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Abstract

We prove, using p-adic Hodge theory for open algebraic varieties, that for a smooth projective
variety over a field k& C C of finite type over Q, the complex abel jacobi map vanishes if the etale
abel jacobi map vanishes. This implies that for a smooth projective morphism f : X — S of smooth
complex algebraic varieties over a field k C C of finite type over Q and Z € Z¢(X, n)f’azo an algebraic
cycle flat over S whose cohomology class vanishes on fibers, the zero locus of the etale normal function
associated to Z is contained in the zero locus of the complex normal function associated to Z. From
the work of Saito or Charles, we deduce that the zero locus of the complex normal function associated
to Z is defined over k if the zero locus of the etale normal function associated to Z is not empty.
We also prove an algebraicity result for the zero locus of an etale normal function associated to an
algebraic cycle over a field k of finite type over Q. By the way, we get that the Hodge conjecture
implies the Tate conjecture for smooth projective varieties over fields of finite type over Q and for
smooth projective varieties over p-adic fields (in particular we get Tate conjecture for divisors), and
a for a smooth projective morphism f : X — S of smooth complex algebraic varieties over a subfield
k C C of finite type over Q, the locus of Hodge Tate classes inside the locus of Hodge classes of f.

1 Introduction

Let X be a connected smooth projective variety over C. The Abel-Jacobi map associates to a
cycle Z € Z%(X) homologically equivalent to 0 of codimension d, a point AJ(X)(Z) € J%(X) in the
intermediate Jacobian of X. In family, if f : X — S is a smooth projective morphism of smooth con-
nected complex varieties and Z € Z4(X) is a relative cycle on S of codimension d homologicaly trivial on
fibers, the Abel-Jacobi map provides a holomorphic and horizontal section of the relative intermediate
Jacobian : vz : S — J4(X/S) called the associated normal function. By a Brosnan-Pearlstein theorem,
the zero-locus V(vz) C S and more generally the torsion locus V(vz) C Viers(vz) C S of vz is an
algebraic subvariety ([3]). If X/S and Z are defined over a subfield k¥ C C, we conjecture in the spirit
of the Bloch-Beilinson conjectures, that the zero-locus of the normal function is also defined over k (see

[7)-

On the other hand, if k is of finite type over Q, X is a connected smooth projective variety
over k, and p is a prime number, we can define via the continuous étale cohomology with Z, coefficients
an etale Abel-Jacobi map which associate to a cycle Z € Z4(X,n) homologically equivalent to 0 of codi-
mension d, an element AJP(X)(Z) € HY(G, H**~'="(X}, Z,)) of the first degree Galois cohomology of
the absolute galois group G := Gal(k/k) with value in the etale cohomology of X with Z,, coefficients.
In family, we get, for f : X — S a smooth projective morphism of smooth connected varieties over k and
Z € Z4X,n) a relative cycle on S of codimension d homologicaly trivial on fibers, a normal function
vy P associated to Z € Z9(X,n) and thus a zero-locus V(15 ") C S and more generally a torsion locus

V(V5P) C Viers(vy?) € S of v which are subsets of closed points of S. For o : k < C an embed-
ding, and V' C S a subset, we denote V¢ := myc(S) (V) C Sc where m ¢ (S) : Sc — S is the projection.



Let £ of finite type over Q and f : X — S a smooth projective morphism of smooth connected
varieties over k. Let Z € Z9(X) arelative cycle. F. Charles then proves that for any embedding o : k < C

e assuming that R2¢~1£3"(C) has no global sections then V(5 ")c = V(vz) ([7])

e if V(vz)(k) is non-empty then it is defined over k ([8]).

In this work, we show that, for a field k of finite type over Q, X a connected smooth projective
variety over k, Z € Z%(X, %) an (higher) algebraic cycle homologically equivalent to 0 of codimension d,
and p € N a prime number, if AJ*?(X)(Z) = 0 then AJ,(X)(Z) := AJ(X¢)(Zc) = 0 for any embedding
o : k< C (ct. theorem 6). This implies by definition that for f : X — S a smooth projective morphism
of smooth connected varieties over a field k of finite type over Q, and Z € Z4(X, %) a relative cycle on S
of codimension d homologicaly trivial on fibers,

V;Eors(yztﬁp)c C V;Eors (VZ)

for any embedding o : k < C without any assumption (c.f. corollary 2(i)). We deduce that if V(v ) is
not empty, V (vz) is defined over the algebraic closure k of k (c.f. corollary 2(ii)).

The proof of theorem 6 uses p-adic Hodge theory for open varieties to relate de Rham cohomology and
its Hodge filtration to p-adic étale coholomogy with its Galois action. Theorem 6 follows indeed from the
fact that by proposition 5(i), proposition 4 and proposition 1, we have for a field k of finite type over Q,
U € SmVar(k), and embeddings o : k — C, g, : k — C, for a prime p € N, for each j,! € Z, a canonical
injective map

HIGL(U) « B (Ur, Z,) (1) < FUHI(UE",2i7Q) @ Qpy o HIWGL(U)(0) = ev(U)(w(a)),

p,ev

which is by construction functorial in U € SmVar(k) (see theorem 1). More precisely, if the étale Abel-
Jacobi image of a cycle Z is zero,

e there exist a Galois invariant class « in the étale cohomology of ((X x 00")\Z); with non-zero
boundary, where k is an algebraic closure of k,

e then, by p adic Hodge theory for (X x O")\Z, « define a logarithmic de Rham class w(«), laying
inside the right degree of the Hodge filtration of ((X x O")\Z);  where k,, C C, is the p-adic
op

completion of k with respect to an embedding o, : k — C, (c.f.proposition 5(i) and proposition 4)

e taking the image of this class by the complex period map with respect to an embedding ¢’ : k' — C
extending the given embedding o : k < C where k' C l%gp is a subfield over which w(«)y, is defined,
we get a Betti cohomology class ev((X x O")\Z)(w(a)r) of (X x O")\Z)E™ with 2imQ coefficients
(c.f. proposition 1),

e this last class (1/2im)ev((X x O")\Z)(w(«)r) induce a splitting of the localization exact sequence
of mixed Hodge structures :

0 — H*-1on(xan Q) Lo H2H((X x OM\2)&m, )P & HE(X x Om)er, Q)7 = Q49 (d) — 0,
which means that the complex Abel-Jacobi image de Z is zero.

By the way, since for X € PSmVar(k), Lg’e(i (X) is compatible with cycle class maps, we get in particular
that Hodge conjecture implies Tate conjecture. In particular, we get Tate conjecture for divisors for
smooth projective varieties over fields of characteristic zero.

In section 6, we show that, for f: X — S a smooth projective morphism of connected smooth varieties
over a field k of finite type over Q, Z € Z¢(X, %) an (higher) algebraic cycle homologically equivalent to

0 of codimension d, and p a prime number for all expect finitely many prime numbers p € N

Vtors(l/?’p) =TnN S(O) c S,



where T' C S is the image of closed points of a constructible algebraic subset of

EFR (X x ONZDk,, /Sk,,) = H24 /f(o((XxD*mz),;Up,Fb) € Vectru (S, )
by the projection pg : E%dgl(((XxD")\|Z|)l;U /Si. ) = S;, , where /Acgp C C, is the completion of k with

respect to o, (c.f. definition 8 and theorem 7(i)). We also give a local version for Vs (U;fp) C S (ct

theorem 7(ii)). The proof use on the one hand proposition 5(ii), and on the other hand De Yong alterations
to get a stratification S = U,eaS* by locally closed subsets and alterations 7 : (Xgo X O0™)* — Xgo x O
such that

fom®: ((X x Dn)gvp,wa’fl(|2|)) — Sgdp

is a semi-stable morphism. We then use the p adic semi-stable comparison theorem for semi-stable
morphisms f": (X', D) — §', with ', X', D" € SmVar(k,, ), that is satisfying
e f: X' — S is smooth projective, D’ C X’ is a normal crossing divisor,

e foralls € ', D! C X! is a normal crossing divisor and (X}, D’) has integral model with semi-stable
reduction,

(or more generally for log smooth morphism of schemes over (O;, , No)), which gives, for each j € Z a
op
canonical filtered isomorphism

HIifla(U"): R f;ZpﬁUéﬁt ®z, OBst,sr — R fly4,(Ovr, Fy) @0, OBy s

which is for each s € S compatible with the action of the Galois group Gal(C,/k(s)), the Frobenius and

the monodromy: for all but finitely many primes p, k,,(s) is unramified for all embeddings o, : k — C,
and all s € §', so that we get a Frobenius action on R’ f/ ;. (O, Fy)s = Hpp(U}) for all s € S

This also give (see theorem 8) together with proposition 5(ii) and proposition 1, for f : X — S
a smooth morphism, with S, X smooth over a subfield o : £k — C of finite type over Q, and p any
but finitely many prime numbers and o, : £ — C, an embedding, the locus of Hodge-Tate classes
(Hij*Qp,xit (d)¢ ¢ Hij*Qp,x]g“ where G = Gal(k/k) and k C C is the algebraic closure of k in C,

~

(5X/S)  miye(S) (HIR fug, ot ()7 =

< PUBpp(X/8) N (Uaea(Bpr(X( /ST ) @05, OBase )*M)) >q,
< (FEpr(Xc/Sc) N R f.Qxan) ®g Qp = HL; a(Xc/Sc) ®g Qp,
s+ ev(Xye)) (1/2im)w(o)p(s))s 8" = w;/l(c(s) tk(s) > C,se S

inside the locus of Hodge classes HL; 4.(X/S) :== HL; (Xc/Sc) C E%,R(X@/SC), which is a countable
union of algebraic subvarieties ([3]), where

o [:X Lx L Sisa compactification of f where X € SmVar(k), j is an open embedding and f is
proper,

o ELp(X/S) == HI [1j.nag(Ox, Fy) and EL,p(Xc/Sc) = H7 [} jumag(Ox., Fy) are the filtered
algebraic holonomic D-modules over S and S¢ respectively,

o S =1l,epaS% is a stratification by locally closed algebraic subsets, A being a finite set,

o ™ : X — Xgo being alterations, in particular we get sub vector bundles 7%* : E%R(XSQ/SO‘) =
ELp(X/8) |50 = Epp(X*/S%),



® Tk, (Sa)*E{)R(Xa/Sa) - E%,R(ngp /Sgdp) is the canonical subset of closed points, ks, C C,

being the p adic completion of k£ with respect to oy,
o mc(S): Sc — S and Tk ke, (S) : S,;Up — S are the projections.

I am grateful for professor F.Mokrane for help and support during this work as well as O.Wittenberg
for mentioning me an article of Jannsen on l-adic cohomology.

2 Preliminaries and Notations

e Denote by Top the category of topological spaces and RTop the category of ringed spaces.
e Denote by Cat the category of small categories and RCat the category of ringed topos.

e For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/ X := (Y, f) with
YeSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, /'), (Y, f)) consists of
g:Y'" =Y in S such that fog=f'.

e For § € Cat denote GrS := Fun(Z, S) is the category of graded objects.

e Denote by Ab the category of abelian groups. For R a ring denote by Mod(R) the category of (left)
R modules. We have then the forgetful functor or : Mod(R) — Ab.

e Denote by AbCat the category of small abelian categories.
e For (S§,05) € RCat a ringed topos, we denote by

— PSh(S) the category of presheaves of Og modules on S and PSho, (S) the category of presheaves
of Og modules on S, whose objects are PSho, (S)? := {(M,m), M € PSh(S),m : M ® Os — M},
together with the forgetful functor o : PSh(S) — PSho,(S),

— C(S) = C(PSh(S)) and Co4(S) = C(PShp(S)) the big abelian category of complexes of
presheaves of Og modules on S,

— Cogs2)1i(S) := C(2)7a(PShog(S)) C C(PShog(S), F, W), the big abelian category of (bi)filtered
complexes of presheaves of Og modules on § such that the filtration is biregular and PShog (2) ra (S) =
(PShos (S), F, W).

e Let (S,05) € RCat a ringed topos with topology 7. For F' € Cog(S), we denote by k : F — E (F)
the canonical flasque resolution in Co4(S) (see [5]). In particular for X € S, H*(X, E,(F)) =
H* (X, F).

e For f: 8 — S a morphism with §,8" € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— f*i= HID(S, koad(f*, £.)(F)) : HI(S, F) — Hi(S', f*F),
— f*i= HIT(S, ko ad(f*med, £,)(F)) : HI(S, F) — HI(S', fmolF),

the canonical maps.
e For X € Cat a (pre)site and p a prime number, we consider the full subcategory
PShy, (X) C PSh(N x X), F = (Fy)pen, p"F, =0, Fopa/p" = Fp
Cz,(X) := C(PShz, (X)) C C(N x X) and
Ly = Lpx = ((Z/p"Z)x) € PShy, (X)

the diagram of constant presheaves on X.



e Let f: X" — X a morphism of (pre)site with X', X’ € Cat. We will consider for F' = (F},)nen €
Cz,(X) the canonical map in C(X")

T(f*, Jm)(F) : f* lim F, — lim f°F,

neN neN
Recall that filtered colimits do NOT commute with infinite limits in general. In particular, for
f:+ &" = X amorphism of (pre)site and F' = (F},)nen € PShz, (X)), fm o f*F, is NOT isomorphic
to f*lim _ Fn in PSh(X”’) in general.

e Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). For X € Sch, we denote by

— Sch’* /X < Sch /X the full subcategory consisting of objects X’/X = (X', f) € Sch /X such
that f: X’ — X is an morphism of finite type

— X¢ < Sch’* /X the full subcategory consisting of objects U/X = (X,h) € Sch /X such that
h:U — X is an etale morphism.

— X®™ < Sch’* /X the full subcategory consisting of objects U/X = (X, h) € Sch /X such that
h:U — X is a smooth morphism.

For a field k, we consider Sch /k := Sch /Speck the category of schemes over Speck. We then
denote by

— Var(k) = Sch’* /k < Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) € QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) € SmVar(k) C Var(k) the full subcategories consisting of smooth varieties and
smooth projective varieties respectively.

For a morphism of field ¢ : k — K, we have the extention of scalar functor

QrK :Sch/k —Sch /K, X = X =Xk, =X K, ([ X' 2 X)= (fr=f®]: X — Xk).
which is left ajoint to the restriction of scalar

Resy i : Sch /K — Sch /k, X = (X,ax) = X = (X,00ax), (f: X' > X)— (f: X' = X)

The adjonction maps are

— for X € Sch /k, the projection my/x(X) : Xxg — X in Sch /k, for X = U;X; an affine open
cover with X; = Spec(A;) we have by definition 7y, 5 (X;) = np/x (As),

— fOI‘XESCh/K,IXAK:X;)XK:XXKK(X)kKiH SCh/K, where Ag : K®p K — K is
the diagonal which is given by for z,y € K, A (z,y) =x — y.

The extention of scalar functor restrict to a functor
@K : Var(k) = Var(K), X = Xg =Xk, =X K, (f: X' > X)) (fk = fo1: X} — Xk).

and for X € Var(k) we have m,/x(X) : Xx — X the projection in Sch /k. An algebraic variety
X € Var(K) is said to be defined over k if there exists Xy € Var(k) such that X ~ X, ®; K
in Var(K). For X = (X,ax) € Var(k), we have Sch’* /X = Var(k)/X since for f : X' — X a
morphism of schemes of finite type, (X', ax o f) € Var(k) is the unique structure of variety over k
of X’ € Sch such that f becomes a morphism of algebraic varieties over k, in particular we have



— X¢ < Sch'! /X = Var(k)/X,
— X*™ c Sch’' /X = Var(k)/X.

A morphism f: X' — X with X, X’ € Var(K) is said to be defined over k if X ~ X, ®; K and
X'~ X[®, K are defined over k and 'y =T'y, @, K C X' x X is defined over k, so that fo®r K = f
with fo : Xé — Xp.

For X € Sch and s € N, we denote by X(,) C X its points of dimension s, in particular X5y C X
are the closed points of X.

For X € Sch and k a field we denote by X (k) := Homg.,(Speck, X) the k points of X. We get
X (k)in C X the image of the k-points of X. For k C k" a subfield, AY (k);, = kY Cc k'~ C AY and
AY (K )in = mipe (AR (KY) € AY.

For X € Sch, we denote X?¢* C Sch /X the pro etale site (see [2]) which is the full subcategory of
Sch /X whose object consists of weakly etale maps U — X (that is flat maps U — X such that
Ay : U — U xx U is also flat) and whose topology is generated by fpqc covers. We then have the
canonical morphism of site

vy XP o X (U — X) = (U — X)

For F € C(X*°),
ad(vy, Rvx.)(F) : F — Rux.vx F

is an isomorphism in D(X®), in particular, for each n € Z

vi = H'T(X, k) : H',(X, F) = H”

pet

(X, vx F)
are isomorphisms, where
k:=koad(wy,vx:)(Eet(F)) : Eet(F) = vxwEpet (WX F)
is the canonical map in C(X*®) which is a quasi-isomorphism. For X € Sch, we denote
= Ly =lm vk (Z/p"Z)xe: € PSh(XPe) the constant presheaf on X,
— lp.x = (p()) : Zy, — Vi (Z/pZ)xe the projection map in PSh(N x XP¢).

Let k a field of characteristic zero and ky C k a subfield. We say that k is of finite type over
ko if k is generated as a field by ko and a finite set {a,...,a,} C k of elements of k, that is

k=ko(ay,...,a.). If k is of finite type over kg then it is of finite transcendence degree d € N over
ko and k = ko(a, ..., aq)(agyr) with {aq, ..., a1} C k such that ko(aq, ..., aq) = ko(z1,...,24)
and ag41 is an algebraic element of k over_ko(al, ...,aq). Note that if k is of finite type over ko then

it is NOT algebraicly closed. We denote k the algebraic closure of k. Then k is also transcendence
degree d over k.

Let C a field of characteristic zero. Let X € Var(C'). Then there exist a subfield k& C C of finite
type over Q such that X is defined over k that is X ~ X ®; C with X, € Var(k).

Let k C Q be a number field, i.e. a finite extension of Q. There exists a finite set of prime number
d(k) such that for all prime number p € N\d(k) we have for all each embedding o, : &k — C,

Q,Nk=0Q.
Let X € Var(k). Considering its De Rham complex Q% := DR(X)(Ox) := Q% ., we have for j € Z

its De Rham cohomology HY (X) := H/(X,Q%). If X € SmVar(k), then H7 o(X) = H/,(X, Q%)
since Q®* € C(SmVar(k)) is A! local and admits transfert (see [5]).



Let X € Var(k). Let X = U;_, X; an open affine cover. For I C [1,...,s], we denote X := Njcr X;.
We get X, € Fun(P([1,...,s]), Var(k)). Since quasi-coherent sheaves on affine noetherian schemes
are acyclic, we have for each j € Z, H},,(X) =T'(X,, Q%.).

For K a field which is complete with respect to a p-adic norm, we consider O C K the subring of
K consisting of integral elements, that is € K such that |z| < 1. For X € Var(K), we denote by
X9 € Sch /Ok a (non canonical) integral model of X, i.e. satisfying X© ®o, K = X.

For X € Sch and p a prime number, we denote by c : X® - X the morphism in RTop which is
the completion along the ideal generated by p.

Let K a field which is complete with respect to a p-adic norm and X € PVar(K) projective. For
X9 € Sch /Og an integral model of X, i.e. satisfying X© ®0, K = X, we consider the morphism
in RTop R R
ci=(cal): XP .=X%P g, K- X0, K =X.
We have then, by GAGA (c.f. EGA 3), for F' € Coho (X) a coherent sheaf of Ox module,
¢t HH(XO, F) = HF(XO:®) c*modF) for all k € Z, in particular
. o>y ~ > o>l
¢ HF (X, 05 S Hk(X(p),QX—@))

for all k,1 € Z.

Denote by AnSp(C) C RTop the full subcategory of analytic spaces over C, and by AnSm(C) C
AnSp(C) the full subcategory of smooth analytic spaces (i.e. complex analytic manifold). For
X € AnSp(C), we denote by X* C AnSp(C)/X the full subcategory consisting of objects U/X =
(X,h) € AnSp(C)/X such that h : U — X is an etale morphism. By the Weirstrass preparation
theorem (or the implicit function theorem if U and X are smooth), a morphism r : U — X with
U,X € AnSp(C) is etale if and only if it is an isomorphism local. Hence for X € AnSp(C), the
morphism of site 7y : X¢ — X is an isomorphism of site.

Denote by CW C Top the full subcategory of CW complexes. Denote by Diff(R) C RTop the full
subcategory of differentiable (real) manifold.

Let k C C a subfield. For X € Var(k), we denote by

an y-et et
~ ;A i c(XY)
any : Xgn Sy xomet 28, ye

the morphism of site given by the analytical functor.
Let k C C a subfield. For X € Var(k), we denote by
a(X) : Cxan <= Qxan
the canonical embedding in C'(X&"). It induces the embedding in C'(Xg&")

L2ixz/C,X2M a(x)

B(X) : QiWZXEn SN (ngn — S%m
For X € SmVar(k), a(X) is a quasi-isomorphism by the holomorphic Poincare lemma.

For X € Sch noetherian irreducible and d € N, we denote by Z¢(X) the group of algebraic cycles of
codimension d, which is the free abelian group generated by irreducible closed subsets of codimension
d.

— For X € Sch noetherian irreducible and d € N, we denote by Z¢(X,e) C Z%(X x O°) the
Bloch cycle complex which is the subcomplex which consists of algebraic cycles which intersect
[0* properly.



— For X € Var(k) irreducible and d,n € N, we denote by Z4(X,n)?-% C Z9(X, )7=0 the the
subabelian group consisting of algebraic cycles which are homologicaly trivial.

— For f: X — S a dominant morphism with S, X € Sch noetherian irreducible and d € N, we
denote by Z4(X, )/ C Z%(X,e) the subcomplex consisting of algebraic cycles which are flat
over S.

— For f: X — S a dominant morphism with S, X € Var(k) irreducible and d,n € N we denote
by Z4(X, n)?}?;g C Z4(X,n)/?=0 the subabelian group consisting of algebraic cycles which
are flat over S and homological trivial on fibers.

e For X € Var(k) and Z C X a closed subset, denoting j : X\Z — X the open complementary, we
will consider
I'}Zx = Cone(ad(jy, j*)(Zx) : Zx — Zx) € C(Var(k)*"/X)
and denote for short vy = Y% (Zx) : Zx — I'}Zx the canonical map in C(Var(k)*™/X). If
X € SmVar(k), it gives

axyl'yZx = Cone(axy o ad(jy,7*)(Zx) : Z(U) — Z(X)) € C(SmVar(k)).
Then Mz(X) := ax;TyZx € DA(K).

e We denote I" := [0,1]" € Diff(R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex
eing (X, ) = (Z Homrop (I*, X))@ R
and for | € 7Z its singular cohomology H

sing(X7 R) = H"Cj
functoriality the complex

sing

(X, R). In particular, we get by

C;(,Rsing € CR(X)7 (U C X) = G5 (U7 R)

sing
We will consider the canonical embedding

C*12in7)0(X) : Clng (X, 2inZ) = Cfe(X,C), a = a® 1

sing sing

whose image consists of cochains a € C%, (X, C) such that a(y) € 2irZ for all y € Z Homrop (I*, X).

Sin,

We get by functoriality the embedding in C(X)

O*L%WZ/(C,X : O;(,2i7rZ,sing — O;(,(C,sing7
(U C X) = (C*LinZ/C(U) : C:ing(Uu 2Z7TZ) — :ing(U7 (C))
We recall we have

— For X € Top locally contractile, e.g. X € CW, and R a ring, the inclusion in Cr(X)
cx @ BRx = C%, Rsing 18 DY definition an equivalence top local and that we get by the small

chain theorem, for all [ € Z, an isomorphism H'cx : H/(X, Rx) = Hsling(X, R).
— For X € Diff(R), the restriction map

rx : ZHompigr) (I*, X )" = Cl. (X, R), w— w: (¢ — w(e))

sing
is a quasi-isomorphism by Whitney approximation theorem.

e Let X € AnSm(C). Let X = Ul_;D; an open cover with ID; ~ D(0,1)¢. Since a convex open subset
of C¢ is biholomorphic to an open ball we have D := N;e;D; ~ D(O0, 1)d (where d is the dimension
of a connected component of X). We get Do € Fun(P([1,...,7]), AnSm(C)).



e For k a field, we denote by Vect(k) the category of vector spaces and Vecty; (k) the category of
filtered vector spaces. Let &k C K a field extension of field of characteristic zero.

— For (V, F) € Vect ;i (k), we get a filtered K vector space (V ®, K, F) € Vect (K ) by FI(V ®,
K) := (F/V)®; K. In this case, we say that the filtration F on V @y, K is defined over k.

— For (V',F) € Vectyy(K) and h = V @ K =5 V' and isomorphism of K vector space, we
get (V, Fy) € Vecty(k) by F/V := h='(FIV') NV (considering the canonical embedding
n:VoaVe,K nv):=v®1).

— For (V, F) € Vect;(k), we have FI(V @, K)NV = FIV.

— For (V',F) € Vecty(K) and h : V ®; K = V' and isomorphism of K vector space, we have
h((F}V)®y K) C FIV'. Of course this inclusion is NOT an equality in general. The filtration
F on V' is NOT defined over k in general.

e We also consider

— Top, the category whose objects are couples (X,Y) with X € Top and Y C X a subset and
whose set of morphisms Hom((X',Y”), (X,Y)) consists of f : X’ — X continuous such that
Y' C f7YY) (ie. f(Y')CY),

— RTop, the category whose objects are couples (X,Y) with X = (X,0x) € RTopand Y C X
a subset and whose set of morphisms Hom((X’,Y”"), (X,Y")) consists of f : X’ — X of ringed
spaces such that Y' C f=1(Y),

— Top? the category whose objects are couples (X,Z) with X € Top and Z C X a closed
subset and whose set of morphisms Hom((X’, Z"), (X, Z)) consists of f : X’ — X continuous
such that f~1(Z) c Z' (ie. f(X'\Z') C X\Z), in particular we have the canonical functor
Top? — Top,, (X, Z) — (X, X\2),

— RTop? the category whose objects are couples (X,Z) with X = (X,0x) € RTop and Z C X
a closed subset and whose set of morphisms Hom((X’, Z’), (X, Z)) consists of f : X’ — X of
ringed spaces such that f~1(Z) C Z’, in particular we have the canonical functor RTop? —
RTop,, (X, Z) — (X, X\Z).

A (generalized) cohomology theory is in particular a functor H* : Top, — GrAb, e.g singular
cohomology
HY . :Top? — GrAb,(X,Y) — H

sing * sing

(X,Y,R).

where R is a commutative ring. Tt restrict to a functor H* : Top® — GrAb, (X, Z) — H3(X) =
H*(X,X\Z).

e Denote Sch? € RTop? the subcategory whose objects are couples (X, Z) with X = (X,0x) € Sch
and Z C X a closed subset and whose set of morphisms Hom((X', Z"), (X, Z)) consists of f : X' —
X of locally ringed spaces such that f~1(2) C Z'.

e Let k a field of characteristic zero. Denote SmVar?(k) € Var?(k) C Sch? /k the full subcategories
whose objects are (X, Z) with X € Var(k), resp. X € SmVar(k), and Z C X is a closed subset,
and whose morphisms Hom((X’, Z’) — (X, Z)) consists of f : X’ — X of schemes over k such that
12z cz.

e Let k a field of characteristic zero. Let
H* : SmVar®(k) — Gr AbCat, (X, Z) — Hj(X)

a mixed Weil cohomology theory in sense of [9] (e.g. (filtered) De Rham, etale or Betti cohomology,
Hodge or p adic realization). For X € SmVar(k) and Z C X a closed subset, we denote

H5(X) :=ker(Hy(X) — H*(X)).



For X € SmVar(k) and Z € Z%(X,n)?>%, we consider the subobject H2~1(U)I%l ¢ H?*~1(U)

where j: U := (X x O")\|Z] — X x " is the complementary open subset, given by the pullback
by HZH(X x O")? .= [Z] ¢ HZH(X x O")°

%)

00— H2-1(X x O") = H2-n=1(X) — = H2-Y(U) HE(X x 070 —— 0

| i |
00— H2-1(X x O") = B2 (X) — > 2112 —2 g24(X x 012 1= [2] — >0

of the first row exact sequence. In particular the second row is also an exact sequence.

e We denote by log Sch the category of log schemes whose objects are couples (X, M) := (X, M, «)
where X = (X,0x) € Sch, M € Shv(X) is a sheaf of monoid and a : M — Ox is a morphism of
sheaves of monoid. In particular we have a canonical functor

Sch? — logSch, (X, Z) — (X, M), My := (f € Oxs.t.fix\z € Ox\z) C Ox

Let k a field of characteristic zero. We denote by log Var(k) C log Sch /k the full subcategory of log
varieties.

e Let p be a prime number. For K a p adic field (i.e. a finite extension of Q,), we consider the
canonical functor of Huber (see [5])

R : Var(K) — Sch /Ok, X — R(X) := (X,0%) = X©,0% := (f € Ox, s.t.|f(z)|, < 1Vz € X (Ok))
where Og C K is the ring of integers of K.

e For k a field, we denote by Vect(k) = Mod(k) the category of vector spaces over k and C(k) :=
C(Vect(k)) the category of complexes of vector spaces over k, by Vect ;i (k) the category of filtered
vector spaces over k and Cy; (k) := Cyy(Vect(k)) the category of filtered complexes of vector spaces
over k.

e We assume all field have a transcendence basis at most countable, so that field of characteristic zero
admit embeddings in C and in C,, for each prime number p € N.

We have the followings facts :

e Let k a field of characteristic zero. Denote G' := Gal(k/k) its absolute Galois group. Then the
functor - - -
L(k)(=) : PSh(k®) — Mod(k,G), F ~ T'(k, F)

is an equivalence of category whose inverse is
G(=) : Mod(k, G) = PSh(k®), V s G(V) :=V := ((K'/k) — VAUE/R)),
In particular, for each V € Mod(k,G) and j € Z, we get an isomorphism
HIG(V) : H (G, V) = Extl,(k, V).
o Let k C K a field extension.
— Let X € Var(k). We have then the canonical isomorphism in Cays(k k), fit(Xk)
wk/K) : (0% @k K, F) = (0%, Fb)

given by the universal property of derivation of a ring.
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— Let X € SmVar(k). Let X € PSmVar(k) a smooth compactification of X with D := X\X a
normal crossing divisor. We have then the canonical isomorphism in C s (x/k), it (X5 )
w(k/K) : (2% (log D) ®; K, F,) = (9%, (log D), Fy)
given by the preceeding point. In particular, we get for all j,1 € Z,
« FLHw(k/K) : F'HL o(X) @8 K = FUH] (X k),
x Hiw(k/K): Hpp(X) = H)o(Xk)C.

e An affine scheme U € Sch is said to be w-contractible if any faithfully flat weakly etale map V' — U,

V' € Sch, admits a section. We will use the facts that (see [2]):

— Any scheme X € Sch admits a pro-etale cover (r; : X; = X);e; with for each i € I, X, a
w-contractile affine scheme and r; : X; — X a weakly etale map. For X € Var(k) with k a
field, we may assume I finite since the topological space X is then quasi-compact.

— If U € Sch is a w-contractible affine scheme, then for any sheaf F' € Shv(UP®!), H;;et(U, F)=0
for i # 0 since T'(U, —) is an exact functor.

Definition 1. (i) Let X = (X,0x) € RCat a ringed topos, we have in C(X) the subcomplex of

(ii)

(iii)

presheaves of abelian groups
OLx : Q% 1og = Q% s.t. for X° € X andp € N, p > 1,
Q§<>10g(XO> =< df‘ll/fal AR dfap/fap5 fak € F(XovOX)* >C Qg((XO)a

where Q% = DR(X)(Ox) € C(X) is the De Rham complex and I'(X°,Ox)* C T'(X°,Ox) is the
multiplicative subgroup consisting of invertible elements for the multiplication, here <, > stand for
the sub-abelian group generated by. By definition, for w € Q% (X°), w € Q&ylog(Xo) if and only if
there exists (n;)1<i<s € Z and (fi,a, )1<i<s1<k<p € ['(X°, Ox)* such that

5,13/

w= " nidfia,/Fron A N fiay/ Fiia, € X5 (X0).

1<i<s
For p =0, we set Qg(,log =7.
For k a field of characteristic zero, we get from (i), for X € Var(k), the embedding in C(X)
OLX : Q;(,log — QS( = Q;{/k’

such that, for X° C X an open subset and w € Q5 (X°), w € Q% log (X ) if and only if there exists
(ni)lgigs € Z and (fi,ak)lgigs,lgkgp S F(XO,O)()* such that

w= Z nidfs,ar [ fian N Ndfia, ] fisa, € Q5% (X°),

1<i<s
and for p =0, QS :=7Z. Let k a field of characteristic zero. We get an embedding in C'(Var(k
X,log
OL : Q7 105 < Q7 given by, for X € Var(k),
OL(X):=0OLx : Q;,“log(X) =T(X, Q% 1) = T(X, Q%) = Q;k(X).

Let K a field which is complete for a p-adic norm. Let X € Var(K). For X© € Sch /O an integral
model of X, i.e. satisfying X© ®o, K = X, we write for short

. . 0O°® e Y ) . .
OLX = OLX oyl QXet,log,O = QXO*et,log — QXCt,log — Qxct

11



the embedding in C(X') consisting of integral logarithime De Rham forms, with v : Q%o .. log
Q% 10g- We will also consider the embeddings of C(XPet)

mo (OLx ®1): QB{PGf,log,O ®Zyp = QB{PGt,log,O ®@X = Q%per, (W An)nen = (An)nen - w

and

. * L] °
OLX(p) = (OLXO/p )nGN QX(P) Jlog, (’) @ VXQXo,et/pn’log — QX(P)’
neN

where we recall ¢ : X — X the morphism in RTop is given by the completion along the ideal

generated by p. Note that the inclusion QlXo,et log/p" C Q;(o,ﬁt/pn log is strict in general. Note that
Q;ﬂ’ef,log,o = V;(Q%e“,log,(’) € C(Xpet)a

but

@ Vi (Z)p"Z) xer € C(XPY), and Q%0 log.0 - = lim VxQx0.ct fyn 105 € C(XP)

neN neN
are NOT the pullback of etale sheaves by vx.

Let 0 : k < C a subfield of finite type over Q. Consider k& C k C C the algebraic closure of k. Let
X € Var(k). Let p a prime number. Let o, : k — C, an embedding. We have then the following diagram
in C(N x X¢)

(/") anx., B(X)
an x Zp,Xg" <— allx ZX@” an x x Qs%m
ad(an’y ,anx«)(Z
(an anx)(Z, o)
ad(vy ,vx«)(Z, xet)
Z xet ————>UXx; ZpoCt Q(anx)
k
ad(mg e, (X2 e, (X)) Zp  per) oL
k O° xet O°
Xet log Xet
Qmy /e, (X)) Uk, (X))
L(Xg;f) OLx. ®I
L]
L gt~ Vgt tog 0 ® L per —— Vgt G, OBurxe

with as above

e (XT)

t
+ an ‘“'fc/c(X;’i ) + an
any @ X&" ~ Xgm 25 X Xet, any @ X&" ~ Xgm 25 X xet

We also have for X € Var(k), the canonical map
HIT(X) : 1Y, (xenz) U g (xan ) S 0O (Xar 2,)

sing sing
(Thye(X)) 7

( n* )71 3 .
S HI,(Xe, Zy) HY\(X;,Z,)

for each j € Z, where H7 (an%) is an isomorphism by the comparaison theorem between etale cohomology
and Betti cohomology with torsion coefficients (see SGA4).

Let p € N a prime number. Let k& C C, a subfield. Let X € SmVar(k). Take a compactification
j: X — X with X € PSmVar(k) such that D := X\X C X is a normal crossing divisor. Then for each
JEL,

Hjp(Xe,) = HT(Xc,, B.ar(Q%, (log Dc,), Fv)) = H'T(Xc,, Epet (2., (log Dc,, ), Fy)) € Vect s (Cp).

12



By the complex case which follows from the Hodge decomposition, we see after taking an isomorphism
o : C, = C that the spectral sequence associated to I'(Xc,, E.qr (%, (log Dc,), Fy)) € Cra(C,) is By
P

degenerate. However there is no canonical splitting of the filtration on H3, r(Xc,) (it depend on the
choice of a basis of this C,, vector space, or on the choice of such an isomorphism o). Then the canonical
embedding in Cy (Xpet)

OLX = j*OLX : j*QS(CP,log,O — Q‘.XCP (log D(Cp) — j*Q;(CP
induces in cohomology

H'OLx : H/ (XCP,Q;;C:)JOgVO) — Hpet(XCp,Q;gCi (log D¢,)) = F'H} (Xe,) = Hpp(Xc,).

pet
Similarly, the canonical embedding in C'ty (ngt)
°(OLx ®1) : j(x,, 1og,0 @ Zp) = N, (log Dc,) = j. 0%,
induces in cohomology
Hi(mo (OLx @ 1)) : Hpy(Xc, OF g0 ®Zp) =
Hy, (Xc,, Q% (log De,) = F'Hpp(Xc,) = Hpp(Xe,):

Consider, for each j € Z, a (non canonical) splitting

0;(X) - Hpp(Xe,) = GoziiHl,, (Xe,, O (log De,)) = Gozicj Hyey (Xe,, 2! (log Dc,))
in Vect(C,). We then have the following map in Vect(Zy)

OLY :=0;(X)™" o (@ozi<; H'OLY ) :

HY.(Xc, %, tog,0 © Zp) = @o<i<i Hye (X, Qg(_clp,log,O ® Zp)

0;(X)~!

@o<i<;H OLYY i ;
—=E— @ozi<iHpu (X, Q! (log De,)) ——— H}(Xc,),

where the equality follows from the fact that the differential of Q% log, O vanishes (all the logarithmic
108,

forms are closed) so that we get a canonical splitting. Note that H'OLx is NOT equal to Ong. In fact

we have for w € H} ,(Xc QJXCl log.0 ® ZLp)

m 00;(X) o HOLx(w) = HOL  (w)

where 7 : ®0§lSijet

(Xc,, Q! (log De,)) — H,

Lot (Xc,, Q;Cl (log D¢, )) is the projection.
P

3 Integral complex and p-adic periods of a smooth algebraic
variety over a field k of finite type over Q

3.1 Complex integral periods

Let k a field of characteristic zero.
Let X € SmVar(k) a smooth variety. Let X = U$_; X, an open affine cover. We have for o : k — C
an embedding, the evaluation period embedding map which is the morphism of bi-complexes

ev(X)y : F(X.,QS(.) — ZHOmDiH(H. Xan)\/ ®C,

wh € T(X1,Q,) = (ev(X)h(wh) : ¢; € ZHompig(I', X&)¥ @ C — evh(wh)(¢}) : /¢

13



given by integration. By taking all the affine open cover (j; : X; — X) of X, we get for o : k — C, the
evaluation period embedding map

ev(X) = lim ev(X)s: lim I'(X., Q%,) — lim Z Homp;g g (I*, X&) Y © C

It induces in cohomology, for j € Z, the evaluation period map

Hiev(X) = Hiev(X)s : Hhp(X) = HIT(X,,Q%,) — HZ, (X&",C) = H’ (Hompigr) (I, X&%)¥ @ C).

sing

which does NOT depend on the choice of the affine open cover by acyclicity of quasi-coherent sheaves on
affine noetherian schemes for the left hand side and from Mayer-Vietoris quasi-isomorphism for singular
cohomology of topological spaces and Whitney approximation theorem for differential manifolds for the
right hand side.

Remark 1. We also have for o : k — C the composition

v(X)g

€—> ZHoleﬂ(R) (]I., X(E:l ) ® C X)(’L)Oan ,—

SU(X) (XO, QX ) HomFun(A’,Var(k:)) (Dz,eta X.)V ®C
where i : I* — D} ., is the embedding, which is given by integration : for wh € F(XI,QfXI) and ¢k €

HomFun(A’ ,Var(k)) (]:D)-]]g7et7 XI)7
¢] / ¢l ank,

H* RU(X¢™,Ezar(Qanx)))

Let X € SmVar(k). Note that

H* RD(XE" a(X))
%

Hev(Xc) : Hpp(Xc) Hpp(Xg") Hg,g(X2", C)

sing

is the canonical isomorphism induced by the analytical functor and the quasi-isomorphism «(X) :
Cxan = Qxon in C(X{&"). Hence,

Q7 (X)) H"ev(Xc)
—

H*ev(X) = Hpp(X) Hpp(Xc) —— Hg,o(X2",C)

is injective. The elements of the image H*ev(X)(Hpg(X)) C Hy,,(X&", C) are the periods of X.

Let X € SmVar(k) a smooth variety. Let X = U?_, X; an open affine cover with X; := X\D; with
D; C X smooth divisors with normal crossing. Let o : £ — C an embedding and Xg" = U;_;D; an
open cover with I; ~ D(0,1)%. Since a convex open subset of C? is biholomorphic to an open ball we
have Dy := Nie/D; ~ D(0,1)¢ (where d is the dimension of a connected component of X). Denote by

Jo 1 XJe NDe — X[t is the open embeddings. We then have the period morphism of tri-complexes
ev(XE")e o : T(XJE N Do, Wxan) — Z Hompig (I°, X¢T, )Y @ C,
wh ; € DX mD],an} Qk,) —

(eleJ(wIJ) ¢IJ€ZH0H1D1&(HZ XeT FNDy)Y ®C’_>GUJJ(WIJ /¢1J IJ

given by integration. We have then the factorization

j j j ] IQ(w
Hieo(X) : H (X)) = HI (X, Q%) = HY, (X, Q%) —mere),
‘ / S Jeo an .
H%)R(X(C) = H](X(C,QX) = (X(C;Qxet) —)H]F( O,Cthvgxgn)

Hjev(X{;m):,o ] an — j i an N
— H}, (X¢" N D,, C) = H’ (Hompigr) (I*, X¢'y NDs)” @ C).

sing

where for the left hand side, the first equality follows from the fact that Q* € C(SmVar(k)) is A! local and
admits transferts, and the equality of the right hand side follows from Mayer-Vietoris quasi-isomorphism
for singular cohomology of topological spaces.
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Remark 2. Let X € SmVar(k) a smooth variety. Let X = U;_; X; an open affine cover with X; := X\D;
with D; C X smooth divisors with normal crossing. Let o : k — C an embedding and Xg" = U;i_;D;
an open cover with D; ~ D(0,1)?. Since a convex open subset of C? is biholomorphic to an open ball we
have Dy = NierD; ~ D(0,1)¢ (where d is the dimension of a connected component of X ). Denote by
Jo: Xf% NDe — Xf% the open embeddings. Then,

Je oank, = Q(je o any,) : ['(Xe c, Q%) — T(XJE N D, Q5 En)
is a quasi-isomorphism by the Grothendieck comparaison theorem for De Rham cohomology and the
acyclicity of quasi-coherent sheaves on noetherian affine schemes.
Lemma 1. Let k C C a subfield. Let X € SmVar(k) a smooth variety. Let (r; : X; — X)i1<i<s an affine
etale cover. Let X&" = U_;D; an open cover with D; ~ D(0,1)%. Let
l .
w= | Z wr g = Z [w) 4] € HIT(XJE N D, Qxan).
I,J,l,cardl+cardJ+Il=j I,J,l,cardl+cardJ+l=j
Then the following assertions are equivalent :
(i) Hiev(X)(w) € Hsjmg(Xg”,%ﬂ'Q),

(i) for all I,J,1 such that cardl 4+ cardJ +1 = j , there exist a lift
[@7,] € H'T(X{E N Dy, Qan)

of [wlu] with respect to the spectral sequence associated to the filtration on the total complex asso-
ciated to the bi-complex structure such that

H'ev(Xg") ([ ,]) € H

sing

(X¢% 1Dy, 2imQ).
Proof. Follows immediately form the fact that ev(Xg") , define by definition a morphism of spectral

sequence for the filtration given by the bi-complex structure. O

Lemma 2. Let k C C a subfield. Let m: X' — X a proper generically finite (of degree d) morphism with
X, X" € SmVar(k). Let w € Hjp(X). Then ev(X)(w) € HL , (X&", 2inQ) if and only if ev(X')(1*w) €

sing
Hbmg (X(Can 2”TQ)
Proof. Since ev(X')(m*w) = m*ev(X)(w) € Hsmg(X(lc‘m, ), the only if part is obvious whereas the if part
follows from the formula of 7, 7* = dI. O

The main proposition of this section is the following :
Proposition 1. Let k a field of characteristic zero. Let X € SmVar(k). Let o : k — C an embedding.
(i) Letw € Hp(X) = HI(X,0%) = HS,,(X,0%). If

w € H'OLx (H),,(Xc, Qe 1og))

then Hiev(X)(w) € HZ  (X&", 2inQ).

sing

(ii) Let p € N a prime number and o, : k < C, an embedding. Let j € Z. Let w € Hpp(X) =
(X 95 ) = pet(X Q5 ) If

w = mc, (X) w e HJOLX(Hit(XC Xer 1og,0))

then Hiev(X)(w) € HZ _(X&",2inQ). Recall that H’

sing pet

(Xc, Q8 HY,(Xc, Q8

XP“ lo g,O) X¢t log, o)
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Proof. (i): Let _ ‘ ‘
w € Hpp(X) =H/(X,0%) = HT(X., Q%)

where (r; : X; = X)i<i<s is an affine etale cover. Let X&" = U]_;D; an open cover with D; ~ D(0 , 1),
Denote jr; : X; ND; < X; the open embeddings. Then by definition H’ev(X)(w) = Hjev(X“")(]f o
an’, w) with

jo o ank, w € H'T(XJE N Da, Q%an ).

Now, if w = H'OLx (H!,(Xc, Qxct log)): We have a canonical splitting

J J
w=Y wy?T =Y W e Hpp(Xe), wi' T € BTN (Xe, Qe o), 0T i= HIOLxer (w? ™).
Let 0 <1 < j. Using an affine w-contractile pro-etale cover of X, we see that there exists an affine etale
cover 7 = r(w ) = (r; : X; = X)1<i<n of X (depending on w'~!) such that
wh = (w7 1) € HOL e (HI 7T (Xc 0, U 10g)) € BT (X0, Q%,).

Note that since X is an algebraic variety, this also follows from a comparison theorem between Chech
cohomology of etale covers and etale cohomology. By lemma 2, we may assume, up to take a desingu-
larization 7 : X’ — X of (X,U;(r;(X\X;))) and replace w with 7*w, that r;(X;) = r(X;(w)) = X\D;
with D; C X smooth divisors with normal crossing For 1 <[ < j, we get

wi'r! dem/fm ‘N dfy/fu € T(Xe,r, Qk,).
For [ =0, we get _ _
w®’ = [(A1)] € H'T(Xc,1,Ox, ,), A € I(Xc1,Zxg,)

There exists k' C C containing k such that wlLJI_l e I'Xp 1, Qle,) for all 0 <[ < j. Taking an embedding
o’ 1 k' — C such that al’k = o, we then have

daoany, w=j;((mi - wi’ocicy) = (wi’y Dirs € HIT(XEE NDa, Q%an).
where for each (I, J,1) with cardl + cardJ +1 = j,
wlL’JI b= gi i’ 1 'e D(X{eND,y, Q! an).-
We have by a standard computation, for each (I, J,1) with cardl + cardJ +1 = j,
HEe(XTeNDy, Z) =< 31,7+, Yeardl >,

where for 1 < i < cardl, v; € Hom(A*, XienD 7) are products of loops around the origin inside the
pointed disc D'\0. On the other hand,

V= s}(z:ydful/ful/\"'/\dfw/fw)EF(*X m]D)J7QX‘”‘) f01“1<l<],

¢ wrrg =
e w% = \;is a constant
Li,Jg— M :

Hence, for p € P([1,---,s]) with cardy = I, we get, for I = 0 Hle’U(Xgn)])J(w?j’jI”]) = 0 and, for
1<1<y,

H'ev(X&);, J(wlL ) 25,,#2171' € 2inZ.

where v, 1= Yy, -+ Yu,- We conclude by lemma 1.
(ii):It is a particular case of (i). O
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Let k a field of characteristic zero. Let X € SmVar(k). Let X = Uj_;X; an open affine cover with
X; = X\D; with D; C X smooth divisors with normal crossing. Let ¢ : & — C an embedding. By
proposition 1, we have a commutative diagram of graded algebras

H*ev(X)

Hpp(X) Hng (Xg", C)
CT TH*C*’Qifr@/C(XEn)
" " . N H*ev(X) N an o
H OLX (Het (X7 QXﬁf,]og)) n HDR(X) Hsing (X(C ’ 2Z7TQ)

where
C*l2inqc(XE") 1 O (Xe™, 2imQ) — CF, (X", C)

sing sing

is the subcomplex consiting of o € Cging(XE”, C) such that a(y) € 2inQ for all v € C’;ing (X&™, Q). Recall
that

H'ev(Xc) = H*RD(XE", (X)) 0 T(XE", Buop(Qanx))) : Hpg(Xe) S Hipy(XE",C)
is the canonical isomorphism induced by the analytical functor and a(X) : C xan < Qg%m, which gives
the periods elements H*ev(X)(Hpz(X)) C HY, . (X&",C). On the other side the induced map

sing

H*ev(Xc) : H*OLX(H:t(X(C7Q;(EtJOg)) — H 1950 c H;

ing (Xgnv 2’”1-@)

is NOT surjective in general since the left hand side is invariant by the action of the group Aut(C) (the
group of field automorphism of C) whereas the right hand side is not. The fact for a de Rham cohomology
class of being logarithmic is algebraic and invariant under isomorphism of (abstract) schemes.

3.2 Rigid GAGA for logarithmic de Rham classes

Let K a field of characteristic zero which is complete for a p-adic norm. Denote by SmVar(K)P¢* the big
pro-etale sheaf. We will consider

O oe0 € CSmVar(K)P), X = Q% 1, o (X W), (F: X' = X) = Q(f) = f*

and the embedding of C'(SmVar(K)?¢!) (see definition 1(iii))

OL/k.an * Qi hogo = Uk » for X € SmVar(K),
OL/K,an(X) = OLX@) (X) Q}m),log,o(X(p)) - Q;”«p) (X(p))-

We have the analytification map C(SmVar(K)P¢?) given by completion with respect to (p)

Qe — Q52" for X € SmVar(K), ¢* : Q% (X) — Q%

/K X(®) (X(ZD))’

which induces for each j € Z the morphism

¢ Hjp(X) = H

pet(Xv Q;{) :_> Hj

pet

(Xa Q;”((p)) = Hiet (X(p)7 Q;”((p))
which is an isomorphism by GAGA (c.f. EGA 3) and the properties of w-contractile rings (for the
pro-etale toplogy ¢, = Rc,). On the on the other hand, it is well-known (see [20]) that
Hiet (XCD)? Q;Z(p)) = Hit (X(;D), Q;Z(P))’
that is,

J
Hpet

(Xa Q;A((p)) = Hgt(Xv Q;”((p) )
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We have also the sheaves

0,0" € PSh(SmVar(K)), X € SmVar(K) — O(X) := lim O(X{},.), 0*(X) := lim O(X}},.)",

neN neN

(g:Y = X) = (ag(X0))nen : O(X) = O(Y), O(X)* = O(Y)*

The sheaf O* € PSh(SmVar(k)) admits transfers : for W C X’ x X with X, X’ € SmVar(K) and W
finite over X’ and f € O(Xgn)*, W*f = Nw,x/(p%x f) where px : W — X’ x X — X is the projection
and Ny/x/ : k(W)* — k(X')* is the norm map. This gives transfers on Q}}?ﬁog,(’) € PSh(SmVar(K))
compatible with transfers on Q}I?n € PSh(SmVar(K)) : for W € X’ x X with X, X’ € SmVar(k) and W

finite over X’ and f € O(Xg)n)*7

Wrdf/f = dW" f/W* f = Trw;x (px (df/ f)),

where where px : W < X’ x X — X is the projection and T'ry,/x/ : Ow — Ox is the trace map. Note
that d(fg)/fg=df/f + dg/g. We get transfers on

®0, %) @L Q1" ¢ PSh(SmVar(K))

/K,log,0 YO /K
. ®l Ql,an _ HO ®L,lQl,an d ®l Ql,an _ HO ®L,lQl,an) This ind ¢ f
SHICE £, %%/ K log,0 ~ ( Q /K,log,o) and @43 = ( o %k ). 1his induces transiers on

! ’
1 1,an L -1 ~1,an ®rycqt,.... A =(w@uw —»wwew') ! 1,an
/\QPQ/K,Iog,(’) 1= coker(®r,c(1,...,1 RBq, Q/K,log,o ®QpQ/K,log,(’))

€ PSh(SmVar(K)).

and

-1 glan ®rycqt,... . A =(w@uw —weWeW")
0] /K

) @L Q1" ¢ PSh(SmVar(K)).

I olan  _
AN = coker(Dr,cp,.. ® 0K

0"/K
The result of this section is the following :

Proposition 2. Let K a field of characteristic zero which is complete for a p-adic norm.

(i) Let X € PSmVar(K). For each j,l € Z, the isomorphism c* : Hg)et(X, %) — H;et(X, Q%)) and
its inverse preserve logarithmic classes, that is
* j j—1 j j—1
c (HJ (m o (OLX ® I))(H;zjnet (X7 QfXPet,log,O ® Zp))) = HJOLX(P) (H;z])et (X7 Qé}(?),log,@))
is an isomorphism.
(ii) Let X € SmVar(K). For each j,l € Z, the isomorphism c* : Hzet(X, Q%) = Hg)et(X, Q%) and
its inverse preserve logarithmic classes, that is
* j 1—1 1 i—1
c (HJ (m o (OLX ® I))(H;et (X7 Ql)(PEt,log,O ® ZP))) = HJOLX(P) (H;et (X7 Qg((?),log,(’)))
is an isomorphism.
Proof. (i): Consider, for j,l € Z, the presheaf
j— j i—ll,an
LY== HIOL i an(Hper 105 0) € PSh(SmVar(K)).
By definition, for X € SmVar(K),
Llyjil(X) = HjOLX(P) (H;;tl (Xv Qlf((p)ylogy(/))) = HjOL/K,an(Hjil Hom(Z(X), E;et(97?(710g70)))
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Consider also for X € SmVar(K) and Z C X a closed subset,

1,51 j j— ° lan j j—1
LZJ (X> = HJOL/K,an(HJ lHom(Z(X,X\Z), Epet(Q/K)]og)O))) = HJOLX(P) (sz)et)Z(Xa Qlj((p)ylogﬁo))'

By the local to global spectral sequence for the pro-etale topology, we have
LY7NX) = H/7'Hom(Z(X, X\Z), Ep, (L") /H'~' = Hom(Z(X, X\Z), E},,(Q"°))
H'~' Hom(Z(X, X\Z), E¢,(L"))/H?~'~! Hom(Z(X, X\Z), E,(Q™")),
considering the exact sequence in PSh(SmVar(K))

0— LY = H'Q% — QY =0,

since ac; Lt = 0 for j # [ where a; : PSh(SmVar(K)) — Shv(SmVar(K)) is the sheaftification functor.
The presheaves L' € PSh(SmVar(K)) and Q" are A' invariant and admit transfers. Hence by a theorem
of Voevodsky (c.f. [9] for example), they are A! local. This gives in particular, for Z C X a smooth
subvariety of (pure) codimension d, an isomorphism

LY(Pyx): LY H(X) = LY (N ) = LE397124(7).
where Py x : Mz(X) = Mz(Nz/x) — M(Z) is the purity isomorphism in DA(K). Let

a€ LY X) = H OLg, (H); (X, QlX(p)JOgﬁo)) = H/~'Hom(Z(X), Ep.,(L"?)).
<i<r. This gives an open
subset r;(X;) C U; := U;(a) C X depending on « such that jfa = 0 € LY~1(U;), where j; : U; — X
denote the open embedding, since for Y € SmVar(K)

There exists by [2] a w-contractile affine pro-etale over r = (r; : X; = X)1<;

(Y,9%,)) = HL(Y, Q).

Q;/pet = I/;F/Q. et € C(ypet) and Hj Y ()

pet

Considering a divisor such that X\U; C D, we get
j— ° l,j—1
a=H""Ep, (L") (7p)(@), a € Ly (X).

We get by induction (restricting to the smooth locus of the divisors) a closed subset Z’ C X of codimension
¢ =min(l,j — 1) such that

a=H"E;, (L") (7§)(a), a € L 7' (X).
Hence,
o if j # 2], a =0, we use the fact that X is projective for j < 2,
o if j =2, o € B1<i<sZp[Z;], where (Z;)1<i<t C Z are the irreducible components of Z.

(ii): Take a compactification X € PSmVar(K) of X with X\X = Uj<;j<sD; C X a normal crossing
divisor. Then (ii) follows from (i) applied to X and Dy := N;erD; for I C [1,...,s] by the distinguish
triangle in DA(K)

M(X) — M(X) — @1Si§5M(Di)(—1)[—2] — s = M(D[L...ﬁs])(—s)[—%].
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3.3 p adic integral periods

Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Qal(k/k) the absolute
Galois group of k. Let X € SmVar(k) a smooth variety. Take a compactification X € PSmVar(k) of X
such that D := X\ X C X is a normal crossing divisor, and denote j : X < X the open embedding. Let

p € N a prime number. Consider an embedding o, : k < C,. Then k C k C Cp, and k C l%,,p c C,,
where IACUP is the p-adic field which is the completion of k£ with respect the p adic norm given by o,,.

Denote égp = Gal((Cp/l%gp) = Gal((@p/l%gp) the Galois group of IACUP. Recall (see section 2) that Ly, =
lim  VX(Z/p"L)xg € Shv(XE) and Vpet 1og 0 = W0, o1y VX5 , € C(XE). We have

t

ngp /moc, o
. . . N van,pet

then the commutative diagram in Cy, ;) o (X, ™)

. J«Epet(a(X)) .
Jx Epet (Bdr,ch ) F) E)pet ((QXCP (1Og D(Cp)v Fb) ®OXCP (OBdr,ch ,Jlog» F)) )
Epct(j*b’xgct )ii=Epet(l—1.1); TEpet(mO(OLX®I)):—Epct((w®A)H(w®A))
! G Bper(vcpet)
j*Epet(@XC ) j*Epet(QrXCP,log,O ®@XC 7Fb)

where for j' : U’ — X’ an open embedding with X’ € RTop and 7 a topology on RTop we denote for
m: J.Q — Q" with @ € PShpo(U’), Q" € PShpo(X’) the canonical map in Co(X')

Em); : L E(Q) — E2(7.Q) 2 BOQ),

giving by induction the canonical map E;(m); : j.E-(Q) — E-(Q’) in Co(X’). The main results of [16]
state that

e the map in Cg,, fi (X mpety

ko,

a(X): Barx, gospg, F) = (U, (og Dy ). Fy) ®oy,  (OBarx, togpy, +F)

op P
is a filtered quasi-isomorphism, that is, the induced map in Cy 1 & ()_(g:’p )
a(X) = a(X)e, : Bar g, tog De,» F) = (x (log D, ), Fy) ®ox, (OBar xc, 10g e, F)
is thus a filtered quasi-isomorphism,
e the map in szﬁl
T(G’X7 ax, ®)(Rj*Zp,Xﬁt) : RF(X(Cpu Zp,XCt) ®Zp (Bdﬂcp? F) - RP(Xva (Bdr,ch Jlog De,,» F))

is an isomorphism.

Hence, we get the isomorphism in Dy (Bar, Go,)

Ra(X) := RT'(Xc,, a(X)) o T(ax,ax,®)(RjilLy xet) :
RT(Xc,, Zp x<t) ®z, Barc, F) = RT(Xc,, (k. (log De,). Fy) @0y, (OBay ., 1og e, )
5 P

Cp»

— RT(Xc,, (%, Fo) ®ox, Jrerag(Oxc, . Fy) ®0x, (OBar.xc,, F))
P P P

which gives for each n € Z a filtered isomorphism of Ggp—modules

H”RQ(X) : H&(XCP,Z:Dcht) ®Bd7«7@p = HgR(XE ) ®i€0p Bdr,Cp

Ip
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so that we can recover the Hodge filtration on H}, (X)) by the action of Ggp. Let p e N € §(k, X) a prime
number (any but finitely many) so that I%gp = Frac(W(0;,_ /pO;,_ )) and so that the canonical model

(X9, D°) € Sch? /O;  of (X; ,D; )€ PSmVarQ(l%gp) has good or semi-stable reduction modulo p.
p p p _
The main result of [1] say that the embedding in C((Xi? yFralty

koyp? P

CY(X) : IBgst,f( log — a'*Q;(f?,' (].Og cha ) ®OXO OBst,Xf: ,Jlog D,;g
Tp P

kap

is a filtered quasi-isomorphism compatible with the action of the Frobenius ¢, and the monodromy N,
note that we have a commutative diagram in Cypy (X2™" )
9p

Byt %, JogD 4>Q(X8)Bstx~ logD; ®oyx N%. (logD; ).
st, fcdp,og dep ) kv;;’ g kdp X X’Acap kap

lc lc
a(X)

— [ ]
Bar, xc, log De,, ——————— OBy, % 1og D, ®0x O, (log Dc,)

This gives if (X l? , Nu,o) is log smooth, for each j € Z, a filtered isomorphism of filtered abelian groups

H'T(ax,Bst) ™t : @
X—) Hét((Xa N)F lt)(Bszf,,>(,~C

HIRo(X) : H}(Xc, Zp) ®z, B,y 1, gDy, )

HY RF((X,?UP ,Di ),a(X))

ko

HjDR(Xfc ) ®%

compatible with the action of Gal(C,/ I%gp), of the Frobenius ¢, and the monodromy V.

Definition 2. Let k a field of finite type over Q. Denote k the algebraic closure of k and G= Gal(k/k) the
absolute Galois group of k. Let X € SmVar(k) a smooth variety. Take a compactification X € PSmVar(k)
of X such that D := X\X C X is a normal crossing divisor, and denote j : X — X the open embedding.
Let p € N a prime number. Consider an embedding o, : k — C,. Then k C k C C, and k C l%,,p C C,p,
where l;gp is the p-adic field which is the completion of k with respect the p adic norm given by o,. For
a€ Hgt(ch,Zp), we denote

w(e) == HHRa(X)(a®1) € Hhp(X; ) ®y,, Barc,

p

and if p € N\d(k, X)

w(a) := HHRa(X)(a® 1) € H%)R(X,;Up) ®,;Up Bstj%p.

the associated de Rham class by the p adic periods. We recall

HIRa(X) : Hl\(Xc,, Zy xot) @ Barc, ~ H{)R(X,;Up) ®y,, Barc,
is the canonical filtered isomorphism of Ggp -modules, and

H]RQ(X) : Hgt(XCp’ZP) ®ZP Bst,fcgp ; H%R(Xl%ap) ®f€ap Bst,fcgp

is the canonical filtered isomorphism compatible with the action of égp, of the Frobenius ¢, and the
monodromy N.

We have the following key propositions :
We recall the following result from Illusie:
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Proposition 3. Let k a field of finite type over Q. Let X € SmVar(k) and D C X a normal crossing
divisor. Denote X° := X\D Let p € N\d(k,X) a prime number. Consider an embedding o, : k — C,.
Denote ko, C C, the p-adic completion of k with respect to o,. Consider Xf? € Sch /Ofcc, a smooth

model of X; , i.e. Xi? ®o, l%gp = X; oand Xi? is smooth with smooth special fiber. Recall
op op op 9p p
G := Gal(Cp/ks,) denote the Galois group Let | € Z. For each n € N, the sequence in C’(th )

P

(-)®1)00Lx 0 ,pn

>1 >1 ¢
0= ax, @3, Vo o, ax.ak, (5 (08D ) @00 OBorx, sy, )/P")°
op Ip
dp—1 X
—— ax,«ax, ((Q;(Zgol (log D,?gp) ®0,0 O]Bst,x%p log Dy )/p")% =0
ko

is exact as a sequence of complexes of etale sheaves (i.e. we only have local surjectivity on the right),
where ae : Xo — X, a = (a; : X; — X)i1<i<s 15 an affine open cover of X such that we have a lift of the
Frobenius ¢y,.

Proof. Tt follows from [12] for n = 1. Indeed, since it is a local statement for etale cohomology, we may
assume that X is affine and connected so that X’ := Xg) = Spec R with R = Oy_[z1,---2n]/I, and that

there is a lift of the Frobenius 7, : R/pR — R/pR. Denote R := @(R—»S)n,ﬁ (R — S) where n.f. means

normal finite extensions. The sequence is then in this case

. ((=)x1)oOL . o — A pp—I R A
0— QRZ/;JR,log (QRZ/;R ®R/pR R/pR)G E— (QRZ/;R ®OR/pR R/pR)G — 0.

Since (R/pR)é = R/pR, the sequence is then in this case

o>] ((=)x1)oOL o>] op—1I >
0= Q5 0R 1og Qr/pr : Qrpr = 0,
which is exact by [12]. It then follows for n > 2 by devissage. O

We have the following key proposition :

Proposition 4. Let k a field of finite type over Q. Let X € SmVar(k). Take a compactification
X € PSmVar(k) of X such that D := X\X C X is a normal crossing divisor, Let p € N\é(k, X, D) a
prime number. Consider an embedding o, : k — C,. Denote k C /Acgp C C,, the p-adic completion of k
with respect to op.

(i) Let j,l € Z. We have, see definition 1(iii),

, _ , o 4 -
FUHpp(X;,, ) 0V H Ra(X)(H}(Xc, . Zy)) = (c) 1(HJOLX£,)) (Hyer(X, Q355 og.0))
op kop ' 77

J . . -
CHpr(Xi, ) @k, Berisk,, -

where we recall ¢ : )Q(fip) — ng is the completion with respect to (p), and
op op
c* :Hfoet(Xf%p,QS(A ) = Hfoet(X;;Up, X )

kap kdp

is an isomorphism by GAGA and the properties of w-contractile open covers.
(ii) Let j,l € Z. We have, see definition 1(iii),
4 _ , _ 4 o1
F'Hpp(X;,, ) 0 H Ra(X)(HY(Xc, . Zp)) = HY (m o (OLx ® I))(Hy., (X, Qxi log.0 ® Zp))

- H{)R(ng ) Ok, B

op cris,kap ’
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(i)’ For « € Hgt(X@p,Zp) such that w(a) € FIH{)R(X,; ) (see definition 2), there exist
op

(Ai)1<i<n € Zp and (wLi)1<i<n € Hiet(chaQSii,log,o)
such that

w(a) = Z N -wp; € Hg;et(xcp,(z;;ci ) = F'H] p(Xc,), wri = HOLx(wg;).

1<i<n
Proof. (i): Consider (X’D)koc,p € Sch? /Of%p a smooth model of ()_(,D)f%p, ie. (X=D)1;ng ®of%p l%,,p =
(X, D)fcc,p and (X, D)EOU is smooth with D;?U C Xf?c, a normal crossing divisor. Consider c : )%]2’(p) —
X ]2 ) the morphism in RpTop which is the forrrfal comp’ietion along the ideal (p). By [1], « € H gt(X(ci, Zy)

is such that w(a) € F lH{) r(X; ) if and only if there exists an w-contractile pro-etale affine cover
— op
(Ti X — X)lgigr such that

w(a) € Hjl"(X.J;Up,Q;—%l (log IA)I?U ) ®0.0 OBst,X%%,logD%p )&

— i ) o>l HO , G
=H F(Xo,kap P Q):{g,(p) (IOg Df%p) ®O§o,(p) OBst,X,;gp ,log D,;Up ) ?
p

where the equality follows from GAGA (c.f. EGA 3). Recall that the action of G commutes with the

action of ¢, since elements of G are by definition (continuous) field automorphisms. Note that the
differentials of the De Rham complex DR(X; )(OBcpss, X, ) commutes with the Frobenius action. On
op

op
the other hand, the sequence
ING'¢ OL () )

o,fc(,-p 4
kap

0— I‘(X.y,;gp,Q'Zl )

>l NG) G
X}%p) log,0 P(Xo,fcap ) (Q}{fﬂ,(p) (log chgp) ®OXO OBst,Xf%p Jlog chdp ) )
op

kop

F(X. i aﬁbp*I) ~ ~
ko o> O G
» F(X.,fcap , Qf(_f”(?) (log Df%p) ®0,0 OIBst,X,;UP Jlog D,;Up) —0

kgp

is exact by proposition 3 and by the properties of w-contractile pro-etale affine covers (see [2]). Hence
o € HY,(Xc,,Zy) is such that w(e) € FIH, (X} ) if and only if
op

w(a) S HjI‘(X.J; Q.Zl (10g D]?U )®OXO OBSt’XIEU Jog Dy, )G’¢P

w UXE
_ gJ . J R o> _ J R o>
=H P(X"k“p ’ OLX;Z),) )(H F(X.’kdp ’ QX;"EP) ,logﬁo)) o OLXIEZ),) (HPEt (Xk"P ’ QX;"EP) ,logy(’)))j
op op
for the first equality note that Q;{Zol ®0,0 OBeris,x;,  €C (X; ) is acyclic for the Galois action.
kop 7P or

(ii): Follows from (i) and proposition 2.
(ii): By (ii), if (5 : X; = X)1<i<r is a w-contractile affine pro-etale cover

w(a) = ( Z Aig “WLig) JC, ..., ] card =] € HjF(X.J%gpumO(OLX®I))(HjF(X.1fCUp,Q;(chi log.0 ®ZLp)),

1§i§n,7

with wr;; € F(XJ,Q;(Z);/ log.0): I = L and A\ijy € Z,. Since w(a) is a Chech etale cycle (i.e. closed for
op’ ’

the Chech differential) without torsion and since the topology consists of etale covers of X € PSmVar(k)
(which we way assume connected), ny; = n and \;; = \; € Z, for each J, which gives

wle)= Y N-wg; € Hi’,et(x@p,ﬂgii) = F'H] p(Xc,), wri == H'OLx (wr;).
1<i<n
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Proposition 5. Let k a field of finite type over Q. Denote k the algebraic closure of k. Denote G :=
Gal(k/k) its absolute Galois group. Let X € SmVar(k) a smooth variety. Take a compactification
X € PSmVar(k) of X such that D := X\X C X is a normal crossing divisor, and denote j : X — X the
open embedding. Let p € N a prime number. Consider an embedding oy : k — C,,. Denote k C /Afgp cC,
being the p-adic competion with respect to the p adic norm induced by op,. Then égp = Gal((Cp/lAfUp) C
G := Gal(k/k).

(i) Let o € Hgt(X@p,Zp). Consider then its associated De Rham class (see definition 2)
w(a) == H'Ra(X)(a ® 1) € H)r(Xc,) ®c, Barc, -

Then o € H2,(Xc,,Z,)(1)% if and only if w(e) € F'H] (X

ko,

) = FUH) (Xe,) N Hpp(X;, ).

ko,
That is we have

H}\(Xc,, Zp) ()" @z, Qp =< F'Hpp(X; )N HY(Xe,. Zy) >0,C HYy(Xc,, Zpxt) ® Barc,,

where < — >q, denote the Q, vector space generated by (—). Note that Hgt(X(cp, Zy) and FlH{)R(XfCUp)

are canonically embedded as subabelian groups of Hgt(XCpaZp,Xet) @ Barc, by (—)®1 and a(X) o
((—) ® 1) respectively.

(it) Let a € H? (X%, Z,)(1). Consider, see (i),
w(a) == w(mge, (X) a) € H%R(ch) ®c, Bar,c,-

Then o € H2, (X5, Zy) ()€ if and only if w(e) € F'HLp(X) = F'H}p(Xe,) N Hpp(X). That is
we have

HY,(X5, Zp) (1) ®2, Qp =< F'H},5(X) N H2(X3, Zy) >q,C Hl(Xc,, Zy xet) @ Barc,,

where < — >q, denote the Q, vector space generated by (—). Note that H,(X5,7Z,) and FIH{)R(X)
are canonically embedded as subabelian groups of Hgt(X(cp,ZﬂXct) ® Barc, by () ®1 and a(X) o
((—) ® 1) respectively.
Proof. (i):Follows immediately from the fact that H JRa(X) is a filtered quasi-isomorphism compatible
with the Galois action of G, by [16].
(ii):Let a € H.,(Xc,,Z,)“ Take a basis ((a;)1<i<t, (a)i41<i<s) € H2(Xc,, Zp) such that for 1 <4 <t,
o € Hgt(ch,Zp)G. We have

’LU(O() = Z )\i,w(a)w(ai) € H%R(XCP)

1<i<s

Assume by absurd that w(a) ¢ H? ,(X). There exist a finite type extenion k' /k, k' € C, (depending
on w(a)) such that w(a) € H{)R(Xk/). By assumption the orbit Aut(k’'/k) - w(a) C Hpr(Xk) of w(a)
under Aut(k’'/k) is non trivial (i.e. contain more then one element). Then there exist a prime number
[ and an embedding o] : k' — C; such that the extension I%é‘i/légl is non trivial (i.e. IAC?‘{ + kg, ) where

o1 = oy, and such that w(a) := wk,/,;;/(Xk/)*w(a) ¢ H%)R(Xfcgl)v where T ke, (Xw) : Xl;;/ — Xy is
1 l 1

the projection, recall that H},(Xy) = Hp p(X) @ k. By injectivity of

ﬂ-k’/ic’/(Xk/)* P Hpp(Xer) — HJDR(XI%’,)’
71 7
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the orbit Gal(l%‘;i/l%gl) S Aw(e) C© Hpr(Xy ) of w(a) := ﬁk//,;,/(Xk/)*w(a) under Gal(l%fyl//l%gl/) C
7 7

Aut(K'/E) is non trivial (i.e. contain more then one element). By the main result of [16] (see above), we
get

HIRa(Xc,) " (hw(a)) & (HL(Xp, Z) @2, Barc,) 7t

Consider the pairing of G modules

5(=, =) HY((Xc,, Barc,) @k Hbo(Xe,, Barc,) = Hydt'(Xc, 0,0 Barc, @k Barc,)

and
a(Xc,)®a(Xc;)
o(Xc,0,0c.)  TpBar,xe, @ T Bar,x,, ———
* Q. O]B * Q. O]B w()
™ (%, @ox,, OBarxc,) @r m (W, ®ox, OBar,xc, ) —
[ ] .
QXCP®k/Cl ®m10xc, @i Oxe, OBar, xc, @k OBar,xc, =t DR(X)(OBar,x., @k OBar x, )
. . . R R pet
is the canonical map in CG(,; <G, (XC;.@erz) and

® Tp = WC;,/(CP@,C/CL (X(Cp) : XC;,@;C/CL — X(Cp
o m =T, /c,0,c (X)) Xo,o.0 — X

are the base change maps. By the commutative diagram of CA?% X Gglr modules

. ()@Vomps jcpe,
H;zjnet (XEH Zp) ®Zp Bdr,Cp 4

o, (Xgr)™ (m)®1)omyr e 0. 0, (Xpr)" .
H] p® . C j
et (XC,p@,, € Bar, xc, @k Bar,xe,) <———— Hpet(Xip, Zi) ®z, Barc,

lHja(chxsk/cl)

H’Ra(Xc;) Hg)et (Xc,0,Ci DR(X)(OBdT’XCP R OBd’I‘,XCl ) HI Ra(Xc))

(m)eDemy e (X)) (D)®V)omy s, (Xur)”

j j (5)®L)omyr e, (X4 ) j
H}n(Xe,) ®c, Barc, H) o (Xir) H)p(Xe,) ®c, Barc,

gy (X )
we have for 8, € Hl,,(Xp, Zp) @z, Barc, Bi € Hloy(Xp, Z1) ®z, Barc,,

a(Xe,0,0)(0(Bp, B1) = a(Xe,)(By) - a(Xe,)(B1) € B (Xe,o,.¢,, DR(X)(OBay ¢, @k OBarc,)).

Note that since 7 /¢, 0, c,)(X#) * Xe,o,,c = Xp is flat (=) ® 1) o 7 (¢, 0,,c,) (Xp)™ and ((=) @
1) o7 /(Cp®k’(cl)(X w)" are injective, (the morphism involved in the base change are without torsion).
Denote d = dim(X). Consider the canonical projection

7 : Xc, x Xc, =+ Xc,@,,c;, given by on X° C X open affine
ﬂ-((xla e axd)v (xllv te 7$:i)) = (‘rl ®$/1, e, X @ I:i)v
where X¢, x X¢, is endowed with the product topology. Then the commutative diagram

*

ngt(X(cpeak,C“Bdr,cp Qw Barc,) u ngt(ch x Xc,, 7 (Bar,c, @& Bar,c,))

la(xc,@k,cl) w(—)o(w*a(chmw*a(Xcl>>l

H, ., (Xe, @, cs DR(X)(OBar x., ® OBayr,x,,)) ——H ,(Xc, x X¢,, DR(X)(OBur,x., @1 OBar.x.,))
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together with the p adic Poincare lemma on X¢, and the [ adic Poincare lemma on Xc,, the fact that 7*
is injective (note that the product topology is less fine then the pro-etale topology on X¢, X X¢, and
that the map OX‘Cp®k/‘Cz — Ox, x,/ Xc, 18 torsion free), show that a(Xc,e,,c,) is injective. Hence

a®1=6(a,1)=6(1, H Ra(Xc,) " (w(a))) € Hiy(Xe, 0,0 Barc, @1 Barc,),
that is there exists A\, € &’ such that

a =\ H'Ra(X¢,) ™ (w(a)) = HY Ra(Xc,) ™ (Aaw(a)) € Hl o\ (Xc,0,c.rBarc, @ Barc,)-
Since a and w(«) are CA?% invariant, A, € Q,. This gives

_ B - .
a = H'Ro(Xc,) ™' (Naw(e)) & Hpor(Xe, 0,00, Zp @ Bare,) 7

Contradiction. We thus have w(a) € H%,R(X). Conversely if o ¢ HZ,(Xz,Z,)(1)¢, we get similarly
w(a) ¢ H},p(X). The result then follows from (i) and the equality F'H{, 5(X) = F'H}, 5 (Xc, )NH, p(X)
given by the filtered isomorphism in C'y;;(Xc, )

w(k/C,) : (% (log D), Fy)) @5, C, = (Q;—(CP (log Dc¢,), Fy)

which say that the Hodge filtration is defined over k: see section 2. O

Theorem 1. (i) Let k a field of finite type over Q. Denote k its algebraic closure and G = Gal(k/k)
its absolute Galois group. Let X € SmVar(k). Let o : k < C an embedding. Let p € N\d(k, X)
a prime number. Let o, 1 k — Cp, an embedding. For each j,l € Z, we get from proposition 5(1),
proposition 4, and proposition 1, a canonical injective map

HIG (X)) HY (X5, Z,)(1)C — FUHI (X8, 2imQ) ®¢ Qp, a = H(S4 (X)(a) := ev(X)(w(w)),

b,ev p,ev
with w(a) == H Ra(X)(a® 1) € H}o(X) C H%)R(ch) ®c, Bsi,c, (see definition 2), and

FUHI (X", 2inQ) := HI_(X&",2irQ) N F'H), (X&) € HI (X&",C).

sing
By construction, for f : X' — X a morphism with X, X' € SmVar(k) and p € N\é(k, X, X") a

prime number, we have the commutative diagram

HIWGL (X))

)
LP,C’U

H],(Xz, Zy) (1) ——"— F'HI(X¢",2imQ) ®¢ Q; -

J ! G Hngg“(X,) Lrrj ‘an o
H (X5, Zp)(1) FLH? (X ™, 2imQ) ©q Qp

(11) Let K C C, ap-adic field such that Frac(W (Ok)) = K. Let X € SmVar(K) such that its canonical
model X© € Sch /Ok has good or semi-stable reduction modulo p. Denote G, = Gal(Q,/K) its
absolute Galois group. Let o : K — C an embedding. For each j,l € Z, we get from proposition
5(1), proposition 4, and proposition 1, a canonical injective map

HIGr (X)) : HY(Xc,,Zp) ()% — F'HY (X", 2inQ) ®g Qp, a — HISr!(X)(a) = ev(X)(w(a)),
with w(a) == H' Ra(X)(a® 1) € H}o(X) C H%R(ch) ®c, Bsi,c, (see definition 2), and

F'HI (X", 2inQ) := HI_(X&",2irQ) N F'H), (X&) € HI (X&",C).

sing
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By construction, for f: X' — X a morphism with X, X’ € SmVar(K),we have the commutative
diagram

HI (X 2) ()G — ) i an o
2(Xc,, Zp)(1) (X&,2imQ) ®q Qp -

)

i H]LSUPYZ(XI) ; /
HE(XL, 2,) () — 22D pgi (xan 2im0) g Q,

Note that (ii) implies (7).
Proof. (i):Follows from (ii). _ _
(ii):By proposition 5(i), w(e) € F'HY,,(X; ) C Hhp(Xc,) ®c, Bsi,c,. By proposition 4,

Up ’
w(a) e Z Aiwg; € H%)R(ch)’ (wLi)lgiST S Hg)et(XCp’Q.ii,log,O) ()\i)lgigr S Zp.
1<i<r

Then, for each 1 <7 <,

e by proposition 1, ev(X)(wr;) € HY, (X&", 2irQ),

sing
o wy; = H'OLx(wr;) € F'H}5(Xc,),
that is, wr; € FIHI(Xg&", 2inQ). Hence,

co(X)(w(e) = Y Aev(X)(wr) € F'HY (XE", 2imQ) ®g Qp-

O

Remark 3. Let k a field of finite type over Q. Let X € SmVar(k). Let p € N be a prime number.
Let op : k= C, and o : k — C be embeddings. Note that for w € H(X,Q%..) such that ev(X)(w) €
v(X)

J
H? (X&",2inQ), w is NOT logarithmic in general and T(X)(e (w)) € HI,(X;,Q,) is NOT G =

sing \
Gal(k/k) equivariant in general, where

an /p" an ~ j an j
T(X): HY, (Xg",Q) — = HY, (X¢™,Qp) — HZ(Xe", Qp) = HY(X5, Qp).

sing sing

is given in section 2.

4 The complex and etale Abel Jacobi maps and normal function

4.1 The complex Abel Jacobi map for higher Chow group and complex nor-
mal functions

Let k a field of finite type over Q. Consider an embedding o : k < C. Then k C k C C, where k is the
algebraic closure of k. We have then the quasi-isomorphism a(X) : Cxgn < Q%an In C(Xgm).

e For X € SmVar(k), we consider
(HLp(X), F), H (X&", Z), H (X)) € MHMjy, g (k) C Vectsy(k) x1 Ab
where F' is the Hodge filtration on H%)R(X) ®y, C and
HIRD(X&", (X)) : HY (X&",C) = H)p(X) @, C

Recall the geometric mixed Hodge structures (see [5]) are mixed Hodge structure by the Hodge
decomposition theorem on smooth proper complex varieties.
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e For f: X — S a morphism with S, X € SmVar(k), we consider
(H'Rf.rag(Ox, Fy), H Rf,Zxan, H Rf. (X)) € MHMp gin(S) C PShp(1,0)a(S) X1 Prir,e(SE")
where
HRf.a(X) : HRf,Cxan = DR(S)(0fiH’Rf.raqg(Ox, Fy) @ C = H? /, Ox ®;, C)
Recall the geometric mixed Hodge modules (see [5]) are mixed Hodge modules by a theorem of
Saito for proper morphisms of smooth complex varieties.
Let X € SmVar(k). We have for j,d € N, the generalized Jacobian
J3UX) = HY(Xg", ©)/(FUHY (Xg",C) @ HY (X", 7))
where F is given the Hodge filtration on H? (X) ®; C and
HIRD(X&", (X)) : H (X&",C) = H}p(X) @ C.
If X € PSmVar(k) and 2d > n, J7%(X) is a complex torus since
(HLp(X), F), H (X&", Z), H RT(X&", (X)) € HMj, g (k) C M HMj, g (k)
is a pure Hodge structure. For X € PSmVar(k), we have a canonical isomorphism of abelian groups
() : JENX) S Bxth g, o (ZE99(d), () (X), H (XE", Z), HYRD(XE", a(X))).

Definition 3. Let X € SmVar(k) irreducible. Let X € PSmVar(k) a compactification of X with D :=
X\X C X a normal crossing divisor. The map of complezes of abelian groups (see [4])

Rx : 24X, ) = CP(X&", D&), Z — Rx = (Tz,Qz, Rz)

where CP (X", D& is the Deligne homology complex induces the complex Abel Jacobi map for higher
Chow groups

AT, (X) s ZUX )50 — J2Ym(X), Z o AT(X)(Z) = D™ (RY),
=Ry — QY + T, ;withdTy =Tz, 0, =Qyz
where
D: CQ(XE") = C2(Xg", DE")
is the Poincare dual for Deligne homology.

Theorem 2. Let k C C a subfield. Let X € PSmVar(k).
(i) For Z € Z4X,n)9=° we have

hom?

AJo(X)(Z) = I34(X) 710 = (Hp ' ~"(X), HE, ' ™" (XE", Z), H* 1" RD(XE", o(X))

sing
(4%,3",0)
e
(Hpg (X x O\ Z]), Hig ' (X x O"\|Z])E, Z), H* 1 RE((X x O")\|Z)E", a(X x O")
(8,0,0)
e

n nyan ny\an n d
(H%dR,m(X x )aHSQiillg,m((X x O™M)E", Z), RT 7/ (X x O")&", a(X x O = 259 (n — d) — 0)
where j : (X x O")\|Z] — X x O" is the open embedding and
Hifhg 121X % oMl ¢ Hifhg 12/(X x O, HE H(X % O\ |z)# ¢ HELH((X < O™\ Z)).

are the subobjects given by the pullback of the class of Z (see section 2).
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(ii) Let Z € Z4X,n)9=0. Then AJ,(X)(Z) = 0 if and only if there exist w € Hppy (X x O™)\|Z|)1]
such that
— we FUTMTI((X x OM)\|2)),
= ev((X x OM\|Z])(w) € HE, (X x O\ Z])g", Z(2im))
— Jw # 0.

Proof. (i):See [6].
(ii):Follows from (i) O

Let f: X — S a morphism with S, X € SmVar(k). We have for j,d € N such that HRf,Cxan is

a local system and FdeRf*Hdg(OX, Fy) C HI ff (Ox) are locally free sub Og modules, the generalized
relative intermediate Jacobian '

JP%X/8) = (H'Rf,Cxan ® Ogan)/(F*(HIRf.Cxan @ Ogan) & HI Rf.Zxan)

where F is given by the Hodge filtration on H” ff (Ox) and

H'Rf.a(X): HRf,Cxen — DR(S)(Hj/f(OX)).

A generalized normal function is then a section v € I'(S&", J24(X/S)) which is horizontal (i.e. Vv = 0).
For s € S, we get immediately that i¥™°4J74(X/S) = JJ4(X,). In particular we get for f : X — S a
smooth projective morphism with S, X € SmVar(k) and j,d € N, the relative intermediate Jacobian

JPX/8) = (H'Rf.Cxan ® Ogan)/(F*(HIRf.Cxan @ Ogan) & H Rf.Zxan)

where F is given by the Hodge filtration on H’ ff(OX) = Hij*QB(/S and H'Rf.a(X). A normal

function is then a section v € I'(Sg", J#4(X/S)) which is horizontal. For f : X — S a smooth projective
morphism with S, X € SmVar(k), we have a canonical isomorphism of abelian groups

I2NX/S)  JENX/)S) S Bxthy s (2§ 0 (d), (H Rfinag(Ox, Fy), H Rf. Zxan, H Rf.o(X))).

Definition-Proposition 1. Let f : X — S a morphism with S, X € SmVar(k). Let j : S° < S an
open subset such that for all j,d € Z, j*Hij*(CXEn is a local system and j*FIHIRf.pa,(Ox, Fy) C
§*HI ff(OX) is a locally free sub Og module. Let o : k — C an embedding. Let d,n € N. We have then,
denoting X° := X xg S° and using definition 3, the map
AT (X°/8%) : 24X n)fion? — T(S™", J24 14X/ 8°)) C T(SE™, @ esoamiada " (X)),

Z s AJ,(X°/SNZ) = vz = ((s € S2) = (AJyr (X)(Zs) € T2 (X))

where Z4(X, n);,?;g C Z4X,n)H9=0 denote the sub-abelian group consisting of algebraic cycles Z with

Zs =117 € Z4Xs,n)720, and o’ : k(s) < C is the embedding given by s extending o : k — C, denoting

hom’

again s := wk/C(S)(s) € S, my)c(S) : Sc — S being the projection.
Proof. Standard : to show that

vz = (s € 5¢) = AJ,(X,)(Zs) € T(SZ", Byesponised 3" H(Xy))
is holomorphic and horizontal we consider a compactification f : X — S of f with X € SmVar(k) and use

trivializations of f : (X2, (X\X)&*") — 5S¢ which gives trivialization of the local system j* R f.Zgan
(see [4] for example). O
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Corollary 1. Let f : X — S a smooth projective morphism with S; X € SmVar(k). Let d,n € N. For
Z € 29X, n)f’}?;f, we have
AT (X/S)(Z) = I24X/S) 10 = (H** ' "Rf.nay(Ox, Fy), H** V" "Rf Zxen, H* " "Rf.a(X))
(3*,3",0) _ . _ .
L (HPR(F 0 §)enag(Oxxmmn 21 Fo) HX P R(f 0 ) Zx xmn | z))en
_ . " (8,8,0)
H*'R(f 0 j)a((X x O")\|Z) ——=
(H*Rfonag RT3 (Ox xcm, Fo), (H* Rf,RT| 7/ Zx xtimyzn ), RET 710X x O = 2% (n — d) — 0)

where j: (X x O")\|Z| — X x O™ is the open embedding and

HdgryHd HdgryHd
(szRf*HngPmgZXngn)[Z] - szRf*HngF|Z\gZquD"7

. d . d
(H*'R(f 0 ))aragZix4mmp 2)7 € H*R(f 0 D)arragZixSmmp 21
are the subobjects given by the pullback of the class of Z.

Proof. Follows from theorem 2 by definition of the Abel Jacobi map and by the base change for mixed
hodge modules. O

We have the following main result of [3] :

Theorem 3. Let f: X — S a smooth projective morphism with S, X € SmVar(k). Let d,n € N. Let
o : k< C an embedding. For Z € Z%(X, n)Jf"’,?;?, the zero locus V(vz) C Sc of

pz = AJ,(X/S)(Z) € T(S&", J24~1=md(Xx/8))

is an algebraic subvariety.

Proof. See [3]: if S € PSmVar(k) is a compactification of S with 5\S = U;D; C S a normal crossing
divisor, there exist an analytic subset ¥(rz) C Sc such that V(vz) = L(vz)NSc. By GAGA X(vz) C Sc
is algebraic subvariety. Hence V (vz) C Sc¢ is an algebraic subvariety. O

4.2 The etale Abel Jacobi map for higher Chow group and etale normal
functions

Let k a field of finite type over Q. Let k the algebraic closure of k and denote by G = Gal(k/k) its galois
group. Let p € N a prime integer.

Definition 4. Let X € SmVar(k) irreducible. Let X € PSmVar(k) a compactification of X with D :=
X\X C X a normal crossing diwvisor. Denote G = Gal(k/k) the absolute galois group. The cycle class
map

R;.’p : Zd(Xv n)@:O — H;siz\%”,et (Xa Da Zp) — Heztdin(Xv Dv Zp)a

to continuous etale cohomology induces the etale Abel Jacobi map for higher Chow groups

AJBtﬁD(X) : Zd(X7 n)g;ﬁ — EXté(kaHgg_l_n(kachvZP))a

Z = Adet p(X)(Z) := L'REP(2)) LPREP(2),

where L is the filtration given by the Leray spectral sequence of the map of sites ax : X' — Spec(k).

Theorem 4. Let X € PSmVar(k). Denote G = Gal(k/k) the absolute galois group.
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(i) For Z € Z4X,n)9=° we have

hom?’
Adap(3)(Z) = (0 = HEH (36,2, T HEH(X O\ 2])5, )
% HE (X % O™, Zy)# = k(n — d) — 0)
with j : (X x O")\|Z| <= X x O" the open embedding, and
H|2Zd\,et((X x0")5. Z )[ Ic H\Z| ot (X x O")z, Zy),
HETH (X x O\ 205, Zp)P € HE (X x O\ 215, Zp)
are the subobjects given by the pullback by the class of Z (see section 2).
(i) Let Z € Z4X,n)0=0. Then AJe,(X)(Z) =0 if and only if there exist
a € HymH(((X x O\ Z). Z,)P
such that o € HZH(((X x O")\|Z|)z, Zp)C and da # 0.
Proof. (i):See [15].
(ii): Follows from (i). O

Definition 5. Let f: X — S a morphism with S; X € SmVar(k). Let j : S° < S an open subset such
that for all j € Z, j*Hij*ZnXE is a local system. Let d,n € N. We have then, denoting X° := X xgS5°
and using definition 4, the map

Aderp(X°/8%) : 29(X, n);’haong = D(5% @sesg, s EXtGal(k/k(s))(k7Hezrfli_n_l(Xs,fc?ZP)))?
Z = Adet p(X°)S)NZ) i= V5P =
(5 € Sioy) = (Adersp(Xo)(Zs) € Extlyuey (ks B2 (X, 1, 2,)))
where Z4(X, n)?’,?;g C Z4X,n)H9=0 denote the subabelian group consisting of algebraic cycles Z with
Zs =1i*7 € ZH Xy, n)hom. Recall that ig: {s} — Sy C S is a closed Zariski point of S.
We now localize, for each prime number [ and each embedding o; : k < C; the definition given above.

Definition 6. Let X € SmVar(k) irreducible. Let X € PSmVar(k) a compactification of X with D :=
X\X C X a normal crossing divisor. Let o : k — C; an embedding. Then k C k C C;, where k is
the algebraic closure of k and k C ks, C C; where ks, is the completion of k with respect to 0;. Denote
G, := Gal(Ciky,). The cycle class map
et, . d 0= 0 2d—n 7 2d—n 7
REGh, + 24X n)P™0 - 20 (X Dy Ty) — HETN(X Dy L 7y),

to continuous etale cohomology induces the etale Abel Jacobi map for higher Chow groups
Aletp,o (X) 1 24X, n)jon — Ext} ((Cl,Hftd_l_"(XCl,DCl,Z ),
Z = Adet p.o (X)(Z) = L'RYY (2)/L°RYD (2),

hom

where L is the filtration given by the Leray spectral sequence of the map of sites ax : Xet — Spec( e

We have then the commutative diagram

EXté(Ig’ Hgg_l_n(Xfca DE,ZP))

24X, n)9=0 Ext! (ad(my ;T jig, ) (D)ad(m p o iy, ) ()
Adet,p,o,(X)

Extg, (Co, HY'™' 7" (Xey, Do, Zy)) = Bxtg | (k, HE'' " (X, Dy, Zp))
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where the right column arrow is given by the restriction T /by, - G, — G.
I
Theorem 5. Let X € PSmVar(k). Let o) : k — C; an embedding and k C l;:gl C C; the completion of k

with respect to oj.

(i) For Z € Z4X,n)9=° we have

hom>
Adetpo (X)(Z) = (0= HE ™7 (Xe,, Zy) = HETH((X x O"\|Z)e,, Zp) P
0 n
= HY) (X x O™, Zp)P) = Cy(n — d) — 0)
with j : X x O"\|Z| < X the open embedding and
H\QgLet((X x Dn)CHZ;D)[Z] - H|2Z(i\,et((X x Dn)CHZP)v
Hig) (X x O"\IZD)e,, Zp) ) € HE (X x O™\ Z))eys Zy),

are the subobjects given by the pullback by the class of Z (see section 2).
(i) Let Z € Z4X,n)9=0. Then AJeypo (X)(Z) = 0 if and only if there exist

a € Hi (X x O"\|Z])e,, Z,)?)

such, that o £ 0 and o € HX7 (X x O"\|Z|)c,, Zy) %
Proof. Similar to the proof of theorem 4. O

Definition 7. Let f : X — S a morphism with S, X € SmVar(k). Let j : S° < S an open subset such
that for all j € Z, j*l‘Iij*Z@XE is a local system. Let d,n € N. Let o, : k — C; an embedding and

k C l;:gl C C; the completion of k with respect to o;. Denoting X° := X xg S°, we consider
Aty (X°/S%)  ZUX )50 = T(S%, @es5, e Ext! (Gl (C i (), HE" (X, 1. Z,))),
Z v Adetpo, (X°/S°)Z) = V%fﬁ =

((s € SE)O)) = (Adet p,o, (X5)(Zs) € EXtéal(Cl/l%(,l (5))(];7Hezéi_n_l(Xs,Evzp))))

where Z4(X, n)?’,?;g c 24X, n)f’azo denote the subabelian group consisting of algebraic cycles Z with
Zs =i*7 € ZH Xy, M) hom. Recall that ig: {s} — Sy C S is a closed Zariski point of S.

5 The vanishing of the etale Abel Jacobi map implies the van-
ishing of the complex Abel Jacobi map

The p adic Hodge theory for open varieties implies the following main theorem :

Theorem 6. Let k a field of finite type over Q. Denote k the algebraic closure of k and G = Gal(k/k)
its absolute Galois group. Let X € PSmVar(k). Consider an embedding o : k — C. Let p € N\d(k, X)
be a prime number (any by finitely many). Let o, : k — C, be an embedding. Denote /Acgp C C, the
completion of k with respect to o,. Let Z € Z4X,n)2=0 Consider the exact sequences

hom*

o 0 HX1 (X, Z,) L HEH(((X x OMN|Z))5, Zp) 2 H2

et,\z|((X X Dn)EaZP)O —0

o 0 HE1m(X) L5 HEL (X x Om)\|2)) & H2

B,z (X x 0om)° — o,

where j : (X x O")\|Z| — X x O" is the open embedding. Consider the following assertions :
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(i) Aduuy(X)(Z) = 0 € BxtS (F, 217X, Z,)(d — ),
(i)’ there exist a € H2H (X x O"N\|Z)i, Zp)(d)Z) such that a € HZH(((X x O")\|Z)z, Zp)(d)
and 0o # 0,
(i) Adetpo,(X)(Z)=0¢€ Extf% (Cp, H;d_l_"(X(cp,Zp)(d —n)), obviously (i) implies (ii),
(i)’ there exist a € H2~' (X xO™\|Z))c,, Zp)(d) 14 such that o € H2A~ (X xO™M\|Z|)c, » Zp)(d)Fer
and da # 0, obviously (i)’ implies (ii)’,
(iii) there exist w € Ham (X x D")\|Z|)k%)[z] such that w € FTHAEZ (X % D")\|Z|)fcap),

w € H*' 1 OLx g (HR¢ (X X O"NZ e, O nypet 10g,0))
P

and Ow # 0,
(iv) there exist w € Hpm ' (X x O"\|Z|)c)?) such that w € FIHAS (X x O")\|Z])e),

H*ev((X x OM\|Z])(w) € HEL (X x O"\|Z])g", 2inQ),

sing
and Ow # 0,
(iv)’ there exist an integer m € N such that m - AJ,(X)(Z) =0 € J2d-1-nd(X),

where the inclusion OLx : Q;(g;t,log,o — Q;%m of C(X(gzt) is the subcomplex of logarithmic forms. Then

(i) is equivalent to (i)’, (i) is equivalent to (zi) ", (1) implies (iii), (iii) implies (i), () is equivalent to
(iv)’. Hence (i) implies (iv)’.
Proof. (i) is equivalent to (i)’: see theorem 4(ii),
(ii) is equivalent to (ii)’: see theorem 5(ii),
(ii)” implies (iii):By proposition 4 and proposition 5(i), we have :
HY 17 (Xe,, Zy)(d = n)Oor = PLH1 (X )N HE T T (Xe, 0 Zy)
= B UOLx (HEG (X, Q50 |, ® 7))

pet ko’ " XPet Nog,
kgp

and
H2Y(X % O™|Z))e, . Zp)(d — n)S7r = FUXN(X x O] Z));, ) N HEH(X x O™ Z))e,. Zp)

_ 2d—1 2d—1—n n N e>d
=H OLX(Hpet ((X x4 \|Z|)kap’Q(X><D"\\Z|)Z:; Jlog,© ® Zp))

We consider then a basis

(o, -+ ,04) € sz_l_n(ch,Zp)(d _ n)éc,p,
with w(a), -, w(a,) € H* " "OLx (Hd ' ™" (Xe,, Q5% | o))-

pet Xé’;t Jlog,©

By assumption on «, it extend to a basis

(1, s as,asr1) € HX7H(X x O™\ Z])c,, Zp) P (d) v

with w(ar), -, w(as1) € H* 7 OLy e (24 (X x O™\ Z])c, 92§i5n>get,log,o))'

We then take w = w(asy1).

(ii) implies (iii):follows from proposition 1 with w := 7, /c((X x O")\|Z])*w,
(i) is equivalent to (iii)’ : see theorem 2(ii). O

33



It implies the following :

Corollary 2. (i) Let k a field of finite type over Q. Denote k the algebraic closure of k. Let f : X — S
a smooth_projective morphism with S, X € SmVar(k). Consider an embedding o : k — C. Then
we have k C C the canonical algebraic closure of k inside C. Let p € N a prime number. Then for
7 € 24X, n)}c’ha;g, we have

WOTS(VZt)p)C C V;EOTS(VZ) C S(C

where
— V(vz) C Viers(vz) C Sc is the zero locus, resp. torsion locus, of the complex normal function
vy = AJ,(X/S)(Z) € T(S&", J2-1-nd(X/§))

associated to Z (see proposition-definition 1),

— V(W5™P) C Viers(vy?) C S is the zero locus, resp. torsion locus of the etale normal function
V;typ € F(S7 69565(0)7;5* EXtéal(E/k(s)) (15, Hgg_n_l(Xs,Ev ZP))(d - n))
associated to Z (see definition 5) and
Vg ")e = mye($) T (Vg ™)), Viers (v 7)e = miye(S) ™ (Viers (7 )
where we recall my,c(S) : Sc — S is the projection.

(ii) Let o : k < C a subfield which is of finite type over Q. Denote k C C the algebraic closure of k.
Let f : X — S a smooth projective morphism with S, X € SmVar(k). Then for Z € Z4(X, n)f’}?;f,
the zero locus V(vz) C Sc of the complex normal function

vy = AJ,(X/S)(Z) € T(S&", J24-1-nd(X /)
associated to Z is defined over k if V(V?’p) #0.

Proof. (i):Follows immediately from theorem 6 since for s € S, k(s) is of finite type over Q and for
s" € mpc(S) ! (s) denoting o’ : k(s) < C the embedding given by s’, we have by definition

o vz(s') = AJ,(X/S)(2)(s') :== AJy (X)(Zs) € J2TmY(X).
o VP (s) =t Ader p(X/S)Z)(5) 1= Aderp(Xo)(Zs) € EX ey (s Ho " (X 1 Zp) (d — 1)),

(ii): Since V(vg?) C S contain a k point, V(vz) C Sc contain a k point by (i). Hence by the work of
[18] or [8], V(vz) C St is defined over k. O

6 Algebraicity of the zero locus of etale normal functions and
the locus of Hodge Tate classes

Let k a field of finite type over Q. Let f : X — S a smooth proper morphism with S, X € SmVar(k)
connected. Let p a prime number. Let Z € Z4(X, n)azo’j. By the definition, we have

hom

t, t,
V(vy?) C Mien,iprime MNovik—Cy 'V(’/g,zi) C S0
and
VtOTS(V?)p) C Mienprime MNovk—C 'VtOTS(V?Upz) C S)-
In this section, we investigate the algebraicity of Vig,s (U?’p) C S and of V;Sors(yzt)fl) cS,o:k—C.

Since Z is defined over k, we expect that the inclusion Vio.s(v5 ) C V(vy ) is an equality for all primes

leN. ”
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Remark 4. Let k a field of finite type over Q. Let f : X — S a smooth proper morphism with
S,X € SmVar(k) connected. Let p a prime number. Let Z € Z%(X, n)gozif We can show, using
[14], that we have in fact

V;fors(l/?m) — mleN,lpTime Noy:kesCy .‘/;50,«5(1/;’51) C S(o)~
We don’t need this result so we don’t give the details.

Let £ a field of finite type over Q. Let p be a prime number. Let o, : £ — C, be an embedding. We
have then k,, the completion of k£ with respect to 0}, and we denote O, C k,, its ring of integers. We
op

then consider the canonical functor of Huber (see section 2)
R : Var(ko,) — HubSp(ko,,0;_ ) = Sch /O0;_ , X — R(X) = X°

which associated to a variety over a p adic field its canonical integral model. Let f : X — S a smooth
projective morphism with S, X € SmVar(k). Let Z C X a closed subset and j : U = X\Z — X the
open complementary subset. We have then f:= f; (X, Z)fcg — S, the morphism in SmVar? (/Acgp)
induced by the scalar extension functor and ' ’ '

fO =R, ) (X 2)7 — S

9p 9p

its canonical integral model in Sch? / Oy, to which we denote

f=r°: (Xlgzp,NU,o) = (X7 ,(Mgz,No)) - (Sfip,No)

p

the corresponding morphism in logSch, where for K a p adic field and Y € Sch /Og, (Y, No) := (Y, My,)
with k = Ok /() the residual field. We have then the morphisms of sites

vx N (XE L Nuo)™™ = (XP ,Nuo), uxn : (Xe,, Mz )* — (X2, Nuo)™™
p Ip Ip

where (XI? , Ny o)Ft denote the Falting site, and for (Y, N) € logSch, (Y, N)k¢t C logSch /(Y, N) is
op

the small Kummer etale site. If (XI? , Nu,0) is log smooth, we consider an hypercover
op
Qe : (Xg)a’.,NUyo) — (Xf?g 7NU,O)
in Fun(A,logSch) by small log schemes in sense of [1]. The main result of [1] say that
o if (X;9 , Nu.o) is log smooth, the embedding in C((Xi? yFalt)
Tp op

a(U) : (Bot.x;, »Nu.o) = asDR(X* /O )(OBai,xz . Nuo)

is a filtered quasi-isomorphism compatible with the action of Gal(C,, l%gp), the Frobenius ¢, and
the monodromy N, note that we have a commutative diagram in Ci(X¢ ™" )

a(U) .
IBgsiﬁ,ch Jog — OBSLX@p ,Jlog Rox QXCp (1Og D(Cp)

SR

) .
Bar, xc, log OBur, x, los ®0x %, (log De,)

see section 3,
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o if f: (X;9 ,Nvo)— (Sli9 , No) is log smooth, the morphism in Dfil((S,? yFalt)

P

T(f,f,®)(—)oad(uX n,Rux,n,«)(—)

T(f,Bst) : Rf. (Bst,x,;% ,Nuv,o) RfLp,(xe, Mz oot @z, Bsts;

ad(j*)Rj*)(Zp’(ch’MZ(C yet)
P

R(f 0 j)sZpugt ®z, Bst.s;,

is an isomorphism, where the last map is an isomorphim by [13] theorem 7.4.

This gives if (X l? , Nu,o) is log smooth, for each j € Z, a filtered isomorphism of filtered abelian groups

. ; HiT(ax ,Bst) * : o
HRa(U) : H,(Uc,, Zy) @z, B - H'T(axBse)” H,(X,N)F lt)(Bst,X,;Up Nu.o)

st,

HjRF((X)ip Nu,0),a(U))

Hpp(Ur, ) @4, Bai,,

compatible with the action of Gal(C,/ iﬂgp), of the Frobenius ¢, and the monodromy N. More generally,
this gives if l%,,p (s) is unramified for all s € S;  and if f : (Xl? ,Nvo)— (S’l? ,No) is log smooth, an

isomorphism in Shvsy,q ¢, ~(S; )

Tp

. . HjT f. Bt -1
H f.a(U) s B[ Zy vz @3, Bats, TR

HIRf.a(U)
_

Rf* (Bst,Xf%p ) NU,O)

HJ /j*qu(OUfc 7Fb) ®OSA ()IBSIS,SIAC
f op ko op

P

that is a filtered isomorphism compatible with the action of G = Gal(C,/ l%,,p), of the Frobenius ¢, and
the monodromy N, writing for short again f = f o j.

Definition 8. Let k a field of finite type over Q. Let f : X — S a smooth proper morphism with
S, X € SmVar(k). Let p a prime number. Let Z € Z(X, n)f’azo Denote U := (X x O")\|Z|. We have

fhom *

then the following exact sequence in DRM (S) (see [5] for the definition of De Rham modules)

0= EX17(X/S) = H21n /, (Ox, Fy) L5 BX0/8)17 o= (24 /, Jurtag (Ous Fy)Z)

2 Bl (X/9)7) = (12 /f P90 e, F3)1 =5 0.
Recall (see section 2) that (X x 0", M| z|) € logVar(k) denote log structure associated to (X xO",|Z]) €
SmVar?(k). There exist a finite set of prime numbers §(S) such that for all prime p € N\§(S), all
embedding op : k — Cp and all s € S, l;:gp (s) is unramified over Qp, where l;:gp C C, the p adic
completion of k with respect to o,. Let p € N\6(S) a prime number and oy : k — C, be an embedding
and consider l;:gp C C, the p adic completion of k with respect to op.

e Take, using [10] theorem 8.2 (after considering an integral model (X, Z)® € Sch?® /R over R C k
of finite type over Z with function field k), for p € N\6°(X/S), where 6°(X/S) is a finite set,
an alteration 7° : (X x O")° — X x 0%, that is a generically finite morphism such that ((X x
am)o, 7r0”1(|Z|))f€O is semi-stable pair, that is 7%~ 1(|Z]) C ((X xO") is a normal crossing divisor

and ((X xO")°, 71'0’71(|Z|))i€0 )t has semi-stable reduction where t € Spec(O;, ) is the closed point.
op p
Then there exists a closed subset A C S such that for all s € S° := S\ A, (X xO")", 7T0*’1(|Z|))IA€O
oprS

is a semi-stable pair.
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e Take using [10] theorem 8.2, (after considering an integral model (Xa, Za)® € Sch? /R over R C k
of finite type over Z with function field k), for p € N\§'(X/S), where §'(X/S) is a finite set, an
alteration ™ : (Xa x O™t — Xa x O such that ((Xa x O")1, |ZA|)]%O is a semi-stable pair. Then
there exists a closed subset A% C A such that for all s € ST := A\A?, ((Xa x O")1, |Z|A)g ,isa

semi-stable pair.

e (o on by induction.

We obtain by the above finite induction, for p € N\d(S, X/S), with 6(S,X/S) := 6(S) U (Uaerd*(X/5S)),
a stratification S = UaeaS®, A being a finite set, by locally closed subset S C S, and alterations (i.e.
generically finite morphisms) 7 : (Xge x 0")* = Xga x O™ such that

for®: (Xga x 09, Nya o) = (5S¢, No)

)
op ko’p

is log smooth, that is for all s € S, ((Xg= x O™)%, wa’_1(|Zsa|))g , s a semi-stable pair. We then set
ops

T = ps((Unea (B (U7, /S5 ) @05 OBusz )P™)

kop Ip

NFYERLNU/S) N (ERR  (U/S)PHN\EFR (X xO)/8)) c S

and
T,, zszkU(((UaeA(E%dgl(Ug /52 )®OSA O]Bgstﬁs% JorN)
PR UL, /Sy, )N ESE (U, /S5, )\ Epa(X x D”) IS, NSy
where

o U =714 1(Uga) = (Xga x OM)\7%71(|Zga]),
EXN U /SY) i= H?* 'R foprag(Ope, Fy) € Vect p1(S%),

@p s the Frobenius operator, N is the monodromy operator,

o EXNU Suon, /S5 )CE%dgl(Ugd /Sgd )

® Tk, (S B (U>/S*) c EX 1(UO‘ /SO‘ ) is the canonical subset of closed points,
o ps: EX-1(U/S) — S and ps;, EDR(U,;% /S,;Up) — S,;Up are the projections.

Lemma 3. Let G be a group. Consider a commutative diagram of G modules

0 W 1% K 0
0 i v 2K 0

whose rows are exact sequence and 7 : V. — V' is injective. Let « € V.. Then o € VE and da # 0 if
and only if ™*a € V'¢ and 0't*a # 0.

Proof. Follows from the fact that < a > define a splitting Wd < a >C V of G modules. O
Theorem 7. Let k a field of finite type over Q. Let f : X — S a smooth proper morphism with

S, X € SmVar(k) connected. Let p € N\d(S, X/S) a be prime number, where §(S,X/S) is the finite set
given in definition 8. Let o : kK — C, be an embedding. Consider l%gp C C, the p adic completion of k

with respect to op,. Let Z € Z4(X, )a 0.f

hom
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(i) We have
Vtors(l/?’p) =TnN S(O) c S,

where T C S is given in definition 8.

(ii) For each embedding o, : k — C,, we have

et,p —
‘/"'OTS(VZvUP)iC”p B Tgp m S(O)xff“p = ‘S’%"P7

where Tgp C S’,;Up is given in definition 8, and for V .C S a subset, Vf%p = Tk, (S)"Y(V), where
Ty i, (8) 185, — S being the projection.

Proof. Let o, : k — C, be an embedding. For each o € A, by the semi-stable comparaison theorem for
foi=for®: (Xso x 029, NGa) = (579, No)

([1]) which is log smooth, we have the isomorphism in SthiLG’%,N(Sg%)

ijfoz(Ua) : ij*aZp)Ug,et &z, Bst,Sg‘ = Hj/ j*Hdg(OUg‘ ,Fb) ®Osic OBst,Sg , (1)
» op o op - -

p p

recall that since p € N\d(.5), l%gp(s) is unramified for all s € S; .
_ op

(i): Let s € SG). Denote G := Gal(k/k(s)).
e The map 7% : (X; x O")* — X, x O" is generically finite since 7 : (X x O™)* — X x O" is
generically finite and f is flat. Thus by lemma 3 and theorem 4, vy (s) := AJ*?(X,)(Z,) = 0 if

and only if there exists
a € HE Y (Usa 5, 2,)1%)

such that 7%~ (a) € H21(U®,7,)(d) and o7~ () # 0.
e On the other hand by (1) and proposition 5(ii), o/ € H2~1(U®,7Z,)(d)C if and only if (see definition
2) w(a'), € FAHES(UL) and

w(o) € (HE U )@, o Ba)™.

s,kap
Moreover w(r® 1 (a)) = 7%~ Hw(a)).
(ii): Let s € Sy and " € . (S)~1(s).
e Since 7% : (Xg x O™)* — X, x 0" is generically finite (see the proof of (i)) we have by lemma 3
and theorem 5, I/gfp (s) == AJgP(X)(Zs) = 0 if and only if there exists

o€ HZ ™ (Ug )2

"‘,s,fcdp ’ ZP

\Z,)(d)%» and dar # 0.

p

such that 7~ !(a) € H (U2,

e On the other hand by (1), o/ € H2"1 (U

s)f%p,Zp)(d)G"P if and only if (see definition 2) w(a/) €
FdHf,dgl(Ugdp)s) and

w(a') € (Hpy N (U, )®,;Up(s)Bst)¢p*N:(Hfjdgl(U“A ) ®

S,k(fp s’ 7k<rp

Moreover w(r®~1(a)) = 7~ (w(a)).

38



o
Proposition 1 for (i), the main result of [1] together with proposition 5 for (ii), gives the following :

Theorem 8. Let f: X — S be a smooth morphism, with S, X € SmVar(k) over a field k C C of finite

type over Q. Take a compactification f: X Lxhs of f where X € SmVar(k), j is an open embedding
and f is projective. Denote Z := X\X. Consider

E{)R(X/S) = Hj/fj*Hdg(Ox,Fb) € DRM(S),

see [5] for the definition of the category of De Rham modules. Let p € N\&(S, X/S) a prime number and
op : k= C, an embedding. Denote l%,,p C C,, the p-adic completion of k with respect to o,. Consider,
using definition 8, a stratification S = UaepS%, A being a finite set, by locally closed subset S C S, and
alterations (i.e. generically finite morphisms) 7@ : X* — Xgo such that

fai=fom™: (Xg’O,Nzo) — (S}: 7NO)
op Ip

is log smooth. Consider for j,d € Z,

e the locus of Hodge Tate classes

HT},(X/9) := (L'aeA(EﬂR(XS%/SS%)@@oxg OBst,X)‘z’P’N)ﬁFdE%R(X;;%/Sz;c,p) C E%R(Xfcc,p/sfcap)

P

where

Bhn(X;, /S;, ) = HY /f Jortas(Ox,, Fs) = Ebp(X/S) @i ks, € DRM(S;, ).

e the locus of Hodge classes
HL;4(X/S) == HL;a(Xc/Sc) = F*E},p(Xc/Sc) N R f.Qxan C Epp(Xc/Se)
where
B} p(Xc/Sc) = HY /f(OXC,Fb) = B} p(X/S) ®: C € DRM(Sc).
Then,

(i) for each subfield k' C C, we have a canonical embedding
ev(X/S) : HT} (X/S)(K') — HL;a(Xc/Sc) @ Qp,
ws — (1/2im)ev(X/S)(ws) = ev(Xs)(ws), s € Sy,

note that the image consists of logarithmic classes, hence

ps;, (HTj,(X/9))(K) C psc(HLja(Xc/Sc)),

where ps,. E{)R(XC/S@) — Sc and ps;, E%)R(kap /S; ) — SI%U,) are the projections,

(ii) we have
(R f.Qp xz ()¢ =< HT? (X/S) N F'Epp(X/S) >0,C Bpp(X;, /S;, ),

where < — >q, denote the Q, subvector bundle generated by (—),
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(iii) we have a canonical embedding in Shv(Sc)
ev(X/8) : mrc(S)* (R frQp xet () — HLja(Xc/Sc) @q Qp,
as = (1/2im)ev(X/S) (w(ay)) = ev(Xy(s) ((1/2im)w(as)), s = w;/lc(s) tk(s) = C,s€ S,
where 7y, c(S) : Sc — S is the projection.

Proof. (i): Follows from proposition 1 and the equality, by (the proof of) proposition 4,

HI (X o>d 4% ¢p,N,G __ Y (X o>
( S,Cp 9 QXO}%/ (log S,I;}, ) ®OXO OBSt’Xs,fc’ . 7log DIE/ » ) P - pet( S,Cp 9 QXS cp,log,O ® Zp)
s, G‘p s o o ?

where (X!, Dy) — (X, Zs) is a desingularization, i.e. X! is smooth and Ds C X/ is a normal crossing
divisor, after taking an embedding o), : k" < C,.

(ii):Follows from the isomorphism (H7 f®a(X®)) (c.f. theorem [1]) and proposition 5(ii).

(iil):Follows from (i) and (ii). O
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