpy=0 1in (0,7) x Q,
divu=0 1in (0,7)
u=0 on (0,T
u=0mes on (0,T)x Ty,
3f,277+A177+A25m:po|F1 in (0,7) xZ,
w(0,)=u’ inQ, n0,)=n, 9n0,)=n3 inZ,

(1.12)

with the condition (1.8)). Our main result stated below is an observability inequality for (1.12):

Theorem 1.2. Assume T > 0, w € Q and J € I are nonempty open sets. For any [u®,n%,n9] € H, the

solution of (L.12)) satisfies

[|u(T, ')H%?(Q) + [In(T, ')H?{Q(I) + [|0en(T, ‘)||iz(2)

< k2 // lu> da dt+// |8yn|* dxy dt |, (1.13)
0, T)xw 0, T)xTJ

fep = CeC/T” (1.14)

and we can choose kr in the form

with a constant C' > 0.



The controllability of fluid-structure interaction systems has already been tackled in the case where the
structure is a rigid body in [§], [9], [15], [23], [48]. Up to our knowledge, the above theorem is the first result of
controllability for the system . Let us mention also [41] where the author obtains an observability inequality
for the adjoint of a linearized simplified compressible fluid-structure model similar to our system.

Let us point out that due to the structural damping in the beam equation (—8@314) the corresponding
beam equation becomes a parabolic equation (see, for instance, [I3]). In a previous work [I1], we have replaced
the damped beam equation by a heat equation and we have shown the corresponding controllability result.
The proof done here is inspired by our previous work, and in particular, in the proof of the observability, we
first apply results on the heat equations to the fluid velocity by considering the pressure as a source term, (in
the spirit of [I7]). Then, we estimate the pressure by using that it satisfies a Laplace equation. Since the
boundary conditions of this Laplace equation are difficult to handle, our estimates on the pressure depend on
the boundary value of the pressure and more precisely on the high frequencies of the pressure on the boundary
of the fluid domain. To conclude, we apply some energy inequalities combined with a high frequency argument
in the horizontal direction to estimate these high frequencies. Using the microlocal analysis near boundaries
and interfaces to derive Carleman estimates and to show the controllability of coupled parabolic systems is
quite standard and one can quote for instance [7], 6, [10, 24} 27, 28] 29] and the recent books [25] [26] for elliptic
counterparts).

One of the main differences with [II] is that we work here directly with the time variable whereas in
the previous work we show a spectral inequality and then use an abstract method ([30, B1]) to deduce the
corresponding observability inequality. Here we do not follow the same approach since it uses that the main
operator of our system is self-adjoint, and here our main operator is not self-adjoint or even a perturbation of
a self-adjoint operator as in the framework considered in [30]. A consequence of working directly with the time
variable is that the separation between low and high frequencies is done through a pseudo-differential operator,
which symbol depends on time, and in particular we need some standard commutator estimates from these
operators in order to handle the high frequencies.

Remark 1.3. With respect to [11)] or to the stabilization result [1l], one should expect to obtain the controllability
of or of without any control on the beam equation (g =0). However, with our present approach, it
seems difficult to handle the elastic displacement without any observation on the beam equation. Fven with the
presence of two controls, a particular treatment of the coupling between the pressure and the elastic displacement
in the proof of the observability is needed. Concerning the particular geometry, we are using it several times in
order to simplify several proofs but the corresponding result in a general geometry should hold even if it is not
a direct consequence of our work.

We deduce from Theorem the local controllability of (|1.2):

Theorem 1.4. Assume T > 0 and that w € Q and J € Z are nonempty open sets. There exists Ry > 0 such
that for any ¢V € D(A‘;’/4), Qe D(A}M), w’ e HI(QC?) satisfying

divu’ =0inQ, w’=0o0nTy w'(x, 1+ (x1)) = (x1)ex (z1 €7T), (1.15)

and
HC?HHS(I) + HCSHHI(I) + HwOHHl(QCO) < Ro, (1.16)
1

there exists a control
(f,9) € L*(0,T; L*(w)) x L*(0,T; L*(J))

such that the solution of (L.2)) satisfies
CT,)=0, 0T, )=0 inZ, w(T,)=0 1inf.

The proof of Theorem is quite standard from Theorem we need to estimate the coefficients of the
change of variables and use a fixed point argument. Similar procedure is done to show the well-posedness or



the stabilization of the system. We only sketch the proof of Theorem [I.4] the details can be found for instance
in [47], [1].

The outline of the article is as follows: in the next section, we complete the functional setting needed in this
article, introduce the Carleman weights and some classical results on pseudodifferential operators. Section
is devoted to Carleman estimates: a Carleman estimate for the heat equation, a Carleman estimate for the
damped beam equation and a Carleman estimate for the pressure. Gathering them yields an estimate of the
fluid velocity and pressure and of the elastic displacement by terms localized in w or in J and by high frequencies
of the pressure on the boundary. To get rid of these last terms, we show in Section [] high frequency estimates
using the Stokes system. This allows us to show the observability inequality in Section [5] We give the sketch of
the proof of Theorem in Section [6] Finally, in Appendix [A] we recall some technical results concerning the
Carleman estimates of Section [3

Notation 1.5. In the whole paper, we use C' as a generic positive constant that does not depend on the other
terms of the inequality. The value of the constant C may change from one appearance to another. We also use
the notation X <Y if there exists a constant C > 0 such that we have the inequality X < CY.

2 Notation and preliminaries

2.1 Functional setting
We complete the notation introduced in the introduction: we consider the control operator for the beam equation:
Bgg = Pz (179)

where Praz(z) : L*(T) — LZ(Z) is the orthogonal projection. With the above notation and (T.9), (1.10), the
beam equation in (1.5 writes
97C + A1 + A20:¢ = Prazym + Byg.

We also consider the orthogonal projection on the space H defined by (1.11):
P L2(Q) x D(AY?) x LE(T) = H.

We recall (see, for instance, [T, Proposition 3.1]) that the orthogonal of H in L*(Q) x D(Ai/z) x L3(Z) is given
by

HE = {(Vp,0, Paypir,) 5 p e H'(Q) ). (2.1)

Then we define the space
V= {(u, m,n2) € HY(Q) x D(Ai’M) X D(A}M) ;u=1mea0only, u=0onTy divu=0in Q},

and the unbounded operator A associated with (1.5):

u Au
D(A) ==V N [HA(Q) x D(A1) x D(A?)], A |mi| =P 7
T2 —Aim — Aanp

It is shown (see, for instance, [I, Proposition 3.11]) that A is the infinitesimal generator of an analytic semigroup
on H. We have in particular that if F € L*(0,T;H), ® € V, then there exists a unique solution

® € L*(0,T;D(A)) N C°([0,T]; V) N HY(0,T;H)

to
%‘f =AD+F in (0,T), ®(0)=a° (2.2)



and we have the estimate

”(I)”Lz(o,T;m(Q)xD(Al)xD(A}/z)) + ||(D||H1(0,T;L2(Q)xD(A}“)xL%I))

0
S/ ||F||L2(0,T;L2(Q)XD(Ai/z)xLZ(I)) + H(I) ||V . (23)
Finally, we consider the control operator:
Lo f
B {J;] =P | 0
Bgg
Using the above notation and (2.1]), we can write (1.5 as
dlw w s w w?
Gle|=alcl sl won. | clo-|g|. 2.4)
218 218 218 ¢s

We say that the above system is null-controllable in time 7" > 0 if for any [wo, S ] € H, there exists a
control [f, g] € L*(0,T; L*(w) x L*(J)) such that the solution of the above system satisfies

w
¢ | @-=o.
¢
A classical result (see, for instance, [52, Theorem 11.2.1, p.357]) states that the null-controllability is equivalent
0
u
to the final-state observability of the adjoint system: there exists kr > 0 such that for any |7?| € H, the
o
solution of
PR U u u®
o |m| =A m| i O.T), |m 0) = |-m (2.5)
2 2 2 nS
satisfies
2 2
u T u
m| (@) <k / B* [m| (t) dt (2.6)
"2 M ’ "2 L2(w)x L2(J)
One can show that
U Au
D(A") =D(A), A" |m|=P —12
2 Ainy — Aanp
and
v u
B* |m| = [TI w].
"2 217
Setting 7 = —n1 we see that ([2.5)) writes as (1.12)) or in the following abstract form
d | u u u®
Sl | =A| | wOD), | n|0)=]mn]. (2.7)
O i i 1

The observability inequality (2.6 writes as (1.13]).



2.2  Weight functions for the Carleman estimates

We consider nonempty open subsets Jy € J and wy € w and (see, for instance, [I8, Lemma 1.1], [52], Theorem
9.4.3]) two smooth functions 17 and g satisfying

wr>0inZ, Yr(x1) =0= 21 € o, (2.8)
Yo >0in Q, ¢Yo=0and d,0qg =—1o0n9Q, Vig(x)=0= 2 € wy, (2.9)

with
JE€J, wyEw. (2.10)

In fact, using our particular geometry, one can show directly the existence of such functions 1z and 1q. We
set 1(z1) = 2 + sin(z1) and we consider 12 € C*°([0,1]), odd, ¥2(x2) = z2 in a neighborhood of 0, and
Ph(xe) = 0 & w9 = 1/2. We also consider § € C*°(R) with compact support in (0,1) and such that 6 =1 in a
neighborhood of 1/2. Then for € > 0 small enough,

Ya(1, w2) = Ya(2) + e0(x2)1 (21)

satisfies {b?z > 0 in Q, % = 0 and Bn% = —1 on 99 and it has only two critical points: (7/2,1/2) and
(=m/2,1/2). By a change of variables on ; and on 9gq (see, for instance, [52], Proposition 14.3.1]), we obtain

functions ¥z and ¥ satisfying (2.8) and (2.9).
We also denote by ¢ the function defined by

0(t) = (T —1). (2.11)

Let us consider ¥ := ||¢I‘|Loo(z) + ||1/)QHLOO(Q) and for A > p > 0, let us define the following functions

1 1
o(t, z1,20) 1= ﬁ(ekwn(m,mz)—i—m/)z(m)-&-S)\\I/ _ elO)uI/)’ E(t, w1, @0) 1= jekwn(m,m2)+/ﬂ/11(9?1)+8)\‘1/7 (2.12)
((t) ((t)
1
QD[)(t, Z‘l) = g(t)Q (euiﬂz(fl)"‘S)\‘P - 610)\‘1/)? fo(thl) = ((t)2eu’¢lz(ml)+8)\‘1/. (213)
We also define for A > p > 0 the function
(e, @) = Svz(a) + daler,a2). (2.14)

2.3 Spatial truncation

In order to use pseudodifferential operators in the x; variables, we consider that our functions are 27-periodic
functions defined in the domains

Q% :=Rx (0,1), Tg:=Rx{0}, TI'{:=Rx{1}.

In the adjoint system (|1.12]), we also replace the pressure pg that satisfies (1.8)) by a pressure p satisfying another
condition. More precisely, we consider w; an open set such that wy € wy € w and we define

cp(t) == 7/ po(t,z) dx

and
P = Do —|— Cp. (215)
Then the pressure p verifies the condition

/ p(t,z) dz =0 1in (0,T). (2.16)

1



We consider x*° € C*°(R; [0, 1]) with compact support and such that x> =1 in [0, 27]. We set
u™ = x"u, p*=xTp, 9™ i=x"n. (2.17)
Then we deduce from ((1.12)) that

Du™ — Au™ + Vp™ = fBin (0,T) x Q*,
divu™ = f@ in (0,7) x Q>,

2.1
u* =0 on (0,7)xTg, (2.18)
u™ = 0n> ez on (0,T) x I'?°,
and
Ap™ = @ in (0,T) x Q*, (2.19)
where
FO = = () = 2(x®) Opyu+ (x) per, fO = () wr,  fO = () P+2(x) Oayp. (2:20)

2.4 Pseudodifferential operators

We consider a parameter 7 > 1 and an order function

A(k) =2+ k2 (keR), (2.21)

where k corresponds to the Fourier variable associated with z;. For m € R, we denote by S”" the space of
complex smooth functions a = a(z1, k,7) defined on R x R x [1,00) and such that for all «, 5 € N there exists
Caﬁ >0

0% 0l a(xy, k, T)‘ < CapA"P(k) ((21,k,7) € R x R x [1,00)). (2.22)
For instance, we have A”" € 87" and for any C' € R, the function

72 - COk?

(k’T) = 7_2 + kg

is in 8°. We also recall the following classical lemma (see, for instance, [25, Proposition 2.3] or [22} p.73, Lemma
18.1.10] in the classical setting)

Lemma 2.1. Ifa € S? and xo € C®(R). Then xo(a) € S°

p
From a € S", we can define the following operator on the Schwartz space on R :

[Op(a)u] (z1) := 2i //}R2 e @ =y gz k, Tu(yr) dydk.

™
We can also extend this operator to the Schwartz space on [0,7] x R x [0,1] by a similar formula:

1

[Op(a)u] (t,z1,22) := Gy //2 eik(“*yl)a(xl,k,T)u(t,yl,xg) dy,dk.
R

From symbolic calculus, we have the following results (see, for instance, [25, pp.27-28, Theorem 2.22 and
Corollary 2.23])

Theorem 2.2. Let m,m' € R and let a € ST*, b € ST,. Then there exist ¢ € S:“””l and d € STJFm,*l such
that

Op(a) © Op(b) = Op(c),  [Op(a), Op(b)] = Op(d).



We can extend the operator associated with a symbol of order m to Sobolev spaces. For instance we have
the following result (see [25] p.29, Theorem 2.26])

Theorem 2.3. Let m,m’ € R, and let a € S™. Then, Op(a) : H™*™ (R) — H™ (R) and if m,m’ € N, we

have o ) .
Z [ Op(a)“Hm(R) N Z T HailuH[?(]R) :

irj<m’ i+j<m+m’

In what follows, we assume that the parameter 7 is related to functions defined in Section [2.2] through the

formula
SAeSAE

T:=7(t) = ZOR (2.23)

In particular, 7 is a function of time and there exist s > 0 and Ao > 0 such that if s > soT* and A > Ao, then

> 1. (2.24)

-
T > X
Remark 2.4. Due to (2.23), the symbols in ST* depends on the time variable through the parameter . The
continuity estimates of Theorem [2.3 are uniform with respect to T, and thus with respect to the time variable if
it only appears in the parameter 7. In what follows, some symbols may depend on time, but not as a function

of T, this occurs for instance when considering ;7. In that case, we always decompose such symbols in terms
of the form b(t)a(x1,k,T) where b is a bounded function of time, and a € S".

An important example of symbol used in what follows is a function of the form

T Ck2>

xX(7,k) = xo (7'2+k2

where C'is a constant and xo € C*°(R). From Lemma we have that y € S and one can check that

(021, Op(X)] = [0z,, Op(X)] = 0.

Moreover, we have the following result on the time derivative of x:

Lemma 2.5. Let x be defined as above. Then

/

2q—2
Orx € ()\5)1/27287 .
Proof. By standard computations and (2.23)),
72 — Ck?\ 2(C + 1) k270, 7 sAeBMY
atX(Tv k) = X6 < 72 ¥ k2 ) (7_2 N k2)2 5 at'r = —24/ 73 (225)
We have
AN 3/2
<
ES (S}\)1/2
so that using Lemma[2.I and Theorem [2.2] we deduce the result. O

10



3 Carleman estimates

In this section, we show a Carleman estimate for the solutions of (1.6). Using the weights introduced in
Section we define the following weighted integrals:

(s, Aum) = A / / 2590 (510600012 1 $8¢810,,m1% + 568 (12,0 + |0en[?)) dt dary
(0,T)xT
+ /\// eZseogted (\8217]|2 + |8I18t77|2) dt dz;
(0,T)XT
3 [[[ g (ohnl + 100l + Gl oo
(0,T)XT

+>\//(OT) K (102,017 + 02001 + 10002, n[?) dtdar, (3.1)
T

Iy(s,\u) := // AN (|V2ul® + (8pu)?) €% dtda + // s2\1E2e25° | Vu|? dt do
(0,T)x%2 (0,T)x$

+// sIA0¢ e |u|? dt dx, (3.2)
0, T)xQ2

and

I3(s,\, p>) := // sPAAE3e252|p™|? dt da + // sA2e?5°|Vp™|? dt dx
(0,T)xQ2=° (0,T) xQ2e°

+// $SA3E 590 |p>|? dt day +// SAEe?*%0 |8, p°| dtdxy. (3.3)
(0,T)x 90> (0,T)x 90>

Remark 3.1. The above quantities depend also on p but since we will fiz the value of 1 = po after Section[3.1]
we suppress reference to it in the notation.

For pg > 1, we set

K, = etomax¥z | . gHomingz (3.4)
In particular, with the definition (2.13]) of £, and the definition (2.23)) of 7, we have
K 1<s Ny < K,T. (3.5)

Using Lemma [2.I] we can define the following symbol of order 0:

2 _ 4K4 g2
- gk 1 in [3/4,00)
k) := - sY ith C>®(R;[0,1 h that yo = ’ . (36
xX(7,k) == Xxo e €8;, with xo € C*(R;[0,1]) such that xo {0 in (—00,1/2) (3.6)

The main result of this section is stated below:

Proposition 3.2. Assume Jy € J1 € J and wg € w1 € w. There exist ug > 0, A\g > 0 and sg such that for

p=po, A= Ao and s = so(T? +T*), any smooth solution [u, po,n] of (L.6) satisfies

Ii(s, A\, n) + Ia(s, A, u) + I3(s, A, p™) < )\// e?%0 (s'9¢3% | + s2€3|07n|?) dtdzy
(0,T)x T
+// e (s"N0¢Hu)? dtdz + s*AE3p™|?) dtda
(0,T) xwy
+ / / 7102, Op(1 — x) [¥9°p™])* dtdxzy, (3.7)
(0,T) x 92>

where p*>° is given by (2.15) and (2.17)).
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In order to prove Proposition [3.2] we first combine a Carleman estimate for the fluid velocity and a Carleman
estimate for the elastic deformation (see Section and Section . Both estimates contain pressure terms in
the right-hand side and to estimates them, we perform a Carleman estimate for the pressure in Section In
this last estimate, we need to put in the right-hand side the trace of the pressure at the boundary, microlocalized
in the high frequency regime.

3.1 A Carleman estimate for the elastic deformation

In this section, we obtain a Carleman estimate for the elastic deformation, mainly based on the results in [40].
This is the only part of the work where p > pg, after this, we will fix g = po in the weights ¢, &, pg,&. To
avoid introducing many notations, we keep the same notation g, sg, A9 during the proofs, but their values may
change from one appearance to another.

First, we deduce from the definitions , the existence of pg such that for A > p > po, t € [0,T] and
z1 €Z,and a > 0,

05 ol 105 6| Su (k=1), 0,09 po|+]0:05 S| < Th &/, 0705, wo|+|07 05, &0 < T?u &5 (3.8)
Moreover, there exists po such that for A > p > o, for ¢t € [0,T] and for 1 € T\ Jo,

(€0 S 10n ol 120 S 92 0. (3.9)

With these properties, we can obtain the following result which is proven in [40]. More precisely, the Carleman
estimate below is obtained in [40] with slightly different weights but the author only uses the above properties
in his proof. For sake of completeness, we give in Appendix a sketch of the corresponding proof.

Theorem 3.3. Assume r € R and Jy € J1 € J. There exist constants sqg > 0 and pg > 0 such that for any
smooth function n, for any s > so(T? +T*), and for any X\ > u > po, we have

// 62&% (827«+7u2r+8§3r+7|n|2 + 82r+5u2r+6§gr+5|amln|2) dt diL‘l
(0,T)xT
+ // 625¢082r+3ﬂ2r+4£§r+3 (|a§1,’7|2 + |at77|2) dt dxq
(0,T)xT
Jr// 2890 g2l 223l (193 112 119,80, n[%) dt dy
(0,T)xT
" // 2500 g2 =1 2re2r =1 <|3;1177|2 + 10292 + |3t<9§177|2) dt dx4
(0,T)xT
S ‘s ‘s T 2
5// 2P0 22 e2 | (97 + 9L — 92, — 0,02 )n|” dt day
(0, T)xT
+// 24T 282 T 25002 gy gy (3.10)
(O,T)le

As a corollary, we have the following result

Corollary 3.4. Assume Jy € J1 € J. There exist constants so > 0 and pg > 0 such that for any smooth
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function n, for any s > so(T2 + T4), and for any A = p = po, we have

/ /( g G S GO + W7 (9217 + 100 v
,T) %
+f /( g S (0 + 190,000 v
0,7)x
[ e (e (ot 12+ 98) (95,01 5 10700, + 0002, ) e
T %
</ /( 00 0F — 3, 4 0L, — D P ey
0,T)x
[ e (NGO + et lofl?) deder. (3.10)
(0,T)xJ1
roof. We first apply eorem (3.3 to 0z, n with r = and with an open set J> such that Jy € J2 € J1 :
Proof. We fi ly Th 3.3 to 9,1 with r = 1/2 and with Tz such that Jo € Jo € J
//( | 1628”’0 (s°17€810z, > + $° 1" €810% ml? + 51 €G (105, 11 + 10602, m|?)) dt day
0,T)x
s 2
[ (g okl + 10020) 4 (00" + 15F0unf + 100 mF) ) e
T %
S [ st |0@F + 3t 02, - 0 f* v,
(0,T)xT
—|—// B u2e8e?s0 |0, m|* dtdey.  (3.12)
0, T)x T2

Then, we use a Carleman estimate for the gradient operator (see, for instance, [I4, Lemma 3]): there exists
5o > 0 such that for any smooth function ¢, and for any s > soT*,

// ST+2MT+3£6‘+262$¢0<2 dt d.’l’;l < // ST+2MT+3£6‘+262$¢0<2 dt de‘l
(0,T)xXT (0,7)x T2
+ / / s G e 0 (0, 0)? dt day .
(0,T)XT
This Carleman estimate, combined with (3.12)), yields that for s > 80(T2 + T4),
// 20 (s n? + P 100, nl* + s°uTES (102, + 0iml?)) dt day
(0,T)xT
+ // e25%0 (84u5§§ (|5§’177|2 + |8z18t77|2)) dt dzy
(0,T)XT
2
b [[ e (23 (100l + 10.0% 0 + (920 + (|02l + 0F0uinl? + 05 ) di
(0, T)xT
S // %50 510| 0y, (07 — 02, + 03, — 0,02 )n|? dt day
(0,T)xT

4 //( L 4 s 0 ST PR ddes (313)
0,T)xJ2

Then proceeding as in [40], one can absorb the local terms in 9,,7 and in 9yn by using a cut-off function and
integrations by parts and we deduce the result. O
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3.2 A Carleman estimate for the velocity

From now on, we take y = po as in Theorem and take A\ > pg. The constants that follow in the article may
depend on 9. We have the following standard Carleman estimate for the heat equation (see, for instance, [18]
or [I6]). For sake of completeness, we also give a sketch of the proof of the following result in Appendix

Theorem 3.5. Assume p = py and wy € w1 € w. There exist sg > 0 and A\g > 0 such that for any A = A
s> so(T? +T%), and for any smooth function u such that

u=0 on(0,T)xTy, wu; =0 on(0,T)xTy, %:0 on (0,T) x T'y,

we have

// (IV2ul? 4 (8pu)?) €% dtdx + // s2N2E2e252 | Vu|? dt dr + // s\t |u|? dt dx
(0,T)xQ2 (0,T)xQ2 (0,T)xQ

< / / sE€2°% (8 — A)u)? dt dx + / / st |ul? dide.  (3.14)
(0,T)xQ (0,T) xw1

3.3 A Carleman estimate for the pressure

In order to obtain a Carleman estimate for the pressure, we use that from , the pressure pg is harmonic in
Q. We recall that p* is defined from pg by and . In particular, it satisfies the Laplace equation
but without any explicit boundary condition. Thus in our Carleman estimate, we keep in the right-hand side a
boundary term microlocalized in a high frequency regime (represented by supp(1 — x), with x defined by )
We recall that 7 is defined in .

Proposition 3.6. Assume p = pg and wy € wy € w. There exist sg > 0 A\g > 0 and C > 0 such that for any
s> s50(T? +T%), A\ > \g and for any smooth function p, the function p™ := px*> satisfies

// $3N1E3e252 > |2 dt da + // sA2Ee**P|Vp™|? dt dx
(0,T)x Qe (0,T)x Qe

+ // SA3EBe?5%0 |p®)? dt day + // SAEe?*?0 |0, p™°|? dt day
(0,T)x 90> (0,T)x 00>

<C // 2P| Ap™|? dt dx + // sSNE3e252|p™|? dt dx
(0,T) x> (0,T) xw1
+// 7105, Op(1 — x) [e¥?°p>]|? dtdxy | . (3.15)
(0,T)x 90>

Proof. We start by a standard Carleman estimate for p™ in 2°°, using that x°° has a compact support. First,
we set,

q=e¥p™
and we perform standard computations (see, for instance, [16], [31], [25, pp.106-117]), to obtain the existence
of positive constants ¢, C, 5o such that for s > so(T2 4+ T%),

1
c// (33/\453q2 + s\ |Vq]* + = |Aq|2> dt dx
(0,T) x Q2o s€

+ // <—33A3g3 |V ‘lq2 — 2sX2¢ [V ? @q — 25AEVY - vq@ + s)\ga—w |Vq2> dt day
(0,T) x99 on on on on

<C // (—Ap)® e*s¢ dtd:c+// AN dx | . (3.16)
(0,T)x Qe (0,T) xw1
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From (2.14) and (2.9)), we have

oy o
¥ _ M 9 _ 0,
8x1 ,(/)17 on on 9
Thus there exist A9 > 0 and so > 0 such that for A > \g, s > so(T? + T*), we have on (0,T) x 9,
N [ U2 asxe VUl Oy —20aevi - Vg oL 4 2 02 vy
2
q 9q 9q dq
=g [Vl - xe (52) - one (8331) — 25 VU1 2L — ooty S L 21

1 1 dq 2 0q 2
S 133332 2 oq\ 99y )
Z3° AGod” + 28)\&) (5‘n> 2570 <8x ) (3.17)

1

Let us denote by g the Fourier transform of ¢ in the x; direction. Then by using the Plancherel theorem, there
exists ¢ > 0 such that

a 2
/[ ) . (;s?’)\?’fg(f — 28)\50 (8;]1> ) dl'l dt 2 C/A ) - T (Ki 2 4K+k2) ‘61\12 dkdt
0,7)x Rl 0,T)x oo

and thus, there exist two constant ¢, C > 0 such that

// Lonsedg? — 25 ( % > da; dt+0// (1—x)2rk? (g dk dt
(0,T)x00% \ 2 Oxq (0,T) x 90

> c// 7 (T + k) g dkdt. (3.18)
(0,T)x8Q>

Using again the Plancherel theorem, and combining the above relation with (3.17) and with (3.16]), we deduce
the result. O

3.4 Gathering the Carleman estimates

We are now in a position to prove Proposition [3.2]

Proof. Assume that (u, pg,n) is the solution of (1.12)). We consider p defined from py by (2.15) and p> defined

from p by (2.17). We apply Corollary Theorem and Proposition and using that Vpy = Vp, we
obtain the following relations for I, I and I3 (defined by (3.1)—(3.3)):

Li(s,\,n) < // 62S‘P°s)\§0|8xlp|2 dtdri + )\// 2o (sloﬁéo\mz + 82§§|8,52n\2) dtdzy, (3.19)
(0,T)xT (0,T)x 71
L(s,\u) S // sAZEe?*? |Vp|? dt dx + // sI\6¢1e25P |y dt da, (3.20)
(0,T)xQ 0,T)xwy
and
I3(s,\,p™) < // 22| )2 dt da + // $3N1E3e252|p>|? dt du
(0,T)x Qe (0,T) xw1
+ // 190, Op(1 — x) [*0p]? dtdar. (3.21)
0,7) x92%°

Then, we can estimate £ by using (2.20) and we deduce that
// 22| fO)2 dt de < CA2I5(s, A, p™).
(0,T)x Qe

Using that x> = 1 in (0,27) x (0,1), and taking A > A\g with Ao > 0 sufficiently large, we can combine the

three Carleman estimates (3.19)—(3.21)) and the above relation to obtain (3.7)). O
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4 High frequency estimates

In this section, we eliminate the last term in by showing high frequency estimates for u and p. The method
used here is the same as the one used in [II]. We conjugate the system with e®#° using that the spatial
derivatives of ¢q involve only powers of pg that is fixed, instead of powers of A for the spatial derivatives of .
This allows us to perform energy estimates of the Stokes system, by considering all the terms coming from the

conjugaison as lower order terms in the high frequency regime.

4.1 Estimates from the Stokes system
We recall that u*°, p> and n°° are defined in (2.17)) by using the function x*°. We introduce
X* € G (R,[0,1]), X* =1 in suppx™.

Then, we set

= e®Pou,  pi=e®fop™ 5= e
u:=0p(l—x)i, p:=O0p(l-x)p, 7:=O0p(l—x),
> = X*Op(l —x)a, p>:=x>*O0p(l-x)p, 7 :=X>O0p(l— X))

(4.1)

(4.2)
(4.3)
(4.4)

Our aim is to estimate p (see (3.7)) but we need to use X*° to work on a bounded domain and to apply the
elliptic regularity of the Stokes system. In order to estimate p, we use that, with our choice of truncation

functions, we have the relations
p=p"+[1-X>,0p(1 - x)]p.
Then, using the commutator property in Theorem [2.2] we can estimate p from p™ and p.

Using (3.5)), (2.12) and (2.13]), we have

T <8, TS SAL.

This leads us to define (see (3.1)—(3.3))
Ii(s, A7) == // (A2 £ AR 0, 07 + AP0 (102,97 + |0ui|?)) dt day
(0,T)xZ
w0+ fon,00?)) deda
(0,T)xT

e[ (e a2 aP + R+ ) (jo20
(0, T)xT

2 ~ -~
1020, 11° + 10,082,717 ) dt day,

Is(s, \ @) == A2 // (IV2af? + (9u)* + 72 |Va|® + 7*al?) dtdz,
(0, T)xQ

and

T Ap = A [[ (P eV deds+ [ (72 52 + 7100, 5?) dt .
(0,T)x Qo= (0,T) x9Qr>°

Noting that
I4(87)‘777) S;Il(sa )‘777), -[5(87)‘7{1‘) SIQ(SvA,U)v IG(Sa Avﬁ) 51—3(8) Avpoo),

we deduce from (3.7) that
La(s, M) + I (5, 0, 1) + To(5, 0, ) < A / 250 (S0l 1 2E2102P2) dt doy
(0, T)x T

+// ¢ (s"\S¢Mul? dt do + X3 |p™|?) dtdm—i—// 7100, p° dt day.
(0,7) xw1 (0,T) x 92>

The aim of this section is to show the following result:
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Proposition 4.1. There exist Ay > 0 and so > 0 such that for A > Ao and s > sO(T2 + T4), any smooth
solutions [u, po,n] of (1.6) satisfies

Iy(s, A1) + Is(s, A i) S )\// 5?0 (s'0¢3°n|* + s*€5107n|?) dt day
0,7 le
+// e?*% ("N u|? dt dz + s*A1E3p|?) dtdx, (4.9)
(0 T)le

where 7 and U are defined by (4.2) and p is defined by (2.15)).

Before proving Proposition let us first introduce some preliminary results and notation. Recalling that
X is defined in (3.6]), we deduce that if x # 1 then

T < k| (4.10)
This yields the following semi-classical trace inequality:

Lemma 4.2. There exists so > 0 such that for any s > soT* and for any f € H(Q>),
71/2 ||Op(1 - )f\amo HL2(aQ°°) S ||VOp(1 - )f||L2(Qoo) :

Proof. We write g := Op(1 — x)f and

1
g (21,1) = g*(z1,22) + 2/ 9(21,Y2)02,9(x1,y2) dy2

T2

so that
2 2 2
T/oo gle1,1)? doy <7 ||g||L2(Q°°) + 27 ||g||L2(Q°°) ”aJEQQHLz(QOO) < (1 +477%) ||g||L2(Q°°) + ||azzg||L2(QOO)
1

and we conclude by using (4.10). O
In particular, using Lemma we can estimate the last term of (4.8)) as follows:

_ 2 ~2
// T ‘8zlp|anm} dtdzy S [|VO0u Dl 720,112 () - (4.11)
(0,T)x 90>

We have also the following result that will allows us to estimate boundary terms:
Lemma 4.3. There exists so > 0 such that for any s > soT* and for any f € H*(R),
10p(1 = X) fll goremy ST e HOp (1- 8911fHL2(]R)

Proof. Denoting by fthe Fourier transform of f, we have
10D = ) ey = [ (1 )21 = x(rb))? )

and by using (4.10]), we deduce the result. O

In order to estimate p (and prove Proposition [4.1)), we consider the system verified by u*> and p*: from

(2.18)), we have
2 — Au™ +Vp© = fM in (0,T) x Q*°,
diva™® = f@ in (0,T) x Q*,

=0 on(0,T)x I, (4.12)
°°:h on (0,T) x I't®,
u>(0,) =u>(T,) =0 in Q,
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where

f(l) =X Op(1 — X)es“""f(l) + (80ip)u™ — s (851900) ™ + s? (6w1<p0)2 U™ — 280y, o0z, U™ + sViop™
+ | —(5ep0) + 5 (92, 00) — 8% (D2, 00)” + 280, 000,, X Op(1 — X) | @
+ [=5Vipo, X Op(1 — x)]p — X Op(@x)it — (X°)" & — 2 (X™) 0o, i + (X°) Pe1, (4.13)

F@ =32 0p(1 — x) (e f@) + 58, pous® — [59, 90, X° Op(1 — X)in + (X*°) @, (4.14)

I = X Op(1 — x) (941} — 5 (Depo) 7). (4.15)
We also define

1@, 5) := 110605, 20,712 (0) + 102812 0,712 0)) + 1V Bl 720,72 (0
+ 1700 2 0,7, 1220y + ||T3ﬂ||2L2<o,T;L2<nx>> + ||72311m|2L?<o,T;L2<Q°°>> + ||78§1a||iQ<O,T;L2<Q°°>>
+ HTaM8ﬂ72a||2L?(0,T;L2(Q°C)) + ||Ta§2a||iQ(O,T;L2(Q°°)) + ||T28I2a||iZ(O,T;L2(Q°°))
782 02120y + IV 20 rip2(yy - (4:16)
From relation , we have
T(0.5) £ 1000, 0 0y + 100, 20 ) + 1900 B0 rsn2 00 - (417)
We have the following a priori estimate on .

Proposition 4.4. There exist Ay > 0 and so > 0 such that for X > Ao and s > sO(T2 + T4), any smooth

solutions [u, po,n] of (1.6) satisfies

2 2 2

_|_
L2(0,T;L%(2%))

2

1(,5) 5 |

By, f(l)}

By, [ ’

|

o, f® ‘

L2(0,T;H (2°°))
2

L2(0,T;L2(Q2))

+>‘71 (15(57)‘371) +Iﬁ(57>\aﬁ))' (418)

+|
L2(0.TLA(TF)

azjl‘

+ Hfl/?atazﬁ

L2(0,T;H3/2(I'5°))
Proof. First, we differentiate (4.12]) with respect to x1:

0y0, U — ADy, U™ + VI, 5 = 0, f1) in (0,T) x O,
div 8, 0™ = d,, f® in (0,T) x Q>,
9,0 =0 on (0,T) x I, (4.19)
8y, U™ = By, hes  on (0,T) x T,
0, 0(0,) = 0, u™(T,-) =0 in Q.

Let us consider a bounded smooth domain Qf C Q% containing supp x>® x (0,1). Let us also write

i 9z,u™ =0 on (0,T) x (I \T{°),
05, U™ = Oy hes on (0,T) x (90T NT).
Using [35, p.33, Theorem 7.5, there exists H € H?({(z1,22) € R? ; 25 < 1}) such that H = Dp b on TS
Multiplying H by an adequate cut-off function we deduce the existence of H? € H? (Qh) such that H* = h¥ on
A0, Therefore h* € H3/2(89h) and we have the estimate

Op,

||hhHH3/2(am> N ) ‘Hsﬂ(rfo)'

18



With the above notation, we deduce from [19) that (9,,u>,d,, p>) satisfies a Stokes system in Q%:

— A8 U + VO, 7 = 0y, [V — 8,0,,7 in (0,T) x QF,
div 9, 0™ = 9, f*in (0,T) x O, (4.20)
Dy, U = h% on (0,T) x 9QF.

Using the elliptic regularity of the Stokes system (see, for instance, [49, Proposition 2.2 p.33]) we obtain

~ 2
~00 (|12 ~00 (12
1005 20,1220y + 1V a0 72200 S [0 T

L2(0,T5L2(2%))
2 |

By, [ ‘

JUN.
F 10000, u™ 20,7522 () T+ ‘

a,ﬁ‘ . (4.21)
L2(0. T (2) L2(0.TH/2(15°))

On the other hand, by multiplying the first equation of (4.19) by 0;0,,u and integrating by parts, we deduce

T
/ 100, 5% (|72 ey dlt+ / / O, D15 010, h dydt + / / 92 p>0,fP dtdx
0 (0,T)xT'§° ! (0,T)x Qo

://(0 . 0o, V) - 0,80,,0% dadt.
,T) X 1o

The above relation yields that for any € > 0,

2

~oo 12 2
||3t5mluooHL?(O,T;LZ(Q“’)) Se ||V8w1m||L2(

1/2 ~00
0.1:2(0)) T € HT O ‘ L2(0,T;L%(T5))

Ly 77 L 129 9 717 F|?
+ = o] = |7 200, 7 + [0, 70| .
€ L2(0,T;L2(Q%)) € L2(0,T;L2(T'5°)) L2(0,T;L2(2%))
We deduce from the above relation, from (4.4) and from Lemma [4.2] that
o012 12 2
|0:0z, @ HLZ(O,T;L2(Q°°)) Se ||Vaw1p||L2(0,T;L2(Q°°)) te Hp||L2(O,T;H1(Q°°))
1 12 1 2 2
+- ] o | - HT‘1/28t8m1h’ +| 8$1f(1)’ . (4.22)
g L2(0,T;L?(Q2>°)) g LQ(O,T;LZ(FfO)) L2(0,T;L?(Q2>°))

Now using (4.1) and (2.17)), we have
V20,0 = V20,0 + V20,, [(1 — X*°),0p(1 — )] @.

Since, (1 — x>),1—x € SY, we deduce from Theorem and Theorem that

2 oo (12 112
Hvzarlunm(o,:r“;w(goo)) S ||V23m1u HL2(07T;L2(Q°°)) + ||7_2UHL2(07T;L2(Q°°))

-2 -
+ 17Vl L2007, 1200y + ||V2u

2
L2(0,T;L2(2%))

Using the compact support of x°° and the periodicity of ue®#°, we deduce from the above relation and from
[8) that
24 ~2 29 ~ooll? -2 ~
v 8061“HLz(o,:r;LZ(Qoo)) S [[V20r,u HL2(O,T;L2(Q°°)) + AT s (s, ). (4.23)

Similarly, with (4.7), we have

~1(2 ~o0||2 - .
||Vaxlp||L2(o,T;L2(Qoo)) SIVOe,p ||L2(0,T;L2(Q°°)) + A (s, A, ). (4.24)

Finally,
040 U = 0402, U™ — Og, [1 = X, Op(Oex)]t + Oa, [1 = X, Op(1 — X)] 0y,
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and from Lemma [2.5]
A
atX S WTQ S‘r'

In particular, if s > T2, we can combine the two previous relations with Theorem n and Theorem - 2.3 to obtain

Hatamﬂ”i?(o,:r;[,?(goo)) ~ ||at xl ||2L2(07T;L2(Qac)) + )‘72]5(5)\7@)- (4~25)

Combining (4.17)), (4.21)), (4.22)), (4.23)), (4.24) and (4.25)), we deduce the result by taking € > 0 small enough. O

Comblnlng 7 and ., we deduce the existence of A\g > 0 and sy > 0 such that for A > )y and
> s50(T? +T*)

s Aci) + Ts(s A 0) + Tafs A p) + T ) S [ / 2000 (510600112 + 2€21020]%) db diy
OT XJI

+// e (s*XO¢Hu)? dtdz + s N3 [p™|?) dtdx
(0 T)><u.)1

+ [lon 7O

0., 7

8, f \
L2(0,T;H1(Q°)) ‘ of
2 |

L2(0,T:L2(2%)) ) L2(0,T;L2(Q%))

2
n Hfl/?ata%h‘

+ axlﬁ’ . (4.26)
L2(0,7512(05)) L2(0,T3H2/2(D5))

4.2 Estimates of f(l), f(?) and h

To obtain Proposition it remains to estimate the right-hand side of (4.26]). We recall that f(l), f@) and h

are given by (L13), (L14) and (L15).
Combining (3.8]), (3.5)), (2.13) and (2.22), we deduce that for « > 0,

o T7\3/2 2
|8T1<p0 (k 2 1)7 ’atam1‘p0| 5 T (7> ’ |a2 1900| S T2 ()\S) (427)

N)\ S

a a (T 3/2 o 2 qa ’ T 2 <0
81¢06A—S (k> 1), 8t8m1900€€()\8> s, 8819006(2€+3(€))</\8> s, (4.28)

Proposition 4.5. There exist so > 0 and A\g > 0 such that the function f(l) defined by - satisfies for
5> so(T? +T*) and for X > Ao,

Proof. Differentiating (4.13)) yields,

0., 7

<A 7 - N T '
L2(0,T;L2(Q%)) <A <I4(Sa /\777) + 15(5,)\,u) + 16(5,)\7]7) + I(u,m)

6
0p, [V =>"FW (4.29)
where
PO =0, (X2 0p(1 = e 1), (4.30)
F@ .= O, ((s@tgoo)ﬂoo — s (8§1<p0) T + g2 (8951@0)2 U — 280, 00y, U™ + SV@QF’O) , (4.31)
F® = Oy {—(38,5300) + s (3§1g@0) — 52 (811300)2 + 250, 000z, , X°° Op(1 — X)} 1, (4.32)
F(4) = a:vl [_va(h 5200 Op(]- - X)]pv F(s) = _azl (ioo Op(atX)ﬂ) 9 (433)
FO =0y, (= (X)) 0= 2(X®) 0py i+ (X) Pex) - (4.34)
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From (4.30)), we have
FO = 3 0p(1 = x) (00, 00¢™ SV 4 €200, f1) + (X%) Op(1 = e f V.

From (12.20)), (4.27)), the properties of x°° and the periodicity of v and p in the z; variable,

Hs@w <poes“’°f(1 +e%°0,, f 1)‘

+|

eS¢ f 1)‘

L2(0,T;L2(Q%))

S // e?5%0 <2 (|u\2 + 0w, ul* + |p|2) + |02 ul* + |a,31p|2) da dt
(0,7 % (0,27) % (0,1) A

g//(o,T)wa <|a§1a2+( ) |0, | +( ) i|* + |8, 5| +< ) 9| ) do dt.

Since 1 —x € 8Y (see Lemma, we deduce from the above estimate, from Theorem [2.3, and from (4.6))-(4.7)),
that

L2(0,T;L2(Q%))

2
HF(U’ L2(0,T;L2(2°)) <A (Is(s, A, @) + Is(s, A, ) - (4.35)

From ([2.24)), (4.31)) and (4.27]), we have for s > sg (T2—|—T4) and A > A,

2
F®| S 5 4+ 10m,0) + 5 (102, ] + 151+ 10:.,51) (4.36)

and thus with (4.16)),

2 ~
HF<2> ] 2211, p). (4.37)

On the other hand, from (4.32)), (4.33),

FO = [—(s0ip0) + 5 (02, 00) = 5% (92,%0)" + 2502, 900r,, X OD(1 = )| O,
+ [~ (50105,00) + 5 (03, 0) — 250, 0003, 00 + 2503, 000, + 2500, 0005, , X Op(1 — x)] @, (4.38)

L2(0,T5L2(Q%))

FW = [—5Vpo, X™ Op(1 = X)), B + [—5V s, 00, X Op(1 — X)]p. (4.39)
From (4.28)),
) 1 A
s (331g00) — 52 (8x1<p0)2 — 280, poik € XSE’ sOupg € 1/2)\83/2
s (321<p0) — 2528x1<p06‘§1<p0 - 23351@02'/% — 250, pok? € )\ST7 $0t0z, 00 € 1/2/\83/2,

1
—sVpg, —sV 0, o € XSL

so that, from Theorem [2.2] E Theorem [2.3 ﬂ and ( -7

=], + e
L2(0,T5L2(2)) L2(0,T;L2(Q))
< % (||7—2a||i2(0,T;L2(Q°°)) + 170z, 70,7120 + ||a§1a”2L2<o,T;L2(ﬂ°c)))
+ % <||13Hi2(0,T;L2(Q°°)) + ||am1ﬁ‘|iz(0,T;L2(Q°°))) 5 % (Is(s, A @) + Io(s, A, p)) - (4.40)
From ,

FO) = 3 0p(9,x)0s, 1 — (X' Op(9px)i. (4.41)
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From Lemma 2.5

so that from Theorem and (4.6]),

2

(0,7 L%Qw)))
<A 2I5(s, N, @), (4.42)

SN (1702 030722000y + 782073220000 + 1122,

=,

L2(0,T;L2(2°))

Finally, from (4.34)), (4.16) and (2.24)),

|7,

*1(@,p).

Gathering (4.29), (4.35), (4.37), (4.40), (4.42) and the above estimate, we deduce the result. O

L2(0,T; L2(Q°°))

Proposition 4.6. There exist so > 0 and A\g > 0 such that the function f(2 defined by (4.14] - satisfies for
s> so(T? +T*) and for X = Ao,

) 8w1f(2)‘ L2(0,T;H'(92)) + H8 f(Z)‘ L2(0,T; L2(Qx)) (14(8 Al) 4 Is(s, A ) + Io(s, A p) + I(u @)
Proof. From
90, f@ =G 4GP + 6B 4 qW, (4.43)
with
G0 1= 0,, (V2 0p(1=x) (D)), G2 1= 0, (500, 0007) (4.44)
G®) = =04, 502, 00,X™ Op(1 = i, GW =0, (X)) (4.45)

From , we have
a — (~<><>) Op(1— ) (esmf(?)) + X Op(1 — X)0s, (esmf(?)) ,
0, GV = ()" 0p(1 =) (€ ) +2(F) Op(1 = ), (5 FP) + X Op(1 = )2, (705,

0 GY = (X) Op(1 = x) (€500, @) + X Op(1 = ), (€700, fP))

with
Dz, (esw f(2)) = 50, 00e>*° f(2) + escpoawlf@)

02, (500 F0)) = 502, 9ot f3) + 5% (D, p0)? €0 fO) + 250, poe*#0 0y, [ + 0002, [12),

Ory (€900,, F2)) = 50, 00¢"0 0y, @) + 900,00, .

The above relations, combined with (2.20)), (4.27), with the properties of x> and with the periodicity of v and
p in the x; variable, imply

V (es®o £(2) ‘ Hvar spo £(2) ’
L2(0,T;L2(Q)) H ( ! >L2(OTL2(Q°°)) 1( ! )

5//(O,T)x(o,zw)x(o,nGQW0 (< ) [ul* +< ) |Vul® Jr| “|2+3z13z21L|2> dx dt
5//<0,T)Xgoo <!V2u} + (3 ) \&t +(A)4|a|2) dz dt.

SLPOf 2)‘

L2(0,T;L2(2°))
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Thus, using 1 — x € Sg (Lemma [2.1) along with Theorem the property of x> and , we deduce that

HG“)‘ <A (s, A, ). (4.46)

L2(0,T;H' (Q))

Moreover, using (4.27), we deduce
G+ |vat 2>] (1] + 0, 1] + |02, 7] + 1Dy t] + O, Dy ] - (4.47)
We deduce from the above relation and ( ) that

oo

4.48
L2(0,T; Hl(ro)) 1@, p). (4.48)

From (4.45),

Thus from (4.28)), (4.6), Theoremm and Theorem

"G(3)‘ <A (s, N, ). (4.49)

L2(0,T;H1(Q%°))

From ,
0., GW =07 (X)) @), 0,6 =8, (X) Our)

and thus, from ) and ( -,

o]

*1(u,p).

Gathering (4.43), (4.46), (4.48), (4.49) and the above relation, we deduce the estimate for 8x1f(2). To estimate
0, f® | we derive with respect to time:

L2(0,T; Hl(ro))

O f® =HY + H® 4 gO), (4.50)
with
HY = = Op(=0x) (e f?) + ¥ 0p(1 = x) ((s0hp0f@ + 0 @) e20) (451)
H® = 0y (0, pous® + (X°) 1) (4.52)
H®) := —4[50,, p0, X Op(1 = x)]ita.- (4.53)
Combining , Lemma , Theoremm 2.3 the property of x*° and , we deduce that
HH(”‘ sty S A 550, 8) (4.54)
Using (2.20), (4.27) and (4.16)), we also find

HH@)) < A2I(@, ). (4.55)

L2(0,T;L2(Q%))

For the last term, we write
H®) = —[50,, 0100, X° Op(1 = X))t + [$92, 0, X Op(9yx))in — [0, 00, X Op(1 — X))y .
Combining (4.28)), Lemma Theorem ﬂ and Theorem we deduce

HH 3>‘ < AU (s, A\, D).

L2(0,T;L2(2%))

Gathering the above estimate, (4.54) and (4.55) yields the result. O
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Proposition 4.7. There exist so > 0 and Ag > 0 such that the function h defined by - satisfies for
s> so(T? +T*) and for X > Ao,

2

1290 7l Ha E’ < AU (s, 0 70).
H 0100 L2(0,T;L2(0'5°)) |9 L2(0,T;H3/2(rg°)) ™ (s A7)
Proof. From (|4.15)) _ ~
Oayh = () Op(1 = x)h™M + ¥ Op(1 — x)h?), (4.56)

with
Y = 0 — s0ypoii,  BP) = 0, kY = 8,0, — 5 (8,0, 00) 11 — 5 (8y0) D, 10

Applying Lemma and using (4.56]), we deduce that

Jori,

:L’lh”

HOp (1- h(l)‘

+ |[op(1 - h<2>(

L2(0,T;H3/2(T$°)) L2(0,T;H3/2(T5°)) L2(0,T;H3/2(T$°))

< HT_1/2 Op(1 — h(l)‘

+ HT‘UQ Op(1 — 62 h(Q)‘

L2(0,T;L2(T5°)) L2(0,T;L2(I5°))

Then, using that 1 — x € SO and Theorem |2.3] we find

|

2 2
< HT—l/Zata?’ i
~ 10 L2 (0,502 (r50))

axﬁ‘

L2(0,T5H3/2(Tg?))

+ H ~1/29,0% 7 ‘ i .
el e e Z o’ L2(0,T;L2(T5))
From (4.5)), we deduce from the above relation that
112
o, h‘ <A UL(s, A, 7). 457
‘ YollLe o, H3/2(050)) als: M) (4:57)

By differentiating (4.56)) with respect to ¢, we obtain
00, h = —(X) OP(@)h™" + (X) Op(1 = )9h" = X Op(9p)h® + X Op(1 — x)9h ™. (4.58)
Applying Lemma Theorem [2.3|and ([£.27)), we have for s > so(T° + T*) and A > Ao,

2

3/2 3/2

T

. T
Wawln

_1/2 ~112 <
HT 010z, h —)\3/277

L2(0,T;L2(T5°)) ™

2
+ H7_1/28t277 .
L2(0,T;L2(T3°))

+
L2(0,T;L%(T'5°))

+ Hfl/?a?axlﬁ

2

L2<o T5L2(05°))

L2(0,T;L2(T'5°))
2

-
+ || a7 O O + || a0 (459
372 G ot L2(0,T;L%(T'5°)) a7zt L2(0,T;L2(I'5°)) (4.59)
From (4.5)), we deduce from the above relation that
12
20,0, < AL (s, M, 7). 4.60
HT tUxq LQ(O,T;L2(Ff°)) ~ 4(87 777) ( )
O

The proof of Proposition consists now in combining (4.26]) with Proposition Proposition and
Proposition [£.7} In the next section, we show the observability result from the above relation.
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5 Proof of the observability

This section is devoted to the proof of Theorem We first remove in (£.9) the local terms in p and in 977.
Setting

1 1
(pl(t) = f(t)Q (68/\\1, - 610)\\11)7 gl(t) = g(t)QGSlev (51>
1 1
pa(t) = W(e(9/\+uo)@ — '), &(t) = We(%ﬂ”)\y’ (5.2)
we have (see ([2.12]))
p1(t) < () < pa(t), &) <L) <& (E€(0,T)).
Let us set )
po i= Aret = NIl e, (5.3)
p1 = 311/2/\—7551/2645@2—35901’ po = 59>\—15529648502—3ssa1. (5.4)

Then we have the following result.

Proposition 5.1. There exist so > 0 and Ag > 0 such that for any s > so(T2 + T4) and for any A = Ao, any
smooth solution of (1.6) satisfies

T
/ o2 Ny, Benl|12, dt < // P10m|? dt doy + // pRluf? dt d. (5.5)
0 (0,T)xJ (0,T)xw

Proof. Using (2.16) and applying the Poincaré-Wirtinger inequality, we deduce that

// 53)\45362”|p|2 dtdr < // 53)\4512362‘9“’2|Vp|2 dtdz
(0,T) xwy (0,T) xwy

and with (1.12)),
// s3NE3e25 ¢ p|? dt dx < // s°A1E e (|0pul® + | Aul®) dtdx. (5.6)
(0,T) xwy (0,7) xw1
From (5.3]), (4.5) and (4.6)), we have

T
[ o0(®2 (103 0y + IOy + 10Oy ) S T, 00 + 5.0 (57)

Combining (4.9), (5.7) and (5.6)), we deduce

2 2 2
lpoull 20,7502 (0)) + 1000l 20 112 (ry ) T P02 (0,112 (1)

g )\// 6284/90 (810530|,’7|2 +82§g|8t277|2) dtd.’El
(0, T)x T

+ // sIN6ete5P|u)? dt do + // s A1 e (|0pul® + |Aul?) dtdx. (5.8)
(0,T)xw1 (0,T)xw1

Now we set

1/2
p3(t) == Aseﬁwz(—t)ewl(t), pa(t) = Ne M s 1p(1)2ese1 (), (5.9)
We have pg, p1 € C1([0,T), p3(0) = pa(0) = 0 and

05l Spo and  |p) S ps. (5.10)
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We recall that (1.12)) can be written as (2.7). Then, we deduce

U U U p3uU
|| = Aps | n | +05 | n in (0,7), psn | (0) = 0. (5.11)
On O O p30im

From (F10). (57) and @3,

lp30vull 20 7,120y T P3ull L2 (0,7 120 T |‘P38t277HL2(07T;L2(p1))
+ I30enll 20,7200 )) + 11030 20,7518 (11 )
S ”pOu”iZ(O,T;L%Q)) + ||P08t77||2Lz(o,T;L2(r1)) + ||p0n||2L?(O,T;H2(F1)) . (5.12)
Then, we deduce from that

d d | U d U . d v
—A\par | n||=A|par | n || +triy | n| n(0T), |par| n|](0)=0. (5.13)
dt dt dt dt dt

3t77 8t77 at’ﬂ 8t77

From 10, 7). GT2) and &3,

Hp4at2uHL2(0,T;L2(Q)) + ||P48tUHL2(0,T;H2(Q))
3 2
+ Hp43t 77HL2‘(0,T;L2(F1)) + Hp48t 77||L2(0,T;H2(F1)) + ||P4at77||L2(07T;H4(F1))
2 2 2
S leoullz20.m; 020y + 1000l 20,y p20yy) + 11000 20,7512 1y ) - (5:14)

Then, from the standard elliptic regularities for the stationary Stokes system ([49, Proposition 2.2 p.33|) and
for A1, we have moreover

loaull 220,140y T P4l L2 0.7 118 (11 )
2 2 2
< ||P0U||L2(0,T;L2(Q)) + ||P05tn||L2(o,T;L2(r1)) + ||POT]||L2(0,T;H2(F1)) . (5.15)
By integration by parts, we obtain

1
// s2>\§g€23¢o|at2n|2 dtdr, = = // atZ (82)\6862&00) |at77|2 dt da,
(0,T)x T 2 JJorxn
- // $ZNEZ 250 930y dt day.
(0,T)x T

Using (3.8)), we deduce that for s > sq(T2 + T*), for any € > 0, there exists C' > 0 such that

// s2NEE 520|020 |2 dt dxy < C// SONEp 2520 |Oym|? dt diy
(O,T)le (O,T)le

2 _ _
+ellpsdinll 2o 2y ) +C//(0 T)xJ sONTAEg et P2 | gy|? dt dary
2 — spo—2s
<ellpadinll Lo rizaceny) + C/ 0% sOATAEg et PR 9| dt dy. (5.16)
) 1

Then, we integrate by parts the last term and we obtain that for any & > 0, there exists C' > 0 such that

// 36)\_45864W°_25‘P1|8t77|2 dt dzy
(0,T)x T4

2 — spo—6s
<ellpsdnll 20,7020, +C/(O s sHATHg P00 |2 dt dary. (5.17)
) 1
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Similarly, for any € > 0, there exists C' > 0 such that

// 3NS5 22| 0yu|? dt do < C// sON1g8e25P2|y|? dt da
(0,T)xwy (0,T) xwy

2 Spo—2s
+epad7ull 120 1,12 (e +C//(0 P sSAZEG et 20 u)? di da
; wi
<e ||p43t2u||iz(0,T;L2(Q)) +C / /( . $SAZeSets 22501 |y |2 dt dx.  (5.18)
s 1) Xwy

Finally, we consider a nonnegative smooth function x; with compact support in w and such that y; =1 in ws.
Then by integrating by parts,

// s3NgS e P2 | Aul? dt dx
(0,T)xwq

< // 183\ 25 P2 | Au)? dt do = // SN P2 A (1 Au) u dt dx
(0, T)xw (0,T) xw

< e llpatll}ago zsrscey) + C //(OT) SN2t P2 ) dtde. (5.19)
T)xXw

Gathering (5.8), (5.16), (5.17), (5.18), and (5.19), and using (5.12)), (5.14) and (5.15) we deduce

T
| ®2 (11 0y + Oy + 1000y )

SI[ gwradns [[ P w520
0, T)xJ1 0, T)xw

ps = st ersPrTIen (5.21)

To end the proof of Proposition [5.1] we need to replace in the above estimate the observation by 7 with an
observation by ;7. This is done by using the smoothing effet of the parabolic system (2.7)). More precisely, we

apply (5.20) to (9yu, 9, 97n) and we deduce

with p; defined by (5.4) and with

T
2
/0 2o (191132 + 19m(®) 32y + 10F0(0) [z )

< // 0310m|? dt dzy + // p2|0wu)? dtdx.  (5.22)
0,T)xT (0,T) xw

On the other hand, using (2.7) and the fact that 0 € p(A) (see, for instance, [1, Proposition 3.5]),

10w, 1, Oenlllyy = 1AL, 1, enlllyy = ¢ (I, n, On]ll, -
Combining the above estimate and (5.22)) implies

T
/ o2 Ny, Beml |1, dt < // P10 dt day + // p2|0pul? dt de. (5.23)
0 0, T)xT 0, T)xw

We integrate by parts the last term: recalling (5.21]), we obtain that for any e > 0, there exists C' > 0 such that

// Pp3|0wul? dt da < c// sTANZE et R 2o )2 dt du
(O,T)le (O,T)le

2 — Spa—6s
+e ||P43t2u||L2(O’T;L2(Q)) + C’// sIENT2E B eBee20501 112 dt dx.  (5.24)
(0,T) xw1
We deduce (5.5) by combining (5.23)), (5.24) and (5.15). O
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Using Proposition [5.1] one can deduce Theorem [I.2}

Proof of Theorem[I.4 We fix A = Ao and s = so(T? +T%) in (5.3) and (5.4). In particular the constants that
follows may depend on Ao and sg. Then we deduce from (5.5)) that

3T/4
/ o2 s, DullZ, dt < / / pr(t)210en[? dt day + / / a0\l dtdz.  (5.25)
T/4 0,T)xTJ (0,T)xw

3

From (5.3) and (5.4, there exists C' > 0 such that
C T 3T
e <po in <4’ 4> ,
and
Sl p2SL

Since A is the generator of a semigroup of contractions (see, for instance, [I, Proposition 3.4]), we deduce the
result from the above relations. O

6 Proof of Theorem [1.4]

We give here a sketch of the proof of Theorem [L.4] First we construct a change of variables to write (1.2))
in a cylindrical domain, then we use the “source term method” and Theorem [I.2] to show Theorem [T.4] by a
fixed-point argument.

6.1 Change of variables

We can assume that for some § > 0
wCZIx(0,1-79).

Let us consider a smooth function § € C*°([0,1];[0,1]) with compact support in (1 — J, 1] and such that = 1
in [1 —§/2,1]. We consider the change of variables

X(t,) : Q= Qey, (y1,y2) = (1, y2 + 0(y2)C(t, y1)) (6.1)

that is a diffeomorphism if
1
16"l o< 0,1) 111 poe (0,7 100 (7)) < 3 (6.2)

We denote by Y (¢,-) the inverse of X (t,-).
We write
W(t,y) := Cof (VX)*(t,y)w(t, X (t,y)), I(t,y):=n(t, X(t,vy))

X%:=X(0,-), WY:=Cof(VX?)*uw® o X°.

We also write
a := Cof (VY)™. (6.3)

After some standard calculations (see, for instance, [2]) is transformed into
oW —divT(W,II) = 1, f + Fc(W,II) t >0, z € Q,
divW=0 t>0, z€Q,
W = 8tC€2 t>0, xely, (64)
W=0 t>0, zely,
OuC + ArQ+ A20,C = Prar) I+ 179+ G¢(W)) >0, 21 €T,
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W(Ov ) = Wo in Qa C(Oa ) = C?a 8tC(Oa ) = Cg in Iv (65)

with
oWy, 0Y;
[Fe(W,ID)], = =Y dpai (X)W + (a5 (X) = 6i%) Wi — > _ a5 (X) aylk 6; )
k k,l
8 a;, k aal k 8Wk 3Yl 8Wk 82Yl
+Z dx3 Wk+22 8% ayl 8@ Zalk ayl 0z? (X)
k,j k,j,l k,j,l J
Y] oYy, oW Y] oIl
X X X) —0; O i | ———— — X)—=0;; | —
o <“““< oy OG0 =) 55 2 (om0-5:) 3,
8ai,k 1 ) 6Wk
_j%:kaj,m()() o (X)W Wy, det(VX);faZ’k(X W, T (6.6)
. 2\ W
Ge(W) = (8I1<+(ax1<)) oz |, (6.7)

Then, we can write Theorem [T.4] as follows:

Theorem 6.1. Assume T >0, w € Q and J € T are nonempty open sets. There exists Ry > 0 such that for
any [W°, (0,8 € V with
W, ¢2. )y, < Ro, (6.8)

there exists a control
(f,9) € L*(0,T; L*(w)) x L*(0,T; L*(7))

such that the solution of (6.4), (6.5), and satisfies

CT,)=0, OC(T,)=0 inZ, W(T,)=0 1in .

6.2 The fixed point argument

Using the notation of Section [2.1| n the result of Theorem [1.2] - states the existence of kp satisfying (|1 such
that for any [ ,771,772]

07 1|2 07 (|2
u T U
eTA™ [0 < kz%/ BretA |y dt. (6.9)
0 0 0
2 H 2 L2(w)xL2(J)

From standard results (see, for instance, [62] Theorem 11.2.1, p.357]), this yields the null-controllability of (1.5).
Using the “source term method” (see, [36]), one can improve this result. Let us consider the following weight

functions
Cy Cy C3

o1(t):=e T-97 go(t):=e T-97 o3(t):=e T-D7 (6.10)
and the corresponding spaces (for ¢ = 01,02 or o3)
LP(0,T;X) :={f/oc € LP(0,T;X)},
C3([0,T]; X) :=={f/o € C*([0, T]; X)},
H(0,T;X):={f/0c€ H*(0,T; X)},
forp> 1, k€N, s € Ry and X a Banach space. The abstract result proved in [36] yields the following result:
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Proposition 6.2. Assume with (1.14)). Then there exist o1, 09,05 as in (6.10) and a bounded map
Er:V x L2 (0,T; L*(Q) x L*(T)) — L2_(0,T; L*(w) x L*(7))
such that for any [W°, (0, (9] € V and for any (F,G) € L2 (0,T; L*(Q) x L*(I)), the solution of

oW —divT(W,II) =1,f+F t>0, z€Q,
diviW=0 t>0, x €,
W=8t<€2 t>0, zely, (6.11)
W=0 t>0, 2Ty,
8ttC+A1C+A28tC:PLg(I) (H+1JQ+G) t> 0, X1 GI,

with the control
(f,9) = Ex(W°, (7, 31, (F, G))

satisfies
IWllzz_ 0,720, (o5 @nmz, o,z () + 1Bz, 0,7 m3(0))
¢l ez, o,7;m @) +ICles, o, 0 @) + 1S, 0,022y
+lCllen, o, myscy + IClaz, o,y S NV QS @Iy + IE Gz 0,102 x 222y - (6:13)

Moreover, we can assume
o2 <o, (6.14)

We are now in a position to prove Theorem and thus Theorem
Proof of Theorem[6.1. Assume that [W°, ¢?, ¢J] satisfies for some Ry and let us assume that
I(F, G)”Lgl (0,T;L2(Q)x L2(Z)) < Ro.
Applying Proposition we deduce the existence of a control (f,g) € L3,2 (0,T; L*(w) x L*()) such that the
corresponding solution of , satisfies
||W||Lga(o,T;HZ(Q))mCQS([o,T];Hl(Q))mH;B(o,T;LZ(Q)) + ||H||Lg3 (0,T;HL(Q))
+ ||C||L33(0,T;H4(I)) +11¢llco (0.1 H3(T) T [[q|y* L (0.T:H(T))
+1Clcr J(o.r1E (@) T 1<l a2, L(0.TELA(D) S < CRy (6.15)
for some constant C' > 0. Using the Sobolev embeddings, we have in particular that
||C||C0 ([0,T];W2.00(T)) X < CRo (6.16)

for some constant C' > 0. This yields that for Ry small enough, (6.2 . holds and we can consider the change of
variables of Section We thus define X, a, F and G by respectively, (6.1), (6.3)), and . Moreover,
following the arguments in [47], [I] and using (6.14)), one can show that

IRV o ooy + 1CW)lss o zisary < CFR, (6.17)
and in particular for Ry small enough, the closed set
Br, = {(Fa G) € L2 (0,T;L*(2) x L*(2)) ; ||(F, Gz, 0,7 L2@)xr2(2)) < RO}

is invariant under the map
Z:(F,G) = (F¢(W 1), G (W)).
One can also show that for Ry > 0 small enough, the above map is a strict contraction on Bg,. Using the

Banach fixed point we deduce the existence of fixed point (F,G) for Z. One can notice that the corresponding
solution (W,II,{) of (6.11)-(6.12) verifies the conclusion of Theorem O
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A Technical results

A.1 A Carleman estimates for the damped beam equation

The proof of Theoremfollows directly from the proof done in [40]. The differences with respect to this article
is the weight in time and the powers of s, u, and &y. For sake of completeness, we give here a brief sketch of
the proof of Theorem by using what is already done in [40].

We recall that oo and & are given by (2.13). We set

fn = 8,5217 + 8;1117 — 83117 — 8156%177, (A1)
¢ = esoggy, (A.2)
We say that a function g is 1. 0.t (lower order term) if it satisfies for some €1,e9 > 0, €165 # 0,
g1 S 57 amegg ™ (S22 1]+ 872060 100, L+ 5226 (102,¢] + 10C))

512 (102,¢] 10000, 1) + 57126 (|02,¢) + [0102,¢| + [07¢]) ) -

From the Leibniz formula

84 4 4 o 4—a
68“"0568733411 (e7%0&7¢) = ( >€W P (e7*%0¢) 50 5 (&)

«
a=0 1

From (3.8]), we obtain
s a4_a -7
50(%477& (&) S

4—«
~Y

and thus a direct computation and (3.8) yield that for s > so(7° + T),

3 4 % 4—a
5 (8)er e () e (657) = Lot

«
a=0 Ty

We also deduce from (3.8) that

64
0o (6770 = 48 (02,00)” 00, € + 657 (0, 00)” 02, ¢ — 4505, 0003 ¢ + 0, ¢ + 5* (O, 00)" ¢
1
—125% (8, 00)° 92, poC +1Lo.t
and thus

o N
65900570”87:1;11 (678¢0§O C) = _453 (8331 900)3 8&81C + 682 (6:81 @0)2 ailc - 436&61 @08214 =+ 8;114-

+ 51 (9, 00) " € = 125% (0, 00)° 02, 00C + L0t (A.3)
Note that
—12s3 ((’)Tlgoo)Q 5‘51@0@ =lo.t,
but we follow the trick of [40] to keep this term in order to show the Carleman estimate.

We can show similarly that
2

&
65‘10056@ (e 55050 C) =1lo.t. (A4)
1
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We also have
2 2

S a —S8 s
wOEO Yo ( saogo C) — 5% 8t2

Thus, using , for s > so(T? +T%),

0 0 0?
( —stpoC) T 265%0a (e—stpoc) 56& (go—r) + ngﬁ (fo—r) )

0? .
e‘wofaw (e7°9°67¢) = 97 +1lo.t. (A.5)
Finally,
S a 82 —S8 - S 82 —S8 T a -r S a 82 —S8
6%508 ax ( eogs g):e woﬁ(e ¢o<)€0§(§0 ) sooata . ( <P0<)

s 9 —s s 9 9 -5 r 9 —r
+2e %BTcl(e %C)foata (&) +2e Watai(e %C)goaiml(go )
7"8 8 -r SYo 8 —SPo T 82 -Tr
+Cfo§87x%(fo ) +e* E(e ¢C)foaTc%(fo ) -
From , for s > 5o(T? 4+ T*), and for p = 0, 1,2,
o 0«

§0 atp 8 o (£O ) 5 Iuaé-g/z
and 0 02 0 0?
Spoer ~ _~ (T SPoc—T — pSPo___ (o —S%0
e foat 333% (e & C) e 5% 9 % (e () +Lo.t.

Consequently, using (3 , we deduce that for s > so(T2% + T?),
82

0
G oy (7IGTC) = 5 (Do) DG — 250, 90010, C + D02+ Lot
1
Gathering (A.3)), (A.4]), (A.5), and the above relation and combining them with (A.1)) and (A.2)), we deduce
Mi¢ + My¢ = €& f, + L o. t, (A.6)
with ,
MlC =S ( $1900) C + 65 (8961300) azlf + 8§1< +2s (8961900) ataomC + at2<7
and

Ms( = —4s° (aam @0)3 aﬂ?lc - 4‘9811 QDOaglg - atailc —s” (aml S00)2 675( —12s° (811('00)2 821 ('OOC'

In what follows, we say that a term G is a L. O. T (Lower Order Term) if there exist &1 > 0, g2 > 0, g162 # 0,
such that

Gl [ seaege (87u8€5 (CP + 5510, (2 + 80l (102,C2 + 101 C]?)
0,T)XT
. 2
+ 560 (103,12 + 10402, C7) + 57265 ([0 ¢ +8§<|2+|ata§1<|2)) dtdry (A7)
Then, we deduce

2 2
M1l 220,720y + 1M2Cll 720,702 (0)) + 2//(0 - IMlC - M dxy dt
T x

= [|e"°°&5 fuCll 720, mno(@y + L-O- T (A8)

32



Writing I; ; for the product term of the i-th term of M;( with the j-th term if M>(, we have

MiC - My( day dt = I
//(O,T)xz ! ? ! Z !

i,j€{1,....,5}

and we have to estimate all the terms I; ;. This is done in a precise way in [40] using (3.8). For instance, by
integration by parts,

Ly = —45° / / (91 00)° €O, C day dt = —305° / / (Os 00)" 02, 00 (02, C)? diry dt
(0,T)xZT (0,T)XT
#2058 [ 1@ 0)” (02 00)° + (@ro0)* 82, 0] €O, € vt
(0,T)xT
and using (3.8), we deduce, as in [40] that
I o =—4s" // (82, 00)° €02 ¢ dxy dt = —30s° // (82, 00)" 92 o (8,€)% daydt +L.0O.T.
(0,T)xT (0,T)XZT

Then, following the computations in [40], we find
JI - ancancanaze [[ (SR v stutglonc + e (o2 o + k)
(0,T)xT (0, T)xT
%60 (102,C2 4 10,05, CI7) + 5725 (|02,¢|7 + 107 + 10102, ¢ ?) ) dt dz,
o [ (ST + tglon o+ e (1, + o)
(0,7)x o
- 2
51260 (102,C2 + 10,05, ¢I7) + 5725 (|02,¢|" + 107 + 10102, ¢ 2) ) dt da.
Then by using standard techniques as in [40], we deduce the result.

A.2 A Carleman estimate for the heat equation
We give here a sketch of the proof of Theorem We recall that ¢ and £ are defined by (2.12)) and we define

L (emMn(nen) tuvz @Ot _ 108 Fy g gy n L Mara e (4 g)

p(t =
QD( 756171’2) Z(t)2 € f(t)Q
We also recall that 4 is defined by (2.14) and we define
bl @) 1= Sobr(mn) — dalar, ) (A-10)
We have in particular
1 1 ~ 1 " ~ 1 "
o= E<€A(w+8\11) IS R Ee,\(lpw\p)? 7= E(e/\(ws\p) 1Ny f o ﬁe,\(ws\p).
We set L
vi=e P, v:=e*¥u.
Using (2.9)), we have
V=T, p=G, =& v=p, WL_00 00 0 0,7) %00, (A1)

dr1  Oxy’ On  On
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0
and using that % =0on (0,T) x I';, we deduce that
n

81}2 - 852
% = _87 on (O,T) X Fl. (A.12)

Since p = pg, taking Ag = po and A > Xg, we deduce that
6]+ Vel + [ 920 + 9] + | Vo + |72 S 1.
There exists so > 0 such that for s > so(T% 4+ T%),

L<sE, [V H IVl SAYE (k21), [0V +18:V | S ATEY2, [9VeE| + |07 V| S A T7¢%,

1<sE, [V + VRl S A€ (k> 1), +|0veg| s AT,

atvaﬂ F10,VO3| < AOTE2,

Using the above relations and following standard calculations (see, for instance, [16]), we obtain the existence
of s9,¢,C, ¢ C > 0 such that for s > so(T2 + T%),

1 1
c// <s3)\4§3 [u]? + sAZ¢ [ Vol® + = |Avf]® + = |3t1)2> dxdt
(0,T)xQ s€ s€
- // 25°\°¢? IWI2 a—dj 0] daydt — // 45A2¢ \VW @ v doydt
(0, T)x 0% (0, T)x 09

—// 4SAE (VoVY) - — dxldt+// 2s A§—|Vv| dzdt
(0, T)x 0 (0, T)x 92

—// 28”).@ da;ldt—// 252A5—¢at¢|v|2 duqdt
(0,7) x 59 on (0,7) x99 on

<C // |0yu — Aul® €277 dxdt+// SN o]® dadt | (A13)
(0,T)xQ (0,T)xwy

and

5// <3)\4§3 [ + sA%¢ | Vo] + |A P+ = |8tv> dxdt
(0, T)xQ2
31373 24 ~|2 Ov ~
- 253 N3¢ ’w}’ |v| dz1dt — s\ g’vw’ LT dardt
(0,T) x 8% (0,T) x 0% on
— // 48\ (VW(#) — dﬂcldt + // 23)\5— |VU\ drdt
(0, T)x0Q (0,7)x 092
- // 26t:6 @ d-rldt - // 252)\5%675(;5|5|2 d]}ldt
(0,7) x99 on (0,T) x99 on

<C // |0y — Au‘zg%'erga dxdt + // 53)\453 |1~)‘2 dxdt | . (A.14)
(0,7)x0 (0,T)xws
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Summing (A.13) and (A.14) and using (A.12)), (A.12)), we deduce that
1 1
c// <s3)\4§3 []? + sA2¢ [Vol* + — |Av)® + = |8t112> dxdt
(0,T)xQ s s

~ ~ 1 1
+ 5// <53A4g3 512 + 572 |V + — | AT + ~|a@|2) dadt
(0,T)x2 s€ s€

<C // |0 — Aul® €7e* dadt + // SSXE of? dadt
(0,T)xQ (0,T) X wo

+C // |Opu — Au\zgzre%‘z dxdt + // PN [5)? dxdt | . (A.15)
(0,T)xQ (0,T) xXw1

Then, using that ¢ < ¢ and Eg &, we deduce that
1 1
// <53A4g3 ol + 5726 (Vo2 + & A0 + L |8t122> dudt
(0,T)xQ s§ s

S // 0w — Aul® €27e*% dadt + // SSANE |v)? dadt.  (A.16)
(0,T)xQ2 (0,T)xw1

From the elliptical regularity of the Laplace operator, we deduce

// <33A453 [u]® + sX2¢ |[Vo|” + L IV20|” + 1 |8tv|2> dzdt
(0,T)xQ s§ 8§

< / / 8w — Aul® €27¢**% dadt + / / SANE of® dadt  (A.17)
(0,T)xQ (0,T) xw1

and with standard computations, we can come back to u:

//( | Qe2sga (82r+3>\27‘+4€27‘+3 |u|2 42T \2ra2e2rtl |Vu\2
0,7)x
+S2r71)\2r€2r71 ’VQu’2 + 82r71A2r£2r71 |8tu|2) dedt
hS // 0w — Aul? (sAE)? €% dudt + // SN2 3250 02 drdt. (A.18)
(0, T)xQ (0,T) xw1

We deduce Theorem by taking r = 1/2.
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