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SHARP BOUNDS ON HELMHOLTZ IMPEDANCE-TO-IMPEDANCE MAPS
AND APPLICATION TO OVERLAPPING DOMAIN DECOMPOSITION

DAVID LAFONTAINE AND EUAN A. SPENCE

ABsTRACT. We prove sharp bounds on certain impedance-to-impedance maps (and their com-
positions) for the Helmholtz equation with large wavenumber (i.e., at high-frequency) using
semiclassical defect measures. The paper [GGG™T22] recently showed that the behaviour of these
impedance-to-impedance maps (and their compositions) dictates the convergence of the paral-
lel overlapping Schwarz domain-decomposition method with impedance boundary conditions on
the subdomain boundaries. For a model decomposition with two subdomains and sufficiently-
large overlap, the results of this paper combined with those in [GGG™T22] show that the parallel
Schwarz method is power contractive, independent of the wavenumber. For strip-type decom-
positions with many subdomains, the results of this paper show that the composite impedance-
to-impedance maps, in general, behave “badly” with respect to the wavenumber; nevertheless,
by proving results about the composite maps applied to a restricted class of data, we give in-
sight into the wavenumber-robustness of the parallel Schwarz method observed in the numerical
experiments in [GGGT22].

1. INTRODUCTION

1.1. Motivation and outline. Over the last 30 years, there has been sustained interest in com-
puting approximations to solutions of the Helmholtz equation Awu + k?u = 0 with wavenumber
k > 1 using domain-decomposition (DD) methods; see the recent review papers [GZ19, GZ22].
However, it still remains an open problem to provide a k-explicit convergence theory, valid for
arbitrarily-large k, for any practical DD method for computing approximations to Helmholtz so-
lutions.

Working towards this goal, the paper [GGGT 22| studied a parallel overlapping Schwarz method
for the Helmholtz equation, where impedance boundary conditions are imposed on the subdomain
boundaries. This method can be thought of as the overlapping analogue of the parallel non-
overlapping method introduced in Després’ thesis [Des91, BD97|, which was the first method in
the Helmholtz context to demonstrate the benefits of using impedance boundary conditions on
the subdomain problems (the analogous algorithm for Laplace’s equation, with Robin boundary
conditions on the subdomains, was introduced by P.-L. Lions [Lio90]). Indeed, with or without
overlap, the parallel Schwarz method with Dirichlet boundary conditions on the subdomains need
not converge when applied to the Helmholtz equation (see, e.g., [DJN15, §2.2.1]), and is not even
well posed if k2 is a Dirichlet eigenvalue of the Laplacian on one of the subdomains. In contrast,
the method with impedance boundary conditions is well posed, and always converges in the non-
overlapping case by [BD97, Theorem 1] (see, e.g., [DIN15, §2.2.2]).

The paper [GGGT22| studied the parallel overlapping Schwarz method at the continuous level,
i.e., without discretisation of the subdomain problems, with then the follow-up paper [GGS23|
showing that, at least for certain 2-d decompositions and provided the discretisation is sufficiently
fine, the discrete method inherits the properties of the method at the continuous level.

The main result of [GGGT22| was the expression of the error-propagation operator (i.e., the
operator describing how the error propagates from one iteration to the next) in terms of certain
impedance-to-impedance maps. This result paved the way for k-explicit results about the conver-
gence of the DD method to be obtained from k-explicit bounds on the norms of the impedance-
to-impedance maps (and/or their compositions), and the present paper provides such k-explicit
bounds for a model set-up in 2-d.

The structure of the paper is as follows. §1.2 defines the impedance-to-impedance maps for a
certain 2-d model set-up, and §1.3 states bounds on these maps that are sharp in the limit £ — oc.
§1.4 states sharp bounds on compositions of these maps. §2 discusses the implications of the main
results for the parallel Schwarz method, recapping the necessary material from [GGG™122]; §2 also
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recaps other literature on impedance-to-impedance maps in the context of domain-decomposition,
including the recent paper [BCM22| (see Remark 2.11). §3 recaps known material about semiclas-
sical defect measures (mainly from [Mil00]). §4 proves propagation results at the level of measures
for the models we are interested in. §§5-§6 prove the main results. §7 shows wellposedness results
for our models.

1.2. Definition of the impedance-to-impedance maps. Given cartesian coordinates (z1,z’)
in R? and h,d;,d, > 0, we let

D :=(0,d; +d,) x (0,h)
Iy .= {0} x [0, h], T;:={di} x [0, h], Ty :={d +d} x[0,h],
T, = (0,d +d) x {h},  Tp:=(0,d+d) x {0},
I's:=T,ul,ul,, F; =1 Uy

see Figure 1.

Iy

di

Lillh

Iy

FIiGURE 1. The domain D, the boundaries I';,T',.,T';, and I';, and the interior
interface IT';

We are interested in the two following model problems.

(A+k)u=0in D
(10,, +k)ju=g onTy,
(=102, +k)u=0 onT,,
u is outgoing near I',,

(A+k)u=0in D
(Model 1) (30, +k)u=g onTy, (Model 2)

u is outgoing near I,

where the outgoingness near I'y (resp. I',) is defined in Definition 1.4 below. Since the outgoing
boundary condition is a high-frequency (k — o0) assumption, there might exist more than one
solution to such a model for a given k; however, all solutions will have the same high-frequency
behaviour. Indeed, for both models, an admissible (in the sense of Definition 7.1 below) solution
operator g — u exists, and two solutions coming from distinct admissible solution operators always
coincide modulo O(k~*°) (see Lemmas 1.5 and 1.6 below). Since we are interested in the high-
frequency behaviour of the solutions, we therefore fix from now on an admissible solution operator
to both models.

Observe that in Model 2, the impedance data (—%8,I +k)u is specified on both T'; and I',., where
Oy, is the outward normal derivative to D. If g € L?(I';) and u is the associated solution of (Model
1) in D, we let

1 1
Z; (h,di, k)g :=r, (z‘a‘rl — k:) u, I (h,d), k)g := 7, <Z_8w1 + k> U
ie., Z; and If' are the two different impedance traces on I';, with the plus/minus superscripts

correspond to the plus/minus in the impedance traces, where 1, denotes the trace operator onto
L3(T;). In the same way, if g € L*(T';), and u is the associated solution of (Model 2) in D, we let

1 1
Zy (h,dy, dy, k)g == 7, (iaxl - k) u, I;(h,d.,d”k)g =, (iaxl + k) U
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1.3. Upper and lower bounds on the impedance operators.

Theorem 1.1 (Upper and lower bounds for (Model 1)). Let h,d; > 0 and let Omax € (0,7/2) be
defined by

h
Omax(h,d)) := arctan a
[

(1) For any € > 0, there exists ko(e) > 0 such that, for all k > ko

- 1— COS(GmaX)
T 2y < ———— B
IZ; (h,di,k)||L2 2 < 1+ cos(Omax) e

In addition,

) _ 1 — cos(Omax)
limsup | Z; (h, d), k > - PVmax)
lgfipu L (hodi k)22 > 1+ co5(Bama)

(2) For any e > 0, there exists ko(e) > 0 such that, for all k > kg
HIf(hv di, k)”LzﬁL? <1l+e

In addition,
limsup | Z7 (h, di, K)o z2 > 1.
k— o0
The heuristic behind Theorem 1.1. In Fourier space, %8,01 +k acts as multiplication by & £k, where
&1 is the first component of the dual variable to x (that is, the frequency); thus Z; is governed
by (& — k)/(&1 + k) and Z7 is governed by (& + k)/(€1 + k). This ratio is one in the case of Z;,
leading to the lower bound in Part 2 of Theorem 1.1. To bound the ratio sharply in the case of
I, , we observe the following: since the solution is outgoing on the borders of the cell, the mass
reaching I'; comes necessarily from I';. To go from I'; to I'; at frequency k, this mass must travel
with a direction £ = k(cos 0, sin ), where 0 < 0 < 0,,.x (with mass travelling from the very bottom
of T'; to the very top of T'; traveling with angle 0y,,x). This direction £ therefore satisfies

|61 — k| = k| cosf — 1| = k(1 — cosf) < k(1 — cos(Omax))
and
|&1 + k| = k|cosf + 1] = k(l + 0089) > k(l + Cos(@max))7

from which the upper bounds in Theorem 1.1 follow. Our proof implements these heuristic argu-
ments in a rigorous way, using so-called semiclassical defect measures. In particular, to prove the
lower bounds in Theorem 1.1, we take data g from a so-called coherent state, chosen so that all
the mass of the solution concentrates on a ray coming from one point zy € I'; and travels in one
direction &, = k(cosfp,sinfy); we then take xg to be very close to the origin (i.e., the bottom of
I';) and 6y to be as close as O,.x as possible.

Theorem 1.2 (Lower bounds for (Model 2)). Let h,d,d, > 0. Then,
lim sup ||I§:(h7 d|a dr7 k)”Lz%Lz > 1.

k—oo
The heuristic behind Theorem 1.2. The difference between Model 2 and Model 1 is that now rays
are reflected from I',. Arguing as above, the map Z, is bounded below by one on rays travelling
directly from I'; to I';. Provided these rays are not horizontal (i.e., & # 0), their subsequent
reflections from I',. and I'; do not interfere with the initial ray (they move either up or down in the
vertical direction, until being absorbed by the outgoing conditions at the top and bottom), and
thus Z, is bounded below by one.

To see that Z, is bounded below by one, we need to consider the first reflected ray. When
the wave exp(i€ - ) with || = k hits the impedance boundary on the right, a reflected wave
Rexp(—i&12z1 + i€ax2) is created, where the reflection coefficient R := (§; — k)/(§&1 + k). For a
wave exp(—i&1x1 +1i€ax2), Z; is governed by (=& —k)/(—&1 + k), and thus the contribution to Z5
from the first reflected ray is |R(—& — k)/(—& + k)| = 1. As discussed in the previous paragraph,
provided that & # 0, further reflections do not interfere with this first reflected ray, and thus Z
is bounded below by one.
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1.4. The behaviour of the composite impedance map in (Model 2). Given h At d T d T, d

0, we consider arbitrary compositions of the two maps
(1.1) Z, (h,d",d,",k) and Zj (h,d",d, " k);

we allow the two maps 7, and I; to have different arguments d; and d,. because of the application
of these results in domain decomposition — see Remark 2.9 below.

An arbitrary composition of the two maps (1.1) can be written as the following: given n > 0
and o € {+,—}", let

7°(h,d;" . d,*,d.d, ", k) : H 779, d" @, d," O k),
£=0,-

where the product denotes composition of the maps.
In addition, for any A > 0, we define the projection A-away from zero frequency II} as

5g:= 7! ((1 —w(i))ﬂg), Frg(Q) = %/e‘i’“%(y) dy,

where ¢ € C(R;[0,1]) is equal to one on [—1,1], and Fj is the Fourier transform at scale k.
Written with 7, the non-scaled Fourier-transform,

o =7 (1 - (5z)) 7o)

that is, H’/{ is a projection Ak-away from zero in the Fourier variable.

The projection H’ﬁ\ is applied below to impedance data; the heuristic interpretation of this is the
following: since a Helmholtz solution is, in the high-frequency limit, supported in Fourier space
where |£1]?+|¢|? = k? (with & the dual variable of 1 and ¢ of 2'), truncating the impedance data
Ak-away from ¢ = 0 produces a solution supported at high frequencies where |£1|* < k?(1 — A\?),
hence away from the horizontal direction corresponding to |¢1|? = k2.

Theorem 1.3 (The composite impedance map). Let h,d|+, dr+,d|_,dr_ > 0.
(1) For anyn >1 and any o € {+,—}",
limsup ||Z7(h,d;",d, T, d 7, d 7 k)|l 22 > 1.

k—o0
(2) Let o € {+,—}" and, for any n>1, 0, :=(c(1), -+ ,0(n)) € {+,-}". Given A >0, let
no(A) := h(min(d,", d;")) " *A"1VI = A2, Then

for all n > ng(N), kli_)nolo 1Zo"(h,d,",d, ', d; dv ™, B)IE || 1252 = 0.

The heuristic behind Theorem 1.3. The main idea behind Theorem 1.3 is that, in the high-frequency
limit, the impedance-to-impedance map associated with (Model 2) pushes the mass emanating from
I'; with an angle 6 to the horizontal up and down by a distance proportional to #~!, while preserving
its mass. Therefore, if g creates a Helmholtz solution emanating from I'; with angles > 0 to the
horizontal, all its mass is pushed off the domain in a finite number of iterations. After applying
115, the data creates a solution emanating from T'; with angles > arctan ﬁ > 0; hence the
high-frequency nilpotence of the composite impedance map, i.e., Part (2) of the theorem. On the
other hand, the same idea allows us to construct the lower bound in Part (1): taking coherent-state
data g creating a Helmholtz solution concentrating all its mass on an arbitrarily small angle to the
horizontal, the image by the composite impedance map after the corresponding, arbitrarily high,
number of iterations, is still in the domain and hence has order one mass.

1.5. The semiclassical notation and definition of outgoingness. It is convenient to work
with the semiclassical small parameter A := k~!. In addition, we let D, := %8.. Then, (Model 1)
and (Model 2) become, with g replaced by hg,

(=h?A —=1)u=0in D

(hDy, + )u=g on Iy,

u is outgoing near I,

(=hDz +1u=0 onT,.

We can now define the outgoingness near the border of the cell:

(=h?A —=1)u=0in D
(M1) (hDy, + Hu =g on Iy, (M2)

u is outgoing near T'y.

>
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Definition 1.4. We say that a h-family of solutions u to (—h?A — 1)u = 0 in D is outgoing near
I' € {Ts, 'L} if there exists an open set D™ D DUT (independent of h > 0) with 9D+ N (0D\I') =
OD\T, such that u can be extended to a h-tempered solution of (—h?A — 1)u =0 in Dt and

V(z,6) € WFrun{z €T}, & -n(z) >0,
where the normal n(x) points out of the domain D depicted in Figure 1.

The wavefront set WF}, of an A-tempered family of functions is defined in Definition 3.1 below.
It describes where the non-negligible mass of an A-dependent family of functions lies in phase-space
(that is, in both position and direction) in the high-frequency limit i — 0; Definition 1.4 therefore
means the solution w has only mass pointing outside the cell — hence outgoing.

1.6. Wellposedness results. We say that S = S(h) : g € L*>(I}) — u € H*(D) is a solution
operator associated to model (M1)/(M2), if S is linear and for any g € L*(T';), u(h) := S(h)g is
solution to model (M1)/(M2). The following results are shown in §7.

Lemma 1.5. There exists an admissible (in the sense of Definition 7.1) solution operator to
(M1)/(M2).

The admissibility condition of Definition 7.1 corresponds to requiring that any solution can
be extended in a slightly bigger domain, where it is bounded, and has bounded traces where an
impedance boundary condition is imposed (I'; for (M1) and I'; UT, for (M2)). All admissible
solution operators have the same high-frequency behavior in the following sense, where || f|| Hy =

1f1lz2 + B f1] e

Lemma 1.6. If S1, S2 are two admissible solutions operators, then, for any bounded g € L*(T';),
any N >0, and any x € C*(D), there exists Cny > 0 such that ||x(S19 — SQQ)”H;LV < CyRhN.

2. IMPLICATIONS OF THE MAIN RESULTS FOR THE PARALLEL OVERLAPPING SCHWARZ METHOD

The plan of this section is to

e define the parallel overlapping Schwarz method studied in [GGGT22] (§2.1),

e summarise the performance of the parallel overlapping Schwarz method as illustrated in
the numerical experiments in [GGGT22| (§2.2),

e show how impedance-to-impedance maps govern the behaviour of the error of this method
(8§2.3-2.5) and define these impedance-to-impedance maps for general decompositions
(52.6),

e show how the maps of Models 1 and 2 in §1.2 are the relevant impedance-to-impedance
maps for 2-d strip decompositions when the boundary condition on the whole domain
(approximating the Sommerfeld radiation condition) is the outgoing condition described
in §1.5 (§2.7-§2.9), and

e explain the relevance of Theorems 1.1, 1.2, and 1.3 to the analysis of the parallel Schwarz
method (§2.10).

2.1. Definition of the parallel overlapping Schwarz method studied in [GGGT22|. The
paper |GGG ™22] considers the Helmholtz interior impedance problemn, i.e., given a bounded domain
QCRId>2, fe L), and g € L?(00Q), find u € H'(Q) satisfying

1
(2.1) (A+kHu=—f onQ and (aak>ug on 0%

i0n
(where 0/0n denotes the outward normal derivative on 02) and considers its solution via the fol-
lowing parallel overlapping Schwarz method with impedance transmission conditions. Let {£2; }5\;1
form an overlapping cover of {2 with each 2; C Q and Lipschitz polyhedral. If u solves (2.1), then
u; := ulq, satisfies

(2.2) (A +EkHuj =—f in Q,
10 10

(2.4) (1 9 k) uj = on 99, N0,

i On;
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where §/0n; denotes the outward normal derivative on 9;. !

Let {x;}J, be such that x; € C*'(Q;[0,1]), x; = 0 in 2N ((Q;)°) (and thus, in particular, on
095 \ 0) and Z;V:1 x;j(z) =1 for all z € Q. The parallel Schwarz method is: given an iterate u"
defined on 2, let u?“ be the solution of

(2.5) (A+kutt = —f in Qj,
10 10

2. - = e [ " Q,;\00

(2.6) (ianj k) u} (i(“)nj k:)u on 0Q;\0Q,
19 n+1

. ———k)ul"T =g on j ;
(2.7) o k| uj 0Q; N o
J
finally, let
(2.8) u™t = ZXW?+1~
¢

This method is well-defined since if u™ € U(Q) then u"*! € U(£), where
UQ) ={ue H(Q): (A+k)ue L*(Q), (—id/on — k)u € L*(090) };

see [GGG122, Theorem 2.12].
We highlight that the impedance boundary condition enters in (2.2)-(2.8) in two ways

(1) as the boundary condition on 99 ((2.4), (2.7)), and
(2) as the boundary conditions on the subdomains (2.6).

Regarding 1: the motivation for imposing an impedance boundary condition on 02 is that it is the
simplest-possible approximation to the Sommerfeld radiation condition, and the interior impedance
problem is a ubiquitous model problem in the numerical analysis of the Helmholtz equation (see,
e.g., the discussion and references in [GLS21a, §1.1]). However, the analysis in [GGGT22] is, in
principle, applicable to other boundary conditions on 0f), and we discuss this further in Remark
2.5 below.

Regarding 2: as discussed in §1.1, the advantage of using impedance boundary conditions on
the subdomains was recognised in Després’ thesis [Des91, BD97], and (2.2)-(2.8) is the overlapping
analogue of the non-overlapping method in [Des91, BD97]| (see, e.g., the discussion in [DJN15,
§2.3]).

We see later (in §2.9) that the impedance-to-impedance maps in Theorems 1.1-1.3 are those
dictating the behaviour of the parallel Schwarz method in the idealised case where the boundary
condition on 912 is the outgoing condition. The rationale for considering this idealised case is that
it allows us to focus on the impedance boundary conditions imposed in the domain decomposi-
tion method itself (i.e., in Point (2) above), and ignore the influence of the impedance boundary
condition imposed as an approximation of the Sommerfeld radiation condition (i.e., in Point (1)
above).

2.2. Summary of the numerical experiments in [GGG'22] on the performance of the
parallel Schwarz method. The experiments in [GGG'22, §6] considered two situations.

(1) Strip decompositions (described in §2.7 below) in 2-d rectangular domains with height
one and maximum length 64/3 with & € [20,80] (so that at the highest k there were
approximately 267 wavelengths in the domain).

(2) Uniform (“checkerboard”) and non-uniform (created by the mesh partitioning software
METIS) decompositions of the 2-d unit square with k € [40, 160] (so that at the highest k
there were approximately 25 wavelengths in the domain).

The experiments in [GGGT22, §6] showed the following three features of the parallel Schwarz
method.

IThe impedance boundary conditions in [GGGT22] are written in the form 8, — ik (with this form more
commonly-used in numerical analysis). In this section we write the results of [GGG1 22| using the impedance
condition %8,1 — k; the two conventions are equivalent up to multiplication/division by ¢ of the data g on 9.
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(a) For a fixed number of subdomains with fixed overlap proportional to the subdomain length,
the number of iterations required to achieve a fixed error tolerance decreases as k increases
(in the ranges above) — this was shown for the strip decompositions in [GGG*22, Experi-
ment 6.2 and Table 2] and for the square in [GGG122, Tables 7, 8, 10, 11| (with a similar
result seen for a different parallel DD method in [GSZ20, Table 3]).

(b) For the strip decomposition with fixed number of subdomains, the convergence rate of
the method increases as the length of subdomains increases with the overlap proportional
to the subdomain length (so that the overall length of the domain increases) [GGGT22,
Experiment 6.1 and Figure 5].

(¢) For the strip decomposition with an increasing number of subdomains and fixed subdomain
length and overlap (so the length of domain increases), at fixed k, one needs roughly O(N)
iterations to obtain a fixed error tolerance; see [GGG122, Experiment 6.2].

We highlight that using the method with a fixed number of subdomains, as in (a), is not com-
pletely practical, since the subproblems have the same order of complexity as the global problem.
Nevertheless, this situation provides a useful starting point for methods based on recursion; see
the discussion in [GSZ20, Section 1.4]. Furthermore, we see in §2.10 how the results of the present
paper imply that analysing the method even in this idealised case is very challenging.

2.3. The error propagation operator 7. We consider the vector of errors
(2.9) e" = (et el ...en) ", where e} :=uy—u} =ulg, —u}, £=1,...,N.

By the definition of u™ (2.8) and the fact that {x,}J, is a partition of unity,
(2.10) et i=u—u" = ZXZU|QZ - ngu? = nge?.
¢ ¢ ¢

Thus, subtracting (2.5)-(2.7) from (2.2)-(2.4), we obtain
(2.11) (A+ ke =0 in Q

B

10 10 10
2.12 - - nl (2 — "o -z n 0.\
(2.12) <z’8nj k) € (i@nj k>€ zé:(ié)nj k) xeey, on 0;\09,
(2.13) <1a—k) e;.”l =0 on 9Q;NoN.

The map from e” to e®*! can be written in a convenient way using the operator-valued matrix
T =(T; g);\fzzl, defined as follows. For v, € U(Qy), and any j € {1,..., N}, let T, vy € U(£2;) be

)

the solution of

(2.14) (A +E*) (T 0ve) =0 in Q,
10 10
(2.15) <z'anj = k) (Tj.eve) = (ianj - k> (xeve) on 99;\09,
10
J
Therefore,
(2.17) e;”rl = Zﬁ’ge?, and thus e"*! = Te".

)4

Observe that (i) if Q; N Qy = 0, then T;, = 0 (since the right-hand side of (2.15) is zero on
0, \ 09), (ii) since x, vanishes on 9Q \ 9Q, (—id/0n¢ — k)(xeve) vanishes on 99, \ 012, and thus
Tee =0 for all £.

It is convenient here to introduce the notation

(2.18) Lo = (095 \ 09) NQy,

so that (2.15) holds on T';j » and (2.16) holds on 9Q;\T'; ¢.

Remark 2.1. Using the definition of T, the parallel Schwarz method (2.5)-(2.7) can be written as
u"t =Tu" +F,
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where (u"); :=u?, (F); := F}, where F; € U(S;) satisfies
(A+E)F;=—f inQy,
10

1 0n;

(188%—16) F; =0 onoQ;\0Q, and ( —k) F; =g on 09 NOSL.

2.4. The goal: proving power contractivity of 7. The paper [GGGT22| sought to prove that
T™M is a contraction, for some appropriate M > 1, in an appropriate norm. The motivation for this
is that, in 1-d with a strip decomposition (i.e., the 1-d analogue of the decompositions considered
in §2.7 below), TV = 0 where N is the number of subdomains; see [NRdS94, Propositions 2.5
and 2.6]. This property holds because, in 1-d, the impedance boundary condition is the exact
Dirichlet-to-Neumann map for the Helmholtz equation.

To define an appropriate norm, let

Uo(9y) == {u e HYQ,) : (A+k2)u =0, (—id/d, — k)u € L2(aﬂj)} c UQy).

Since e} € Up(Q;) for each j, [GGGT22| analyses convergence of (2.17) in the space Uy :=

H1]€V:1 Uo(S2e).
Lemma 2.2 (Norm on Uy(2;)). For Q; a bounded Lipschitz domain, let || -

|1,k,agj be defined by
2

ov 2
2.19 2o = ||l=— k2 ,
(2.19) [v]I1,k,00, H on Lo + HU”L?(an)
where 0/0n denotes the outward normal derivative on 0Q;. Then || - ||1,x,00, is a norm on Up(£2;)
and
10v 2 10v 2
(220) e L I e
Lon L2(09;) Lon L2(09;)
The norm on Uy is then defined by
N
(2.21) ||”||§,k,a = ZHWH%,k,aQZ for v € Up.
=1

For the proof of Lemma 2.2, see [GGG'22, Lemma 3.3]. We highlight that (i) the norm (2.19)
was used in the non-overlapping analysis in [Des91, BD97] (see [BD97, Equation 12]) and (ii) the
relation (2.20) is a well-known “isometry” result about impedance traces; see, e.g., [Spel5, Lemma
6.37], [CCJP23, Equation 3].

2.5. How impedance-to-impedance maps arise in studying 7™ for M > 1. When studying
TM for M > 1, compositions such as T; 7z ;- naturally arise. Indeed,

(2'22) (TQ)j7j, = Zﬁ,fn’jh
4

where the sum is over all £ € {1,2,..., N}\{j, s}, with neither I'; y nor I'y j» empty (equivalently,
neither Q; N Qy nor Q, N Q;: empty).
To condense notation, let

. 10 A
imp, == —— — k,
pJ ) 8nj
so that the boundary condition (2.15) becomes
(2.23) imp; (7 ¢ve) = imp; (xeve) on L'y,

A useful expression for the action of (2.22) can be obtained by inserting v, = T j/2;, with
zj € U(2yr), into the boundary condition (2.23), to obtain

. . . Ixe

(224)  imp; (75,6 Te02y0) = imp; (xeTe g zyr) = xeimp; (Tejr2y) + (%) (Tejrz)  on Ty

j

Observe that to find the first term on the right-hand side of (2.24) one (i) finds 7 j/z;/, i.e., the

unique function in Uy(£2y) with impedance data given by imp,(x; z;/) on I j» and zero otherwise,

(ii) evaluates imp; (7 ;:z;) on I'; , and (iii) multiplies the result by x,. The combination of steps
(i) and (ii) naturally lead us to consider impedance-to-impedance maps.
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2.6. The impedance-to-impedance map for general decompositions.

Definition 2.3 (Impedance map). Let ¢, j,7" € {1,...,N} be such that neither I'; , nor T'y j is
empty (equivalently, neither Q; N Qy nor Q, N Qi is empty). Given g € L*(Ty 1), let ve be the
unique element of Uy(€e) with impedance data

. o g on Fg’j/
(2.25) 1mpz(w)—{ 0 on 99\

Then the impedance-to-impedance map IFZ_],,*)F].’K : L2(Fg’j/) — Lz(].—‘j’[) is defined by
(2.26) Ir, ,—r;,9 == imp;(ve), on L'j,.

OﬁO

QQQ/—(D (B)QjﬂQj/#@ (C)QjZQj/

FIGURE 2. Illustrations of the domain (red) and co-domain (blue) of Zr, ,r,,
in 2d (in the case when none of the subdomains ©;,Q;/, and Q, touch 0€2)

Figure 2 illustrates the domain (in red) and co-domain (in blue) of the impedance-to-impedance
map, with arrows indicating the direction of the normal derivative.
The following is a simplified version of [GGG22, Theorem 3.9].

Lemma 2.4 (Connection between 72 and the impedance-to-impedance map). Let¢,j,j € {1,...,N}
be such that QN QY # 0 and Qe NQ; # 0. If zj € U(Qy/), then

. . 0
(2.27) imp; (T5.¢T2,521) = xe Ir, i -r, , (impy(Te 5 251)) + (8?) (Tejrzjr)  on Ly
j
Proof. Since Ty j zjr € Ug(S2¢) and imp,(Ty,jrzj+) vanishes on 9, \I'y ;/, the definition of Ir, ;—T;.
implies that
impj (727]'/2:‘7'/) = Irz.j'—ﬂjj,l (impeﬁJ—/Zj/) on Fjj;
the result then follows from (2.24). O

Remark 2.5 (Imposing other boundary conditions on 992). §2.1 mentioned how, in principle, the
analysis of [GGGT22| can be repeated with boundary conditions on O other than the impedance
boundary condition. Suppose the boundary condition in (2.1) is replaced by Bu = g and (2.7)
replaced by Bu”+1 = g where B is an arbitrary operator. Proceeding formally (i.e., ignoring the
issue of zdentzfymg the correct analogue of U(§2) in which the method is well-posed) we now outline
the changes to the above. The analogues of equations (2.14)-(2.16) are the following

(A+E)(Tjeve) =0 in <,
imp, (7j,¢ve) = imp;(xeve) on 02;\09,
B(T;ve) =0 on 0Q; NONA.
Just under (2.18) above, we split the boundary condition on 02;\09 into two (using the support
properties of x¢) to obtain the boundary conditions

(2.28)
imp;7; eve = imp, xeve on Tje, imp,;Tjeve =0 on (02\0Q)\Qy, imp,;T;eve =0 on 002;N0Q,

and then combined the latter two as one boundary condition on 02 \T'; ;. Now we cannot do this
combination, and so have to keep the following analogue of (2.28)

imp;7;,eve = imp; xeve on LTje, imp;Tjeve =0 on (92;\00Q)\ Ly, B(Tj.ev¢) =0 on 0Q,;N08,
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The boundary conditions for the function vy in the definition of the impedance-to-impedance map
(Definition 2.3) then become

. [ g on Ty,
impy(ve) = { 0 on (0% \0Q)\Qy,
B(UZ) = 0 on 394 N 897

i.e., the absorbing boundary condition B(ve) = 0 is always imposed on the part of any subdomain
boundary that intersects OS2.

Q

1—‘€+1

') &6 < 01 S| T/

+
Fél

Qg_l QE-H

FI1GURE 3. Three overlapping subdomains in the 2-d strip decomposition

2.7. Specialisation to 2-d strip decompositions. As in [GGGT22, §4], we now specialise to
strip decompositions in 2-d. Without loss of generality, we assume the domain 2 is a rectangle of
height one and that the subdomains €2, have height one, width L,, and are bounded by vertical
sides denoted I, I‘j. We assume that each Qy is only overlapped by €1 and Qy41 (with Q_; := 0
and Qn 11 := 0); see Figure 3.

This set-up falls into the class of general decompositions considered above with

(2.29) I, =Tee—1 and T =Ty
i.e., the four interfaces shown in Figure 3 (from left to right) are
{Teo-1,Te—1,6,Te41,0,Te 041} and {FZ,F}'_l,F[H,FZ}
Under this set-up, the functions {x; é-vzl defined in §2.1 satisfy

(2.30) Xelpr =1 =xelp;

£+1,

and thus Theorem 2.4 simplifies to the following (with this result a simplified version of [GGGT22,
Corollary 4.3]).

Corollary 2.6. Let ¢ € {1,...,N} and j,j5 € {¢ — 1, L+ 1}. If zjy € U(Qy), then
(2.31) imp; (75, Te,j25:) = Ir, ,,—r;, (impy(Tejrz50))  on Ty

Recall from the definition of 7;, (2.14)-(2.16) that 7oy = 0 and T;, = 0 if Q; N Q, = 0.
Therefore, for these strip decompositions, 7 takes the block tridiagonal form

0 T2
Toa O T3

)

T3,2 0 T3,4
(2.32) T = . .

TN-1,N-2 0 TN-1,N
TN, N-1 0
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2.8. The impedance-to-impedance maps for 2-d strip decompositions. There are now
four impedance-to-impedance maps associated with :

T =T .+ 7 =T+

Teo—1—Te—1,e T, =T, ° Toer1—=Tet1,e Ty =T,

(2'33) IFz.e71—>Fz+1,/z :IP;—>F;+17 Ire.e+1—>rzf1,e = r‘j—>r‘j_l;

there are four maps because 0€), \ €2 has two disjoint components, I, and F}', and there are two
“interior interface” in 2y, FZI and '/ ;.
These four maps can in turn be expressed in terms of two maps.

Definition 2.7. (“Canonical” impedance-to-impedance maps [GGG™22, Definition 4.9]) For L >
0, let D :=[0,L] x [0,1], let T'; := {0} x [0,1] and let T; := {di} x [0,1] for d; € (0,1) (compare to
Figure 1). Let u be the solution to

~ 1 1 ~
(2.34) (A4+EHu=0 in D, (—iaxl—k>u=g on Ty, <Z,8n—k>u=0 on OD\I.

Let
_ 1 n 1
(2.35) I7g:= ;8301—]{ u, Itg:= ;83014—/{ u on Iy,
and let
1Z7gll L2 IZ%gll 2
(2.36) plk,d,L)= sup —— v(k,d,L)= sup —————.
gEL?(I) HQHLQ(FL) gEL2(Ty) ||9||L2(rl)

The maps Ir; Lot and Ir;,f can be written in terms of Z~ and Z7, as in the following

result from [GGGT22].

=T

Corollary 2.8. (|[GGGT22, Corollary 4.11]) For the 2-d strip decomposition described above,

(2.37) 1Zr- Srs lz2sze = p(k, 86, L), HIp;_m;H 222 = p(k, 041, L),
and
(238) ||IF;—>F;+1 ||L2—>L2 = 'y(k, L, — (Sg_;,_l, Lg), ”IFZF_}FZF—1 ||L2—>L2 = ’y(/{, L, — 5@, Lg)

(where 6y and dpy1 are shown in Figure 3, and Ly is the width of Q).

Remark 2.9 (Why the maps in §1.4 involve two different values of d; and d,). If the subdomains
all have equal lengths L and equal overlaps &, then the map T~ appears in Corollary 2.8 with d; = §
and d, = L—6 and the map ZT appears with d; = L—6 and d, = . This is why in §1.4 we consider
ZH(d*,d") and Z-(d*,d, ") with dT not necessarily equal to d= (and similar for d,~ ).

2.9. The relation of the impedance-to-impedance maps in Definition 2.7 to those in
§1.2. The maps in §1.2 are related to the impedance-to-impedance maps in Definition 2.7 for
the 2-d strip decomposition when the boundary condition on 9 (approximating the Sommerfeld
radiation condition) is the outgoing condition described in §1.5. Indeed, following Remark 2.5, the
maps 7% in Definition 2.7 correspond to Izi when the subdomain is not 1 or Qu (i.e., when the
subdomain does not touch the left- or right-ends of the strip) and Zi" when the subdomain is one
of Q; or Q. In particular, in this set-up with only two subdomains (i.e., N = 2), the maps Z*
are Ili.

As mentioned in §2.3, the rationale for considering the idealised case where the boundary con-
dition on 91 is the outgoing condition is that it allows us to focus on the impedance boundary
conditions imposed in the domain decomposition method itself, and ignore the influence of the
impedance boundary condition imposed as an approximation of the Sommerfeld radiation condi-
tion.

Perfectly matched layers approximate outgoing Helmholtz solutions with accuracy increasing
exponentially in the limit ¥ — oo; see [GLS21b]. We therefore expect the behaviour of the maps
in §1.2 to be similar to the analogous maps with a perfectly matched layer on the top and bottom
of D.
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2.10. The relevance of Theorems 1.1-1.3 to the analysis of the parallel Schwarz method
for 2-d strip decompositions.

We now give five conclusions and one conjecture about the analysis of the parallel Schwarz
method for 2-d strip decompositions. The justification/discussion of each is given after its state-
ment.

Conclusion 1: with outgoing boundary condition on 0X), the parallel Schwarz method with two
subdomains is power contractive for sufficiently-large subdomain overlap.

By considering powers of T given by (2.32), using (2.31), (2.33), and the definitions of p (2.37)
and v (2.38), [GGG*22, Corollary 4.14] obtains the following sufficient condition for 7% to be a
contraction

Theorem 2.10. (Informal statement of [GGGT22, Corollary 4.14]) If p is sufficiently small relative

to vy and N, then ||’7'NH1 e <L

Theorem 1.1 and Corollary 2.8 show that, with outgoing boundary conditions on 02 and two
subdomains (i.e., N = 2), the analogue of p (2.36) in this set-up can be made arbitrarily small
by increasing the overlap of the subdomains, and the analogue of v is bounded below by one; i.e.,
in this set up, 7 is a contraction for sufficiently-large overlap (which necessarily means that the
length of 2 must be sufficiently large relative to its height).

Conclusion 2: one cannot obtain a k-explicit convergence theory, valid for arbitrarily-large k,
of the parallel Schwarz method with more than 2 subdomains by looking at the norms of single
impedance-to-impedance maps.

Theorem 1.2 and Corollary 2.8 show that, with outgoing boundary conditions on 952 and more
than two subdomains, the analogues of p and «y are both bounded below by one. Thus Theorem
2.10 or its precursor [GGG122, Theorem 4.13|, which are based on bounding T by norms of
single impedance-to-impedance maps, cannot be used to prove that TN is a contraction.

Conclusion 3: the values of k chosen in the computations of impedance-to-impedance maps in
[GGGT22| were not large enough to see the asymptotic behaviour of p (the norm of ™).

The lower bounds on IQi in Theorem 1.2 do not immediately give lower bounds for p and « in
Definition 2.7; this is because p and 7 contain contributions from additional reflections from the
impedance boundary conditions on the top and bottom, which are not present in IQJE. Although
it is possible that these additional reflections create fortunate cancellation, this would be highly
non-generic, and we therefore expect the lower bounds in Theorem 1.2 to carry over to p and ~;
i.e., we expect both p and v to be bounded below by one at high frequency.

[GGG22, Table 1| computes p(k, L/3,L) and ~(k, L/3, L) for k in the range [10,80] and L in
the range [1,16]. At k =80, p < 0.3 and v > 0.97, showing that k = 80 is large enough to see the
asymptotic behaviour of v, but not the asymptotic behaviour of p.

Conclusion 4: one cannot obtain a k-explicit convergence theory, valid for arbitrarily-large k, of
the parallel Schwarz method by looking at the norms of composite impedance-to-impedance maps
on the whole of the space on which they are defined.

Recognising that estimating H'TN |l1,%.6 via norms of single impedance-to-impedance maps might
be too crude, [GGGT22, §4.4.5] outlined how to estimate |7 ||; x5 via norms of compositions
of impedance-to-impedance maps; essentially this involves using (2.31) iteratively and relating the
impedance-to-impedance maps to the canonical maps via (2.33).

However, Part (1) of Theorem 1.3 shows that the norm of any composition of Z* is bounded
below by one for sufficiently-large k, meaning that the strategy outlined in [GGG™22, §4.4.5] will
not be able to show that |71 4.0 is small for arbitrarily-large k

Conclusion 5: the lower bound on the composite map in Theorem 1.3 is only reached for very
large k, explaining why the computed values of the composite map in [GGGT22, Table 3| are small.

As discussed in §1.4, the lower bound in Part (1) of Theorem 1.3 is based on choosing particular
data corresponding to rays leaving I'; close to horizontal; this is clear both from the proof of Part
(1) of Theorem 1.3, and also from Part (2) of Theorem 1.3, which shows that if one projects away
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from zero frequency on the boundary (with zero frequency on the boundary corresponding to rays
leaving horizontally) then the norm of the composite map on such data is zero.

Rays leaving I'; close to the horizontal hit I',. close to the horizontal, and thus have small
reflection coefficient (since rays hitting horizontally, i.e., normally, have zero reflection coefficient).
Therefore, the asymptotic lower bound on the map in Part (1) of Theorem 1.3 will only be reached
for very large k.

This is consistent with the computations of a particular composite impedance map in [GGGT22,
Tables 5 and 6]; even when the subdomains have small overlap, the norms of a composition of four
impedance-to-impedance maps were less than 0.1 for k € {10, 20,40, 80}; see [GGGT22, Table 6].

Congecture 1: a convergence theory for the parallel Schwarz method with k > 1 can be obtained
by combining Part (2) of Theorem 1.3 with the fact that normally incident waves are those for
which the exact DtN map is the impedance boundary condition.

For a 2-d strip decomposition with more than two subdomains and outgoing boundary condition
on €, a possible route to prove that |7 |, x.0 < 1 for some M > 0 is the following. Combine (i)
the expression for T in terms of composite impedance-to-impedance maps (outlined in [GGG122,
§4.4.5]), (ii) Part (2) of Theorem 1.3, to show that the contribution from non-normally incident
waves is small for M large enough, and (iii) the fact that the normally incident waves not covered
by Part (2) of Theorem 1.3 are those for which the exact DtN map is the impedance boundary
condition (i.e., the impedance boundary condition on the subdomains is the “correct” one for these
waves). We expect the optimal M will come from balancing the fact that to use (iii) we want A
to be small (so that only rays very close to horizontal need to be dealt with via this mechanism),
but the smaller A, the larger the ng(\) in Theorem 1.3 (since the smaller the A, the closer to the
horizontal the rays can be, and a larger number of reflections is needed to push their mass into
the outgoing layers). Since implementing these steps would require a more-refined analysis of the
parallel Schwarz method than in [GGGT22|, this will be investigated elsewhere.

Remark 2.11. (Discussion of other literature on impedance-to-impedance maps in the context of
domain decomposition) Whereas the paper |GGG 22| showed how impedance-to-impedance maps
govern the error propagation in the non-overlapping parallel Schwarz method, but do not appear
explicitly in the formulation of the method, impedance-to-impedance maps appear explicitly in the
formulation of certain fast direct solvers [GBM15|, [BGH20| and non-overlapping domain decom-
position methods [PTB17].

The impedance-to-impedance maps associated with the fast direct solver in [GBM15] were recently
analysed in [BCM22] The prototypical example of the maps studied in [BCM22] is the following.
Given a square with zero impedance data on three sides, the considered map is the map from
impedance data on the fourth side to the impedance data on that same side but with the sign swapped
(i.e., the map from Opu+iku to Op,u—iku, where u is a Helmholtz solution); see [ BCM22, Definition
1.1]. The main goal of [BCM22] is to study I — Ry Ra, where Ry, Ry are two of these impedance-
to-impedance maps on squares. If I — Ry Ry is invertible, then the impedance-to-impedance map on
a 2 x 1 rectangle can be recovered from the impedance-to-impedance maps on two non-overlapping
square subdomains (see [ BCM22, Equations 7-9 and the surrounding text|). Whereas I — Ry Ry was
assumed invertible in [GBM15], [BCM22, Theorem 1.2] proved a k-explicit bound on (I — Ry Ra) 1.

The techniques used in [BCM22| are quite different from those in the present paper; indeed
[BCM22, Theorem 1.2] is proved using vector-field arguments and bounds on the Neumann Green’s
function. Nevertheless, the fact that the bound on (I — R1Ry)™1 in [BCM22, Theorem 1.2| allows
for its morm to grow as k — oo is thematically similar to the “bad” behaviour as k — oo of our
impedance-to-impedance maps proved in Theorem 1.2 and Part (2) of Theorem 1.3.

3. DEFINITION AND USEFUL PROPERTIES OF DEFECT MEASURES
3.1. The local geometry and associated notation.

3.1.1. The geometry. For DT as in Definition 1.4, we denote I‘f = ({d|} X R) N D*. We denote
the dual variables to (x1,2) by (&,&'). Near the interfaces T = I';, I = I';, and T' = T'}", we use
Riemannian/Fermi normal coordinates (s, z’), in which I" is given by {s = 0} and [0, d| + d,] x [0, h]
is given by {s > 0} for both I'; and I',,, and [0,d|] x [0, h] is given by {s > 0} for I';; therefore

s=xzyonly, s=-xzyonl,, s=-—zo0n F;r.
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The conormal variable to s is denoted by (; so that
(=&only, (=—-&onl,, and (= -& on Fj‘.
In addition, on 7*(T; UT; UT,.), we let
r(@, &) =1-¢P,
in such a way that, near I' UT} UT,., —h%A — 1 is given by
—h?A — 1= (hD,,)* —r(2’, hDy).
We define the hyperbolic set in T*(T, UT] UT,) by
H:={(,¢)eT*(T, Ul UT,), r(z',¢) > 0},
and for (z,¢') € H, we denote
Gin(2", € (@, &), Cout(w r(a,¢').

Finally, ¢; is the Hamzltonian ﬂow associated to the equation, that is, for (x¢,&) € T*R? and
t € R, pr(xo, &) = (x(t),£(t)) is the solution to

2(0) = zg, £(0) = &, &(t) = 0, @(t) = 2¢(1).

3.1.2. Quantisation and semiclassical wavefront set. For b € C2°(T*R?), we recall that the (stan-
dard) semiclassical quantisation of b, which we denote by b(x, hD,) or Op,(b), is defined by

(31) (o D)) ) = ) [ e, €ty

see, for example, [Zwo12, §4.1], [DZ19, Page 543|. In addition, for T € {T';, T}, T}, if a € C°(T*T),
we define, as an operator acting on L?(T")

(a(@’,hDy)v) (2') = (2wh) ™ / LT M ala () dy e’

We can now introduce the semiclassical wavefront-set of an h-tempered family of functions. An
hi~family of functions v(h) € L2 _ is h-tempered if for each y € C° there exists C, N such that
Ixv(B)llr: < CRN.

loc

Definition 3.1 (Semiclassical wavefront set). For an h-tempered family of functions v(h) €

L2 (D7), we say that (z9,&) € T*DT is not in the semiclassical wavefront-set of v(k) and write

(z0,&) & WFR(v) if for any b € C(T*DT) supported sufficiently close to (xg,&), and for any
N, s, there is Cs v > 0 such that

[16(z, AD)v||ry < Cs NHY,
for the semi-classical Sobolev norm
(3-2) [ f ez = W llz2 + Rl s
(where the second term on the right-hand side is the H® semi norm,).
3.2. Semiclassical defect measures.

Theorem 3.2 (Existence of defect measures). Let v(hy) € L*(DV).
(1) If there exists C' > 0 so that
lvl|L2p+y < C,

then, there exists a subsequence hy, — 0 and a non-negative Radon measure p on T*R?,
such that for any b € C2°(T*R?)

<b($,hk2D$)v,v> — /b du,

where v has been extended by zero to R?.
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(2) LetT € {T'},Ty,T'}. If there exists C > 0 so that
vl L2y + [|ROnv] L2(ry < C,

then, there exists a subsequence hy, — 0, non-negative Radon measures vq, vy, and a
Radon measure v; on T*R such that for any a € C°(T*R),

<a(:r,hkeDz/)v7v>F — /a dvg,
<a(x7hkﬂDIr)hk£st7v>F — /a dvj,

<a(91:,h;ngC/)hkzst,h;stv>F — /a dvy,,

where the traces of v have been extended to R by zero.

Reference for the proof. See [Zwol2, Theorem 5.2]. O

In the rest of this section, we assume that v satisfies
(=h*A—1)v=0 in DT

and has defect measure i, and boundary measures vgq, v,,v; on I'.
We now introduce the outgoing and incoming boundary measures on I'. To do so, we define
geodesic coordinates on the flow—out and the flow—in of a subset of H:

Definition 3.3. For V C H, let Bout(V), Bin(V) be defined by

Bout(v) = U {@t (valaflvg = Cout(m/7§/)>? t S R} N T*D+
(z,§")eVv

Bav) = {Lpt(O,x',gl,( = (@, €)), tE R} n T*D*.
(z,£)eV
In Bows(V), we work in geodesic coordinates (p,t) € (7T1?1V N {C = (Out}) x R, defined by B 3
(z,8) = wi(p); and in Bin(V), we can in the same way work in geodesic coordinates (p,t) €
(rr'vn{¢=Gu}) xR.

We recall that, for f: X; — X5 and a measure « on X, the pushforward measure f.,a on Xo
is defined by f.a(B) := a(f~(B)), and the change of variable formula

(3.3) /X2gd(f*a)=/xlgofda

holds. In addition, we let a ® b denote the product measure of a and b, and we let nr be the
projection map defined by

(3.4) o (s=0,2",(,¢) e T"R*N{z €T} — (,¢) e T*T.

Lemma 3.4 (Relationship between boundary measures and the measure in the interior). There
exrists positive measures i, and pout on T*T and supported in H so that, if V C H, then, in
geodesic coordinates defined above,

B= (B (2 pton) @t in Bow(V), = (0(2Vn)) @ dt i Bn(V),
where p'™ and p°™* are defined by
pOUt/in : (I/,gl) eEH— (x/7§/’< = Cout/in(x/7€/)) € 7Tl—‘_lv N {C = Cout/in}'

Proof. Existence of pi, and fout is proven in [Mil00, Proposition 1.7], and the rest of the result is
proved in [GLS2la, Lemma 2.16]. In [GLS21a, Lemma 2.16], Boyt/in is defined only with ¢ = 0.
When I' € {I';,T';.}, the definitions in [GLS21a] coincide with Definition 3.3, and then the result
follows immediately from [GLS21a, Lemma 2.16]. When I' = I';", applying [GLS21a, Lemma 2.16]
once with measures taken from the left, and once with measures taken from the right gives the
result for all ¢ € R. ]
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The relationship between the outgoing and incoming boundary measures and the boundary

measures Vg, Vn, v; is given in the following lemma. Both here and in the rest of the paper we use
the notation (as in [Mil00]) that au(B) := [ ady for a measure p and a Borel set B.

Lemma 3.5. [Mil00, Proposition 1.10] The incoming and outgoing measures satisfy the following.
(1) InH,

2bout = \/WW +2Ry; +
Qtin = /7 (', E)vg — 2Rv; +

(2) If pin = 0 on some Borel set B C H, then, on B
fous = 2R = 2/r (2, )vg =

(3) If ftous = 0 on some Borel set B C H, then, on B

1
S

1
7%'"(1./’ é‘/) Unp.

2
o) "

2

S

Min = _2§RVj =2 T(Ilvg/)yd =

(4) If
—2Rv; = (Ra)vg = 4(Ra)|a| v,

on some Borel set B C H for a a complex valued function such that o + 2+/r(a’, &) is
never zero on B then

where

2
2¢/r(2',¢) — «
2/, €) +

If instead, o — 2+/T is never zero, then

on B,

Ril.uout = Min-

Notation 3.6. When they exist, we denote v}, v}

n’

VY, Mins How the measures of v on I'x with
x € {l,r}, and on I‘f when x = i. In these definitions, we take the measures on Fj from the
left. When all these objects exist, we succinctly say that u admits defect measures and boundary
measures.

4. INVARIANCE PROPERTIES OF OUTGOING HELMHOLTZ SOLUTIONS

In this section, we assume that v satisfies
(=h?A —1)v =0 in D,

and we investigate the consequences of v being outgoing near I' € {T's, T, }. In the following, DT
is as in Definition 1.4.
We first prove two lemmas about location of WF v.

Lemma 4.1. Assume that v is outgoing near I' € {I's, I} (in the sense of Definition 1.4) and let
I' .= 0D\I'. Then,

WF,vNT* (DN D) ¢ {(x,g), 3t <0, x4t € f}.

Proof. 1f it is not the case, there exists (zg,&y) € WF,vNT* (Eﬂ D*) so that Vt < 0, xo+1t& ¢ L.
Therefore, there exists 7 < 0 so that z; := xg + 7€ € I'. As 29 € D, we have necessarily
&o - n(z1) < 0 (where, as in Definition 1.4, n(x;) is the normal at 1 pointing out of D). On the
other hand, as the wavefront set is invariant under the Hamilton flow (this follows, for example,
from propagation of singularities, [DZ19, Theorem E.47]), (x1,&) € WFp v. This is a contradiction
with the outgoingness of v (Definition 1.4). O
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Lemma 4.2. Assume that v is outgoing near I' € {T's,T".} (in the sense of Definition 1.4). Then,
for any M >0 and € > 0, there exists ¢ > 0 so that

(41)  WEy)nT DT NT*((e,di+d, =€) x (~M,h+ M) € {(&,(&,€)), |&1] = c}.

Proof. By a similar proof to the one of Lemma 4.1, there exists c¢(e, M) > 0 so that WF(v) N
T*DT NT*((e,di +dr — €) X (=M, h+ M)) C {(z,(&1,¢)), |&1]/]€] = ¢}. The result follows using
the additional fact that WF, v N T*DT C {|¢|> = 1} since (—h%2A —1)v =0 in DT. O

By the definition of (WFyv)¢ and the definition of p, suppu C WFrv (if (z0,&) ¢ WFpxv,
taking b as in Definition 3.1 gives u(b) = 0 using the fact that b(z, AD,)v = O(h>) in L?, and
hence (xg,&y) ¢ suppp). Therefore, an immediate consequence of Lemma 4.1 is the following,
where we recall the definition of By, from Definition 3.3.

Corollary 4.3. Assume that v is outgoing near I' € {T's, .} and let r= OD\I'. Then, for any
defect measure of v,

supp N T* (ﬁ N D+) - Bout(T*f NH).
We now define, for (x,y) € {i,r,[}?
By, :={peT'TxNH, 3t <0, Tooe(p™)(p) €Ty},
Bi,, :={peT'TxNH, 3t >0, me(p®*)(p) € Ty},

with p'™ and p°"* exchanged in the case (x,y) = (4,7).

The sets By_,, and BY_,, are, respectively, the elements of 7"I'x reached by the flowout of I'y,
and the elements of T*I'y whose flowout reaches I'y. The reason why we have to define the case
(x,y) = (i,7) separately is because the measures are taken from [0, h] x [0,d] (i.e., from the left)
on I';; hence when working in [0, h] X [d|, d| 4+ d,] the roles of (i, and (yut on T*T; (and therefore of

p™ and p°Ut) are exchanged.

Lemma 4.4.

(1) If v is outgoing near I's (as in Model 1), then, for any defect measures of v,
(a) pi, =0,
(b) :U’(i)ut = 07
(C) :U‘Z;ut = O;
(2) If v is outgoing near 'y UTy, (as in Model 2), then, for any defect measures of v,
for any (x,y) € {(r,1),(L,7r), (i,0), (I, 0), (r, i)}
(a) supp uj, C B;(%xf
(b) supp pgu C By, 4
with Supp iy, o replaced with T*T'; N supp piy, o @0 the case x =1i. In addition,
(c) T*Ti N supp iy, C By,

Proof. Part (1a) follows from Corollary 4.3 together with Lemma 3.4. Part (1b) follows from the
same results and the additional observation that

Bouwt(T*T; NH) N Bout (T T, NH) = 0,

and Part (1c) is proven in the same way. Part (2a) and (2b) for (x,y) € {(r,1), ({,r)} follow again
from Corollary 4.3 and Lemma 3.4, together with the facts that

By = o  Bin(T*Tx NH) N Bout(T*Ty NH) N{z € Tk} ),

By, = 7r, ( Bowt(T*Tx NH) N Bin(T*Ty NH) N {z € Tk} ).

The case (x,y) = (r,1) follows from the case (x,y) = (r,!) and the observations that B} ,,. C B

l—r =T
and B!_,; C Bl_,,. The cases (x,y) € {(4,1), (I,7)}, as well as Part (2c), are shown in the same way

and using the additional facts that
Bout(T*T;NH) N Bout(TT; NH) =0,  Bowt (T NH) N Bin (T*T; NH) = 0,

while also exchanging the roles of p, and pou in the case of Part (2c). O
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We now investigate how defect measures propagate from one interface to another. To do so, we
let, for (x,y) € {r,i,1}2, d; := 0, d,. := d| +d,, d; := dj, and

o, T*({dy} x R)  —T*({dy} x R)

(',¢") F—> T ({dy} xR) ({@t(O, 2, € Gn(2',€), t <0}y n{z € {dy} x R}>7

in

where (i, is replaced by (out in the case (x,y) = (i,7) (i.e., @3, maps mass on the interface x to
mass on the interface y under the backward flow from incoming mass on x) and

T . T*({dy} x R)  —T*({dy} x R)

X—y
(x/ag/) — T+ ({dy} xR) ({@t(ovxlaglv Cout(x/7§/))7 > 0} N {I € {dy} X R})

where (o4 i replaced by (i, in the case (x,y) = (i,7) (ie., @;gty maps mass on the interface x to

mass on the interface y under the forward flow from outgoing mass on x). Once again, the reason
why we had to define the case (x,y) = (4,r) separately is because the measures on I'; are taken
from the left.

In the following lemma, we recall the notation that au(C) := [, adu for a measure .

Lemma 4.5. For any defect measure of v and any (x,y) € {r,i,1} x {r,i,1},

X Y out X
{:u’out = M © q)x%y on Bx%y’

X _ Y in X
Hin = Hout © (bx—w on By—)x’

with pl . and pb, exchanged in the cases (x,y) € {(i,r), (r,i)}. In particular, for any a € C*°(T*R)
not depending on x

ap¥o(B) = api (99 B),  for all B C BY,,,
ap,(B) = apd, (PP, B),  for all B C B}

X—y y—x

with pl . and put exchanged in the cases (x,y) € {(i,r), (r,i)}.

Proof. We prove the lemma for @, ,, := &% the proof for Pin ',y being similar. In addition,
we assume that (x,y) € {(r,1), (I,7), (¢,1), (I,4)}; the proof in the cases (x,y) € {(4,7), (r,7)} is the
same with the roles of (i, and (,us exchanged on T*I';. Observe that

Bout (BX ) = Bin(By

X—y X— )
) y

InV = Bou(Bs_,,) = Bin(BY_,,), we work in geodesic coordinates given by Definition 3.3, (px, tx) €

(ﬂ{lBiﬁyﬁ{C = Cout}) xR, and in geodesic coordinates (py, ty) € (w;lngﬁym{g = Cin}) xR_.
Observe that

ty=tx—7(p1), py= pinq)x%ywl“x (px);
for some 7(p1) > 0, thus dty, = dtx =: dt. Now, by Lemma 3.4, in (px, tx) and (py,t,) coordinates,
i can be written as

= (P2 (2Vrude)) (px) @ dt = (P (2v/r 1)) (py) @ dt.
It follows that

prRVIE,) = XV pI 2V pSy),  where  @F7Y i= ptd

Let now a be arbitrary and b := Q\I/Fa. Then

/ a dp}, = / bd(2v/ru,)
Oy, B By B

B / bomr, d(p(2v/rid,)) = / bomr, d(®IVpY (2vTpsu))
pin(Dyyy B) P (Px—yB)

- / bomr, o &7 d(po™ (2V/rply,)) = / bomp, o @7 o p°t d(2v/r i,
peut(B) B

(42) = Ab © (I))Oc]it)y d(2\/;lu’2)(ut) = /82\” Xbo (I))Oclit)y dﬂ’ﬁuta
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where we used the change-of-variable formula (3.3), the fact that
Py (poutB) — pin ((Dx—>yB),

and

mp, 0 @Y o p°Ut = @j:ﬂy.
Now, as the Hamiltonian flow ¢; consists of straight lines and I'x and I'y are parallel (straight)
segments, we have, using the fact that r depends only on &',

2/ X bo @™ = (24/7h) 0 P = g o P

X—=y = X—y X—y)

and the first part of the result follows by (4.2). The second part follows again from the fact that
the Hamiltonian flow ¢, consists of straight lines and I'y and I'y are parallel segments. O

To finish this section, we define auxiliary measures in the following way.

Definition 4.6. If v admits defect measures and boundary defect measures, we define the auziliary
measure i as

= (& + 1)
In addition, we let

)Pl forx =1, o (=D forx =1,
M AV D2y forx € {iyr), P\ vr+ 02 forx e {ior),

and define, for x € {l,4,r}, U} to be the Dirichlet measure associated to (RDy, + 1)u on T'x.

The heuristic is that these measures correspond to measures of (AD,, + 1)u. Although they
are not defined in this way through Theorem 3.2, we now show that they satisfy all the expected
properties.

Lemma 4.7. Assume that v is outgoing near I' € {I",,T's} and admits defect measures and bound-
ary defect measures.
(1) The auxiliary measures ﬂﬁut/in and U} satisfy the conclusions of Lemma 4.4 and 4.5.
(2) Forx e {l,r}, if v =0 on some Borel set B C H, then, on B, [, = L3y
(3) If ftin = 0 on some Borel set B C H, then, on B, fious = 21/TVq. Similarly, if fiout = 0 on
some Borel set B C H, then, on B, iy = 24/TV4.

Proof. We first show (1). Observe that supppu C suppp U {5 = —1}. We now show that {& =
—1}Nsupp p = 0. If v is outgoing near I, this follows directly from Corollary 4.3. If v is outgoing

near I'), by Lemma 3.5, u’ . = | ﬁﬂ |2,uirn, and thus p? . (v/r = 1) = 0, and by the interpretation
of boundary measures given by Lemma 3.4 we have {&; = —1} Nsupppu = 0 as well. Tt follows
that supp i = supp zt. Hence, 1 satisfies the conclusions of Corollary 4.3. By construction, it also
satisfies the conclusions of Lemma 3.4. Therefore, since these were the only properties used in the
proofs of Lemma 4.4 and 4.5, the auxiliary measures satisfy the conclusions of Lemma 4.4 and 4.5
(with the exact same proofs as for ).

We now show (2), for example with x = [. By definition of the defect measures, on B

Ozﬁézufl—%%yjl-—i—ufl.

By the Cauchy-Schwarz inequality and a similar reasoning as in the proof of [GSW20, Lemma 3.3|,

il < [y |V

)

Therefore, on B, v, = v}, = —1/5-. Hence, from Lemma 3.5 (with a = 2), on B,
2
A L
out \/;+ 1 in»

which, by Definition 4.6, is fil, = fl ;.
Finally, (3) is a direct consequence of the similar property for u from Lemma 3.5 together with
the fact that {{; = —1} Nsupp p = 0. O
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5. PROOF OF RESULT INVOLVING MODEL 1, I.LE., THEOREM 1.1

We fix an admissible solution operator S : g — u to (M1). The aim of this section is to prove
the following theorem, which implies Theorem 1.1.

Theorem 5.1. Let t € {1,—1}. Then

(1) For any € > 0, there exists hig(e) > 0 such that, for any h—family of data (g(h))r>o, if
u(h) = S(h)g(h) is the associated solution to (M1), then for all 0 < h < hg

1+ ¢ cos(Omax)

(5.1) 13Dz, + B2y < ( 1+ 08 (fmax)

+ 6) lg(P)|[ 2
(2) For all 0 < € < Opmax, there exists g(h) € L*(T'}) so that, the associated solution u(h) =
S(h)g(h) to (M1) satisfies

(52) lim ”(h‘DCEl + L)u(h)”Lz(Fl) _ 1+ LCOS(amaX — 6) .
h—0 ||g(h’)HL2(FL) 1 + Cos(emax - 6)

Both in this section and in §6, we use the following consequence of the results of §7 (see §7.3).

Lemma 5.2. Let g(h) € L*(T';) be such that ||g|.: < C, and u(h) = S(h)g(h) the associated
solution to (M1) (resp. (M2)). Then, up to a subsequence, u(h) has a defect measure and boundary
defect measures on T'y and T'f (resp. Ty, T and T;) satisfying ||(RDyu + )ull p2r,y — U5(T*T;)
(i.e., (7.21) below), where DY) := v}y — 200w} + v}, is the associated Dirichlet boundary measure of

u:= (hDyu+v)u, v € {—1,1}.
5.1. The impedance trace on I'; in terms of measures for Model 1.

Proposition 5.3. Assume that u satisfies
(=h?A —1)u =0 in D;
and, for v € {1,—1}, let U := (hDy, + t)u. If u is outgoing near T's and admits defect measure
and boundary defect measures, then U admits a Dirichlet boundary measure on T, and in T*T;
we have
1 e+ ;

5.3 P .
( ) Va 2\/;(1+\/77> Hout © P51
Proof. By Part (1) of Lemma 4.4, u! , = 0. Thus, by Part (3) of Lemma 3.5,

. 1 . . 1 . . 1 .
(54) V:z = 5\/’;/11211, éRij = _§:uizn? and V}i = ﬁﬁ'iln
On the other hand, for @ := (AD,, + 1)u, the definition of % and @ in terms of w imply that @ and
U have Dirichlet boundary defect measures on Fj‘ given by (this notation coincide with Definition
4.6 in the case of 7))

in H.

v =l — 2§R1/§ +vi and D =vh— 2L9?1/; + v
(where we recall that s = —z1 on I';). Hence, by (5.4), in H

, 1)2 ) 2
171 _ M/”'l and i/\(lj — Muz

d — 2\/; in 2\/; in»
and thus, in H
=i Ve 2~i
(55) l/d = <\/m l/d.

On the other hand, by Part (1) of Lemma 4.7 and Part (1) of Lemma 4.4 again, fil,, = 0 and thus,
by Part (3 of Lemma 4.7,

(5.6) vl = in H.

I
ﬁ/”'in
By Lemma 7.5, 7} is supported in H; thus the combination of (5.5) and (5.6) implies that
—~i \/; +¢ 2 1 ~;

Vg = 5 /- Hin
V1) 2yr
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Finally, by propagation of defect measures given by Lemma 4.5 together with Lemma 4.4, Part
(2a) (recalling Part (1) of Lemma 4.7), with (x,y) = (¢,1),

ﬁiin = /Eéut o 1zn—>l in T*Flv
and the result (5.3) follows. O
A first application of Proposition 5.3 is the following.

Corollary 5.4. Assume that uw = Sg solves (M1) with ||g|lr2 < C, and admits defect measures
and boundary defect measures given by Lemma 5.2, and let u := (AD,, + 1)u. Then,

: 2 _ LV _
ﬁ&mmD“+”“mmﬂm>45<1+¢J v, 1=1,-1.

Proof. Part (1) of Lemma 4.7 and Part (1) of Lemma 4.4 imply that i = 0, and thus Part (3) of
Lemma 4.7 implies that, in H, !, = 2,/r0}; the result then follows by Proposition 5.3 together
with (7.21) from Lemma 5.2. O

5.2. Proof of Theorem 5.1.

Proof. We first prove the upper bound (5.1), then the lower bound (5.2). Let ¢ € {—1,1}.

The upper bound. If the upper bound (5.1) does not hold, then there exists by, — 0, go(he) € L?
and u(hy) = Sg(h) solving (M1) and

1+ ¢t cos(Omax)

. 21y >
(5.7) |Kth1+LﬁNﬁ0”L<n>—-(:1+coaomma

+ 6) lge(he)ll Lz

By rescaling, we can assume that

(5.8) llge(Rie)ll > = 1.

Then, by Lemma 5.2, up to extraction of a subsequence, u(f;) admits defect measure and boundary
defect measures. Now, by Corollary 5.4,

: 2 _ VTN
(59) Jim Doy + ki) = [ () a7

l—i

But,

() = (=)
Vr+l 1—¢2+1
which is non-decreasing for ¢’ € [0, 1] and

€] < sin(Bnax) o0 BL,,.

Therefore, by (5.9)

) t + cos(Omax)
elggo |(heDg, + t)u(he) ||L2(p < <1+C05(9mdx)> v4(Bi_;)
< <L + COS(emdx) ) o (T*Fl)

1+ cos(Omax)

IN

1 max) \
< —|—LCOS a )) <]imsupg£(hl)”%2>
£—00

1+ cos(Omax)

(14 1cos(Omax) 2
-\ 1+ cos(max) /

where we used (5.8) on the last line. This last inequality contradicts (5.7) and thus the upper
bound (5.1) holds.
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The lower bound. Let yo = (0,20) € I'; and &, € T*T'; to be fixed later. Let n > 0 be such that
2o € [, L — 7], and x € C°(R) be such that x = 1 near z and supp x C [47, L — 1n]. We define
g(h) € L*(T;), suppg € I'; by

(5.10) g(R) := (wh) = /A wvo)-€o/he=iu=vo) /20y ().

Let u be the associated solution of (M1), and let u := (AD,, + 1)u.

By Lemma 5.2 (using the fact that ||g||r2 < C) any sequence u(fy) admits, up to extraction of
a subsequence, defect measure and boundary defect measures on I'; and I‘j. Integrating by parts
(see for example by [Zwol2, Page 102, Example 1]), we have that,

(5.11) Vg = S¢r=€)y=yo»
and in addition, as A — 0,
(5.12) lg(M)|| Lz — 1.

We show that, for any sequence iy, — 0, up to a subsequence,

(5.13) lim ||(he D, + L)u(hﬁ)”H(Fi) _ 1+ 1cos(Omax — €)
£—roo llg(Re)ll2(r)) 1+ cos(Omax —€)

from which the result follows; indeed, if (5.2) fails, there exists a sequence fiy — 0 so that
s H(hZDZL’l + L)U(h[)”lg(pi) 1+ Lcos(emax - 6)

lim inf —
£—oo ”g(hf)“LQ(Fz) 1+ Cos(amax - 6)

which contradicts (5.13)
Take an arbitrary sequence fiy — 0. By Corollary 5.4 together with (5.11),

: 2 B L+ /T2
(5.1 Jim ke Do+ ey = [ (55F) demimum

l—i

Let
& =sinf with 0 :=0p. — ¢
Since § < Onax, there exists y € I, so that (&,v4) € BL,,. With the data g given by (5.10

1
with these (£}, (), the desired result (5.13) follows from (5.14), (5.12), and the fact that r(£)
1- ¢,

~~

ol

6. PROOF OF THE RESULTS INVOLVING MODEL 2; 1.E. THEOREM 1.2 AND THEOREM 1.3

Similarly to the start of §5, we fix admissible solution operators S(h,d*,d,™) : g — u and
S(h,d™,d,7) : g — u to (M2) (with the two sets of parameters (h,d/*,d,*)) throughout this
section.

6.1. The impedance trace on I'; in term of measures for Model 2.

Proposition 6.1. Assume that u satisfies (M2) and has defect measure and boundary defect
measures. For v € {1,—1}, let u:= (D, + t)u. Then, up to a subsequence, U admits a Dirichlet
boundary measure U5 on T'} and

(6.1) supp 7y N T*T; C supp (Fiby, 0 ;) Usupp (fily o @,,).
If, in addition,
(6.2) supp (fibye © @1,;) Nsupp (figy, o @M,) N T*T; = 0,
then, in T*T;,

. 1 e+ +/r\2 ) 1 =1+ \2. )
63 i 7( ) l q)l_n 7(7) T q)l_n .
( ) Va 2\/7?, 1+\/77 Hout © 1—>l+2\/77 _1+\/77 Hout © Pir

The support property (6.1) reflects the fact that there are two contributions to the impedance
trace on I';: mass coming from the left boundary I';, and mass coming from the right boundary T,
Both of these contributions a priori interact. However, when they don’t interact, i.e., under the
disjoint supports assumption (6.2), the impedance trace on I'; corresponds precisely to the sum

of these contributions, as expressed by (6.3), which is the analogue of (5.3) in the present case of
(M2).
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Proof. By the definition of u in terms of u and the definition of defect measures, & has a Dirichlet
boundary measure in I‘;r and

(6.4) vy =l — 2L§RV; +
(exactly the same as at the beginning of the proof of Proposition 5.3). Hence,
supp ﬁé C supp Vé U supp 1/; U supp VZ.
But, by Lemma 3.5,
(supp Z/Cil U supp Vi» U supp Z/:L) NH C supp ,uf,ut U supp ufn.
By Lemma 7.5, I/d, , and v! are all supported in H, and thus

(6.5) SUP Vg C SUPD gy U SUPP fify-

We now seek to relate uf}ut Jin tO ﬁf)ut Jin using the relationship between 1 and g and Lemma 3.4.
Since i = (& + 1)%p, supp pu C suppﬁu {51 = —1}. We now show that {&; = —1} Nsupp u = 0.
f+1 ’ ul, and thus pl (v/r = 1) = 0. Therefore, by the

interpretation of boundary measures given by Lemma 3.4 that {& = —1} Nsuppu = (). Hence
supp . C supp ft, from which, by Lemma 3.4 again, supp um Jout © SUPP 1 Jout® Therefore, from

(6.5) we get

Indeed, by Lemma 3.5, pl , =

(6.6) supp v}, C supp i’ U supp fit, .
Finally, observe that, by Part (1) of Lemma 4.7 and propagation of defect measures given by
Lemma 4.5 together with Lemma 4.4, Parts (2¢) and (2a) with (x,y) = (i,1),

(67) :ﬁlln = ﬁéut ° q);n—ﬂv ﬁéut = ﬁgut © (I);,n—w" in T°T;.
Then (6.7) combined with (6.6) gives (6.1).
We now assume that (6.2) holds and we show (6.3). The previous support arguments show that

(6.8) SUp 41t Nsupp pfy, N T°T; = 0.
In other words

fhus =0 on supppd, N T*Ti; piy =0 on supp phy, N T*T;.
Therefore, by Lemma 3.5,

: 1 , . 1 . , 1 . .
(69) V’:L - iﬁufn’ §RV; = 7§Miln? Vé = T\/;:ufn on supp N’I‘n N T*Fla
and
( . ) vy, = 2 THout> Vj - 2M0ut’ Vg = 2\/;Mout on Supp Moyt 2

In addition, observe that, by the definition of @ in terms of u and the definition of defect measures,

(6.11) vy = vy — 2R} + v},

From (6.4) and (6.11) together with (6.9) we get

. VTt L) ;
D= v on su N T,
Va ( NS d PP Hin

Therefore, as in the same way v/, = \;ﬁfn on supp !, C supp it,,

- () s

on supp uf, N T*T;,

which gives, by (6.7),

=i ﬁ +0\2 1 _ in i *
(612) Vg = \/77 + 1) ﬁuéut © ¢i~>l on supp Ky, nr Fz
In the same way, using (6.4) and (6. 11) together with (6.10), then (6.7), we obtain
=i \/; —1\? n ) *
(613) Vg = (\/,,j_ ) Q\f:u’out q)zﬁr Ol SUpP Keyg nr Fi'
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Together with (6.8) and (6.5), (6.12) and (6.13) give (6.3), and the proof is complete. O

Proposition 6.1 is our key tool in the rest of this section. Throughout the section, we repeatedly
use the fact that if w = Sg solves (M2) with ||g||zz < C, then Lemma 5.2 allows us to extract
defect measures and boundary defect measures for u.

6.2. Effect of the composite impedance map on data concentrating as a Dirac: Proof
of Theorem 1.3, (1). We say that a family of Diracs on T*T; is (h,d),d,)-non interacting if
none can be obtained as the image under the flow of another one, and if the family produce rays
whose intersections with T*I'; are all distinct. (Strictly speaking, it is the beam-like Helmholtz
solutions corresponding to the Dirac data on the boundary that are non-interacting, but since we
work on the boundary we talk about the family of Diracs as non-interacting.) To introduce such
a definition, we denote, for (2/,£") € T*({0} x R) and ¢ > 1,

q)l—m'( I7§ ) - (I)?itz( ’El)v (I)zh—(xlvgl) - q)v?u—Ez © (I)?Efr(ml7§/)a
@itl( / E ) _ (I)q ;0 q;outl o (I)out ( /7§/)’ (I)gil(l‘/,f ) — (I);I ° (I)outl o (I)out ( l,fl)-

l—r l—r

In other words, ®%,,(2/,¢’) is the point of T*T'; attained by (2’,¢’) € T*I; after ¢ — 1 reflections
on the left and right boundaries of the domain and coming from the left, whereas ®7 ,(2/,¢’) is
the point of T*T'; attained by (2,¢’) € T*T; after ¢ reflections on the left and right boundaries of
the domain and coming from the right. We can now define the notion of (h,d,,d,)-non interacting
Diracs.

Definition 6.2. We say that (6., ¢, )o<e<n, for (z},&;) € T*T'y, is a family of (h,di, d;)-non inter-
acting Diracs if
(6.14) forall 0< €y # <N, foralln >0, (z},,&,) # (P, 0 &, )" (20,.£0,),
and
for all 01,09 € {— 4,0 «}, 0</{1,l0 <N, q1,q92 > 0 such that
QL (xy,,&,) € T*T; and L (xy,,&),) € T*T,
(6.15) (01,01, q1) # (02, b2, g2) = @& (2},.&,) # PL (20, 60,)
The following proposition is a consequence of Proposition 6.1. It describes exactly the impedance-

to-impedance maps in the high frequency limit when applied to data concentrating as a sum of
non-interacting Diracs.

Proposition 6.3. Let ¢« € {1,—1}. Assume that w = Sg solves (M2) with ||g||z < C and let
w:= (hDg, + Du. If

I/d = ZCL@ 6;1;’

where ag € C*°(R), a; > 0 and ((5w/ 5/)0<[<N is a family of (h,d,d,)-non interacting Diracs, then

0 := (hDy, + t)u admits Dirichlet boundary measure on I'}, satisfying, in T*T,

7 7

2 2(q—1)
Si_ (L NG 1—r
(6.16) vy = (1 n \/77) Z az(w> 5<I>Li(w;,£,§)

0=0---N
q>1

@1, (24,6, €T T,

2 2¢
—t4+\r 1—/r
- (-1 n \/;) 2 “f<1 n \/77> 0a1_(a}.€1)-

£=0--N
>1
(wl,ﬁg)ET T;
Proof. Let ®;_,, := <I>}“_W D, = <I>7n_>l7 and

O =P, 0P,,,.

We claim that
2k

(6.17)

B \[Mout Z Z

£=0---N k>0

Ok (yo,65) Lok (o) €T Ty >
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and
1 2(k+1)

(6'18) 2\/’:uout Z Z ‘\/’ 6<1>z_>r0‘1>k(yz,€é)1‘1>L_>r0‘1>k(yz,€2)€T*Fr'

£=0---N k>0

Once this claim is established, the result follows directly from Proposition 6.1, as the non-interaction
assumption implies the disjoint-support assumption (6.2). We therefore only need to show (6.17)
and (6.18). As (=hiD,, +1)u =0 on I';, Lemma 3.5 together with Definition 4.6 implies that

Vr=1
VTt
In addition, observe that if BN (U,(x¢,€;)) = 0, then 74(B) = 0 and thus also 7,(B) = 0 by the
Cauchy—Schwarz inequality. Hence by Lemma 4.7, (3),

(6.20) fiby(B) = fit,(B),  forall BC T*Iy with BN | (2, &) = 0.
£=0---N

(6.19) Fous = ‘

Finally, by Lemma 4.7, (1) and Lemma 4.5, for any a € C°°(T*R) not depending on z,

(6.21) afil (B) = api”, (®;,B), forall BC B._,,,
and
(6.22) afil (B) = apil (@, B), forall BC By ,,.

Observe that we have the disjoint union
rrinH= || B RNi={peTTinmH, inf {0 @' ()N T =0} =k}
0<k<oo

i.e., each RF consists of points of T*T; N H that are no longer in T*T; after exactly k iterations
of the map ® (going from left to right and back again). Let now B C RFe. We first assume that
ko < co. Then, by definition,

ok (B) N T*T; = 0.

It follows that ®;_,, 0 ®*~Y(B)NBr, = (. Assupp i, C Bi,, by Part (2a) of Lemma 4.4 (recall
Lemma 4.7, (1)), we have using (6.19) that

Flout (@i 0 @7 1(B)) = 0.
If, for all k, ®%(B) N U,—o..x (¢, &) = 0, it follows by (6.19), (6.20), (6.21) and (6.22) that

(623> 0 = /jgut(q)lﬁT o q)ko_l(B)) = ﬁfn(q)ko_l(b’)) = ﬁclaut((bko 1(8)) - Mln (I)lHT © (bko 2(8))

Jr—1 P
= ‘\/;+1 :U‘Out((bl—ﬂ © q)ko 2 \/~+ 1 :uf)ut(B)
hence
(6.24) if, for all k, @*(B)n ) (2,€) =0,  then fib, (B) = 0.
{=0---N

Assume now that there exists k1 so that ®*1(B) N U,_y. y(®e, &) # 0. By the non-interaction
assumption, if B is small enough, such a k; is unique, and there exists a unique ¢ so that ®*1(B) >
(ye,€)). Following the same argument as in (6.23) up to k = k1, we get fil (®*1B) = 0. It follows
2\[,uout(@)kll’j’) = v4(®*1 B). Hence %ﬁﬁém(@kllg) = a¢(§)). We now follow
the same argument as in (6.23) from k = k; down to k = 0. We get

(6.25)

€)= 5 @B = o e oan ) = [ L e canoi )
RV s S PV § B S
] et @) == || )
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From (6.24) and (6.25), it follows that (6.17) is verified for any B C | o<, R*. It remains to
verify (6.17) for B € R>. Observe that such a set satisfies B C {y/r = 1}. Hence, using (6.22) and
(6.19)

Fin(B) = [t (R1—5r(B)) = 0 % fify (®1(B)) = 0.
It follows by Lemma 3.5 that il . (B) = 2v/774(B) = 2\/10¢1=¢} y=yo (B). Thus (6.17) is verified
also for B C R*, hence (6.17) holds. The proof of (6.18) follows the same lines. O

To prove Theorem 1.3, Part (1), we iterate Proposition 6.3 by taking a boundary data producing
a Dirac Dirichlet measure at high frequency, whose image with mass one is still in the domain after
n iterations. To do so, we need to know that a suitable family of (h,d, d,)-non interacting Diracs
exists; this is given by the following lemma, in which we let ST be the canonical projection from
T*T; to T*I'; (using that T7T"; ~ T*({0} x (0,h)) = T*I).

Lemma 6.4. For any N > 1 and any o € {— i,i <}V, there exists (2, &) € T*T; with &, #0
so that
(1)
— *
oy I T (2).8,) e TTy
¢=1..N—1

(where the product denotes composition of the maps)
(2) for any 0 < €< N —1, the family X, of points of T*T; defined by

XO = {(x;wg;')}a
Xppr = {m)g(xf,g'), st (2,€) € Xy, g>1, o€ {— i i}, DL, €) € T*Fi}

forms a corresponding family of (h,d,d,)-non interacting Diracs, and X, ¢ {0,h} for any
L.

Proof. We take (for example) z/, := 1h. Observe that the property (1) is satisfied as soon as
|€/| is small enough (depending on N). Hence, it remains to show that we can construct £/ so
that the property (2) holds as well. To do so, it suffices to show that, given a finite set of points

(m;)lgjgn € I'y, the set

A= {(f;—hgjgn C B(0,1)", so that (z7,})1<j<n does not satisfy P}
is discrete, where we say that a set X of points of T*I"; satisfies P if

{Fou,€), st ('.€) €X, =1, 0€ i}, ¥(a',¢) € T'T}

forms a corresponding family of (h, d;, d,)-non interacting Diracs and X, ¢ {0,h} for any £. Indeed,
if it is the case, the set of &’ # 0 so that (27 ,¢’) does not satisfy (2) is discrete, and hence it suffices
to take & small enough.

We therefore show that for any n and any set of points X = (2})1<j<n € I't, A is discrete.
Assume that, for some (&})1<j<n, (2},€})1<j<n does not satisfies P. Let C1(X) be the subset of
indices of 1 < --- < m so that (6.14) fails, C2(X) so that (6.15) fails, and C3 so that X, € {0,h}. If
j € Cq (resp. Cq or C3), taking 5; # & with |§~; — &} small enough and X = X\ (7, &5) U (as;,g;),
we have C1(X) C C1(X)\{j}, C2(X) C C2(X) and C3(X) C C3(X) (resp. Co(X) C C2(X)\{j}
with C1(X) C C1(X) and C5(X) C C3(X); or C5(X) C C5(X)\{j} with C1(X) C C1(X) and
C5(X) C Cy(X)), which shows, acting repetitively, that A is indeed discrete. O

We can now conclude.

Proof of Theorem 1.2 and Theorem 1.3, Part (1). Let N > 1 and o € {+,—}" be arbitrary; in
the case of Theorem 1.2, N := 1. Let & € {— 4,7 <}V be associated to o by

~, )i+ ifo(n) =+,
U(n)_{—m‘ if o(n) = —,
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and let (25%,£5) € T*I'; be given by Lemma 6.4. Moreover, let x € C2°(I';) be equal to one near
z%. We define g(h) € L*(T;) by

g(M)(y) = x(y) (wh) =/ AW =we) & /e ily=e5)"/2h,
and (u™)1<n<n to be the cascade of solutions of (M2) associated with o and g by S(h,d*,d,*)
that is so that

)

(=h?A —-1)u"=0in D

(hDa, + 1)u™ = vp, (gon-1) ("D, £o(n—1) Dup ™" on T,
u™ is outgoing near I',

(=hD,, + 1)u™ =0 on I',(d,"™),

where we denoted +,(,,) := o(n) to improve readability, and

—h?A —1Dut =0in D

(
(hDs, +1)ut = g(h) on Iy,
(

u! is outgoing near I,

—hDy, + 1)u! =0 on I'v(d,"M).
In addition, denote
uy = (heDy, + 1)uy, Uy = "Dy, £o(n) 1uy.
We claim that there is a sequence Ay so that, as £ — oo
(6.26) @7 (o) 2 ryy = ¢ > 1.

Since ||g(h)||r2(r,) — 1 (by direct computation), showing (6.26) ends the proof. As g is locally
uniformly bounded in L2, by Lemma, 5.2, there is a sequence A, so that u} admits defect measures
and boundary defect measures. In addition, direct computation shows that

~1,0
Va' = O L)

Hence by Proposition 6.3, ﬁ;’l exists and is given by (6.16). In addition, observe that the existence
of ﬁ;’l implies that, up to a subsequence, v, (g-)) (e Dz, F4(1) 1)uj is locally uniformly bounded
in L2, hence we can iterate the argument thanks to the non self-interaction property of Lemma
6.4, Part (2). By Lemma 6.4, Part (1), repeated use of Proposition 6.3 gives in particular

D> 0w, (@L,E) =0y [ L (a5,&) € TUTy,
{=1.--N—1

hence (6.26) follows thanks to (7.21) (from Lemma 5.2). O

6.3. High-frequency nilpotence of the impedance-to-impedance map away from zero-
frequency: Proof of Theorem 1.3, Part (2). The following Proposition reflects the fact that,
in the high-frequency limit, the impedance-to-impedance map associated with (M2) pushes the
mass emanating from I'; with an angle A to the horizontal up and down by a distance proportional
to A~1. We denote 7 the canonical projection from T*I'; to T*T;.

Proposition 6.5. Let 1 € {1,—1}, 0 < A< 1, and X,", X, C T*T so that
Xyc{g=n, Xy c{¢ <Ak
Assume that u = Sg solves (M2) with ||g||rz < C and let w := (hD,, + Du. If
suppﬁé - X;\r UXy,

then, up to a subsequence U := (AD,, + t)u admits Dirichlet defect measure on F;‘, satisfying

~i diA _ diA
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Proof. Observe that, by Proposition 6.1,
supp 7y N T*T; C Supp iy, © Oy Usupp iy, o O,
Therefore, the result follows if we can show that

(6.27) (supp ﬁéut ) <I>iin_>l U supp fil, © <I>i“_>r) N T*T;

dl)\ _ d|)\
(x4 (2 0) o (7 (- 2 0))
( oAV A V12
To show (6.27), we focus on the part of the statement concerning fil ; the proof for fi%,, is similar.
To do so, let By € T*I'; be such that

(6.28) By N (?X; + (\/ld'_AiAQo)) U (?X; + ( \/%0» =0.

Our goal is to show that ﬁéut(cbin_)lBo) = 0. We denote ®;_,, := <I>}“_W D, = <I>irn_>l, and
O =P, 0P,,,.

By simple geometric optics, a ray starting from (z/,¢’) € T*T" makes an angle sin&’ to the hori-

zontal. Using that tanarcsin A = \/1%7, we then have that

/i dl>\ — dl>\
= foralln >0, ®"od, (2/,¢) ¢ X} UX;.

Hence, (6.28) together with the support assumption gives that

(6.29) for alln >0, (@™ 0@, By) = 0.
As (=hD,, +1)u =0 on I';, by Lemma 3.5 together with Definition 4.6,
2
(6:30 o= (Vo1 )
In addition, by Lemma 4.7, (3),
(6.31) il (B) =t (B),  forall BC T*Ty s.t. #4(B) = 0.
Finally, by Lemma 4.5 (recall Lemma 4.7, (1)), for any a € C°°(T*R) not depending on z,
(6.32) afit,(B) = afily(®1,B), for all BC Bl
and
(6.33) afit, (B) = afil (@, B), for all BC By ,,.

We denote go = CI)?LZBO, consider again the disjoint union

K= || RN RF= {p € T*T, NH, inf {¢, (p) NT"T, =0} = k}
0<k<oo
and decompose
Bo= || B
0<k<oo
We show that
(6.34) forall 0<k<oo, [, (BE)=0,
which completes the proof. We first assume that k& < co. Then,
o*(BEY nT*T, = 0.

It follows that ®;_,, o @k—l(Eg) NBI ., =0. As, by Lemma 4.4, (2a) (and Lemma 4.7, (1) again),

l—r

supp if, C Bj_,,., we have using (6.30)
it (Prsr 0 @71 (Bp)) = 0.
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It follows by (6.30), (6.31), (6.32) and (6.33) combined with (6.29) that
0 = ffu (P 0 @571 (B)) = iy (251 (BF)) = Fite(B*(BY)) = fiky (P 0 @5 *(BY))

= (L) ot @) = = (Y)Y,

hence (6.34) holds for all k < oo. It remains to show that !, (Eg") = 0. Observe that such a set
satisfies By® C {4/r = 1}. Hence, using (6.33) and (6.30)

Fita (B3°) = T (P17 (B5°)) = 0 x il (@1,(B5°)) = 0,
from which, by (6.31) combined with (6.29)

Mout (BO ) = ?
which ends the proof. O

We can now conclude.

Proof of Theorem 1.3, Part (2). Let 0 € {+,—} and A > 0 and assume that the claim fails.
Then, for any A > 0, there exists n > A, € > 0, g, € L*(T;) with ||g¢||zz = 1 and hy — 0 so that

for all ¢, [ Z°%(h,d;",d, ", d,d,~, hy DITL gollpe > e

Let
Aol
fé = H)\é ge-
We show that, for any n big enough, we have, up to a subsequence in ¢, as £ — oo
(6.35) 1Z7(h,di",d, ' d de ) fell e — O,

which gives a contradiction and completes the proof. We denote (u})n>1 the cascade of solutions
of (M2) associated with o and f; by S(h,d|i, dri), that is so that

(—h2A —1)u} =0in D

(h@Dml + 1)u£ = fYFi(df’("—l))(hf‘Dzl io‘(n—l) 1)u;‘_1 on I'y,
uy is outgoing near I",,

(=lg Dy, + 1)uf =0 on I',(d,"™),

where we denoted %, := o(n), and

(—h2A —1)u} =0in D
(h¢Dy, + 1)u} = fo on Ty,
uj is outgoing near I',,
(—h¢Dy, +1)up =0 on Fr(dr”(l)).
In addition, denote
uy = (hgDgy, + Vuy, Uy = (hDz, £50n) 1)uy
As f; is uniformly bounded in L?, by Lemma 5.2, u} admit defect measures and boundary defect

-1
measures. As supp 'ﬁcll’l cX :Q' U X5 by definition of Hi’f , it follows by Proposition 6.5 that, up to
a subsequence U} admit Dirichlet boundary defect measure on I';, satisfying

) dU(l))\
=1 + - + + l
supp?y' ¢ X U Xy, XF =7X +<j:,0>.
PP Vg Al P PV b Nisvi
In addition, observe that the existence of Dcll’i implies that, up to a subsequence, Y, go1) (heDz,£4(1)
l)u; is locally uniformly bounded in L2, hence we can iterate the argument. We obtain that, for
any n, up to a subsequence in ¢, 4} admits Dirichlet boundary defect measure on I';, satisfying

oy B dg(n)A
supp vV’ CX/\fnUX)\’n, X)fn = Xin_l—}— (:t\/i_i)\zﬁ).



SHARP BOUNDS ON HELMHOLTZ IMPEDANCE-TO-IMPEDANCE MAPS 30

It follows that

h V1—X\2 ;
’ ~n,1t N T*FZ Q)
min(d",d,;”) A i Y

Thanks to (7.21), this implies (6.35) and therefore ends the proof. O

for all n >

7. THE WELLPOSEDNESS RESULTS I.E. PROOF OF LEMMA 1.5 AND 1.6, AND INTERIOR TRACE
BOUNDS

7.1. Definition of the admissible solution operators. Let us first define extensions of our
models. For € > 0, let

D!:=(0,d+d,+¢) x (—e,h+¢), D?:=(0,d+d,) x (—¢,h+¢),
let T}:2 denote the corresponding parts of the boundaries of D}, and g € L*(T;) being given, define
ge as its extension by zero to LQ(I‘})E) = LQ(I‘ie). Denote also I‘ae = I‘ll)6 and Fl%,e = I‘ﬁe UT?..
We define the extended models (M1,) and (M2,) in the following way.
(—h2A —1)u =0 in D?
(hDg, + 1)u =g, on Fie,
u is outgoing near I'?_,

(=hDg, +1)u=0 onT73 .

(—=h?A —1)u =0 in D}
(M1,) (hD,, + 1)u =g, onT}

ler

(M2)

u is outgoing near '} _.
<

We also define
D! :=(—o0,d+d, +¢) x (—e,h+¢€), D?:=(—00,00) X (—¢,h+e),
and, if u € L?(U), with U C R?, we denote by w its extension by zero to RZ.

Definition 7.1. A solution operator S associated to model (M1), resp. (M2), is said to be e-
admissible if there exists €, C, hg > 0 such that for any g € L*(I;), Sg can be extended to a solution
of (M1.), resp. (M2.), that

(1) is bounded: |[ul[ 2 pr2y < Cllgllr2ry) for all 0 < h < ho, and
(2) has bounded traces: H“”H(Fi;f) + ||h(“)nuHL2(F;:52) < Cllgllz2(ryy for all 0 < h < hy.
In §7.2 and §7.3 below, we use some results about semiclassical pseudo-differential calculus in
R?, in particular, the elliptic parametrix construction. We refer for example to [DZ19, Appendix

E] for a precise definition of the pseudo-differential operator classes and the statement of this result
(alternatively, a brief introduction to these techniques can be found in [LSW22, §4]).

7.2. Proof of Lemma 1.5 and 1.6.
Proof of Lemma 1.5. We prove existence for (M2); the proof for (M1) is similar.

Existence of a solution to (M2.). For € > 0, let © = ©; U O be the union of two smooth,
connected, convex subsets O, 04 C R? so that
(71) ©N((0,dr+d) xR) =0, ©:N ({0} xR)=T7, and ©N ({d+d}xR)=T7_

We extend g. to 90 by 0, as a new function g € L?(90). Now, let w be solution the exterior
impedance problem with the Sommerfeld radiation condition in § := R?\©

(=h2A -1w =0 in ,
(7.2) (=hD, +Hw=7g on 00O,
(=hD, + )w = o(r~2) asr — oo,
where n is the normal pointing into © (i.e., the normal pointing out of D} onI'; . and I',. ). Noting

the sign of the normal, the solution of (7.2) is unique by, e.g., [CK83, Theorem 3.37|, and exists
by Fredholm theory for all & > 0. In addition, observe that w is h-tempered with

(7.3) wll z2 (knE2\0)) < Ch 4\ g|| 2
for any compact K C R? by [Spel4, Theorem 1.8]. We now claim that
(7.4) WE,w N T¢C{peT*(R*\O), 3t <0, m,0:(p) €Esuppg},
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where T consists of the trapped rays between 0; and 04 (observe that 7 C {£ - n(x) = 0} in the
notation of Definition 1.4), and ¢;(x,£) denotes the point of the phase-space attained following,
for a time t, the ray of geometrical optics in R?\© starting from (z,£). Observe that the above
shows the existence of a solution to (M2.) by taking

u = w|p:

and any DI C (0,d, 4+ d|) x R satisfying DI > D? UT'? so that D} N (0D\I'?) = D?\T'2.
We therefore show (7.4). Observe that, for A > 0 so that B(0,4) 3 ©

(7.5) WF,wNT*B(0,A)° C {¢-z > 0}.
The inclusion (7.5) is proven similarly as in [Bur02], observing that, for ¥ € C>°(R?) such that

U = 0 near © and ¥ = 1 near B(0, A)¢, Pw is outgoing (in the standard sense) and solves the
following Helmholtz equation in R?,

(—R*A — 1)Tw = —[R?A, V]w,

hence (7.5) follows from the analogous property for the free resolvent; see [Bur02, Proposition 2.2].
From (7.5) and invariance of the wavefront set by the Hamiltonian flow in the interior (this follows,
for example, from propagation of singularities, [DZ19, Theorem E.47]),

(7.6) WFrw C {(z,€) € T*(R*\O), 3t <0,z + t£ € 90 }.

On the other hand, from propagation of singularities up to the boundary (see, e.g., [MS82] and
Remark 7.2 below), we have, for any 7 > 0

(7.7) p & WFyw and {m,0.(p), t € [0,7]} Nsuppg =0 = ¢, (p) ¢ WF, w.
By (7.6) and (7.7), we obtain (7.4). We define Sg := u|p, and it remains to show the points (1)
and (2) of Definition 7.1.

The trace bound in Part (2) of Definition 7.1. If we prove that

(7.8) |wl|L200) + |ROnw]| L2 00) S lgllz2(r,)-

then this implies the bound in Part (2) of Definition 7.1.
For R > 1, let Qg := B(0, R)\O. Pairing the equation by v and integrating by parts on Qg,
we get

(7.9) n? ||va2L2(QR) - ”wHiZ(QR) = hi Hw||2Lz(aQR) + h<thw — W, W) L2(0025)
Taking the imaginary part, we obtain by Cauchy-Schwarz inequality and the inequality 2ab < a?+b?
for a,b > 0,
wl|Z2 00, < 1BDnw = wl 2(08(0,7) 1wl L2080, 7)) + %HQH%Z + %HWHZLZ(&@)
Using the Sommerfeld radiation condition, we obtain that
[wl|72(50,) < 201BDnw — wll L2 080,80 |l L2(080.8)) + 19172
< 2a(R)R™ % |1l 20308 [0l 2 08(0.8)) + gllZ2
< 2en(R)|Jwll L2 08(0.R)) + l9ll7 2

where e (R) — 0 as R — oo for fixed i > 0. If, 2 > 0 being fixed, ||w||z2aB(0,r)) < ”wH%Z(aB(o,R))v

(7.8) follows by taxing R fixed big enough so that 2e5(R) < 1. Ifis not the case, then ||wl|r295(0,r)) <
1, and (7.8) follows by letting R — oo, since ||wH%2(8@) < Hw||%2(8QR).

An oscillatory property. Before showing Part (2) of Definition 7.1, we obtain an oscillatory
bound ((7.8) below) on solutions w. Let y € C°(R?), ¢ € C°°(R?) be bounded and so that 1) = 0
in B(0,2), and denote by w the extension of w to R? by zero.

First, observe that, as (—h2A —1) is semiclassicaly elliptic on WFp, ¢)(hD,,), there exists E € \I/g2
so that

(7.10) Y(hDy) = E(—h*A — 1) + O(h™) g .
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Now,
(—R*A = 1)xw = 1yep2(—h*A — D)xw + h( = §(21) ® "0y, (XW) |5, =0 + "6’ (21) @ (XW) |, =0)
= Loep2[=*A, x]w + i = 6(21) @ ", (XW) =0 + hd' (1) @ (XW)}a,=0)
= [-R*A, xJw — hd(z1) @ (Ds, X)Wz, =0
(7.11) + h(=6(21) ® hdy, (XW) |2y =0 + hd' (1) @ XW|g,=0)-
Let
z:=hé(z1) @ (O, X)Wz, =0 + h( —0(21) ® h0g, XW)z,—0 + hé'(z1) ® (Xw)|a:1:0)-

Pairing with a test function ¢ and using the Cauchy-Schwarz inequality and then trace inequalities,
we find that

(2, 0)| < C(hllellL2(tei=01) + P00l L2 (121 =01)) (W]l L2(00) + 1hOnw]| 2 (96))
< O(hllellyyen + 72Nl 340) ([0l L2(00) + 1HOnw] L2(00))
1_
< Chz7lell g (lwll 200 + [10nw]| L2 (06)),
h

for n > 0. Hence
Izl g < Chz 7" (|lwl| 200y + [h0nw|| L2 (0))-

271 —
h

By combining the above with (7.11), (7.10) and (7.3), and using the fact that E[-h2A, x] € AW, C
hYY, we get

1_
(7.12) [ (hDg)xwl 2 < Ch2 " ([|wll 290y + 1hdnw| L200) + llgllL2(r)))-
Together with (7.8), this gives the oscillatory bound
(7.13) l(hD2)xw 2 < Ch2 7" gll2(ry -

The resolvent estimate in Part (1) of Definition 7.1. We show that, for any x € C2°(R?),
there is C' > 0 so that for iy > 0 small enough and any 0 < i < hg

Ixwlzz < Cligl L2

In particular, this gives Part (1) of Definition 7.1. Without loss of generality, we assume that
© & supp x. If the estimate fails, there exists sequences hy — 0, g € L?(T;), and wy(hy) (that we
will denote w(fiy) to lighten the notations) so that

(7.14) Ixw(he)llz> = £llgellz>-
Rescaling, we may assume that
(7.15) Ixw(he)|[z> = 1.

As © € supp x, it follows from (7.15) and the properties of the free outgoing resolvent that w(hy)
is bounded in L (see for example [Bur02, Lemma 3.1|). Together with (7.14), the trace bound
(7.8) and the analogue of Theorem 3.2 in R?\© (e.g. [GLS21a, Theorem 2.3|), up to extracting a
subsequence, we can assume that u(f,) admits defect measure and boundary defect measures.
Thanks to the oscillatory property (7.12), it follows from (7.15) that p(x?) = 1 (see, e.g.,
[GSW20, Proof of Lemma 4.2]). To obtain a contradiction, we show that u = 0. We focus on the

. -2 . . .
most challenging part of the phase space T*D_ N D[, that contains the trapped trajectories T

(recall (7.1)), and show that u(T*Ei ND*') = 0. The fact that u vanishes on the other parts of the
phase space is obtained in the same way, in the spirit of [Bur02] and [GSW20], by combining the
invariance of the measure with the outgoingness of the wavefront-set (with the invariance of the
measure on the glancing set G in our case coming from the facts that, in our particular setting of the
exterior of two convex obstacles, the generalized bicharacteristics through G are bicharacteristics
of H, and Hypu = §(z1) ® (0™ — p°t) everywhere, e.g., by [GLS21a, Lemmas 2.10, 2.13, 2.14]).

We therefore work in D? from now on. Observe that all the results of §3 and §4 apply to solutions
of (M2,) in D2, and we use these results in the corresponding case without further mention. We
will show that

(7.16) fihue = iy =0, pigyy = i, = 0.
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Observe that, by (7.14),
1gell L2,y = 0.

It follows from the above together with the boundary condition on I'; . that
vh+ 2§R1/§ +vL =0.

Similarly as in the proof of Lemma 4.7, this implies by Lemma 3.5 that

N

\/’,j+ 1 Hins

and in the same way, as (—AD;, + 1)u=0on I',,

Vr—1

Vr+1

Furthermore, by Lemma 4.5, denoting ®;_,, := <I>}“_)T, D,y = <I>irn_>l, for any a € C*°(T*R) not
depending on =z,

(7 17) /’Lclaut =

2
r

Hin-

(7.18) W = \

(7.19) apl (B) = ap”, (®;,B), forall BcC B._,,,
and
(7.20) apl, (B) = apl  (®;,,B), forall BC B ,,.

We have the disjoint union

T'TiNnH= || R, R':= {p € T*T MM, inf {¢, B (p) N T*T, = 0} = k}
0<k<oo

where ® := ®,_,;0®;_,,. Let now B C R*. We first assume that kg < co. Then, ®*°(B)NT*T'; = ().
It follows that ®;_,, o ®*~1(B)NBI, = 0. As, by Lemma 4.4, (2a), supp uf,, C By, we have
ph (@1, 0 ®k0~1(B)) = 0, and using (7.17), (7.18), (7.19) and (7.20) repetitively, it follows that

1l (B) = 0. Therefore
/Jf)ut ( |_| Rk) =0

0<k<o0

In addition, as /7 = 1 on R®, (7.17) yields to u! (R>*) = 0 as well. Hence u! , = 0. The same
arguments lead to ul . = 0, and hence, using (7.19) and (7.20) again, we conclude that (7.16) holds.

Using Lemma 3.4 together with Corollary 4.3, it follows from (7.16) that p(T™* (ﬁf NDr)=0. O

Proof of Lemma 1.6. Similarly as in the proof of Lemma 1.5, since S1g — S2g solves (M1), resp
(M2) with zero impedance boundary condition on I',, propagation of singularities together with
the outgoing condition give

WFE(Slg — Szg) NT*D = .
The result follows by definition of the wavefront set together with Part (2) of Lemma 7.6. O

Remark 7.2. The propagation results of Melrose and Sjostrand [MST78, MS82| are proven for
homogeneous (that is, non semiclassical) second-order operators, with wavefront-set defined from
homogeneous pseudo-differential operators. In the spirit of [Leb92|, to use their results in our
semiclassical setting, for any sequences h = (hg)k>1, u = (ug)p>1, with (—h3A — )uy = 0, if we
define ©(u) := ", e~ wy, then for any (z,&,t,7) € T*QAXT*R, (z,£) € WFy(u) iff (z,&,t,7) €
WF (O(u)) (see [Leb92]), and O(u) solves the homogeneous wave equation (07 — A)O(u) = 0 (with
damping boundary condition in the setting of this paper), to which [MS78, MS82]| apply; we therefore
obtain propagation of singularities with h-wavefront-sets for u. For a more general presentation
of semiclassical propagation of singularities up to the boundary, we refer the interested reader for
example to [Ivr98, Ivr19).
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7.3. Interior trace estimates. The purpose of this paragraph is to show the three following
lemmas about the trace of the solution on the interior surface I';.

Lemma 7.3. Let S be an e-admissible solution operator to (M1), resp. (M2), and 0 < € < e.
Then, there exists iy > 0 and C > 0 such that if 0 < h < Ry then, given g € L*(I;), any solution
u=Sg of (M1), resp. (M2) satisfies,

lull 2, o) + [1Onull 2, o) < Cllgllizzry)-
Lemma 7.4. Let S be an e-admissible solution operator to (M1), resp. (M2), v € {—1,1}, g €
L?(T;) be such that ||g||> < C, u = Sg and U} = vy — 2R} + v}, a Dirichlet boundary measure of
U:= (hDg,u+ t)u on Ty o for some 0 < € <e. Then,
(7.21) [(RDg,u + t)ul| L2(r,y = Vg(T*Ty).

/!
E

and admits defect measures viy, vi, vt on T, then they

Lemma 7.5. If v is outgoing near I' nr Vj

are supported in H.

In particular, Lemma 5.2 is a consequence of Lemma 7.3 and 7.4 together with Part (1) of
Definition 7.1.

Proof of Lemma 5.2. Existence of the defect measure and boundary measures is a direct conse-
quence Lemma 7.3, Parts (1) and (2) of Definition 7.1, and Theorem 3.2. The relationship (7.21)
follows from Lemma 7.4 using the fact that, given an e-admissible solution operator, DT can be
taken such that I';7 € I'; .; indeed, for 0 < ¢ < € so that I'] € T'; ¢+, the boundary measures of u
on Fj and of u on I'; ~ coincide on T™T';. O

We need the following result, quantifying in the interior of the domain the fact that an Helmholtz
solution is oscillating at frequency ~ k1.

Lemma 7.6. Let U C R? be an open set and v € L2 _(U) be so that (—h?A—1)v =0 in U. Then,

loc

for any x € C*(U), and any X € C(U) so that X = 1 on supp x, the following holds.
(1) For any m > 0 there exists Cy, > 0 such that
Ixullgp < CllXul| 22

(2) For any bounded function ¢ € C>(R%) so that ¢ = 0 in B(0,2) and any N > 1 there
exists Cn > 0 such that

[(hDe)xull gx < OnEN||Xul 2.
Proof. Let x1 € C(U) be so that x; = 1 on suppx and ¥ = 1 on supp x;. Observe that

x1(—h%2A — 1) is semiclassically elliptic on WFp ¥ (hD,)x, hence, by the elliptic parametrix con-
struction, there exists F € \II,;Q so that

Y(hDy)x = Ex1(—h*A = 1) + O(h™) g-c.
Applying X to the right of the above, we get

U(hDy)x = Exi(=h*A = 1) + O(h*)g-=X,
and hence (2) follows applying this identity to v1y. Let now ¢ € C*°(R?) be such that 1 — 1 is
compactly supported and 1; =0 on B(0,2). Since (1 —1)(hD;) € ¥, >,

(1 = 41)(hDg ) xv < Cmlxvl|2-
Together with (2), this gives (1). O
Proof of Lemma 7.3. By [GLS21a, Lemma 3.7|, if I" is a smooth closed curve and A € U}*(R?) is
such that WF, A N S*T" = (), there exists C > 0 such that
IAf |22y < ClIAf L2 + CRTHI(=R*A = DAS| 2 + O(R)| f] 2.

Let €”,6 >0 be so that 0 < € < €’ < ¢’ +46 < e. Next, let I' C [, 9bde] x [—¢” — 45, h + € + 46]
be a smooth closed curve so that and T'N ({d;} x R) = {d;} x [-€” — 36, h + ¢’ + 36]. Next,

let x € C2°(R?) be so that suppx N T = {d;} x [—€ — 6, h + ¢’ + 4] and x = 1 near I; .; and
X € C°(R?) be so that ¥ = 1 on supp x and supp XY NI = {d;} x [—€” — 25,h + €’ + 26]. Applying
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the above to xf and using the pseudo-locality of the semiclassical pseudo-differential calculus, we
get

(7.22) [AXfllc2(r, ) < ClIXAX Sl L2 + CRTHIX(=R2A = DAl r2 + OR) xSl e

By Lemma 4.2, there exists A € W°(R?) so that WF, AN S*T = 0 and WFp,(xAD,,u) "NWFp(I —
A) = (). In addition, let ¢ € C*=(R?) so that 1 = 0 in B(0,2) and ¢ = 1 outside B(0,3). Observe
that
XhDgu = AxhDy u+ (1 — A)Y(hD,)xhDyz,u+ (1 — A)(1 — ¢ (hD,))xhDy, u,
hence, by definition of the wavefront-set, as (1 — A)(1 — ¢ (AD,))x has a compactly supported
symbol, and using Part (2) of Lemma 7.6,
XADy, u = AxhD, u + O(h%)xu

in any H}" space. Hence, applying (7.22) to AD,, u (and using a trace estimate to deal with the
O(h®) error), we obtain the trace bound on hd,u using the fact that [—h%A, Ax] € AV}, Part
(1) of Lemma 7.6, and the resolvent bound of Part (1) of Definition 7.1. The trace bound on u is
obtained in the same way. O

Proof of Lemma 7.4. Let ¢ € C*°(R) be so that ¢» = 0 in B(0,4) and ¢ = 1 outside B(0,5), and
¥ € C°(R?) be so that ¢ = 0 in B(0,2) and ¢ = 1 outside B(0,3). By definition of the Dirichlet
boundary measure, it suffices to show that

d)(th/)X’}/r‘ij, (ADy, + t)u — 0.

for any x € C°(R), such that x = 1 near {d;} x [0, h] and (say) supp x C {d;} x [—%, h+ %,] Let
X € C°(R), such that ¥ = 1 near supp x and suppx C {d;} x [f%, h + %/] By pseudo-locality
of the semiclassical pseudo-differential calculus (e.g., together with a trace estimate and Part 1 of
Definition 7.1), it suffices to show that

%¢(th/)X7er (thCl + L)’LL - O

Extend X and y as elements of C2°(R?), so that X = 1 on suppx, x = 1 near I';, and supp X C D'.
As xXy(hD,)x is a tangential operator, it commutes with the trace and it suffices to show that

||)21/}(th’)>((th1 + L)u||L2(Fi,e) — 0.

Now, by a trace estimate,

IR (hDy )X (hDa, + t)ull 2, ) S B2 [ (ADe ) X(hDay + t)ul| 3.

Decompose

YDy )X(hDyy + t)u = Y(AD )Y (hDy)x(ADy, + t)u + p(ADy ) (1 — ¢ (AD;))x (ADg, + t)u.
By Part (2) of Lemma 7.6,

12 ([ (hDy Y (hDa ) x (hDy, + )l gz — 0.

On the other hand, as supp(1—4(§))Nsupp (¢') = 0, we have (D, ) (1= (hDy)) = O(h*®)g-c,
and the result follows using the bound in Part (1) of Definition 7.1. O

Proof of Lemma 7.5. We show the result for v%; the proofs for v4 and V;— are the same. Shrinking

D7 if necessary, let DT > DT be such that Definition 1.4 holds with D replaced by D, and let
X € C2° be such that supp x € D and x = 1 near Fj. By Lemma 4.2, there exists ¢ > 0 so that

(7.23) WER(xv) C {[&] = ¢}
Since, in addition, WF(xv) C {|¢|* = 1}, it follows from (7.23) that
(7.24) WFs(xv) C {1 >r(¢) > 2.

Now, let ¢p € C° be so that suppty C [¢?/2,2] and ¥ = 1 near {1 > 2z > ¢?}, and define
V(') := (r(¢')). From (7.24) together the definition of the wavefront-set and Lemma 7.6, (2),
for any s and any IV there exists Cs, N > 0 so that

1(1 = ®(hDy))xvl s < Cs nhY.
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Hence, by Sobolev trace estimates, ||(1 — W(hD,))v||z2r,) — 0. It follows that, by definition of
defect measures, v4((1 — W(hDy))?) = 0. As (1 — U(hD,/))* = 1 near H¢, the Lemma follows.

O
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