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Introduction

Tremendous progress has been made over the last decades in the ability to characterize and quantify nanomaterials, and in particular nanoparticles. Several experimental techniques are employed nowadays, alone or in a hyphenated way [1][2][3] , and new techniques continue to pop up to fill some gaps pertaining to specific challenges.

One notable example is single particle inductively coupled plasma-mass spectrometry [4][5][6][7] (sp-ICP-MS), which has been put forward over the last decade to analyze the presence of nanoparticles in the environment, on a particle per particle basis 8 . This high-throughput, chemically sensitive technique, allows the determination of the particle number concentration and the particle mass distribution of dilute nanoparticle dispersions 9,10 .

Despite being used in an increasing number of environmental studies 8,11 , single particle ICP-MS is not yet fully mature. Until recently, the theory associated with this experimental technique had only been developed and experimentally checked for very dilute nanoparticle dispersions 12,13 . It is linear within this limit, but linearity is alas restricted to the very dilute range 12 .

Extending and consolidating the theoretical underpinnings of sp-ICP-MS thus appears desirable. This process has been freshly engaged with the derivation of the nonlinear mathematical relationship linking the average number of spikes discernible in a a Univ Gustave Eiffel, GERS-LEE, F-44344 Bouguenais, France. E-mail: pierreemmanuel.peyneau@univ-eiffel.fr † Electronic Supplementary Information (ESI) available: [details of any supplementary information available should be included here]. See DOI: 00.0000/00000000. sp-ICP-MS time scan with the nanoparticle flux rate entering the plasma 14 . The difference between the average numbers of particles and spikes, that corresponds to the counting bias inherent to this technique 7,12 , has thus been calculated. It has the fortunate property to be universal, in the sense that the result does not depend on the whole distribution of the duration of the shortlived peak produced by a single particle in the time scan, but only on the average of this duration 14 . This feature is very appealing since this distribution is not known and probably depends on several factors (nanoparticle size, instrument geometry, instrument settings, etc.) 7,10,[15][16][17][18] .

In this article, the statistical properties of the individual spikes themselves are investigated. The average number of particles per spike is calculated and shown to be universal, i.e. it does depend on the average value of the duration of particle events, but not on other details of the unknown probability distribution ruling this duration. The average duration of spikes share the same property and a very good approximate expression for this quantity is derived. The distribution of the number of particles per spike is also almost universal, in the sense that it mostly depends on the average value of the duration of particle events, in the limit where the coefficient of variation of this duration is small enough. All these theoretical results are in superb agreement with computer simulations and fit very well experimental data measured on gold nanoparticles dispersions. These fundamental developments are valid regardless of the value of the particle number concentration of the dispersion.

The article ends with a discussion about some applications of these relationships regarding the average mass of nanoparticles present in a multimodal dispersion of arbitrary particle number concentration and some issues related to data processing consistency.

Theory and Monte Carlo simulations

Single particle ICP-MS relies on the introduction of a nanoparticle dispersion into the instrument. Nanoparticles contained in droplets enter randomly in the plasma with an average flux rate denoted λ . Droplets are vaporized, particles are then atomized and their constituents are ionized in the plasma. If a particle contains a high enough mass of the monitored isotope, a fraction of the cloud of ions generated by this very particle in the plasma produces a detectable short-lived peak in the time scan, lasting typically a few hundredths of microseconds 7,19,20 . In the following, a peak generated by a single particle will be called a particle event.

The time sequence of particle events can be mapped to the points of discontinuity of a homogeneous Poisson process of parameter λ 13 . This feature, which has been predicted theoretically and checked experimentally, has been recently leveraged to study the concentrated regime, where the probability of particle events overlap is not negligible 14 . In this regime, the individual spikes detectable in a time scan -in this work, a spike is defined as a sequence of nonzero readings bounded by zero readings before the first and after the last nonzero values -can be produced by individual particle events or by particle event coincidence generating a single composite spike. Consequently, the number of spikes is smaller than the number of nanoparticles and the higher the nanoparticle flux rate, the greater the difference between these two numbers. It turns out that the average number of spikes N s can be calculated, whatever the value of the nanoparticle flux rate λ entering the plasma and the distribution of the duration of particles events are 14 . The average number of spikes only depends on λ , the average duration τ of particle events, the dwell time τ dw of the measurement and the duration τ obs of the experiment. For the record,

N s = e -2λ τ dw e λ τ dw -1 e -λ τ τ obs /τ dw , (1) 
N s = e -2λ τ dw e λ τ dw -1 λ τ dw e -λ τ N p . (2) 
The second equation stems from the fact that the average number of particles entering the plasma during τ obs is equal to N p = λ τ obs . Eq. 1 and 2 are universal, in the sense that they are valid for every possible distribution of the duration of particle events, even when it is multimodal 14 . Furthermore, in Eq. 2, the multiplicative factor e -λ τ corresponds to the overlap bias related to possible particle event pile-up, whereas the multiplicative factor R(λ , τ dw ) = e -2λ τ dw e λ τ dw -1 λ τ dw (3) corresponds to the sampling bias associated with the nonzero value of the dwell time.

In the next subsections, the highlights are on the existence of additional universal or almost universal properties in sp-ICP-MS pertaining to the individual spikes that make up the time scan: i) the average number of particles per spike detectable in a sp-ICP-MS time scan, which can be explicitly calculated and is universal; ii) the probability mass function of the number of particles per spike, which is almost universal; iii) the average spike duration that is also universal and can be calculated with a very good level of precision.

For the last two statistical properties, which are the toughest to derive, an approach similar to that taken in Ref. 14 is followed. It relies on a three-step derivation : firstly, it is assumed that the duration of a particle event is constant and equal to τ p and that the time scan is continuously sampled (zero dwell time and constant τ p ); secondly, the constant assumption regarding the duration of a particle event is relaxed and one only assumes that it is a nonnegative random variable (zero dwell time and arbitrary nonnegative random variable τ distributed according to a probability density function (pdf) denoted f ); and thirdly, the case of a nonzero dwell time (nonnegative dwell time and arbitrary nonnegative random variable τ distributed according to a pdf f ) is considered.

Average number of particles per spike

According to Eq. 2, the average number of particles per spike, N p / N s , is expected to be equal to

N = e λ τ R(λ , τ dw ) = e 2λ τ dw λ τ dw e λ τ dw -1 e λ τ , (4) 
regardless of the probability distribution of the particle event duration τ. The excellent agreement between this theoretical prediction and Monte Carlo simulations is evidenced in Fig. 1 and in Supplementary Information; Fig. S1 confirms the universal character of N .

Fig. 1 Average number of particles per spike: Monte Carlo simulations (circles) and theoretical average number of particles per spike N given by Eq. 4 (black line). The average duration of particle events was set to τ = 0.9 ms. The dwell time was τ dw = 0.1 ms. Inset: zoom on the λ < 1100 s -1 range; the grey straight line corresponds to the first two terms (linear approximation) of the Taylor series expansion of

N , N = 1 + ( τ + 3 2 τ dw )λ + O(λ 2 ).
In the zero dwell time limit, R(λ , τ dw ) tends toward 1 and ac-cording to Eq. 4, N becomes equal to N DT=0 = e λ τ . Additionally, when the particle event duration is constant valued and equal to τ p , the average number of particles per spike equals e λ τ p . In the very dilute limit classically seeked out to perform sp-ICP-MS experiments, both λ τ dw and λ τ are much smaller than 1, hence N ≈ 1 is a good approximation, entailing that most of the spikes are non-composite in this case. Eq. 4 describes accurately the departure from this limit, with a sharp growth of this average number of particles per spike as λ increases.

Distribution of the number of particles per spike

Zero dwell time and constant particle event duration.

When the duration τ of a particle event is constant, equal to a value denoted τ p , and the time scan is continuously sampled, the number of particles per spike follows a geometric distribution with parameter e -λ τ p . The argument goes likes this. Firstly, each particle event generates a nonzero signal during τ p . Due to the Poissonity of particle events 13,14 , the probability that another particle event starts during this period of time is equal to 1e -λ τ p . Secondly, according to the way a spike is defined in this work, the probability that a given spike stems from k ≥ 1 particles is equal to e -λ τ p (1e -λ τ p ) k-1 , which entails that the number of particles in an individual spike follows a geometric distribution with parameter e -λ τ p . [START_REF] Pitman | Probability[END_REF] The expected value of a geometric distribution being equal to the inverse of its parameter, one recovers the result established at the end of Sec. 2.1, namely that the average number of particles per spike is equal to e λ τ p in the zero dwell time and constant particle event duration case.

Zero dwell time and random particle event duration.

In the random particle event duration case herein considered, the number of particles in an individual spike is not strictly geometrically distributed anymore. Indeed, when the particle event duration is not constant, the stochastic process associated with the spikes is no longer memoryless: the probability that a spike is the outcome of k ≥ 1 particle events depends on the whole history of the process * . The geometric distribution being the only memoryless discrete distribution, it cannot describe exactly the distribution of the number of particles per spike when the particle event duration is random.

For this reason, the geometric distribution cannot be a fully universal feature of sp-ICP-MS. However, it can be deemed as almost universal since computer simulations show that this distribution with parameter e -λ τ † is a good approximation of the exact distribution when the coefficient of variation of τ is much smaller * For instance, a particle event #1 can end after another subsequent particle event #2, having started after #1. An event of this kind is impossible when the particle event duration is constant. † If a geometric distribution can approximate the true underlying distribution of the number of particles per spike in the zero dwell time and random particle event duration case, its parameter is necessarily equal to e -λ τ . Indeed, according to the end of Sec. 2.1, the average number of particles per spike is equal to N DT=0 = e λ τ in this case, hence the parameter of the tentative approximate geometric distribution since the parameter of a geometric distribution is equal to the inverse of the expected value of the distribution.

than one and the nanoparticle flux rate λ is small enough.

Nonnegative dwell time and random particle event duration.

Finally, when τ dw > 0 and for a random particle event duration, the geometric distribution with parameter e -2λ τ dw e λ τ dw -1 λ τ dw e -λ τ = 1/N is a good approximation of the exact distribution governing the number of particles per spike when the coefficient of variation of the particle event duration is much smaller than one. The explanation regarding the value of the parameter is the same as the one given previously, in Sec. 2.2.2. More precisely (details are provided in Supplementary Information, Sec. S4), according to Monte Carlo simulations, the geometric distribution with parameter e -2λ τ dw e λ τ dw -1 λ τ dw e -λ τ can be deemed as acceptable as long as the coefficient of variation of the particle event duration τ is smaller than 0.33. This assessment is based on the Pearson's χ 2 test and a p-value threshold of 0.05 regarding the rejection of the null hypothesis. When the coefficient of variation of τ is greater than 0.67, the geometric distribution is still acceptable from a statistical viewpoint, but only for low enough nanoparticle flux rates (≤ 20 s -1 ). As the coefficient of variation of τ increases, the range of λ where the geometric distribution is a satisfactory approximation of the distribution of the number of particles per spike shrinks.

Monte Carlo simulations thus demonstrate that the geometric distribution with parameter e -2λ τ dw e λ τ dw -1 λ τ dw e -λ τ can be a good or even a very good approximation of the probability mass function governing the number of particles per spike when the coefficient of variation of τ or the nanoparticle flux rate are small enough. For this reason, the geometric distribution can be considered as almost universal.

In the very dilute limit used in practice to conduct sp-ICP-MS experiments, the parameter of the geometric distribution is very close to 1 and the distribution of the number of particles per spike is close to a Dirac mass function. This is no longer the case outside of this limit.

Average spike duration

The average spike duration τ s can be accurately calculated in the zero dwell time and constant particle event duration case, and estimated (tight upper bound) otherwise.

Zero dwell time and constant particle event duration.

In the zero dwell time limit and when τ is constant and equal to τ p , τ s is expected to be equal to

(e λ τ p -1)E(t |t ≤ τ p ) + τ p , (5) 
where E(t |t ≤ τ p ) denotes the expected value of t, given that t is smaller than τ p . Indeed, according to Sec. 2.2.1, there are on average e λ τ p -1 gaps between the average number of particles per spike e λ τ p and a duration τ p after the beginning of the last particle event.

As the occurrence of each particle event corresponds to an event of a homogeneous Poisson process 13 , the conditional expectation E(t |t ≤ τ p ) can be easily calculated when the dwell time is zero. Since t is exponentially distributed with parameter λ and the probability that τ is less than or equal to τ p is equal to 1e -λ τ p , 22 E(t |t ≤ τ p ) = (1e -λ τ p ) -1 τ p 0 λte -λt dt, yielding

τ s = (e λ τ p -1) 1 -(1 + λ τ p )e -λ τ p / λ (1 -e -λ τ p ) + τ p . (6) 
Eq. 6, obtained thanks to a heuristic argument, can be derived rigorously and Monte Carlo simulations confirm its validity (shown in Supplementary Information, Sec. S5.1).

Zero dwell time and random particle event duration.

Carrying an exact calculation in this case seems out of reach.

However, an upper bound can be obtained for the average spike duration τ s , which will prove to be close to τ s . When the duration of particle events is random, in the zero dwell time limit, a typical spike results from the overlap of e λ τ distinct particle events (see Sec. 2.1). There are at most e λ τ -1 gaps between these particle events. Based on this heuristic reasoning,

τ s ≤ e λ τ -1 E DT=0 + τ , (7) 
where E DT=0 denotes the average duration between the starts of two consecutive overlapping particle events. The last term in the previous equation, τ , corresponds to the average duration of the particle event that the spike ends with, which can be -or notthe last to appear.

According to the expression of the average duration between the starts of consecutive overlapping particle events obtained in Sec. 2.3.1, one gets for a random duration of particle events,

E DT=0 = +∞ 0 dτ f (τ) 1 -(1 + λ τ)e -λ τ λ (1 -e -λ τ ) (8) 
Combining Eqs. 7 and 8, the following upper bound for the average spike duration is expected,

τ s ≤ e λ τ -1 +∞ 0 dτ f (τ) 1 -(1 + λ τ)e -λ τ λ (1 -e -λ τ ) + τ (9) 
.

In addition, the function x →

1-(1+λ x)e -λ x λ (1-e -λ x )
being concave -its second derivative is indeed a nonpositive function, Jensen's inequality leads to

τ s ≤ e λ τ -1 1 -(1 + λ τ )e -λ τ λ (1 -e -λ τ ) + τ . ( 10 
)
Computer simulations show that this upper bound is rather tight. From a practical point of view, the '≤' symbol in the previous equation can be considered as a '≈' symbol.

Nonnegative dwell time and random particle event duration.

When τ is an arbitrary nonnegative random variable and τ dw > 0, a reasoning similar to the one followed in Sec. 2.3.2 leads to

τ s ≤ (N -1)E + τ + τ dw . (11) 
According to Sec. 2.1, N -1 is the tightest upper bound for the number of gaps between the average number of particles per spike N . E is the conditional expectation of the duration between two consecutive particle events that belong to the same spike. τ is an upper bound for the average duration of the particle event ending the spike and τ dw is the dwell time. The term τ dw is due to the time discretization of a sp-ICP-MS time scan: a spike, whatever its true physical duration, generates at least one nonzero reading in an experimental time scan corresponding to the integration time τ dw of the measurement. Two consecutive particle events belong to the same spike if i) the second particle event starts before the end of the first one; or ii) the second particle event starts after the end of the first one, whilst the first particle event ends and the second one starts during the same dwell time interval, or in two contiguous dwell time intervals. Possibilities i) and ii) are mutually exclusive. Thus, τ+v) .

E = E DT=0 + +∞ 0 dτ f (τ) τ dw 0 du τ dw 2τ dw u dv τ dw (τ + v)λ e -λ (
(12) The double integral in the variables u and v appearing in Eq. 12 can be computed analytically.

One gets E = +∞ 0 dτ f (τ)ε(τ, λ , τ dw ), ε being a function admitting a closed form expression,

ε(τ, λ , τ dw ) = 1 -(1 + λ τ)e -λ τ λ (1 -e -λ τ ) + e -λ (τ+τ dw ) λ 2 τ dw e λ τ dw (λ τ + 2) -λ (τ + τ dw ) -2 - e -λ (τ+2τ dw ) λ λ (τ + τ dw ) + 1 . (13) 
Finally, the map τ → ε(τ, λ , τ dw ) can be shown to be concave: thus, according to Jensen's inequality, E ≤ ε τ , λ , τ dw . This leads to the following upper bound for the average spike duration

τ s ≤ N -1 ε( τ , λ , τ dw ) + τ + τ dw , (14) 
ε being defined in Eq. 13 and N in Eq. 4.

Monte Carlo simulations show that the right hand side of Eq. 14 is a very good numerical approximation of τ s , whatever the value of λ is (see Fig. 2). This upper bound is thus rather tight, as in the zero dwell time case. Hence, from a practical viewpoint,

τ s ≈ N -1 ε( τ , λ , τ dw ) + τ + τ dw . (15) 
Fig. 2 shows that τ s is a non-bounded, increasing function of λ , starting from τ + τ dw and rising sharply afterward. Last but not least, computer simulations also evidence that, as the average number of particles per spike N , τ s is also universal. The numerical data provided in Supplementary Information (Fig. S6) indeed demonstrate that the average spike duration only depends on λ , τ dw and τ , and not on other details of the distribution of particle event durations.

Experimental validation

Experiments

Various dispersions of 60 nm diameter gold nanoparticles stabilized with a citrate buffer were analyzed. They were all prepared Fig. 2 Average spike duration calculated by Monte Carlo simulation (circles) and theoretical estimation (black line) given by Eq. 15, for an average duration of particle events τ = 0.9 ms and a dwell time τ dw = 0.1 ms. Inset: zoom on the λ < 2100 s -1 range. The grey straight line corresponds to the first two terms (linear approximation) of the Taylor series expansion of the upper bound of τ s , equal to τ

+ τ dw + 1 4 ( τ + 2τ dw )(2 τ + 3τ dw ) λ + O(λ 2 ).
by dilution of a stock solution purchased from Sigma-Aldrich, whose particle number concentration equals 1.9 × 10 10 mL -1 . The dispersions were introduced at 0.346 mL min -1 in a Agilent 8900 ICP-MS-QQQ mass spectrometer. The plasma RF power was 1550 W and the sampling depth was 7 mm. 197 Au was monitored with a zero settling time and a τ dw = 100 µs dwell time during τ obs = 60 s. Measurements were done with the dilution factors 250000, 7500, 3750, 2500, 1875, 1500, 1250, 1071, 938, 833, 750, 682, 625, 577, 536, 500, 250, and were repeated three times for each dilution factor.

Thirty milliseconds long snapshots of experimental time scans acquired with 60 nm gold nanoparticles for several values of λ , ranging from 18.2 to 9110 s -1 , are displayed in Fig. 3. Visually, the time scans become more and more complex as λ increases: particle events are clearly visible when λ = 18.2 s -1 , but they become less and less apparent as λ increases. At some point, the spikes become overwhelmingly composite; despite this apparent complexity, these experimental results support the theory developed in Sec. 2.

Comparison with theory

The spikes present in the experimental time scans were detected as described in Ref. 14. The cumulative number of counts and the duration of each spike was calculated, and the validity of the theory regarding the average number of particles per spike N (Eq. 4) and the average spike duration τ s (Eq. 15) was checked.

The prediction of Eq. 4 can be compared with experimental data as follows. Measurements were done with pure gold spherical nanoparticles: the average diameter of a nanoparticle is hence expected to be proportional to the average of the cumulative number of counts of the spikes detected in the experimental sp-ICP-MS time scans, divided by N (to get the average cumula- tive number of counts associated with a single nanoparticle) and raised to the one-third power (to account for the fact that for pure metal spherical nanoparticles as the ones used in this study, the mass of a particle is proportional to its diameter raised to the power three). Through this procedure, assuming a reference average diameter of 60 nm for the lowest nanoparticle flux rate, Tab. 1 was obtained. This table shows that the average nanoparticle diameter obtained thanks to this approach is very close to the reference average diameter, with relative variations smaller than 4%, whatever the value of λ , even when the average number of particles per spike is far greater than 1 (up to ≈ 5700), thus validating the theory regarding the average number of particles per spike. For these experiments, τ dw was set to 100 µs, while the values of λ and τ ( τ = 803.4 µs in this case) were those fitted previously 14 . It is worth underlining that Tab. 1 was obtained without any additional adjustment, which illustrates the soundness of the theory. The average spike duration was measured from the experimental time scans for different nanoparticle flux rates λ . Fig. 4 shows the average spike duration and the corresponding fit (Eq. 15). Again, the parameter values obtained previously 14 were employed, for λ and τ , without any additional adjustment. Once more, the agreement between experiments and theory is very good, on three orders of magnitude.

The predictions of the theory regarding the average number of particles per spike N and the average spike duration τ s are thus experimentally validated. I did not manage to find a wise way to check experimentally the prediction regarding the distribution of the number of particles per spike, which is expected to be geometrically distributed in very good approximation, but it has been checked numerically and I am confident of its validity.

Practical implications

Beyond the additional knowledge brought by this study about the fundamentals of sp-ICP-MS, the results obtained regarding the average number of particles per spike and the average duration of spikes can be leveraged in different ways. 

Data processing consistency

The mathematical relationship giving an upper bound for the average duration of spikes (Eq. 14) can be used to check the consistency of the data processing algorithm employed to detect the spikes in an experimental time scan. To illustrate this point, the usual algorithm 6,[START_REF] Tuoriniemi | [END_REF] employed to process sp-ICP-MS time scans to the measurements obtained with gold nanoparticle dispersions was applied, for several dilution factors. Readings above the average value plus three times the standard deviation of the entire data set were identified, removed, and the same process was applied to the remaining data set, and so on and so forth. The data obtained at the end of this iterative procedure and the number of spikes obtained with MassHunter, Agilent's proprietary software, are gathered in Tab. 2. Two interesting features are visible on Tab. 2. Except for the most dilute dispersion, the numbers of spikes calculated with the usual algorithm are markedly different from those found with the algorithm used in this study, the latter one being tailored to the very definition of a spike given in Sec. 2 and developed bearing in mind the possibility of a high level of particle coincidence 14 . The difference between the number of spikes given by the two algorithms becomes more pronounced as λ increases. This conclusion also holds regarding the number of spikes obtained with MassHunter. The same discrepancy prevails with the average duration of spikes, which diverges completely between both algorithms as λ increases. With the usual algorithm, this average duration starts to increase and then decreases until it reaches a stationary value for a decreasing dilution factor. By contrast, it increases sharply with the algorithm employed in this study.

For the smallest dilution factors, < 1000, i.e. the most concentrated dispersions, the average spike duration becomes ≈ 0.1 ms. This result is at odds with the theory developed in Sec. 2.3, and in particular with Eq. 15. Indeed, according to this equation, τ s should be greater than τ + τ dw = 0.9 ms with the present experiments. This inconsistency sheds light on the shortcomings of the usual data processing algorithm. If the time scan is affected by many particle coincidences, one gets results that differ significantly from the theory herein presented. In the present study, it shows that the usual data processing strategy provides dubious results for the most concentrated dispersions. This is not a genuine surprise in that case. The usual algorithm makes no real sense in the concentrated range, since it was developed for, and is thus adapted to, very dilute nanoparticle dispersions with a moderate dissolved fraction 6 . In the present case, it yields a dissolved concentration that has no true meaning: gold nanoparticle dispersions are very stable and in the experiments reported here, this nonzero dissolved concentration is an artifact which is due to the huge overlap of particle events in the time scan. The usual algorithm is thus misfitted in the concentrated range, where particle events frequently overlap. This consistency test, based on the average spike duration, can be used to check whether the outcomes of a data processing step are coherent from a theoretical viewpoint. In general, an inconsistency between the number of spikes and the range of average spike durations predicted by the theory should raise the alarm. The easiest way to proceed is as follows: count the number of spikes, use this number divided by the duration of the experiment as a lower bound for the nanoparticle flux rate entering the plasma, calculate the range of theoretically admissible average spike duration with the linear approximation of τ s and compare the theoretical prediction with the experimental value of the average spike duration. If they significantly differ, the experimenter should question his/her results, as it casts some doubt either on the data processing methodology, the presence of detectable nanoparticles in the sample, or the magnitude of the particle number concentration.

Average nanoparticle size

A raw particle size distribution (PSD) can be calculated straightforwardly from sp-ICP-MS data 6,24,25 . It contains both genuine and spurious information. Genuine information correspond to features of the underlying real PSD that are accurately reflected in the raw PSD. Spurious information gather all the artifacts affecting the raw PSD, which are unrelated to the features of the real PSD but depends on the experimental method itself. For instance, particle coincidence within a single spike can be a source of spurious features in the raw PSD.

One very interesting feature that turns out to be genuine is the average mass of nanoparticles in a -possibly multimodal -dispersion, or equivalently the average diameter for spherical nanoparticles having all the same composition. Indeed, according to the law of total expectation [START_REF] Ross | A First Course in Probability[END_REF] , the average cumulative number of counts in spikes, I s , is equal to the average cumulative number of counts in particle events, I p , multiplied by the average number of particles per spike N , I s = N I p . According to this formula, the average mass (or diameter for identical spherical nanoparticles) of nanoparticles in a dispersion, which is directly related to the average cumulative number of counts in particle events, can be readily inferred from the average cumulative number of counts of individual spikes. It was experimentally checked that this is indeed the case with a dispersion containing a 3:1 mixture of 60 and 150 nm nanoparticles, even with a very high level of particle coincidence: the expected average diameter of the nanoparticles was 81.6 nm, whilst experimentally, an average value of 82.4 nm is obtained by measuring I s and dividing by N to get I p , for several nanoparticle flux rates (details are provided in Supplementary Information, Sec. S6). This excellent agreement is consistent with former studies: previous experiments demonstrated that the average sizes stemming from high resolution scanning electron microscopy (HR-SEM), which is a NIST reference method, and from sp-ICP-MS 25 compare well. Mathematically speaking, this concordance merely relies on the fact that I s = N I p .

Conclusion

In this work, the average number of nanoparticles per spike in a single particle ICP-MS time scan was calculated. A tight upper bound for the average duration of spikes was also derived. The nonlinear relationships derived in this work are very robust: the comparison with Monte Carlo simulations and experimental data shows an excellent agreement with the theoretical predictions, for the full spectrum of values of nanoparticle flux rate λ that was tested, which encompassed three orders of magnitude -from λ ≈ 10 to 10 4 s -1 .

The average number of nanoparticles per spike and the average spike duration only depend on three parameters: the nanoparticle flux rate entering the plasma, the dwell time of the instrument and the average duration of a particle event generated by a single nanoparticle in the time scan. They do not depend on the full probability distribution of the duration of particle events, but only on its average, a feature we have referred to as universality, which is intimately connected to the underlying Poisson process governing particle arrivals in the plasma.

When the standard deviation of this duration is small enough compared to its average, the probability mass function ruling the number of nanoparticles per spike is well approximated by a geometric distribution, with a parameter that does not depend on the full distribution of τ, but only on itsaverage. Consequently, the particle mass function ruling the nu r of particles per spike can be considered as almost universal.

All these results increase our understanding of sp-ICP-MS data. Beyond their intrinsic value from a fundamental viewpoint, these theoretical developments have also interesting practical implications. Running sp-ICP-MS experiments in the very dilute limit should of course be privileged as much as possible to extract the maximum amount of information. However, for specific samples, when dilution is not an option, our theory demonstrates that the average mass of nanoparticles could be recovered from experimental sp-ICP-MS time scans, regardless of the level of particle coincidence, even for multimodal dispersions. To make it a tangible option though, one still have to deal with a possible nonzero value of the background signal due to the presence of the monitored element under dissolved form or interferences.

These new insights have also been applied to check the consistency of results obtained thanks to the usual data processing algorithm employed in sp-ICP-MS. A consistency test was designed based on the theoretical developments reported in this work. The usual algorithm fails to pass this test in the concentrated range. It would be very appealing to develop a thorough methodology to treat the experimental data obtained in pulse-overlapped mode, as well as in the dilute limit. Assessing the range of validity of various algorithms, finding when they provide reliable results that can be trusted with eyes closed, and when the user finds herself/himself on a slippery slope, is a worthwhile perspective.

Fig. 3

 3 Fig.3Snapshots of experimental time scans obtained with 60 nm gold nanoparticles at several nanoparticle flux rates λ during a 30 ms time interval with τ dw = 100 s (each snapshot thus contains 300 readings). From top to bottom, λ = 18.2, 607, 1215, 1822, 2429, 3037, 3644, 4253, 4856, 5468, 6073, 6679, 7288, 7894, 8498, and 9110 s -1 . The vertical range is twice as large for the last six time traces than for the first ten.

Fig. 4

 4 Fig. 4 Average spike durations measured from experimental sp-ICP-MS time scans (circles). The dashed line corresponds to the numerical adjustment to the model using Eq. 15, with τ = 803.4 µs and τ dw = 100 µs.

Table 1

 1 Average diameter and average number of particles per spike as a function of the nanoparticle flux rate λ . The smallest flux rate was taken as reference.

	Flux rate λ (s -1 )	N	Average diameter (nm)
	18.2	1.0	60.0
	607	1.8	59.9
	1215	3.2	59.2
	1822	5.7	60.1
	2429	10.1	59.6
	3037	18.0	59.5
	3644	32.0	60.2
	4253	57.1	61.5
	4856	101	59.6
	5468	181	58.7
	6073	321	61.2
	6679	570	62.2
	7288	1016	60.6
	7894	1803	59.0
	8498	3193	62.0
	9110	5695	59.7

Table 2

 2 Number of spikes and average spike duration for several dilution factors using the usual sp-ICP-MS data processing algorithm. For comparison, the results given between parenthesis correspond to those obtained with the algorithm employed in this work and detailed in Ref.14. The results given between square brackets were those given by MassHunter version 4.3.

	Dilution factor	Number of spikes	Average spike duration (ms)
	250000	996 (999) [999]	0.9 (0.9)
	7500	10125 (20218) [14227]	1.4 (1.2)
	3750	10450 (23142) [17102]	12.1 (1.7)
	2500	28652 (19164) [34093]	0.2 (2.5)
	1875	20439 (14535) [6695]	0.2 (3.7)
	1500	16444 (10231) [6817]	0.2 (5.5)
	1250	13681 (6736) [6801]	0.2 (8.6)
	1071	11817 (4187) [6769]	0.2 (14.1)
	938	10514 (2873) [6791]	0.1 (20.7)
	833	9290 (1865) [6725]	0.1 (32.2)
	750	7989 (1053) [6719]	0.1 (57.4)
	682	7136 (608) [6624]	0.1 (99.9)
	625	6189 (395) [6615]	0.1 (152.1)
	577	5524 (258) [6715]	0.1 (233.4)
	536	4832 (134) [6566]	0.1 (449.8)
	500	4202 (95) [6619]	0.1 (669.1)
	250	1268 (1) [6068]	0.1 (60000)
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