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1 | INTRODUCTION

The celebrated Bochner theorem states that if a closed Riemannian manifold (M", g) has non-
negative Ricci curvature, then its first Betti number satisfies

bi(M) < n,

with equality if and only if (M", ¢) is isometric to a flat torus. This inequality was improved by
Gromov [25] and Gallot [18] who found £(n) > 0 such that if
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e(n)

Ric> —— o
diam(M, g)2 *

then b, (M) < n. Gromov also made a conjecture about the equality case, which was proven true
by Colding [14] and Cheeger-Colding [5]: there exists &(n) > 0 such that if (M", g) is a closed
Riemannian manifold of diameter D satisfying

5n)

b,(M) =n, Ric > — RA

then M is diffeomorphic to a torus. The proof of this latter result consists in two steps. First, one
shows that for any € € (0, 1) there exists 6(n, €) > 0 such that if (M", ¢g) with diameter D satisfies

o(n,¢)
D2

b,(M) =n, Ric > —

>

then there exists a flat torus T and an eD-almost isometry"' ®: M — T". Second, the intrin-
sic Reifenberg theorem of Cheeger-Colding allows to prove a topological stability result: if ¢ is
sufficiently small, then M is diffeomorphic to T" (see [6, Theorem A.1.1. and Theorem A.1.13]).
For more details, we refer to the very instructive texts [9, 20] presenting the work of Cheeger
and Colding.

The Bochner estimate has been generalized in several directions. For a Riemannian manifold
(M", g),letRic. : M — R, be the lowest non-negative function such that for any x € M,

Ric, > —Ric.(x)g,.

Then Gallot obtained in [19] that for every p > n/2, there exists (n, p) > 0 such that if (M", g)
with diameter D satisfies

D? <f Ric? dvy> ’ < &(n, p),
M

then b, (M) < n; here and throughout, v p is the Riemannian volume measure induced by g on M,
and £, fdv, :=v,(A)" [, f dv, foranyBorelset A C M and any measurable function f defined
on A. To our knowledge, no topological rigidity result has been obtained so far from this integral
condition. It seems to us that the segment inequality proven in [10] and the results from [30, 31]
may imply such a rigidity result. Another direction is the one of metric measure spaces satisfying
a suitable synthetic Ricci curvature lower bound. In this context, a rigidity result a la Bochner and
geometric stability results hold, see [24, 28, 29].

In this paper, we obtain geometric and topological results under a Kato bound. More precisely,
let us introduce the following definition.

Definition 1.1. Let (M", g) be a complete Riemannian manifold with heat kernel H(t, x, y) and
diameter D. For any T > 0, we set

T For any 1 > 0, a n-almost isometry is a Borel map ® between two metric spaces (X,dy) and (Y,dy) such that: (i)
ldx (xg, X1) — dy (P(xg), (x;))| < n forany x,, x; € X and (ii) for any y € Y there exists x € X such that dy(¢(x),y) <.
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Ky (M, g) 1= sup // H(t, x, y)Ric.(y) dv, () d.
xeM J[o,11xM

We say that the number k;2(M", g) is the Kato constant of (M", g).

The first occurrence of k;(M", g) in the study of Riemannian manifolds seems to be [23]. The
geometric and analytic consequences of a bound on k-(M", g) have been extensively studied since
then, see, for example, [1, 4, 12, 13, 15, 32, 34, 36]. It is useful to note that if Ric > —x?g, then
kr(M", g) < %x2T; hence, a smallness assumption on k(M", ¢) should be understood as a control
on the part of the manifold where Ric_ > T~

The Bochner estimate extends to the case of Riemannian manifolds with small Kato constant,
as proven in [32] and improved in [4]: there exists 6(n) > 0 such that if (M", g) is a closed Rieman-
nian manifold of diameter D such that k2(M", g) < 8(n), then b;(M) < n. Our first main result
provides an answer to a question raised in [4] about the equality case.

Theorem A. Forany ¢ € (0, 1) there exists d(n, &) > 0 such that if (M", g) is a closed Riemannian
manifold of diameter D satisfying

b(M)=n and kp2(M™, g) < 8(n, €),
then M is eD-almost isometric to a flat torus.

Remark1.2. From [15, Theorem 4.3] we can replace the smallness assumption k. (M", g) < 8(n, €)
with an integral condition involving the Ricci curvature only, namely,

XEM

D
sup / rf Ric_(y)dv,(y) dr < 8(n, e).
0 B,(x)

Our second main result provides a topological stability theorem under a so-called strong Kato
bound. This assumption appeared naturally in our previous work [12, 13] where we obtained,
among other results, Reifenberg regularity.

Theorem B. Let f : [0,1] — R, be a non-decreasing function satisfying

dt < +c0. (SK)

/1 0
0 t
Then there exists d(n, f) > 0 such that if a closed Riemannian manifold (M", g) of diameter D
satisfies

bl(M)ZH’ sz(M",g)sé(n,f),
and

kip2(M", ) < f(t) forallt € (0,1],

then M is diffeomorphic to a torus.
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Remark 1.3. Our proof actually shows a stronger result: for any « € (0, 1) there exists 6(n, f, o) >
0 such that if (M", g) is a closed Riemannian manifold of diameter D satisfying b,(M) = n,
kp2(M™, g) < 8(n, f, ), and k;p2(M", g) < f(t) for any ¢ € (0,1], with f satisfying (SK), then
there exist a flat torus (T", dy») and a diffeomorphism A : M — T" such that for any x,y € M,

N d,(x,y) 5«<dW,(A(x),,4(y))<Oc_1 dy (e, )\ ©
D h D = D '

Here and throughout, d, is the Riemannian distance induced by g.

According to [33], an LP smallness condition on Ric._ yields the strong Kato bound, so that
Theorem B has the following corollary.

Corollary 1.4. Forany p > n/2, there exists e(n, p) > 0 such that if (M", g) is a closed Riemannian
manifold of diameter D satisfying

by(M)=n and D2<f RicP dvq> " <en, p),
¢ .

then M is diffeomorphic to a torus.

Similarly, using [15, Theorem 4.3], we get the following corollary involving a suitable Morrey
norm.

Corollary 1.5. Forany « € (0, 2], there existse(n, &) > 0such thatif(M", g) is a closed Riemannian
manifold of diameter D satisfying

by(M)=n and sup D“rz“"f Ric.(y)dv,(y) < e(n, @),
XEM B,.(x) ’
re(0,D)

then M is diffeomorphic to a torus.

Colding’s original argument relied upon harmonic approximations of Busemann-like func-
tions. Here we follow an alternative approach, closer to the one proposed by Gallot in [20]. We
consider the Albanese map A : M — T". We lift A to a harmonic map A := (./Tl, s ./’t\n) defined
on a suitable abelian cover M—M which is equivariant under an action of Z”. Estimates from
[4] imply that if k2(M", g) < b < 1/(16n), then Ais surjective, (1 + C(n){/g)-Lipschitz and for
anyr € [D,51/°D],

1
<r2f |Vdﬁ|2dv§> ’ +f |<d2i,dﬁj> - 5i,j| < Cm)Vs. (*,)
B, B,

One original point in our proof of Theorem A is the use of an almost rigidity result (Theorem 3.1)
which implies that under such an estimate, the restriction of A to a ball of radius 64n2D realizes an
eD-almost isometry with a Euclidean ball of the same radius. We prove this almost rigidity result
by means of the analysis developed in [12]. Then we can follow the lines of Gallot’s argument to
get Theorem A.
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‘We prove Theorem B by showing that 4 is a diffeomorphism, answering a question raised
by Gallot [20, Section 6]. This differs from Colding’s proof which used the intrinsic Reifenberg
theorem to conclude. It is enough to show that the restriction of A to the ball Bj(0) is a diffeo-
morphism onto its image. In the context of almost non-negative Ricci curvature, according to the
recent Reifenberg theorem established in [11, Theorem 7.10], this is the case if (x,) holds and if
the volume ratio

Vg(BzD @)
w,(2D)"

is almost one. In our context, we have at our disposal an analogous Reifenberg type result: see
Proposition 3.4. To apply this result, we must control a heat kernel ratio which plays the role, in
our setting, of the volume ratio for Ricci curvature lower bounds. One main difference is that,
unlike the volume, the heat kernel is a non-local quantity. Our key tools to get the desired control
are a heat kernel comparison theorem 4 la Cheeger-Yau [17], and an almost Euclidean volume
bound (Theorem A.1, after [7, Theorem 1.2]).

2 | THE DYNKIN CONDITION AND CONSEQUENCES

In this section, we point out relevant properties of the so-called Dynkin condition. We say that a
complete Riemannian manifold (M", ¢) satisfies such a condition if there exists T > 0 such that

1
kr(M", g) < — - D
7( 9) 16n (Dy)

2.1 | Closed manifolds

Let us first mention properties of closed Riemannian manifolds satisfying a Dynkin condition.

211 | Volume doubling
See [4, Proposition 3.8] and [12, Proposition 3.3] for the next result.

Proposition 2.1. Let (M", g) be a closed Riemannian manifold satisfying (Dy). Then there exists
C(n) > O such that foranyx € Mand0 < s <r < ﬁ

2

Vg (Br(x)) r\en
g <)

2.1.2 | Heat kernel bounds

See [13, Proposition 2.6] for the following.

Proposition 2.2. Let (M", g) be a closed Riemannian manifold satisfying (Dy). Then there exists
C(n) > 0 such that forany x,y € M and t € (0,7T),
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d2 (x,y) d2 (x.)
. cm)™t  —cm)-L < < _Cm _9
(i) —v!](B\ﬂ(x))e i < H(tx,y) < —V!](Bw(x))e s,
c d2 ()
(ii) |d H(tx, )| « —S2—e "5

Vivy (B ;(0)
When T > diam?(M", ), we can get an estimate depending only on the volume of M.

Proposition 2.3. Let (M", g) be a closed Riemannian manifold of diameter D satisfying (Dy). If
T > D?, then forany x,y € M and t € (D?,T),

H(t, x,y) < (1 + C(n)%)vg(lM) .

Proof. Let t€(D?T) and x,y € M. By stochastic completeness, we have that

fM H(t,z,y)dv,(z) = 1; hence, there is some z, € M such that H(t,zy,y) = ﬁ By the
9

previous proposition, we have that |d,H(t, z, y)| < € _ Then
Vivy (M)

C(n) < C(n)D

H(t9 ’ )_H(t’ ) )Sd(9 ) I :
| g y ZO y | ! g ZO \/;vq(M) \/?VQ(M)

2.2 | Non-compact manifolds
For complete non-compact manifolds, the results of [12, Subsection 3.1] yield the following.

Proposition 2.4. Let (M", g,0) be a pointed complete Riemannian manifold. Assume that there
exists a sequence {(M7, g,,0,)}, of pointed closed Riemannian manifolds satisfying (Dy) for a
same T > 0. Assume that for any R > 0 there exists ap such that for any o > ay there exists a
diffeomorphism onto its image

@, : Bg(0) > M,
such that the following convergence holds:

lim {|®7 g, — gl =0.

a—+oo

Then (M", g) satisfies (Dy), the volume doubling estimate from Proposition 2.1 and the heat kernel
estimates from Proposition 2.2.

We recall that a group I" with neutral element 1 is residually finite if and only if it admits a
sequence of normal subgroups {I';} with finite index such that

(r; =1
Jj

Then Proposition 2.4 has the following useful application.
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Proposition 2.5. Let 7 : M — M be a normal covering of a closed Riemannian manifold (M", g)
with residually finite deck transformation group. If (M, g) satisfies (Dy), then (M,n*g) satis-
fies (Dy), the volume doubling estimate from Proposition 2.1, and the heat kernel estimates from
Proposition 2.2.

Proof. We start by noticing thatif V' : M — R is a bounded function, then

e 49 (Vorr) = (729 V )or.

Indeed, since (M, g) is closed, (1\71 , " g) is stochastically complete and then we have uniqueness
in L* of the solution of the heat equation with fixed initial condition

9 -
{(a +Aﬂ*g)u - O,

M(O, ) = Von’(').

But e “A7*s(Vorxr) and (e”'*9V)or are both solutions of this Cauchy problem, hence we get the
desired equality. Notice that Ric_(7*g) = Ric_(g)or, hence for any x € Mandt >0

/AHﬂ*g(t,x,y>Ric-(n*g)<y>dvﬂ*g(y)= / H, (¢, w(x), 2)Ric.(g)(z) dv,(2),
M M

where we have noted H ., (respectively, H ) the heat kernel of (M, 7* g) (resp. of (M, g)). Hence
we get that for any T > 0:

kT(M’ g) = kT(M’ﬂ*g)' (1)

As I' is residually finite, there exists a sequence of normal subgroup I'; < T of finite index such
that

(r; =1
J

For any j € N*, we set J\7Ij 1= ﬁ/Fj. We get two covering maps
~ Pj ~ 7
M—M; — M.
Note that M j is a closed manifold and the above argument implies that for any T > 0:

kT(M, mtg) = kT(Mj, 71'79)-

Hence each (M It 7t;f ¢) satisfies (Dy). Moreover, if we consider 6 € M, then for any R > 0 there is
some jp such that for any j > j, the restriction of the covering map

pj: Bg(0) — Bg(p;(0))

is an isometry. Then the conclusion follows from Proposition 2.4. 1
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3 | ALMOST RIGIDITY RESULTS

In this section, we provide almost rigidity results which are consequences of our previous work
[12, 13]. For any p > 0, we let [Bg be the Euclidean ball in R" centered at O with radius p. If Bisa
ball in an n-dimensional Riemannian manifold and h = (h,, ..., h,) : B - R" is a smooth map,
we denote by

dh'dh = [(dh;,dh;)]

1<i,j<n

its Gram matrix map. We write Id,, for the identity matrix of size n and w,, for the Lebesgue
measure of the unit Euclidean ball in R".

3.1 | Harmonic almost splitting

Theorem 3.1. Forany ¢ € (0,1), there exists 6 = 5(n, ) > 0 such that for any closed Riemannian
manifold (M", g) satisfying k,»(M", g) < & for some p > 0, if forsome x € M, there exists a harmonic
map

h: Bé—lp(.x) - R"

such that for any r € [p,57'p),

<r2f |th|2dvq>2 +f |dh'dh —1d,| dv, <&,
B,(x) ' B,(x) '

then h is an ep-almost isometry between B(x) and Bg.

Remarks 3.2.

(i) From the proof of Proposition 2.5, we easily see that the result also holds if we assume that
(M™, g) is a normal covering of a closed Riemannian manifold whose deck transformation
group is residually finite.

(ii) A similar statement holds for RCD(K, N) spaces [3, Proposition 3.7].

Proof. By scaling, there is no loss of generality in assuming p = 1, what we do from now on. We
argue by contradiction. Assume that there exists ¢ € (0, 1) and:

* asequence of positive numbers {5} such that 5, | 0,

* a sequence of pointed closed Riemannian manifolds {(M/, g,, x,)} such that k,(M,, g,) < 8,
for any a,

* asequence of maps {h, : B 52! (x,) = R"} such that for any «,

h,, is not an e-almost isometry between B, (x,) and B 2)

and for any r € [1,5_1],

2
rzf |Vdh,|*dv, +f |dh, ‘dh, —1d,|dv, <3&,.
B, (x,) o B, (x,) o
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We can assume the following.

(1) Thanksto [12, Corollary 2.5, Remark 4.9], the sequence {(M, g,, x,)} converges in the pointed
measured Gromov-Hausdorff topology to a space (X, d, i, x) which is infinitesimally Hilber-
tian in the sense of [21]. This limit space is endowed with a carré du champ I and a natural
Laplace operator L, which is the Friedrichs extension of the quadratic form ¢ € W!?
/X dI'(¢, @). For the precise definitions of ' and L, see [12, Section 1.2] and references therein.

(2) By [12, Proposition E.10], the sequence {h,}, converges uniformly on compact sets to a
harmonic function h = (h,, ..., h,): X - R"and forany i, j € {1, ..., n},

u-a.e.on X.

dr
@(hi’ hj) = 5z,j

Moreover, we know that (X, d, ) admits a locally Lipschitz heat kernel H : (0, +00) X X X X —

(0, +00) which satisfies the following Li-Yau inequality [13, Proposition 2.9 and Remark 2.10]: for
anyx € X,t > 0,and u-a.e.y € X,

o0H n
H 2_H —_— < —H?(t, x, ).
|d,H(t, x, y)| (&, x,y) =t x.y) < H (. %, y)

LetU: (0,400) X X X X — R be such that forany x,y € X and ¢t > 0,

_Uxy)
4

H(t,x,y) = e—n .
(4rt)2

It is easy to check (see [12, Formula (83)]) that U satisfies, for any (x, ) € X X (0, +00),
LU(t,x,-) > —2n

in a weak sense, that is to say, v(-) = U(t, x,-) € Wlléi and for any non-negative ¢ € W}Z:

/dF((p,U)?—Zn/qod,u.
X X

According to Varadhan formula ([12, Proposition 1.6]), for any x,y € X,
%EI& U(t,x,y) = d*(x, y).
For any x,y € X, set
p(x,y) = |h(x) — h(y)|?
and note that
Lo(x,-) = —2n,

hence for any ¢ > 0 the function p(x, -) — U(t, x, -) is sub-harmonic; passing to the limit ¢ | 0 we
get that p(x, -) — d(x, -) is sub-harmonic. Moreover, for each £ = (¢, ..., £,)), the function hg =
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2. §ih; satisfies |dh; |2 = |2, so that h is |§|-Lipschitz. As a consequence, for any x,y € X,

p(x.9) = sup |(€. h(x) - h)? = sup Ihe(:) - he )P < d(x, ).
(S EeR"
[§1=1 1&]1=1

Therefore, the function p(x,-) — d?(x, -) is sub-harmonic, non-positive and it reaches its max-
imum value, zero, at y = x; hence, it is constantly equal to zero. Thus we have shown that
h: X — R" is an isometry onto its image. But h(X) is closed, convex and according to [16, Claim
4.1, p. 130], its convex hull is R”. Then h is an isometry between (X, d) and the Euclidean space
R". By uniform convergence, we get that for a large enough, h, : B;(x,) — R”" is an e-almost
isometry between B, (x,) and an Euclidean ball of radius 1; this contradicts (2). O

Remark 3.3. Our proof avoids the use of the RCD theory; however, a better result could be proven
using a recent result by Brué-Naber-Semola [2]: There is some constant c(n) € (0, 1) so that for
any € € (0, 1), there exists b = 5(n, ) > 0 such that for any closed Riemannian manifold (M", g)
satisfying k »(M", g) < & for some p > 0, if for some p € M there exists a harmonic map

h: Bc(n)p(p) - R"

satisfying:

2
,ozf |Vdh|? dv, +f |dh'dh —1d,,| dv, <3,
B,(p) ' B,(p) ‘

n
c(n)p’
This improvement would be the consequence of [13, Theorem 3.8 and Remark 3.10], of [2, Theo-

rem 3.8], and of the following corollary of [12, Theorem 4.11]: for everyn € (0, 1) there is some &; =
8,(n,m) > Osuch thatif (M", g) is a closed Riemannian manifold (M", g) satisfying k. (M", 9) <8,
and p € M, then there is a pointed RCD(0, n) space (X, dy, iy, x) (which depends on p) such that
when M is endowed with the geodesic distance and with the measure i, = v, /v ,(B,(p)), then

then h is an ep-almost isometry between B, (p) and B

deH (Bp(p)’Bp(x)) <np.

3.2 | Reifenberg regularity result

Let (M", ¢g) be a complete Riemannian manifold. For any (¢, x) € R, X M, we set
0(t,x) := (47rt)§H(t,x, X).

The quantity 0 is an on-diagonal heat kernel ratio, as (47rt)_§ is the on-diagonal Euclidean heat
kernel. In [12, 13], we showed that if (M", ¢) is closed and satisfies a strong Kato bound, then the
quantity 0 is almost monotone and controls the geometry of M. In this regard, we have at our
disposal the following Reifenberg regularity result, which is a consequence of [13, Theorem 5.19]
and the proof of Proposition 2.5. The case of almost non-negative Ricci curvature was originally
proven in [11, Theorem 7.10].
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Proposition 3.4. Let f : (0,1] — R, bea non-decreasing function satisfying (SK). Then there exists
B(n, f) > 0such that for any complete Riemannian manifold (M", g) which is a normal covering of
a closed Riemannian manifold with residually finite deck transformation, if there existx € M,R > 0
and h : Bg(x) - R™ harmonic such that:

Q) kga(M", g9) < B(n, f) and k;g2(M", g) < f(¢t) foranyt € (0,1],
(2) 6(R*,x) <1+ B(n,f),
(3) lldh|lpo €2, h(x) =0and

<R2f |th|2dvg)2 +f |dh'dh —1d,| dv, < B(n, f),
Bg(x) Bg(x)

then the restriction of h to Bsg /4(x) is a diffeomorphism onto its image.

4 | ALBANESE MAPS

In this section, we recall the construction of the Albanese maps and derive some relevant proper-
ties.

4.1 | Construction of the Albanese maps

Let (M", g) be a closed Riemannian manifold. We write H,(M, Z) for the first integer-valued
homology group of M, H'(M, R) for its first real-valued cohomology group, H;R(M ) for its first
De Rham cohomology space, and

HI(M", g) :={a € C®(T*M) : da =d*a =0}

for the space of harmonic 1-forms of (M", g). Let b, be the first Betti number of M. Then the torsion
free part I of H, (M, Z) is isomorphic to 1 (hence it is a residually finite group) and satisfies

['=m (M)/A,

where

A= {yen'l(M) : /oc:O for all [oc]eHl(M,R)}.
%

Moreover, I' is the deck transformation group of the normal covering
~ A~ Vs
M/A=: M — M,

where M is the universal cover of M.

By the Hodge-de Rham theorem, there exists a normalized L2-orthonormal family of harmonic
1-forms ay, ..., A, that is,
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f <0‘i’0‘j> = 5i,j
M

for any i, j, such that [« ], ..., [ocbl] form a basis of H(liR(M). We choose 0 € M and 6 € M such

that 7z(0) = o. Then for any i € {1, ..., b;} there exists a unique harmonic function ﬁi ‘M ->R
such that

dA;, =n*a; and A;©)=0.
This yields a harmonic map
A= (A, ., Ap) M- R (3)
Let us now consider the linear map

p:F—»Rbl

4)
Yy B (A/al,...,ﬁabl>
and set

T = p().

Thenp : ' — I'isanisomorphism and I'is a lattice of R1. We endow R?1 /T with the flat quotient
Riemannian metric gp», /r Note that A is I'-equivariant, that is, foranyy € Tand X € M R

Aly.2) = AR + p(1). )
Then A induces a harmonic quotient map

A : M=M/T - RY/T

.3 ~ AR)+T. ©

We say that A is the Albanese map of M and A is the lifted Albanese map of M. Note that by
construction, the following diagram commutes:

M$ Rbl

Lk

M —2A ROYT.

4.2 | Some estimates for harmonic 1-forms

In the next proposition, we derive some estimates for the elements of HY(M™", g) under a smallness
assumption on the Kato constant.
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Proposition 4.1. Let (M",g) be a closed Riemannian manifold of diameter D such that
kp2(M", g) < b for some & € (0,1/(16n)). Then there exists C(n) > 0 such that for any o €
H'(M™", g),

() llal?e <A +CVE) £, lal
(i) £, llal> = £, lal? 1 <CVo £, lal?
(iii) D? £, [Val* < C(n)s 4, la|*

Proof. Set N := LmlﬁJ‘ Proceeding like in [4, Lemma 2.22], for instance, we get that for any
¢ €f{l,..,N},

Kpa(M", ) < € Kpa(M", ) < £5 < = - @)

We first prove (i). Let « € H'(M", g). By the Bochner formula,
|Va|? + %A|oc|2 + Ric(a, a) = 0.

We fix x € M. We multiply the previous identity evaluated in y € M by the heat kernel H(¢, x, y)
and integrate with respect to (¢,y) € [0,7D?] x M, where # € {1, ..., N} is suitably chosen later.
This gives

[ Rt @, Hx) o, 0)de
[0,£D2]xM

1
=//[f . IVoc|2(y)H(t,x,y)dvg(y)dt+5//[f ) a2 ) H(t, x, y) dv, (v) dt.
0,/D*|xM 0,£D2]xM

Since Ric > —Ric_g and AyH(t, x,y) = %H(t, X,y), we get
lal*(x) < / H(#D?, x,y)|al*(y) dv, () + 2|} // H(t,x,y)Ric.(y) dv,(y) dt
M [0,£D2]xM
< (1 + coo%) f |l + 2K, p2(M", ) [le]2,, by Proposition 2.3
¢ ) Jm

1 2 2
<l1+Ch)— 2006 o by (7).
<< + (n)\/g)thxl +225 ||all? y (7)

Thus

1-—2¢8 2 <l1+cC 1 2,
(1= 2¢5) |lall? <( + (")\/;>fM'“'

2
Choosing ¢ of the same order as & 3 yields the desired estimate.
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Let us now prove (ii). Consider a« € H'(M", g). Up to rescaling, we may assume that

f laf? =
M

Then

2 2
£ D=1 = 15 oy (21

2
< —ZV ({12 ) cmvs
v, (M)

<205,

where we have used that (i) and then v, ({|a|* > 1}) < [, la|*.
Let us prove (iii). We integrate the Bochner formula over M, divide by v (M), and use (i) to get

f |Va|? = —f Ric(a, o) < C(n)f Ric. f o).
M M M M

But

. 1 .
sz Ric. = H(t,x,y)Ric.(y)dv (y)dv, (x)dt
M v,(M) Jio,p21xmxm g 7

<kp(M", g) <3. 0
Remark 4.2. By the Grothendieck lemma [35, Theorem 5.1] (see also [27] and [22, Théoréme 4]),

the previous proposition implies that for any closed Riemannian manifold (M", g) of diameter D
such that k2 (M", g) < & for some $ € (0,1/(16n)),

b,(M) < (1+CV3 )
so that:
5, :=(nC(n))™> = b(M)<n

In particular, this provides another proof of [4, Proposition 3.12].

4.3 | Consequences for the Albanese maps
The previous estimate implies the following.
Proposition 4.3. There exists d(n) > 0 such that if (M", g) is a closed Riemannian manifold of

diameter D satisfying b, (M) = nand kp.(M", g) < 0 forsome b € (0, 5(n)], then the Albanese maps
Aand A satisfy the following properties.
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(i) Theyare(1+ C(n) \3/5 )-Lipschitz.
(ii) They are surjective.
(iii) Foranyr € [D,57/°D],

2 VdAI*d A>5 dA'dA <C
(r fm| Pdv,) + fm w5 ®)
and
v;(B,0) > (1= C0 Vs ), r". ©)

Proof. Let 7 be the projection map from M to M ,and let (a, ..., a,,) be the orthonormal basis of
harmonic 1-forms used to build 4. We let C(n) > 0 be a generic constant depending only on n
whose value may change from line to line.

Let us prove (i). For & = (§,,...,£,) € R", seta 1= Y, &;o; € HY(M", g) and observe that

£ =fM|a|2.

Then for any x € Mandv e Txﬁ, since d A = (*ay, ..., T Qy,),

(&, d Aw))| = [ar A m @) < E1(1+ Vs )\ /3.(0,0),

where we have applied (i) in Proposition 4.1. This yields (i).
Let us now prove (ii). Proposition 4.1 implies that Q := a; A -+ A «,, satisfies

£ 1nai-11av, < cos.
M

Hence if M is oriented and up to permutation of «; and «,, then

o

but by construction, setting Q := dx; A -+ A dx,,, we have Q = A*Q, hence

Q-
VOIR"/F‘/ A

Hence if C(n)\s/g <1, then deg A # 0 and A is surjective. If M is not oriented, then using the

twofold oriented cover M, LM , the same argumentation can be applied to 77 in order to get
that Aoxr, : M, — R"/T is surjective.

Let us now prove (iii). Observe that (9) is a direct consequence of (8) and [7, Theorem 1.2] (see
also Theorem A.1). Thus we are left with proving (8). To this aim, we use the following result: for

<CmVsv, (),

v, (M)

d —_
€A~ LolRnT
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any f € L'(M) and r € [D, V/ND],

fBr@ |forr] < C() fM 7. (10)

Together with (ii) in Proposition 4.1, this implies that for any r € [D, \/]V D],

f | < covs,
5,0)

1
and similarly (iii) in Proposition 4.1 yields that if r € [D, 5 s D], then

r? f
3,0

Thus we are left with proving (10). Let D C B (0) be a fundamental domain for I' — =M.
Set

dA'dA

va Al < C(n)é(%)z <Cn)s:.

G(r)={y €T : yDn B,(0) # 7}
Then

B,@c |J yDcB.,p®)
yEG(r)

so that
v, (B,(8)) < #G(r)v,(D) = #G(r)v,(M) < v,(B,, »(0)).
The group I' ~ Z" is residually finite; hence, Proposition 2.5 and Proposition 2.1 imply the volume
doubling estimate: forany 0 < r < R < \/ND,
~ R\*™" "
v, (Be@®) < Cm)( ) v;(B,@)).
Ifr>Dandr+D < \/ﬁD, this yields

D), 8,600 < Cnyw, (B, 0)),

#G(rw, (M) < Cn)(

so that

1 #G(r)v, (M)
fBr(o) \for ~ v,(B,(0)) ye%(r) ./DnB .©0) ol s S m @y v,(B,(0)) f /1

<C(n) fM 7.
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Ifr+D > \/IV D, then the volume doubling estimate yields (see, for example, [26, Subsection 2.3])

v, (B,1p(®)) < C(n) 7 v,(B,(6)) < C(n)w, (B, (3)),

and we can conclude in the same way as above. O

5 | PROOF OF THEOREM A
In this section, we prove Theorem A. All the way through we consider € € (0, 1) and

€ 2
:=——— and R :=64n°D.
n 640n2

Let (M", g) be a closed Riemannian manifold of diameter D such that

bM)=n and kp(M" g)<5

for some & € (0,1/(16n)). We consider the coveringI' — M - M builtin the previous section,
and associated Albanese maps .4 and .A. Then the following holds.

Claim 5.1. There exists 5,(¢, n) > 0 such that if 5 < 5,(¢, n), then A satisfies the following.

(@ Ais(1+ 1)-Lipschitz.
(b) A: Br(0) — By is an nR-almost isometry.
(©) BY_,p C ABR()).

This is a consequence of Proposition 4.3, Theorem 3.1 and (i) in Remark 3.2. The last assertion
may be proven with degree theory, see [9], [20, Proof of 3.2 and 3.3], and [12, Proof of theorem 7.2].
From now on, we assume that

5 < 8y(e, n).

Step 1. Proceeding like in [14, 20], we construct a normal subgroup I, of I" with finite index, such
that A induces a map

Ag: My :=M/T, = R"/p(T,).

Let (ey, ..., ¢,,) be the canonical basis of R". Since 4\/ZD < (1 = )R, it follows from (c) that for
any i € {1, ..., n}, there exists x; € Bx(0) such that

4\/;Dei = ./Zt\(xi).
Moreover, for any i € {1, ..., n}, there exists y; € I such that
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Then we set

Ty :=(y1r¥py CT

and

T 1= p(T) = @ rr)zZ.

i=1
Let us show that

(1), .., p(¥,,) form a basis of R". a1)

We know by (a) that the map Ais (1 + mn)-Lipschitz. Then for any i € {1,...,n}, since the
equivariance (5) of A yields p(y;) = ff(yif)\), we have

|[4v/nDe; — p(y))| = ’A\(xi) - A\(Vi-a)| < (1 +m)d;(7;.0,x) < (1 +n)D. (12)

Then for any £ = Z?zl §ie; ERT,

4\/ZD§ - Z §ip(r:)
i=1

Z £,(4/nDe; - P(Vi))‘
i=1

n
<@ +mD Y I&] <2DV/nlé,
i=1
so that

1€ < i (13)

1 n
2Dy ;&P()’i)

Hence we get (11). This implies that the quotient R" /T, is a torus T" which we equip with the
natural flat quotient Riemannian metric gp. /1, . We also equip M, with the quotient Riemannian
metric g, induced by .

Step 2. We establish the following diameter bound on (M), g,):

diam(M,) < 4(n + \/n)D. (14)

To this aim, let us prove an intermediary result: if y € I, is such that

o) <« —B 15)

2y/n+1

then

d;6.7.0) = 1P| | <nR. (16)
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Write y € I as
kl kn
Y=7,""¥n
for some ki, ...,k, € Z. Consider i €{l,...,n}. From (b), we know that |d§(xl~,6) — |//t\(xi) —
A@®)| | <nR. Since A(3) = 0 and ff(xl-) = 4\/ﬁDei, this implies
d;(x;,0) < MR + 41/nD < (1 +44/n)D.

Then

d;6,7.0) < Y. Ikl max d;(3,7,0) < (2 + 44/n)D 2 Ik;|.
1

i

Since p(y) = Y., kip(y,), it follows from (13) that

1/2
1162]]
;|ki|<ﬁ<zi:kf) <S5

Then we get d;(0,7.0) < (Zﬁ + 1)|p(y)l, so that (15) implies

7.0 € Bg(0) a7

and the conclusion (16) follows from (b).
We are now in a position to prove the diameter bound (14). Introduce the Dirichlet domain

D, :={x € M : d;(x,0) < d;(y.x,0) forally € T, \ {1}}.

We are going to show that

Don{xezﬁ:dg(x,a)=z(n+\/Z)D}=ﬂ; (18)

then the connectedness of D, will imply D, C B2(n + ﬁ)D(oA) and (14) will be established.

The set F := Z?zl[—%, %)p(yi) is a fundamental domain for the action of Iy on R"; it is
included in the Euclidean ball centered at the origin with radius

@miax (I

By (12), for any i,

oyl < |4\/ﬁDel~| +(1+n)D < (4 n+ 2>D,
so that

ﬁ
2

max [p(y,)| < (2n + v/m)D.
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For any x € M there exists 7o € I'y such that f’l\(yo.x) € F,. By the equivariance (5) of A and the
previous inequality, we get that

|AG) + p(ro)| = [Argx)| < (20 + y/m)D. (19)

Now assume that d;(x, 0)=2(n+ \/E)D. We are going to show that x ¢ D,. Since 2(n +
\/E)D < R, from (b) we get

[ ACo)| = |AGx) - A@)| < 2n + V/m)D +nR.
Consequently,
Ip(o)l < [AG) + p(rp)| + [A)| < (4n + 3y/mD +nR.

By our choices of 1 and R we have

(4n+3y/n)D+1MR < ——— -
24/n+1

Then we are in a position to apply (16). We get
d5(70-6,0) < (4n + 3y/n)D + 2nR

and then

d5(7o-x,0) < d;(70-X, 70.0) + d;5(¥4.6,6) < 2(n + /n)D + (4n + 31/n)D + 2nR.
Since

2(n + \/n)D + (4n + 3y/n)D + 2nR <R,

we can use (b) and (19) to deduce that

d5(70-x,0) < ‘ﬁ(yo.x)( +1R < (2n + \/m)D + 1R < 2(v/n + 2m)D = d;(x, 6).
Thus x ¢ D, and (18) is proven.

Step 3. We prove that A4, : M, — R" /T is a 3nR-almost isometry. From Proposition 4.3, we

know that A is surjective; hence, A, is surjective too. Thus we are left with proving the distance
estimate. Let us introduce the following intermediate projection maps 7, and p,:

M—A> R

l o l Po
Ay

MO —— Rbl/ro.

85U8017 SUOLULIOD BAIKER1D) 3|qeal|dde auy Aq peusenob ake ssoiie YO ‘8N JO S3|n1 10} ARIqIT BUIIUO AB]IM UO (SUOHIPUOD-PUE-SWSILIY B 1M ARe1q U UO//SANY) SUORIPUCD PUB SW | 84} 88S *[202/S0/v2] U0 Arqiauliuo A8|IM ‘SsiteN @ 1S RAIUN AQ 10/ZT SWI[/ZTTT'OT/I0p/W00 A8 1M ARl 1puIjUO™0cSyJeLpUO|//:SdY WO pepeojumod ‘¢ ‘€202 ‘052L697T



TORUS STABILITY UNDER KATO BOUNDS ON THE RICCI CURVATURE | 963

Let x,y € M,. Since D, C Bz(n+\/E)D(6)’ we can choose X € Bz(n+\/ﬁ)D(6) such that 7,(X) =

x. Let c¢: [0,1] — M, be a minimizing geodesic joining x and y. Let ¢: [0,1] — M be such
that 7yo¢ = ¢ and X = ¢{(0). By the diameter bound (14), we know that y := ¢(1) belongs to
B6(n N ﬁ)D(a) C Bg(0). Moreover, 7,(9) = y. Thus

Gy, (AoC, A0 = 4, CAGN, Po(ADY) < [AR) - AG)

<dg (x,y) +nR (20)

thanks to (b).
It remains to prove that

4,y (6 ) = Ay (Ao, Ag)) < 3R,

We start by showing that if A,(x) = A,(y), then d go(x, ¥) <MR. Since Ayoc = Ayomyol =
PpooAot, the curve Aot is a lift of the curve Ay oc joining ¥ := A(X) € R" to @ := A(P). More-
over, the length of C'is less than 4(n + \/E)D; hence, (b) implies that the length of Ao¢is less than
4(1 +m)(n + y/n)D. Since py(0) = po(W), there exists y € T, such that

A@) =W =0+ p@y) = AX) + p(¥)
and

lp(»)] < 41 +n)(n + /n)D < 8(n + v/n)D.

-1

As a consequence, notice that y~.y satisfies

d5(r™.9,0) < 5(6,7.0) + d5(9,0) <R + |p(1)] + 6(n + y/m)D

< 14(y/n+n)D + 1R,

where we used that A is an nR-almost isometry in the second inequality. Since 14(\/5 +n)D +
MR < R, we get that y~'y € BR(0). Moreover, A®) = AR) + p(y); thus, by the invariance of A
we have A(y~1.9) = A(%). Then we can apply (b) and obtain

dy, (%, 3) < dy(r .9, %) < MR-

Now assume that v := A,(x) and w := Ay(y) are distinct. We can choose v and w such that
pO(J) =0, po(LB) =w,

- - - -
ng”/ro(v, w)=|v—w| and v, W E

n
Bz(\/ﬁ+n)D'
Since 2(y/n + n)D < (1 — )R, from () we know that there exist ', 5" € B(6) such that AR =
vand A(Y') = W. Then Ay(74(X")) = po(AR") = v = Ay(x) and Ay(7y(")) = po(AF)) = w =
Ay(»), thus
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dy, (6, ¥) <2nR+d, (mo(X), 7o (3)) by the previous paragraph
< 2R +dy(X',9)
<3MR+ [0 - W by (b)
=3MR + dVR”/Fo (Ap(x), Ao(¥))-

Thus we have shown that A, : M, - R"/T is a 3nR-almost isometry.
Step 4. We conclude. Repeating the arguments of Step 3 with the commutative diagram

A
M, —* RY/T,

|

M —2% RYT,

we get that A : M — R"/T is a 9nR-almost isometry. Since 9NR = 9¢D /10, this concludes the
proof of Theorem A.

6 | PROOF OF THEOREM B
In this section, we prove Theorem B. Let f : [0,1] — R, be a non-decreasing function satisfying
(SK). Let (M", g) be a closed Riemannian manifold of diameter D such that

* bl(M) =n,
* kp2(M", g) < 6 for some b € (0,1/(16n)),
* k;p2(M", g) < f(t) for any t € (0, 1].

A~ T ~
We consider the coveringI' — M — M built in Section 4, and associated Albanese maps .4 and
A.Setq :=7*g. From (1), we get that

° k(zD)z(Mn,a) < 46,
* Kyopp(M",9) < 4f(t) forany t € (0,1].

Let B(n,4f) be given by Proposition 3.4. Set
n = pn,4f)/4.

Let H be the heat kernel of M, and @(t, x) 1= (4zt)2H(t, x, x) for any (t,x) € R, X M. Then the
following holds.

Claim 6.1. There exists 6,(n, f) € (0,n] such that if 6 < §,(n, f), then

8((2D)*,0) <147 (21)

1
((ZD)Zf |Vd,2|2dv§> ’ +f
Byp(0) Byp(0)

and

dA'dA-1d,|dv; <. (22)
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This claim puts us in a position to apply Proposition 3.4: we get that the map A: B3p /2(6) -
R" is a diffeomorphism onto its image. Therefore, the Albanese map A : M — R"/T is a local
diffeomorphism; hence, it is a finite cover. Since a torus is finitely covered by tori only, we get
that M is diffeomorphic to a torus. Then the Albanese map is necessarily a diffeomorphism, by
construction. As a consequence, the conclusion of Theorem B holds.

Let us now prove Claim 6.1. From Proposition 4.3, we know that if we choose 6y(n, f) <
min(5(n), 27, (C(n)~'n)*), then (22) holds. Let us prove that we can also choose §,(n, f) such
that (21) holds. To this aim, we introduce the following almost Euclidean heat kernel on M: for
anye € (0,1), x,y € Mandt > 0, we set

dz(x,y)
1 _ g
(149

(1 + &)(4mt)n/2

H.(t, x,y) := (23)

Step 1. We prove the following Cheeger-Yau-type estimate: for any € € (0,1) and any integer
¢ > 4, there exists &,(n, f,¢,£) > 0 such that if

kD2(Mna g) < 6 < Bl(n’f, &, f)a

then for any x,y € M and t € (0,#D?],
HE(t’xay) Sﬁ(t,xny) (24)

Let us set I'(7) := eV nK (M".9) for any 7 > 0. Since M satisfies the Dynkin condition (Dy), it
satisfies the Li-Yau inequality from [4, Proposition 3.3]. Then we can proceed as in the proof of
[12, Proposition 2.12] to get that for any s € (0, t), any positive solution u of the heat equation on

M x [0, #D?] satisfies
)
log <u(s x)) < ( )n/z I 4{2[ o L g
u(t,y)

Apply this inequality with u(-,-) = H(-, x, -) to get

5 (x,)
(47TS)”/ZIE(S,x,x) <O f(f 5 o5 i M e
(4mt)/2H(t, x, y)

LD f(t ;) LS A&
Letting s | 0 yields

2(

)
—I(¢D?)-L— ¢D2 K otmg) &
e 4t e—C(n)/O k (M p < H(t X, y)
(4mt)n/2

Since k,p2(M", g) < £kp2(M", g) < £8, we know that there exists d,(n, f,€,£) > 0 such that if
5,(n, f,€,7), then

[(#D*) <1+e.
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To conclude, let us show that there exists 0,(n, f,€,2) < §,(n, f,¢,£) such thatifd < 6,(n, f,¢,2),
then

¢D? N
C o VKM T g 4 e (25)

Since k.(M", g) < f(z/D?) for any 7 € (0, D?), for any o € (0, 1) we have

#D? oD?
[ oo < [0 fearn p vioge /oo
< /0 @ +10g(# /o) Pk (M7, ).

Therefore, to get (25), first we choose o(f) € (0, 1) such that

a(f) V()
eC(n)/O 5= ds < /1+€’

then we choose b,(n, f,€,¢) < 8,(n, f,€,¢) such that

o log(¢ (oD BT &F) ¢ \/T 1.

Step 2. We prove that for any ¢ € (0,1) and ¢ > D?,

1 C( ){/g n+2 _D_Z
[ HA(L,0,0) dv; () > —— > 1—c<n><3> — C(me V|, (26)
o A+e):* Vi
Sets :=t/(1+¢). Then
1 1 26y)
[ ronanm=—— [ L0
M (1+4¢)72 /M (47s)>2

By Cavalieri’s principle,

2

1 d%(ﬁ,y) to ~n
/A e & dvy(y) = / - 2—v§(Br(6)) dr
M (47s)2 0 (47s)2 <5

2

Dé_% e_% r
> /D I B,0)dr

(47ms)2 2s
3 Dé_% e_% r
> (1 - C(n)\/g) / — —a,r"dr,
D (47s)2 2s
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where we use the volume lower bound (9) to get the last line. Set

2

e s r

b, = ——a, "
" (4rs)2 25"
and note that
+00
$ps(r)dr =1.
0
Then
1 d%(ﬁ,y) , D +00
[ w0 (1- e i5) (1 - / B () dr — / NG dr>. @)
M (47s)2 0 D& 6
A direct computation shows that
D D n+2 +oo _D_Z
/ b, (Mdr < Cn)| — and / L PP dr < C(n)e 5V, (28)
o \/s D5

Hence we get (26).
Step 3. We conclude. Consider ¢ € (0, 1). From the proof of [13, Lemma 5.7], we know that for
any integer £ > 4,

(2D, 8) < B(£ D, 8)eCWV7

We are going to show that we can choose § small enough and # large enough to ensure that

8(¢D%,6) < V1+1 (29)
and
CONVSE T, (30)

For the sake of brevity, let us set 7 := #D?. Assume that § < 8,(n, f,¢,¢) where §,(n, f,&,£) is
given by Step 1. The semi-group law yields

0(z,0) = (471"[)% /A H?(1/2,0,y) dv;(y)
M

@) [ (/2,6.9) = H(e/20.9) dv;0)

1 A~
— | H.(z/4,6,y)dv~
e [ R/ 0 )

T +11. (31)
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By Step 1 and stochastic completeness,

1
1+¢

II <L (32)

By Step 1 we also know that 0 < A2 — H? = (H — H,)(# + H,) < (H — H,)2H. Moreover, the heat
kernel upper bound from Proposition 2.2 and the volume lower bound (9) imply that if

1
£53 <2, (33)

then

C(n)

T2

H(1/2,8,y) <
so that
I < @)} /M (A(r/2.0.y) — H(t/2.6.))28(r/2,6.y) dv,(y)
<C) /M (A(/2,6,y) - H(t/2,5,)) dv;(»)
= C(n)(l - ,/1\71 H.(t/2,0,y) dV@(y)>, (34)

by stochastic completeness. By combining (31), (32), (34), and thanks to Step 2, we eventually get

\3/— n+2 1
8T8 <1+Ccm1- m 1—C(n)<L> —C(n)e sVor
A+e)z* Ve

n+2 1
<1+C(n) s+36+<%> +e sV
4

Then we choose successively:

(1) £ €(0,1) such that C(n)e < %
(2) ¢ > 4such that C(n)(%)’”r2 < 1“—2,
(3) 4 < 6,(n, f,¢,¢) such that (30) and (33) hold together with

1
3 n - n
< — 5V L —
(?(n)\/g\ B and C(n)e ¥ <1

This implies @(KDZ, 0) <1+1/3 < y/1 + 1 and concludes the proof.
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APPENDIX: ALMOST SURJECTIVITY

In this appendix, we point out that almost splitting maps are almost surjective, without any
assumption on the Ricci curvature. We single out this fact from the proof of [7, Theorem 1.2]
(see also [8, Section 2] for variants).

Theorem A.1. Let (M", g) be a complete Riemannian manifold and k € {1, ...,n}. There exist
n(n, k) € (0,1) and C(n, k) > 0 such that for any o € M and r > 0, if there exists ® : B,(0) - RF
smooth and ¢ € (0,n(n, k)) such that

(D) ®(0) =0,

(i) 11d®lleos o) <1+&
(iii) £, () 14D dD — 1d; | dv, <,
(iv) rfBr(O) |Vdo|dv, <,

then

H*(BF\ @(B,(0))) < C(n, k)r e.
Proof. By scaling, there is no loss of generality in assuming r = 1, what we do from now on. Set
B :=B,(0) and

w 1= Vdetd®'dd = |dD, A -+ A dDy],

and recall that the coaera formula gives that for any f € L(B),

/Bf aCh /Rk </¢-1(Z) v d”"_k) dz. (A1)

Acting as in [7], we introduce a functionJ : R — R, which provides a weighted measure of the
fibers ®~1(z). Let y : R, — [0, 1] be a smooth function such that y = 0on [0,1/4] and y = 1 on
[1/2,40). For any z € R, set

J(2) ::/ yow? dH" k.
o~1(z)

Note that if z ¢ ®(B), then J(z) = 0. Moreover, the presence of y in the integrand ensures that
the integral may be taken over

3, = o Nz)n{w > 0},

k

which is a smooth (n — k)-dimensional submanifold of B. By ii), we know that ®(B) C B] e

Therefore, by the Poincaré inequality,
HE (B, \ o) < [

k
1+

|[J(z) = J|dz < C(n, k)/ |VI(2)| dz, (A.2)
B,

where
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Let us estimate |VJ(z)|. For any v € R and x € {w > 0}, we let X, (x) be the unique element in
szé(x) such that d,®(X,(x)) = v. Then there exists £ : B — R¥ such that Z§=1 E Vo, =X,.
We easily get that

Moreover

V,J(z) = / (X' ow?)Vy w? dH"* + / (pow*)(H, X,) dH" ¥, (A.3)
ZZ ZZ

where H is the mean curvature vector of > . We easily compute that
k n—k
(H,X,) ==Y ) £, VdO,(e;,e)),
a=1 i=1

where (e;, ..., €,_;) is an orthonormal basis of T, 2,. Hence

<C(n,k) —'qu" ol.

We also have
|Vy, w?| < C(m)[v]|VdD].
Using the fact that integration in (A.3) is done only on the set {w > 1/2}, we get that

| qu)l dHn_k-

[VI(2)] < C(n, k)
o-1(z) w

Then the coarea formula (A.1) applied to |Vd¢| together with (iv) yields that
/ [VI(2)|dz < C(n,k)ev (B). (A.4)
Rk

Now we bound J from below. The coarea formula gives that

v,({fw® > 1/2}).

j=L ()(owz)wdv >
Wi

2 Wi,
But there is a constant C(n) > 0 such that |w? — 1| < C(n)|d®'d® — Id,|, so that
v,(w* <1/2) < v, ({|d®'d® —1d,| > 1/(2C(n))})

<2C(n) / |d®'d® — Id, | dv, < 2C(n)v,(B)e.
B
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As a consequence, if 4C(n)e < 1, then Vg({w2 >1/2}) > %vg(B), so that

1
2 2Cl)k

T> v,(B). (A.5)

Combining (A.2), (A.4), and (A.5), we get
H*(BY, .\ ®(B)) < C(n, k)e.
Finally,
HE (B \ @(B)) < HY(BY, \ @(B)) + H*(BY,, \ BY)) < C(n, k) e + C(k)e.
]
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