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ON THE SEMI-CLASSICAL ANALYSIS OF SCHRODINGER OPERATORS WITH LINEAR
ELECTRIC POTENTIALS ON A BOUNDED DOMAIN

RAYAN FAHS

ABSTRACT. The aim of this paper is to establish the asymptotic expansion of the eigenvalues of the Stark Hamil-
tonian, with strong uniform electric field and Dirichlet boundary conditions on a smooth bounded domain of R,
N > 2. This work aims at generalizing the recent results of Cornean, Krej¢ifik, Pedersen, Raymond and Stock-
meyer in dimension 2. More precisely, in dimension /N, in the strong electric field limit, we derive, under certain
local convexity conditions, a full asymptotic expansion of the low-lying eigenvalues. To establish our main result,
we perform the construction of quasi-modes. The “optimality”” of our constructions is then established thanks to a
reduction to model operators and localization estimates.

1. INTRODUCTION

1.1. A Stark Hamiltonian. Consider a system of one particle moving in a uniform electric field F'. In a simpli-
fied model, one may consider independently electrons or holes. The total energy Stark Hamiltonian (Schrédinger
operator) for such a system takes the following form:

2

—h
(1.1) —A 4+ ¢F - x + Veonr,
2m

where

— his Plank constant divided by 2,

— m > 0 is the effective mass of the particle (electron or hole),
— gq is the charge of the particle (electron or hole),

— Veont 18 some confining potential.

The Hamiltonian in (1.1) describes an important phenomenon in semiconductor physics which is the quantum
confined Stark effect, which has been considered in many remarkable works [5, 4, 20, 22, 19, 14, 21, 17]. The
recent paper [6] provides more details on the physical orientation of this phenomenon.

In this paper, we work in the simplest case where we model the confinement potential as infinite potential
walls, i.e. we consider the first two terms of the Hamiltonian in (1.1) restricted to the confinement domain
with Dirichlet boundary condition. We are interested in the study of the low-lying eigenvalues of the following
N-dimensional Hamiltonian restricted to an open set Q of RY, N > 2:

(1.2) Ly = WA+ a =R + ...+ 02,) + 1,

acting on a dense subspace of the square integral functions L?(£2) with Dirichlet boundary conditions.
This operator appears in the physics semi-conductors where h is given by
h

2mqF
Notice that we have chosen coordinates such that F is parallel to the x-axis.

The low-lying eigenvalues of this operator have been studied, partially numerically, for different geometries
in several papers such as in [18, 20] for squares, in [22] for rectangles, in [19, 16, 14] for disks, and in [10] for
annul. Concerning the analysis in the case of imaginary electric fields, the reader might also want to consider

h =
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[1,2,9].

For now, we will work with domains satisfying the following conditions, see Figure 1.
Assumption: Let € is an open bounded and connected domain of R"V with a smooth boundary. We assume that
there exists a unique point Ay € 92 such that the first component of Ay is given by:

Lmin = inf 1 =minzy .
(z1,x2,...,z N )EN xeN

We also assume that €2 is strictly convex domain near A.

(x2,...,zN)
A

A

\

Lmin x1

FIGURE 1. The domain €.

To be more precise, the operator .7, is defined via the Lax-Milgram theorem, from the closed and semi-bounded
quadratic form

D) = ? /Q V()| dx + /Q nlp@)dx, Vo e H(S).

The domain of .%), is contained in H{ (2) and .%}, acts as in (1.2). This is the Dirichlet realization of the Stark
Hamiltonian. If 2+, ) is the bilinear form associated with the quadratic form 2},(-), then

Dom (%) = {p € HY(Q) : ¢ — 2),(p, ) is continuous for the L?(2) — topology} .

Since €2 is bounded and regular, then the embedding of H}(2)—L?(Q) is compact, therefore the self-adjoint
operator .Z, has compact resolvent. Its spectrum is purely discrete and formed by a non-decreasing sequence
of eigenvalues denoted by ()\n(h))n>1 , where each eigenvalue is repeated according to its multiplicity. The
purpose of this paper is to understand the behavior as » — 0 (in the limit of a strong electric field) of the
eigenvalues A\, (h) .

1.2. Main result. In [5], by constructing suitable test functions, and applying the min-max principle, the authors
found a three-term asymptotic expansion of the low-lying eigenvalues. It is proved that, in R?, for every fixed
n € N*,

(1.3) An(h) = Tain + 2105 + h(2n — 1), /% +O(h3) as h— 0.
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where z; ~ 2.338 is the absolute value of the smallest zero of the Airy function and kg is the positive curvature
at Ag .

The aim of this paper is to improve the asymptotic expansion in (1.3) and to give asymptotic completeness of
An(h). More precisely, we establish a full asymptotic expansion of the low-lying eigenvalues, involving the
eigenvalues of the Weingarten map of 0€) at A defined by

(1.4) Wy, =dagv : Tay0Q — 14,082
where, for all p € 99, v(p) is the outward-pointing normal to 7,02 .

Remark 1.1. From Section 7.2, the assumption on 2 induces that the matrix of W, is positive definite. Their
positive eigenvalues (x;);>1 are related to the curvature of the boundary.
(1) The x; are called principal curvatures of 9€) at Ay .
(2) (F}ertw%o is the Gaussian curvature from 9 at Ay .
0
SN
The main result in this paper is:

is the mean curvature from 02 at Ag.

Theorem 1.1. For any positive n, there exists a real sequence {(jn}j>0 such that, for any positive M € N, we
have

M+1
o),

M
2 j %
An(h) h—0 Tmin + 2103 + B1nh + e ]Z—(:) hj/ﬁgjvn + ﬁ(hBJr

with 1y, is the n-th eigenvalue of the harmonic oscillator in dimension N — 1

N-—1 L
E 2 i 2
i=1

where k; are the eigenvalues of the Weingarten map of 0S) at Ay.

This result is essentially a generalization of that stated in (1.3), but the proof presented here, is based on the
construction of quasimodes. The “optimality” of our constructions is then established thanks to decay estimates
and the reduction to model operators involving a 1-dimensional Airy operator in R and a harmonic oscillator
in dimension N — 1.

Remark 1.2. (1 5 is the n-th element counted with multiplicity of

N-—1
Rq «IN—1
Y= Yon;—1),neN .
{3 e

Notice that for N = 2 one is reduced to

E:{(Qn—l)ﬁ,neN*},

and all the elements are of multiplicity one.

Remark 1.3. Our strategy can be adapted to deal with a finite number of non-degenerate minima, and it would
even be possible to study the tunnel effects when these minima have symmetries.

Remark 1.4. It is possible to prove asymptotic expansions of the low-lying eigenvalues of the Hamiltonian .%7,,
if we replace the potential 21 by V' (x), where V' is a smooth real potential satisfies some additional conditions.
One of these conditions is: V has a unique minimum xg € 052, and VV'(x) # 0 with a suitable condition on
the sign of the normal derivative.

Firstly, we can show that the low energy eigenfunctions will be localized around xg. We can quantify this thanks
to classical Agmon estimates and reduce the investigation to an effective Hamiltonian on a tiny domain around
X(Q-
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Secondly, we can introduce local boundary coordinates in the neighborhood of xy € 952 in order to straighten
a portion of the boundary. Let ¢ denote the embedding of 92 in RY and G the induced metrics on 9. If
dist(x, 92) < ¢, for ¢ sufficiently small, we introduce the diffeomorphism & defined by the formula

x = ®(s,t) = ¢(s) — tr(¢(s)),
where v(x) is the unit outward pointing normal vector at the point x € 05, t is the distance to the boundary and
s =(s1,...,8N—1) is the tangential variable on 02 . We assume that xo = ¢(0,0) .
Thanks to the Agmon estimates in coordinates (s, t), the operator .%}, is expressed formally in coordinates (s, t)

as:
1 d?
L=V (x0) = W20} = VV (x0) - v(x0)t = *AYO + =5V (6)|s=0(5)(5) + O(h
where AG(0) is the Laplace-Beltrami operator on 052 in the neighborhood of x.

We assume the following:

(SR

);

ov
(1) VV(x0) - v(x0) = E(XO) < 0.
d2
2) PV(QZ)) |s=0 := H is definite positive matrix, that is x¢ is a non degenerate minimum of V.
s

Under these conditions, our analysis can be adapted to get
Aa(h) = V(x0) +21(VV(x0) - v(x0)) 55 + Bruh + O (),
*)

where f31 ,, is the n-th eigenvalue of the harmonic oscillator in dimension N — 1

Z 62+—

where A; are the eigenvalues of the matrix G(0)~!H. The full asymptotic expansion can be computed, by
constructing a sequence of trial states as Section 4.

1.3. Organization of the paper. This paper is organized as follows: In Section 2.1, we show that low energy
eigenfunctions and their derivatives are exponentially localized around the potential minimum x,;,. This will
allow us to work in a thin tubular neighborhood of Ag. As a consequence, we find an approximated operator
4.5, whose low energy eigenvalues are those of %}, up to an exponentially small error, see Section 2.2. In Sec-
tion 3, we locally straighten the boundary by introducing a system of local coordinates, the tubular coordinates.
The operator %3, 5 is expressed in these coordinates and acts on a tiny domain around the origin with Dirichlet
boundary conditions. In Section 4 and 5, we construct quasimodes, thanks to the reduction to model operators
and localization estimates, we provide the full asymptotic expansion of the low-lying eigenvalues stated in The-
orem 1.1, see Section 6. Section 7 is dedicated to the analysis of the simplified model which shall be used as
local approximations for operator .%, 5.

2. PRELIMINARIES

2.1. Concentration of bound states near the potential minimum. The following proposition states that the
eigenfunctions associated with the low-lying eigenvalues are localized in z; near zmi, at the scale h2/3. For
more details on the proofs of the proposition and corollary of this section, see [5].

Proposition 2.1. Let M > 0. There exist €,C, hg > 0 such that, for all h € (0, hg), for all eigenevalues X\ such
that X < Tyin + M hg, and all corresponding eigenfunctions 1,

3
@.1) /Q eflrr—aminl 2" |12

and

3
2.2) / eflrr—amin 2 g2 dx < 232
Q




Let > 0, we denote by CB (Ao, n) the complement of the open ball B (Ag, 7).

Corollary 2.1. Let M,n > 0. There exist c,, Cy, ho > 0 such that, if h € (0, ho), then any eigenfunction 1)

2
corresponding to an eigenvalue \ < xyin + M I3 satisfies the estimates

/ B[ dx < Cpe=en/™ |2
ﬂﬂEB(Ao,n)

and

/ VY[ dx < Cpe=or/™ [ .
QNCB(A0,n))

Proof. Since {2 is bounded then the set 2 N CB (Ag,n) is compact. The map QNCB (4g,n) 3 (71,...,2N)
1 — Tmin 1S continuous and positive. By compactness it has a positive minimum. The conclusion follows from
Proposition 2.1. U

As a consequence, for small h, the ground states of the operator %5, are concentrated around Z;, (cf.
Corollary 2.1). We can now reduce our investigation to a neighborhood of A .

2.2. Reduction near the boundary. Let § > 0 small enough, we introduce the d-neighborhood of the bound-
ary

Qs ={x=(x1,...,2zn) € Q : dist(x, Ag) <4 }.
Consider the quadratic form, defined on the variational space

W5 = {u € H}(Qs) : u(x) =0, Vx € Q such that dist(x, Ag) = d},

by the formula
(2.3) Dns(p) = /Q Ve (x)]? dx + /Q z1|p(x)[* dx.
6 §

Let the self-adjoint operator associated with the quadratic form %), 5 be defined on L?(s) and with the Dirichlet
condition on the boundary of {25

fhﬁ = —h2A + ry.
Let (A, (h,d))nen+ be the sequence of min-max values of the operator .}, 5. It is standard to deduce from the

min-max principle and using the decay estimates of Proposition 2.1 the following proposition (see [11]). It is an
important result which compares the eigenvalues and gives an approximation of A, (h) .

Proposition 2.2. Letn > 1 and 6 > 0 small enough. There exist constants Cgs, ks > 0,hg € (0, 1) such that,
forall h € (0, hy) and A\, (h) < Tpin + th,

)\n(hv 6) < )\n(h) + Cs exp(—k(;/h) :

Moreover, we have, foralln > 1, h >0
An(h) < Ap(h,6).

3. LOCAL BOUNDARY COORDINATES

In this section, we introduce local coordinates in the neighborhood of x¢ € 0f2, in order to straighten a portion
of the boundary. Throughout this section, we mainly refer to [8, App. F] and [13, 15], although these coordinates
were also used in [3] in a two-dimensional framework.
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3.1. The coordinates and the metric. We fix ¢ > 0 such that the distance function
t(x) = dist(x, 092)

is smoothon Q. = {x € Q : dist(x,00) < ¢€}.
Let xo € OS2 be fixed and choose a chart ¢ = (¢1,...,¢N) : Vx, = ¢(Vx,) such that xg € ¢(Vx,) and V, is
an open set of RV—1 . We set

s0=¢ *(xq).
Then, in these coordinates, the metric on the surface ¢(Vy,) induced by the euclidian metric gy of RV writes
G = Z Gijdsi & de ,
1<i j<N-1

where

Vl,j = 1, ce ,N - 1, Gij(sl, ceey SN—l) = 85i¢(81, ey SN—l) . 85‘7.(]5(81, ceey SN—l) .
Now, we define local coordinates in a neighborhood of xg in €2. For € > 0 small enough, we consider
(31) onx]oa 6[9 (Sla s 75N—lat) = (Svt) = (I)(Svt) = ((I)l(svt)a R q>N(87t)) =X= ¢ (5) -V (¢ (3)) t,
where v(x) is the unit outward pointing normal vector at the point x € 0f2.
This defines a diffeomorphism of Vx,x]0, € [ onto Vx, in €2 and its inverse gives local coordinates on Vy, . We
set

Up = ®(Vx, X0, €]) .
Note that ¢ denotes the normal variable in the sense that for a point x € Uy such that
t(x) = dist (x, ¢ (s1,...,5n-1)) = dist(x,00).

In particular, ¢ = 0 is the equation of the surface Uy N 0.
The matrix of the metric g in these new coordinates (s, t) is

(Gij(s) — 2K5(s)t + tZLij(S))i,j:l,..‘,Nfl O -1

deTdd =

02 n 1 1
where K;j = 0s,¢-0s,v(¢) and L;; = 05,v(¢) - Os, /() are the coefficients of the second and third fundamental

form of Of2.
‘We conclude that

go =dt ® dt + Z [GU(S) — 275Kz‘j(8) + tQLZ'j(S)] ds; ® de
1<ij<N—1
=dt@dt+ G —2tK +t*L,

we denote by K and L the second and the third fundamental forms on OS2 . In the coordinates s and with respect
to the canonical basis, their matrices are given by

K= Y  Kjdsi®ds; and L= >  Lyds;®ds;.
1<ij<N-1 1<i,j<N-1

We denote by g = (g;;)i,; the matrix of the metric gg in the (s, t) coordinates and the determinant of ¢ is denoted

by |g|. We have
1g]//2 = |d®Tdd| = [det (G — 2tK + £2L)]"/* = |G|V [det (T — 24G'K + 2G'L)] />

By the differential calculus of the determinant and since ¢ is close to zero, we get
(3.2) 9]"? = (1 -t (GT1K) + 2p(s, 1)) |G|/2,

where p is a bounded function in the neighborhood Vx, x]0, €[ .
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3.2. The operator in boundary coordinates. For p € Hg(®~1(Qs)), the quadratic form is written in the new
coordinates (s, t) as follows

éh,&(@) = h2/ ’at95|2‘9‘1/2 dsdt + h? / 9705, 83 @ |g|1/2 dsdt
VAO 10,6[ VAO 10,0]

1<i,j<N-1

+ / D1 (s, )] @[2lg"/2 dsdt.
VAOX]O a[

where (g'/) are the coefficients of the inverse matrix of (g;;) and ¢ = p o .
The associated operator is

Zs = —h*gl o (g0 — h DT 17204, (97 |g]"?0s,) + Ba(s,1)
1<i,j<N-1

acting on L?(V4,x]0,6[; |g|*/? dsdt).
The operator .Z}, 5 is unitary equivalent to the Dirichlet realization of .%}, s . From Proposition 2.2, we can focus
on the spectral analysis of .27, 5 .

After a dilation and a translation of the s coordinates of the section 3.1, we may assume that Ay = ¢(0) and
v(Ap) = (—1,0,...,0). By Taylor expansion near (0, 0), for (s,t) € V4,x]0,d[, we have

1
(3.3) Dy (s,t) = Tpin + 5 Hessg)¢1(s)(s) +t + O(|s|® +t|s[?).

3.3. Agmon Estimates in tubular variables. The following proposition is a slight adaptation in coordinates
(s,t) of Proposition 2.1. They state that the eigenfunctions associated with the low-lying eigenvalues are local-
ized near Ag at a scale h/2 in the s; direction for 7 € {1,..., N — 1}, and at a scale h2/3 in the t direction.

Pr0p0s1t10n 3.1. Let M > 0. There exist €,C, hg > 0 such that, for all h € (0, hy) , and for all eigenfunctions
P of fh 5 corresponding to eigenvalues A with A < xyin + Mh2/3 | we have:

3
/ e€t2/h|?/)|2‘9‘1/2 dsdt < CH@Z)H27
VAOX]O J[

3
/ MRV Plgl 2 dsdt < CRAP ).
VAOX]O 5[

where Vg is the differential in the tubular coordinates (s,t) .
Therefore, the operator .,?7;%5 can be replaced by

Gho = —h2g| 72090 — 2 Y g7 204, (g7 |9l 20s,) + B (s, 1) |

1<i,j<N-1

with Dirichlet boundary conditions, acting on L?(V4, x]0, h%_"[' lg|'/? dsdt) , for some n € (0,1/3).

Let y,(h) be the associated (ordered) eigenvalues of .,th s- The decay estimates of Proposition 3.1 are still
satisfied by the eigenfunctions of .Zh s with eigenvalues A < iy, + M hs. By using this exponential decay,
there exists C, hg > 0 such that, for all h € (0, ho) .

(3.4) pin(R) — %e‘c’l“"” < An(h, 8) < pin(h) .

Thus, modulo an exponentially small error, the asymptotic analysis of A, (h) is reduced to that of i, (h).
By shrinking the spectral window, we can even get a localization with respect to the s variable, as stated in
the next proposition.
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Proposition 3.2. Let M > 0 and n € (0,1/3). There exist €,C, hy > 0 such that, for all h € (0, hy), and for
all eigenfunctions ) of £}, 5 corresponding to eigenvalues X with X < Ty + h%/32 + Mh , we have:

/ P 2612 dsdt < )2,
Vg, x]0,h3 77

3

and

/ , MR |G ds dt < ChIJy].
Vayx]0,h3 77

Proof. We let p(s) = ¢|s|?/2 and write the Agmon formula:
(3.5) (Grsto M) = (G gy, e#Mp) — ||/ pu] P

Since 1 is the eigenfunction of .,?;75 corresponding to an eigenvalue A\, we get
/ o IV PR+ (s, 1) MY — A+ Va2 9] /2 dsdt =0,
Vg x]0,h3 7]

with V ; is the differential in the tubular coordinates (s, t).
First, we drop the tangential derivative:

/ , [\h@eww + B (s, )] e P)? — (A + |vs,tso\2>\e¥’/hw\2] lg|"/? dsdt < 0.
Vg, x]0,h3 77|

We observe from (3.3), as s = 0 is a non degenerate minimum, then Hess g1 is a positive definite matrix, then
there exist C* > 0, such that

Hess(o)61 (s) (s) > C*[s]2,
from (3.3), we obtain
®1(5,t) > Tpin +t + C*|s|?.

Introducing the last inequality in the above integral, we get:

/ ) |:|h8t€<p/hw|2 + t\e%"/hw] 172 dsdt
Va, x]0,h3 77
+/ 3 [<_A + min + C7[s[* = \Vs,tw\Q)\e“”/hwﬂ lg|'/? dsdt < 0.
Vag x]0,hE 7

From (3.2), on V4, x]0, h%_”[, for sufficiently small h, there exists C' > 0 such that
gI'? = (1= ChiT") |G|
By using this in the above integrals, we have that

(1— Chi—ﬁ)/v - [\hate@/hw + tle?/hyp|2 — h§21|e“’/hw\2] IG|Y/? dsdt
A

o Xx]0,R3 T

+/ s (At T + O[5> + 321 — [V p]? — Ch3 ™) [e?/Mp 2 g]/? dsdt < 0.
Vg x]0,h3
By using the min-max principle, we notice that

/ , [|h8t690/hw|2 + t‘ew/hwlﬂ |G|1/2 dsdt > hgzl/ ) ‘ew/h¢’2|G|1/2 dsdt .
Vg x]0,h3 71| Vag x]0,h3 7|

Therefore,

/ , (A + Zin + CF[s]* + W3z — |Vs.10|* — Cha=)|e?/hp[2|g|V/2 dsdt < 0.
Va, x]0,5 77



So that, using the assumption of the location of A and for A small enough, then:

/ (C2Mh+ O — [Viaal)|e?/MB2IG]? dsdt < 0.
Vg x]0,h5 1]
We have
Vaupl =100+ Y 90,0050 =2" Y gUsis;,
1<ij<N—1 1<ij<N—1
where (g'/) is the inverse matrix of (g;;). We can choose £ > 0 such that

g2 Z g7sis; < ¥s|*.

1<i,j<N-1
It follows:
/ , (=2Mh+(C* = %)|s?)[e?/Mp|*|GIM/? dsdt < 0.
VAOX]O,hS i
For ¢ small enough, the conclusion follows as in the proof of Proposition 2.1 in [5]. O

4. CONSTRUCTION OF QUASIMODES

This section aims to explain how the following proposition follows. For the proof, we will follow the same
strategy as in [12].

Proposition 4.1. For any positive n, there exists a sequence {(;n}j>0 such that, for any positive M € N, as
h — 0, we have
—~ 2/3 4, M+1
|20 s®nnr = B2 20 pr ]| < CHITTE (@]
where

M
W23 N aat = Tmin + h?321 + BB + W3S 1/0¢
§=0
with z1, b1, are defined in Theorem 1.1 and ®,, \r a family of quasimodes introduced in (4.23).

4.1. Rescaled operator. We recall that

2,6 = _h2|g|71/2at(|g|1/28t) - h2 Z |g’71/288i (gij|g’1/288j) + (1)1(57t) ’
1<i,j<N-1

with Dirichlet boundary conditions, acting on L2(V4, x]0, h37[; |g|//2 dsdt), also we recall that
1
B1(5,8) = i+ Hess(oyn (5)(5) + ¢ + 015l + lsP).

We know that the eigenfunctions are localized near the boundary at the scale h2 in the s; direction and h%/3 in
the ¢ direction (cf. Proposition 3.1 and 3.2 ). This suggests to use the rescaling:
(s,t) = (h20,hi3T).
Then, we have
h
®1(h20,h37) = 2win + 5 Hess )01 (0) (o) + /57 + O(h¥[o ] + 17/ 7]o ).
This change of variables transforms the above expression of .,5?”;’5 into
— _ _ y 1
S5 = —h*3[|g| 720 (g ?0:) — 7] + h[— > 1917009719 0s,) + 5 Hess(g1 (0) (o)
1<ij<N-1
+ Tmin + h4/3h1/6q1,h(0-a 7-) )

where the function ¢ 5, satisfies
lq1.1(0,7)| < C(|lof* + h/7]o ).
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4.2. Formal expansion. We have the formal expansion of the operator C%/’Z,(; (for the details see Lemma 4.1)
(4.1) W2 5 = 2minh ™2 + Lo+ W32 + B2PQ, .

where

Ly =0+,

1= A% 4 Hessyn (0) (0), Go = GI0),

Qn = h'0q11,(0,7) + gop(o,7)0 + 'S 30 q3p(0,7)0s,
1<<N-1

4.2)

where the Laplace-Beltrami operator on 0f2 in the neighborhood of Ay is

(4.3) A% = N |Go|TM?0,,(GY G0l 20s,) .

1<ij<N-1

where the functions g; p,, for j € {2, 3} satisfy
lg2.1(0,7)| < C(r+ o)) and gz (o, 7)| < ChV/O7.

Lemma4.1. For 0 < h < %, 0<7<hmando; =0 (hfl/z), we have the following identities:

44) 191720, (|g]/%0;) = 82 + (9;1g**)|g| V20, = 02 + ¥ 3qa (0, 7)0;
and
(4.5) 1917205, (g7 |9 %05,) = |Go| 7284, (G |Go|/?05,) + B 2q3 4 (0, 7)Ds,

where the functions q; p,, for j € {2, 3} satisfy
(0, 7)| < C(r+o|) and |gzp(0,7)| < ChYS7.
Proof. We have the following asymptotic expansions:
M(o,7) = |g|"*(o,7)
= <1 - h%Ttr(G_lK)(h%O') + h%TQp(h%a, hgT)) \G|1/2(h%0)
= M(0,0)+720(0,0) + sz Jigff((}, 0) + hFi(0,7),

where
e M(0,0) = |G|'/*(0),

o % ! (0,0) = —h?Br(G1K)(0)|G|/2(0),
T
OM d|G|'/?
— pl2Z20 ().
* o (0,0) —(0)

Oo;
Then, we have

1/2
l91"%(0,7) = 1G|'?(0) = W*/P7e(G K)(0)|GM2(0) + 112N ai%q(c)) +hFi(o,7).
1<i<N-1 i
From the previous inequality, we have
(4.6) 9|72 (0, 7) = |G|7Y2(0) + W Py (0, 7).

This gives us the following identities:

4.7) (B-191"?)|g) =% (0, 7) = —=h**F3(0, 7).



11

From Section 3, we have
(4.8) gl-j(a, 7') = G”(h%or) — 2h2/37'KZ'j(h%O') + h4/3T2Lij(h%O') = Gij(O) + h1/2F4(U, 7') s
and thus,

4.9) g" (o,7) = Gij(O) + h1/2F5(0, T),

where, for0 < h < 3,0 <7 <h"ando; = O (h*1/2), the functions F}, j = 1,--- , 5, satisfy
Fi(o,7) < Ch*72 +|0)?), Fs(0,7) < C(r+|o]) and
Fj(o,7) < C(hYS7 +|0|),¥j = 2,4,5.

This gives us the following identities:

(4.10) 9|20, (9| /20;) = 02 + (0-|9|"/*)|g|7V/20, = 02 + h*/3q5 (0, T)0; .
and
(4.11) 917204, (97 19"%05,) = |G|7/2(0)05, (G (0)|G|/%(0)05,) + h'/?05,q3,1(0, )05, -

where the functions g; 5, for i € {2, 3} satisfy for 0 < h < %,0 <7<hand|o| =0 (h—1/2)
lg2n(o,7)] < C(r+|o]) and |g3p(o,7)] < ChY/6+ .
O

4.3. Construction of trial states. In this section, we construct trial states that will give with the lower bounds,
an accurate expansion of the eigenvalues of the operator .,2/’2,5 valid to any order. The key to the construction is
to expand the operator Q}, in powers of /6.

The functions ¢ p, g2,5, and g3 5, in (4.2) admit Taylor expansions that can be rearranged in the form:

hl/ﬁ(]l,h(0-> 7-) = Z q17k(07 T)hk/ﬁ s

k=0
4.12) @n(o,7) =3 qi(o, 7)),
k=0
h1/6q3,h(0-7 T) = Z Q3,k(ga T)h’k/ﬁ )
k=0

with the functions g1 (o, 7) , g2,k (0, 7) and g3 (o, T) being polynomial functions of (o, 7) . The operator )y, in
(4.2) admits the formal expansion

(4.13) Qn=>_ Qph*°,
k=0
where
(4.14) Qr = qp(o,m) + @i(0, 70+ > g3 p(0,7)0s, .
1<j<N-1

Furthermore, forevery k > 0and f € S (]RN_1 X E) , Qrfes (]RN_1 X E) .
For all M > 0, we introduce two operators

M
(4.15) s = tminh™ + Lo+ WA+ WPFy and Fyy =Y Quht/C.
k=0

Thanks to (4.1) and (4.2), for every f € S(RV~! x R, ), there exists a constant C' > 0 such that, for all
h e (0,1),
2, M+1

(4.16) W=, 5 f — Hpa fl2y-1xm,) < Ch3t o
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Let n € N. We will construct a sequence of real numbers (ij);?io and two sequences of real-valued Schwartz
functions (vnyj)]o.';l C S(RVTY), (gn,j);.;o C 8 (RM~! x R4) such that

Vj, gn,j|7-:0 = 07
and for all M € N, the function

M+1 M
Upai(0,7) = uo(7) fulo) + D B ug(r)on (o) + h3/3 > hilg (o,7),
j=1 §=0

in the Schwartz space S (R ! x R, ) and satisfies (for all h € (0, hupar))

— 2, M41
(4.17) 156001 nnt = A O ar |2 @v-1xr, ) < Crh3775
where
M .
(4.18) Ayt = Tminh ™% 4 Bo g + W38y + B3N TR0,
7=0

Cp,m > 0 and h,, s are two constants determined by the values of n and M solely, and 5 ., 81,5, uo and f,, to
be determined.

For M = 0: We want to find a real numbers (g ., 5o,n, 81, and two functions vy, 1 (o), gn.0(0, 7), uo(7), fn(o)
such that

U,,.0(0,7) = uo(7) fu(0) + W' Pug(r)on1(0) + h* g (o, 7)
and
)\n,O = xminh_g/3 + BO,n + hl/gﬁl,n + h2/3c0,n .

In order that (4.17) is satisfied for M = 0, it is sufficient to select (o ., gn,0(0, T), uo(7), fn(o) and v, 1(o) as
follows:

(%o — Bon)uo(T) fulo) =0,
(L — Bon)uo(T)vn,1(0) + (L1 — Bin)uo(T) fu(o) =0,
(L — Bon)gn,o(0,T) + (L1 — Bin)uo(T)vn,1(0) + (Fo — Con)uo(T) fr(o) = 0.

o For the first equation, the natural choice is then to choose ug the eigenfunction of %, with 3y ,, is the corre-
sponding eigenvalue, therefore

(4.19) uo(1) = Ai(t —z1) and [y, = 21,

where Ai is the L2(R*)-normalized Airy function and —z1 is its first negative zero.
e The second equation is equivalent to

(A1 = Bin)uo(7) fr(o) =0,

then, we choose 31 , is the n-th eigenvalue on L2(RV =1, |Go|'/2do) of .7} determined in Section 7.1 associated
with eigenfunction f,, .
o For the third equation, we can select (g, such that

(Fo — Con) uo(T) fulo) Lug(r)fulo) in L (RN x Ry).

This is given by the formula

(4.20) Con = (Fo (uo @ fn) , U0 ® fn) p2(ry-14R,) -

Consequently,

o)== [ w0l (Fo = o) wlr) fuloddr L (o) in LRV,
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Since .Z| — 31, can be inverted on the orthogonal complement of the n-th eigenfunction f, (o), we may select
Un,1(0) to be
Un,l(a) = (Dg/ﬂl - Bl,n)_l hl(U) .

As a consequence of the choice of (o, and vy, 1 (o), we get that, for all o,
wi(o,-) == —uo() (Z1 — B1,n) vn,1(0) — (Fo — Con) uo(-) fu(o)
= —up(-)h1(0) = (Fo — Com) uo(-) fu(o) Lug(.) in L*(Ry) .

The operator %y — (o, can be inverted on the orthogonal complement of {uo(7)}, and the inverse is an operator
in L? (R, ) which sends S (E) into itself. The proof of this is standard and follows the same argument as in
[7, Lemma A.5]. In that way, we may select g (o, 7) to be

gn,0 (Uv ) = (-iﬂ() - BO,n)_l (w1(07 )) .

The iteration process. Here we suppose that we have selected (o, - - -, Crn; Unos - - -, Unas) such that the
following induction hypothesis is satisfied

Ny
4.21) (Hont — M) Unps = W35 S W0y (0, 7).
§=0

where 7/ ; are Schwartz functions. We have to selected (ar41,, and two functions v, a741(0), gn a+1(0, T)

such that
M43 LML
\Ijn,MJrl = \Ijn,M +h 5 u (T)Un M+2( )+ h3 6 gn,M+1(UaT) and
M+1
)\nMJrl —)\71M‘|_hf3 CMJrln

satisfy (4.17) and (4.21) for M replaced by M + 1 (and some collection of Schwartz functions 7741 j(s.r)) -

Notice that we have
]\[+1

I M1 = Hh o+ hit 6 Qnry1

and
422)
(%L,/]\/i—&-l - )\n,M+1)\1’n,M+1
FhETE (L — Bom)gnar+1(0,7) + (L — Bra)uo(T)onar2(0) + (Qarsr — Carsrn)tio(7) fu(0)]

w\w

QM—H €M+1 n)(\IlnM _UO(T)fn(G))]
(W32 + h2/3FM+1 (An,pr = Bow)) Gn,M+1)

RB3Ey1 — Anvi+1 — Bon — BinhY2)uo(T)vn ar2(0)] -

o,\m

oaho

[
R
Rl
ol

It is sufficient to select (Car+1,n, Un, M+2, Yn,M+1) such that

(%o — Bon)gnm+1(0,7) + (L1 = Brn)uo(T)vn,m+2(0)

+ (Qrm+1 = Cu1,0)u0(T) fulo) + 1ar0(0, 7) = 0.

We select (pr41., such that

(Qur+1 — Cria1,0)u0(T) fn(0) + Tas0(0, 7) Lug(T) fo(o)  in L (RN x Ry) |
i.e.

10 = (Qu+1(uo @ fr), w0 @ fn) L2eN-1xR,) + ("M0, U0 @ fo) L2@N-1xR ) -
Consequently,

harya(o) == — /000 uo(7) ((Qrr1 — Cua1,0)u0(7) fr(0) + raro(o, 7)) dr L fu(o)
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in L2(RV=1) . We can select Up, M2 as follows:
Un42(0) = (L1 = Bin) " harsa(o) .
As a consequence of the choice of (ar41,, and vy, pr42(0), we get that, for all o

wart2(0, ) == —uo(+) (L1 — Bin) vn,m+2(0)
— (Qm+1 — Curn)uo(T) ful(o) = raro(o,7) Lug(r) in L* (Ry) .

Finally, we may select g,, rs+1(0, 7) as follows:
gnai41 (0,)) = (Lo — Bom) " (war4a(o,)) -

4.4. End of the proof. Consider a smooth function y; with compact support equal to 1 near (s,t) = (0,0) on
a scale of order h1/279 in the s direction, and on a scale of order h2/3=9 in the ¢ direction, for some 6 € (0,7) .
Let us introduce the following family of test functions

=1 =(N-1) t S _ _
(4.23) O pi(s,t) =h= " X(h2/30>x<h1/29) U, ar(h™ 25, h=2/3¢)

Xh (Svt)

We notice that the support of Y — 1 and the supports of the derivative of y are located in a region where
1/ 2|s| > Ch~% and h—2/3t > Ch=?, thus all integrals with contain such derivatives will be of order 2°° due
to the exponential localization of W,, 7 .

Thanks to (4.16) and (4.17), we may write

—~ 4, M4t
1L 5®nar — B3N iyt < Ch3T 76 ||y, 0] -

5. LOWER BOUND

The following proposition provides a lower bound of the eigenvalue (i, (h), as h — 0.
Proposition 5.1. For any positive n, the eigenvalue p.,,(h) has, as h — 0, the lower bound
fin(h) > ain + 2183 + Bi b+ O(RY3)
where the [31 y, is defined in Theorem 1.1.

Let £k > 1, and consider a family of eigenfunctions (¢, p)n=1,... % of 3”;75 associated with the eigenvalues
(n(h))n=1,... k- Let E;(h) be the vector subspace of Dom(.ﬁ?;,(;) spanned by the family (1, 4,)n=1,... 1 . For all
P € Ek(h) , 1 satisfies the same decay estimates as in Propositions 3.1 and 3.2 .

Let ¢ € &:(h), since |g|'/? < (1 + C,t)|G|/?, using the decay estimates of Propositions 3.1, we have the

important inequality (6 = hi=m)

5.1) / o 2g[/2 dsdt g/ 2|2 dsdt+0h2/3/ o212 dsdt |
VAO x]0,8] VAO x]0,8] VAO x]0,8]

with C, C are constants independent of s and ¢ (the value of C might change from one formula to another).
We also have

Gt = [ WPl st > [ 900 Bl s
VAOX 0,

Vag x]0,6] 1<i j<N—-1

s [ sl dsde.
VAOX}O,(S[
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We recall that [g|'/? = (1 —t (G K) + t2p(s,t)) |G|'/? so that, using the decay estimates of Propositions
3.1, there exists C' > 0 such that

Grsto0) = [ oG st Y[ 90 B G dsc
VAOX 0,

Va,x]0,9( 1<ij<N-1
s [ sl dsd - cntul?.
Vag x]0,6]
From (3.3), we have

1 -
Dy (s,t) > Tmin + 3 Hess)¢1 (s) (s) +1 — C(|s|® +t|s]?).
We can deduce that

Gz [ powiol s it S [ 0,0 856
A0><07

Vg *]0,4] 1<i j<N—-1

1
[ (ot g Hessgn (9(5) +1) [Pl dsc
Va, x]0,0] 2
SOSIE =G [ (o tlsPlwPlgl? dsdr.
Vg x10,9]

The last integral is of order h*/3 (by using the exponential decay in the s and ¢ variables; Proposition 3.1 and
3.2). Then there exists C' > 0 such that

(Lnst,0) > / [1hp[? + t]9*]|GIY? dsdt + h* > / 970, 0, 0|GIM? dsdt
(5 2) VAOX}O,(S[ i VAOX]O,5[

1
[ Hesson (5) (5) [0 G2 dd + i [6]° — CY 0]
Va, x]0,0[
Thus, by the min max principle, we have

/ (10l + %] [GIY? dsdt > zlh2/3/ WRIGIY2 dsdt
Va,%x]0,6] Vagx]0,6]

using the inequalities in (5.1), we have

(5.3) / [[ROp|* + t{y[2]|G|V? dsdt > 21h/3||y||> — ChY3||y|% .
Va, x]0,6

By Taylor expansion near s = 0, we get

(5.4) G = |Gol'*| < Clsl,  Go=G(0).

From (5.4), there exists constants C' > 0 such that

[ Hesoor ) WRIGI st~ [ Hessyr (5) (9) B GO dsi
Vg x10,9] Va, %10,
<[ Hesoon () (90 [G0)] - (GO dsas
Va,%]0,6[
<C Hess(g)¢1 (5) () |s||¢[* dsdt
VAOX}O,(S[

<C |s[0)? dsdt < c/ |sP0[2|G|Y? dsdt.
Va, x]0,0] Vag x]0,0[
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From Proposition 3.2, we get

[ Hesson(s) (5) 2 6112 dsa

Vg x10,9]

(5.5

> / Hess(g)¢1 (s) () [[* [G(0)[/2 dsdt — CR*||y||?.
Vag%]0,6]

The same idea proves that

/ G911 Tl BIGIY? dsdt
1<ij<N—17Va5x]0,4]
(5.6) -

. / g7 hds 1 T, B G(0)] /2 dsdt — Ch3/2|| |2
VAO x]0,8[

1<i,j<N-1

Observing that,

(5.7) g9(s,t) =G| < C (|s| +1), ¢7(0,0) =Gy

From Proposition 3.1 and 3.2, we get

/ 9 h8s, ¢ hds, ¥|G(0)|M/? dsdt
VAOX]O§

1<ij<N—-1

> / G hdsp Ty, p|G(0)[1/2 dsdt — CRY3|||.
VAOX]O5[

1<i,j<N-1

(5.8)

From (5.5), (5.6) and (5.8), we can easily see that

[ S meiw s Hesseon () () [0l 1612 ds
Vag <100l " 1< j<N-1
(5.9 T

ij = 1
= /V M[ > h'G0s1 85,9 + 5 Hessyn (s) (s)\w|2]|Go|1/2 dsdt — Ch'/2 ([ .
Ag X

1<i,j<N-—1

Now, using the inequalities in (5.2), (5.3), and (5.9). By the min-max principle, we have
k(WY1 > (L stb, )
(5.10) > / [ Z n2G ”83,@0 83 Y + Hess )1 (s)(s) |¢|2] ]G0|1/2 dsdt
Vag X106 Ly ian—_1
+ min|11” + 20?3 @* = CRA )
Therefore, we have

. 1
[ X weio.w i Hesgon ()02 (6ol 2 asas
(5.11) Vagx]0.0[ Li<iion—1

< (s (h) = min — 210%% + CHY2) [

On the left hand side of the above identity, we recognize the quadratic form associated to the operator

1 ® 4,

where 74, = —h?A%0 4 % Hess (o)1 (s) (s) on L2 (RN, |Go|*/2ds) .
From Section 7.1 and 7.2, we show that, for ~ small enough, .77, is unitarily equivalent to
N-1
My =Y —h0], + )\ u

=1
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on L2(RY~! du), where ); are the eigenvalues of the Weingarten map of 92 at Ag. Their spectrum is given by
sp(Hh) = sp(Mn) = {hf1n,n > 1},

1
where (1, is the n-th eigenvalue of 47, = SN 7! —02 + 5/\1111»2 on L2(RN=1 dv).

The decay estimates, given that dim(&y,(h))=k on L>(RN=1|Go|'/2ds). Notice that the set £ (h) is contained
in the form domain of 77, . Thus, by the min-max principle, we have

1@ ), .
Mo < sup (( 1)) L2 (04, %1081 Go[1/2dsdr)

Ppe€y(h) H@ZJHL2 (Vay x]0,81,|Gol'/2dsdt)

(5.12)
)12

Hw”lﬂ |G0|1/2d8dt)

< (p(h) = Tmin — 21K + CRY3)

From (5.1), (5.4) and Proposition 3.2, we obtain

/ W 2|Gol2 dsdt 2/ WRIGI2 dsdt — C 1s|[0]2 dsdlt
VAOX]O (5[ VAOX]O,(S[ VAOX}O,(S[
> (1—Ch?)|Jy>.

Using the last inequality in (5.12), we get

(5.13)

”1/}”[/2 \G0|1/2dsdt
12

This implies the desired lower bound and concludes the proof of Proposition 5.1.

pi(h) = Tmin — 21h*3 + CWY3 > hpy > hfy — Ch*2.

6. FULL ASYMPTOTIC EXPANSION OF THE EIGENVALUES
Proof of theorem 1.1: From Proposition 5.1, we have the following lower bound of j,,(h) :
fin(h) > Tmin + 2183 + By b+ O(RY3).

Thanks to Proposition 4.1, we know that, from spectral theorem, there exists an eigenvalue i1 () of the operator
2,5 satisfying, as h — 04,

fin(h) = min + h*/21 +511h+h4/32hf/6< L+ O
7=0

Since f31,1 is a simple eigenvalue of the harmonic oscillator ( 31,1 < B1,2, see Section 7.1), we deduce that

M
p1(h) = Tain + B30 + Bra b+ W3 WO+ (5.
j=0
Let n > 2 and n € N. Thanks to Proposition 4.1, we know that, from spectral theorem, there exists a sequence
of quasi eigenvalues (fi,,(h)),>2 of the operator .}, 5 satisfying, as h — 04,

fin(h) = Tain + h*221 + By b+ B Z W/5¢, + 6 (hs+e).
Jj=0
Now, we will arrange the sequence of quasi eigenvalues fi,, () in increasing order modulo & (h§ TH) and we

note them 7z, (h) . We have

M+1 )

M
ﬁn(h) = Tmin + h2/32’1 + /81,71 h+ h4/3 Z hj/60éj,n + ﬁ(h§+ 6
j=0

)

where «;,, are a sequence determined from ;.
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Imagine that, there exist C' > 0, k € N, such that

©.1) { T (h) =@ (h) +o(h),Vi=2,..,k—1
Hpy1(h) — e (h) > Ch
That is
{ Bi2 = ... =Pk
Bik+1 > Bk -

There are actually two possibilities:

1. fig(h), ..., i, (h) coincide modulo & (h%Jr%). From spectral theorem, the rank of the spectral projector
near these values is at least k£ — 1. Then, there exists an eigenvalues very close, modulo & (héJr%) to 1;(h)
forall i € {2,...,k} : it can only be ua(h), ..., ur(h), since the other eigenvalues are elsewhere (see (6.1) and
Proposition 5.1).

pry1(h)

Pt (h)

O(hat™s) Ch

2. They differ modulo A* with o < % + %. There are actually three possibilities:
- Thereexist C' > 0,k € N, o; < % + %, Vi=2,...,k — 1, such that

(6.2) {Mz’+1(h) —p;(h) > Ch* Vi=2,.. k-1
Hpy1(h) =g (h) = Ch
Mt
)

The construction of quasimode implies that there exists an eigenvalue very close, modulo & (h%+ 6
to zz;(h) for all ¢ € {2, ..., k} (it cannot be the same). Since the eigenvalues are increasing, then it can’t
be more than o (h), ..., up—1(h), and ug(h) respectively, because the other eigenvalues are somewhere
else (see (6.2) and Proposition 5.1).
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- There exist C' > 0, k € N, such that

f3(h) = fig(h) = Ch*
(6.3) L1 (h) =T (h) + O(h3t75 ) Wi=3,.. k—1
Brq1(h) — e (h) > Ch

The rank of the spectral projector near {fz;(h)}i—s,.. 1 is at least k — 2. Thus, there exists an eigenvalue
44 M1 )
3 6

very close, modulo & (h ,tom;(h) foralli € {3, ..., k}. The construction of quasimode implies

that there exists an eigenvalue very close, modulo & (h%“L%) to Zi5(h) (and it cannot be the same).
It can’t be more than ja(h) near fip(h) and pz(h), ..., ug(h) near {fi;(h)}i=s,_ .k, because the other
eigenvalues are somewhere else (see (6.3) and Proposition 5.1).

6.4)

The rank of the spectral projector near {fi;(h)}i=2, .k, is at least ko — 1 and near {fz;(h) }izko41,...k
is at least k — ko. Then, there exists an eigenvalues very close, modulo & (h%+%), to 7;(h) for
all i € {2,....,ko}, but also another very close, modulo ﬁ(h%J“%) to 71;(h) for all i € {ko +
1,...,k}(and it cannot be the same). It can’t be more than p2(h), ..., ik, (h) near {7z;(h)}i=2 . x, and

Lio+1(R), .o, i (h) near {f;(h)}i=gy+1,.. k - because the other eigenvalues are somewhere else (see
(6.3) and Proposition 5.1).

Now, if (6.1) is not satisfied:

. . 4, M1
As a consequence of the spectral theorem, there exists an eigenvalue very close modulo & (h3Jr 6 ) to fiy(h),

but also another very close to fi3(h) (and it cannot be the same). Since the eigenvalues are indeed separated, it
can’t be more than p9(h) and p3(h) respectively.
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pa (h) p2(h) ps(h)
By (h) Ha(h) fig(h)
O(hate) Ch

Thus, by (3.4) and Proposition 2.2, we have shown Theorem 1.1.

7. ANALYSIS OF THE EFFECTIVE OPERATOR

7.1. The model operator. In this section, we want to study the spectrum of the operator defined by

L = —AGO + %H (0’) (0) y H = HCSS(O)(m, Go = G(O)

where ¢, is defined in Section 3.1 . The associate quadratic form on H' (RN~ |Go|'/? do) is

1
00) = (L0, 022 ) = (~AT D)z am + 5 [ (Ho 0 PICo|2 dor

2
By replacing A0 by its expression given by (4.3), we obtain
(=AY ) oo an = = D / 00, (G 1Gol 205, )Y do . Gl = GY(0).
1<i,j<N—1
By integration by part and as v satisfies the Dirichlet conditions on the boundary, we have
(=A%, ) ooz aoy = D / G 05,9 05, 0| Gol'/? do = / (Gy 'V, Vo) Gol2do .
1<i,j<N-1

Consequently, we have

_ 1
(7.1) () = /(Golvaw,vwﬂao\lﬁdﬁ 2/<HU, o) |2 Go|?do .
We introduce the change of variable
o=Gy'?z
0 .
Thus,
Ve =Gy?V, and do=|Go| V2 dz.

By replacing the previous equality in (7.1), and we use that Gy is self-adjoint, we get
_ - 1 - - -
) = (166 V0.GY V) e 5 [(HGT 26 ) 0z

_ — 1 — — T
— [(V0.9.0) dz 4 5 [1G5 2 HG 2 2l s,

with ¥(z) = ¢(0).
We define a quadratic form on H'(RY~1) by

@) = /<vzw, V.) dz + % /<G51/2HG51/22, A2 dz.
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The associated operator is unitarily equivalent to .Z, and defined by

= e+ (G5 P HET ).

Weset S = G, Vg G, Y2 AsHisa positive definite matrix, then S is also a positive definite matrix. Conse-
quently, there exists an orthogonal matrix () such that

Q'SQ =B,
where B is a diagonal matrix formed by the positive eigenvalues of S'. Notice that
N OO0 - 0
B = 0 ,
0
0 0 An-—1

where \; are the eigenvalues of S'.
Considering z = Qu, we get

- / Vudl? dut / (@1 SQu, u) [ du
/|Vu¢|2du+ /<Bu WP du = gs(4).

The operator associated with the quadratic form g3 is unitarily equivalent to .# and defined by

N-1 1 N-1
Z:—Au+ (Bu,u) Z Z)\u—z 631_—}—5)\1-%2):2:%?,
i=1 i=1

where, 77, is the harmonic oscillator

1
M= -5 + QAiuf :

(2n—1)\/§.

Consequently, the n-th eigenvalues of %3 is the same of .7}, it is the n-th element of the following set, by
grouping the elements in increasing order

(7.2) {51,,1 = i (2n; —1),n € NN—l} .

The n-th eigenvalues of 77 are given by

2

Since the matrices S and G, LH are similar, then they have the same spectrum and therefore \; are the eigenval-
ues of Gy 'H.

7.2. Relation to the Weingarten map. We recall from the Section 3.1, the coefficients of the first and second
fundamental form, in the base (019, ..., dn_1¢), are given respectively by the formulas

V’i,j = 1, R ,N — 1, Gij(s) = aqu(s) . 8J¢(S) and Kij = ngzﬁ . ajl/(d)) s
where ¢ is a parameterization of €2 defined in Section 3.1, such that ¢(0) = Ay and v(Ap) = (—1,0,...,0).
We get
Kij(s) = 9ip(s) - 9jv(9)(s) = 9ig(s) - dsv () (e5) = Digp(s) - dg(s)[9;j0(5)]
= 0ip(s) - W) (9;0(s)) -
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Let L(s) := (lij(¢(s)))1<ij<N—1 the matrix of Wy, in the base (91¢(s), ..., On-1¢(s)) . Then

N-1
9(0;0(s)) = Z Lij(¢(5))0ip(s) -
i=1

Therefore, we can show that

N-1 N-1
Kij(s) = 0ig(s) - Wy (5)(0;0(s))] = 0id(s) - D> 1ij(&(s))Okd(s) = > lij((s)Gik(s) -
k=1 k=1
We deduce that
(7.3) K(s)=G(s)L(s).
On the other hand

Kij(s) = 0i¢(s) - Ojv(¢)(s) = —0i0;(s) - v()(s).
In s =0, we get
Kij(0) = —0;0;0(s)|s=0 - ¥(Ao) = 0;0;01(8)|s=0 = hij ,
where H = Hess(g¢1 = (hij)1<ij<n-1-
Thanks to (7.3), we obtain
H = G(0)L(0) = GoL(0).
Consequently,
L(0) = Gy 'H.
From the previous section, \; are the eigenvalues of G LH and by the last equality, we deduce that \; are the
eigenvalues of the Weingarten map W4, of 02 at Ay .
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