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SURFACE BOUNDARY LAYERS THROUGH A SCALAR EQUATION WITH AN
EDDY VISCOSITY VANISHING AT THE GROUND

Luict C. BERSELLI'®, FRANCOIS LEGEAIS?® AND ROGER LEWANDOWSKI>*

Abstract. We introduce a scalar elliptic equation defined on a boundary layer given by Iz X [0, 2ztop),
where II5 is a two dimensional torus, with an eddy vertical viscosity of order z, o € [0, 1], an homoge-
neous boundary condition at z = 0, and a Robin condition at z = z¢,p. We show the existence of weak
solutions to this boundary problem, distinguishing the cases 0 < o < 1 and « = 1. Then we carry out
several numerical simulations, showing the ability of our model to accurately reproduce profiles close
to those predicted by the Monin—Obukhov theory, by calculating stabilizing functions.
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1. INTRODUCTION

This paper is devoted to study a scalar elliptic equation which parameterize the mean velocity of the air
in the atmospheric Surface Boundary Layer (SBL), where the turbulent stresses are balanced with the friction
forces on the ground. This is part of the more general framework of the turbulent boundary layers, initially
developed by Prandtl [19], then by von Kérmdan [26], who highlighted the role of logarithmic profiles relative to
the height in such layers (see also in [13,24,25]), called the log-law, which was validated by several numerical
simulations, for instance by using turbulence models such as the k — ¢ model (see [18] and further references
inside) and-or by stochastic models [17].

The Monin—Obukhov theory [14] states that under non-neutral conditions, the mean velocity profile differs
slightly from the log-law, the difference being determined by stabilization functions. This theory is used in much
more general (SBL) regimes [16], and is the basis of most atmospheric flow simulations near the ground, which
raises the question of the determination of the stabilization functions.

The starting point is the 1D differential equation that yields the log-law from a theoretical point of view [24],

namely
w24 Zy
Az \Tdz ) 7

together with appropriate boundary conditions, where « = u(z) denotes the mean horizontal velocity component
that is supposed to only depend on the height z > 0; in this framework, u, is the friction velocity and x the
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von Kdrmén constant. We wonder if a similar simple multi dimensional PDE satisfied by v = u(x, 2), x5 € R?
(d =1,2), is able to yield Monin-Obukhov profiles type, which suggests to introduce the equation,

_VhAhu - az(yturb(z)azu) = f7 (11)

where f is the Boussinesq force specified by a temperature supposed to be constant in this paper, V., = Vi (2)
is an eddy viscosity and v, > 0 an horizontal viscosity coefficient. According to standard assumptions and
dimensional analysis [5, 10, 15], we should have

Veurs (2) = K12, (1.2)

in the domain 0 < z < z0p, Where 2o, denotes the height of the (SBL). However, we know that eddy viscosities
that vanish at the boundary are source of serious mathematical issues [2—4] and are often studied by means of
weighted Sobolev spaces [8]. Moreover, the case given by (1.2) is critical as we will see later in this article, giving
very weak solutions with only H 1/2 regularity, which does not allow to set a boundary condition at z = 0. This
is why in many models, v,,,, is taken to be constant in a viscous sublayer [0, zg]. The same issue occurs in the
case of the Smagorinsky model [23], where the eddy viscosity denoted by v,,., is given by V., = £2%|0,u| near
the ground z = 0. This is why in the Smagorinsky case, several authors have suggested to replace the physical
Vemag DY Vemag = ng(lfa)z2°‘|82u| for some 0 < a < 1 [4,20-22], to obtain more regular solutions and to be
able to take into account appropriate boundary conditions. This suggests to consider in our case general eddy
viscosities of the form

Veurn (2) = K25~ “u, 2. (1.3)

There is the question of the boundary conditions. It is natural to set u = 0 at the ground z = 0. Following [9],
we take a Navier friction condition at the top of the boundary layer z = ziop (also named Robin law), which is
a fairly transparent condition, easy to deal with in a variational formulation. In order to be consistent with the
numerical simulations, we take periodic boundary conditions in the horizontal directions. Therefore, the PDE
problem we consider in this paper is the following?,

A — v Apu — 10, (2%0,u) = f in BL,
uz&pw = Cp(V(xp) — u(xp, 2top)) on I'yop, (1.4)
u=0 on I'p,
where x;, = (z,y) and
BL =TIy x [0, ztop], Ty =1IIs x {z =0}, Tiop =Ha X {2 = 2ep}, (1.5)

0 < a <1, for a given 2D torus denoted by Il, where the term Au, A > 0, is a stabilizing term, useful only in
the case « =1, > 0 and Cp > 0 are given coefficients that will be calibrated by numerical experiments.

In this paper we prove the existence of a weak solution to problem (1.4) in an appropriate weighted space for
0 < a < 1, see Theorem 3.1 below. Then for o = 1, we prove the existence of a very weak solution u € H'/?(BL)
for A > 0, in Theorem 4.1, which is the main result of this paper. In this result, we do not impose u = 0 at
z = 0. It is based on a Negas lemma type (also known as Lions Lemma), Lemma 4.1. In this case, the difficulty
is due to the mixed boundary condition and we cannot directly apply the results of [1,6]. We had to make
many efforts to prove this essential result in this problem, based on the interpolation theorem [12]. Finally we
carry out several numerical simulations based on a Freefem-++ code [7], which allows to evaluate the difference
between the solution and the log-law. In particular we observe that, despite the lack of theoretical regularity,
the physical case @« = 1 remains the most accurate to parameterize the SBL, and we are able to calculate

1The acronym SBL has been replaced by BL for simplicity.
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numerically in several different regimes the stabilizing functions, given by formula (5.8) below, which validates
model (1.4) in terms of the Monin-Obukhov theory.

The paper is organized as follows. In a first part we develop the modeling sketched in the introduction,
and we set the physical constants involved in the simulation. Then we study the case 0 < « < 1, by viscous
regularization and proving that the natural weighted space related to the problem is embedded in a standard
Sobolev space W7 (BL). Then we focus on the case a = 1. A large part of the paper is devoted to the study
of the function spaces and Negas Lemma by means of Fourier series, which allows to prove that the natural
weighted space related to the problem is embedded in H'/ 2(BL). The last section of the paper is devoted to the
numerical results.

2. MODELING

This section is devoted to recall some basic elements of the theory of turbulent boundary layers, and to fix
the general framework of the model which one studies. The steady mean fluid velocity in such boundary layer,
denoted (BL), is denoted by

u = u(xy, z) = (up(xp, 2), w(xp, 2)),
instead of u for the simplicity, where
Uup = (uv U), KA ]O’ Ztop[v
Ztop > 0 being the bottom of (BL). For instance, if (BL) models the surface boundary layer, zyop ~ 100m. We
also will need to consider the roughness length zy, which depends on the nature of the ground, and varies from
0.0002m in open sea, to 1 m for city centre with high- and low-rise buildings.

Note that we are in a flat domain and the splitting of both variables and unknowns into horizontal and
vertical will be of particular use to identify the problem and give a clear formulation.

2.1. Assumptions, general equation and issues

Let v > 0 denotes the kinematic viscosity of the fluid. It is commonly supposed that in standard (statistical)
steady BL it hold the following:

— the pressure is constant and the vertical part of the mean velocity vanishes, that is w = 0 and, even if it
means making a change of coordinates, we can assume v = 0;

— the mean velocity u = (u,0,0) depends only on the altitude, that is u = u(z);

— the eddy viscosity 1., depends on z and u* = /v|0,u(0)|, the so-called frictional velocity, which is the
tuning parameter of the system (see [18,24]), which yields

Vewrs = Veury (2) = O, Ciu* 2, (2.1)

where C,, =~ 15, C, ~ 10 are non dimensional constants, that we have calibrated by numerical simulations.
Typical values of u, range from 2 to 10ms~".
— all terms in the fluid equation are negligible compared to the turbulent diffusion term.

These assumptions lead to the following equation for the mean velocity u = (u, 0, 0),

- ((>j“) o, (2.2)

which formula, once integrated between a given zy and zi,p, with appropriate boundary conditions, yields the
well known log-law, uniform in xj, using the calibration constants C, and C\:

u(z) = Cé“* (log(z> + 1), 2 € [20, Ztop). (2.3)

v 20
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Generally, for z € [0, 2], called the viscous sub-layer, a linear profile is considered such that u = u(z) is
continuous over |0, zyop[, and u(0) = 0, which means

CLuy
u(z) = . z,
Let upog denotes the function defined over |0, ziop[ by (2.3) and (2.4). When the stability of the atmosphere
is non-neutral and due to the effect of convection, which means that there is a non zero source term in (2.2),
stabilizing functions must added to uro.s to get the right velocity profile, according to the Monin-Obukhov
theory [14], which means that

z € [0, zo]. (2.4)

u(z) = Urog(2) + ¥(xs, 2), (2.5)
where the function ¥(xy, 2) is deduced from similarity arguments or from experimental data. Examples of such
stabilizing functions can be found in [16].

Remark 2.1. Normally in usual industrial models, C,, stands for the von Karman constant, the value of which
being equal to 0.4, and C, = 1. However, due to the scales of our simulations, we have to take other values of
these constants to get numerical results related to the physical data in the atmospheric SBL.

Our aim is to find a comprehensive PDE model, such that:
(1) is defined over |0, zop ;
(2) includes an eddy viscosity of the same form as that given by (2.1), where the profile u = u(xy,0) also
depends on the horizontal variable;
(3) is able to calculate stabilizing functions such as in (2.5) in various atmospheric regimes.

Before embarking on nonlinear complicated 3D equations of fluid mechanics, we consider as a first step the
following elliptic toy-model in BL = R? x (0, z¢op):

A — VR Apt — 0, (Vur (2)0zu) = f, (2.6)

for some A > 0,v, > 0, A}, = ;—; + 53—;2. The term Au in (2.6) stands for a numerical artefact of an evolutionary
term O;u, and serves as a system stabilizer, especially in the case a« = 1. It can be taken equal to zero in the
finite element simulation thanks to the numerical dissipation, due to the discretization.

In physical applications, the source term f is the Boussinesq force, namely

f=98(T —T), (2.7)

where T is the temperature of the fluid, T, its value at the ground, g ~ 10ms™! is the gravity coefficient,
is the coefficient of thermal expansion, a typical value of which for dry air is varies between 0.002K~' and
0.003K—1.

2.2. Boundary conditions

The choice of the boundary conditions may be an issue, and there are many options. We consider the case
of a BL that flows over a rigid wall, which means that we take an homogeneous boundary condition on the
bottom I'y, u(xp,0) = 0. Moreover, we consider that this BL is coupled on top with a layer of fluid which exerts
a frictional force on it. Therefore, as in [9] one can can take a linear Navier-Boundary condition like

du
C’,,u*ztopa(xh, Ztop) = Cp(V(xp) — u(Xn, Ztop)), (2.8)

where Cp > 0 is a frictional coefficient and V' = V(x;,) is the velocity of the top layer. In the numerical
simulations we have taken V(xp) = Urog(ztop)(1 + €(xp)), where upog is that given by (2.3) and (2.4). The
coefficient Cp will be numerically optimized in function of u4, £(xy) is a small perturbation term.

Remark 2.2. According to the results of [9], we expect that for large values of Cp, the boundary condition
(2.8) converges (in some sense) to the continuity condition u(xp) = V(xp) at I'iop, which is well confirmed in
this framework by the numerical simulations.
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2.3. Alternatives and general framework

As we will see in the following, the eddy viscosity given by (2.1) yields variational (or weak) solutions to
problem (2.6) that are in H 1/2 "and not much more. In particular the homogeneous Dirichlet boundary condition
at the bottom cannot be checked, which is consistent with the log-law. This is why we ask the question whether
or not it is possible to identify alternate eddy viscosities, close to (2.1) but giving more regularity to the system,
being not critical for the notion of trace, and so on. We wonder if that gives good approximations of the usual
BL profiles. In this way, it is natural to consider v,,,, of the form

Viurb = Vturb(z) = ZéiaCVU*Zaa @ E}O, 1]7 (2‘9)

the main feature of which is that it degenerates at the ground, but with a different velocity. The parameter
zo has the dimensions of a length and it is needed to have a consistent expression for the viscosity. We take
as boundary conditions on the bottom and on the top, we write the friction law (2.8) like a standard Robin
condition in the form:

o Ou
CDU(Xh7 Z‘EOP) + H’Ztop%(xh’ Ztop) = G(Xh) (210)
u(zp,0) =0,

for p = zé_o‘C,,u* and where G = CpV.

It remains to clarify the boundary conditions in the x,-axis. For practical numerical simulations, we have to
limit ourselves to a finite computational box [0, L] x [0, Ly]x]0, z¢op[ for given scales L, and L,, which raises
the question of the boundary conditions at the entrance, exit and sides of the computational box, namely

Tin = {0} x [0, Ly] X [0, 2top],  Tous = {La} x [0, Ly] % [0, z4ap),
Pop =10, La] x {03x]0, 2t0p[s T2 = [0, La] X {Ly} % [0, 2t0p].

In [11] we have considered at Ty, a fixed given field in Héé *(T';n) and nonlinear Neumann transparent boundary
conditions at I'g which yields serious technical issues, both theoretically and numerically. In this paper, we opt
for horizontal periodic boundary conditions, which means that u must satisfy for all formal derivative operator
D™ n>0,

D"u(x + L,y + Ly, z) = D"u(x,y, 2), Vxp, = (z,y) € R?, Vz € [0, Ztop), (2.11)

and imposing the invariance for translations implies working with the torus Ils given by
II; = ([0, Ly] x [0, Ly])/ 72, (2.12)

where 75 denotes the set of wave vectors given by:

o,="7x%7 2.13
2= 7o XLy (2.13)

This setting is usual in practical numerical simulations for technical convenience but not only since also it
eliminates the problem of an infinite domain in the analytical studies. For instance, it was used in [18] for
simulating a boundary layer by a RANS turbulent model.

3. THE 0 < o < 1 CASE

Throughout this section, we assume that 0 < o < 1 and A > 0 is fixed and we study the problem in a simpler
setting. In fact, in this case one can reduce the problem to another one in a setting of unweighted Sobolev
spaces for which both existence and interpretation of the solution are standard. Later on we will see the possible
treatment of the limiting case.
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We will use standard Lebesgue and Sobolev spaces and from now on
BL =1I; x [0, 2ztop], L'y =12 x{z=0}, Tiop =1z X {z = 2iop}- (3.1)

We specify the function spaces we are working with, and then we prove the existence of a solution by a
viscous regularization. To start with, we observe that any strong solution to problem (1.4) satisfies the energy

balance:
)\/ u? + Vh/ |Vhul? + ,u/ 2*(0,u)? + CD/ ul? — / uG = fu. (3.2)
BL BL BL r r BL

top top

3.1. Function spaces

In this section, we define the function spaces to be utilized throughout the paper. We employ the conventional
notations within the framework of distributions, adapted to accommodate the mixed boundary conditions under
consideration.

— Let Dy(BL) denote the space of functions v € C°°(BL) such that there exists § = d(u) €]0,1], ensuring
that the support of u is contained within ITy x [§(u), 1]. This space is endowed with the standard Schwartz
topology, characterized by the semi-norms || D™u||s. In simpler terms, Dy(BL) consists of C*° functions that
vanish in a neighborhood of the bottom I', of the boundary layer.

— Let Dy(BL) denote the topological dual of D,(BL), a sort of distributional space that inspires our chosen
notation.

- W&’J(BL) (7 > 1) denotes the closure of Dy(BL) for the norm [|Vyullo + ||0-u||0,, where || - ||, stands for
the usual W*P norm.

In particular,
W3 (BL) = {u € W"(BL), u=0 on T}}. (3.3)

According to the energy balance (3.2), we are led to consider the natural weighted space V,, defined as the
closure of Dy(BL) equipped with the norm

1/2
VueDy(BL), lulv, = (IVauls + I2270.ul,) (3.4)

Proposition 3.1. For all o € [0, 1] we have the embedding,
2 1
\V/'}/ S :|170H_1|:, VO( CWO7J(BL)7

and the following inequality holds Vu € V,,
2 F-1
— Py vy
<C| —F—m— , 3.5
i <€ (5=trmys) M. 5)
for some constant C > 0.

Proof. Let v > 0 and p > 0 that will be fixed later. Let u € Dy ;,(BL). The Holder inequality yields:

2

1 1 1 1 v/2 1 g =t
/ |0,u|" dz = / 2P|0,u|"— dz < / 222170, u)? dz / Sy )
0 0 2P 0 0 2 p/2—y

with 3 + Q*T” = 1. The second integral is well-defined if and only if % < 1. Then, choosing p such that

27’) = « yields the condition vy < aLJrl Inequality (3.5) follows after an elementary calculation and integration
with respect to the dx; variables. [l

It follows from Proposition 3.1 and standard reasoning on Sobolev spaces, that functions in V,, have a trace
at z = 0 equal to zero, and also we have the following characterization

V= {u € D)(BL) s.t. Vyu € L2(BL), 2%/20,u € L*(BL), u = 0 on rb}. (3.6)
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3.2. Weak formulation

Proposition 3.1 can be rephrased, to work in standard (unweighted) Sobolev spaces, as follows

2 \~
Vo C Wol”b(”“) = (] Wiy (BL), (3.7)
I<y<135
which is put in duality with the set
L(25)"
Wo,b( )y UJ Wy (BL). (3.8)
n>1is

Throughout the section, we assume that

f € L*(BL), (3.9)
G € L*(Tiop)- (3.10)

The following definition of a weak solution to problem (1.4) is motivated by standard rules about integration
by parts, combined with the boundary conditions under consideration.

_2 \t+
Definition 3.1. For « € [0, 1] we say that u € V,, is a weak solution to problem (1.4), if Vv € WOL(“O‘) ,

)\/ uv+yh/ th-th+;L/ za82u32v+/ (Cpu— G)v = fo. (3.11)
BL BL BL Tiop BL

Remark 3.1. Note that all the terms in the integrals written in (3.11) are well-defined. However, the solution
u cannot be a priori taken as test function, which is an issue. As a consequence, we are not able to prove the
uniqueness of this solution, even if the problem is linear.

Before all, we notice that combining the energy balance (3.2) and (3.5) with standard calculus inequalities,
yields for any 1 < v < H% the following estimate in W&”J(BL), satisfied by any given regular solution u to the
variational problem (3.11):

el < =t (£l + 1€ ) (3.12)
ul|o; — 1 .
051,y = inf{V}uM} 0,2 1—2 % eop )
2

where Cy — 0o as v — .

The aim of the rest of this section is proving the following existence result.

Theorem 3.1. Problem (1.4) admits a weak solution u € V,,. Moreover, the solution satisfies the energy inequal-

ity
)\/ u? + Vh/ |Vyul? + ,u/ 2%|0,ul? + CD/ lu|? — Gu < fu. (3.13)
BL BL BL r Tiop BL

top

Remark 3.2. The existence of a solution still holds when A = 0.

Remark 3.3. Assumption (3.10) about G is not optimal and could be weakened by taking for instance G €
W=#P(Top) for some s > 0, p > 1 depending on «, so that it is put in duality with traces on Iy, of test

R I
functions in W, .
If we still get in this case the existence of a weak solution, we do not know whether the energy inequality (3.13)
still holds, or even if it makes sense because of the boundary term th uG. It seems that there is an interesting
op

theoretical issue at this point.

Remark 3.4. The result still holds if one takes the Navier law (2.8) for a given V € L?(T'¢op), @ > 0.



496 L.C. BERSELLI ET AL.

3.3. Viscous regularization and proof of the existence result

From now we set
s 2 (3.14)
’Y - 1 + O[7 .
since this value is the critical one for the embedding of weighted Sobolev spaces.
As a technical tool to prove existence of weak solutions, we regularize problem (1.4) by adding a viscous term

in the z-direction, which means that we consider the following problem, for a given € > 0:

M — vp Apu — pd, (2%0u) — € 0% u = f,
0
Cpu+ uz&p% =G on Ftop7 (315)

u=0 on I'y.

Definition 3.2. Let ¢ > 0. We say that u. € Wol)’bQ(BL) is a weak solution to problem (3.15), if Vv € Wolf (BL),

)\/ UV + I/h/ Vyue - Vyv +p/ 2%0,u:0,v
BL BL BL

+¢ Ou.0,v + Cp / UV — Gv= fu. (3.16)

BL Tiop Tiop BL

The existence and uniqueness of a weak solution to problem (3.16) is straightforward by the Lax—Milgram
theorem. Moreover, as u. can be taken as test function, it satisfies the following energy balance (equality):

sz [P [ oo [ [ Gu= [ fu o @an
BL BL BL TCtop TCtop BL

S—— —_— ———

Iy, I, I3 Iy, Is.e

From this, we are able to finish the proof of Theorem 3.1 by taking the limit in (3.16) when ¢ — 0.
We deduce from (3.17) and standard calculus inequalities that the family (ue)eso is uniformly bounded in
Va, as well as in W&g(BL) for any 1 < v < ~* say

H’u’a”o;lﬂ/ S C(W’Ga fa Vh)/”')' (318)

Arguing as in Chapter 7 of [24], we can extract a (sub)sequence (u., )nen that weakly converges to some u € V,,,

which is also weakly converging in Wollj (BL) for all 1 <7 < ~*, and which is strongly converging in L?(BL).
Moreover, by the trace theorem and the Sobolev theorem, the sequence (g,,) can be chosen such that in

addition (trfuc,])nen strongly converges to tru] in L?(I'yop). Let 1 < v < 4* and take as test function

, _2 \*
vE Wo{;j (BL) C WJ’}fl*a) c Wolf(BL),

in formulation (3.16). We have to take the limit in the various terms of (3.16), which we do step by step, starting
with the diffusion term.
Let w € V,,, and let the linear form W, given by

(Uy,w) = vy, Viw - Vypvdx + u/ 2%0,w 0,vdx.
BL BL

By the Holder inequality we obtain

(W, )] < sup{vn, pziop Hlwloq llvlloiqs
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therefore ¥, € Wol”l:’ (BL)’, which leads to

lim (U, ue, ) = (¥y,u) = I/h/ Vpu - Vyv +u/ 2%0,u0,v.
BL

Moreover,
En 0.ue, 00| < 5n||“8n‘|0;1,7””| 017 < C(v.G, f, Vhy,u)gn”UHO;l,'y’a
BL
giving
lim &, Oxue, 0,v = 0.

In addition, considering the properties of the sequence (ue, )nen, we have

lim )\/ uanv:)\/ uv, lim CD/ uanv:CD/ uv.
n—oo /gy, BL n—oo Tiop r

top

Therefore u satisfies (3.11).
It remains to show that the energy inequality (3.13) holds. Starting from (3.17), we have on one hand

lim I;., = /\/ |ul|?, lim I3, = OD/ |ul|?,
n—oo BL n—oo

Ciop

lim Iy, :/ u G, lim I5., = fu,
Tiop BL

n—oo n—oo

and on the other hand by lower semi-continuity
I/h/ |Vhul? + ,u/ 2%|0,ul? < liminf I, .,
BL BL n—oo

hence the energy balance (3.13), which concludes the proof.

Remark 3.5. The solution we exhibit is obtained by viscous regularization. We also can think to directly get
a solution by applying the Lax—Milgram theorem in the space V,, which requires a different approach that
we have voluntarily skipped here. As already stressed in Remark 3.1, we do not know if they are completely
equivalent; we conjecture that this is the case.

4. THE CASE v =1

We now consider the system:

A — vpApu — pd, (20,u) = f in BL,
ou (4.1)
Cpu+ uztop% =G on Iop.

As we shall see, the best we can get is an estimate in an H'/2-like space near the bottom I'y. Therefore, we
are not able to define the trace of such functions at I'y. This is why we do not impose any boundary condition
there, contrary to what we did for the case 0 < a < 1. Nevertheless, we still impose ujr, = 0 in the numerical
code, since the finite element formulation yields additional numerical dissipation that sufficiently regularizes the
system.

In order to derive this H'/? estimate, in the same spirit as in [2], we first need the following version of Negas
lemma, the proof of which will be complete by the end of this section. To define the function spaces we will
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utilize, let D(BL) denote the space of functions u € C°°(BL) such that there exists 6 = §(u) €]0, 1[, ensuring
that the support of u is contained within IIs X [6(u), 1 —d(w)]. This space is endowed with the standard Schwartz
topology, characterized by the semi-norms || D™ul|~. In simpler terms, D(BL) consists of C'*° functions that
vanish in the vicinity of both the bottom and the top of the boundary layer. We use D'(BL) to denote the
corresponding space of distributions. Additionally, so far no risk of confusion arises, we still set

Hy(BL) ={ue€ H'(BL),u=0 on T, UT,}, (4.2)

and H~1(BL) C D'(BL) is the topological dual of Hg(BL).
Lemma 4.1. Let v € D'(BL) such that v € H-*(BL) and also Vv € H-Y(BL). Then v € L*>(BL) and one has:

[vllzz@r) < IVOllr-1Br) + [vllE-13BL)- (4.3)
The main consequence of Lemma 4.1 is the following.

Corollary 4.1. Let Vi denotes the space:
Vi = {u € D,(BL)s.t. u € L*(BL), Vju € L*(BL), z1/20,u € LQ(BL)}. (4.4)

Then
Vi c HY2(BL). (4.5)

The space V; is the space that naturally suits problem (4.1) according to the energy balance (3.2) that still
holds when a = 1. It must be stressed that:

— showing that any solution of problem (4.1) is well-defined in V; by using (3.2) requires A > 0;

— we have

Vi € HY (Mg x [0, 2t0p)) (4.6)

for any 0 > 0, which makes consistent the boundary condition at I'iop.

Definition 4.1. We say that u € V; is a very weak solution to (4.1) if for all v € V7,

A uv + vy, th~th+u/

20,u0,v + / (Cpu—Gv = fo. (4.7)
BL BL BL

Ttop BL
The main result of this section is the following.

Theorem 4.1. Let f € L? and G € L?. Then, there exists a very weak solution u € Vi C H'/?(BL) of problem
(4.1), which satisfies

[ollvi < C(Ifll2.BL + G200 )-

We argue by approximation by using Fourier series expansions which allows for some explicit and direct
computations. This is the reason why, before proving Lemma 4.1 and Theorem 4.1, we need to prove a bunch of
convergence results about Fourier series in this context of mixed boundary conditions, periodic in the xj;-axis
but not in the z-axis. This will be the purpose of the next sections.
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4.1. Framework

Let 75 = %Z X i—”Z and let k = (k;, ky) € 75 any wave vector. In the following, we set

Tom = {k = (ko ky) € T, k| < 270\ /1/L2 + 1/Lg}.

Let u € L'(BL) and let ¢ = cx(u; z) denotes the “horizontal” Fourier’s coefficient at the wave vector k, namely

1 ,
ex(u; z) = ;/n u(xp, 2)e” T dxy,,
2

where p = /L2 + L. Let u, be its partial sum of the Fourier series defined by

Un(Xp,2) 1= Y a(z)e™ (4.8)

keTz n

A natural question is what assumptions are needed about u to prove the convergence of the sequence (up)nen
toward u (in some given topology). Before tackling this question, we consider the following spaces D(]0, ziop[) :=
C2 (10, 20p]) and

Dp(BL) = Q u = tn(xn,2) = Y ac(2)e™™", e € D(J0, 210p)) ¢, (4.9)
k€72 n
Vo=Qu=un(xn,2) = Y al2)e™*, ace H}(0, ziop)) ¢ (4.10)
keTz
Vol =<o= " d(2)e™, g€ H (0, 210p]) p- (4.11)
keTz

We will prove the following result.

Lemma 4.2. Let u € H}(BL) and u,, be given by (4.8). Then, for all n, u, € V,, and (up)nen converges to u
in H} (BL).

We first notice that the following isometries hold:

D, (BL) ~ D(|0, z0p)™, Vi = HE (10, 2t0p])™, Vit = H™Y([0, ze0p))™ (4.12)

n

Therefore, from the standard Necas inequality (see [6]), we easily get the following result. Notice that the explicit
computations allow us to prove that the right hand side bounds the left hand side with multiplicative coefficient
equal to one, independently of n € IN.

Lemma 4.3. Let u,, € D, (BL) such that u,, Vu, € V, . Then u, € L*(BL) and one has

lunllo2 < llunllt,—1 + [Vun 1,1 (4.13)

It remains to pass to the limit in (4.13) when n — oo to prove Lemma 4.1. We first must prove Lemma 4.2,
which will be done step by step in the following subsections.
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4.2. L? convergence

We prove in this section the following convergence result, which is well-known but we give a self-contained
treatment of all the results in this section.

Lemma 4.4. Let u € H?(BL), u, its Fourier’s series expansion as given by (4.8). Then u, — u in L*(BL) as
n — oo.

Proof. Step 1: Estimate of the cx. Let k € 75, \ {0}. By Fubini’s Theorem and two integration by parts, we
get

cx(u;2) = 1 @(x z)e”kxn dx if ky #0
kU, = pk% - 92 hs h> T )
1 82'& ik
cex(u;2) = —— —(xp, 2)e” " dxy, if k, # 0. 4.14
() =~ [ G002 y (1.14)
Consequently, we get
1. (1 1 . C )

lex(us 2)| < pmf{kg’ k%} /H2 |Viu(xp, 2)|7 dxp < p|—k|2Hth(-7z)HL2(H2). (4.15)

Therefore, as u € H'(BL), z — cx(u; z) € L*([0, 20p) and is finite almost everywhere.
Step 2: Convergence. We deduce from classical results that for almost all z €0, zop,

Un (-, 2) = u(-,2) in L3(Iy). (4.16)
Put another way:
en(2) = [ |un(xn,2) —u(xp, 2))°dxp, — 0 as n — oo. (4.17)
II2
Moreover, by the previous step,
0<e, < )2 < vl L) RVl 4.1
<en< D la(w )l < ZIViulliam, | D g | = Rall VaulEq,), (4.18)
|k|>An P |k|>An
giving
lu—unl§ o = / en(2)dz < Ry Vaul§o — 0 asn — oo, (4.19)
0
which concludes the proof.
O

4.3. Differentiability of the coefficient ci(u; z)

Lemma 4.5. Let u € H'(BL) such that % € H'(BL). Then cx(u;-) € H'(]0, z0p[) and one has for almost all

z €10, Ztop|, )
U
£ck(u, z) = . g(xh,z)e

—ik-xp,

dx,. (4.20)

Proof. Let us write
ou Fop 92y

gu _du Pu
B (xp,2) = B (x4,0) —|—/0 9.2 (xp,2")d2". (4.21)
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By the trace theorem,

a—Z(xh,O) € H3(I,) — L3(Ty) ~ L*(I,)

hence, V z €0, ziop |,

ou ou v | 92y
—(xp, 2)| < |=—(x1,0 ——(xp,2')|d2’ € LY(I1,).
‘az(xh 2) _‘8Z(xh, )‘+/O 8z2(xh 2')|dz" € L' (I1y)
Therefore, formula (4.20) is a classical consequence of the Lebesgue Theorem. ]

Lemma 4.6. Let u € H}(BL). Then cx(u;-) € Hg(]0, zt0p[) and (4.20) holds a.e in ]0, ztop|.
Proof. Step 1: Approximations. Let € > 0, and u. € H}(BL) N H%(BL) such that
—eAu, +u. = u. (4.22)

According to standard results about the Helmholtz equation, we know that that u. — u as ¢ — 0, strongly
in L?(BL), weakly in H}(BL). Moreover, by Lemma 4.5, we also know that

Ou,

—ikexp 4.23
L 02 (xp,2)e dxy, ( )

&ck(ue;z) =

as well as cx (uc; 2) — cx(u; 2) in L2(]0, 2top)-

Step 2: Derivative in the sense of the distributions. Let ¢ € D(]0, zop[). The starting point is the identity

Ztop Ztop d
- [t = [ Saduape) s (424

From the results of step 1, we already know that

Ztop Ztop d
/ d—gp(z)ck(ug; z)dz — Ld (2)ex(u; 2) dz. (4.25)
0

dz e—=0 Jq dz

We must pass to the limit in the r.h.s of (4.24). By (4.20), we have

A %Ck(ue; Z)SO(Z) dz = AL 667“;5 (Xh, Z)w(z)e—ikxh dxh dz.

Therefore, as u. — u weakly in Hg(BL),

8U5 —ik-xp ou —ik-xp,
L 02 (xp, 2)p(2)e dxj dz — - g(xh, 2)p(z)e dxy dz
Frov Ou —ik-x
= o(z) —(xp, 2)e " dxp dz. (4.26)
0 I, 82’

By combining (4.24)—(4.26), we see that (4.20) holds in the sense of the distribution, which concludes the
proof because

z— %(xh7 2)e"7k*r dxy, € L2(]0, 2i0p]-
112

By using the same argument, we also have the following, where we note P,u = u,,.

Lemma 4.7. Let u € L?*(BL). Then P,u converges to u in L?(BL) as n — oo.
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Proof. Let u € L*(BL) and u. € H?(BL) given by (4.22). Then, we know from Lemma 4.4 that for any ¢ > 0
be fixed, P,u. converges to u. in L?(BL). We write

Pou—u=P,(u—u:)+ (Pouec — ue) + (u — ug).

Then, since ||P,|| < 1, we get

[[Prou—ullo2 < 2[|u —ucllo2 + || Pae — uello,2-

The rest of the proof is straightforward. ]

4.4. H' Convergence

We are now able to prove Lemma 4.2, stating the convergence of the sequence (u,)nen to u in H'(BL). We
already know from Lemma 4.7 that u,, = P,u —— u in L?(BL). Let F,, = F,(x5) denotes the Fejer kernel

over IT. Then, for a.e z €]0, zyop[, un is given by

un (Xp, 2) = ; Fn(yn)u(xn +yn, 2) dyn = Fu(-) % ul(; 2)(Xn). (4.27)

As the Lebesgue measure over BL is o-finite, we deduce from the Lebesgue—Fubini theorem that for a.e z €
10, 2top[; u(:, 2) € H(Il3). Therefore, always a.e z €10, 2iop),

Vit (Xn, 2) = Fn(s) * Viau(s, 2)(xn), (4.28)
and by standard results,
en(z) = / |V (xp, 2) — th(x;“z)|2 dx;, —— 0. (4.29)
H2 n—oo
Moreover, by the Young inequality,
0 < en(2) < (IFnllma0a | Vaul, 2)llms0.2 + 1 Vaul, 2)lln,0,2)°
< 4thu('v Z)Hl2'12;0,2 € Ll(}oﬂ ZtOpDv (4'30)

where ||.||r1,;s,» denotes the usual norm of the Sobolev space W*P(Il;). Therefore, by the Lebesgue Theorem,
we get

/ ’ en(z) = / |ten, (X, 2) — u(xh,z)|2dxh dz —— 0, (4.31)
0 BL n— oo

which, put in another way, yields Vju,, —— Vju in L?(BL). Similarly, we deduce from Lemma 4.6 that
n—oo

dur,
S xh,2) = Ful) »

du

5, (%) (xn), (4.32)

and by an analysis similar to the previous one, we can conclude that

Iun 9u
0z n—oco 0z’

in L?(BL), which finishes the proof of Lemma 4.2.
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4.5. Interpolation spaces

As a consequence of Lemmas 4.2 and 4.7, combined with the interpolation theorem proved by Lions and
Magenes [12], we have the following.

Lemma 4.8. Let s € [0,1], and let
H*(BL) = [L*(BL), H'(BL)] = D(V?®).

S

Then, u =Y ycq. cx(z)e™*» € H*(BL) if and only if Vk € Tp, e € H*(]0, 2top[) and

Ztop
2= 3 (|k|2s [ etaiaz+ |ck||§,2) .

keT,

We now need the definition of the space Hé({2 (BL) suited to our geometry, and its dual space. Let p = p(2)

be a C° non negative function on |0, z¢op [, and such that

lim @ = lim o(2)

z—0 z 2= Ztop Ztop —

=1

Then in our case,
Hy*(BL) = {u € H'/2(BL) st. p~"/u € LA(BL) |,

equipped with the norm
1
_ 3
el g = (el o0 + o™ 2uli32) "
According to Lemma 4.8, we have the following.

Lemma 4.9. Let u =Y, .7 cx(2)e™*n. Then, u € Héf(BL) if and only if Vk € Tz, cx € Hééz(]O7 Zop|) and

v Jew(2)]?
[ull2/2 = llullf )20 + D / dz < oo.
H&oQ 1/2,2 keT, 0 p(Z)

Now following [12], let us consider the linear operator A = V=1 : L? — H~! defined such that
Yu,v € L? (u,v)2 = (Au, Av)_q, (4.33)

with natural notations to denote the various scalar products. Then, the space [H ™!, L?]; /2 is the domain of
A'/2 and one has, according to the above,
!/

[H, L%z = (Hgh"(BL)) (4.34)

In order to complete the interpolation tool box, let us consider W1 as the closure of C*°(BL) subjected to the
norm

[ollw-1 = [IVollz-1mry + 0] r-1(BL),
WO is the closure with respect to the norm
Vollz2 L) + vl 22 (BL)-

Note that W° ~ H!(BL). The question is the characterization of the interpolation space [W =1, W0]1/2. From
(4.33), we have
Yu,v € WO (u,v)2 + (Vu, Vo)g = (Au, Av)_y + (AVu, AVv)_q,

which allows to characterize the space [W =1, W], /2 thanks to (4.34) by its norm given by:

ol -0 = 190 oy + 170 o) (4.35)
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4.6. Necas Lemma and consequences

We are now able to prove in this section Lemma 4.1, which we recall that it states the following inequality,

lvllz2ery < IVollg-1sL) + vlla-13BL) (4.36)

satisfied by any distribution v € D’(BL) such that v, Vo € H~1(BL), the dual of the space H}(BL) as defined
by (4.2). Then, we will prove Corollary 4.1, namely

Vi C H?(BL), (4.37)

with continuous injection, where V; is defined by (4.4), equipped with the norm

1/2
lullve = llullz2 gLy + Vaul 2 (Br) + HZ 0. 2(BL)’

In particular, being V; a closed subspace of H'/2 (BL) turns out to be an Hilbert spaces, allowing to use all
the machinery of complete vector spaces, which makes possible the proof of Theorem 4.1.

Proof of Lemma 4.1. Let v € D'(BL) such that v, Vo € H™!, and v, Vv, € V,7! be given by
Vu eV, Ue V3 (v,,u) = (v,u), (Vo,,U)=(Vo,U),
where V! is defined by (4.11). We have, for all n € IN,

Vol gLy < IVllg-1BL), vallz-1 Ly < [vlla-1BL)s

and note that (by explicit computation) it easily follows that the constants on the right-hand side are equal to
1, independently of n € IN. Therefore, according to inequality (4.13),

lvnllz2 L) < [IVOllg-1@L) + vl z-1(BL)- (4.38)

Then, the sequence (v, )nen is bounded in L?(BL), and we can extract a subsequence (still denoted by (v, )nen)
that weakly converges to some @, which is equal to v in H~!(BL), therefore in L?(BL), which yields v € L?(BL)
and

[vll2(ery < liminf {lvn L2 sy < [IVUllg-2 @) + [0l 6u),

hence (4.36). O

Proof of (4.37). Note that a similar result was already obtained in [2], using a former result of [1] combined
with an interpolation argument. Going back to basics, we give here a self-contained and combined proof, by
using the Negas lemma and the interpolation theory. Indeed, From Negas inequality (4.36), we deduce that the
injection
Id: W~ —L?

is continuous. Moreover, Id : W9 — H! is also continuous. Therefore, by the interpolation theorem [12], also
the restriction of the identity (denoted still by /d)

d: [w=w°] - [L* 1Y, =HY?

1/2 1/2

is continuous. In particular, by (4.35), there exists C' > 0, such that

Vv e [Wﬁl, WO] 1/2° HU||H1/2 S C<||U(HSO/Z(BL))/ + ”vv”(Héé2(BL))/> (439)
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Conclusion of the proof. Thanks to (4.39), in order to prove (4.37), all we have to do from now is proving that
the following inclusion holds true

1 —1 1170

vic[whwt] (4.40)

with continuous injection. In the case relevant for our problem, we have

Hzl/z

< .
¢, < Cllelpye

Let u € V4, and ¢ € Hy)?(BL). Then,

0,up dx
BL

= Vz20,u ¥ dx
o

< [IVz0:u] .

2_1/290‘

12 S CH\/}@ZUHLZ ||S0HH;[<27

hence d,u € (Héf(BL))’, and
”aZUH(Holf(BL))/ < C||Vz0:uf -

In the same way, we have also
Il gy < OVEmpliulze, 19wl e anyy < CFaopl Ttz
Combining all the previous inequalities yields

< Cllullv,,

el 1,1, , <

hence (4.40), which concludes the proof. O

The functional setting for the proof of Theorem 4.1 is more sophisticated than that used in the non-limiting
cases 0 < a < 1. Despite the proof being a rather standard application of the Lax—Milgram lemma, the choice
of the underlying function spaces is obliged by the nature of the problem and the fact that a = 1 implies that
the function spaces do not embed in any standard Sobolev space with trace at the boundary. For this point
cf. Proposition 3.1, which we recall is false for « = 1 and a counter-examples is easily built by means of a
double logarithmic function. This is why we resort to the space Vi and, despite the abstract simplicity of the
result, the interpretation of the notion of the solution is of particular difficulty, since the solution satisfies a
weak formulation which is not the same as the strong one. As we will discuss later, the obtained solution has
problem in the interpretation of the value at z = 0, for which the functional setting is not proper. Nevertheless,
we cannot change it, since it is determined by the equations themselves, so we have to extract the maximum of
information possible from the solution.

Proof of Theorem 4.1. We are now ready for the proof of the main result of the paper, that is the proof of
existence of weak solutions in the limiting case o = 1. In this case once we have the adapted functional setting
we can apply Lax—Milgram in the space V; with the weak formulation defined by: Vv € V7,

/\/ uv + v, th~th+u/ z@zuavarC’D/ uvf/ vG = fo, (4.41)
BL BL BL Tiop Tiop BL

and eventually observe that the proof can be made fully rigorous again by approximation obtained adding
—e 02u to the equations. O

Remark 4.1. Note that the trace of v € V; is not defined at z = 0, where the weight vanishes. On the other
hand v.—.,  is well defined in H'/? (T'top) since the function v belongs to W12 in a neighborhood of the top
part of the boundary. Hence, the integrals fl‘t v G and th uv are properly defined.

op op
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Moreover, as is standard for these problems the function u € Vi can be taken as test function, proving the

energy equality
2
Al + vl Vaull? + pl|v/Z0-u]* + Cp / fuf? — / Gu={ fu
top Ttop BL

Moreover, this can be used also to shows uniqueness of the weak solution. The drawback is the impossibility of
controlling the trace.

The only missing point is to observe that we proved negative norm lemma for functions vanishing at {z =
0} U {2z = ztop }, while now we have a friction law at the upper boundary. This can be easily overcome by using
the fact that the conditions are of Neumann (Navier) type at the top. Hence, considering the space

Hj . (BL) = {u € H'(BL); u=0on I, and 9,u =0 on T'yp |, (4.42)

instead of H(BL) as in (4.2), we can easily convert to the case of a Dirichlet problem in a doubled domain
IT % (0,2240p), with a reflection along the line z = zop. Then, the proof remains the same as in the previous
case. Note that since we have V; functions for which the trace is not well-defined, we cannot expect that our
weak solution satisfies u = 0 at the bottom boundary. So in this case the weak and strong formulation are not
giving the same result and the same have been noted, in a slightly different setting, by Rappaz and Rochat [21],
for the von Kédrméan problem. They also noted as the trace evaluated numerically is strongly depending on the
mesh-size, as is expected, and that the value at the boundary is not under control.

5. NUMERICAL EXPERIMENTS

In this part, we aim to check if the model gives a good approximation of the Monin—-Obukhov law (2.3),
depending on the values of a. We solve the problem (1.4) in two dimensions, using the software Freefem++.
We consider a rectangular box [0, L] X [0, 2y0p] With zip = 100, L = 1000 and we add periodic conditions on
the left and right sides {0} x [0, zop] and {L} X [0, ztop)-

The other boundary conditions are Dirichlet at the bottom, and a linear Navier condition at the top involving
the roughness coefficient C'p:

N du
KU ztopg(as, Ziop) = Cp(V () —u(x, 240p)), at 2 = Ziop,

(5.1)
u(z,0) =0, at z =0,
where
V() = urog(zt0p) (1 + €()), (5.2)
and Ot
éu z, z €10, zo]
uLog(Z) = C*’(VL* Py (53)
. (log<zo) + 1), 2 € |20, Ztop)-

The aim of this numerical study is to check if the numerical solution u of the problem (1.4) approaches the
known log-law, in a sense we will develop below.

First we will explain in Section 5.3 how to get vertical velocities from the Freefem+-+ resolution of the problem
(1.4) and the tools to compare it with the log-law ur,og.

Then, we will discuss the influence of the different parameters (o in Sect. 5.2), Cp and u* in the Section 5.3
and calculate the difference between the numerical solution and uy,cg, which allow us in Section 5.4 to derive
an analytical formula of the stabilization function ¥ deduced from the numerical results by interpolation.

Finally, we will consider the influence on the x-axis of a small perturbations €, as involved in the wind at the
top given by (5.2).


http://www3.freefem.org/
http://www3.freefem.org/
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— log law — log law — log law

FIGURE 1. log-law. (a) zo = 0.1. (b) 29 = 1. (¢) 29 = 10.

Remark 5.1. We use in the code the command v = 0 at z = 0, and we take A = 0. Contrary to what the
analysis predicts, the case a = 1 works very well, even at high resolutions. As Freefem++ is a finite element
software, we think that the numerical simulation involves a numerical dissipation which sufficiently regularizes
the equation, even in the case o = 1. However, we did not have studied yet this numerical aspect of the problem.

5.1. Settings of the analysis

5.1.1. Parameters

Different parameters will have influence on the simulation: some will be fixed, and some will be specifically
studied. The size of the box will always be in the following [0, L] x [0, 2op], Wwhere

L =1000m and 2z, = 100m.

— After several simulations to get velocities that can be measured in situ, it looks like that the best values
for the calibration constants C* and C),, were C* = 10 and C,, = 15, as already mentioned in Section 2.1.
Examples of log profiles have been plotted in Figure 1 with these values, u* = 10, z¢op = 100, and respectively
zo = 1 and z9 = 10.

— The height of the viscous sub-layer zj in the following simulations will be very small compared to ziop, With
a ratio smaller than 0.01. Besides, the viscous sub-layer height zy will taken equal to 0.1, which respects a
ratio

20 _ 1073 < 0.01.

Ztop

— The parameter A is chosen equal to 0.

— The source f will be considered as constant: f = 5. According to formula (2.7), this means that 6T ~ —23°C
for 3 = 2 x 1073, for instance in the case where the ground is at 0°C and the air is dry and and cold at a
constant temperature equal to —23 °C, a situation that can happen in the mountains.

— The perturbation € which appears in the expression (5.2) of V' will be taken equal to 0 in the next subsections,
except in Section 5.5 (see (5.9)).

The velocity constant w, can be seen as a “wind regime switch” belonging to the speed range
[2 ms™!, 10 ms™!], which corresponds to what is generally measured for flows over rough grounds. This is
the main parameter of our simulations, the influence of which will be studied in the Section 5.3.

— Finally, the frictional coefficient C'p will be chosen according to the u*. In the Section 5.3 we will show that
Cp ~ 10% is giving convincing results.

5.1.2. Errors

Let uy, denotes the vertical velocities at xy = kL, given by, for every z € [0, zyop):

ug(z) = u(z, 2), (5.4)
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FIGURE 2. Velocity profiles for different horizontal values.

where k € {0, 1—10, 12—0, ...,1}. These u;, will be compared with the log profile ur,q, defined by (5.3). To achieve
these comparisons, we introduce the errors err at a point x

1 N

err(z) = i Z lu(z, 2:) — urog (%), (5.5)
i=1
and the relative error relerr at x
N
[u(z, 2i) — urog(2s)|
relerr(z) = , (5.6)
2 )

which will be more relevant than the error because of the importance of the velocities, when u* > 7ms™! for
instance.
Without the perturbation €, the vertical velocities uy are very close each other, as we can see in Figure 2

and in the Table 1. Even if the difference between the vertical profiles is small, we consider the mean vertical
velocity

u(z) =

Z u(zy, 2), (5.7)
k=1

D=

and we will use it instead of the wg. To perform the simulations, p = 11 and ) will belongs to
{0,100, 200, . .., 1000}.
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TABLE 1. Errors and relative errors between the vertical velocities uy and ug,g. The parameters
taken are Cp = 10%, a = 1, u* =4, 21 = 200, x5 = 400, 3 = 600, z4 = 800.

U Uu2 us U4
err relerr err relerr err relerr err relerr

0.37 0.042 049 0.053 0.53 0.056 0.47 0.047

p log law p L log law
40 A 40
_ 301 30
N N
= =
20 1 201
10 A1 10 A
01 0
T T T T T T T T
20 40 60 80 100 0 20 40 60 80 100
Z Zz
(a) (b)
— log law — log law
50 1 50 1
40 A 40
30 30
N N
= =
20 1 20 1
10 10 4
0 01
T T T T T T T T T T T
20 40 60 80 100 20 40 60 80 100
z z

FIGURE 3. Vertical velocities. (a) o =0.3. (b) « =0.6. (¢) «a =0.8. (d) a = 1.

5.2. Influence of alpha

We observe that the more « is getting close to 1, the better the model is, as we can see in Figure 3: this is
correct in the sense that the difference between the calculated profile and the log profile is smaller. The blue
curves correspond here to the values u(z), where z € {1,2,...,100}.

As a result, the model is relevant only for o = 1. We will take o = 1 in the next simulations.

5.3. The three different regimes: influence of Cp

We have calibrated the constant values to get wind velocities which are physically relevant (in ms~—!). We
have observed three different regimes for u, respectively equal to 4ms~!, 7ms~! and 10ms™' corresponding to
small wind, medium wind, and storm wind. We consider for each case the errors and relative errors we get in
function of the Cp coefficients.
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FIGURE 4. Influence of Cp for u* = 10. (a) Cp = 100. (b) Cp = 1000. (c¢) Cp = 106.

TABLE 2. CD calibration for the different regimes.

ut =4 uw =17 u* =10

Cp err relerr err relerr err relerr

102 7.58 0.73 19.59 1.59 3221  2.42
10> 1.79 0.13 550  0.24 10.34 0.32
104 0.63 0061 1.68 0.083 2.85  0.094
10° 0.50 0.054 1.23 0.067 1.90 0.071
10 048 0.053 1.18 0.066 1.81  0.069
10° 048 0.053 1.18 0.065 1.79  0.069

- u*=10 25 —o— u*=10
30 - ut=7 - u=7
—— u*=4 20 —— =4
25 :
20 g1s
5 @
515 2
1
10
3
10
05
5
0 $ 00 - > °
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107 10° 10° 10° 10° 107 10° 10°

F1cURE 5. Errors and relative errors dependence on Cp.

We can see in Figure 4 that the vertical velocity @ in blue is close to the log-law when Cp is big and far when
Cp is small. To quantify this, the errors and relative errors corresponding in the Table 2 show that the bigger

Cp is, the smallest the errors are.

Nevertheless, it is getting steady at some point as we can see in Figure 5, where the errors and the relative
errors have been plotted for u* = 4, u* = 7 and u* = 10. The value 10° seems to be the threshold value for the

coefficient Cp.
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FIGURE 6. Stabilization functions for different values of u*.

TABLE 3. Errors and relative errors between the stabilized /unstabilized velocities and the log-law.

uw* Cp errwj/ostab err with stab relerr w/o stab  relerr with stab

10 0.49 0.30 0.053 0.026
7 10° 1.18 0.35 0.066 0.021
10 10 1.81 0.47 0.069 0.020

5.4. Stabilization functions

From our numerical results, by an empirical method of extrapolation by successive approximations, we have
found the following stabilization function

*

V(z) =2u" (e('z‘)’z) - 6’22’) .
200

z + 0.4u* (5.8)

so that, if © denotes the numerical result,
u+ ’(/} ~ ULog-

It gives for the different values of u* the curves shown in Figure 6. The peak we can see corresponds to the the
height of the viscous sub-layer zp.

We can compare the errors and relative errors between the raw velocity v and the log-law urog on the one
hand, and between the stabilized velocity u 4+ ¥ and uy,,s on the other hand, for the different regimes given by
u*. We can see in the Table 3 and in the Figure 7 that the stabilization is a better approximation of the log-law,
especially around the viscous sub-layer zg.

5.5. With horizontal perturbation

In this part we study the effect of a small oscillation in the horizontal direction, given by
. 2mx
€(z) = 0.01sin <11L> ) (5.9)

so that V() = ureg(2top) (1 + €(2)).
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FIGURE 7. Velocity profile with and without stabilization compared with the log-law. (a) u* = 4.
(b) u* = 7. (¢) u* = 10.

TABLE 4. Errors and relative errors between the velocities and the log-law.

err relerr

u* w/oe withe witheand ¥ w/oe withe witheand ¥

0.49 0.62 0.27 0.053  0.061 0.024
7 1.18 1.42 0.41 0.066 0.073  0.023
10 1.81 2.15 0.65 0.069 0.078  0.024

We keep the value Cp = 10°, a = 1, and we will compare the vertical velocities & we get with the ones we
had without this perturbation for the three different u*. We obtain the Table 4. This shows that even for a small
perturbation, the error variation is quite large compared to the values we have. When we add the stabilization
function ¥, we can manage to keep the errors still small, even with the perturbation e. This opens an interesting
stability problem & la “Lyapunov”.

5.6. Conclusion and perspectives

We have shown numerically that the solution w of the problem (1.4) is a very good approximation for the
known Monin-Obukhov log-law when o = 1 for adiabatic flows, with a large calibration constant Cp, imposing
a Dirichlet condition at I'yop. This is valid for a large range of wind regimes. The numerical code seems to be a
good tool for calculating the stabilization function, which could be improved by using a formal mathematical
calculation tool, which we have not done yet.

The next step is to couple system (1.4) with the equation for the temperature T', where the source term f is
given by (2.7), which is a work under progress.
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