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We construct a finite element approximation of a strain-limiting elastic model on a bounded open domain
inRY, d € {2,3}. The sequence of finite element approximations is shown to exhibit strong convergence
to the unique weak solution of the model. A rate of convergence for the sequence of finite element
approximations is shown provided that the material parameters featuring in the model are Lipschitz
continuous and that the exact solution possesses additional regularity. A rate of convergence for the
sequence of finite element approximations is shown provided that the material parameters featuring
in the model are Lipschitz continuous and that the exact solution possesses additional regularity. An
iterative algorithm is constructed for the solution of the system of nonlinear algebraic equations that
arises from the finite element approximation. An appealing feature of the iterative algorithm is that it
decouples the monotone and linear elastic parts of the nonlinearity in the model. In particular, our choice
of piecewise constant approximation for the stress tensor (and continuous piecewise linear approximation
for the displacement) allows us to compute the monotone part of the nonlinearity by solving an algebraic
system with d(d 4 1) /2 unknowns independently on each element in the subdivision of the computational
domain. The theoretical results are illustrated by numerical experiments.

Keywords: strain-limiting elastic model; finite element method; convergence; decoupled iterative
method.

1. Introduction and statement of the problem

Until recently, the term elasticity referred to Cauchy elasticity, and within such a theory, strain-limiting
models are not possible. Motivated by the work of Rajagopal discussed in Malek et al. (1996), see
also Rajagopal (2003, 2007), the objective of this paper is to design, analyze and implement numerical
approximations of models that fall outside the realm of classical Cauchy elasticity. These models are
implicit and nonlinear, and are referred to as strain limiting because they permit the linearized strain
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30 A.BONITO ET AL.

to remain bounded even when the stress is very large, a property that cannot be guaranteed within the
framework of standard elastic or nonlinear elastic models.

On a bounded domain 2 C Rd, d € {2,3}, and for a given external force f : 2 — R? we consider
the nonlinear elastic model

—div(T) =f  in £, (1.1)

where the symmetric stress tensor T is related to the strain tensor (u) := %(Vu + (Vu)T), for a given
displacement vector u, via a nonlinear constitutive relation of the form

g(u) = A(Tr(M)Tr(DI 4+ n(TIPT?  in 2. (1.2)

Here A € CO(R) and u € CO([0, +00)) are given functions and TY denotes the deviatoric part of the
tensor T, defined by

d._m_1
T¢:=T— ~Te(DL

Additional assumptions on A and u are required (see (A1-A4) below), which guarantee that, in
particular, the right-hand side of (1.2) is a monotone operator applied to T. This strain-limiting model
is used to describe, for example, the behavior of brittle materials in the vicinity of fracture tips, or in the
neighborhood of concentrated loads, where there is concentration of stress even though the magnitude
of the strain tensor is limited. The model itself is derived and analyzed in the work of Bulicek ef al.
(2014); some of the ideas introduced in Bulicek et al. (2014) will also be used in the numerical analysis
developed in the sequel. Of course, there are several strain-limiting models: the reader will find other
models in Bulicek et al. (2014) and the references quoted therein. This being the first effort though
to construct and rigorously analyze a numerical algorithm for a strain-limiting elastic model, we shall
confine ourselves to the model (1.1), (1.2).

The analysis of the model (1.1), (1.2) is far from trivial because the operator involved, although
monotone, lacks coercivity. Bulicek er al. (2014) show the existence of a weak solution to the problem
by first regularizing (1.2) with the addition of an appropriate coercive term,

Tr(T)I Td
AT\ =5 nd) =5

see (3.2), eventually providing a control of T in L1 (§2)4%4 Tt is then shown in Bulitek er al. (2014)

that, as n — o0, the limit of the sequence of solutions to the regularized system satisfies the original
problem. This nonlinear regularization is necessary in order to be able to cope with possibly rough data
f. However, for smoother data, the simpler linear regularization %T has been used in Bulicek et al.
(2014) to recover additional regularity of the solution; see (6.3).

The same framework is used here in the discrete case. More precisely, the regularized problems
(3.2) and (6.3) are discretized by means of a simple finite element scheme: for instance, on simplices, by
discontinuous piecewise P, elements for each component of the stress tensor T, and globally continuous,
piecewise P, elements for each component of the displacement vector u; see (5.3) and (6.10). It is
worth noting here that for quadrilateral subdivisions of the domain £2, the corresponding (Q,, Q;)
stress/displacement pair of finite element spaces is (inf-sup) unstable, and discontinuous polynomials of
degree 1 in each direction should be selected for the stress approximations instead of O, elements so as
to restore (inf-sup) stability; see Sections 5.3 and 5.4. Convergence to the exact solution is established by
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 31

first passing to the limit as the mesh size tends to zero, for a fixed value of the regularization parameter
n, and then we let n tend to infinity. For rough data, the delicate part in the approximation of (3.2) is the
derivation of a suitable rate of convergence for the approximation error. The difficulty stems from the
lack of a meaningful error bound in a standard Lebesgue norm. Our analysis therefore relies on modular
forms and associated Orlicz norms (see Theorem 5.5 and the subsequent discussion). For smoother
data, the %T regularization mentioned above can be used, and the numerical analysis of (6.10) is then
somewhat simpler because estimates for the stress, for the regularized problem at least, are naturally
obtained in LQ(Q)‘JX‘I (see Theorem 6.2) instead of L, (£2)4%4 (or L1 (§2)4x4),

The proposed finite element discretizations (5.3) and (6.10) yield nonlinear systems with constraints.
Since the nonlinear operator is the sum of a monotone and a coercive operator, we take advantage of
the algorithm developed in Lions & Mercier (1979) to decouple these two parts: the unconstrained
monotone system is solved first, followed by solving a constrained coercive system. As the stress
tensor is potentially discontinuous, its simplest possible discretization is, as was suggested above, by
means of a piecewise constant approximation on simplices; thus, the associated nonlinearity can be
resolved element by element. We establish convergence of this splitting algorithm when applied to (6.10)
(see Theorem 7.1). When applied to (5.3), the rigorous proof of convergence of the splitting algorithm
is an open problem, although our numerical experiments at least appear to indicate that the splitting
algorithm may well be convergent in this case as well.

1.1 Setting of the problem

We consider the system (1.1), (1.2) and describe the assumptions required on A and w. In addition to
A e COR) and u € CO([0,4+00)), we assume that s € R — A(s)s € C(R). Complementing these
regularity hypotheses we assume that A and p satisfy, for some positive constants C;, C,, x and ¢, the
following inequalities:

2

Cis 2
< A(s)s” < Cls Vs eR, Al
K+|S|_()_2|I (AD)
Cls2 5
< <C \ R.,, A2
s SHEST =G s€Ry (A2)
d
0 < —(A(s)s) Vs e R, (A3)
ds

W < ds (/L(S)S) Vs e R>0. (A4)

We note that, using the continuity of A, the first inequality in assumption (A1) implies that A(s) > 0
when s # 0 and A(s) > O for s € R. In addition, now using the second inequality in (A1), we have

[A(s)s| = A(s)]s] < C, Vs eR. (1.3)
The same argument applied to the function u gives u(s) > 0 when s > 0, and

wis) >0, pl)s<C, Vs € Ry,,. (1.4)
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32 A.BONITO ET AL.

In particular, these assumptions guarantee that the system will exhibit finite strain only (see
Theorem 2.1 below). At this point we also recall a result from Mdlek et al. (1996) (see also
Bulicek et al. (2014), Lemma 4.1), which will play a crucial role in the subsequent analysis.

Under assumptions (A 1-A4) stated above, there exists a positive constant C such that the following

inequalities hold for all R, R, € Rg;;f (the set of all d x d symmetric matrices with real-valued entries):
(4R, DR, — w(RyDRy) : (R, —Ry) > ¢— R —Ral” (15)
(k + IR | 4 [Ry[)IH
la 1a |2
(R DRy — i1(IRyDR;) : (R; — Ry) > C‘(K +IRD T =+ RN 7|, (1.6)
(MTrR)Tr(R)) — A(Tr(Ry)Tr(Ry)) (Tr(R)) — Tr(R,)) > 0. (1.7)
If, in addition,
d
0< E()L(s)s) Vs e R, (A3)
s
then, for all R|,R, € Rfyﬁ such that Tr(R;) # Tr(R,), we have
(k(Tr(Rl))Tr(Rl) - A(Tr(Rz))Tr(RZ)) (Tr(R)) — Tr(R,)) > 0. (1.8)

The system (1.1), (1.2) is supplemented with the boundary conditions
u=g ondpf2 and Tv =4£ ondy$2,

where the boundary of £2 is decomposed into two parts, 352 and 9y §2, with 952 N dy§2 = @ and
0p82 U 0y 82 = 9£2, v is the outward-pointing unit normal to 952, g : 982 — Réisa given displacement
on 3,62 and £ : 32 — R? is a given traction force on 9y £2.

1.2 Notation

We shall suppose for the rest of this section that 2 is a bounded simply connected John domain; see, for
instance, Acosta et al. (2006) or Jiang & Kauranen (2017). Henceforth, L (§2) and wkp (£2) will denote
the standard Lebesgue and Sobolev spaces, and the corresponding spaces of d-component vector-valued
functions and symmetric (d x d)-component tensor-valued functions will be denoted, respectively by

Lp(.Q)d, LP(Q)gy’:I‘f and WkP(2)4, wkr (Q)gﬁf. In order to characterize displacements that vanish on

the boundary, 952, of £2, we consider for p € [1, 00) the Sobolev space W(l)’p (£2), defined as the closure
of the linear space C;°(£2), consisting of infinitely many times continuously differentiable functions
with compact support in §2, in the norm of the space W' (£2):

W) = e,
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 33

We recall the Poincaré and Korn inequalities, which for each p € (1, 00) assert the existence of
positive constants Sp and IC[, such that, respectively (cf. Jiang & Kauranen, 2017, Theorem 1.5),

L
W) < S IV Vv e WoP(92), (1.9)

L
1YVl @) < K, Ml ) ¥V e Wo(2)%. (1.10)

By combining inequalities (1.10) and (1.9) we obtain the inequality

L, d
V0 < CrpleMli @y ¥ve W (@), (1.11)
with Cx , = §,K, > 0.

For any two symmetric d X d tensors S = (Sij) and T = (T,-j) we shall use a colon to denote their
contraction product,

d d
S:T=> > 57T,

i=1 j=1

so that the Frobenius norm of S reads
IS>P=S:S =Tr(S?.

It is then easy to show

1
ISIZ = 1S4 + EITr(S)IZ <SP +ITrS)1* VS eRYY, (1.12)
which implies
S| < 18U+ [Tr(S)] VS e REY. (1.13)
Conversely,
ITr(S)| + 8% < V2dIS| VS e RYYY, (1.14)

since, by elementary inequalities and by noting the equality stated in (1.12),

1
ITr(S)| + |SY] < «/E(%lm(sn + |Sd|) <2d (ém(sn2 + |sd|2)2 =+/2d|S|.

Moreover, for any non-negative real numbers a and b, and for any p > 1 and 8 € (0, 1], we have
@+ b > 2P+ by =217 (@ 4 0D)E = 21O + )1
Thus, by taking a = |Tr(S)|, b = |Sd| and 8 = 1, we have by (1.12) that, for any p > 1,

217PISPP < | Te(S)IP + ISP (1.15)
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34 A.BONITO ET AL.

The remainder of this article is organized as follows. The problem is set into variational form in
Section 2 and the associated existence and uniqueness results are recalled. Sections 3 and 4 are devoted
to the analysis of the sequence of regularized problems (3.2) that will be discretized by finite elements
in Section 5; this includes a priori estimates, convergence and identification of the limit. The simpler
analysis of (6.3) is sketched in Section 6. In Section 7 we present an iterative algorithm that dissociates
the computation of the nonlinearity from the elastic constraint, and we prove its convergence when
applied to (6.10). In Section 8 we report numerical experiments aimed at assessing the performance of
the iterative algorithm and the discretization scheme.

2. Weak formulation

We begin by recalling Bulicek er al. (2014, Theorem 4.3), which guarantees the existence and
uniqueness of a solution to problem (1.1), (1.2) in the case when 0,2 = 952 and g = 0.

When the Neumann part of the boundary dy £2 is nonempty, the structure of the solution is potentially
much more complicated. It was shown in Beck et al. (2017) that, in general, the solution in that case
belongs to the space of Radon measures, but if the problem is equipped with a so-called asymptotic radial
structure, then the solution can in fact be understood as a standard weak solution, with one proviso:
the attainment of the boundary value is penalized by a measure supported on 9y 2. For simplicity,
in this initial effort to construct a provably convergent numerical algorithm for the problem under
consideration, we shall therefore suppose henceforth that 9,2 = 92 (i.e., dy2 = @) and that the
Dirichlet boundary datum is g = 0 on 952.

THEOREM 2.1 (Bulicek et al., 2014, Theorem 4.3). Assume that 9y £2 = @ and that A, u satisfy (A1-A4)
with 0 < @ < 1/d; then the following statements hold:

(a) Assume that f = —div(F) for F € w#! (Q)g’yxrgf with B € (ad, 1). Then there exists a pair (T, u)
such that

T e L ()4,

ue W,” (@)% Vpell,o0),

e(u) e Loo(.Q)dXd

sym

is a weak solution in the sense that it satisfies
/ T:s(w)dx:/ F:e(w)dx VweD(Q)d, 2.1
Q Q

where D(2)? := (O (£2)4, and the nonlinear relationship between the strain € (u) and the stress
T stated in (1.2) holds almost everywhere in £2.

(b) Moreover, if £2 has a continuous boundary, then equality (2.1) holds for all w € Wé’l (£2)4 such
that (W) € L. (£2)%xd

sym *

(¢) In addition, u is unique and if X satisfies assumption (A3’), then T is also unique.
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 35

(d) Furthermore, if F belongs to W>2(£2)4*? then T Wl’q(.Q)dXd with

sym loc sym
._ 2(d=2)(1+a)
q —2—m ford23,
€ [1,2), arbitrary for d = 2.

REMARK 2.2 We note in connection with part (d) of the above theorem that when d = 3 then

14+«

=2
1 2—«a

6

is a monotonic decreasing function of . Thus, as 0 < o < 1 we have 3<g< %

3

3. Analysis of a regularized problem

The proof of existence of weak solutions to the problem is based on constructing a sequence of solutions
to a regularized problem, where the original stress—strain relationship (1.2) is modified to become

Tr(T)I Td

e(m) = A(Tr(THTr(DI + w(TPT + - =
a|Te(T)|'~%  n|TY) 2

3.1)

here n € N (where N denotes the set of all positive integers) is a regularization parameter, which we
shall ultimately send to the limit n — oo.

Following this idea, we study in this work the finite element approximation of this regularized
problem, stated in the following variational form: find (T, u,) € M, x X, satisfying

a,(T,,8) 4+ ¢(T,;T,,S) — b(S,u,) =0 vSeM,,
(3.2)
b(Tn,V):/ F:e(v)dx vveX,
2
where
d
a, (T, S) = 1/ T T ).sax,
2 \|Te(m)|'=n T
¢(T:R,S) := / (A(Tr(T))Tr(R)I+pL(ITdI)Rd):de,
2
b(S,v) ::/ S:e(v)dx
2
and

M, ==L, 1(2)4xd X, = Ww,"T @294, neN

sym »
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36 A.BONITO ET AL.

Motivated by the form of the expression appearing on the right-hand side of the relationship (3.1),
we define the mapping A, : L 1 (Q)Sym - L, 1 (2)4xd by

sym

Tr(S)I d
A, (S) := A(Tr(S)) Tr(S)I + (IS4 S® + ) 4 S _ (3.3)
nTeS)|'=n 089~

It follows from inequalities (1.3) and (1.4) that .4, does indeed take its values in L, +1(.Q)Sym, since
the first two terms belong to L (£2)2%d for all S e L, +1 (£2)2xd " while the third and fourth terms

sym sym *

belong to Ln+1(.{2)d><d forall S € L, 41 (£2)dxd p e N. Moreover, the mapping A, : L, 41 (§2)dxd _

sym sym * sym

L, (Q)f;}‘f is bounded, continuous and coercive for all n € N, as is asserted in the followmg lemma.

LEmMA 3.1 (Boundedness, continuity and coercivity of A,). Let A € C%R) and ume C°([0, +00)) and
suppose that hypotheses (A1) and (A2) are valid. Then the following assertions hold:

(i) Forany n € N, the mapping A,, : L1+l(52)d><d — L, (£2)4%? is bounded; i.e., every bounded

sym sym

set in L1+% (£2)@%d is mapped by A, into a bounded set in L, | (£2)3X¢.

sym sym

(ii) For any n e N, the mapping A, : L1+l(S2)dXd — L, ,(£2)%%d is continuous, i.., for any

sym sym
sequence (Sp);-o C L, l(.Q)dXd which strongly converges in the norm of L1+l(.Q)d’<d to

sym >

some S € L1 1 (.Q)Sym, we have

A,(S) = A,(S)  stronglyin L, ()4,

sym
(iii) For any n € N, the mapping A, is coercive, i.e.,

A, (S): Sdx
”S”LHL(Q) 45

Proof. (i) It suffices to prove that any bounded ball in L, +1 (£2)2xd centered at the origin, is mapped

sym °

by A, into a bounded set in L, 1 (.Q)dXd Consider, to thls end the bounded ball

sym
Bei={SeL @b IS, o < R} with R > 0.

For every S € B, we have

1 1 1
IMﬁmMMSQWMM+QWWH-WW®MIM+H§HUm

1 1 1 1 1 = 1
2 n n+l — 7(1+E) r - !
< C,d? |17 + C,|R2]7T + ndz IISIILHW) + n”S”LH%(m’
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 37

where in the transition to the second inequality we have made use of the facts that, by the identity (1.12),
we have [Tr(S)| < d2|S| and |[S2 = [S|? — 1(Tr(S))?, whereby |SY] < |S]. Hence,

i 1 I 1(141 1
1A, o < Cd} 1217 + G217 +~at (TRE + ZRE = R,,
n n

n+1

which implies that A, (By) is contained in a bounded ball in L, 11 (.Q)d xd centered at the origin, of

sym >
radius R,. Thus, A, : Ly, 1 ()8 — L, (£2)& is a bounded mapping.
(ii) Suppose that S — S strongly in L, 1 (.Q)’si;;f. We begin by showing that

AMTr(S) TSI = A(Tr(S)Tr(S)I  strongly in L, (£2)2%¢

sym *
By defining ¢, := A(Tr(S;))Tr(S;) and using (1.3) we get

lol < Gy a.e.in £2.

dxd
sym

indicated) such that S; — S a.e. on £2. Thanks to the assumed continuity of A, it then follows that

Now, the strong convergence of {S;};.o in L, 41 (£2) implies that there exists a subsequence (not

o = ¢ = A(Tr(S))Tr(S)

a.e.in £2 and |p| < C, a.e. in £2. By Lebesgue’s dominated convergence theorem we therefore have
that ¢, — ¢ strongly in L;(£2). When combined with the boundedness of ¢,, the strong convergence
@ — @ in L (§2) implies that ¢, — ¢ strongly in L, (§2) for all p € [1, 00). Therefore, taking p = n+1,

dxd
sym

the first term of A, (S;) strongly converges in L, ;(£2)
of the second term.
To handle the third term we note that since, for any a € (0, 1],

to the first term in A4, (S). The same is true

d M
=t = =yl

<2 —y”  VxyeR\ ({0},
|x| [yl

it follows with a = %, n € N that

Tr(S Tr(S
' u kl) I 1) _| <2173 (Tr(S,) — Te(S)|n < 2! wd % |S, — S|, (3.4)
ITr(Spl'™n |Te(S)| ™
whereby the assumed strong convergence Sy — Sin L, 1 (.Q)gyxnﬁl implies

Tr(S,) Tr(S)
1 I - 1
ITr(S|' ™ n ITre(S)| '~ 7

dxd

inl, (2)4xd p e N. By an identical argument the fourth term strongly converges in L1 (82)5ym »

sym °
neN.
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38 A.BONITO ET AL.

(iii) Note that, by assumptions (A1) and (A2),
1
/ A,(S):Sdx > _/ (ITr(S)|1+% n |Sd|1+37) ix.
2 nJo

By takingp =1+ % with n € Nin (1.15) and using (1.15), we then have

1
/A S): de>_/ S ax = 2~ ||S||L "l<m

As the exponent 1 + % appearing on the right-hand side of the last equality is strictly greater than 1 for
all n € N, the coercivity of the mapping A, : L, 1 (2)dxd L, (£2)2x4d directly follows. O

sym sym

REMARK 3.2 One can simplify the proof of the continuity of A, asserted in Lemma 3.1(ii) by assuming
that s = A(s)s and s — u(s)s are globally Holder-continuous functions over their respective domains
of definition. The latter assumption will be required in Theorem 5.5 to deduce rates of convergence for
the finite element approximation of the regularized problem; prior to that, we do not assume the global
Holder continuity of s = A(s)s and s — (s)s.

LeEMMA 3.3 (Monotonicity of .4,). Assume that A € CY(R) and p € CO([0, +00)), and that hypotheses

(A1-A4) are satisfied. Then, for any n € N, the mapping A, : L1+%(.Q)‘Siy’§ﬁl = L, ()& is
monotone, i.e.,
/Q(An(sl) —A,(Sy) : (S —Sy)dx > 0 (3.5)

for any pair of functions S;,S, € L, 1 (Q)g;;l‘li . Furthermore, monotonicity is strict, in the sense that

equality holds if and only if S; =S, a.e. on £2.

Proof. To prove the monotonicity of .4,, note first that for any pair of matrices S,R e Rfyﬁi one has
L | 1 2 ' 1
(S|S|n —RIR| ):(S—R) > ZIS—R]> [ [R+6S—R)""'dd >0, (3.6)
n 0

and since n > 1, the expression on the right-hand side is equal to 0 if and only if S = R. Similarly, for
any s,r € R,

1 1 1 2 : 1
(slsln — )(s—r): Ss—=r2 | r+6G—n|ilde > o, (3.7
n 0
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 39

and the expression on the right-hand side is equal to O if and only if s = r. Hence, and by noting
inequalities (1.5) and (1.7), we have

/Q(A,,(Sl) —A(S,): (S, —S,)dx

1 1 _1
zﬁm(sl—sz)ﬁ/ | Tr(S, + 6(S, " de (3.8)

2|sd S|/|Sd+9 — 895" ap.

The expression on the right-hand side of this inequality is non-negative and it is equal to O if, and only
if, Tr(S;) = Tr(S,) a.e. on £2 and 8¢ = Sg a.e.on £2, thatis, when S| = S, a.e. on £2. O

4. A priori estimates for the regularized problem

Our aim in this section is to derive a priori estimates for the regularized problem (3.2). Clearly, problem
(3.2) can be interpreted as a constrained system with (strictly) monotone nonlinearity. The constraint is
the second equation in problem (3.2); it is linear and nonhomogeneous, and can be, as is usual in mixed
variational problems, transformed into a homogenous constraint via an inf-sup property, which we state
in the next lemma.

LemmA 4.1 (Inf-sup property). The following inequality holds for all n € N:

b(S,v)
inf sup > 1. 4.1)
veXn SeM, ||S||L i1 @Mz, @)

Proof. Givenv € X, = Wé’”“([))d, it suffices to note that R = (v)|e(v)|"~! € L, (.Q)dXd

sym
that we have

bR, v) = II8(V)||'Z:F+11(9) = leM g, lEMIL,, (o) = ez, @) IR, @)

whence,
b(S,v)

> Wl )
SeM, || ”LHL(Q)
n

and the stated inf-sup property follows. (]

We shall assume henceforth that, as in Theorem 2.1, f = —div(F), with F € WA1(2)2xd an

sym
B € (ad, 1) (recall that, by hypothesis, 0 < o < —), hence, by Sobolev embedding F € L (.Q)‘b‘d

14725 124 sym

whereby also F € L1+l(9)gy>§1‘li = M, forall n > % — 1 (consequently, f € W™ L4y (.Q)d =

(Wé’n+1([2)d)/ — (Xn)’ for all n > E — l), and we define

T .= F.

n
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Clearly, the subscript ,, in the expression on the left-hand side of this equality is redundant, as Tf, is equal

toF foralln > % — 1. We shall, however, continue to carry this redundant subscript in order to emphasize

the fact that the problem, as a whole, is dependent on n. Should it be desired that F € L, 41 (§2)4xd for

sym
all n € N, one can, instead, adopt the slightly stronger assumption that F € WA (2)&xd 1 L, ()34,

The use of the function Tﬁ will allow us to lift the constraint imposed by the second equation in
problem (3.2) by converting it into a homogeneous equation; we can then replace the first equation in
(3.2) by one that is considered on a linear subspace V, of M, defined below, which we choose to be the
kernel of the mapping div : M, — (X))’

Trivially,

/Tf,:g(v)dx:/ F:e(v)dx VveX,. 4.2)
2 2

We define
V,:={SeM, : bS,v)=0 VveX,}={SeM, : div(S) =0 e (X,)'} = Ker(div). (4.3)

As X, is a reflexive Banach space, transposition yields that the transpose (—div)’ : (X)" = X, —
(M)’ of the linear operator —div : M, — (X,)’ is (—div)’ = &(-). The annihilator Vi‘ of V, is, by
definition,

Vi={teM™,) :£S) =0 VSeV,

dxd

By the Riesz representation theorem the dual space (M,)" of L, 1(2){s

isomorphic to L, l(.Q)glyfr‘f. Furthermore, since —div : M, — (X,)’ is a bounded linear operator, it

is also a closed linear operator. Hence, by Banach’s closed range theorem,

is isometrically

sym

Vi= [R €L, (2)%xd . /9 R:Sdx=0 VSe Vn]
= [Ker(div)]* = [Ker(—div)]* = Range((—div)’) = Range(e(-)).
Furthermore, once again by the closed range theorem,
Range(div) = Range(—div) = [Ker((—div))]* = [Ker(e())]*" = [{0]* = (X)),

where the penultimate equality follows from inequality (1.11).
Thanks to the definition of Tf,,

f
IThe,, @) = IFlL, ) ) (4.4)

Using Tfl, we can eliminate the constraint (3.2), by setting

=T -T eV,
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 41

and consider the following problem: find T? € V, such that

a,(TO+TES) + ¢, (TO+ TH T+ Tf,S) =0 vSeV,. (4.5)

n’

From here, by using Lemmas 3.1 and 3.3, we easily deduce that the mapping

SeV,» A, (S+T)) eL, (24 =M,) c (V,)
is bounded, continuous (and therefore hemicontinuous), coercive and monotone; in addition, V, is a
separable reflexive Banach space, as it is a closed linear subspace of the separable and reflexive Banach
space M, = L, 41 (.Q)d xd Therefore, by the Browder—Minty theorem (cf., for instance, Lions, 1969;

sym *
Showalter, 1997), problem (4.5), and hence also problem (3.2), has a solution T,, = Tg + Tfl e M, and
since by Lemma 3.3 the operator .4, is strictly monotone, the solution is unique.
With T, € M, thus uniquely fixed we seek u,, € X, such that

b@S,u,) =a,(T,,S) +c(T,T,,S) VS e M,.
Consider the linear functional ¢, € (M)’ defined by

£,(S) :=a,(T,,S)+cT,;T,,S), SeM,.
Hence, thanks to equation (4.5), we have £,(S) = O for all S € V; consequently, £, € VnL. Thus, we
are seeking u,, € X, such that

b(S,u,) =¢,S) VSeM,. (4.6)

As{, € VI = [Ker(div)]* = Range(s(-)), there exists au, € X, such that e(u,) = £, ; thatis,u, € X
solves problem (4.6). The inf-sup property (4.1), together with inequality (1.11), then implies that such
au, € X, is unique. Thus, we have shown the existence of a unique solution pair (T,,u,) € M, x X,
to the regularized problem (3.2).

Next we shall prove the following a priori bounds on £(u,,) and T,,.

n’

dxd
sym

LEMMA 4.2 (A priori estimates). Suppose that F € L; +1(82)
(A1) and (A2). We then have

and that A and p satisfy properties

N
lelly,, @ < %dﬁ [16"2”1:”;;; o+ 20+ DCyV2d |2 IFll, @)+ 40 +1>c1f<|9|]"+1
+ C,V2d |27
Moreover,
1 164> 141

1+1 — 1
”T””LH_l(‘Q) + C] ”Tn”L] (Q) S n—l—_lnF”L l(‘Q) + 2C2 2d |Q|n+l ||F||L]+%(Q) + 4C1K|Q|

1+

n+1
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Proof. We start by testing problem (3.2) with v =u, and S = T, to get
a, (T, T,) +cT,;T,T,) —b(T,,u,) =0,

b(T,,u,) =/ F:e(u,)dx,
2

whence, by substituting equation (4.7), into equation (4.7);, we have

2 d 2
! / ( TeT)1” |, 1Tl ])dx+ / (A(Tr(T,,))ITr(Tn)IZ+M(IT2I)IT2I2) dx
nJe \ITe(T )l ™n Ty ™n e

:/ F:e(u,)dx,
2

where we have used that

1 1
T T=T19: (Td + 2Tr(T)I) =192 + ~Tr(T) Tr(T9) = |T9)%.

=0
Hence, Holder’s inequality yields

1 1 1
- /Q (|Tr(T,,)|1+n + |T2|1+n)dx+ /Q (A(Tr(Tn>>|Tr(Tn>|2+u<|T2|)|T2|2) dx
< ||F||Ll+%(g)||5(un)||L,,+l(.Q)-

For the A and p terms on the left-hand side of this inequality we note that for s > 0 one has

S2 K

= S5 —
K+s 14+

wu|x

This, together with properties (A1) and (A2), leads to

1 1 1
;/Q<|Tr(Tn)|1+n+|T2|1+n)dx+C1/Q(|Tr(Tn)|+|Tg|) dx

1 1

<IFll. @ lle@llr,,, @) + Cl“/ ( S — )dx
141 n +1 e \1+ |Tr(KTn)| 1+|1lfﬁ

< ||F||L1+l(g) ||8(“n)||Ln+1(_Q) +2C«|£2],

since sup,. ﬁ =1L
s

Moreover, it follows from inequality (1.15) withp = 1 + rll that

1 1 _1 1
ITe(T )| n + [T 0 > 270 T, |1,

.7
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 43

and therefore (1.13) yields

1
27n 1+1
—||Tn||L]+l(g) + CIT, Iz, 2) < ”F”LH%(Q)”8(un)||Ln+1(_Q) +2C«|82|. (4.8)

We now derive a bound on [[e(w,)ll, ., (). using the inf-sup property (4.1). We begin by noting that

bS.u,) a, (T

n’

S)+c(T,;T,.S)
le@)llz, (@) < sup IS - (IS N
SeLH%(Q)gyﬁi L1+%(9) SEL1+%(‘Q)gy>:‘g LH%(Q)

We invoke Holder’s inequality, the equality |I| = +/d, the elementary inequality a+b < 213 (@ +b™) %,
1

where a, b >0andn € Nwitha = /d|Tr(T,)|», b = |Tg|$ and note that %E|Tr(Tn)|+|Tg| <V2|T,|,

to deduce that

23/d (d

2n 1
a,(T,,S) < T 5) ||Tn||£1+l(9)”S“LH-%('Q).

Further, by noting properties (A1) and (A2) again, together with inequality (1.14), we have

1
¢(T,:T,.8) < GV2dILI=TISIL | (2), (4.9)

where we have bounded +/d 4+ 1 by +/2d for the sake of simplifying the constants appearing in the
subsequent calculations. Hence,

1
2«/3 d\ L 1
”8(un)”L,,+1(.Q) < e (E) ”T’IHZHL(Q) + Cyv2d | 82|77, (4.10)

By substituting inequality (4.10) into inequality (4.8), we obtain

1 1
27 1+1 2Jd (d\ > 1 A
=T )+ Gl Tl @) S IFL, ) (@ (T (5) ITIE i +Cav2d |9|n+l)+2clx|9|;
thus, by applying Young’s inequality,
a? 1L b I 1
ab < e— +¢& P T — for a,b > 0,6 >0,p>1land -+ - =1,
p q p q

==

to the first term on the right-hand side withp =n+ 1, e = rll 27n,

2Jd (d\ >
—\5) IFl. (@
141

1
a= ”T"”£1+1(9) and b= 5

n
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1
in order to absorb the factor ||'T, ||/ (@) into the left-hand side, we deduce that
I+

141
w1 ||Tn||L1+l(Q) + CIT, Iz, 2

IR (DD g
= n+1 ”F”LH#Q)

1

Hence, after multiplying by 27 and noting that 1 < 27 < 2 and 1 + i+ 217 <(1+ %)2, we obtain

V)7’

1 1+1
a1 Tl @t Ol = ==

Bounding 1 + % by 2 in the exponent of 24/d in the first term on the right-hand side then yields the
second inequality in the statement of the lemma.

Omitting the second term from the left-hand side of that inequality and multiplying by n 4 1 then
yields

1+1 1+1 /2Ty
”Tn”LH_n% (£2) < 16d2||F||Ll+n% (2) + 2(1’! + 1)C2 2d |Q|”+1 HF”LH%(Q) + 4(71 + 1)C1K|Q|

Therefore, by inequality (4.10), we have

1
23/d (d\ 7 141 e
le@)llg, . @) < 7(5) [16d2||F||LH"|(Q) +2(n + 1)C,v/2d |27 ||F||Ll+l(9)

n+1
+4(n+ 1)C1K|.Q|:|

+ C,V2d (2]

Bounding the exponent % by % in the prefactor on the right-hand side yields the first bound in the
lemma. 0

Lemma 4.2 implies in particular that

limsup [le(u ), . (@) < CV2d

n— oo
and

. 2C
timsup | T, ], @) < C—szd IF I, () + 4x182].
n— 00 1

1+1 — L

220 19qUIaAON 8z U }sonb Aq /9G6€15/62/1/0t/a101e/eulew)/wod dno-oiwapeoe)/: SRy Wouy papeojumoq



FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 45

These bounds are consistent with the properties of the strain-limiting model under consideration,
expressed by Theorem 2.1(a), which asserts that the strain tensor is contained in L (Q);’;;I‘f , even though
the stress tensor is, in general, an element of L, (£2)%%¢ only.

In connection with this we recall from Bulicek er al. (2014, Section 4) that the sequence of (unique)
weak solution pairs ((T,,u,)),cn to the regularized problem (3.2) converges to a weak solution pair
(T,u) of problem (1.1), (1.2), supplemented by a homogeneous Dirichlet boundary condition on 952

(which is also unique if the condition (A3’) holds), in the sense that, as n — o0,

T, — T strongly in Lq(QO)f;fr‘f for any g € [1,1 + %ﬂd__oéd), Be(adl1),0<a< 5, 20 CC £2;
4.11)
furthermore,
u, —~u weakly in Wy4(£2)4,
u, —>u strongly in C(£2),
T d
Ll strongly in L; ()&%, (4.12)
n| (T4
Tr(T,) .
— >0 strongly in L, (£2).
n|Te(T,)| '~
In particular,
e(u,) = e(m)  weakly in L, ()3 (4.13)
We note though that the weak convergence result (4.13) can be strengthened to
e(u,) > e(u)  strongly in L,(20)%% V2, cc 2, Vpell,o0) (4.14)
and consequently to
e(u,) = e(u)  strongly in Ly, ()&%, (4.15)

To show this we fix any £2, CC 2 and note that by subtracting the constitutive relation (1.2) from
its regularized counterpart (3.1) we have

Tr(T,)1 Td

e(u, —u) = A(T,) — A(T) + 1 -,
n|Te(T)|'=n n|TY| =a

where A : L, (QO)dXd - LOO(.QO)dXd is given by

sym sym
AGS) 1= A(Te(S) Tr(S)I + (1SS (4.16)
A similar argument to the one in the proof of Lemma 3.1 yields that the mapping A : LI(QO)‘S?;I‘f -

Lp(.QO)gy’;ﬁl is well defined and continuous for all p € [1, c0), whence, because T, converges strongly

220 19qUIaAON 8z U }sonb Aq /9G6€15/62/1/0t/a101e/eulew)/wod dno-oiwapeoe)/: SRy Wouy papeojumoq
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to Tin L, (.Qo)dx‘i it follows that so does A(T,,) to A(T) in Lp(.QO)dXd for all p € [1, o0). For the first

sym > sym
regularization term, Holder’s inequality implies

1 1 1 1 l=e
SITECT) 1 @y < ITHCT)I, g, 127 >0 asn— oo,

and similarly for the second regularization term, containing Tg. The convergence result (4.14) then
follows by collecting the above results. To show (4.15) we consider a nested sequence of €2, that
exhausts §2. By (4.14) there exists a subsequence (still indexed by n) such that £(u,) — &(u) almost
everywhere on £2. Hence, in view of (4.13), (4.15) follows by Vitali’s theorem.

Motivated by these convergence results our objective is to construct a sequence of finite element
approximations ((T,, ;,, w, ;) ;e (0,1) to the solution pair (T, u,) of the regularized problem, for a fixed
value of n, and then pass to the limit # — 0, with the discretization parameter & € (0, 1], followed by
passage to the limit n — oo with the regularization parameter n € N—instead of approximating the
solution pair (T, u) directly by a finite element method. Our reasons for proceeding in this way will be
made clear at the start of Section 5.2.

5. Finite element approximation

For the sake of simplicity we shall suppose from now on that £2 is a polygon when d = 2 or a Lipschitz
polyhedron when d = 3.

We consider a sequence of shape-regular simplicial subdivisions (7});¢0.17 Of £2; by this we mean
that there exists a positive real number 1, independent of the mesh size 4, such that all closed simplices
K in the subdivision 7}, satisfy the inequality

— <, (5.1

where h is the diameter of K and g is the diameter of the largest ball inscribed in K; see for instance
Ciarlet (1991). The extension to quadrilateral and hexahedral meshes is discussed in Sections 5.3
and 5.4.

Let P;, be the space of piecewise (subordinate to 7;,) polynomials of degree at most . We consider
the conforming finite element spaces

M,,), = (P,?)dXd CM, X, = (P,i)d NxX, c X, (5.2)

n
sym

for the approximation of T, and u,, respectively. We note in passing that in the set-theoretical sense
Mn,h and Xn’h are independent of n; we shall, however, continue to label them with the double subscript
n, Instead of just , in order to emphasize that they are being thought of as finite-dimensional normed
linear subspaces of M, and X, respectively, throughout the paper.

As the exact solution is not expected to be very smooth, we have restricted ourselves to considering
a first-order finite element approximation. There are, of course, other choices of first-order spaces than
the one we shall be focusing on, but for the sake of brevity we shall not dwell on those here in detail;
for extensions and alternative choices of spaces we refer the reader again to Sections 5.3 and 5.4.
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5.1 Discrete scheme

The discrete counterpart of problem (3.2), based on Xn’h and Mn’h, is then defined as follows: find
(Tn,h’un,h) € M,,,h X Xn,h such that

ay(Ty 5> Sp) + (T 3Ty 4, Sp) — (S 1, ) =0 VS), € M,
(5.3)

b(T, . vy) = / F:e(vy,)dx Vv, X,

2
We start by proving the discrete version of the inf-sup property (4.1).
LeEmma 5.1 (Discrete inf-sup property). For each n € N we have
b(S,,

inf sup Sp: Vi) > 1. 54

Vi€Xnh S,eM,, ”Sh”LH_l(_Q)||8(Vh)||Ln+l(_Q) -
n

Proof. The argument is based on mimicking the proof of Fortin’s lemma. Indeed, the assertion directly
follows from the continuous inf-sup property (4.1) upon noting that for all v, € X, , C X, e(v;)
belongs to M, ;. Thus, for all v, € X, ;, all S € M, and all K € T}, one has

/ e(vy) : IT,S dx =/ e(vy) 1 Sdx,
K K

where IT,S € M, , is defined componentwise by

1
I, flg :=ﬁ/fdx VKeT, VfeL/(K), (5.5)
K
and the projector IT, : M, — M, , is stable in (the norm of) M, because
”th”LH%(K) < ”f”L1+%(K) VKeT, Vfe L1+%(K),

whereby

sym *

That completes the proof. U

The above proof suggests eliminating the constraint by defining
f f
T,, = 11,T, = I1,F; (5.6)
f . . .
we recall that T,, € M, satisfies equality (4.2). Then, by setting

Vn,h = {Sh € Ml’l,h . b(Sh, Vh) - 0 VVh € Xn,h} (5.7)
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and
le_,h = [Sh (S Ml’l,]’l N / Sh N Rh dX = 0 th (S V!‘l,h
2

we deduce from equalities (4.2), (5.6), and by noting that e(v,) € M, , forall v, € X ,, that Tfl’h €
M, ,, satisfies

e(vy) : T) , dx =/ F:e(v)dx Vv, eX, (5.8)
furthermore, equality (5. S(Zimplies 9
| T} h”L @ = ”F”L 1(@) (5.9
We observe further that, as & — 0 4
T, > T, strongly in M, (5.10)

Given sz,h € M, ;, defined by equality (5.6) we shall seek Tg’h =T,, - Tf;,h €V, that solves
a, (T p + TopeSu) +¢(Tpy + Ty Ty + T4 8,) =0 VS, €V, G.1D

The existence of a unique such Tn » € YV, ,» and therefore of a unique T, ;, = Tn nt T wh € M, j, and
aunique u, , € X, satisfying equation (5.3), for all S, € M, ,, can be shown by proceedmg as in the
case of the continuous problem discussed in Section 4, but with the continuous inf-sup property stated
in Lemma 4.1, that was used there, now replaced by the discrete inf-sup property stated in Lemma 5.1.
Indeed, let A, j, : M, , — (M, ;)" be defined by the projection of A, onto M, ,,

In the present case where the tensors of M, ,, are piecewise constant functions, A, ,(S;) coincides with
A, (Sy), but this equality is not necessary. It is easy to check that A, ;, has the same boundedness,
continuity, coercivity and monotonicity properties (all uniform in /) as A,, as stated in Lemmas 3.1
and 3.3. The same is true of the mapping

Sp eV A(Sy+Th,).

Therefore, another application of the Browder—Minty theorem gives existence and uniqueness of T?

solving (5.11) and we set T, , = Tn st T! i The discrete inf-sup property (5.4) then guarantees the
existence of a corresponding u,;, € Xn i such that (T, ,u,, ;) solves system (5.3). This is summarized
in the following lemma.

LeEmmMmA 5.2 (Existence and uniqueness of the discrete solution). Assume that A and u satisfy hypotheses
(A1-A4). Then, system (5.3) has exactly one solution (T, ,,u, ;) € M, , x X, ;.
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5.2 Convergence of the sequence of discrete solutions

Without regularization (i.e., with % formally set equal to zero in problem (5.3), resulting in the absence of
the form a,, (-, -) from the left-hand side of (5.3),), the proof of convergence of the sequence of solutions
generated by the resulting numerical method to (T, u) is an open problem. The source of the technical
difficulties is that, as n — oo, the only uniform (w.r.t. # € N) bound on T”’h, with & € (0, 1] fixed, that
is directly available to us is in the L; (£2)?*4 norm; a uniform bound in the L, (£2)?*4 norm guarantees
only biting weak convergence, via Chacon’s biting lemma for example, and this is insufficient to deduce
even convergence of a subsequence in the weak topology of L, (£2)4%4_ The proof of existence of a
solution to the continuous problem in reference Bulicek et al. (2014) succeeds because the L; (§2)dxd
norm bound on T, in the sequence of solution pairs (T,, u,,) to the regularized problem is supplemented
by fractional derivative estimates. Unfortunately, the extension of those fractional derivative estimates to
the finite element discretization considered here is problematic. For this reason, we freeze the parameter
n € N and we now discuss convergence, without rates, of the sequence of solution pairs (T, ;. u,, ;) of
the discrete scheme to the solution (T, u,) of the regularized problem as & — 0, . Having done so, we
will invoke the converge results stated at the end of Section 4 to pass to the limit » — oo to deduce that
lim,,_, o Timy, o (T, ;,u,,) = (T, u) in the strong topology of L; (29)&x4 x C(22)%, forany £, CC 2.

We begin by establishing the weak convergence of the sequence (T, ;);c0,1) C M, withn € N
fixed.

LEMMA 5.3 (Weak convergence of T, ;). Assume that F € L; 41 (.Q)g’y);‘f
satisfy hypotheses (A1-A4). Let (T,,u,) € M, x X, be the unique solution of the regularized problem

(3.2). Then,as h — 0,

and that the functions A and

T,,—~T,  weaklyinM, =L, (2%

sym *
Proof. In this proof C denotes a generic positive constant that is independent of n and 4. We use again
the lift TF , = IT, T of the data satisfying equality (5.8) and set T, = T,, — T}, € V,,. which
satisfies equation (5.11). The a priori estimates provided by Lemma 4.2 guarantee that

1
leCu, )il ) < # [16d2||F||21+j}l(9)+2<n +1)Cy2d |2] 7 IFll, o+ 41+ 1>le<|9|]
+ Cyv/2d| 2|7 (5.12)
and
L 164> 141

1+
ar Tl ClTaliy o) < S IFIL ) o) 5.13)

1
+ 2C,V2d | 2|1 ||F||L] (@) T4Ck|2].
+a
Hence, in particular,

1+1
?”Tn,h”LHl (2) + ||Tn,h||L,(Q) + ||8(un,h)||Ln+|(Q) <gc, VvneN, Vhe(0,1],
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where ¢, is a positive constant, depending on ||F|; L) C1> Gy, d, k and |§2] only. Thanks to the
45

stability inequality (5.9) satisfied by the lift TZ’ 5, we then deduce that

0 +n 0
n_}__lnTl’lJ‘l||L]+%(.Q) + ”Tn,h”Ll(-Q) < (& Vne N, Yhe (0, 1]
Therefore, for each fixed n € N there exists a subsequence with respect to % (and still indexed by /) and

—0
T, € L, 1 ()&% such that, as h — 0,

), — TO weakly in L, 1 ()&%, (5.14)

=0 . . .
We note that T, € V,, in fact. Indeed, for any v, € X, there exists a sequence (v, ;)¢ (0.1]> With
V., € Xn,h’ such that &(v,, ;) — &(v,) strongly in L, (.Q)dx‘i As

sym *

b (Tg,hv"n,h) =0T, ;. v,,) —b (sz,hvVn,h) =& v, — Ev,,) =0,

passage to the limit 7 — 0, using the weak convergence (5.14) and the strong convergence &(v,, ;) —
e(v,) in L,H_l(.Q)dXd implies that b(Tg,Vn) = 0 for all v, € X,. Hence, Tg € V, thanks to the

sym >
definition of the linear space V,,.

We now show, using Minty’s method, that Tg satisfies equation (4.5). To this end, we recall the
notation (3.3) for A, and first prove that, for S, , € Vons

/ An (Sn,h + Ti,h) : (Tg,h - Sn,h) dx < 0. (.15
2

We begin the proof of inequality (5.15) by invoking the monotonicity result (3.5) to deduce that, for
Sn n € Vn h°

0 f £ . (0
/_Q (An (Tn,h + Tn,h) - An (Sn,h + Tn,h)) . (Tn,h - Sn,h) dx
0 f f . (70 f f
= /-(2 ('An (Tn,h + Tn,h) - ‘An (Sn,h + Tn,h)) : (Tn,h + Tn,h - Tn,h - Sn,h) dx > 0.
Moreover, as Tg,h and S, ;, both belong to V, ,, we use relation (5.11) satisfied by Tg,h to deduce that

[ AT+ T (18, - 8,) ax =0

and thus we obtain inequality (5.15).

We can now use inequality (5.15) to show that Tg solves problem (4.5). To see this, we consider
IT,S, foragiven S, € V,. As h — 0, the weak convergence (5.14), the strong convergence I1,S, —
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S,, (by density) and Tf,’h =11 hT,fl - TZ (see (5.10)) in M, guarantee that

T, - M8, —~ T, —S,  weaklyinM,

n n

and

ms,+18, - S, + 18 strongly in M.

n

Hence, inequality (5.15) and the continuity of .4, (cf. Lemma 3.1(ii)) lead to
/QA,,(Sn +Tf) (TO —-S,)dx<0 VS, eV,
. =0
Choosing S, =T, — W, for t > 0 and some W, € V, we get
/QA,,@+T£ —W,) W, dx<0 VYW, eV,

Thanks to the continuity (and therefore hemicontinuity) of 4, (cf. again Lemma 3.1(ii)), we can pass to
the limit # — 0, to deduce that

/ A M +T):W,dx<0 VYW, eV,
2

and consequently, since V, is a linear space, after replacing W, by —W,, in the inequality above and
then combining the two inequalities,

/ AT +T):W,dx=0 VYW, eV,
2

which shows that T?, =T =T, — T! satisfies equation (4.5), and thus T,,—~T,inM, ash— 0,.0J

dxd

sym » that the functions A and p satisfy

LeEmMA 5.4 (Strong convergence). Assume that F e L, 41 (£2)
assumptions (A1-A4) and let (T, , u,) denote the unique solution to the regularized problem (3.2), with

n € N. Then, for each fixedn € N,ash — 0,

T,, > T, strongly in L,(2)4%¢ Vpe [l 141), (5.16)
e(u, ) — e(u,) weakly in Lp(.Q)fyﬁ Vpell,n+1]. 5.17)

When n = 1, the strong convergence result (5.16) holds for all p € [1,2]. In addition, for each n € N,

) d=(nFD) (5.18)
strongly in C%*(2)? Va e (0,1- %) whend <n+1,

u,, - u, istrongly in Lp(.Q)d Vp e|l, dnt]) Jwhenl <n<d-1,
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and foreachn e N, n > 2,

e(u,,) - e(u,)  strongly in L, (£2)4¢d. (5.19)

sym
Furthermore, if A satisfies (A3’), we have that, for any 2, CC 2,

nl;n;ohhm ITyn — Tl (20 =0 and ngrgohllm l,, —ullcg) = 0

and

lim 11rn le(u, ) — a(u)IILp(_QO) =0 V82, CcC 2, Vpell,c0),

n—0o0

where (T,u) denotes the unique solution of the original (nonregularized) continuous problem (1.1),
(1.2) subject to a homogeneous Dirichlet boundary condition on 952.

Proof. In this proof, again, C denotes a generic positive constant, independent of z and n. Also, we use
again the notation T, = T 4 T and T,, = Tg’h + Tf;,h» where T = F satisfies equality (4.2) and
Tf wh = HhTf satisfies equality (5.8).

To establish control on Tg, — TY we write

T), — TS = (To, — I1,T9) + (I1,Ty — TY). (5.20)

Since IT,T% — T strongly in L1 (Q)’siyf# for all n € N, it suffices to focus on the discrepancy
0 0 '
T,, — I, 7T,.

Thanks to inequality (3.6), for any pair of matrices S, R € R4*¢

sym » One has

[\

11 A 1 _Ri2 : it
S|S|n R|R|" :(S—=R) S —R| IR+6(S—-R)[»""do
n 0

1 IS — R|?
> — -
n(IR|+|S —R])'~#

Analogously, for any pair of real numbers s, r € R,

1 1 1 |S—I"|2
(ststo= = rir ™) 5=y 2 - ———
P+ Is = '
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Hence, and by invoking inequalities (1.5) and (1.7) (guaranteed by assumptions (A1-A4)) we have

/Q (An (Ths + Top) = A, (11,1 + sz,h)) : (Th, = 11,T) dx

- i/ [Tr(T5, +T5) = Te(IT, T + T4, |°
~ e (| (5.21)

1

(I, T + T8 ,)| + [Te(TS,, + T, ) — Tr (1T, T + T}, ) |)1 "
L1 / (T8, +T5,)" = (17,15 + 15,) "
3 )
e (|(m, Ty + sz,h)d| + |(Th, + sz,h)d — (m,T) + sz,h)di)l "

=0 .
Moreover, because T?, =T, €V, (cf. the last sentence in the proof of Lemma 5.3) we have

dx.

/ e(v,) - IT,TO dx :/ g(vy,) : TVdx =0 Vv, e X,
ol ol ’
and so I1 th € V, - As a consequence, Tg,h — 11 th €V, and there holds
0 f . 0 0
A An (Tn,h + Tn,h) : (Tn,h - Hth) dx = 0.
Using this in inequality (5.21) and noting that IT,T) + T¥ , = IT,(T) + T%) = IT,T, we obtain
- [ AT+ T (1, - ) ax

2L | Tr(T8, — 11,T5) |°

) _1
e (1Te(m, 1)) + | Tr(TY, — Hth)Dl !

dx
(5.22)

([
2 _1
e (1, e + (10, — m,) )

dx > 0.

On the one hand, Tg,h — IT, TY weakly converges to T — T = 0in M, as 4 — 0 . (cf. Lemma 5.3).
On the other hand, 7, TY + sz,h strongly converges to T + Tf in M, = L1+l({2)d’<d ash— 0,.

sym

Therefore, the continuity of the mapping A, : L, 1 (§2)dxd _ L, (£2)2%d (cf. Lemma 3.1(ii)), which

sym sym

implies that A, (Hth + Tfl’h) strongly converges to A, (Tg + Tfl) inl, (Q)dXd ash — 0, yields

sym

—/ A, (T + 18 ,) : (To, — T, T%) dx > 0 ash— 0,
2
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whence, returning to inequality (5.22),

0<

dx

| e
3 1
e (1Te(m, 1)) + | Te(TY, — HhTS)Dl "

dx—> 0 ash— 0,.

(I, T4 + |(T9, — HhTS)le_"

1 [(Th) — Hth)d‘z
s

Consequently, for eachn € N,

| Tr (T}, — IT,T7) ‘2

hlitg = dx =0,
TU2 (1T (T, T | + |Te(T ), — 11,T)[)
10, — 1,19
hli%l |( n,h h n) | — dx = 0.
T AT+ (T = 1))

In the special case when n = 1 we directly deduce from these, equality (1.12) and the strong
convergence of Hth to TS in Lz(Q)fyﬁl, that Tg,h - Tg strongly in L2(.Q)§ly’§r‘f, as h — 0_. Since
T}, = IT,T), - T} strongly in L,(22)%¢¢ as h — 0, it follows that, forn = 1, T, ;, — T, strongly
in LZ(Q)‘S%?, and therefore also strongly in LP(Q)giy’;f forall p € [1,2], as h — 0. That completes the

proof of the assertion of the lemma concerning (T, ;)¢ (o,1) forn = 1.

Let us now consider the case when n > 1. Let M(f) denote the Hardy-Littlewood maximal
function of f € L(§2), with f extended by zero outside §2 to the whole of Rd, and let B,.(x) denote the
d-dimensional ball of radius r centered at x € RY. Clearly,

[T, T, (%) < L/ IT,(y)Idy < s 00 1 IT,WIdy | < c(n) M(T,Dx)
UKL T K] By ® J, 0 " - "

forall x € K and all K € 7, where hy = diam(K) and c(n) is a positive constant that depends only
on the shape-regularity parameter 7 of the family (7,) ¢ .17 of simplicial subdivisions of the domain £2
(see (5.1)). Thus,

I, T,®] < c) M(T,N®  Vxe 2. (5.23)

Since the Hardy-Littlewood maximal function is of weak-type (L;,L; ) (with L; ., signifying a
Lorentz space) with norm at most 3¢ (cf. Theorem 2.1.6 and inequality (2.1.3) in Grafakos (2014)),
we have

3d
l{ixe 2 : M(T,DX) > 1}| < - 1T, (2 Vi>0.

For k € N we define
2, ={xe 2 : M(T, DX < k}.

220 19qUIaAON 8z U }sonb Aq /9G6€15/62/1/0t/a101e/eulew)/wod dno-oiwapeoe)/: SRy Wouy papeojumoq



FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 55

Hence,
3d
2C82,C---C 2 and |2\ 2] < - 1T,z 2 VkeN; (5.24)
in particular,
lim |2\ £2,| =0. (5.25)
k— 00

By recalling (1.12), (5.23) and the definition of the set £2,, we have

ITe(1T,T,) ()] < d2 |11, T,®)] < d2 c(p) M(T,D® < dZ ek Vxe Q. VkeN,
(7,7, )] < [T,T,(®)] < c) MT,D®) < ek ¥xe 2, Vel

Thus, we deduce that, for each k € N,

|Tr (T}, — T, T7) |2

lim —dx =0,
"0 S (Vde(n) k+ |Te(T9, — 1))

0, — 17,194
" (0, = 11,15)° dx = 0,

=0 o (et k4| (19, — 11,10 )) '

as h — 0, ; hence, for each k there exists a null sequence (W) < (0, 1], with (R*+D) < (h®) for all
k € N, such that

|Tr(T2,h(k) = Iy Tg)‘z |(T2,h<k> = Iy Tg)d|2
l—l_>0 and " o l—l_>0
(Vde(n k+ |Tr(T2,h(k) ~ M T,)|) " (cOm k + |(T,,,h<k> = Mo T,)7[)
a.e.on §2; as b — 0, . Since
612 1 a2 1
————— > 2" 'min (—l,aH'n) Va>0, VkeNl, (5.26)
(k+a)' 7 k'

it follows that
| Tr(T) oy = Mo Ty)| = 0 and  [(T) ) — MwT)? -0 aeone, vk eN
as h® — 0 - We then deduce from inequality (1.13) that

T2h<k> — MwT? =0 a.e.on £2; Vk € Nas h® - 0,.
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Hence,

Tg ik Tg a.e.on §2; Vk € Nas JALNEN 0+.

By Cantor’s diagonal argument we can then extract a ‘diagonal’ null sequence (A°) such that

TO

nhe) 7 T2 a.e.on §2; Vk € Nas JASRUN 0,.

Since the sets §2; are nested (cf. (5.24)) and they exhaust the whole of £2 (cf. (5.25)), it follows that

0
T, oo

. ae.on 2 ash® — 0,.
For the sake of the simplicity of our notation we shall henceforth suppress the superscript > and will
simply write

0 0
T,,—> T, ae.onf2ash— 0,.

AsT, = 1, TF — T strongly in Ly, 1(82)gy, and therefore (for a subsequence, not indicated) a.e.
in §2, it follows that

T, =T2,h+T£.h—> T2—|—T£ =T, ae.onf2ash— 0.

As, by Lemma 5.3, T, , — T, weakly in L1+1(9)‘1Xd it follows that the sequence (T, ;)5c (.17 18

sym >
dxd
sym >

equi-integrable in L, (£2) and therefore by Vitali’s theorem,

T,,— T,  stronglyinL, ()4 ash— 0, (5.27)

sym

whereby, because of the weak convergence T, , — T, in L, _ 1 (Q)f},);f, it follows that

sym

1
T,,— T, stronglyinL, ()% Vpe [1, 1+ —) as h— 0.,
’ n

where the limiting function T, is the first component of the unigue solution (T, ,w,) of the regularized
problem. That completes the proof of the strong convergence result (5.16) forn > 1. Forn = 1, (5.16)
has already been shown in the first part of this proof for all p € [1,2]; hence (5.16) holds for all n € N.

To prove the strong convergence of the sequence (W, ;);c0.1] C X, touw, € X, we note that
dxd
sym *

such that,as 7 — 0 i

inequality (5.12) implies that the sequence (¢(u,, ;))pe(o,1; 18 bounded in L, (£2) Hence, there

dxd

exists a subsequence (not indicated) and ¢(u,, ;) € L, | (£2)51

e(u, ;) = e(u,,)  weaklyinL,, ()&, (5.28)
Here, and henceforth, for any weakly (respectively, strongly) convergent sequence of the form
(@, p)ne(o,1) 1n @ function space, with n > 1 held fixed, @, ;, will denote the weak (respectively, strong)
limit of the sequence as 2~ — 0, in instances where the limit of the sequence is yet to be identified.
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This will imply assertion (5.17) once we have shown that e(u, ;) = &(u,), which we shall do
now. For 1 < n < d — 1, Korn’s inequality (1.10) and Poincaré’s inequality (1.9) together imply that
(W, ) pe(0.1) 18 bounded in Wé’nﬂ (£22)?, and by Kondrashov’s compact embedding theorem the sequence
i € L,(82)4, such

therefore possesses a strongly convergent subsequence (not indicated), with limit u
that

1d
U, = Wy strongly in L,(2) as h = 0, Vpe[l, )

d—n+1)
This will imply the first line of assertion (5.18) once we have shown that u, , = u,,, which we shall

do below. In any case, by the uniqueness of the weak limit it then follows that e(w,, ;) = £(u, ), and
therefore

e(u, ;) —~ stun,h) weakly in LH](.Q) das h— 0,.

sym

For n > d — 1, by an analogous argument,

— d
u,, —>u,, strongly in C%*(2)? as h — 0, Vae (O, 1— n l).
, ’ n

This will imply the second line of assertion (5.18) provided we show that u,, = u,, the second
component of the unique solution (T,,u,) of the regularized problem. We shall do so by passing to
the limit in equation (5.3);.

To this end, take any S € Ll+$ (£2)2%d and let S;, := I1,,S in equation (5.3);, resulting in

sym

a,(T, . IT,8) + c(T, ;T ., IT,8) — b(IT,S,u,, ) = 0. (5.29)
As
ms—S  stonglyin L, 1 ()4 (5.30)

it follows from the weak convergence (5.28) that, for each n € N,

hli%l b(T,S.u,,) =bS.u,,)  VSeL 1) (5.31)
— 04+ ’ ’ n

sym

We shall now pass to the limit # — 0__ in the first two terms on the left-hand side of equation (5.29).
Thanks to the strong convergence result T, , — T, in L, (.Q)fy);f, which follows from assertion
(5.16) foralln € N, as h — 0, an identical argument to the one in the proof of Lemma 3.1(ii) implies

that, as h — 0.,

A(Tr(Tn’h))Tr(Tn’h)I — A(Tr(T,))Tr(T,)I strongly in L,H_l(.Q)

sym
and

(|T |) nh—) /L(|T |) strongly inLn_H(Q)dXd.

sym
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Together with the strong convergence (5.30) these then imply that, for each n € N,

sym

Jim (T, T, I1,8) = o(T,:T,.8)  VSeL 1(2)%xd (5.32)
— U4 ’ ’ n

Finally, we consider the first term on the left-hand side of equation (5.29). By inequality (3.4),

Tr(T,,)  Te(T,)
_1 _1
I Te(T, ;)" |Te(T,)|' 5

11 1
<2Zadm |T,, —T,|".

Thus, because of the strong convergence (5.16), we have that, as h — 0,

Tr(T Tr(T
( n,h) | I‘( n)

T 1_11 strongly in Lp(.Q)dXd Vpell,n+1).
[Tr(T, ;)1 "= [Te(T,)| =

sym

Furthermore, by the uniform bound (5.13), for each fixed n € N,

( Tr(T, ;) I)
1-1
ITe(T ) S oy

dxd
sym *

indicated), whose (weak) limit in L, | (£2)

is a bounded sequence in L, ,(£2) which therefore has a weakly convergent subsequence (not

dxd

sym » by the uniqueness of the weak limit, coincides with

Tr(T,)
ITe(T,)[' "5

Hence, as h — 0,

Tr(Tn,h) I Tr(T,)

T 1 weaklyin L, (2)2d
[Te(T,, ;)| "7 [Te(T,)|"

sym *

By an identical argument,

d d
Tn,h Tn
—

P dxd
— — weakly in Ln+1(.{2)
TS, 1= T8

sym *

By combining these two weak convergence results with the strong convergence result (5.30) we deduce
that, foreachn e N,

sym *

lim a,(T, ;. 11,S) =a,(T,.S)  VSeL (2% (5.33)
h—04 ? n
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Using the convergence results (5.31), (5.32) and (5.33) we can now pass to the limit 2 — 0, in
equation (5.29) to deduce that

a,(T,.8) +c(T,;T,.8) —bS,u, ) =0  VSeL (2% (5.34)

sym *

By subtracting equation (5.34) from equation (3.2) we deduce that

sym

bS. U, —u)=0 VSeL ()

Hence,

e, —u,) =0 in L, ()5

Thus, by noting inequality (1.11) we deduce that

. 1,n+1 d
u,,—u, =0 in Wy (82)°.

In other words, w,,, =u, € Wé’"“ (£2)%, as has been asserted above.

The strong convergence (5.19) in Ln(.Q)d for n > 2 follows by an argument that we have already
used, so we only sketch the proof. For any S;, € M, , the constitutive relations in (3.2) and (5.3) imply

/Q(S(un,h)_g(“n)) : Sh dx :/Q (An(Tn,h)_An(Tn))i Sh dx S”An(Tn,h)_An(Tn))”L,,(.Q)”Sh”L%l(.Q)'

Now, using an argument similar to the one leading to (3.4), we find that

l/ " 1/
nJo nJje

<CIT, — Tyl @ — 0 ash— 0,

d
T”’h — Tg ndx

1 _1
T, 1= T (5.35)

Te(T,,)  Ti(T,)
1 1
ITe(T, )1 "% | Te(T,)|

for a constant C depending only on d and n. For the monotone part, A, in A, (cf. (4.16)), we invoke a
similar argument to the one used in Lemma 3.1 to deduce that

”A(Tn’h) - ‘A(Tn)”L,,(.Q) —> 0 as ]’l e 0+.

Hence, in conjunction with (5.35), we arrive at

1

—/(s(unh)—s(un)):shdx—>0 ash— 0.
”Sh”LLl(_Q) 2 ’

220 19qUIaAON 8z U }sonb Aq /9G6€15/62/1/0t/a101e/eulew)/wod dno-oiwapeoe)/: SRy Wouy papeojumoq



60 A.BONITO ET AL.

Using the decomposition e(u,, ,) — e(w,) = e(u,, ) — IT,(e(w,)) + IT,(e(w,)) — e(u,) we write

1
—/ (e(u, ) — I (e(u,))) : ), dx
”Sh”L%l(Q) 2

/(a(unh) e(u,)) : S, dx — /(Hh(s(u ) —e(u,)) : S, dx.

”Sh”L ) ”Sh”L )

Choosing S;, = (e(u,, ;) — 1) (¢(uy)))le(w, ;) — 1'[,1((»3(un))|"_2 € M, , yields
leu, ) — (e, @) =0 ash— 0.
It remains to employ a density argument to deduce the strong convergence result (5.19).
The final claim in the statement of the lemma follows from the strong convergence results (4.11),

(4.12),, (4.14), (5.16) and (5.18),, which together imply that, for any £2, CC £2,

lim hm 1T, = Tl 20 =0,

n—o0 h—
nlgrolo hhm l,, —uallcg =0
and
Jim lim e, =W, g, =0 Vpelloo.
The assertions concerning the uniqueness of u and T follow from Theorem 2.1(c). g

Hypotheses (A3') and (A4) adopted in the statement of Lemma 5.4 guarantee that the derivatives
of the functions s € R — A(s)s and s € R., ~ pu(s)s are bounded below by 0 on R and R_,,
respectively. These two functions are, in fact, Lipschitz continuous on any compact subinterval of R and
R, respectively. If they are assumed to be globally Holder continuous on R and R, respectively,
with Holder exponent 8 € (0, 1], then an error inequality holds, for all n € N, in the limitof & — 0,
as we shall now show.

THEOREM 5.5 In addition to the assumptions of Lemma 5.4, let us also suppose that the functions
seR— A(s)s € Rand S € R4 s 11(IS])S € R%? are Holder continuous with exponent g € (0, 1],

sym sym
i.e., there exists a positive constant A such that

AP r—Ars)s| < Alr—sl? VrseR, [w(RDR—=u(SDS| < AIR=S|? VR,S e R¥. (5.36)

sym

Then, assuming that T, € L. (£2)%X? for n > 2, the following error bound holds:

sym

/ ®,(IT,, — IT,T,]) dx
2

< C(d,A,ﬂ,n,Kn,K)( inf / @;(|e(vh—un)|)dx+/ @;(lTn—Hthlmi"(ﬂ’»lv))dx).
vhexn,h 2 02
(5.37)
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Here
D,(s) i= ——, se[0,00), neN,
@, defined by @, (s) := sup,o(st — @, (1)) for s € [0, 00), is the convex conjugate of the function @,

K, :=max(1, |T,ll. () and K = K(n) is a positive constant that will be specified in the proof. When
n = 1 inequality (5.37) holds without the additional assumption that T, € Loo(.Q)d xd

sym

Proof. 'We proceed similarly to the proof of Lemma 5.4. From relations (3.2) and (5.3) we have for all
S, € M, , that

/M(Z(An(Tn’h) —A,(IT,T))) : S, dx = /Q e(u,, —u,) : S, dx
+ /Q(An(Tn) - A,d1,T,)) :S,dx.
The choice S, =T, , — I1,T, € V, , guarantees that
/Q e(vy) :S,dx =0 Vv, eX,,
Thus, by defining, for any v;, in X, ,,

Un,h =e(v,—u,) + (An(Tn) - An(Hth))’

and proceeding similarly to the proof of inequality (5.21), we have

1 ITx(T,, ;) — Tr(1T,T,)|? i
1
2 (|ITe(1T,T,)| + |Tx(T, ) — Tr(I1T,T,))' " n
d
1 / Th, = T3 dx (5.38)

(117, Td| + |18, — 17,18
< /g U, (T,, — II,T,) dx.
Thanks to equality (1.12),
|, 0| + ;Z|Tr(HhT”)(x)|2 = T,T,® < IT,T,0; o < IT,l7 2  forae xe.
Thus, by denoting K,, := max (L, [ T,ll,_(g))- it follows that

1
11,18, 2 <K, and  [Te(L,T)I, () < d?K,.
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Hence we have from inequality (5.38) that

2
1 Te(T, ;) — Tr(1T,T,)[? 1 TS, — 1,15

n? ! LT d ani—1 X
2 (d3K, + [Tx(T, ) — Tr([T,T,))! 2 (K, + |18, — m,7¢)'

< /9 U,,: (T,, — IMT,T,) dx.

Because K, > 1 and by noting the decomposition T = %Tr(T)I + TY, the above inequality implies

dx

L1 / | Te(T, ;) — Tr(1T,T,)|?
2

1

—(d°K,)

n2 n -1
1+ |T1‘(Tn’h) = Tr(I1,T,)]) "=

75— 1,5

1 1_
+ n_z(Kn)” IA ;i d -1 dx
(14|15, — M,Ty) " (5.39)

IN

1
v /Q Tr(U, ;) Tr(T, , — IT,T,) dx + /Q ul,: (T,, — I1,T,)% dx

IN

1
y /Q Tr(U,, )| ITe(T,, ) — Tr([T,T,)| dx + /_Q US| | TS, — 1T, T3 dx.

Let us consider the function @, : R — R defined by

§2

D, (s):=—, nel. (5.40)
(L4 shi=n

The values of s of interest to us below will always be in the range [0, co0), and therefore the absolute
value sign appearing in the denominator of @,,(s) can be ignored for such s.

Clearly, @,(0) = 0, @, is even, continuous, strictly monotonic increasing for s > 0 and convex,
with

®,(5) =5’ ass—0, and  P,(s) < st as s — 400 (5.41)

Here A =< B means that there exist positive constants ¢ and ¢ independent of A and B such that ¢cB <
A < ¢B. Following Rao & Ren (2002), a function @ : R — R is called a nice Young function (V-
function), if (i) @ is even and convex; (i) @ (s) = 0 if and only if s = 0 and (iii) limg_ o @(s)/s =0
and limg_, , ., @(s)/s = +00.

Hence, @, is an N-function. Simple calculations show that

1
D,(25) <4P,(s) Vse[0,00) and 2—c¢n(cs) >@,(s) Vse[0,00), Vc=>2" (5.42)

therefore, @, satisfies the A, and V, conditions on [0, co0) (cf. Rao & Ren, 2002, Definition 1 on p. 2).
Now, let @ denote the convex conjugate of the function @, . Then (@,, @,) is a pair of complementary
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N-functions and, by Rao & Ren (2002, Theorem 2 on p. 3), @, also satisfies the A, and V, conditions
on [0, 00); i.e., there exists a constant K = K(n) > 2 such that

®F(25) <K@(s) Vs el0,00), (5.43)

and there exists a constant ¢ = c¢(n) > 1 such that

1
Z—CGD;(CS) > @r(s) Vs e [0,00).

More precisely, by inequality (5.26),
25~ min (s2,5' %) < &,(s) < min (s,5(1+5)7) Vs e [0,00).
By recalling that @ (s) := sup,.o(st — @, (1)), we get from (5.41) that

Sn—i—l

1 n
Dr(s) < Zsz as s — 0 and D (s) < m (n-ril—_l) as s - +o0. (5.44)

Therefore, there exist positive constants ¢, ,, and ¢, ,, with ¢; , < ¢;,, such that
0<®d(s) < cl,ns2 Vsel0,1]

and
Cip < Py(s) < cz’ns’“rl Vs e [l,00).

Reverting to (5.39), by the Fenchel-Young inequality, for any real number § > 0,
1o 1 1 1 d d
n—z(den) " ; @, (ITr(T,, ) = Tr(T,T,)]) dx + —5 (K, ; @,(|TS, — I1,Tq|) dx
1
<5 /9 Tr(U,, )| ITx(T, ;) — Tr(/T,T,)| dx + /Q ud,||Td, — m, 18| dx
1 1 d d d
=%/ ITe(U, I8 [Te(T,, ) = Tr(T, T, dx + 5 ; US| 8 | TS, — 1T, Ty dx
1 1

% /. ,(ITr(T, ;) = Te(T,T,)) dx + —

1 1 .
+5 [ @60m - mrdhae ;[ @(juL,))ox

/ @, (ITr (U, ,)]) dx
2

Clearly, for any a € Rzo and § € (0, 1], we have

8%a? 141
@, (8a) = ——— < st (a).
(14 8a)l=n
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Hence,
1,1 1 1 1_q d d
Z @) [ @ (T, =TT D ax 4 5 (€)1 | @, (T8, - T ax
s 1
< —/ @,(|Te(T,, ;) — Tr(I1,T,)|) dx + —/ @;(lTr(Un’h)l)dx
d Q dé 2

1 ! *
+ 8 /Q @, (T8, — 11,T3]) dx + E/Q ; (|Uzs]) dx.

Let §;,8, > 0 be such that

Thus, with § := min(1, §;, §,), we have

/ ®,(ITx(T, ;) — Tr(IT,T,)]) dx + / ®,(|T3, — M1,T3|) dx
2 2 (5.45)

< C(d,n,K,) (/Q @ (|ITr(U,,)]) dx + /g ox(|ud,) dx) .
Now assumptions (5.36) and (3.4) yield
IUn,hl S |8(Vh - un)l + |An(Tn) - An(Hth)I
1
< 16, = u)l + C (IT, = T, 17 +IT, - T, 17).

As @ is an N-function, it is strictly monotonic increasing (cf. Rao & Ren, 2002, the top of p. 2) and
convex, and therefore by (5.43),

2,10, 4D < @, (le(vy, — )|+ |A,(T,) — A,UT,T,))

IA

1
5 (cp;; Qle(v, —w)]) + P (2| A,(T,) — An(”th)D) (5.46)

IN

K
3 (‘PZ(Ié‘(Vh —u,)D)+ @, (lA4,(T,) — A,,(Hth)I)>-

In order to proceed we need to bound the right-hand side of the last inequality and that involves
comparing

Tr(T,)I Td
1 1
AlTr(T ' "n ||

A, (T,) := M(Te(T,)Tr(T,)I + n(|TY) TS +
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with

T, T m,Td

A,UT,T,) := A(Tr(IT,T, ) Tr(IT, T, + (|11, TS| ) 17, TS + T -
n|Te(IT,T )" p|m, T

We have from inequalities (5.36) and (3.4) that

1
|A,(T,) — A,(IT,T,)| <d?A|Te(T,) — IT,Te(T,)|? + A|TS — 17th|’3
1

1 1
+— 2175 | Te(T,) — Tr(IT,T,)|»

1
+ C(d,n)|T¢ — 11,18 |"
1
< C(d, A, IT, = ,T,|° + C(d,n) |T, — IT,T,|"

< C(d, A, B.n,K)|T, — IT,T, [MinB:).
By inequality (5.43), @, (2ts) < Keqﬁ,;k (s) for all s € [0, 00) and all £ > 1. Hence, with
¢ :=[log, Cd, A, B,n,K)]+1

we have that C(d, A, B,n,K,)) < 2t whereby

i 1
@1 (AT, — A,(IT,T,)|) < ®:(C(d, A, B,n,K)|T, — IT,T,|™F)
< &1 24T, — I1,T, ™)

<K' (|T, — IT,T, ™),

By substituting this into inequality (5.46) we deduce that

@, (U, 41 < @, (le(v, —w,)| + |A,(T,) — A,UT,T,))
1 1 —
< Ech;qs(vh —u,)|) + EK“‘@,*;QT" — [T, T, [minB0)y,

We then substitute this into inequality (5.45) and note, once again, the monotonicity of ¢,;, which
gives

/Q ®,(|Tx(T,;,) — Te(IT,T,)]) dx + /Q ®,(|T3, — 1,T3|) dx

<CW, A, B,nK,,K) (/ @5 (le(vy, —u,)|) dx —|—/ @ (T, — Hth|min(ﬂu]1))dx) .
2 2
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For any pair of numbers a,b € R, by (5.42) and convexity, we have @, (a + b) < 2@, (a) + 22,();
hence, by inequality (1.13),

/ ¢n(|Tn,h — I, T, ) dx
2
< C(d, A, B.n.K,.K) (/ ®*(|e(v, —u,)]) dx +/ ®*(|IT, — I1,T, ™" 1)) dx) .
2 2

As this inequality holds for all v, € X, ,, the bound (5.37) directly follows. O

The error bound (5.37) can be restated in the following equivalent form. Given an N-function ¥, let

sym

Z,q,(.Q) = [S . 2 — R4 measurable, such that ow (S) ::/ U(Sx)| dx < oo];
2

the function py, () is called a modular. In terms of the modulars pg and pg-. the error bound (5.37)
takes the form

IO(P,,(lTn,h - Hthl)

o (5.47)
< C(d, A, B,n.K,;, K) (v inf g, (e = uD) + pgy (IT, — Hth|mm<ﬁ’n>)) .
h n,h

Here, as before,
se[0,00), neN,

and @;; is the convex conjugate of @,,.
Under the above assumptions, convergence rates can be derived by strengthening the regularity
hypothesis T, € LOO(SZ)dXd from Theorem 5.5. Thus, for example, suppose that

sym

sym

d d
T, e W94 with 1>r>= and w, e W@ 0wy (@2)? with 1>7> =,
q p

and g, p € (1, co], which ensure, by Morrey’s embedding theorem, that

_ _ d
T, € WH(2)0d — o7 (@8 — wro@)fd with y :=r— p

and
— d
e(u,) € WP(2)xd — O (@) d — woo @) with ¢ :=1— >

sym

With these stronger regularity hypotheses we then have

|Tn(X) - Hth(X)l < Cth(”Tn”WV’OO(K) < Chy”Tn“WV,oo(Q) Vx € K, VK e 7;1
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Thus, thanks to the fact that @;; is monotonic increasing, and by the first asymptotic property in (5.44),

2min(B,1)
nll WY (£2)

. . in(8. 1 .
P (T, = I T,IMF0) < pge (Ch”““(”"‘l)||Tn||r$3f2?z)>) = Ch?Y M| T
as h — 0, . Analogously,
inf o, (0) = £ < Py (CH e lhyioeie) = O le@) g, a5 h= 0,

\AS Xn,

By substituting these bounds into the error inequality (5.47) we deduce that
in(8.1 2min(p, 1)
p¢n(|Tn)h —-I,T)<C (h2£ ||g(un)||€vg,oo(9) + 2% mln(ﬁsn)”Tn”Wym(Q) )

as h — 0,. In particular, if 8 = % and ¢ =

IR

)

y 2
Po, (T = T, 1) < CHP (ne(un)nﬁv%m o ||Tn||3w,w(m) (5.48)

ash — 0, , where y € (0,1] and n € N. The error bound (5.48) on pg, (|T,, — IT,T,|) can be used to
derive bounds on norms of the error |T, , — IT,T,|. For example, in the special case when n = 1, we

have @, (s) = s2, and therefore

1T, — I, Tl < Ch¥ (||5(un)||wyv<>0(9) + ”Tn”W%OO(_Q))

ash— 0 I where y € (0, 1]. In this special case, the regularity requirements on u and T can, in fact,
be relaxed to u, € W'H72(2)24 0\ w2 ()% and T, € WY 2(2)%d, y € (0,11.

sym sym sym °

More generally, for n € N, we divide inequality (5.48) by |£2], recall the definition of the modular
Pg, (*) and apply Jensen’s inequality on the left-hand side to deduce that

2
@ T,, — 11,T,|dx ) < Ch*+ 2 T, [l .00
n(él nh h nl X) = C (Hg(un)”W),;.DO(Q)_‘_” n”W% (£2)

ash— 0 i where y € (0, 1]. Because @, 1 the inverse function of @, (which is uniquely defined on
[0, 00) thanks to the fact that @, is strictly monotonic increasing on [0, 00)), is monotonic increasing,
we have

— v 2
]{2 |Tn,h - Hthl dx < an ! (Ch2" (”8(11")”3%00(9) + ”Tn”{/lVV,OO(_Q)))
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ash — 0, where y € (0,1] and n € N. Since &, (s) < sfass o 0, it follows that @,l_l(s) = s% as
s— 0 s and therefore

v 1
”Tn,h - H/’lTn“Ll(Q) < Chn (||£(un)||w7;,oo(9) + “Tn”‘r/lVV,OO(_Q)) (549)

ash— 0,,wherey € (0,1],n e Nand C = C(d, A,n, K, K, y,|82]).

5.3 Other elements that fit the theory

We shall comment here on some alternative choices of finite element spaces to which our analysis
applies. Let Q; denote the finite element space on quadrilateral or hexahedral meshes for d = 2 or
d = 3, respectively, consisting of (possibly discontinuous) mapped piecewise d-variate functions that
are polynomials of degree r in each variable over each element in the subdivision. We consider the
conforming finite element spaces

DdeM,, X, 0= () NX, CX, (5.50)

sym n

Mn,h = (Q;l)
for the approximation of T, and u,,, respectively. Clearly, ¢(X,, ;) C M, , and the L, (£2)4*4 orthogonal
projector T, : M, — M, is stable in the L,(£2)9*¢ norm for all p € [1,00]." Then Lemma 5.3
can be shown to hold by an identical argument; if in addition it is assumed that T, € Loo(.Q)fyﬁl, then
Lemma 5.4 and Theorem 5.5 also hold. We note that our proof of Lemma 5.4 in the special case of

M, , = (P,S)dXd cM, and X, = (P,{)d nx, c X, (5.51)

n
sym

did not require the additional assumption T, € LOO(.Q)giy’;f, thanks to the connection between the
explicit formula for the projection onto piecewise constant functions and the Hardy—Littlewood maximal

function.
5.4 A simple quadrilateral/hexahedral element to which the theory does not apply
The simplest extension to quadrilaterals or hexahedra of the spaces defined in (5.2) is of course

M,, = (Qg)”’” CM,,  X,,:= (Q},)d nNX, c X, (5.52)

sym

for the approximation of T, and u,, respectively. Everything done previously applies to this pair of
elements, except the uniform discrete inf-sup condition. Indeed, the proof of Lemma 5.1 does not carry
over to this case because &(X,, ;) is not contained in M, ;.

! This stability result is a consequence of the stability in the L, (—1,1) norm of the Ly (—1, 1) orthogonal projection onto the

12
space of univariate polynomials of degree r on the interval (-1, 1), for all p € [1, oc], with a stability constant C = C- r2 | P ’ H
for p = oo see Gronwall (1913, eq. (29) on p. 230); for p =2, C,» = 1 forall r > 1; for p € (2, 00) the form of Cy ), follows by
function space interpolation and for p € [1,2) it follows from the result for p = (2, o] by duality.
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FE APPROXIMATION OF STRAIN-LIMITING ELASTICITY 69

Let us look more closely at the greatest lower bound in (5.4), say g,,. First, for any given v,,, the
choice in each element K (which generalizes (5.5)),

1
T, = |K|n(/K£(Vh)dX) ‘/Ks(vh) dx

shows that 8, > 0. The next lemma shows that on a structured mesh (i.e., a mesh with a Cartesian
numbering) B, # 0. To avoid excessive technicalities, it is stated for quadrilaterals, but it extends to
structured hexahedral meshes.

n—1

, (5.53)

PRrOPOSITION 5.6 Let 7, be a structured quadrilateral mesh. Then the greatest lower bound 8, in (5.4)
is strictly positive.

Proof.  We argue by contradiction. Suppose that g, = 0. Then there is a displacement v;, in X, , such
that

sup b(S;,v,) =0.
SpeM,, ,

In particular, b(T,, v,) = 0 for T}, defined by (5.53). This implies

‘ / e(vy) dx
K

Let us examine the consequences of (5.54) on specific elements K of the mesh. Let K= [0, 1]% be the
reference square with vertices 4, = (0,0), 4, = (1,0), a3 = (1,1) and 4, = (0,1). Leta;, 1 <i <4
denote the vertices of K and F the bilinear mapping from K onto K that maps 4; toa;, 1 <i < 4. Since
the mesh is assumed to be nondegenerate, F is invertible and the functions of Q}l are the images by

=0 VKeT, (5.54)

Fx ! of the functions of Ql defined on K. Their derivatives are transformed as follows:

av L S S S S (AN A B B S SR
. ° K=7( (az—“2+xl(a2—az—az+a2))_a)? (“2—az+x2(az—az—a2+“2)))’
1 K 2

v 1 (8\3
Y ooF, = (2
BX2 K jK 8)%2

0x
2 Ly~ (3 2 4 1 v 4 Ly~ (3 2 4 1
(al —a +x2(a1 —a; —a +a1)) - g(al —a +)c1(al —a; —a +a1)) ,
1

the subscript indicating the coordinate, and 7 the Jacobian of Fy.

Now, let us start with a corner element; since the mesh is structured, all corner elements have at least
two sides and three vertices on the boundary, say a,, a, and a,. As v, vanishes on 952, this means that
v,(a;) =v,(ay) = v,(a;) = 0 and thus

(/Ks(vh) dx) : (/Ks(vh)dx) = %[(@?)2(61‘2‘ _a%)z n (93)2(51‘1‘ — a%)2]

. ~ 2
+ 1| 363t~ )+ttt - )| =0

As |lay — a,| > 0, we easily derive from this expression that v,(a;) = 0, and hence v, vanishes on
K. This implies that v, also vanishes at its neighbours adjacent to the boundary, and by progressing
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element by element along the boundary, we have v, = 0 on all boundary elements. From here, the same
argument gives v, = 0 on all elements of 7,,. O

The positivity of B, implies that (5.4) holds with a positive constant for each A, but does not
guarantee that the positive constant is uniformly bounded away from zero as & tends to zero. Let us
give an example when B, tends to zero, inspired by the checkerboard modes of the Stokes problem; see
Girault & Raviart (1986). The idea is to construct a displacement v, such that the integral average of
£(v;,) vanishes on a large number of elements, while £(v;) is nonzero there. Consider a square domain
22 = (0, 1)2 divided into (N + 1)2 equal squares Kij, 0 <i,j < N,withmeshsize h = N+r] Take v, =0
on 952 and define each component v, by

1 ifi4jisodd

<ij<
1 ifi+jis even for 1 <ij<N.

Vh(xij) = [_

It is easy to check that, in all interior elements K,

/ e(vy)dx =0,
K

and in each boundary element K,
0<cph< ’/ s(vh)dx‘ < Cyh,
K

where here and below all constants are independent of K and /. Let ’7;," denote the union of the boundary
elements. Since the choice of T, in all interior elements does not affect the value of b(T,,v;), let us
choose T;, = 0 in these elements; this will minimize its norm there. On the boundary elements K, we
choose T, by (5.53); this gives

1 n+l1
b(T,,v,) = z T /Ks(vh)dx
Ke’ﬁlb
and
1 n+1 nnﬁ
T,y 0 = ( > /K 6(v,) dx ) ,
Ke’ﬁlb
so that
D) et
”Th”LHl(Q)

On the other hand, (v;) does not vanish in the interior elements, and we have

-1
leWillz,, 2y = C3h™-
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Hence, with this choice of T,

inf P Vi)
vieXon IT), ”L1+1 @ llevy) ||L”Jrl £2)

< C h. (5.55)

Of course, we have not proved that this choice of T}, realizes the supremum in (5.55). But since the
number of interior elements, which do not contribute to the numerator of (5.55) but do contribute to the
norm of v, is much larger than the number of boundary elements (more precisely, this ratio is of the
order of h~!), no value of T}, can balance this ratio.

6. The case of smoother data

The regularization (3.1) is a particular case of

Tr(T)I T4

g(m) = AMTr(THTr(DI + pn(ITPT + -+ -
aTe(D|'~7  nTY 7

6.1)

neN,teR_,, with7 =nin (3.1). When the data are smoother, as in Theorem 2.1 (d), the following
simpler regularization is used in reference Bulicek ez al. (2014):

e(u) = A(Tr(T)Tr(DI + (T T + %T, 6.2)

which corresponds to r = 1 (up to the factor é multiplying T%). The analysis developed in the previous
sections applies to (1.1), (6.2) but is in fact much simpler. Indeed, let (T, ;,u, ;) denote a solution to
(1.1),(6.2),1e., (T, j,u, ;) € M, | x X, | satisfies

an’l(Tn’l,S) + C(TH,I;TVL,]’S) - b(S, un’l) =0 VS e M}’l,l’
(6.3)
b(Tn,l,v)z/ f-vdx VveX, .,
2
where
1
a, (T,S) := —/ T:Sdx
, nJ)o
and

M, | := L, ($2)4xd X, = Hy(2)"

sym *

The function F is used in deriving more regularity of the solution, but as far as the numerical scheme
is concerned, we can simply proceed with the original data f. Let us briefly sketch the analysis of (6.3).
We define the mapping A, ; : LZ(Q)gy’;‘lj — L,(£2)4xd by

n,1 sym

A1 (S) i= A(TrS) TSI + 1 (184)S? + %S, (6.4)
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and we easily prove as in Lemma 3.1 that 4, | is bounded, continuous and coercive for all # € N. The
inf-sup condition is satisfied, as in Lemma 4.1,

b(S,
inf  sup S.v) > 1. (6.5)
VeXn1 SeM, ||S||L2(_Q)”8(V)”L2(Q)

The lifting sz,l is defined by the analogue of (4.2),

/Tf,,1 :s(v)dx=/ f-vix  VveX,,. (6.6)
2 2

and is bounded by

1T ) < CrliflL o) 6.7)

where Cy is the constant of (1.11) with p = 2. In this context, the a priori estimates of Lemma 4.2
simplify to

2 4 2 2 8 2
||8(un,1)||L2(_Q) < ﬁCK”f”Lz(.Q) + ;C1K|-Q| + 8C5d|$2], (6.8)

1

1 4 8 2
T 112+ Cil Tl @) < 2011214 Celfl o) (n—zc%<||f||%2(m +~Cye 2] + 8c§d|sz|) :
(6.9)

Thus, up to a subsequence, u,, | converges weakly in WS’Z(Q)‘Z , and thanks to the results in Bulicek ez al.

(2014) (see also Theorem 2.1 (d) and Remark 2.2), the additional regularity F e WZ’Z(Q)dXd enables

sym
gyﬁl for any 2, CcC £, with g € [1,2)

whend = 2 and g € [1, %] when d = 3, and therefore, up to a subsequence, weakly converges to T

in Wl’q(.QO)dXd for any 2, CC §2 forq € [1,2) whend =2 and g € [1, %] when d = 3. Hence, by

sym
dxd
sym

one to prove in particular that T, ; is bounded in Wha(2,)

the Rellich-Kondrashov theorem, up to a subsequence, T, ; tends to T strongly in L, (§2,) on any

2y CC 2 forall p € [1,00) whend =2 and all p € [1, 3) when d = 3.

6.1 Finite element discretization

With the spaces Mn’h and Xn’h defined in (5.2) or (5.50), system (6.3) is discretized by the following:
find (Tl’l,l,h’ un,l,h) in Mn,h X Xn,h such that

a1 (T 15> Sp) + (T 1 13 Ty 1o Sp) — b(Somy, ) =0 VS, € M,

(6.10)
b(Tn,l,h’Vh) = / f. Vh dX Vvh S Xl’l,h'
2

As previously, the constraint in the second part of (6.10) is lifted by means of the projection operator
I, defined in (5.5), T | , is defined by (5.6),

f _ f
Tn,l,h - Hth,l
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and
0 -
Tn,l,h T Tn,l Tn 1A

Existence and uniqueness of the discrete solution (T, ; ;,u,,, ;) is derived as in Lemma 5.2. Again, the
a priori bounds (6.8) and (6.9) hold foru,, ; , and T, | ;,. In fact, even without regularization, i.e., without
the form . (-, ), existence by Brouwer’s fixed point follows and, if moreover (A3’) holds, uniqueness
follows by a finite-dimensional argument. But we shall not pursue the no-regularization option, because
as stated at the beginning of Section 5.2, we are then unable to show convergence.

The arguments of Lemma 5.3 under analogous assumptions show that, as 7 — 0 1 for each n,

T,,— T,  weaklyin L,(£2)2¢.

n,l, sym

Let us sketch the proof of the strong convergence, which is much simpler than that of Lemma 5.4.

LEMMA 6.1 (Strong convergence). Assume that f € L2(.Q)d, that the functions A and p satisfy
assumptions (A1-A4), and let (Tn’l, “n,1) denote the unique solution to the regularized problem (6.3),
with n € N. Then for each fixedn € N,ash — 0,

Tn,l,h - Tn,l strongly in Mn,l = Lz(Q)gy’fff and W, >, strongly in Xn,l = W&’Z(Q)d.
. . . . 0
Proof. We retain the notation and the setting of the proof of Lemma 5.4. The discrepancy T, | ,

HhT 1 satisfies

|T21h - HhT21|2
|0, , — 7,10 + C/ . :
|| n,1,h h 1||L2(Q) o (K + |T2,1,h‘ + ]HhT2’1|)1+a

(6.11)
< /9 (An,l(Tn,l,h) — A, 1 (T + Tﬁ,l,h)) (19, — M,T9,) dx,
where C is the constant in (1.5). As Tg’l,h - Hth,l €V, ;, (6.11) reduces to
1 101, = 1,15, |
;||T2,1 = I,T), [0y + C/ 0 OINE
$2 (K + |Tn,1,h| + |Hth,1 |)
= _/Q'An,l(Hth,l +T51,) ¢ (10, — M, Th ) dx. (6.12)

Then the weak convergence of Tg,l,h — 17, hTS’1 to zero, the strong convergence of 17 hTS,1 + T,{ 1., both
in M, ; as h — 0 and the continuity of the mapping A, ; : M, ; — M, , yield

0
—/Q A (T + T )+ (T, = T T5 ) dx > 0 as h— 0,
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whence, returning to (6.12),

1
;HTS,M Hth1||Lz(g) -0 as h—0,,

dxd

and the asserted strong convergence of T, ; , to T, ; in M, | = Ly (§2)§ym »

n>1.
For the strong convergence of u,, | ,, we use again the discrete inf-sup property (5.4) to define R;, €

ash— 0 s follows for any

Vih satisfying
/.Q S(un,l,h — H;Zun’]) te(vy) dx = /S2 R, : e(v)) dx Vv, e X

where IT;” is the Scott-Zhang projector onto X, ,; see Scott & Zhang (1990). In particular, we have

||Rh||L2(Q) < ||5(un,1,h - H;Zun,])”Lz(_Qy (6.13)
Forv, =w,,, — I1;*u, ; we then get
2
||£(un,l,h - H%?“n,l)”@(g) = /Q R, :e(u, ), — “n,l)dx+/ R; : 8( P )dx

/(Anl(Tnlh) A1 (T, ) thX+/ R, : e(u,— T, ) dx,

where we have also used relations (6.3) and (6.10) to obtain the second equality. We now argue that
both terms on the right-hand side of the above equality vanish as & — 0, . To see this, it suffices to
recall the uniform bound (6.13) on R,;; hence, the strong convergence results IT,"w, | — u,; in X, ;
and T, ;, = T, in M, ,,as h — 0, together with the continuity of A, ; guaranteed by Lemma 3.1,
imply the stated claim. Thanks to Korn’s inequality (1.10),

”V(“n,l,h — IIj'u, )||L2(.Q) <Kle(u Wy 1 p — Hizun,l)“Lz(Q) -0 as h— 0,

and thereforew, ; , > w, ; in X, |. O

Thus, when A satisfies (A3’), we have again, for any 2, CC £2,

il 1= Tl =0

nli)n;o 11m I, 1, —ullc@) =0,

n]ggo ]_1>m ||8(un1h) 8(“)||L2(90) =0.

As in the preceding section, an error inequality can be established when the functions A(s)s and
w(s)s are Lipschitz continuous, but again the situation is much simpler.

THEOREM 6.2 In addition to the assumptions of Lemma 6.1, suppose that the real-valued functions
s€ R A(s)sand s € R, > u(s)s are Lipschitz continuous, i.e., that there exists a positive constant
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A such that
IL(s)s — A(P)r| < Alr — | Vr,s €R, |(s)s — w(rr| < Alr —s| Vr,s e Rzo' (6.14)

Then, the following error inequality holds:
1 . 1
“NTpan—Toill e < Inf lle(v,—w, D) +2( =+ AT, — (T, D, 2y (6.15)
n vieXy n
Proof.  As in the proof of Theorem 5.5, from relations (6.3) and (6.10) we infer that on the one hand,
/ e(vy) :S,dx =0,
Q
and on the other hand, for any v, in Xn’h,

2
|Tn,1,h - Hth,l |

dx
2 (k+IT, 40+ |Hth,1|)l+°‘

1 2
;”Tn,l,h - Hth,l “Lz(Q) +C

1
< (||8(Vh —u, D@ + ;”Tn,l —ILT, ||L2(Q)) 1T, 10 — 11T, 0 M, 2

+ /Q (A1 (T, ) = A, (T, T, ) 2 (T, = IT,T, ) dx,
(6.16)

where C is the constant in (1.5). The Lipschitz property (6.14) implies
1
M1 (Ty) = Ay UL T, )1 < 2Ty — I T, |+ 241, T, — Ty,

so that

1 1
;”Tn,],h -1,T, ||L2(Q) < (||8(Vh - un,1)||L2(_Q) + 2(; + A) IT,; —I1,T,; ||L2(_Q)) ,  (6.17)

which yields (6.15). (]

Under the above assumptions, convergence rates can be derived provided that T, ; € wha (.Q)fyf]fl

with g > 24 (ensuring that W!9(2)"*? — L,(2)?*¢) and u, ; € W'T2(22)4, 1 > 0 (ensuring that
W (2)? — W!2(2)9). Rates of convergence for ||V (u, ; —u, ), are obtained using the
inf-sup properties and interpolation theory again.

7. Decoupled iterative algorithm

The convergent iterative algorithm proposed in this section for the solution of the discrete problem (6.10)
is designed to dissociate the computation of the nonlinearity from that of the elastic constraint. We have
also applied it numerically to (5.3) in Section 8 but proving its convergence in that case is still an open
problem.
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The algorithm, which belongs to the class of alternating direction methods, proceeds in two steps.
In both steps an artificial divided difference, analogous to a discrete time derivative, is added to enhance
the stability of the algorithm. The first half-step involves the monotone nonlinearity while, in the case of
(6.10), the second half-step solves for the elastic part from a system of linear algebraic equations whose
matrix is the mass-matrix (Gram matrix) generated by the basis functions of the finite element space
th. In the case (5.3), this second system is nonlinear. But in both cases, our choice of the finite element
space M, , consisting of piecewise constant approximations for the stress tensor T, ; or T,, allows us
to deal with the monotone nonlinearity involved in the first half-step in an efficient way by solving an
algebraic system with d(d + 1)/2 unknowns independently on each element K in the subdivision 7, of
the computational domain §2. Let us describe the algorithm applied to (6.1).

The initialization consists of finding (T, uzo)) e M, , x X, , satisfying

/ s(vh):T;lO)dx=/ f-v,dx, Vv, e X,
Q 2 ’
/ T .8, dx =/ e(u)):Sydx VS, e M,
Q Q

Let 7 > 0. Given (Tg‘), u;lk)) in M, , x X, for a nonnegative integer k, the algorithm proceeds in
the following two steps.

1
Step 1. Find Tj "2’ in M, , such that, for all , € M, ,,

1 1
—/ (T,(f“) —T,ﬁk)) S, dx
T/

d
N / (A (Tr (T;lk+é))) v (Tlik+§)) v, + M( (T;(qk+£))
2

1\ d
) (T;lkh)) : Sh) dx

Tr(T{)I V)
:/ E(llf,lk)) : Shdx—/ il (Z) )1—l + (<k})l 3 - .S, dx.
@ 2 \n|T(m) [ a(7)

. M. .

As has already been mentioned, because T,(1 2) is piecewise constant, the above system reduces to
decoupled algebraic systems of d(d 4+ 1)/2 unknowns each, in every element in the subdivision of the
computational domain.

Step 2. Find T;lkH) € M, , and qu+1) € X, ;, such that

ket 1 k+1)\d
l/ ( <k+1>_T<k+%>) 'Shdx+/ Tr(T, )1 N (T,"") .S, dx
| .\ : :
v/ 2 \nITe(TED) 1= (1)1
1 1
:/ s(uzkﬂ)) :Shdx—/ (A (Tr <T2k+2))) Tr (TEHZ)) Tr(S,)
2 2
9 M\ 4
+M( (T,i“z)) D (Tff+z’) :sh) dx
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and such that, for all v, € Xn,h,

/ e(vy) T;lkH) dx :/ f-v,dx
2 2

When ¢ = 1, the initialization is unchanged and the two steps simplify as follows:
1
Step 1. Find T, 2" in M, , such that, for all S, € M,

1 1
_/ (T,ﬁk“) —T,g")) S, dx
TJQ
1 1
+/ (A (Tr (T,ﬁ"*?))) Tr (T,ﬁ"*z)) Tr(S),) + u(
2
1
_ 0 'Sd——/T(k)'Sd
/Qe(uh).hx n_Qh'hX'

Step 2. Find T;lkH) € M, ; and uglkH) € X,,;, such that

1 ! 1
—/ (T}j‘*” —T,(f“)) :Shdx—l——/ T - 5, dx
TJQ njJo
1 1
=/ g(u,g"“’):shdx—/ (A (Tr (T2k+2))) Tr (T,ﬁ"*z)) Tr(S,)
2 2

1\ 4 4

+M( (TS‘“’) ’) (T,ﬁ"*z)) :sh) dx

and such that, forallv, € X ,,

1\ 4 1\ 4
(T;lkﬂ)) ‘) (T;lkﬂ)) : Sh) dx

/ e(vy) T;lkﬂ) dx =/ f-v,dx.
2 2

Following the general theory of Lions & Mercier (1979) we now prove that the iterative algorithm
for t = 1 converges to the solution of the decoupled system.

THEOREM 7.1 (Convergence of the iterative decoupled algorithm). Assume that A and p satisfy (A1-A4)
and thatn > 1. Let T, , , € M, , be the first component of the solution of (6.10) and let T;lk) € M, ;.
k=1,2,... be successive iterates computed by the iterative algorithm, with 7 > 0. We then have

o 173 = Tt al ) = 0
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Proof. The nonlinear part of the system is represented by the operator 21, : M, , — M, , defined by
20,S, = Ay, where forall R, € M, ,,

/Q A,:R,dx = /Q (A(Tr(Sh))Tr(Sh)Tr(Rh) + p((SIpsy : Rh) dx,
and the linear part, excluding the artificial time derivative, is represented by the function
B .= %Tik) —e(u).
With this notation, the first step of the iterative algorithm reads
(14 r2,y1) o _ g

or, equivalently,

1
T£k+2) — (I+ .L,th)—l (T](1k) _ TB;Zk))

It is convenient to introduce the two auxiliary tensors

1
(k) . _ (k) (k) (V) _ (k)
Ay =T, +1 (;Th —&(w, )) =T,  + B, (7.1)
and
0P = aTh _ 4®),
whereby

o _Low  (w
T, = z(@h +4;°).
We shall see that the convergence of T;lk) will result from that of A;lk) and @g{). With these tensors the
second step of the iterative algorithm reads

kL
AFD = (1 - zmh)T,g 1) _ (I — AU + 20~ (TX — BP).

Notice that, from (7.1), By = L (A" — @), and we define C{” := L (@F — A*"). In addition,
we note for later that

. 1
U+ e = S (47 + 0},

which implies

AT +ePY 1
(450 - e - ap —
T
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We also define the analogous quantities

1
B, = ;Tn,l,h — e, ;) Ap =T, 1, + 7By, Cp = 20,T, 1 s 0, =T,1,+1C

With this notation, the first relation in (5.3) reads
1
C,+B,=2%T,,,+ r‘lTn,l,h —e(u, ;) =0,

and so
4,+0,=2T,,,+tB,+C,) =2T,

which in turn implies

1 1
C,= ;(@h =T = Z(@h — Ay,

Similarly, for B, we have the decomposition
B, = ! (A, —0),)
h= o0 h:

We can now express the discrepancy between T, ;| , and Tzk) as

1

1
;“Ti(lk) —T1n ”iz(ﬂ) = /Q ( E,k) ~T,15): (TE,"’ — T, ) dx

= [ BB (0 = axr [ e -0 (10 =T,

Because, for all v, € Xn’h,

/ T : e(v)) dx =/ f-v, =/ Tt &(vy) dx,
2 2 @

we deduce that T;lk) =T, €V, and therefore

1
n ”T;zk) =T, HZ(Q) = /Q (B;lk) —B)): (T;zk) - Tn,l,h) dx.

The relations
k 1 k k
B, —B) = 27 (AE,) - A, — (0} _@h))
and

K K K
T, =T, = (A;) - A,+ (0 - @h))

1
2
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further lead to
Lo 2 1 (k) 2 ®) 2
;”Th - Tn,l,h ||L2(Q) = 4t (”Ah - Ah”Lz(Q) - ”@h - 9h||Lz(m) ) (7.2)

This, of course, implies
k k
10 — Ol < 1A — Ayl @) (1.3)

In addition, we have
A(k‘H) + @(k)
/Q (C,(f) - Ch) : (% ~T,., ) dx
(k+1) (k) (k+1) (k)
A + O A + O (7.4)
= _/Q(mh (—h 5 b )_thTn,l,h) : (—h 3 b _Tn,l,h) dx

209

thanks to the monotonicity property of %A, due to (1.5) and (1.7). On the other hand, we compute

A% + o® 1
/Q (ngk) - Ch) : (% - Tn,l,h dx = 4T (”@;;k) - @h”iz(.o) - HAEzkH) — A, HZ(Q)) :

(7.5)
Hence, we find that
1 oy 5
. (18 = 041 q) — 145 = 4,2, ) = 0. (7.6)
and therefore, in view of (7.3),
1450 = Al ey < 1087 = 04l < 145 = Anl o) 1.7)

This guarantees that the sequence ||A§lk) — Ayl ) of nonnegative real numbers is monotonic
nonincreasing, and so converging. In particular, we have

=0.

Jim (1457 = Al ) = 4577 = Al )

Consequently, (7.7) yields that
: k) _ —
Jim e @h”Lz(Q) =0.
From (7.6), this also means that
0.

: (k)
klggo |4;° — 4, ||L2(Q) =
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With these two limits, (7.2) implies

lim l||T,(j‘> - 0.

k00 1 Trtaliae =

That completes the proof. O

. . k3L Lo . .
REMARK 7.2 (Post-processing). Since T;l 2) within the iterative algorithm does not satisfy the
constraint, it seems difficult to prove its convergence to T, | ;, and as a consequence the convergence of

u}lk) tow,;, as k — oo. Instead, given T;lk), one can define ﬁ;lk) IS Xn,h as the solution to the elasticity
problem

1
/ e(@) : e(v,) dx = —/ TV - e(v)) dx+/ A, (T revpdx Vv, € X,
2 nJjge 2 |

The convergence of ii}(lk) towards u,, ; ;, follows from the convergence of T;lk) towards T, ; ;,, as k — oo.

8. Numerical experiments

We now illustrate the performance of the decoupled algorithm in several situations. We start with a
setting where the exact solution is accessible in order to demonstrate the asymptotic behavior of the
algorithm and to determine adequate values for the numerical parameters to be used in other situations.
We then challenge our algorithm in the two-dimensional case of a crack.

The numerical results presented below are obtained using the deal.ii library (Arndt et al., 2017).
The subdivisions of £2 consist of quadrilaterals/hexahedra. Unless stated otherwise, the stress tensor
T is approximated using piecewise constant polynomials while the displacement u is approximated by
piecewise polynomials of degree 1 in each coordinate direction; see Section 5.3.

8.1 Details of the implementation

For a given tolerance parameter TOL>0, the decoupled iterative algorithm described in Section 7 is
terminated once the relative tolerance on the increment

[y vl PSS M (T e | s
® ® < TOL (8.1)
”Th ”Lp(.(z) + Hvuh ||L2(.Q)

is satisfied, where p = 2 when t = 1 and p = 1 otherwise.
Each step of the decoupled algorithm requires subiterations (only in Step 1 when ¢ = 1), which are
terminated once the relative tolerance on the increments is smaller than TOL/5.
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TABLE 1  Asymptotic behavior of e, and ey forn =t = 1andn =2 witht = 1 or t = 2. The method
exhibits convergence of order 1 in all cases. This is in accordance with Theorem 5.5 when t = 1 but
better than predicted fort > 1.

tr=1 r=1 t=2
€y er €y er €y er
272 0.14438 0.03946 0.14436 0.05453 0.14434 0.05182
273 0.07217 0.01973 0.07217 0.02725 0.07217 0.02486
2-4 0.03609 0.00986 0.03609 0.01363 0.03609 0.01224
275 0.01804 0.00493 0.01804 0.00681 0.01804 0.00625
2-6 0.00902 0.00247 0.00902 0.00341 0.00902 0.00327
27 0.00451 0.00124 0.00451 0.00171 0.00451 0.00177

8.2 Validation on smooth solutions

We illustrate the performance of the decoupled algorithm introduced in Section 7 on the discretization
of the regularized system

an(T,S)+c(T;T,S)—b(S,u):/ G :Sdx VS e M,
2 (8.2)
b(T,V):/f~vdx Vv e X.
2
The presence of the given tensor G : 2 — Rfyﬁ on the right-hand side of the first equation allows us to

exhibit an exact solution in closed form; compare with (3.2). In fact, we let A(s) = u(s) = (1 + sz)_%,
2 = (0,1)% and, given n > 1, we define f and G so that

wen = ("157). 1w = (G ) 83

solves (8.2).

Regarding the numerical parameters, we fix the pseudo-time increment parameter t = 0.01
and perform simulations for several values of the regularization parameter n and for + = 1 (linear
regularization) and r = n. The computational domain §2 is subdivided by using a sequence of uniform
partitions consisting of squares of diameter # = 2=/, i = 0, ..., 7. The target tolerance for the iterative
algorithm is set to TOL = 1075,

Convergence as h — 0. We provide in Table 1 the corresponding errors e, := ||V (u, —w, )|l (2)

and ey := ||T, =T, ;| L(2)" Theorem 5.5 predicts a rate of convergence of (’)(h%) for both quantities
which seems to be pessimistic (in this model problem with a smooth solution) since convergence of
order O(h) is observed for + = 1 and t = n. In fact, we also ran tests with other values of r > 1 and
observed the same order O(h).
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TABLE 2 Convergence of the decoupled algorithm when n — oo for a fixed spatial resolution (h =
277) using linear (t = 1) and nonlinear (t = n) regularization. In the nonlinear regularization case,
the error in the stress is always measured in L (£2) (instead of L,(52) when t = 1). The two algorithms
vield similar results.

n=10 n =500 n = 1000 n=10 n =500 n = 1000
ey 0.80168 0.00927 0.00617 ey 0.80167 0.00519 0.00470
er 1.53397 0.06777 0.03583 er 2.18173 0.04052 0.02234
10 T
y(x)=x

stress error - -+ -
disp. error ---@---

0.001 L I
0.1 1

h

Fig. 1. Decay of [lu — upllz,(2) and [T — TpllL (2) as a function of the mesh size h using the unstable pair in (5.52). Both
quantities decay linearly.

Convergence as n — oo. We now turn our attention to the convergence of the algorithm when n —
oo for a fixed subdivision corresponding to 4 = 277. Again we consider two cases: t = 1 (linear
regularization) and r+ = n. The data f and G are modified so that (u, T) given by (8.3) solves (8.2)
without regularization, i.e., without the bilinear form a, (-, -). The results are reported in Table 2; they
indicate that in this smooth setting, e, + e — 0 asn — oo.

8.3 Inf-sup condition

We conclude the section containing our numerical experiments with an observation on the inf-sup
condition when using quadrilaterals. We consider the discretization of the linear problem, for which
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(0,2) (1,2)

117

(0,0) (1,0)

FIG. 2. Crack problem. A horizontal compressive force Tn = (f, 0)T for f > Ois applied on side 171, while no force (i.e., Tn = 0)
is imposed on the side marked by / and /I. The top and bottom sides are fixed, i.e., u = 0.

F1G. 3. Crack problem. The deformed domain for different force magnitudes f = 0.25,0.5,0.75, 1 (from left to right) pulling the
right face of the computational domain. The gray scale describes the magnitude of the displacement |u|, where white corresponds
to 0 and black to 0.92.

the solution (u, T) € X x M is defined as the one satisfying

/T:S—/s(u):S+/£(v):T=/f~v V(v,S) € X x M.
Q Q Q Q

In view of the discussion in Section 5.3, any pair of discrete spaces satistying &(X,, ,) C M, j, such
as in (5.50) or in (5.51), yields an inf-sup stable scheme. In contrast, unstable modes (that violate the
discrete inf-sup condition with an /-independent positive inf-sup constant) can be proved to exist when
using the pair in (5.52). However, for the exact (smooth) solution

y
u(x.y) = (;ﬁx) L Ty = ey)

on a square domain £2 = (0, 1)?, the finite element approximations using this unstable pair showed
no signs of instability in our numerical experiments. In fact, a linear rate of convergence for ||V (u —
W), @) and |T =Tyl () Was observed in the limit of 7 — 0; see Fig. 1.

It is worth mentioning that, when using (Q}L)fyxnf instead of (Qg)fyxmd for T,, the approximation of
u;, remains exactly the same while the approximation of T, is more accurate on any given subdivision,

but it still exhibits only first-order convergence as 7 — 0. The intriguing fact that, for the exact solution
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TABLE 3 Evolutions of [|Vw,ll_ (o) and |ITyll (o) as functions of the force magnitude f pulling the
right face of the domain. The influence of increasing the magnitude of the force is severe on the stress
while relatively moderate on the strain. This is in accordance with the properties of the strain-limiting
model considered.

=025 f=05  f=075 f=1 f=125 f=15
IV, 4l o) 1.0656 22510 3.5032 5.2703 7.0492 8.8003
1T, ol o 0.92231 5.3090 18.17 46.5215 95.3902 166.335

(u, T) considered above, the scheme exhibits the optimal rate of convergence dictated by interpolation
theory, even though an inf-sup unstable finite element pair is being used, will be the subject of future
work.

8.4 Crack problem

We consider the ‘crack problem’ described in Fig. 2. A horizontal force of magnitude f is applied to the
right face of the domain (/II), while the left faces (I and II) are free to deform (i.e., no external force is
being applied there). The top and bottom (V) are fixed with u = 0.

We set A(s) = u(s) = (1 + sz)_%. In view of the performance observed in Section 8.2 we set the
numerical parameters to T = 2, n = 100 and ¢t = 1. The domain is partitioned into 16384 quadrilaterals
of minimal diameter # = 0.011. The stress is approximated in (Qg)g;;f and the displacement in
(Q,]l)d N X,,. In Fig. 3 we provide the deformed domain predicted by the algorithm for different values
of f. We also report in Table 3 the evolution of [|[Vu,ll, (o) and [|T,ll, (o) as the magnitude of
the force increases. The influence of the latter is severe on [|T,ll; (o) While relatively moderate on
el 2y < IVuy,lly(e)- This is in accordance with the properties of the strain-limiting model
considered.

Funding
National Science Foundation (DMS-1817691 to A.B).

REFERENCES

AcosTA, G., DURAN, R. G. & MUSCHIETTI, M. A. (2006) Solutions of the divergence operator on John domains.
Adv. Math., 206, 373-401.

ARNDT, D., BANGERTH, W., DAvYDOV, D., HEISTER, T., HELTAI, L., KRONBICHLER, M., MAIER, M., PELTERET,
J.-P.,, TURCKSIN, B. & WELLS, D. (2017) The deal. II library, version 8.5. J. Numer. Math., 25, 137-146.

BECK, L., BULICEK, M., MALEK, J. & SULL E. (2017) On the existence of integrable solutions to nonlinear elliptic
systems and variational problems with linear growth. Arch. Ration. Mech. Anal., 225, 717-769.

BULICEK, M., MALEK, J., RAJAGOPAL, K. & SULL E. (2014) On elastic solids with limiting small strain: modelling
and analysis. EMS Surv. Math. Sci., 1, 283-332.

CIARLET, P. G. (1991) Basic error estimates for elliptic problems. Handbook of Numerical Analysis, vol. 11,
Amsterdam: North-Holland, pp. 17-351.

GIRAULT, V. & RAVIART, P.-A. (1986) Finite Element Methods for Navier-Stokes Equations: Theory and Algorithms.
Springer Series in Computational Mathematics, vol. 5. Berlin: Springer.

GRAFAKOS, L. (2014) Classical Fourier Analysis. Graduate Texts in Mathematics, vol. 249, 3rd edn. New York:
Springer.

220 19qUIaAON 8z U }sonb Aq /9G6€15/62/1/0t/a101e/eulew)/wod dno-oiwapeoe)/: SRy Wouy papeojumoq



86 A.BONITO ET AL.

GRrRONWALL, T. H. (1913) Uber die Laplacesche Reihe. Math. Ann., 74, 213-270.

JIANG, R. & KAURANEN, A. (2017) Korn’s inequality and John domains. Calc. Var. Partial Differ. Equ., 56,
Art. 109, 18.

Lions, J.-L. (1969) Quelques Méthodes de Résolution des Problémes aux Limites Non Linéaires. Paris, France:
Dunod.

Lions, P-L. & MERCIER, B. (1979) Splitting algorithms for the sum of two nonlinear operators. SIAM J. Numer.
Anal., 16, 964-979.

MALEK, J., NECAS, J., RoOKYTA M. & RUZICkA, M. (1996) Weak and Measure-Valued Solutions to Evolutionary
PDEs. Applied Mathematics and Mathematical Computation, vol. 13. London: Chapman & Hall.

RasacoraL, K. R. (2003) On implicit constitutive theories. Appl. Math., 48, 279-319.

RajacoraL, K. R. (2007) The elasticity of elasticity. Z. Angew. Math. Phys., 58, 309-317.

Rao, M. M. & REN, Z. D. (2002) Applications of Orlicz Spaces. Monographs and Textbooks in Pure and Applied
Mathematics, vol. 250. New York: Marcel Dekker.

Scort, L. R. & ZHANG, S. (1990) Finite element interpolation of nonsmooth functions satisfying boundary
conditions. Math. Comput., 54, 483-493.

SHOWALTER, R. E. (1997) Monotone Operators in Banach Spaces and Nonlinear Partial Differential Equations.
Math. Surveys and Monographs, vol. 49. Providence, RI: AMS.

220 19qUIaAON 8z U }sonb Aq /9G6€15/62/1/0t/a101e/eulew)/wod dno-oiwapeoe)/: SRy Wouy papeojumoq



	Finite element approximation of a strain-limiting elastic model
	1. Introduction and statement of the problem
	1.1 Setting of the problem
	1.2 Notation

	2. Weak formulation
	3. Analysis of a regularized problem
	4. A priori estimates for the regularized problem
	5. Finite element approximation
	5.1 Discrete scheme
	5.2 Convergence of the sequence of discrete solutions
	5.3 Other elements that fit the theory
	5.4 A simple quadrilateral/hexahedral element to which the theory does not apply

	6. The case of smoother data
	6.1 Finite element discretization

	7. Decoupled iterative algorithm
	8. Numerical experiments
	8.1 Details of the implementation
	8.2 Validation on smooth solutions
	8.3 Inf-sup condition
	8.4 Crack problem



