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A NOTE ON THE ONE-DIMENSIONAL CRITICAL POINTS OF THE
AMBROSIO-TORTORELLI FUNCTIONAL

JEAN-FRANCOIS BABADJIAN, VINCENT MILLOT, AND REMY RODIAC

ABSTRACT. This note addresses the question of convergence of critical points of the Ambrosio-Tortorelli
functional in the one-dimensional case under pure Dirichlet boundary conditions. An asymptotic anal-
ysis argument shows the convergence to two possible limits points: either a globally affine function or
a step function with a single jump at the middle point of the space interval, which are both critical
points of the one-dimensional Mumford-Shah functional under a Dirichlet boundary condition. As a
byproduct, non minimizing critical points of the Ambrosio-Tortorelli functional satisfying the energy
convergence assumption as in [2] are proved to exist.

1. INTRODUCTION

This note can be seen as a companion to our paper [2] in which we address the convergence of critical
points of the Ambrosio-Tortorelli functional. We refer to [2] and references therein for motivation on this
topic related to image segmentation [6] or fracture mechanics [3]. We focus here on the one-dimensional
case where the Ambrosio-Tortorelli functional is defined by

L L v —1)2
AT (u,v) ::/0 (776+v2)|u’|2dx+/0 (5v'|2+(4€1)> dz  for all (u,v) € [HY(0,L)]?, (1.1)

where L > 0 and ¢ — 0, 7. — 0 are infinitesimal parameter satisfying 0 < 7. < €. This functional,
originally introduced in [1] can be interpreted as a phase-field regularization of the Mumford-Shah
functional (see [6])

L 2
MS(u) = / W2 dr+ () it {4 ESBYVO.L),
(u,v) — 0 v=1in (0,L), (1.2)
+00 otherwise .

More precisely, it has been proved in [1] that AT, I'-converges in the [L?(0, L)]*-topology as € — 0 to
the Mumford-Shah functional. As a consequence, the fundamental theorem of I'-convergence ensures
the convergence of global minimizers (u.,v:) of AT, (under suitable boundary conditions) to (u,1) as
e — 0 where u € SBV?(0, L) is a global minimizer of MS.

In the present work we address the asymptotic analysis of critical points of the Ambrosio-Tortorelli
functional, i.e. is a solution (ue,v.) of the ordinary differential equation

[(ne +v2)ul] =0 in (0,L),
" 112 ve — 1 :
- e =0 0,L),
evy + velug|* + " in (0,L) (1.3)

u:(0) =0, u(L) =a,
ve(0) = v (L) =1.

If global minimizers always define critical points, the converse might fail due to the non convexity of
AT.. Note also that, in contrast with [4, 5], we consider a pure Dirichlet problem. As in [4] there is a
selection phenomenon of possible accumulation points of (u.,ve).
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According to [2, Remark 1.1], in this setting, a function v € SBV?2(0, L) is a critical point of the
Mumford-Shah functional in SBV?(0, L) if and only if either u(z) = %% for x € [0, L] or u is piecewise
constant with a finite number of jumps J, = {z1,...,2m} with ; € [0,L] for all i = 1,...,m. In the
first case the energy of u is

(L2

MS(u):/OL‘Z‘z de ==,

MS(u) = #(J, N[0, L]) =m.
Thus, if a® < L then u(x) = ax/L is the global minimizer whereas if a> > L then a constant function
with exactly one jump anywhere in the closed interval [0, L] is a global minimizer (if > = L then all
previous functions are global minimizers). In particular, we have

while in the second case

o2
i MS =min< —,15 . 1.4
ool 1,48 =min{ .1} (4

We now consider a family of critical points of AT, i.e., a family {(u.,v:)}eso in [H*(0, L)]? satisfying
(1.3) together with the uniform energy bound

L L (Ua _ 1)2
AT, (uc,ve) = / (e +v2)|ul* dz +/ (e|y;|2 + 46) dr < C. (1.5)
0 0

The following result extends [4, Theorem 2.2] to the case of Dirichlet boundary conditions for
the phase-field variable v. It states that only two critical points of the Mumford-Shah functional are
attainable through this asymptotic analysis procedure: either the affine solution (with no jumps) or the
step function with a single jump at the middle point of the interval (0, L). It also improves [2, Theorem
1.2] in the one-dimensional case since the energy convergence assumption is no longer required.

Theorem 1.1. Let {(uc,v:)}es0 C [H(0,L)]? be a family satisfying (1.3) and (1.5). Then, up to a
subsequence € — 0,

(i) (ue,ve) = (us,1) in [L2(0,L)]? where us € {Ujump, Uatt } with

ax

Ujump = alip/2,1] 5 Ua () = A for all z € [0, L]. (1.6)

i) (e +v2)[ul 2L (0, L) = |[u’|2L1 (0, L) weakly* in M([0, L]),
€ €
1— 2
(iii) |e|vl|* — % — 0 strongly in L'(0, L),
(iv) elv’|2L'L(0,L) = ady weakly* in M([0, L]), with o = 0 or o = 1/2. Moreover, if us = Ujump,
then o = 1/2.

Remark 1.1. We emphasize that we must have o = 1/2 for uy, = Ujump. However, & = 0 does not
necessarily implies that u. = u.g. Indeed a = 1/2 provided v, has a v-jump at L/2 in the terminology
of [4], i.e., as soon as v.(L/2) < /C.e for some constant C, > 0. However it could happen that this
v-jump disappears in the limit and does not create a discontinuity for wu,.

As in [4] we are in presence of a selection phenomenon since critical points of AT, cannot approximate
any critical points of M .S but only specific ones. Here the selection phenomenon is much stronger than
in [4] in the sense that only two critical points «jump and uag of M.S can be reached as limits of critical
points of AT.

We also show the existence of a family of critical points of AT, approximating %jump.

Theorem 1.2. There exists a family {(ue,ve)}eso C [H(0, L)]? satisfying (1.3) and (1.5) such that

(te,ve) = (Ujump, 1) strongly in [L*(0,L)]* as e — 0.
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Remark 1.2. According to Theorem 1.1, we obtain that the family in Theorem 1.2 satisfies the energy
convergence AT (uz,v:) — MS(Ujump). Furthermore, if a® < L, then (1.4) ensures that jump is not a
global minimizer of MS. This shows the existence of non minimizing critical points of AT, satisfying
the assumption of convergence of energy in [2, Theorem 1.2].

2. PRELIMINARY ESTIMATES
We start by using the first equation in (1.3) to find a constant ¢. € R such that
(e +v2)uz = ce (2.1)

which implies that «. has a constant sign. Since we assume u.(0) = 0 and u.(L) = a > 0, we deduce
that 4. > 0 and ¢, > 0. Then the second equation in (1.3) can be rewritten as

2

CZVe ve — 1
=0. 2.2

O = >

We observe that, thanks to the energy bound (1.5),

4
—ev, +

L L
ac. — / e do = / (e + vA)ll|? d < AT (uz,v2) < O,
0 0

hence {c}e~o is bounded and, up to a subsequence, we can assume that
Ce = Cp - (2.3)
As in [4, Lemma 3.2] (and using [2, Proposition 4.1]), we have the following result.

Lemma 2.1. Let {(uc,ve)}es0 C [HY(0,L))? satisfying (1.3) and (1.5). Then, up to a subsequence,
(te,ve) = (ux, 1) strongly in [L?(0, L)]? with u., € SBV?(0,L). Furthermore, u. — ¢y a.e. in (0, L),
|Du|((0,L)) < a and cg < a/L.

In the one-dimensional setting, the Noether type conservation law of [2, Proposition 4.2] reads as

1—v.)2 !
(“4%) —e|vl]? = (ne + v?)ﬂ’f) =01in (0,L),
£

and it implies the existence of a constant d. € R, sometimes called discrepancy, such that
(1—v.)2

4e

Thanks to the energy bound (1.5), it is easy to see that {d.}.>0 is a bounded sequence, and thus (up
to a further subsequence)

—elve? = (e +v2)|uz® = de . (2.4)

da — do . (25)
It also ensures the following uniform bounds (see [4, Lemma 3.4]).

Lemma 2.2. Fore > 0 small enough,

2
||u</€HL°°(O L) S ’ ||/U(/€HL°°(O L) S
) \/% )

[

Moreover, if co > 0, then the following refined estimates hold

CO\E

2
’ .
||’U’EHL00(0}L) < 0076, [T(I){ILI}UE > 5

We next show the following strong maximum principle.

Lemma 2.3. Let (uc,v.) € [H(0,L)]? satisfying (1.3), then 0 < v. < 1 in (0,L).
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Proof. Let x¢ be a minimum point of v, in [0, L]. If v.(xg) = 1, using that 0 < v, < 1, we deduce that
ve = 1in [0, L]. Inserting into the second equation of (1.3), we find that u. is a constant function in
[0, L] which is in contradiction with u.(0) = 0 and u.(L) = a > 0. As a consequence of the Dirichlet
boundary condition for v., we have o € (0,L) and thus v”(zg) > 0. If v.(xg) = 0, using again
the second equation in (1.3) we find that —ev”(z9) = ;= > 0 which is a contradiction. Therefore,
Ve > ve(xg) > 0in (0, L).

Likewise, let 1 be a maximum point of v, in [0, L]. If 21 € (0, L) and v.(z1) = 1, then we use that
v/ (z1) < 0 together with (2.2) to obtain that ¢ = 0. This implies by (2.1) that u. = 0 which is a
contradiction since u.(0) = 0 and u.(L) = a > 0. It shows again that v. < 1 in (0, L). O

The selection phenomenon already observed in [4] is due to the following symmetry property which
is similar to [4, Lemma 4.1].

Proposition 2.1. Let {(uc,v:)}eso be a family in [H(0,L)]? satisfying (1.3) and (1.5). Then v.
possesses a unique critical point in (0, L) located at L/2, which is a minimum of ve on [0, L]. Moreover,
ve is decreasing in (0,L/2), increasing in (L/2,L) and the graph of v. is symmetric with respect to the
vertical line x = L/2.

Proof. From Lemma 2.3, v. cannot be identically constant equal to 1. Thus by Rolle’s theorem, v,
admits critical points in (0, L).
Let xo € (0, L) be an arbitrary critical point of v, in (0, L). If 29 € (0, L/2) then the function

B(z) = {UE(JJ) if z € (0, o]

ve(2xg — ) if x € (xg, 270)

is a solution of (2.2) in the interval (0,2x0). In particular, v. and o, are two solutions of an ODE
of the form v/ = f.(z,v.) in (z0,270) for some function f. of class €2 with v.(z¢) = ¥-(x) and
vl(zg) = vL(x0) = 0. Cauchy-Lipschitz Theorem yields in turn that v. = ¥, in (z¢, 2x9). In particular,
ve(229) = v-(0) = 1 which contradicts Lemma 2.3 since 229 € (0,L). Thus zy € [L/2,L) and a
symmetric argument shows that zg € (0, L/2]. Finally, the only possibility left is o = L/2.

In particular, ve admits a unique critical point in (0, L) at the point L/2, which must be a minimum
of v, on [0, L]. Moreover, the graph of v, is symmetric with respect to the vertical line {z = L/2}.
Since v, is a smooth function satisfying v.(0) = 1, v.(L/2) < 1 and v # 0 in (0, L/2), we deduce that
v is decreasing in (0, L/2). By symmetry v, is increasing in (L/2, L). O

A crucial step in the proof of Theorem 1.1 is the following characterization of possible limiting slopes
¢o in (2.3), which strongly rests on the symmetry property of v.. We refer to [4, Lemma 4.4] for the
proof.

Lemma 2.4. The limiting slope cy in (2.3) satisfies that either co =0 or ¢g = a/L.
Using that u. = nﬁv? in (2.4), we find that
(1—v.)2 2
4e

712

—elv|* — =d..
el = 2, +o2 T

Thus, since v. < 1 and ¢. and d. are bounded, we obtain that, for some constant C, > 0 independent

of €,

v?(L/Q)(l - US(L/z))2 < (ng n vg(L/z)) (1 - UE(L/z))2 < C.e.

This implies, thanks to the study of the function X + X2(1 — X)? on [0, 1], that

either v, <§> >1-— \/Ci*s or v (g) </ Cie.
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In the latter case, L/2 corresponds to a so-called v-jump according to the terminology of [4]. The
previous dichotomy implies that either v. converges uniformly to 1 or there exists exactly one v-jump
which is a minimum of v, located at L/2.

3. PROOF OF THEOREM 1.1

We are now ready to prove items i) and ii) of Theorem 1.1, i.e., the selection principle for limit of
critical points of AT, and the convergence of the bulk energy.

Proof of i) and i) in Theorem 1.1. Step 1. Assume first that v.(L/2) > 1—+/C,e. Then we have that
0 <1—wv. <+/Cie — 0 uniformly in [0, L]. For ¢ small enough we also have that v. > 1/2 so that the
energy bound (1.5) yields

1

L L
5/ |u/5|2d:c§/ (e +v2)|ul|*dz < C.
0 0

Since {u.}e>o is bounded in H'(0, L) up to a subsequence we have that u. — u, weakly in H*(0, L)
with u, € H'(0,L). We can pass to the limit in the first equation of (2.1) using (2.3) to obtain that
ul, = ¢ in (0, L). Since u.(0) = 0 and u.(L) = a we find that u, = u.g and ¢g = a/L. Moreover,
thanks to the uniform convergence of v,

L L L L L
lim |ul|? dz = lim / (ne +v3)ul? dz = lim CE/ uldz = co/ uLg do = / lul | da .
0 e—0 0 e—0 0 0 0

e—0
It yields ue — uag strongly in H'(0, L) and, in particular (9. + v2)|ul|? — |ul4|? strongly in L(0, L),
hence also weakly* in M([0, L]).

Step 2. Assume now that v. (£) < \/Cie. We first notice that u.(L/2) = a/2. Indeed, thanks to
the symmetry property of v. and a change of variables, we find that

L Lo, Lz I
a:/ u'de:/ - dx:Z/ = dr = 2u. <> . (3.1)
0 0 MetvZ 0o MetvZ 2

We next claim that for each 0 < § < L/2, the function v, — 1 uniformly on [0, §]. To this purpose,
define A. := {z € (0,L) : v.(z) < 1—¢'/*}. By the monotonicity properties of v, the set A, is a
closed interval centered in L/2. Thanks to the energy bound (1.5),

L1 . \2 1
0

e - gl/2

which implies that
L
diam(A.) < Ce'/? < 50
for € small enough. Hence A, N[0,d] = () for € small. In particular v. — 1 uniformly on [0, d], and then

ul = ﬁsjf’llg — ¢o uniformly on [0, 6]. We deduce that

ue(x) = / ul(t) dt — cox uniformly with respect to z € [0, 4] .
0

Thus u.(z) — cox for a.e. € (0, %), and we prove in the same way that u.(z) — a — co(L — z) for a.e.
T € (57 L). Since ¢y =0 or ¢y = a/L by Lemma 2.4, then we find that either u, = Ujump OF Usx = Uag
(see (1.6)). Observe that the case u, = ujump only occurs in the case v.(L/2) < /Cie.

We finally show the convergence of the bulk energy. From the first equation in (1.3) we can write
that (9. + v2)|ul|? = ccul. Thus, for all ¢ € €>°(R),

L L L L
/ (ne + v ulPode = cg/ ulpdr = —ce/ us' dz + ccap(L) — —co/ us’ dz + coap(L) .
0 0 0 0
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If ¢y = 0, then u, = Ujump and ugump = 0. We thus get in that case,

L L
o / ujumpcp/ dz + Co(l(p(L) =0= / |uJ{ump|2<p dz.
0 0

If ¢cg = a/L, then u, = u,g and thus

L L L
a
—Co/ Uar ' dz + coap(L) = f/ Upgp dz = / g P da .
0 0 0
In any case, we obtain
L L
| o el Peds o [t Peds,
0 0
which proves the announced items i) and ii). O

From now on, the function u stands for either %.g or %jump. The argument in the previous proof
actually shows that u = uag if co = a/L, while u = ujump if co = 0.

At this stage, it remains to show the equipartition of energy and the convergence of the diffuse
surface energy (points iii) and iv) in Theorem 1.1). The key argument is the following result stating
that there is very few diffuse surface energy far way from L/2, the only possible limit jump point. The
proof is an adaptation of [4, Lemma 6.1].

Lemma 3.1. For every compact set K C [0,L]\ {L/2}, there exists a constant Cx > 0 such that

1— 2
/ (6v;|2 + (UE)> dr < Opel/*.
e 4e

Proof. We already know that the set A, := {z € (0,L) : v.(z) < 1—¢'/*}is a closed interval centred at
L/2 with diam(A.) < C/e. Let § < 1dist(L/2, K). Ife > 0 is small enough then A, C [L/2—6, L/2+4],
hence K N A = 0. Since K C V5 :=[0,L]\ [L/2 — 6, L/2 + 4], it suffices to show that

1—.)?
/ (ev;|2+(4”)> dz < Cge'/?.
Vs €

We multiply the second equation in (1.3) by v. — 1 € HJ(0, L) and we integrate by parts to obtain
e 1 2
[ (e L) o et - pyentz2 -9 - 1)
Vs 4e

— eVl (L)2+ 8)(va(L/2 + 6) — 1) + /V m

By definition of A, and Vs, we have |1 —v.| < e!/4 on V5. Using further the gradient bound for v, in

Lemma 2.2, we find that
—1)2
/ (5v2|2 + (vs)> dz < Cge'/*,
Vs 4e

which completes the proof of the lemma. O

Arguing as in [4, Lemma 6.3], we also have the following result which relates the limit slope ¢y to
the limit dy (respectively defined in (2.3) and (2.5)).

Lemma 3.2. The real numbers cy and dg satisfy do + 0(2) =0.

We are now in position to complete the proof of Theorem 1.1.
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Proof of iii) and iv) in Theorem 1.1. Step 1. Let us consider the function

(ve = 1)° 112 241,72 ’ 2
T _E|U5| = dE + (775—1_1]5)‘“&‘ = dE—I—cEU’E :dE + 776"'”3 :

Je =
If s = Ujump, then
L
| s o,
0

hence c.a = c. fOL uldz = fOL(nE +v2)|ul|?dz — 0. It shows that ¢y = 0 and thus dy = 0 owing to
Lemma 3.2. We thus infer that

/L (ve —1)°
0 4e

Assume next that u, = u.g. In that case, we have

L
A<m+ﬁm@%xﬁm

and the same argument as before shows that ¢y # 0. Then dy # 0 by Lemma 3.2. In particular d. # 0
for € > 0 small enough. The function f. reaches its maximum when v, is minimal, i.e., at the point
L/2. Since L/2 is a critical point of v., we have

—ewl*| dz — 0.

(ve(L/2) — 1)?
= fo(L)2) = ——F—"F"——>0.
max fe = fe(L/2) " >0
Similarly, f. reaches its minimum when v, attains its maximum. Since v, is maximal on the boundary
with v¢(0) = v.(L) = 1 we find that
min f. = f:(0) = —e[vz(0)]* < 0.
As a consequence, there exists s. € (0, L/2) such that f.(sc) =0. From Lemma 3.2, it follows that
2 2

C C,
2 g 2 =1,

V) = —n— = oD =

Up to a subsequence, there exists s € [0, L/2] such that s. — so. By monotonicity of v., we get that
veljo,s.] = ljo,s0] fOr a.e. s € (0, L/2). Hence using again Lemma 3.2,

2

Se S0
dese + ceuc(se) = (ds y G 2) dx — / (do+c2)dz =0. (3.2)
0 Ne + V2 0

Using the symmetry of v., (3.1) and (3.2), we compute

L _1)2 L L/2
JE— do = [Cirlae=2 [ |fla
0 0 0

4e
L)2

- —Q/Efedx+2 fodae
0

Se

= (S s (4) -2

— Ld0+Coa:0.

— eluzf?

It completes the proof of the equipartition of energy.

Step 2. We finally show the convergence of the diffuse surface energy. According to Lemma 3.1, we

have )
<e|vg|2 + (04_51)> LY(0,L) = weakly™ in M([0, L]),
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for some nonnegative measure 1 € M([0, L]) supported on {L/2}, and thus of the form p = cdr, /o with
¢ > 0. On the one hand, since p is concentrated at L/2, we have
1 2
) > dx .

: . r2, (e —
¢ = p((0, L)) = lim ; efv] t—

On the other hand, the equipartition of energy ensures that

L 2 L 2
IS 1 1 - Ve
/o (5|v;|2 + 7(1) " ) A 1)5)) dz = /0 <\/§v;| - 2\[2 ) dz

S/L 11— v, |?
0

4e
Since v, < 0 on (0,L/2) and v. > 0 on (L/2,L), by symmetry of v. with respect to the vertical axis
{z = L/2}, we have

glvl)? — dz —0.

L L2
/ |v;|(1—v5)da:=—2/ o (1 —v)de = (1— v.(L/2))2.
0 0

If v.(L/2) < /Cie, then ¢ = 1 and p = 619, while if v.(L/2) > 1 — /Cie, then ¢ = 0 and p = 0.
Using again the equipartition of energy, we infer that

el 2L L(0,L) = g(sm weakly* in M([0, L]),

so that the desired convergence holds with a = § € {0, %} If vy = Ujump, then we must have
ve(L/2) < \/Cie, and it follows that & = 1/2 in that case. O

4. PROOF OF THEOREM 1.2

This section is devoted to prove Theorem 1.2, following again arguments similar to those of [4,
Section 5]. By the symmetry properties of Theorem 1.1 it suffices to construct a critical point (uc,ve)
of AT, in (0, L/2) such that v.(0) =1, vL(L/2) = 0, u-(0) = 0 and u.(L/2) = a/2.

To this aim, let a € (0, 1) independent of ¢, and set

V= {v € H'(0,L/2): v(0)=1, v (5) < a} :

L
B::{(u,v)EHl(O,L/2)><V: u(0) =0, u<2> (21}
For (u,v) € Band 0 <r < s < L/2, we define the localized bulk and diffuse surface energies by
) 2) 12 e, (L=v)?
E(u,vsrys) = | (ne +v°) | |*de,  Fo(vyr,s) = elv’|2 + = dz,

and the Ambrosio-Tortorelli energy localized on (0, L/2) by

AT (u,v) = E-(u,v;0, L/2) + F-(v;0,L/2) .
The following result has been established in [4, Section 5].
Lemma 4.1. For all x1, z2 and x3 € (0,L/2) we have
Fu(vs1,25) > |®(0(a1)) + D((0(z3)) — 2B(u(z2))]
with ®(t) =t — t2/2.
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Using the monotone increasing character of ® on [0, 1] and choosing z; = z2 = 0 and xz3 = L/2, we

get for all v € V
7 (w0.5) zem - (v(5)) 2 5 - #@. (+1)

Moreover, arguing as in [4, Section 5], we can show the existence of a minimizer (u.,v.) over B of 1/4\7/“5
such that

lim sup ﬁs (ue,ve) <

e—0

. (4.2)

DN | =

We will show that, for a convenient choice of o € (0,1), such a minimizer is a critical point of
AT, with the desired boundary conditions. The proof of the following result is similar to that of [4,
Lemma 5.1 & Proposition 5.2].

Lemma 4.2. There exists a € (0,1) independent of € > 0 such that if (ue,v:) is a minimizer over B

of AT ., then it is a critical point of AT with vl (L/2) =0 for € small enough.

Proof. Tt is sufficient to show the existence of « € (0, 1), independent of €, such that if (ue,v:) is a
minimizer over B of AT, then v.(L/2) < . Indeed, in that case the minimizer (u.,v.) belongs to the
interior of B and variations of the form (u. + t¢, v. +t)) with ¢ € €>°((0, L/2)) and ¢ € €°((0, L/2])
are allowed. Let a € (0, 1) small enough so that

a2

T~ 28(a) > 0. (4.3)
Assume by contradiction that there exists e; — 0 such that v.,(L/2) = « for all j € N. Then consider

the sequence
aj = xe%,iil/Q] ve, (2) <
Applying Lemma 4.1 with z; = 0,73 = L/2 and x5 = y; where v.,(y;) = o] leads to

Z\fﬁj (ue,, ve,) = % + ®(a) — 29(aj).

We claim that for all j € N,

)
2(a) ~ 20(a)) > 2 > 0. (4.4
Provided the claim is proved, we infer from (4.2) that
1 — 1 @
g 2 fmsup AT (e, > 5 + ),

which is a contradiction since ®(«) > 0. We are now reduced to show (4.4).

Proof of the Claim. Let oy € (0,) be such that ®(a) > 4®(c;) and assume by contradiction
that ve, (z) > oy for all 2 € [0,L/2]. Using variations with compact support in (0, L/2), we get that
(ue;,ve,) solves

!
(ngj + vgj)u;j) =0 in (0,1/2),
" ;2 , Vg — 1 .
—€50¢, + ve, lug, |7 + = 0 in (0,L/2).
J

From the first equation we obtain that ul (1., + vgj) = ¢; a.e. in (0, L/2), for some constant ¢; € R.
The upper bound (4.2) shows that v., — 1 in L?*(0,L/2) and

. L/2 L/2 ac
ATEj (u€j7v€j) Z / (nifj + U?],)‘U;j|2d$ = / cjulsj d.’l? = 7] :
0 0
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It implies that {c;};en is bounded so that, up to a subsequence, ¢; — ¢ for some ¢y € R. Since
ve; > ai, we deduce that {u;j }jen is bounded in L>°(0, L/2). Then Lebesgue’s dominated convergence

yields
a L/2 L)2 . L/2
7:/ ulg_dx:/ - 2d:];‘—>/ codx,
2 0 ’ 0o Me; TV 0

so that ¢g = a/L. Now,
L/2 L/2 a2
liminf/ (Ne; +v§v)\u’€_|2dz:hminf/ cju. dor = cpa = —,
0 J J J L

Jj—o0 j—oo Jo

and thus, by (4.1) and (4.2),

L AT, ( )>a2+1 B()
— > limsu (e, , Ve, — + - — d(«
9 = jﬁoop ej\Vejr Vej) = 9 ’
which is in contradiction with (4.3).
We have thus proved by contradiction that minj r /9 ve; = af < aj. Since we assumed that
() > 4®(a;) > 4®(aj), we infer that (4.4) is satisfied. O

We can now conclude the proof of Theorem 1.2.
Proof of Theorem 1.2. Let (uc,v:) € B and o € (0,1) given by Lemma 4.2 (see (4.3)) so that (uc,ve)
satisfies ,

(e +v2)) =0 in (0,L/2),

Ve —
4e

ue(0) =0, us(L/2) = a/2,

v:(0) =0, v.(L/2) =0.

By the first equation, there exists ¢, € R such that u. =

1
—ev! 4+ v |ul]? + =0 in (0,L/2),

Ce
715+U§ :
with respect to the vertical axis {x = L/2}, we obtain a function (still denoted by v.) which belongs

to H'(0, L) with v.(0) = v.(L) = 1 (this reflexion argument is possible since v.(L/2) = 0). Note that
the boundary conditions satisfied by u. implies

a Lz qg - L dz -
Ce = = / 2 =a / 2 ’
2\Jo metuZ 0o Me T Vg

where the last equality holds because v, is symmetric with respect to the vertical axis {x = L/2}. The
function u, is extended to (0, L) (into a function still denoted by uc) by setting

T ce
ue(x) = /(; 7775 20 dt.

(e +e2)uz) =0 in (0,1).
ve — 1
4e
u:(0) =0, u.(L) =a,

Extending v. to (0, L) by symmetry

By construction, (u.,ve) solves

—ev! + ve|ul]® +

=0 in(0,L),

v:(0) = v (L) =0.
Moreover, the symmetry properties of u. and v. together with a change of variable yield

lim sup AT (ue, ve) = 21imsup/A\f€(u6,v5) <l1. (4.5)

e—0 e—0
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By Theorem 1.1, up to a subsequence, (ue,v:) — (ux, 1) in [L2(0, L)]? where w. € {Ujump, Uafr }. Assume
by contraction that u, = u.g. According to [2, Proposition 4.1], we have

a2 L
& limi 21/ 12 dir . .
7 < liminf ; (M + vZ)|ug|” dz (4.6)
By (4.1) together with a change of variable and the symmetry property of v, we obtain
L 2
. . 712 (1 - UE) . . L
A = 0,2 ) >1— . .
hg(l)lf/o <5|va + = ) dz 211£I1ﬂ1(1)1f}'€ (UE,O, 2) >1-2%(a) (4.7
Combining (4.5), (4.6) and (4.7) leads to a?/L — ®(«) < 0, which is in contradiction with our choice of
a in (4.3). Therefore u, = wjump, and the proof is complete. O
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