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Diapycnal (irreversible) mixing is analyzed using thirty high resolution direct numerical simulations of homogeneous rotating stratified turbulence (RST) in the absence of imposed shear or forcing. Influence of varied rotation and stratification on the energetics (in particular the dissipation rates of kinetic and potential energies) is presented. Data is also presented in new a parametric framework using the turbulent Froude and Rossby numbers F r t = ✏/N k, Ro t = ✏/f k, where k is the turbulent kinetic energy, ✏ its rate of dissipation, N the buoyancy frequency and f the Coriolis parameter. This framework is used to illustrate relative magnitudes of the stratification and rotation in geophysical flows and provide a useful tool for explicating the relationship between F r t and Ro t . Results indicate that rotation does not impact the magnitude of the irreversible mixing coe cient ( = ✏ P /✏) when compared to results without rotation, where ✏ P is the rate of potential energy dissipation. Moreover, it is shown that the recent scaling laws for mixing e ciency in stably stratified in the absence of rotation, as exemplified in Garanaik & Venayagamoorthy (J. Fluid Mech. 867, 2019, pp. 323-333), are applicable as well for homogeneous and decaying RST. Results also highlight the ambiguity of the ratio N/f as a control parameter for the classification of small-scale RST, and thus for evaluating diapycnal mixing.

Introduction

The amount of energy available for mixing at small scales has many important implications for oceanic and atmospheric flows. Mixing in geophysical flow helps to maintain the meridional overturning circulation and are used in estimations of the small scale fluxes that are used in mass budgets, heat budgets and the mixing of nutrients [START_REF] Munk | Abyssal recipes II: Energetics of tidal and wind mixing[END_REF]. Parameterizations of the eddy di↵usivities of momentum (⌫ t ) and the scalar density (K ⇢ ) are commonly used in large scale models, but models can be sensitive to the accuracy of the parameterization [START_REF] Garanaik | Assessment of small-scale anisotropy in stably stratified turbulent flows using direct numerical simulations[END_REF]. In order to be as accurate as possible these model parameterizations must account for all significant factors influencing mixing.

A stable density stratification is necessary for the existence of internal waves in the Earth's ocean and atmosphere but the degree of stratification has a direct impact on the amount of diapycnal mixing [START_REF] Aguilar | Internal wave generation from rough topography[END_REF]. A large body of work has analyzed turbulence and mixing in the presence of stratification (see [START_REF] Riley | Recent progress in stratified turbulence -Ten Chapters in Turbulence[END_REF] and [START_REF] Riley | Fluid motions in the presence of strong stable stratification[END_REF] and references therein). Another important factor in the analysis of geophysical flows is the impact of planetary rotation. It is less clear what the impact this rotation has on small scale turbulent mixing, especially in a role that is coupled with stratification [START_REF] Praud | Decaying grid turbulence in a rotating stratified fluid[END_REF]. The inclusion of rotation has led to increased study of inertial gravity waves and what is classified as rotating stratified turbulence (RST) [START_REF] Marino | Resolving the paradox of oceanic large-scale balance and small-scale mixing[END_REF][START_REF] Marino | Interplay of waves and eddies in rotating stratified turbulence and the link with kinetic-potential energy partition[END_REF][START_REF] Pouquet | Scaling laws for mixing and dissipation in unforced rotating stratified turbulence[END_REF][START_REF] Rosenberg | Variations of characteristic time scales in rotating stratified turbulence using a large parametric numerical study[END_REF][START_REF] Rosenberg | Correction to: Variations of characteristic time scales in rotating stratified turbulence using a large parametric numerical study[END_REF]. An important question that has not been clearly answered is whether or not the inclusion of rotation will impact the existing parameterizations for the irreversible mixing e ciency in stably stratified flows that mostly do not account for the rotation.

Direct numerical simulations (DNS) have been an important avenue for understanding stratified turbulence both with and without the influence of rotation [START_REF] Brethouwer | Scaling analysis and simulation of strongly stratified turbulent flows[END_REF][START_REF] De Bruyn Kops | The e↵ects of stable stratification on the decay of initially isotropic homogeneous turbulence[END_REF][START_REF] Ma Oli | Dynamics of stratified turbulence decaying from a high buoyancy reynolds number[END_REF][START_REF] Marino | Inverse cascades in rotating stratified turbulence: fast growth of large scales[END_REF][START_REF] Marino | Large-scale anisotropy in stably stratified rotating flows[END_REF][START_REF] Pouquet | Scaling laws for mixing and dissipation in unforced rotating stratified turbulence[END_REF][START_REF] Pouquet | Linking dissipation, anisotropy, and intermittency in rotating stratified turbulence at the threshold of linear shear instabilities[END_REF][START_REF] Riley | Dynamics of turbulence strongly influenced by buoyancy[END_REF][START_REF] Rorai | Stably stratified turbulence in the presence of large-scale forcing[END_REF][START_REF] Rosenberg | Variations of characteristic time scales in rotating stratified turbulence using a large parametric numerical study[END_REF][START_REF] Rosenberg | Correction to: Variations of characteristic time scales in rotating stratified turbulence using a large parametric numerical study[END_REF][START_REF] Waite | The transition from geostrophic to stratified turbulence[END_REF]. Recent work using DNS has led to some insights and parameterizations of small-scale mixing [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF][START_REF] Lindborg | Vertical dispersion by stratified turbulence[END_REF][START_REF] Ma Oli | Mixing e ciency in stratified turbulence[END_REF][START_REF] Mater | A unifying framework for parameterizing stably stratified shear-flow turbulence[END_REF] by trying to answer questions about turbulent mixing in geophysical flows and demonstrating how DNS can be useful and informative to the broader study of geophysical flows. Inclusion of rotation in these discussions is necessary to demonstrate the applicability of such parameterizations to geophysical flows. Some analysis of DNS with RST assert that there is an observable e↵ect of rotation on the magnitude of potential energy available for mixing [START_REF] Pouquet | Scaling laws for mixing and dissipation in unforced rotating stratified turbulence[END_REF]. Analysis of RST DNS has also shown that rotation and stratification are complementary in determining the relative strength of the direct and inverse energy cascades. Here, we use DNS simulations with rotation to help gain insight into irreversible (diapycnal) mixing and whether its inclusion in larger scale parameterizations of diapycnal mixing in stably stratified geophysical flows is needed for robust models.

Information and insights derived from numerical simulations is most useful when analyzed with thought to the complexity of laboratory and field observations. Applicability of any theoretical or numerical analysis is limited when it cannot be realistically tested or measured in a physical setting. However, making direct measurements of turbulent mixing in the field (in particular) is limited due to instrumentation capability and complications from internal wave motions that contaminate flux measurements [START_REF] Gregg | Mixing e ciency in the ocean[END_REF][START_REF] Venayagamoorthy | On the flux Richardson number in stably stratified turbulence[END_REF]. In oceanography, this has necessitated the use of indirect techniques to infer momentum and heat fluxes. As an example, the diapycnal di↵usivity in a homogeneous and stationary flow can be defined as [START_REF] Osborn | Estimates of the local rate of vertical di↵usion from dissipation measurements[END_REF]:

 ⇢t = ✏ N 2 , (1) 
where = ✏ P /✏ is an irreversible mixing coe cient, ✏ P is the rate of potential energy dissipation, ✏ is the rate of kinetic energy dissipation and N = p ( g/⇢)(dh⇢i/dz) is the buoyancy frequency. All of the parameters in Eq. 1 are quantities that are readily available from a DNS. Determination of N and ✏ in the field requires simplifying assumptions such as local isotropy and choices on how the background density stratification is computed [START_REF] Arthur | How we compute N matters to estimates of mixing in stratified flows[END_REF][START_REF] Garanaik | Assessment of small-scale anisotropy in stably stratified turbulent flows using direct numerical simulations[END_REF] but it can generally be assumed that both N and ✏ are measurable in the physical setting. has been assumed to have a constant canonical value of 0.2 [START_REF] Osborn | Estimates of the local rate of vertical di↵usion from dissipation measurements[END_REF], but its constancy has been reviewed and challenged repeatedly [START_REF] Gregg | Mixing e ciency in the ocean[END_REF]. Based on arguments in [START_REF] Venayagamoorthy | On the flux Richardson number in stably stratified turbulence[END_REF], the irreversible definition of the mixing coe cient will be used exclusively herein.

Parameterizations for the mixing e ciency in geophysical flows are commonly based on one of three fundamental dimensionless parameters: the gradient Richardson number Ri [START_REF] Venayagamoorthy | On the flux Richardson number in stably stratified turbulence[END_REF]; the buoyancy Reynolds number Re B [START_REF] Salehipour | Diapycnal di↵usivity, turbulent Prandtl number and mixing e ciency in Boussinesq stratified turbulence[END_REF][START_REF] Shih | Parameterization of turbulent fluxes and scales using homogeneous sheared stably stratified turbulence simulations[END_REF]; and the turbulent Froude number F r t [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF][START_REF] Ma Oli | Mixing e ciency in stratified turbulence[END_REF]. Rotational e↵ects have not been explicitly included in the majority of mixing parameterizations of geophysical flows.The ratio of the buoyancy frequency N to the Coriolis rotational frequency f has been used to classify types of expected turbulent behavior and mixing and the importance of this ratio on geostrophic lateral mixing has been stressed by various researchers in RST [START_REF] Kurien | E↵ect of rotation and domain aspect-ratio on layer formation in strongly stratified boussinesq flows[END_REF][START_REF] Lelong | Geostrophic adjustment of an isolated diapycnal mixing event and its implications for small-scale lateral dispersion[END_REF][START_REF] Praud | Decaying grid turbulence in a rotating stratified fluid[END_REF][START_REF] Waite | The transition from geostrophic to stratified turbulence[END_REF]. N/f has been thought to dictate the behavior of flow development, as for example the orientation of shear layers, but neither the Rossby number nor N/f control the amount of kinetic and potential dissipation in these flows in stably stratified flows [START_REF] Marino | Inverse cascades in rotating stratified turbulence: fast growth of large scales[END_REF][START_REF] Rosenberg | Evidence for bolgianoobukhov scaling in rotating stratified turbulence using high-resolution direct numerical simulations[END_REF]. The limited e↵ects of rotation on turbulence in stably stratified flows has been noted (e.g. see Galperin et al [START_REF] Galperin | Modeling rotating stratified turbulent flows with application to oceanic mixed layers[END_REF], Kantha et al [START_REF] Kantha | E↵ect of rotation on vertical mixing and associated turbulence in stratified fluids[END_REF]), where e↵ects of rotation impact regimes with convective or unstable flow dynamics. Despite this fact, scaling arguments using N/f and Ro t see continuous application and use in the literature in conjunction with parameterizations of turbulence and turbulent mixing. Establishing a clear picture of whether irreversible mixing is impacted by rotation in stably stratified geophysical flows, drives this study. In what follows, a theoretical discussion on the key non-dimensional numbers is presented in section 2. Details of the numerical simulations and data are presented in section 3 followed by the results in section 4 and conclusions in section 5, respectively.

Theoretical Analysis

The amount of irreversible mixing in turbulent flows is a result of the dissipation of turbulent kinetic energy. The diapycnal (irreversible) mixing coe cient is an instantaneous measure of how much of the turbulent kinetic energy is converted to background potential energy through dissipation [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF]. The buoyancy Reynolds number Re B (also referred to as the Gibson number) is one of the most commonly used parameters for evaluating turbulent mixing since it can be calculated from field measurements (under certain assumptions such as isotropy at small scales) made in the atmosphere or ocean. Re B is defined as

Re B = ✏ ⌫N 2 , ( 2 
)
where ⌫ is the kinematic viscosity. However, despite its popularity, it has been noted that Re B may be useful but insu cient as a single parameter to characterize mixing [START_REF] Gregg | Mixing e ciency in the ocean[END_REF][START_REF] Mater | The quest for an unambiguous parameterization of mixing e ciency in stably stratified geophysical flows[END_REF]. Definitional ambiguity comes from the possibility to achieve the same value for the buoyancy Reynolds through various combinations of its constituent parameters [START_REF] Mater | A unifying framework for parameterizing stably stratified shear-flow turbulence[END_REF]. Note that the diapycnal di↵usivity can be recast as a function of Re B in non-dimensional form as

 ⇢t ⌫ = Re B . (3) 
Eq. 3 implies that Re B needs to be su ciently large for smaller-scale turbulence to exist [START_REF] Riley | Recent progress in stratified turbulence -Ten Chapters in Turbulence[END_REF]. It also shows how using Re B to parameterize might be ill-posed given that both of these quantities together define the diapycnal di↵usivity. Given that the molecular di↵usivities of scalars (salt and temperature) can vary by several orders of magnitude, it might be more appropriate to use a di↵erent dimensionless parameter for analyzing the degree of turbulent mixing of scalars as follows:

 =  ⇢t  = ✏ P N 2  = Re B P r. ( 4 
)
where  is the molecular di↵usivities of scalars in a given fluid, P r is the molecular Prandtl (or Schmidt) number. Values for this di↵usivity ratio parameter  are readily computable from the DNS results, but harder to obtain in the field.

The turbulent Froude number gives a ratio of buoyancy e↵ects to turbulent e↵ects:

F r t = ✏ N k ⌘ 1 N T L , ( 5 
)
where k is the turbulent kinetic energy. F r t may be the dimensionless parameter best suited to parameterize mixing in stratified turbulence [START_REF] Ivey | On the nature of turbulence in a stratified fluid. part I: The energetics of mixing[END_REF][START_REF] Shih | Parameterization of turbulent fluxes and scales using homogeneous sheared stably stratified turbulence simulations[END_REF]. Di culty in computing this number from measured quantities has limited its application in the field setting but it has seen widespread use in numerical simulation analysis [START_REF] Ma Oli | Dynamics of stratified turbulence decaying from a high buoyancy reynolds number[END_REF][START_REF] Pouquet | Scaling laws for mixing and dissipation in unforced rotating stratified turbulence[END_REF]. Recent work has shown a link between the mixing e ciency and F r t [START_REF] Feraco | Vertical drafts and mixing in stratified turbulence: Sharp transition with froude number[END_REF][START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF][START_REF] Pouquet | Scaling laws for mixing and dissipation in unforced rotating stratified turbulence[END_REF]. The work by [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF] is specifically designed to show how the link between and F r t can be used by researchers analyzing data measured in the field. The degree of stratification and turbulence are both contained in the definition of the turbulent Froude number and represent the two processes having the greatest influence on the evolution of the flow [START_REF] Lindborg | Vertical dispersion by stratified turbulence[END_REF][START_REF] Ma Oli | Dynamics of stratified turbulence decaying from a high buoyancy reynolds number[END_REF]. Definition of the turbulent time scale (T L = k/✏) is contained within this parameter, which is a measure of the decay time of turbulent kinetic energy [START_REF] Venayagamoorthy | On the turbulent Prandtl number in homogeneous stably stratified turbulence[END_REF]. In this light, F r t can also be viewed as the competition between the buoyancy time scale ⇠ N 1 and the turbulent time scale T L . Analogous to the turbulent Froude number, the turbulent Rossby number defines the relative ratio of rotational to turbulent e↵ects, again, also in terms of time-scales:

Ro t = ✏ fk = 1 fT L . (6) 
Using F r t and Ro t as the two key parameters for the presentation of simulation results allows for evaluation of the relative impact of varied levels of stratification and rotation on the behavior of irreversible mixing in simulated geophysical flows. We will use Re B and  as the two key diagnostic parameters to both evaluate and ensure that small scale irreversible mixing does indeed exist in the data analyzed.

Simulations and Data

Solution approximations to the non-dimensional Boussinesq equations with RST were found with direct numerical simulations using the Geophysical High-Order Suite for Turbulence (GHOST) code (see [START_REF] Mininni | A hybrid mpiopenmp scheme for scalable parallel pseudospectral computations for fluid turbulence[END_REF] for details).

GHOST is a pseudo-spectral computational fluid framework that is parallelized using a hybrid MPI/OpenMP/CUDA scheme and has demonstrated excellent scalability and performance to over 130,000 computational nodes [START_REF] Rosenberg | Evidence for bolgianoobukhov scaling in rotating stratified turbulence using high-resolution direct numerical simulations[END_REF]. All simulations were made using 1024 3 grid points in a triply periodic box. Simulations 1-10 in Table 1 all have velocity initialized at large scales with a superposition of Taylor-Green vortices, as has been done for stratified flows in other studies [START_REF] Hebert | Relationship between vertical shear rate and kinetic energy dissipation rate in stably stratified flows[END_REF][START_REF] Sujovolsky | Generation of turbulence through frontogenesis in sheared stratified flows[END_REF]. Initialization with Taylor-Green vortices ensure that rotational flow structures are present in a simulation, rather then having to develop from random initial conditions. Impact of rotation on the irreversible mixing coe cient should be most apparent in the these ten simulation if it is influencing scalings with regard to F r t and Ro t .

Simulations 11-30 are initialized with randomized phases in Fourier space. These twenty simulations are a subset of the random runs previously presented and analyzed [START_REF] Pouquet | Scaling laws for mixing and dissipation in unforced rotating stratified turbulence[END_REF][START_REF] Rosenberg | Variations of characteristic time scales in rotating stratified turbulence using a large parametric numerical study[END_REF]. There are no initial scalar fluctuations with either initialization. This setup allows for the buoyancy fluctuations to develop from the internal dynamics of the Boussinesq equations [START_REF] Rosenberg | Variations of characteristic time scales in rotating stratified turbulence using a large parametric numerical study[END_REF]. Inputs to all simulations were varied by specification of the buoyancy frequency N , Coriolis rotation f , kinematic viscosity ⌫, molecular di↵usivity  (always maintaining a Prandtl number, P r = ⌫/, equal to 1) and the evolutionary time step. No mean shear or other forcing were imposed in the simulations; hence, the energy decays over the course of a simulation. A total of thirty DNS runs using the GHOST code are presented and evaluated to study the e↵ect of rotation on irreversible mixing. Table 1 gives the details of all simulations in this analysis. 

Results

Energy and Dissipation

Influences of rotation are commonly visible in geophysical flows at the energy containing scales and these scales are influenced by rotation. Examples of the Table 1 Details of the 30 simulations, where the Froude, Rossby and buoyancy Reynolds numbers are calculated at the peak of dissipation rate of turbulent kinetic energy. The initial Reynolds number is given by Re 0 = U 0 L 0 /⌫ where the initial characteristic length and velocity scales are given by L 0 = 1 and U 0 = 1 respectively. [START_REF] Aguilar | Internal wave generation from rough topography[END_REF] denotes data subset also analyzed in [START_REF] Pouquet | Scaling laws for mixing and dissipation in unforced rotating stratified turbulence[END_REF], with reference identification ID It is apparent from these simple diagnostics that f does not appear to have a noticeable influence on the energetics (especially on the dissipation rates) in stably stratified flows. Clearly the magnitude of the rotational parameter The relative order of magnitudes of these parameters in the simulations was chosen in order to maintain their relevance to N/f values seen in geophysical flows and will be explained in more detail in the following section. The runs can be easily distinguished. They all evolve from a higher to a lower value of Re B , because of self-similar energy dissipation (see [START_REF] Rorai | Stably stratified turbulence in the presence of large-scale forcing[END_REF] for the purely stratified case). Any given simulation, as expected, follows the lines of constant N/f . Also, the magnitudes of F r t and Ro t evolve over the course of the simulations due to turbulent dissipation. As the magnitudes of Ro t and F r t decrease, the increase in stratification will limit the amount of turbulence and mixing, especially vertically (see Fig 1). This presented framework adapts the ideas of using a multi-parameter framework presented by [START_REF] Mater | A unifying framework for parameterizing stably stratified shear-flow turbulence[END_REF] (which evaluates the dominant flow regimes in stratified shear flows) for flow with the inclusion of rotation and an absence of imposed shear. Fig 3 clearly shows how the relative magnitudes of rotation and stratification are coupled in the geophysical context along lines of constant N/f . All flows in this parametric space evolve, as noted above, where values of N/f ⇠ 100 are commonly seen in the atmosphere and N/f  10 is appropriate for the oceanic setting. The parametric space is divided into four di↵erent regions using O(1) magnitudes of F r t and Ro t as delineations and the nomenclature of [START_REF] Aluie | Joint downscale fluxes of energy and potential enstrophy in rotating stratified boussinesq flows[END_REF] for classification. In region 1 the magnitudes of the rotation and stratification are small and of comparable magnitude so this quadrant of the graph is denoted by rs. While there is influence of stratification and rotation in this region the flow behavior likely approximates the behavior of classical turbulence since their e↵ects are negligible (i.e. high F r t and high Ro t ). In region 2 the stratification is approximately an order of magnitude greater than the rotation and is denoted rS (low F t t , high Ro t ). Rotation and stratification are both significant and have similar magnitudes in region 3, RS. Region 4 denotes an area in the parametric framework where the rotation is a least an order of magnitude greater than the stratification, Rs. The majority of geophysical flows are classified as falling along one of the N/f lines therefore none of the simulations fall into region 4 where N/f < 1. Flows that fall into this classification region may be relevant in astrophysics, for example for stars that are rotating rapidly, but are not seen except in specific isolated cases in the geophysical setting. The magnitude of rotation in these simulations (Ro t 0.1) would not be considered strongly rotating depending on the context of some specific evaluations (i.e. [START_REF] Ecke | Heat transport in the geostrophic regime of rotating rayleigh-bénard convection[END_REF]). Increasing the amount of rotation to reach an order of magnitude where Ro t  0.01 and maintaining N/f relevant to the geophysical setting would also necessitate an increase in N , which would lead to simulations results with very low Reynolds numbers to be considered turbulent.
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Data in Fig 3a is colored by the buoyancy Reynolds number in order to illustrate one of the common measures of turbulent mixing. In the plots, values for the buoyancy Reynolds number are limited to O(1) or greater, eliminating inclusion of viscosity a↵ected (low Re) flows. From these results, it can be easily seen that the ratio of N/f is not a useful diagnostic tool for explicitly determining levels of turbulent mixing. Re B values vary by up to three orders of magnitude on multiple N/f lines. Additionally, the turbulent Froude number can also be observed to take almost any value in the rS and RS regimes for any given N/f . These observations point to the fact that while both N and f influence the flow, it is definitively clear from this framework that their ratio does not provide a diagnostic signature for the levels of irreversible mixing in RST.

Fig 3b shows the same data as in Fig 3a, but the data is now colored by the di↵usivity ratio  whose values are also constrained to O(1) or greater to exclude data dominated by molecular mixing e↵ects. DNS results that do not report a value for  that is at least O(1) have mixing mostly, if not exclusively, due to molecular di↵usion. It has been shown that the background mixing in the ocean is of O(10) [START_REF] Munk | Abyssal recipes II: Energetics of tidal and wind mixing[END_REF] and these simulations have been designed to be comparable to physically realistic flows. DNS data where  < O(1) may introduce non-physical data where the molecular di↵usion is the same order of magnitude, or larger, than the turbulent di↵usion. Run 22 is an example of run that is near this threshold. Overall, the same observations and conclusions can be made about the ambiguity of N/f as a diagnostic tool. Some of the results in this plot show values for  that would suggest limited amounts of mixing when compared to the data evaluated using Re B that suggest more significant levels of mixing. This illustrates the importance of using multiple parameters and criteria for the evaluation of mixing in DNS data. This theoretical framework (F r t , Ro t ) provides a useful diagnostic for illustrating RST DNS for geophysical flow regimes and could also be applied to measured data if parameterizations to determine F r t from measurable quantities are used as proposed by [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF].

Irreversible Mixing

Fig 4 presents the parameterization of as function of F r t for the RST runs plotted together with the non-rotating DNS data presented in [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF]: sheared unstratified [START_REF] Shih | Parameterization of turbulent fluxes and scales using homogeneous sheared stably stratified turbulence simulations[END_REF], forced stratified [START_REF] Ma Oli | Mixing e ciency in stratified turbulence[END_REF] and unforced stratified runs [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF].The remarkable feature is that the scaling relationship between and F r t presented in [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF] holds well despite the fact that f does not appear evidently in F r t . An increase in the irreversible mixing e ciency for F r t ⇠ 0.1 seen in some studies is not observed. While the presence of rotation may provide additional energy at scales comparable to and larger than the energy-containing scales in a stratified flow, it does not appear to have any discernible e↵ect on the scaling of the diapycnal (small-scale) irreversible mixing coe cient. It can also be seen in Fig 4 that the distribution of Re B covers six orders of magnitude and more importantly, Re B can vary by over an order of magnitude for any given value of , reinforcing previous research showing the ambiguity of Re B . As previously noted in [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF] it is clear that a unique scaling of with Re B is not possible. These results extend that observation to data that includes the influence of rotation.

Concluding Remarks

This paper analyzes scaling properties of homogeneous, decaying and rotating stratified turbulent mixing through the irreversible mixing parameter . A new parametric framework using F r t and Ro t is used to show how the relative magnitudes of rotation and stratification present in geophysical flow regimes of [START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF]; circle: forced DNS [START_REF] Ma Oli | Mixing e ciency in stratified turbulence[END_REF]; square: sheared DNS data [START_REF] Shih | Parameterization of turbulent fluxes and scales using homogeneous sheared stably stratified turbulence simulations[END_REF] the Earth's ocean and atmosphere. DNS data is plotted within the framework using Re B and  as diagnostics of the degree of irreversible turbulent mixing. The di↵usivity ratio  in the simulations are realistic to physical values and is suggested as a more robust parameter than Re B for evaluating the degree of mixing in DNS. Variations in Re B and  for any given value of N/f clearly show that this ratio N/f does not have any unique relationship to the amount of diapycnal mixing in stable RST. Significant variations in the magnitude of both F r t and Ro t for any given N/f are also observed, supporting this conclusion. RST data from this study plotted with non-rotating but stratified DNS data show remarkable agreement in the scaling relationship between the irreversible mixing coe cient and the turbulent Froude number.

Rotation has been clearly observed to influence the large scale flow structures that develop in some geophysical flows and simulations. The inclusion of rotation may also influence kinetic and potential dissipation rates individually. However, rotation does not appear to have a direct influence on their ratio, the irreversible mixing e ciency parameter. Additionally, it is clear from this analysis that existing parameterizations between the irreversible mixing coe cient and the turbulent Froude number F r t are applicable to RST. NA14OAR4320125. Computation and storage of some numerical data was provided by National Center for Atmospheric Research (NCAR), for which we are grateful. NCAR is funded by the National Science Foundation (NSF). RM acknowledges support from the program Programme Avenir Lyon Saint-O'Etienne (PALSE) of the University of Lyon, in the framework of the program Investissements d'Avenir (ANR-11-IDEX-0007), and from the project "DisET" (ANR-17-CE30-0003).

Fig. 1

 1 Fig. 1 Vertical plane visualization of three simulations using the scalar field in the center (y = ⇡) of the periodic box at or near the peak of dissipation rate of teh turbulent kinetic energy. All three simulations have the same rotational frequency (f = 0.04) but the stratification increases from left-to-right, N = 0.2, N = 1.6 and N = 5.5 respectively. The corresponding turbulent Froude number also varies by an order of magnitude between the simulations as a result: F r t = 2.035, F r t = 0.18 and F r t = 0.02. The red-to-blue colors represents the continual change from lighter to heavier fluid

  Fig 1 shows a two-dimensional snapshot of three simulations at or near the peak of dissipation rate of turbulent kinetic energy in the vertical plane at the center (y = ⇡) of the periodic box. This snapshot of the vertical cross-section show the instabilities of the flow using the scalar field for runs 14, 18 and 22. All three of these simulations have the same imposed rotation (f = 0.04) but the stratification increases in the simulations presented from left-to-right. Fig 1a has a buoyancy frequency of N = 0.2 and F r t = 2.035, Fig 1b N = 1.6 and F r t = 0.18 and Fig 1c N = 5.5 and F r t = 0.02. It is clear from these visualizations that the vertical motions in the decrease with increasing stratification.

  Fig 2a shows this evolution of run 14 (dashed lines), run 18 (dash-dot lines) and run 22 (dotted lines), respectively. These are the same simulations visualized in Fig 1. The simulations shown in this subfigure have rotational frequency f = 0.04, but the buoyancy frequency of the respective runs is N = 0.2, N = 1.6 and N = 5.5. As the stratification increases there is a visible increase in the oscillatory transfer of energy between the kinetic (green) and potential (blue) modes. It is also clear that increases in the stratification lowers the turbulent dissipation rate (magenta). Fig 2b shows simulations runs 21, 25 and 29 where the buoyancy frequency of the simulations are similar (N = 3.8 4.0) between the runs and the value for f is varied. Unlike variations of N , variations of f do not significantly influence the behavior of energy or dissipation rate in the simulations. These results are consistent with the results of simulation runs 9, 6 and 8 (not shown here) where N = 1 in all three simulations but rotation of the runs is f = 0.4, f = 0.8 and f = 1 respectively.

Fig. 2

 2 Fig. 2 Temporal simulation evolution of volume integrated kinetic energy k (green), potential energy (blue), and the kinetic energy dissipation rate ✏ (magenta) for runs (a) at a constant rotation f = 0.04 and (b) at similar stratifications, N = 3.8 4.0

Fig 3

 3 Fig 3 plots a portion of time series data from all 30 of the runs analyzed in this study as discrete values. Data plotted for each run shows 12 values of the parameters starting from the peak of dissipation rate of turbulent kinetic energy. These sub-sets of the data are presented in a F r t -Ro t parametric framework. The runs can be easily distinguished. They all evolve from a higher to a lower value of Re B , because of self-similar energy dissipation (see[START_REF] Rorai | Stably stratified turbulence in the presence of large-scale forcing[END_REF] for the purely stratified case). Any given simulation, as expected, follows the lines of constant N/f . Also, the magnitudes of F r t and Ro t evolve over the course of the simulations due to turbulent dissipation. As the magnitudes of Ro t and

Fig. 3

 3 Fig. 3 Time series plots of the runs in a parametric framework using F r t and Ro t . Data is colored by Re B (a) and by the di↵usivity ratio  (b)

Fig. 4

 4 Fig. 4 Irreversible mixing coe cient as a function of turbulent Froude number F r t . The color bar at right indicates values of Re B . Diamond: decaying RST DNS; star: decaying stratified turbulence[START_REF] Garanaik | On the inference of the state of turbulence and mixing e ciency in stably stratified flows[END_REF]; circle: forced DNS[START_REF] Ma Oli | Mixing e ciency in stratified turbulence[END_REF]; square: sheared DNS data[START_REF] Shih | Parameterization of turbulent fluxes and scales using homogeneous sheared stably stratified turbulence simulations[END_REF] 
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