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Abstract

We introduce and study a new model for the progression of Alzheimer’s disease incorporat-
ing the interactions of Aβ-monomers, oligomers, microglial cells and interleukins with neurons
through different mechanisms such as protein polymerisation, inflammation processes and neu-
ral stress reactions. In order to understand the complete interactions between these elements,
we study a spatially-homogeneous simplified model that allows to determine the effect of key
parameters such as degradation rates in the asymptotic behaviour of the system and the stability
of equilibriums. We observe that inflammation appears to be a crucial factor in the initiation and
progression of Alzheimer’s disease through a phenomenon of hysteresis, which means that there
exists a critical threshold of initial concentration of interleukins that determines if the disease per-
sists or not in the long term. These results give perspectives on possible anti-inflammatory treat-
ments that could be applied to mitigate the progression of Alzheimer’s disease. We also present
numerical simulations that allow to observe the effect of initial inflammation and concentration
of monomers in our model.

Keywords: Alzheimer’s Disease; Persistence; Bifurcation Analysis; Hysteresis; Inflammation.

1 Introduction

Understanding the origin and development of Alzheimer’s disease (AD) has been a challenging
problem for biologists during the past decades. As in many neurodegenerative diseases, AD is
known to be associated with the misconformation, aggregation and propagation of different pro-
teins in the nervous system [1, 2, 3, 4, 5]. They form stable oligomers that eventually accumulate in
the so called amyloid plaques and this phenomenon is believed to lead to a progressive irreversible
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neuronal damage. One of these proteins that appears to be relevant in the early stages of develop-
ment of AD are the Aβ-monomers, whose precise mechanisms of aggregation and diffusion are yet
to be discovered.

In this context, mathematical models arise as a useful approach to understand the different
processes underlying Alzheimer. Several types of models have been considered, including from
simple systems of ordinary differential equations to more complex partial differential equations
such as transport equations [6], reaction-diffusion models [7, 8, 9, 10] and stochastic control models
[11].

The goal of this article is to understand the complete interactions between Aβ-monomers, oligomers,
microglial cells and interleukins through a new system of partial differential equations, involving
the development of AD in the brain. Neurons produce Aβ-monomers, that almost instantaneously
start to polymerise into proto-oligomers. In this aggregation process proto-oligomers are able to
polymerise or depolymerise and once they reach a critical size they become stable under the form
of Aβ-oligomers. These latter are assumed to be totally stable in the sense that neither polymeri-
sation nor depolymerisation is possible for Aβ-oligomers equilibrium [12, 13]. This mechanism on
Aβ-oligomers is known as the amyloid cascade-hypothesis and there is a general consensus that it
is a key factor in the progression of AD [1, 5].

Besides the mechanism of polymerisation, oligomers interact with microglial cells, considered
as auxiliary cells in the nervous systems regulating brain development. They induce an inflamma-
tion reaction through a chemical cascade in microglial cells, releasing interleukins [14, 15]. These
interleukins then activate an increase of Aβ-monomers production from the neurons. However, if
the concentration of Aβ-oligomers is high enough, then a reaction of stress called UPR (Unfolded
protein response) [4] is triggered which leads to a decrease of Aβ-monomers production, while the
rest of oligomers diffuses in the neuronal environment. In this context, two opposed mechanisms
of stimulation and inhibition will determine the persistence of AD or not.

Moreover, oligomers are brought and displaced by microglia to the amyloid plaques, i.e. an
aggregate of Aβ-oligomers that becomes an inert element (no diffusion, no polymerisation, no
depolymerisation). Each element of the system (monomers, proto-oligomers, and oligomers except
those in the amyloid plaques) diffuses, with a size-dependent rate. Microglial cells can also have
random motility, but they displace free Aβ-oligomers to the amyloid plaques through a chemotactic
process and amyloid plaques will more likely develop where the concentration of microglial cells
is high. These cells are known indeed to be very reactive to neuronal insults [16, 17, 18, 19].

Inflammation processes seem to be crucial to control the disease progression [15] and to find
possible therapeutic strategies to mitigate negative effects of AD. For example, it suggested in
[20] that diclofenac-based drugs might be associated with slower cognitive decline with possible
perspectives on AD progression. However, despite epidemiological evidences, robust clinical tri-
als have not been successful in providing efficacy evidence of such anti-inflammatory treatments
[21, 22, 23]. On the other hand, in [24, 25] it is suggested that anti-inflammatory treatments might
be effective if they are applied years before the development of clinical symptoms. Furthermore
in [25], it is mentioned that some anti-inflammatory treatments decrease the levels of Aβ by al-
losterically inhibiting the γ-secretase complex, which could give interesting perspectives in finding
efficient cures. Other treatment suggestions include actions on multiple targets besides neuroin-
flammatory and neuroprotective effects such as anti-amyloid and anti-tau effects [26, 27].

In [9, 10] the authors, using reaction-diffusion type equations, describe the initiation and pro-
gression of Alzheimer’s disease under the hypothesis of amyloid cascade where the Aβ in its
oligomeric form is toxic for neurons. In our paper, in addition to the amyloid cascade hypoth-
esis, we take into account the effect of inflammation in the progression of the disease. This in-
flammation appears through the process of recruitment of microglial cells and then the activation
of interleukins IL1. As a general goal, we aim to understand the progression of AD through an
analysis compatible simplified version for this base model.

The article is organised as follows. In Section 2 we introduce the main system of partial differ-
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ential equations and we describe the reactions involving monomers, (proto-)oligomers, microgial
cells and interleukins, which are summarised in Figure 1. Then in Section 3 we deal with a spatially-
homogeneous version of the main model, where polymerisation and de-polymerisation processes
is simplified. For this simplified model we analyse the existence of steady states depending on the
parameters. Finally in Section 4, we present numerical simulations of the simplified model in order
to observe the different possible dynamics of solutions and the stability of the steady states.

Figure 1: Schematic representation of Aβ-monomers and inflammation cycle. Neurons pro-
duce Aβ-monomers (1) that polymerise into proto-oligomers (2). These proto-oligomers eventu-
ally reach a critical size to become stable oligomers (3). They activate microglial cells triggering
an inflammatory reaction (4) by producing interleukins. The interleukins stimulate neurons (5) to
increase Aβ-monomers production, closing the positive feedback cycle. Moreover when oligomer
concentration is high, neurons are stressed (6) and decrease the Aβ-monomers production, while
oligomers are displaced by microglial cells toward the amyloid plaques (7).

2 Mathematical model

Let us detail each equation of the system. In this model, we consider that dynamics occur in a
part of the brain considered as an open bounded domain Ω ⊂ Rd (with d ∈ {2, 3}) and the main
variables of the system are given in Table 1.

1. Proto-oligomers: (see point (2) in Figure 1). Aβ-proto-oligomers have a size ranging from
i = 2 to i = i0 − 1 and become oligomers when they reach the size i = i0. Equations for
proto-oligomers with size i = [2, · · · , i0 − 1] are given by
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Table 1: Variables of the mathematical model

Variable Definition
ui(t, x) Concentration of Aβ-proto-oligomers of size i.
u(t, x) Concentration of Aβ-oligomers.
up(t, x) Concentration of oligomers in the amyloid plaques.
m(t, x) Concentration of Aβ-monomers.
M(t, x) Concentration of microglial cells.
I(t, x) Concentration of interleukins.

∂ui
∂t

(t, x) = ri−1ui−1(t, x)m(t, x) + biui+1(t, x)− riui(t, x)m(t, x)− bui(t, x) + νi∆ui(t, x),

with r1 the bi-monomeric nucleation rate, u1 = m(t, x) the monomer concentration , bi the
rate of monomer loss from proto-oligomers and ri the rate of monomer gain. The couple
(ri, bi), i ∈ [2, · · · , i0 − 1] is called kinetic coefficients with the notation bi = b if i ≤ i0 − 2 and
bi0−1 = 0.

The first term of the right-hand side stands in one hand for the bi-monomeric nucleation
when i = 2 and on the other hand for the polymerisation with rate ri−1 (i ≥ 3) of a proto-
oligomer of size i − 1 with the contact of a monomer giving then a proto-oligomer of size i.
The second term describes the depolymerisation with rate bi of a proto-oligomer of size i+ 1
to a proto-oligomer of size i. The third and fourth term are related to the symmetric process
respectively of polymerisation and depolymerisation of a proto-oligomer of size i. Finally
each proto-oligomer can diffuse with a size dependent coefficient (the smaller the size the
faster the diffusion).

2. Free oligomers: (see point (3) in Figure 1). The variation of the Aβ-oligomer population is
described as follows

∂u

∂t
(t, x) = ri0−1ui0−1(t, x)m(t, x)− γ(M(t, x))u(t, x)− τ0u(t, x) + νi0∆u(t, x),

where the first term of the right-hand side stands for the polymerisation with rate ri0−1 of a
proto-oligomer of size i0−1 with the contact of a monomer giving then an oligomer of size i0.
The second term describes the recruitment of oligomers to the amyloid plaques by microglial
cells M with a rate γ given by

γ(M) = γ0 +
γ1M

1 + γ2M
,

depending on M through a Michaelis-Menten function with parameters γi (i ∈ {0, 1, 2}) and
the third term corresponds to the degradation of oligomers with rate τ0. Finally each oligomer
diffuses with rate νi0 . It is important to remind here that oligomers neither polymerise nor
depolymerise unlike proto-oligomers.

3. Oligomers in the amyloid plaques: (see point (7) in Figure 1). The variation of the Aβ-
oligomer population stuck in the amyloid plaques is described as follows

∂up
∂t

(t, x) = γ(M(t, x))u(t, x)− τpup(x, t),
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where the first term of the right-hand side stands for the recruitment of free oligomers to the
amyloid plaques by microglial cells M with a rate γ and the second term represents the cor-
responding loss with rate τp. We remind here that oligomers in the amyloid plaques neither
polymerise, depolymerise nor diffuse.

4. Monomers: (see point (1) in Figure 1). The variation of the Aβ-monomer population is de-
scribed as follows

∂m

∂t
(t, x) = −r1m2 −

i0−1∑
i=2

riui(t, x)m(t, x) + b

i0−1∑
i=2

ui(t, x)

+S(u(t, x), I(t, x))− dm(t, x) + ν1∆m(t, x),

where I(t, x) is the concentration of interleukins and the function S is given by

S(u, I) =
τS

1 + Cun
I, n ≥ 1. (2.1)

The term S(u, I) is called the stress function. According to the form of this function, under
a high concentration of oligomers u surrounding the neuron, this latter will be stressed and
stop the production of Aβ monomers, which means that S(u, I) is close to zero (see point (6)
in Figure 1).
We remark that the neuron can be torn between the decision of producing Aβ-monomers
due to the inflammation (caused by the interleukins) and the stress caused by the amount of
oligomers surrounding the neurons causing the UPR process that stops this Aβ production.
Note that this object is one the major key properties in our model. For simplicity, we do not
take into account the fact that microglia produce Aβ-monomers and this will be considered
in a future work with a more complex model.

The first and second terms of the right-hand side stand respectively for the bi-monomeric nu-
cleation and the polymerisation of proto-oligomers of all sizes, while the third term describes
the corresponding processes of depolymerisation of proto-oligomers. The fourth term is the
source term depending on the inflammation reaction caused by interaction of Aβ-oligomers
with microglial cells. The fifth term describes the degradation of the monomers with a rate
d. This rate d may depend on oligomer concentration and behave as a Hill function, but for
simplicity we consider in the sequel that d is a given positive constant. Finally, the last term
stands for the monomer diffusion ability with rate ν1.

5. Microglial cells: (see point (4) in Figure 1). The evolution of the microglial cells population
is described as follows

∂M

∂t
(t, x) = D1∆M(t, x)− α∇ · (M(t, x)∇u(t, x))

+λM +
α1u(t, x)

1 + α2u(t, x)

(
M̂ −M(t, x)

)
M(t, x)− σM(t, x),

where the first term of the right-hand side stands for the diffusion of microglial cells with
the rate D1. The second term represents the chemotaxis of microglial cells in response to the
increase of oligomers population. This chemotactic effect results in an activation of microglial
cells due to the presence of oligomers which causes an inflammatory reaction with produc-
tion of interleukins (IL-1). The third term describes the proliferation of microglial cells with
a constant rate λM . In the fourth term M̂ is the maximum capacity of microglial cells in the
neuron environment and the last term characterises the loss of microglial cells with the rate σ.
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6. Interleukins: (see point (5) in Figure 1). The equation for the evolution of interleukins is:

∂I

∂t
(t, x) = DI∆I(t, x) +

τ1u(t, x)

1 + τ2u(t, x)
M(t, x)− τ3I(t, x),

where the first term in the right-hand side is the diffusion of the interleukins, the second
term represents the proliferation which depends on the concentration of oligomers through
a Michaelis-Menten function with parameters τ1, τ2 and the microglial cells. The third term
represents the loss of interleukins with rate τ3.

We note that all equations are complemented with Neumann boundary conditions with zero
flux through ∂Ω and the parameters of the system are non-negative real numbers. The main inter-
actions of this system are summarised in Figure 1.

3 A bi-monomeric simplified model

In order to proceed to a full mathematical analysis, and understand the qualitative dynamics of
the actors of this problem, we consider a simplified model version of the full system of partial
differential equations. We assume a bi-monomeric nucleation, i.e. two monomers can merge to
form a free oligomer (m + m → u) and the intermediate proto-oligomer phase is absent. For this
case, we assume that when a monomer attaches to a free oligomer, the latter does not change and
the monomer is consumed (u + m → u). The equations of the simplified PDE system are the
following 

∂u

∂t
=ν2∆u+ r1m

2 − γ(M)u− τ0u,

∂up
∂t

=γ(M)u− τpup,

∂m

∂t
=ν1∆m+

τS
1 + Cun

I − dm− r2um− r1m2,

∂M

∂t
=D1∆M − α∇ · (M∇u) +

α1u

1 + α2u
(M̂ −M)M − σM + λM ,

∂I

∂t
=DI∆I +

τ1u

1 + τ2u
M − τ3I.

(3.2)

We also assume that when a monomer binds an oligomer, then the monomer is consumed with
rate r2 and the number oligomer molecules does not change. Under these assumptions, we notice
that there is no term involving the rate r2 in the equation of oligomers.

3.1 Spatially homogeneous model

To simplify the analysis in this work, we focus on spatially-homogeneous solutions of the bi-
monomeric model (3.2). For simplicity, we assume that rate of recruitment of oligomers to the
amyloid plaques γ(M) is constant, which corresponds essentially to consider an average rate of
oligomers being recruited and we consider that oligomers have a highly stable structure and their
degradation is negligible, which means τ0 = 0. However, the results on the qualitative analysis
of the system do not change if we consider the degradation of oligomers. Under this setting, the
model is reduced to the following system of ordinary differential equations
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du

dt
=r1m

2 − γ0u,

dup
dt

=γ0u− τpup,

dm

dt
=

τS
1 + Cun

I − dm− r2um− r1m2,

dM

dt
=

α1u

1 + α2u
(M̂ −M)M − σM + λM ,

dI

dt
=

τ1u

1 + τ2u
M − τ3I.

(3.3)

Thanks to this simplification we obtain the following result.

Proposition 1. For any non-negative initial condition (u0, u0p,m
0,M0, I0), the system has a unique global

solution which is bounded.

Proof. Existence and uniqueness of a local solution is straightforward from Cauchy-Lipschitz The-
orem for ordinary differential equations. For the positivity of solutions, consider the vector field
F = (f1, . . . , f5) for y = (y1, . . . , y5) ∈ R5 given by:

f1(y) =r1y
2
3 − γ0y1,

f2(y) =γ0y1 − τpy2,

f3(y) =
τS

1 + Cyn1
I − dy3 − r2y1y3 − r1y23 ,

f4(y) =
α1y1

1 + α2y2
(M̂ − y4)y4 − σy4 + λM ,

f5(y) =
τ1y1

1 + τ2y2
y3 − τ3y5.

and observe that F satisfies the quasi-positivity property, i.e. for all indices i ∈ {1, . . . , 5}we have

∀(yj)j 6=i ∈ (R+)4, fi(y1, · · · , yi−1, 0, yi+1, · · · , y5) ≥ 0.

Thus from Proposition 2.1 in [28] we conclude that solution remains non-negative thanks to this
property.

We now assert that solution remains bounded. Indeed, from the fourth equation of System 3.3
we conclude that if M is large enough then dM

dt < 0 and therefore M(t) remains bounded. By
reapplying the same argument, we subsequently conclude the same result for the rest of variables
of the system. Since the solutions of System (3.3) are bounded, they are defined for all t > 0.

3.2 Steady states

The stationary points of system (3.3), correspond to solutions of the following system

r1m
2 − γ0u = 0,

γ0u− τpup = 0,
τS

1 + Cun
I − dm− r2um− r1m2 = 0,

α1u

1 + α2u
(M̂ −M)M − σM + λM = 0,

τ1u

1 + τ2u
M − τ3I = 0.

(3.4)
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One of the solutions of this system is the disease-free equilibrium, given by
(
0, 0, 0, λM

σ , 0
)
. Be-

sides this equilibrium there may be others steady states depending on the parameter values of our
system, whose existence will be studied in this section. Concerning the disease-free equilibrium,
we get the following result.

Proposition 2. For the system (3.3), the disease-free equilibrium
(
0, 0, 0, λM

σ , 0
)

is locally asymptotically
stable for every choice of positive parameters.

Proof. The jacobian matrix around the vector
(
0, 0, 0, λM

σ , 0
)

is given by

J =


−γ0 0 0 0 0
γ0 −τp 0 0 0
0 0 −d 0 τS

α1

(
M̂ − λM

σ

)
λM

σ 0 0 −σ 0

τ1
λM

σ 0 0 0 −τ3

 ,

whose set of eigenvalues is given by {−γ0,−τp,−d,−σ,−τ3}. Since they are all negative, then the
disease-free equilibrium is locally asymptotically stable.

An interesting question is to determine under which parameter values existence of non-trivial
steady-states (i.e. AD persists) holds. In this regard, we have the following result.

Theorem 1. Assume that the parameters satisfy the condition

σγ0τ3 < τ1τSλM . (3.5)

Then for d > 0 small enough, there exist at least two positive steady states of system (3.4). If d > 0 is
large enough, then there are not positive solutions of system (3.4), regardless Condition (3.5).

Proof. From system (3.4), we solve for u and up in terms of m and we get the following relation

u = ρm2, up =
r1
τp
m2 with ρ =

r1
γ0
.

From the equation of microglial cells, we solve the quadratic equation of M in terms of u and
by taking the positive root we get the following equality

M =

√
∆(u)− σ − (σα2 − M̂α1)u

2α1u
, (3.6)

with ∆(u) = (σ + (σα2 − M̂α1)u)2 + 4λMα1u(1 + α2u). For the interleukins we get relation

I =
τ1
τ3

ρm2

1 + τ2ρm2
M.

Substituting these expressions into equation of m in (3.4), we obtain the equation with respect to
m:

m(P (m) + d) = mF (m), (3.7)

where the functions P and F are given by

P (m) = r2ρm
2 + r1m,

F (m) =
2τ1τSλM

τ3

ρm(1 + α2ρm
2)

[
√

∆(ρm2) + σ + (σα2 − M̂α1)ρm2](1 + τ2ρm2)(1 + Cρnm2n)
. (3.8)
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The disease-free equilibrium corresponds to the case when m = 0 in Equation (3.7). In order to
get a positive steady state of system (3.3) we must determine the values where P (m) + d = F (m).

From the definition of ∆(u), we remark that the denominator is strictly positive in the function
F . We observe that F (0) = 0, F (m) > 0 for m > 0 and F (m) → 0 as m → ∞, since the numerator
is of order O(m3) and the denominator is of order O(m2n+4).

Moreover F ′(0) is given by:

F ′(0) =
r1τ1τSλM
σγ0τ3

> 0.

From Hypothesis (3.5) we observe that

P ′(0) < F ′(0),

hence there exists m̃ > 0 such that

P (m) < F (m) for allm ∈ (0, m̃). (3.9)

Let us denote m0 = sup {m̃ > 0: property (3.9) holds} > 0. Since P (m) → ∞ as m → ∞ we
conclude that m0 <∞ and from continuity we get

P (m) < F (m) for allm ∈ (0,m0), P (m0) = F (m0). (3.10)

Let us now denote
d̃ = max

y∈[0,m0]
(F (y)− P (y)),

which is strictly positive by condition (3.10). Let y0 ∈ (0,m0) such that F (y0)− P (y0) = d̃. We now
take an arbitrary d such that 0 < d < d̃. And the following inequalities hold

P (0) + d > F (0), P (y0) + d < F (y0), P (m0) + d > F (m0).

Therefore, there exists a positive solution of Equation (3.7) in (0, y0) and another positive solu-
tion in (y0,m0). This proves the existence result.

For the non-existence result, observe thatF reaches a maximum, since theF (0) = 0 andF (m)→
0 as m→∞, and this maximum is independent of d. Hence for d large enough, we have that

P (m) + d > max
y>0

F (y) ≥ F (m) for allm ≥ 0,

and we conclude that there is no solution in that case.

From the previous result we assert that when the rest of the parameters are fixed, there exists
a critical value of degradation rate of monomers d = dc, such that for d > dc the system (3.3) has
only the disease-free equilibrium and for d > dc there are at least two positive solutions. From a
biological point of view, this means that a high degradation of monomers can avoid the persistence
of AD, while a lower degradation of monomers is not sufficient to stop the pathogenic cycle of
monomers, oligomers and interleukins.
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4 Numerical Simulations

The main goal of this section is to present a qualitative analysis of the possible asymptotic be-
haviours and the stability of steady states of system (3.3) through a bifurcation diagram with re-
spect to degradation rate of monomers and the concentration of interleukins at equilibrium. From
the previous analysis of Section 3, the key parameters on the existence of positive steady states
where the disease persists are the degradation rates. For these simulations we rely on the parame-
ter values given in Table 2.

Table 2: Parameter values for the numerical simulations of Equation (3.3).

Parameter Value Units Description
r1 10−1 L (mol)−1(months)−1 Bi-monomeric polymerisation rate
r2 10−1 L (mol)−1(months)−1 polymerisation rate of monomers attaching to oligomers
d Variable (month)−1 Degradation rate of monomers
γ0 5× 10−2 (month)−1 Recruitment rate of oligomers to the amyloid plaques
τ1 1 L (mol)−1(months)−1 Growth coefficient of interleukins
τ2 1 L (mol)−1 Growth coefficient of interleukins
τ3 1 (months)−1 Degradation rate of interleukins
τp 3× 10−2 (months)−1 Degradation rate of oligomers in the amyloid plaques
τS 1 (months)−1 Coefficient of neural stress
C 1 Ln (mol)−n Coefficient of stress function
n 2 - Power coefficient of stress function
α1 1 L2 (mol)−2(months)−1 Growth coefficient of microglial cells
α2 1 L (mol)−1 Growth coefficient of microglial cells
λM 10−3 molL−1(months)−1 Rate of proliferation of microglial cells
M̂ 1 molL−1 Capacity of microglial cells
σ 10−3 (months)−1 Degradation rate of microglial cells

The values are chosen with the order of magnitude between 10−3 and 1, in the typical range of a
biological process. The values can be re-scaled if needed, but the qualitative behaviour is similar. In
particular, we assumed that polymerisation process of monomers is faster than the corresponding
degradation of monomers and oligomers.

To the best of our understanding, there is limited knowledge available regarding the values of
the parameters associated with this model. Indeed, each experiment pertaining to a specific aspect
of our study has been conducted under varying conditions, rendering the precise determination of
data values seemingly meaningless. Notably, even defining a biological range proves challenging.
Nevertheless, through in-depth discussions with collaborators in the field of biology, it becomes ap-
parent that the paramount consideration lies in the ratio between each key parameter. For example,
regardless of polymer size, polymerisation rates should be approximately the same. Similarly, the
degradation rate for oligomers in plaques is significantly smaller than any other degradation rates.
Since we are interested in the qualitative behaviour of system (3.3), modifying the values in Table 2
leads essentially to the same type of results and the parameters can be re-scaled and re-normalised
as it was presented in the numerical simulations in [10] for the polymerisation process.
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4.1 Effect of inflammation

The results of Theorem 1 motivates the analysis of the steady states in function of the degradation
rate of monomers d. In particular we are interested in the inflammation processes that leads to
the persistence of AD. In this context we analyse the bifurcation diagram for the concentration of
interleukins at equilibrium I∗ depending on the degradation rate of monomers d as the bifurcation
parameter. The rest of the components of a steady state of Equation (3.3) are calculated according
the system (3.4).

We observe in Figure 2 that for all d > 0 the disease-free equilibrium is asymptotically stable.
Moreover there exists a critical degradation rate of monomers dc ≈ 0.4779 (months)−1, which we
call the critical degradation rate of persistence, such that for d < dc there exists two positive
steady states where the maximal one is asymptotically stable and the other one is linearly unstable.
If d > dc then the disease-free steady state is the only equilibrium of the system.

Figure 2: Bifurcation diagram of the steady states for the concentration of interleukins I∗ in terms
of the degradation rate of monomers dwith the parameters of Table 2. The disease-free equilibrium
exists for all values of d > 0 and it is stable. For d < dc we have other two non-trivial equilibria,
where the maximal one is stable and the other one is unstable. For d > dc we get no positive steady
states.

From the bifurcation diagram of Figure 2, we observe the importance of the degradation rate of
monomers, which determine the existence of steady states where AD persists. We also observe that
for a small degradation rate d, the concentration of interleukins at equilibrium I∗ is large.

The bifurcation analysis is quite challenging even for the simplified version of the model. Thus
we proceed to numerical simulations in the next section in order to show the asymptotic behaviour
of solutions of system (3.3) under different degradation rates of monomers d and initial data. In
particular, we choose the initial values given in Table 3.

Table 3: Initial data for the numerical simulations of Equation (3.3).

Parameter Value Units Description
u0 10−4 molL−1 Concentration of free oligomers
up 0 molL−1 Concentration of oligomers in the amyloid plaques
m0 10−3 molL−1 Concentration of monomers
M0 1 molL−1 Concentration of microgial cells
I0 Variable molL−1 Concentration of interleukins

This means that we study system (3.3) under a small initial concentration of monomers and
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free oligomers. We also consider that oligomers in the amyloid plaques are initially absent, while
microglial cells are already developed. We vary the initial concentration of interleukins I0 and the
degradation rate of monomers d to study the asymptotic behaviour of Equation (3.3).

In Figure 3 we present the possible asymptotic behaviours of system (3.3) in terms of the degra-
dation rate of monomers d and the initial inflammation I0 with the parameters in Table 2 and initial
data in Table 3.

Figure 3: Asymptotic behaviour of solutions in terms of degradation rate of monomers d and the
initial inflammation I0. For the parameter values from Table 2 and initial data from Table 3 we get
the critical threshold of inflammation Ic and the critical degradation rate dc. For d < dc we get that
AD persists for I0 > Ic and does not persist if I0 < Ic. If d > dc the disease does not persist.

In particular we observe a phenomenon of hysteresis for d < dc, where dc is the critical degrada-
tion rate in Figure 2, which implies the existence of a critical threshold value for the inflammation
Ic > 0 (depending on the rest of parameters and the initial data), that determine if AD persists or
not. We observe in Figure 3 that for degradation rates of monomers satisfying d < dc, solutions of
Equation (3.3) converge to the disease-free equilibrium when I0 < Ic and converge to the positive
stable equilibrium when I0 > Ic.

Moreover, for small values of d a small initial concentration of interleukins I0 suffices for the
persistence of AD, while for values close the critical degradation rate of persistence dc, a higher
initial concentration of I0 is needed. Furthermore, for d < dc most of solutions converge either to
the disease-free equilibrium or the stable positive equilibrium. This global stability result is to be
proven in a future work. When d > dc, in absence of positive steady states, we conjecture that all
the solutions of system (3.3) converge to the disease-free equilibrium.

Next, we show some numerical simulations of solutions of the simplified system (3.3) in order
to illustrate the effects of hysteresis and inflammation processes in the convergence to a steady
state.

For a small degradation rate, d = 0.15 (months)−1 we observe from Figure 2 that we have three
steady states and by choosing I0 = 0.15mol/L we observe in Figure 4 that the solution converges to
the disease-free equilibrium. In this example the concentration of interleukins is decreasing and the
threshold of inflammation is not reached. Moreover, the concentrations of monomers increases un-
til it reaches the maximum value and eventually decreases and the concentrations of free oligomers
and oligomers in the amyloid plaques remain relatively low.

If we increase the value of initial inflammation to I0 = 0.4 mol/L in Figure 5 the solution con-
verges to the stable positive steady state, since the critical threshold value Ic is less than I0. In
this example the concentration of free oligomers and oligomers in the amyloid plaques are increas-
ing towards the corresponding values of equilibrium. Inflammation is initially decreasing until it
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Figure 4: Example 1. (Left) Numerical solution of system (3.3) with d = 0.15 (months)−1 and I0 =
0.15 mol/L. The parameters correspond to those in Table 2 and the initial data in Table 3. (Right)
Asymptotic behaviour in terms of degradation rate of monomers d and the initial inflammation I0.
The value of I0 is indicated with an arrow and d by a vertical line.

reaches the minimum value and eventually increases towards the equilibrium value, while the con-
centration of monomers has increasing and decreasing phases due the effect of stress mechanisms,
nucleation and degradation.

Figure 5: Example 2. (Left) Numerical solution of system (3.3) with d = 0.15 (months)−1 and
I0 = 0.4mol/L. The parameters correspond to those in Table 2 and the initial data in Table 3. (Right)
Asymptotic behaviour in terms of degradation rate of monomers d and the initial inflammation I0.
The value of I0 is indicated with an arrow and d by a vertical line.

In a similar way for a larger degradation rate d = 0.35 (months)−1, we have also three steady
states according to Figure (2). For I0 = 0.8mol/L we observe in Figure 6 that the solution converges
to the disease-free equilibrium. In this example the concentration of interleukins is eventually
decreasing, since the threshold of inflammation is not reached. Moreover the concentration of
monomers, free oligomers and oligomers in the amyloid plaques increase until they reach their
corresponding maximum values and eventually decrease. In particular the maxima are higher
compared to those observed in Figure 4.

For I0 = 1.2 mol/L the solution converges to the positive stable steady state in Figure 7, leading
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Figure 6: Example 3. (Left) Numerical solution of system (3.3) with d = 0.35 (months)−1 and
I0 = 0.8mol/L. The parameters correspond to those in Table 2 and the initial data in Table 3. (Right)
Asymptotic behaviour in terms of degradation rate of monomers d and the initial inflammation I0.
The value of I0 is indicated with an arrow and d by a vertical line.

to the persistence of AD since the critical threshold value Ic is less than I0. Similarly to Figure 5,
the concentration of free oligomers and oligomers in the amyloid plaques are increasing towards
the corresponding values of equilibrium. Inflammation is initially decreasing until it reaches the
minimum value and eventually increases towards the equilibrium value, while the concentration
of monomers has increasing and decreasing phases due the effect of stress mechanisms, nucleation
and degradation. Moreover we observe that equilibrium values are lower to those observed in
Figure 5 since the degradation rate of monomers is higher.

Figure 7: Example 4. (Left) Numerical solution of system (3.3) with d = 0.35 (months)−1 and
I0 = 1.2mol/L. The parameters correspond to those in Table 2 and the initial data in Table 3. (Right)
Asymptotic behaviour in terms of degradation rate of monomers d and the initial inflammation I0.
The value of I0 is indicated with an arrow and d by a vertical line.

Finally, for d = 0.55 (months)−1 we get only the trivial steady state according to Figure 2, so
that for I0 = 2 mol/L the solution converges to the disease-free equilibrium as we see in Figure 8.
The behaviour of concentrations is similar to that in Figure 6.

In this bi-stable case, the solutions of system (3.3) converge to the positive stationary equilib-
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Figure 8: Example 5. (Left) Numerical simulations of system (3.3) for the parameters in Table 2
and the initial data in Table 3 with d = 0.55 (months)−1 and I0 = 2 mol/L. (Right) Asymptotic
behaviour in terms of degradation rate of monomers d and the initial inflammation I0. The value
of I0 is indicated with an arrow and d by a vertical line.

rium if the initial concentrations of interleukins, monomers or free oligomers are sufficiently large.
The phenomenon of hysteresis could indicate that AD can be initiated by the inflammation.

4.2 Effect of monomer concentration

Similarly to the analysis of inflammation in the persistence of AD, we study the effect of the initial
concentration of monomers. In this context we present some numerical simulations to illustrate the
same hysteresis phenomenon with respect to the initial concentration of monomers. We choose the
initial values given in Table 4.

Table 4: Initial data for the numerical simulations of Equation (3.3).

Parameter Value Units Description
u0 0 molL−1 Concentration of free oligomers
up0 0 molL−1 Concentration of oligomers in the plaques
m0 Variable molL−1 Concentration of monomers
M0 1 molL−1 Concentration of microgial cells
I0 0 molL−1 Concentration of interleukins

This means that we study system (3.3) under a given concentration of oligomers while free
oligomer, oligomers in the plaques and interleukins are initially absent. As in the previous anal-
ysis of Subsection 4.1 we assume that microglial cells are already developed. We vary the initial
concentration of interleukins m0 and the rate of monomers d to show the asymptotic behaviour of
Equation (3.3). We remark that similar results are obtained if we take a positive initial concentration
of free oligomers and monomers are initially absent.

In Figure 9 we present the possible asymptotic behaviours of system (3.3) in terms of the degra-
dation rate of monomers d and the initial concentration of monomers m0, with the parameters of
Table 2 and initial data of Table 4, following the same analysis presented in Figure 3.

Similarly to the previous Subsection 4.1, we observe the same phenomenon of hysteresis for d <
dc, where dc is the critical degradation rate in Figure 2, which implies the existence of the respective
critical threshold value for the initial concentration of monomers mc > 0 (depending on the rest
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Figure 9: Asymptotic behaviour of solutions in terms of degradation rate of monomers d and the
initial concentration of monomers m0. For the parameter values of Table 2 and initial data of Table
4 we get the critical threshold of monomer concentration mc and the critical degradation rate dc.
For d < dc we get that AD persists for m0 > mc and does not persist if m0 < mc. If d > dc the
disease does not persist.

of parameters and the initial data), that determine if AD persists or not. We observe in Figure 9
that for degradation rates of monomers satisfying d < dc, solutions of Equation (3.3) converge to
the disease-free equilibrium when m0 < mc and converge to the positive stable equilibrium when
m0 > mc.

For d = 0.35 (months)−1 and m0 = 0.7 mol/L, we observe in Figure 10 that the solution con-
verges to the disease-free equilibrium. In this example the concentration of monomers is decreasing
(contrary to the case of the interleukins in the previous subsection), due to its intrinsic degradation
rate and the formation of free oligomers. Moreover, the concentrations of free oligomers, oligomers
in the amyloid plaques and interleukins increase until they reach their corresponding maximum
values and eventually decrease in the same way as in the previous examples.

Figure 10: Example 6. (Left) Numerical solution of system (3.3) with d = 0.35(months)−1 andm0 =
0.7 mol/L. The parameters correspond to those in Table 2 and the initial data in Table 4. (Right)
Asymptotic behaviour in terms of degradation rate of monomers d and the initial concentration of
monomers m0. The value of m0 is indicated with an arrow and d by a vertical line.
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For the same value of the degradation rate d and I0 = 1 mol/L we observe in Figure 11 that the
solution converges to the positive stable steady state, since the critical threshold value mc is less
than m0. In this example the concentration of free oligomers, oligomers in the amyloid plaques
and interleukins are increasing towards the corresponding values of equilibrium. The monomers
is initially decreasing until it reaches the minimum value and eventually increases towards the
equilibrium value.

Figure 11: Example 7. (Left) Numerical solution of system (3.3) with d = 0.35 (months)−1 and
m0 = 1mol/L. The parameters correspond to those in Table 2 and the initial data in Table 4. (Right)
Asymptotic behaviour in terms of degradation rate of monomers d and the initial concentration of
monomers m0. The value of m0 is indicated with an arrow and d by a vertical line.

From Figures 10 and 11, we observe essentially the same phenomenon of hysteresis and asymp-
totic behaviour as for the simulations in Subsection 4.1.

5 Discussion and perspectives

From the previous numerical simulations of the bi-monomeric model (3.3) in Section 4, and even
if it corresponds to a simplified version of the original model, we already get a first qualitative ap-
proach in understanding the influence of inflammation and the degradation rates in the persistence
of AD through a phenomenon of hysteresis, which determines the asymptotic behaviour of solu-
tions of system (3.3) through a critical threshold for the inflammation in terms of the parameters and
the initial data. This qualitative analysis suggest that AD may be triggered by an initial high con-
centration of interleukins and its progression could be mitigated if an efficacious anti-inflammatory
treatment would be applied in an early stage of disease, as it is suggested in [25]. Furthermore, an
interesting approach might be the study the effective times of applying anti-inflammatory doses in
order to complement the stress mechanism given by the UPR in lowering the production of Aβ-
monomers and not interfering with microglia activation cycles that counteracts the excess of toxic
amyloid.

In this context, a possible extension of this study relies on modelling of such treatments via an
impulsive differential equation for the concentration of interleukins I (see [29, 30] for a reference
on this type of differential equations). This could lead to interesting optimal control problems in
order to optimise both time and quantity of dose provided to mitigate AD, inspired in the works of
Hu et al. [11]. Moreover, another important extension to the presented model is the incorporation
of cell destruction due to the accumulation of oligomers in the amyloid plaques. In particular, the
stress function (2.1) will also depend on neural population.
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One example of a possible anti-inflammatory treatment is Docosahexaenoic Acid (DHA). It has
been demonstrated that the onset of brain diseases is linked to a deficiency in DHA, the primary
omega-3 fatty acid in the brain. DHA is an essential polyunsaturated fatty acid crucial for the
proper functioning of our metabolism; since it is synthesised in insufficient quantities de novo, it
needs to be included in our diet (found in fatty fish or nuts). DHA is a bioactive nutrient cru-
cial for brain development and reduces the progression of cognitive decline [31]. It also enhances
synaptosomal membrane fluidity, reduces the accumulation of Aβ peptides, fibril formation, and
the pro-apoptotic effects of oligomers. Note that even if diet high in omega-3 does not necessarily
reflect the level of omega-3 crossing the blood-brain barrier, some studies have highlighted a more
significant passage of esterified DHA in phospholipids through a specific transporter, especially
in the form of structured phospholipids [32]. This form has demonstrated pro-neurogenic and
anti-oxidant effects [33]. Furthermore, DHA possesses anti-inflammatory properties, which could
appear as a good therapeutical hope for future research.

Concerning dynamics of the full model incorporating the spatial dependence, the chemotaxis of
microglial cells and the whole polymerisation process of proto-oligomers are far from being fully
understood. For the whole and complete model, we expect a similar phenomenon of hysteresis
to the one observed in the spatial-homogeneous simplified model, though the analysis to prove
existence of steady states becomes way more challenging.
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