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ABSTRACT ARTICLE HISTORY
The interactions between inertial oscillations (I0) and lee waves (LW) Received 12 September 2020
close to the bottom of the ocean and the role of IO in energy dis-  Accepted 18 October 2022

sipation are addressed for a range of physical parameters typical of KEYWORDS
Southern Ocean conditions. I[dealized numerical simulations in a ver- Deep ocean; lee waves;
tical plane and resonant interaction theory are combined for this inertial oscillations; resonant
purpose. The lee waves are emitted by a uniform geostrophic flow interactions; dissipation
over a sinusoidal topography for a constant buoyancy frequency at

mid-latitude. We show that IO can grow by triadic resonant interac-

tions with the LW. Two triads are dominant, which involve waves with

frequency wyw, f and w w — f, where w is the intrinsic frequency of

the LW and f the Coriolis frequency (assumed positive). These triads

differ by the sign and value of the 10 vertical wavenumber. Results

from the numerical simulations show that the triad associated with

the upward phase propagation of the 10 is selected, consistent with

oceanic observations, that a good agreement is obtained with the 10

growth rate predicted theoretically and that the 10 develop in a bot-

tom layer of height less than 1000 m. A quasi-steady flow regime is

eventually reached, with the 10 amplitude being of the same order as

the geostrophic flow speed. During this regime, depending upon the

flow parameters, the 10 kinetic energy is equal to 30-70% of the LW

energy flux during one inertial period. This large range of values is not

reflected in the turbulent kinetic energy (TKE) dissipation rate, which

is comprised between 10 and 30% of the LW energy flux, whatever

the I0 amplitude, even if vanishingly small. Therefore, for the set of

parameters we consider, the TKE dissipation rate cannot be inferred

from the 10 amplitude. Yet, the nonlinear interactions between the

lee waves and the IO are critical in setting the energy spectrum, and

similarly for the internal tide and the 10 at low latitudes according to

the literature. This implies that 10 should be taken into account in the

parameterisation of mixing in the ocean.

1. Introduction

Emission of internal gravity waves at a boundary by a steady mean flow, called lee waves
(LW), has received considerable attention since the 1960s, pointing to the major impact of
these waves on mean flows in the atmosphere. As reviewed by Bretherton (1969) already,
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the emission of LW results in a pressure (or drag) force on the topography in the direction of
the mean flow. LW exert a force on the mean flow only when they break or dissipate. Indeed
the waves transport momentum upwards up to the altitude where breaking occurs and the
wave-induced momentum is deposited there, resulting in the deceleration of the mean flow
(or its acceleration if the mean flow direction has changed at the breaking level). Momen-
tum transfer to the mean flow also occurs at a critical level, where the wave frequency
relative to that flow vanishes (Bretherton 1966).

In the ocean, by contrast, the interest in internal gravity waves lies primarily in their
ability to mix the fluid via breaking. Mixing processes are indeed required to raise the deep
cold water masses to the surface, as part of the meridional overturning circulation (Munk
and Wunsch 1998), and the sources and locations of mixing are key questions in physical
oceanography (Waterhouse et al. 2014). The mixing of the fluid and the wave-induced force
on the fluid resulting from breaking are actually two facets of the same process: mixing
results in the increase in the background potential energy of the flow while the wave-
induced force is associated with a change in the distribution of the potential vorticity of
the flow (e.g. McIntyre and Norton 1990). Concern about the latter force has recently been
raised in the ocean and its role in the momentum balance of energetic regions questioned
(Olbers and Eden 2017). There is also a growing interest in improving the representation
of bottom drag (which includes the drag due to lee wave generation) in ocean circulation
models considering the impact of this representation on large scale flow properties (Arbic
et al. 2019).

Until the end of the 1990s, emission of LW was considered as unimportant in the ocean,
the two main mechanical sources of internal gravity waves being the wind blowing at the
sea surface and the tide flowing above seamounts and continental shelves (Munk and Wun-
sch 1998). However, field experiments have revealed the presence of strong mixing regions
over rough topography at the bottom of the Southern Ocean, extending up to about one
thousand metres above the bottom (Polzin and Firing 1997, Naveira Garabato et al. 2004).
These observations and subsequent field campaigns in the Southern Ocean shaped a sce-
nario of LW radiation by the Antarctic Circumpolar Current (ACC) and geostrophic eddies
flowing over rough topography, resulting in momentum transport and breaking away from
the topography. Subsequent estimates of the energy flux of LW in the ocean indicate that
about 50% of that flux occurs in the Southern Ocean (Nikurashin and Ferrari 2011).
Moreover, the power input from geostrophic motions into LW appears to be comparable
(possibly only two times smaller) to that from the tide into the internal tide and from the
wind to near-inertial oscillations (Waterhouse et al. 2014, Wright et al. 2014).

Near-inertial oscillations are internal gravity waves of frequency close to (and above)
the Coriolis frequency. These waves are ubiquitous in the ocean. The primary source is
the wind at the sea surface but their energy can be transferred toward the deep ocean
as shown from field measurements by Alford (2010) and theoretically by, e.g. Danioux
et al. (2011). Other mechanisms induce near-inertial oscillations (see Alford et al. 2016,
for a review), such as wave-wave interactions involving the internal tide near the critical
latitude! (e.g. Gerkema et al. 2006). Near-inertial oscillations are associated with very large
horizontal wavelengths, of 10-100 km, and comparatively very small vertical wavelengths,
of 100-400 m. These waves are therefore associated with a high vertical shear, prone to

T The critical latitude is the latitude at which the Coriolis parameter is half the tidal frequency.
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instabilities and turbulence, and are generally considered as a major driver for mixing
across the thermocline (Burchard and Rippeth 2009, Chen et al. 2016). One may wonder
if these waves could not also contribute to the mixing observed in the deep ocean.

The interactions between inertial oscillations (I0) and LW close to the bottom of the
ocean and the role of IO in energy dissipation are addressed in the present paper for a range
of physical parameters typical of Southern Ocean conditions. Numerical simulations in a
vertical plane and resonant interaction theory are combined for this purpose.

The two-dimensional idealised configuration we consider is described in section 2; the
overall behaviour of the flow is also presented. We show in section 3 that IO and LW can be
involved in a resonant triad of internal gravity waves. The growth rate of IO is predicted in
section 4 using the resonant interaction theory and compared to results from the numerical
simulations. The flow reaches eventually a quasi-steady regime and, in section 5, the 10
kinetic energy during this regime is compared to the LW energy flux during one inertial
period. The relationship between the IO kinetic energy and the dissipation rate of turbulent
kinetic energy (TKE) is also investigated. A discussion of the results and a conclusion are
presented in section 6.

2. Physical configuration and numerical set-up
2.1. Physical configuration

When a geostrophic current of uniform speed Ug flows over a sinusoidal topography of
wave number kr, internal gravity waves are radiated provided their frequency, equal to
krUg in the frame of reference of the geostrophic flow, is comprised between the Coriolis
parameter f (assumed positive) and the buoyancy frequency N (assumed to be constant)

f <krUg < N. (1)
This frequency satisfies indeed the dispersion relation of internal gravity waves
(krUg)?* = N?sin” 0 + f* cos® 6, (2)

where 6 is the angle that the wave vector makes with the vertical (e.g. Gill 1984).

In the following, we consider the simple flow configuration of Nikurashin and Fer-
rari (2010a) sketched in figure 1. It consists of a uniform geostrophic flow of speed Ug =
0.1 ms~! flowing in the positive (zonal) x-direction over a sinusoidal topography of the
form h(x) = H cos(krx). The topography half-height H takes the values 20 m, 40 m and
80 m and the wavelength 277 /kr is equal to either 1200 m or 2000 m. The value of N is uni-
form with value 1073 s~1. The value of the Coriolis frequency is equal to 107* s™1, except
in two runs discussed in section 5 in which this value is doubled. The latter value, equal to
2107*s71, is not realistic from a geophysical point of view but it will serve to illustrate a
case where no resonant interaction involving the IO and the LW occurs.

These values of Ug, N and of topography scales are typical of those encountered in
the Southern Ocean, as discussed in Nikurashin and Ferrari (2010b) using measurements
in the Drake passage and in the southeast Pacific region. For the Drake passage the latter
authors showed that wave radiation is dominated by scales of 1 km and larger. This accounts
for the value of 2 km (as in Nikurashin and Ferrari 2010a) and 1.2 km we consider.
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Figure 1. Numerical setting. A uniform geostrophic current Ug flows over a sinusoidal topography of
horizontal wavenumber k7 and height 2H in a two-dimensional domain with horizontal periodic bound-
ary conditions. Internal lee waves are emitted, as sketched by dashed phase lines, which are damped in
a sponge layer of thickness 5000 m starting at 2000 m above topography.

2.2. Numerical set-up

The numerical simulations were carried out with Symphonie NH, a non-hydrostatic
regional ocean model which solves the Navier-Stokes equations in the Boussinesq approx-
imation (Auclair et al. 2011). The physical configuration involving a uniform flow over a
y-invariant topography in a rotating reference frame, the velocity field is three-dimensional
but all flow components depend upon the x- and z- coordinates only. Hence, the sim-
ulations are performed in a vertical (x,z) plane. Periodic boundary conditions are used
along the x-direction, consistent with the sinusoidal topography, and the wavelength of the
topography is also the horizontal extent of the numerical domain, denoted L. The bottom
boundary conditions are set either to free slip or to partial slip with a bottom roughness
of 1 mm. To avoid wave reflection from the upper boundary, a damping layer of thickness
5000 m starting at 2000 m above the bottom is applied. Hence the height of the physical
domain is 2000 m.

The flow is initiated from a state of rest. The horizontal velocity component is then
forced through a body force fUg in the meridional momentum equation. During the first
24 h, the flow field is relaxed towards the desired value of Ug with a time scale of 3 h,
to damp spurious oscillations generated at the initial time. After 24 h, the relaxation is
removed and the integration is carried out for 20 inertial periods.

The numerical grid has a fixed spacing in the horizontal direction equal to Ax = 12.5m
and a topography-following (o -) coordinate along the vertical direction. In the damping
layer, vertical grid spacing is stretched from about 5m to about 300 m, and the viscosity
and diffusivity are increased in proportion with the vertical grid spacing. The viscosity and
diffusivity are set to 1072 m? s~ and 1073 m? s ™!, respectively, below the damping layer.

The numerical and physical parameters of the simulations are summarised in table 1.
For clarity, the names of the calculations are composed of three parts: the height of the
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Table 1. Summary of the simulations.

Simulation L H f Bottom condition Ug/NH
Haol, 2km 20m 11074571 Partial-slip 5
Haol 2km 40m 11074571 Partial-slip 25
Hgol> 2km 80m 11074571 Partial-slip 1.25
Haoly_fs 2km 20m 11074571 Free-slip

Haolo_fs 2km 40m 11074571 Free-slip

Hgoly_fs 2km 80m 11074571 Free-slip

Haol1 1.2km 20m 11074571 Partial-slip

Haol1 1.2km 40 m 11074571 Partial-slip

Hsol12 1.2km 80m 11074571 Partial-slip

Haoly_2f 2km 40m 21074571 Partial-slip

Hgoly_2f 2km 80m 21074571 Partial-slip

Notes: L is the horizontal length of the numerical domain (equal to the horizontal wavelength of the topography), H is the
half-height of the topography and f is the Coriolis parameter. Either partial-slip or free-slip boundary conditions are used
at the topography for the velocity field. The other physical and numerical parameters are the same for all simulations and
described in section 2.

topography (Ha, Hao or Hsp); the horizontal length of the numerical domain, equal to
either 2km (Ly) or 1.2km (L 2); the boundary condition, with either no mention if of the
partial-slip type or denoted fs if of the free-slip type; and the Coriolis parameter, with either
no mention if equal to the reference value of 10~*s™! or denoted 2f if equal to twice that
value. (The generic Coriolis parameter and its reference value will therefore be designated
by the same notation f for simplicity.)

2.3. Overall flow behaviour

In the following, as in Nikurashin and Ferrari (2010a), we decompose the flow into three
components, which are the geostrophic flow, the IO field and the remaining internal grav-
ity wave field. The IO velocity field is defined as: Ujo(t,z) = u(x, z,t) — UGx, where Gx
denotes a horizontal average. This definition implies that (i) the IO horizontal scale is infi-
nite (namely kjo = 0), (ii) the IO frequency is equal to f so the vertical group velocity
vanishes, (iii) the IO field has no vertical velocity. The velocity field of the internal grav-
ity wave field is defined as Upw (x, z, t) = u(x,z,t) — Ug — Ujo(t, 2). This field has a zero
horizontal average by definition and encompasses all motions that are not of zero horizon-
tal wavenumber. At the beginning of the simulations, it coincides with the lee wave field of
frequency Ugkr radiated by the geostrophic flow (in the frame of reference of that flow)
and will be denoted in the following by the acronym LW for simplicity.

Over the range of parameters we consider, the topography is subcritical, namely the
slope of the phase lines exceeds the slope of the topography. In the limit of long wavelength
(k7 < N/Ug), the ratio of these two slopes is equal to Ug/NH, whose value is larger than 1
in the subcritical case. This parameter can also be interpreted as the ratio of the maximum
distance a fluid particle can travel vertically, Ug/N, to the typical height of the topography,
H. 1t follows that, when Ug/NH > 1, the whole flow passes over the topography and no
blocking occurs at the bottom of the topography. This is the case for all simulations we
consider (see table 1).

Basic features of the flow behaviour are illustrated in figure 2 for simulation HyoL; (see
table 1). This figure displays the vertical velocity at two successive times. After one inertial
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Figure 2. Snapshots of the vertical velocity for simulation HaoL, after one inertial period (upper frame)
and after 7 inertial periods (lower frame). The same colorbar is used for the two frames, but the maximum
value is about three times higher in the lower than in the upper frame. Note the quasi-linear regime in
the upper frame and the strongly nonlinear regime in the lower one (Colour online).

period (upper frame), quasi-linear LW have been radiated and propagate upwards. After
seven inertial periods (lower frame), wave breaking occurs at the bottom of the domain.
The amplitude of the IO field at a height of about 10 m above the topography top is
displayed in figure 3 for all the simulations of table 1, except those with frequency 2f as
explained below. The spin-up of the simulation, during which the mean flow grows from 0
to the value of Ug, is not shown. The IO amplitude is observed to grow, all the more so H or
kr islarger. As shown in the next section, the IO growth rate is proportional to the square of
the LW amplitude namely to (Hkr Uc)? (in the linear theory), which accounts qualitatively
for the different growth rates observed. For H = 40 m and H = 80 m, a quasi-steady state
is eventually reached in less than 10 inertial periods. For H = 20 m, the duration of the
simulation is not long enough for the IO field to reach the quasi-steady state. Indeed, as
discussed in section 4, the dissipation time scale based on the IO vertical wavelength is
about 50 times the e-folding time of the IO growth implying that the latter growth is not
damped (or only weakly so) by viscosity. Finally, for simulations with twice the inertial
frequency f, the IO amplitude does not significantly depart from noise and is not shown.
Figure 4 displays the vertical profile of the IO amplitude (upper frame) and of the TKE
dissipation rate (lower frame) averaged from 12 to 15 inertial periods for all simulations
in table 1 (except those with frequency 2f). The upper frame shows that the IO amplitude
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Figure 3. Temporal evolution of the inertial oscillation (I0) amplitude at about 10 m above the topog-
raphy top, as a function of time scaled by the inertial period 277 /f. The 10 signal was processed through a
Lanczos low-pass filter at cutoff frequency f. The spin-up of the simulation, during which the geostrophic
current grows from 0 to the value of Ug, is not shown (Colour online).

has grown but remains localised close to the bottom of the domain, below 700 m or so.
Consistent with the results displayed in figure 3, the maximum IO amplitude is all the
larger the LW amplitude is higher. For H = 20 m, the IO amplitude remains insignificant
throughout the water column. For H > 40 m, the maximum IO amplitude is of the same
order as the geostrophic flow speed, ranging between about 1.1 and 2 times that speed. The
lower frame of the figure shows that the TKE dissipation rate is most intense just above the
topography, in the first 200 m or so, keeping significant values also below about 700 m.

The next two sections aim at identifying the mechanisms at the origin of the IO growth
and at quantifying their growth rate.

3. Resonant interactions involving internal lee waves and inertial
oscillations

In the previous section, we have shown that IO emerge during the evolution of the flow.
The objective of the present section is to show that IO can interact resonantly with LW
within a wave triad. For this purpose, we rely on the resonant interaction theory (RIT) (see
e.g. Phillips 1967).

We recall that LW are steady in the frame of reference attached to the topography,
namely their absolute frequency vanishes. Since intrinsic wave frequencies are involved
in the RIT, the theory is applied here in a frame of reference attached to the geostrophic
flow Ug. In the following, the word frequency refers to this intrinsic frequency. We also
recall that the RIT considers waves propagating in a vertical plane of infinite dimension in
both directions, namely the presence of the topography is not taken into account.

3.1. Computation of the resonant triads

When three waves interact resonantly, significant energy exchanges can occur among these
waves (compared to non resonant interactions) if the algebraic sum of both their wave
vectors and their frequencies amount to zero. Assuming two of these waves are the LW
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Figure 4. Vertical structure of the |0 horizontal velocity (upper frame) and of the horizontally-averaged
TKE dissipation rate (lower frame) for the simulations displayed in table 1. All fields are averaged from 12
to 15 inertial periods (Colour online).

and the IO and denoting the third wave with a * subscript, these relations are expressed as

orwkiw + oxky + o10kio = 0, (3a)
orwwrLw + 05w + orowio = 0, (3b)

where the subscripts refer to the different waves, 0 = £1, k = (k,m) is the wave vector
(in the present two-dimensional case) and  the intrinsic frequency of either wave. We
assume that all frequencies are positive implying that the o coeflicients cannot be of the
same sign. Equations (3a) and (3b) together with the three dispersion relations yield 6
equations for 9 variables. Depending on the choice of (oW, 0%, 010), several triads can
arise. We assume that the wave of largest amplitude is the internal lee wave. Since this
wave has the same spectral properties throughout the different triads, the triads can be
considered as independent (Chow et al. 1996).
The problem is closed by expressing that the LW parameters verify

kiw = kr, (4a)
wrw = Ugkr (4b)
and by writing that the IO are homogeneous in the horizontal plane

kio = 0. (5)
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We also know that wjo = f (or |f| iff < 0). The problem therefore boils down to 5 equations
and 5 unknown variables (mpw, mjo, ks, My, Wy)

owwkr + oxky = 0, (6a)
orwmiw + oxmy + ojompo = 0, (6b)
orw UGkt + 0404 + o10f =0, (6¢)
N2 + 22
W = —F— = +/ e (6d)
kZ 4+ m2
(Ugkr)? = # (6€)
k7 + myy,

Solving these equations for the LW field yields

kiw = kT, (7a)
wrw = Ugkr, (7b)

_ |N? — (Ugkr)?
myw = —kr Uokn)? —f2° (7¢)

where we chose mrw < 0 to ensure that the LW radiate energy away from topography.
To solve for the IO and the third wave fields, we first consider the case —opw = o0 =
o4 = 1. For the third wave of the triad, we obtain

ke = k7, (8a)

ws = Ugkr —f, (8b)
_ N? — (Ugkr — f)?

my = :I:kT\/ Ukt == (8¢)

We recall that this internal wave can only exist provided f < Ugkr — f < N. We notice
from equation (8¢c) that the sign of m, is not determined implying that the % wave can
propagate either upwards or downwards. The vertical wavenumber of the IO is inferred
from the relation mjo = mpw — my, implying that the spectral parameters of the IO are

kio =0, (9a)

wio = f, (9b)
N2 — (Ugkr)? N2 — (Ugkr — f)?

o T(\/ (Ugkr)? — f? \/(UGkT—f)2 —f2> )

The case o1 = 0« = —o70 = 1 is equivalent to the case described above.
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Finally, the full solution for the case oy = —0x = 010 = 1is
kLW = kT’ (10a)
orw = Ugkr, (10b)
N2 — (Ugkr)?
=— |————— "k, 10
mw = —| Uk —f2 (10¢)
ks = kr, (10d)
wy = Ugkr + f, (10e)
N? — (Ugkr + f)?
=4+ kr, 10f
My \/(UGkT +f)2 —f2 T ( )
kIO = 0) (log)
wio = f, (10h)

N2 — (Ugkr)* | |N? — (Ugkr + f)? :
=k .
o T (\/ (Ugkr)? — f2 ﬂE\/ (Ugkr + f)? — f? ) (109

In summary, two solutions arise for the frequency of the third wave (w. = Ugkt = f),
and for each solution two possibilities exist for the sign of the vertical wavenumber of the
third wave (m, ), and hence for the value of mjp. Therefore, there are four solutions for the
vertical wavenumber of the IO.

These triads can in turn be involved in higher order interactions. For instance, the inter-
action between an IO of frequency f and a x wave of frequency UgkT — f may giverisetoa
new wave of frequency Ugkr — 2f. More generally, energy transfers occur along a discrete
spectrum of frequencies Ugkr + nf, where n is an integer (positive or negative) which
must satisfy

UGkT N UGkT
— <n<--

f o f

expressing that these frequencies lie in the range of internal wave frequencies.

(11)

3.2. Evidence of resonant triads from spectral analysis

Figure 5 displays the frequency spectrum of the horizontal velocity component along the
x-axis for the wave field for simulation H¢L,. This wave field encompasses the IO and
the internal gravity wave field (LW). The spectrum is computed in a frame of reference
moving at speed Ug since intrinsic frequencies are to be detected. The straight line is the
confidence level at 99%, above which the spectrum significantly departs from red noise.
Several peaks emerge from the power spectrum.

The peak close to f is that of the IO. This peak is indeed unchanged in the moving refer-
ence frame since the IO horizontal wavenumber vanishes. The peak is slightly shifted from
(and above) f due to the finite length of the time series, equal to 15 inertial periods, and
to nonlinear effects. Another peak is associated with the LW frequency (v = Ugkr). One
would expect the sum and difference of these two peaks (w = Ugkr =+ f) to be dominant
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Figure 5. Variance preserving power spectrum of the horizontal velocity component of the wave field
for simulation Hygl, computed at about 600 m above the bottom of the domain, in a frame of refer-
ence moving with the geostrophic velocity Ug. The wave field encompasses the entire flow, except for
the geostrophic flow. The straight line is the confidence level at 99% implying that the spectrum sig-
nificantly departs from red noise when it exceeds this line. The inertial and buoyancy frequencies and
the frequencies predicted by the resonant interaction theory are indicated with a vertical dashed-dotted
line. The length of the time series is 15 inertial periods implying that the spectral resolution is 0.01f.

as well but only the difference of these frequencies appears, as explained in the next section.
A peak at frequency Ukt + 2f also emerges but no peak of value UgkT — 2f. No general
conclusion about the presence of these peaks can be drawn however since, depending upon
the simulation in table 1 we analysed, peaks at frequency Ugkr + 3f or Ugkr + 4f may
instead (or also) be visible. But this clearly attests of the presence of higher order triads
(which may be non resonant).

4. Growth rate of inertial oscillations

In this section we show that resonant interactions result in the growth of inertial oscil-
lations. This growth rate is next compared with the one diagnosed from numerical
simulations.

4.1. Expression of the inertial oscillation growth rate

Evolution equations for the amplitude of the waves involved in a resonant triad can be
inferred from the RIT (see appendix A.1). This evolution occurs on a slow time scale, #;
say (defined in that appendix). When one wave in the triad is of much larger amplitude
than the other two (all waves being of very small amplitude, a basic assumption of the
RIT), this large amplitude wave can be assumed to be steady over the time scale #;. This
allows for the linearisation of the evolution equations, from which the solution for the two
smaller amplitude waves can be inferred. The latter waves either exchange energy within
the triad over a periodic cycle, implying that their amplitude remains bounded, or their
amplitude can grow exponentially, the largest amplitude wave feeding them. We consider
the resonant triad made of the LW, assumed to have the largest amplitude, the IO and the *
wave introduced in the previous section. In an inviscid fluid, the oscillatory or exponential
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behaviour depends upon the sign of the parameter I"? defined by

2 A\

where Ay is the amplitude of the LW, and S, and Sjg are interaction coeflicients of the *
and IO waves, respectively, with the LW. The expression of these coefficients is

OLWO. k k
5. = T80 (i — )+ Nk (22— 10
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with K; = |k;|. When I'? > 0, namely S,Sjo > 0, the IO and the * waves grow expo-
nentially at rate I, implying that the LW is unstable in the inviscid limit. When I'? < 0
(8+Sr0 < 0), the LW is stable. The derivation of equation (12) is detailed in appendix A.2,
viscous and diffusive effects being taken into account.

4.2. Validation with numerical simulations

For the range of parameters considered in this paper, I"? is strictly positive for the two
triads involving the * wave of frequency UgkT — f (these triads differ by the value of mpo).
This result holds for all simulations except for those with twice the inertial frequency since
Ugkr — 2f < 2f in this case. No resonant triad involving the LW and the IO can therefore
be detected in the latter simulations.

The finding of these triads is consistent with Hasselman’s criterion (Hasselmann 1967),
which states that a primary wave is unstable if it has the highest frequency in the triad.
Hence, the internal lee wave, of frequency Ugkr, is unstable for a triad involving the IO and
the * wave at UgkT — f, but stable for a triad involving the IO and the * wave at Ugkr + f.
(Hasselman’s criterion can actually be shown to be equivalent to S.Sjo > 0.) In the former
triad, energy is continuously transferred from the LW to the IO and the x wave, whereas in
the latter triad periodic energy exchange takes place between the three waves. This implies
that although the two types of triads are expected to have a signature in the frequency
spectrum displayed in figure 5, the triads involving the * wave with frequency Ugkr — f
should be dominant, which the latter figure attests.

Figure 6 displays a scatter plot of I" computed from the resonant interaction theory and
from the simulations, denoted I'ryr and [y, respectively (the expression of I'gyy is derived
in appendix A.2). The theory predicts growth rates of similar values when the sign of m, is
changed (for instance, for H = 40 m, the value of I'g;7/f is equal to 3.33 107 form, > 0
and to 3.76 10~! for m, < 0) and only the values associated with negative m, are shown
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Figure 6. Scatter diagram of the growth rate of the |0 diagnosed from the simulations, I'sjm, versus that
computed from the resonant interaction theory, Iz, scaled by the inertial frequency. Simulations for
which the inverse of the 10 growth rate is smaller than 3 inertial periods are indicated with a filled marker
(black or grey). For simulations with empty markers, the inverse of the IO growth rate is larger than 10
inertial periods.

for clarity. Also, values of I'gyr in the inviscid limit are shown as the effect of viscosity
hardly changes these values (see appendix A.2). Indeed the relative difference between the
inviscid and the viscous values for I'pir are at most a few percents whatever H. As for the
numerical growth rate Iy, it is computed from an exponential fit of the curves displayed
in figure 3 from the beginning of the simulations (namely, after the spin-up time). Only
positive growth rates are shown.

Since simulations with H = 20 m present little IO growth (see figure 3), a precise esti-
mate of the growth rate for these simulations cannot be obtained, hence preventing the
comparison with the theoretical predictions. The growth rates computed for cases with
H > 40 are much more robust. For the latter cases, all values of I§;,, but one underes-
timate the theoretical predictions. More precisely, simulations with a free-slip boundary
condition on the topography yvield a growth rate in very good agreement with the the-
oretical predictions. This is no longer true when a half-slip boundary condition is used,
consistent with the RIT being inviscid (the RIT predictions being hardly modified by vis-
cous effects as said above). As well, when H = 80 m, higher order triads very likely interact
with the dominant one, extracting energy from this triad and damping its growth rate. In
overall, it can be concluded that the values of Iy, agree reasonably well with those of I'gsr.

4.3. Vertical propagation of the inertial oscillations

As discussed in the previous section, we consider only the two triads involving the LW, the
IO and the * wave with frequency Ugkr — f. These triads differ by the expression of the
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from where the expression of the IO phase speed in the vertical direction can be com-
puted, cé lro = f/mjo. The product m,mjo is negative, meaning that a % wave whose phase
propagates downwards (m, < 0) is associated with an IO whose phase propagates upwards
(mjo > 0).

Figure 7 displays a time-height diagram of the horizontal velocity of the IO for simula-
tion HyoL;. The value of the IO vertical phase speed predicted by the RIT for mjo > 0 is
indicated with a black line. This value compares very well with the numerical result below
about 1000 m, where the IO amplitude is the largest. As discussed above, a theoretical solu-
tion with a negative value of mjg is also found from RIT but it does not appear in the
numerical solution. One possible explanation is that the latter IO wave is of smaller verti-
cal scale than the mjo > 0 wave (27 /|mjo| is equal to 240 m for mjo < 0 and to 1015m
for mjo > 0) and therefore more prone to dissipation. Indeed, the viscous time scale (esti-
mated as 1/(v m%o)) associated with the mjo < 0 wave is about 2 inertial periods, against
40 inertial periods for the mjo > 0 wave, which may account for the former wave to be of
insignificant amplitude.

Figure 7 also shows that the IO field amplifies at lower heights with time, as if the IO were
propagating energy downwards. This would imply that the IO is near-inertial. However,
the formation of a near-inertial wave is forbidden by the periodic boundary conditions
because these conditions quantify the horizontal wavenumbers into nkr, with n > 0. A
near-inertial oscillation would be associated with a non-zero and very small (< kr) hori-
zontal wavenumber, which is not possible. This behaviour of the IO field, possibly due to
nonlinear effects, needs to be clarified.
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Figure 8. Scatter plot of the 10 kinetic energy Ejp versus the TKE dissipation rate € integrated over the
physical domain D and from 12 to 15 inertial periods. € is scaled by the LW energy flux taken at a height
of about 10 m above the topography top and averaged horizontally over the physical domain, denoted
Pyp. The 10 kinetic energy is scaled by Py, during one inertial period 27 /f. Simulations for which the
inverse of the 10 growth rate is smaller than 3 inertial periods are indicated with a filled marker (black
or grey). For simulations with empty markers, the inverse of the |0 growth rate is larger than 10 inertial
periods. The + and x signs refer to simulations with Coriolis frequency 2f, for which I'2 < 0.

5. Energy transfer from the lee waves to inertial oscillations versus TKE
dissipation

The objective of this section is two-fold: (i) to estimate the energy transferred from the LW
to the IO; (ii) to determine whether a relationship can be found between the IO kinetic
energy and the TKE dissipation rate.

For this purpose, a scatter plot of the IO kinetic energy Ejo and of the TKE dissipation
rate € is displayed in figure 8. Both quantities are integrated over the physical domain and
averaged from 12 to 15 inertial periods, when the IO amplitude (see figure 3) and € (see
Labreuche 2015, figure 2.3) have reached a quasi-steady regime. The quantity € is scaled
with the LW energy flux p'w taken at about 10 m above the top of the topography and
averaged horizontally over the physical domain, denoted P, (p’ is the pressure deviation
from hydrostatic balance). The quantity Ejo is scaled by the LW energy flux during one
inertial period P,/ (27 /f).

Figure 8 shows that, for H larger than 40 m and f = 10~*s™1, an appreciable part of the
energy transported by the LW over one inertial period is converted to IO kinetic energy,
comprised between 35% and 70%. For H = 20 m, the growth rate of the IO is very small
(1/T" is greater that 10 inertial periods) and Ejo does not exceed 15% of the LW energy
flux during one inertial period, being vanishingly small when the domain size is 1.2 km or
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if a free-slip boundary condition is used. For f twice larger, I defined by equation (12)
is negative and no IO can grow by resonant interactions. This is attested in the figure (+
symbol) for H = 40 m. For H = 80 m, IO kinetic energy is still detected (x symbol), the
IO field having possibly been created by nonlinear (non-resonant) interactions during the
turbulent regime; however their kinetic energy is not more than 12% of the LW energy
flux during one inertial period. In overall, figure 8 shows that resonant interactions are an
efficient mechanism to force IO from the LW.

Focusing now on the total TKE dissipation rate, figure 8 shows that € is comprised
between about 10 and 30% of the LW energy flux for f = 10~*s~! (when IO grow). These
values are consistent with ratios of dissipated to radiated energy (estimated from wave radi-
ation theory) observed in the Scotia Sea within 1km of the seabed (Sheen et al. 2013).
Figure 8 also shows that € is largest when I"? < 0, namely when no resonant growth of IO
occurs (see the simulations with frequency 2f). It follows from this figure that no clear
dependence of the total TKE dissipation rate upon the total IO kinetic energy can be
inferred, even though the vertical structure of the IO and of € seems to be related (see
figure 4). Therefore, for the set of parameters we consider, it is not possible to infer the
TKE dissipation rate from the IO amplitude.

6. Conclusion and discussion

The interactions between lee waves (LW) and inertial oscillations (IO) are addressed in
this paper for an idealised configuration and a range of parameters typical of the Southern
Ocean. The lee waves are radiated by a geostrophic flow over a two-dimensional sinusoidal
topography in a stably-stratified fluid of constant buoyancy frequency N at mid-latitude.
Inertial oscillations are internal gravity waves of frequency equal to the Coriolis frequency
f (assumed positive for simplicity). The main result of this paper is that IO can grow by tri-
adic resonant interactions with the LW. The dominant triad involves waves with frequency
Ugkr, f and Ugkr — f, where Ugkr is the intrinsic frequency of the LW (measured in
a frame of reference attached to the geostrophic flow of speed Ug; kr is the horizontal
wavenumber of the topography). This resonant mechanism is valid whatever the param-
eters of the problem provided the LW intrinsic frequency is comprised between 2f (as
Ukt — f should be larger than f) and N. For f = 1074, N = 1073 and Ug = 0.1 ms~},
which are the values considered in the present configurations, this condition implies that
the wavelength of the topography is comprised between 600 m and 3 km, which are typical
values for oceanic bottom topographies.

The resonant growth mechanism of IO is assessed from numerical simulations with
wavelength of the topography equal to 1.2 km and 2 km. IO do grow in the simulations,
in a bottom layer of height less than 1000 m, with a growth rate in good agreement with
predictions of inviscid resonant interaction theory (RIT). This theory predicts that two
resonant triads can occur, associated with IO with either a positive (upward) or a negative
(downward) phase speed along the vertical direction. Only the former triad is found in
the simulations consistent with oceanic observations (e.g. Leaman and Sanford 1975). A
possible argument to account for the absence of the negative phase speed IO is that the
latter wave is damped by viscosity.

IO have a zero group velocity so they amplify at their generation site. This is close
to the bottom in the present case, possibly because the LW away from the topography
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are no longer energetic enough to amplify the IO (having forced them close to the bot-
tom), dispersive and viscous effects coming also into play. We remind that, for internal
gravity waves, a positive phase speed along the vertical is associated with a negative ver-
tical group velocity. Thus, in the ocean where near-inertial oscillations can be generated,
these results imply that the latter waves should accumulate close to the topography while
growing, possibly leading to mixing via shear instability. Such a downward energy prop-
agation of near-inertial oscillations close to rough bathymetry has been observed, e.g. by
Alford (2010) in the Eastern North Pacific and by Waterman et al. (2014) in the South-
ern Ocean. In the latter case, measurements show an elevated energy dissipation rate up to
~250 m above the topography (see Zemskova and Grisouard 2021, for further references
and discussion).

In the present paper, the amplitude evolves in time toward a quasi-steady regime, reach-
ing values as large as the speed of the geostrophic flow when the parameter Ug/NH is order
1 (H is the half-height of the topography). During this regime, depending upon the flow
parameters, the IO kinetic energy is equal to 30-70 % of the LW energy flux during one
inertial period. This wide range of variation is not reflected in the TKE dissipation rate:
this rate is comprised between 10 and 30% of the LW energy flux, whatever the IO ampli-
tude, even if vanishingly small. Therefore, for the set of parameters we consider, it cannot
be concluded that the TKE dissipation rate can be inferred from the IO amplitude.

The RIT framework considered in this paper is no longer valid during the quasi-steady
regime, LW being now radiated by the superposition of the geostrophic flow and the IO
field of similar amplitude. This flow regime is studied by Nikurashin and Ferrari (2010a).
An asymptotic expansion as a function of the LW amplitude is derived by these authors,
in which the geostrophic flow and the IO are zero order fields. It is shown that the IO are
forced by the divergence of the wave-induced Reynolds stress, this divergence being due
to dissipative effects. Dissipation is introduced in the equations of motion by a Rayleigh
damping force to make the problem mathematically tractable. This forcing mechanism of
the IO therefore requires very different assumptions than the one proposed in the present
paper: in the RIT, the IO amplitude is much smaller that the LW amplitude and dissipative
effects do not play any role. These two mechanisms can actually be seen as complementary:
infinitely small amplitude IO grow by inviscid resonant interactions involving the LW and
when the IO amplitude becomes of the same order as that of the geostrophic flow, momen-
tum deposition by the LW comes into play through a viscous nonlinear process, which
forces the IO.

The results presented in this paper have actually more generality, as literature on the
internal tide shows it. Indeed Nikurashin and Legg (2011), while adressing the mecha-
nism of turbulent energy dissipation above the bottom in the Brazil basin from the internal
tide, found from two-dimensional numerical simulations that the triad (wyige, f> @ride — f)
is dominant in the energy spectrum in the first 1000 m above the bottom (wy;4, denotes the
tidal frequency). These authors conclude that this triad is a key player in energy transfer
from the internal tide to small vertical scale waves and therefore in turbulent processes.
Richet et al. (2018) showed that this triad is a resonant triad, similarly to the present
finding where the energy source is provided by the lee waves. From the work of Richet
et al. (2018), one can actually note that, as f increases from 0 at the equator to its value
at the critical latitude defined by f. = wy;4./2, the frequency of the secondary waves f
and wyig. — f becomes each equal to wy;g./2, namely the resonant process becomes of the
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parametric subharmonic instability type. This points toward the crucial role of this reso-
nant triad as f varies from 0 to f. and of IO in energy transfer toward small scales in the
ocean.

These results imply that IO should be taken into account in the parameterisation of
mixing in the ocean (as also stressed by Alford et al. 2016). Indeed, it is usually assumed
in such parameterizations that the turbulent cascade is driven by wave-wave interactions
not subject to rotation. The present paper shows that the nonlinear interaction between lee
waves and IO is critical to setting the energy spectrum.
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Appendix: Resonant interaction theory

This annex is a step by step guide through the resonant interaction theory derivation.
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A.1 Derivation of the amplitude equations

Let (1, v, w) be the velocity components of the internal gravity wave field. In the paper, these com-
ponents do not depend upon the y-coordinate so that a stream function ¥ can be introduced:
u = —0oy/dz, w = dy/dx. We note the density deviation with respect to hydrostatic balance as p.
The Navier-Stokes equations in the Boussinesq approximation can thus be written as (e.g. Koudella
and Staquet 2006)

WAV + J(, ) = f3,v+ dep + VA%Y, (A.1a)
v +J(v,¥) = —fo ¥ +vAv, (A.1b)
o +J(p, ) = —N*3y + « Ap, (A.lc)

where v is the molecular viscosity and « the diffusivity of buoyancy.

These equations are scaled using N~! as a time scale, 1/K as a length scale with K being a typ-
ical wavenumber of the wave field and U as a velocity scale of the fluid particles displaced by the
waves. Introducing the Froude number Fr = UK/N, the scaled equations become (keeping the same
notation for the original and scaled variables)

HAY + FrI(AY,¥) = %azv + 00+ %Azw, (A20)
__f i
v+ Fri(v, ) = Nf)zl// + RevAv, (A.2b)
Fr
o + Fri(p, ) = =0y + ——Ap. (A.2c)
RePr

Re = U/vK and Pr = v/k are the Reynolds and Prandtl number, respectively.

Assuming that the Froude number is much smaller than 1, we introduce a fast-time scale £y, of
order N1, and a slow-time scale t; = Frt, over which resonant interactions take place: t =ty +
Frt,. Thus

Bt = 8t0 + Fratl, (A3a)

37 = 0 + 2Frdy,dy, + Fr*o;. (A.3b)

We then expand the fields as a function of the small parameter Fr

Y (x, b0, 1) = YO, to, t1) + Fryr' (x, to, t1) + O(Fr?), (A.4a)
v(x, fo, t1) = W (x, fo, t1) + Frv' (x, to, 1) + O(Fr), (A.4b)
p(x,tg, t1) = po(x, to, t1) + Fr,ol(x, to, t1) + O(Frz). (A.4¢)

At zero order, assuming that the fields are not damped by viscosity, one obtains

2
AP+l + (%) vl =0, (A.52)
3, V° + %azwo =0, (A.5b)

3,0+l =o0. (A.5¢)
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Thus, the solution at zero-order describes the evolution of plane waves. We assume that these plane
waves consist in the superposition of three waves whose amplitude varies slowly in time

2

Vot 1) =) Aie?” + e, (A62)
j=0
2 f m

0 _ ! idi

Vo (x, tg, 1) = — —Ai(t)e c.C., A.6b

(x, to, 1) ;Nwi i(t)e? + (A.6b)

2 ki

POt ) = ) Ayt + e, (A6)
: wj
j=0

where ¢; is the phase of the j-wave
¢j = kj.x — wjto with kj = (kj, mJ)

At order 1, viscous and diffusive effects are taken into account. Careful development of that order

leads to
2 2 2
Do FH D DY G =0, (A7)

o==%1 =0 op==%10p==%1n=0 p=0
where F; gathers the linear terms and g,,)P the non-linear terms

(o7)

. dA 1 K F\V 1 m
Fi = — ioiK2we®? | 2—L— 4 — A("’)+ —K2A — (L) ——Laln |, A8
! e ot RePro’ ! T Re N) Rew? " (A.8)

Gnp = 10,0, (muky, — mpkn)Ag,U”)A;:UP)ei("”"’”+"P¢P)
2
f mp
K (onwy + opwp) —l— (onk + opky) + —(onmy + opmyp) |, (A9)
@p
where A](l) = Ajand A;_l) is the complex conjugate.

Taking into account that szwj —(f/N )zmj2 Joj = kf /oj from the dispersion relation, the equa-
tions become

(o1) 2
0A 1 k 1
iojp; KZ l I 1 A(Ul)
E E e |:Gz a)1< ot +Rea)12< +7Pr> )

oj==%1
I P
o,==%x1 n,p
op==%1

fY mp
K (Onwn + opwp) + (onk + opkp) + (N) w—(anmn +opmp) | |-
P
(A.10)

From this equation, it follows that for resonant interaction to occur, the waves need to satisfy
V{l,n,p} € {0, 1,2, 1# n#p, 3(010n,0p) € (—1,1F, 0101 = 0upn + 0. (A.11)

We can here choose the convention w; > 0 without any loss of information. The resonant condition
can be written as

V{l,mp} € {0,1,2P,1#n#p, 3Ion0m0p) € {117,



22 P. LABREUCHE ET AL.

O1W] = OpWy + OpWp, (A.12a)
otk; = o4k, + opkp. (A.12b)

Injecting the resonant condition into (A.10) yields

(o1) 2
8Al l kl 14 i A(U’) — oo A(G”)A(Up) (mnkp — mpkn)
t Re 2a)l2 pr)t mEPTn P 2K12w1

2
X |:(K; — Kﬁ)wl + (Z:i - C]:—n> ki + (%) (% - %) ml] . (A.13)
P n P n

Let us rewrite the two main results from this section in a more general way (in equations (A.12) o;
is changed into —o7, without any loss of generality)

01w + 0wy + opwpy = 0, (A.14a)

otk + onky + opk, = 0. (A.14b)

The final amplitude evolution equation becomes

(o) _ (o) 4 (—op) (Mnkp — mpky)
AV = 0,0,A A _
) ! "epTn P ZKIZwl

2
X |:(K§ - Kﬁ)wz + ((]:—P — g) ki + (%) <? — %) m1:| . (A.15)
P n P n

A.2 Calculation of the growth rate

A 1 K 1
oty Re 2w} Pr

Let us assume that wave 0 is originally of large amplitude (this is the ILW in the present paper),
and serves as thermostat to the system (it provides energy, and its amplitude is subject to only small
relative variations on timescale ¢;). Waves 1 and 2 are originally of small amplitude, and grow thanks
to the energy provided by wave 0.

From equation (A.15), the set of amplitude evolution equations becomes

9, AV + CLAY = §1A5 VAT, (A.162)
I AYY 4 CALY = 545704, (A.16b)
where
C=2 K 14t (A.17a)
= -, 17a
" Re2w? Pr
(mako — moky)
Sl :(Too'zf
2Kjw;
ko Kk N (mo  m
x | (K2 = K? = =k )= ==)m|, (A17b
|:( 0 2)w1+<w0 602) 1+<N @0 © 1 ( )
S (miko — moky)
2 =000l ————>»

2K3w,

2
X |:(Kg — K%)a)z + (% — %) kz + (%) (%Z — %) I’}'I2:| . (A.17C)
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Since (C1, Ca, 51, S2) € R*, we can rewrite equation (A.16a) as

(3 + C) (3 + CAL = $1521A0|* Ay, (A.18a)

(0 + C2) (0, + C1)Az = $152]A0[* A, (A.18b)

We can already deduce from equation (A.18a) that waves 1 and 2 will have the same time evolution.
Let A;(t;) = A1(0) e’ and A, (t;) = A(0) e’'"t, where T is the growth rate of the secondary
waves. This entails

I'? 4 (C1 + C)I + C1Cy — $18:]A0)* = 0. (A.19)
The secondary waves will grow if I' is real and positive, which occurs if
Ar = (C1 4 C)* — 4(Ci1Cy — $15:1401%) > 0. (A.20)

If this is the case, the exponential growth rate of the waves is

I =3 =@+ + V(€ - G + 515,140 (A21)

Viscosity damps the growth rate as expected.
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